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We give an explicit proof for the locality of staggered overlap operators. The proof covers the original
two flavor construction by Adams as well as a single flavor version. As in the case of Neuberger’s operator,
an admissibility condition for the gauge fields is required.
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I. INTRODUCTION AND MOTIVATION

As Adams has shown [1], it is possible to construct
chirally symmetric lattice fermions based on the staggered
discretization. While Adams’ original construction pro-
vided a two flavor operator, single flavor versions were
found soon after [2,3]. These staggered chiral fermions are
obtained by first adding a mass term [4] to the staggered
operator, followed by an overlap construction [5], which
contains an inverse square root. It is thus evident that
staggered chiral fermions are not ultralocal by construction
and their locality needs to be proven. Numerically, Ref. [6]
found strong evidence in support of the locality of Adams’
original two flavor operator. In the free case, one can
furthermore show that the lifting of the doubler modes is
achieved via flavor dependent mass term [1,2,7]. In
addition, the index theorem has been established for the
two flavor operator [8] and the correct continuum limit
of the index was found in [9]. In this paper, we give an
analytic proof for the locality of staggered overlap fer-
mions, for both the single and two flavor cases. The general
strategy we employ is quite similar to the one used by
Hernández, Jansen and Lüscher to demonstrate the locality
of the original Neuberger operator [10]. We will start in
Sec. II by expanding the inverse square root as a series of
Legendre polynomials, which can be shown to be local if a
spectral condition of the kernel operator is fulfilled. This
spectral condition involves an upper as well as a lower
bound on the kernel operator. In Sec. III we will show that
both bounds are fulfilled for Adams’ original two flavor
construction, provided an admissibility condition of the

form k1 − Pk < ε is fulfilled by all plaquettes P of the
gauge field. The exact value of ε will depend on the details
of the action, specifically the negative mass parameter s and
the Wilson parameter r. We then turn to a single flavor
staggered operator and show that similar bounds also hold
in this case.

II. LOCALITY

A. Staggered overlap Dirac operator

Let us first introduce the staggered overlap Dirac
operator

Dso ¼
1

a
ð1þ A=

ffiffiffiffiffiffiffiffiffi
A†A

p
Þ ð2:1Þ

with

A ¼ aDsw − rs1 Dsw ¼ Dst þWst ð2:2Þ

where r is the Wilson parameter and 0 < s < 2 is the
negative mass term of the kernel operator. The staggered
operator is defined as

Dst ¼ ημ∇μ ð2:3Þ
with

ðημÞx ¼ ð−1Þ
P

ν<μ
xν ð2:4Þ

and the symmetric derivative operator

∇μ ¼
1

2a
ðTμþ − Tμ−Þ: ð2:5Þ

The Tμ� are parallel transports defined as

ðTμþÞxy ¼ UμðxÞδxþμ̂;y ðTμ−Þxy ¼ U†
μðyÞδx−μ̂;y: ð2:6Þ

The staggered Wilson term Wst reads

Wst ¼
r
a
ð1 −Mð2ÞÞ ð2:7Þ
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in the two flavor case [1,8,11] and

Wst ¼
r
a
ð2 · 1þMð1ÞÞ ð2:8Þ

in the one flavor case [2,3]. The operators MðNfÞ are in turn
given1 by

Mð2Þ ¼ ϵη5 CMð1Þ ¼ iη12C12 þ iη34C34 ð2:9Þ

with the phase factors

η5 ¼ η1η2η3η4 ð2:10Þ

ϵx ¼ ð−1Þ
P

ν
xν ð2:11Þ

ðημνÞx ¼ −ηνμ ¼ ð−1Þ
P

ν
ρ¼μþ1

xρ for μ ≤ ν ð2:12Þ

and the diagonal hopping terms

C ¼ ðC1C2C3C4Þsym ¼ 1

4!
PαβγδCαCβCγCδ ð2:13Þ

Cμν ¼
1

2
fCμ; Cνg ð2:14Þ

where

Cμ ¼
1

2
ðTμþ þ Tμ−Þ ð2:15Þ

and Pαβγδ denotes the permutation symbol

Pαβγδ ¼
�
1 α; β; γ; δ is a permutation of 1; 2; 3; 4

0 else:
ð2:16Þ

The kernel A is ultralocal, but due to the ðA†AÞ−1=2 term
the staggered overlap Dirac operator Dso is not. However,
if the matrix elements ðDsoÞx;y of the staggered overlap
operator are decaying exponentially for large distances
kx − yk with a decay constant ∝ a−1, then we recover a
local operator in the continuum limit.

B. Legendre series expansion

Following the strategy employed in Ref. [10] we begin
by expanding ðA†AÞ−1=2 in a series of Legendre polyno-
mials. In order to make the expansion convergent we
impose the following inequality, which we will show in
Sec. III:

0 < u ≤ A†A ≤ v < ∞: ð2:17Þ

The inequality stands for the corresponding inequality
between the expectation values of the operators in arbitrary
normalizable states. We also explicitly assume that u < v.
In the following we can set u ¼ λmin and v ¼ λmax as noted
in Ref. [12].
The Legendre polynomials PkðzÞ can be defined through

the expansion of the generating function

ð1 − 2tzþ t2Þ−1=2 ¼
X∞
k¼0

tkPkðzÞ: ð2:18Þ

We can now set

z ¼ ðλmin þ λmaxÞ1 − 2A†A
λmax − λmin

ð2:19Þ

and due to Eq. (2.17) find that this operator has norm
kzk ¼ 1. Here and in the following k · k ¼ k · k2 ≡ σmaxð·Þ
refers to the spectral norm and σmax refers to the largest
singular value.
Then the property jPkðxÞj ≤ 1∀ x ∈ ½−1; 1� together

with kzk ¼ 1 translates to

kPkðzÞk ≤ 1: ð2:20Þ

It follows that Eq. (2.18) is norm convergent for our choice
of z for all t satisfying jtj < 1. Due to Eq. (2.17), we can
now introduce θ through

cosh θ ¼ λmax þ λmin

λmax − λmin
; θ > 0; ð2:21Þ

and set

t ¼ e−θ; ð2:22Þ

which implies 0 < t ≤ 1, so that the series is convergent.
Note that this allows us to express t as

t¼ coshθ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh2θ−1

p
¼

ffiffiffiffiffiffiffiffiffi
λmax

p
−

ffiffiffiffiffiffiffiffi
λmin

p
ffiffiffiffiffiffiffiffiffi
λmax

p þ ffiffiffiffiffiffiffiffi
λmin

p : ð2:23Þ

From Eq. (2.18) we thus obtain

ð1 − 2tzþ t2Þ−1=2

¼
�
1 −

2t
λmax − λmin

ðλmin þ λmax − 2A†AÞ þ t2
�

−1=2

¼
�
1 − 2e−θ cosh θ þ 4t

λmax − λmin
A†Aþ e−2θ

�
−1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λmax − λmin

4t

r
ðA†AÞ−1=2

¼
ffiffiffiffiffiffiffiffiffi
λmax

p þ ffiffiffiffiffiffiffiffi
λmin

p
2

ðA†AÞ−1=2 ð2:24Þ
1Note that in principle more general single flavor terms are

allowed [3]. These are, however, not substantially different and
the generalization is straightforward.
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and therefore

ðA†AÞ−1=2 ¼ κ
X∞
k¼0

tkPkðzÞ ð2:25Þ

with κ ¼ 2=ð ffiffiffiffiffiffiffiffiffi
λmax

p þ ffiffiffiffiffiffiffiffi
λmin

p Þ.

C. Locality of the inverse square root

The lack of ultralocality stems from the ðA†AÞ−1=2 term,
hence it is sufficient to establish the locality of that term in
the sense defined earlier. We start by defining the kernel
Gðx; yÞ via

Gðx; yÞ ¼ ððA†AÞ−1=2Þxy: ð2:26Þ

Similarly, we define the kernels of the PkðzÞ via

Gkðx; yÞ ¼ ðPkðzÞÞxy ð2:27Þ

and use Eq. (2.25) to obtain

Gðx; yÞ ¼ κ
X∞
k¼0

tkGkðx; yÞ: ð2:28Þ

The norm convergence of the Legendre expansion implies
the absolute convergence of this series for all x and y. From
Eqs. (2.20) and (2.27) we infer that

kGkðx; yÞk ≤ 1; ∀ x∀ y∀ k; ð2:29Þ

where the norm is in color space.
Because PkðzÞ is a polynomial in A†A and A is an

ultralocal operator, we find that Gkðx; yÞ vanishes unless x
and y are sufficiently close to each other. If we introduce the
Manhattan distance k · k1, we have

Gkðx; yÞ ¼ 0; ∀ k <
1

2la
kx − yk1; ð2:30Þ

where l is the range of the operator A in lattice units, i.e.,
the maximum Manhattan distance in lattice units between
points coupled by the operator. For two flavor staggered
Wilson fermions we have l ¼ 4, for one flavor staggered
Wilson fermions l ¼ 2 and for Wilson fermions l ¼ 1.
Using the shorthand notation d ¼ kx − yk1=ð2laÞ we find

kGðx; yÞk ¼ κ
X∞
k¼d

tkkGkðx; yÞk

≤ κ
X∞
k¼d

tk

¼ κ

1 − t
td

¼ κ

1 − t
exp

�
−

θ

2la
kx − yk1

�

¼ 1ffiffiffiffiffiffiffiffi
λmin

p exp

�
−
1

ξ
kx − yk1

�
ð2:31Þ

and thus an exponential falloff with the decay constant2

ξ−1 ¼ θ

2la
¼ 1

2la
log

� ffiffiffiffiffiffiffiffiffi
λmax

p þ ffiffiffiffiffiffiffiffi
λmin

p
ffiffiffiffiffiffiffiffiffi
λmax

p
−

ffiffiffiffiffiffiffiffi
λmin

p
�

∝
1

a
: ð2:32Þ

This establishes the locality of ðA†AÞ−1=2 providing
Eq. (2.17) holds with the spectral bounds given by u ¼
λmin and v ¼ λmax. The equivalent of this particular form for
usual overlap fermions was derived in Ref. [12].
Let us finally remark that this result can be slightly

generalized in the case of a single isolated zero or near zero
mode λmin. As shown in Sec. 2.4 of Ref. [10], one can treat
a single isolated zero or near zero mode separately and still
establish locality. In that case we identify the lower spectral
bound u ¼ λ2 with the second smallest eigenvalue of A†A.
If λmin < u=2, locality can again be established [10].

III. BOUNDS ON A†A

We now need to establish the spectral bounds as defined
in Eq. (2.17) for the kernel operator. We first derive some
useful identities and then establish the upper bound, which
is straightforward. The main task is then to establish the
lower bound, which we do separately for the two and one
flavor case. In both instances, the bound can be established
given an admissibility condition for the gauge fields.

A. Some useful identities

We first note that the parallel transports fulfill the
relations Tμ− ¼ T†

μþ ¼ T−1
μþ, which implies that the Tμ�

are unitary and thus have singular values 1, i.e., kTμ�k ¼ 1.
The covariant second derivative operator is given by

Δμ ¼ Tμþ þ Tμ− − 2; ð3:1Þ

so we can recast Eq. (2.15) as

Cμ ¼ 1þ Δμ

2
: ð3:2Þ

2Note that the log term may provide subleading corrections to
this behavior only.
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Using this relation we find

C2
μ ¼ 1þ 1

4
ðT2

μþ þ T2
μ− − 2Þ: ð3:3Þ

Defining

Vμ ¼
1

4
ðT2

μþ þ T2
μ− − 2Þ ð3:4Þ

it follows that

C2
μ ¼ 1þ Vμ: ð3:5Þ

From Eq. (2.15) we also find

kCμk ≤
1

2
ðkTμþk þ kTμ−kÞ ¼ 1; ð3:6Þ

which implies

kMð2Þk ¼ kη5Cϵk ≤ 1 ð3:7Þ

and, since both η5 and ϵ commute with C and square to the
identity, Mð2Þ2 ¼ C2. Another useful identity is

a2∇2
μ ¼ Vμ ð3:8Þ

which, together with the anti-Hermiticity condition
∇†

μ ¼ −∇μ, implies that

0 ≤ a2∇†
μ∇μ ¼ −Vμ: ð3:9Þ

Additionally, the Hermiticity condition C†
μ ¼ Cμ implies

that C2
μ ≥ 0 and thus 1þ Vμ ≥ 0.

Next, we want to find a more explicit expressions for
A†A. Noting that

∇μην ¼
�
ην∇μ μ ≥ ν;

−ην∇μ μ < ν;
ð3:10Þ

we find

X
μ;ν

ημ∇μην∇ν ¼ ∇2 þ
X
μ>ν

ημην½∇μ;∇ν�; ð3:11Þ

where we have introduced the shorthand notation

∇2 ¼
X
μ

∇μ∇μ: ð3:12Þ

We then find

A†
2A2 ¼ −a2∇2 − a2

X
μ>ν

ημην½∇μ;∇ν� þ r2ð1ð1 − sÞ

−Mð2ÞÞ2 − ar½Mð2Þ; ημ∇μ� ð3:13Þ

in the two flavor case and

A†
1A1 ¼ −a2∇2 − a2

X
μ>ν

ημην½∇μ;∇ν� þ r2ð1ð2 − sÞ

þMð1ÞÞ2 þ ar½Mð1Þ; ημ∇μ� ð3:14Þ

in the one flavor case.

B. Upper bound

Using kTμ�k ¼ 1 we find the following bounds

ka∇μk ≤
1

2
ðkTμþk þ kTμ−kÞ ≤ 1; ð3:15Þ

kaημ∇μk ≤ 4; ð3:16Þ

kCμk ¼ 1

2
kTμþ þ Tμ−k ≤ 1; ð3:17Þ

kCk ¼ kðC1C2C3C4Þsymk ≤
1

4!
· 4! ·

Y
μ

kCμk ≤ 1; ð3:18Þ

and using Eq. (3.7) we find

krð1ð1 − sÞ −Mð2ÞÞk ≤ jrjð2 − sÞ: ð3:19Þ

Putting all this together, we find

kA2k ¼ kaημ∇μ þ rð1ð1 − sÞ −Mð2ÞÞk
≤ 4þ jrjð2 − sÞ: ð3:20Þ

The same bound holds for A†
2 and so

kA†
2A2k ≤ kA†

2kkA2k ≤ ð4þ jrjð2 − sÞÞ2 ð3:21Þ

is uniformly bounded from above for all r and s and we can
establish the existence of v in Eq. (2.17) in the two
flavor case.
For the one flavor case we note that

kCμνk ¼ 1

2
kfCμ; Cνgk ≤ 1; ð3:22Þ

from which it follows that

kMð1Þk ≤ kC12k þ kC34k ≤ 2: ð3:23Þ

Hence we find

k1ð2 − sÞ þMð1Þk ≤ 4 − s ð3:24Þ

and it follows, similarly to the two flavor case, that

kA1k ≤ 4þ jrjð4 − sÞ: ð3:25Þ

CHREIM, HOELBLING, and ZIELINSKI PHYS. REV. D 106, 094509 (2022)

094509-4



Since A†
1 does obey the same bound, we obtain

kA†
1A1k ≤ ð4þ jrjð4 − sÞÞ2: ð3:26Þ

This establishes the existence of v in Eq. (2.17) in the single
flavor case as well.

C. Lower bound

As A†A is Hermitian and positive semidefinite we are
left with showing the absence of zero-modes. However, in
general this operator can have zero-modes for certain gauge
configurations, therefore no uniform positive lower bound
exists. Zero-modes can only be excluded if we assume the
gauge field to be sufficiently smooth. In our case let us
assume that

k1 − Pk < ε for all plaquettes P: ð3:27Þ

As a consequence of the smoothness condition, we obtain
the following relations (see Appendix)

ka2½∇μ;∇ν�k < ε; k½Cμ; Cν�k < ε;

ka½Cμ;∇ν�k < ε: ð3:28Þ

1. Lower bound on the two flavor operator A†
2A2

There are four terms in

A†
2A2 ¼ −a2∇2 −

X
μ>ν

ημηνa2½∇μ;∇ν� þ r2ð1ð1 − sÞ

−Mð2ÞÞ2 − ar½Mð2Þ; ημ∇μ�; ð3:29Þ

for which we will find bounds individually. We will
consider the case 0 < r ≤ 1 first and derive a bound for
r > 1 later.3

The first and third term We first look at −a2∇2 þ r2C2,
where Mð2Þ2 ¼ C2 is used. Using inequality (3.28) we find
(cf. Appendix)

kC2 − ðC2
1C

2
2C

2
3C

2
4Þsymk < 9ε: ð3:30Þ

Using Eqs. (3.5), (3.8), and (3.9), we furthermore see that
for 0 < r ≤ 1

− a2∇2 þ r2C2 > −a2∇2 þ r2ðC2
1C

2
2C

2
3C

2
4Þsym − 9r2ε

¼ −
X
μ

Vμ þ r2
1

4!
Pαβγδð1þ VαÞð1þ VβÞð1þ VγÞ

× ð1þ VδÞ − 9r2ε

¼ −
X
μ

Vμ þ r2 þ r2
X
μ

Vμ þ
1

2
r2
X
μ≠ν

VμVν

þ 1

3!
r2

X
μ≠ν≠α≠μ

VμVνVα þ r2ðV1V2V3V4Þsym − 9r2ε

¼ r2 − ð1 − r2Þ
X
μ

Vμ þ
1

2
r2
X
μ≠ν

VμVν

þ 1

3!
r2

X
μ≠ν≠α≠μ

VμVνVα þ r2ðV1V2V3V4Þsym − 9r2ε

≥ r2
�
1þ 1

2

X
μ≠ν

VμVν þ
1

3!

X
μ≠ν≠α≠μ

VμVνVα

þ ðV1V2V3V4Þsym − 9ε

�
: ð3:31Þ

Using the relation (3.9), we conclude that

VμVν ¼ ð−VμÞð−VνÞ ≥ 0; ð3:32Þ

so that each contribution to the two-product term as well as
the four-product term is positive semidefinite. We use these
properties and 1þ Vμ ≥ 0 to obtain

− a2∇2 þ r2C2

> r2
�
1þ 1

2

X
μ≠ν

VμVν þ
1

3!

X
μ≠ν≠α≠μ

VμVνVα − 9ε

�

> r2
�
1þ 1

3!

X
μ≠ν≠α≠μ

VμVνðVα þ 1Þ − 9ε

�

≥ r2ð1 − 9εÞ: ð3:33Þ

Using Eq. (3.7), we finally obtain

− a2∇2 þ r2ð1ð1 − sÞ −Mð2ÞÞ2
¼ −a2∇2 þ r2C2 − 2r2ð1 − sÞMð2Þ þ r2ð1 − sÞ21
≥ r2ð1 − 9ε − 2j1 − sj þ j1 − sj2Þ
¼ r2ð1 − j1 − sjÞ2 − 9r2ε ð3:34Þ

for 0 < r ≤ 1. For the case r > 1 we can decompose

− a2∇2 þ r2ð1ð1 − sÞ −Mð2ÞÞ2
¼ −a2∇2 þ ð1ð1 − sÞ −Mð2ÞÞ2
þ ðr2 − 1Þð1ð1 − sÞ −Mð2ÞÞ2 ð3:35Þ

3The r < 0 case can be covered by the simple replacement of
r → jrj in the bounds. However, negative r do not represent a
physically different system compared to positive r and will
therefore not be considered further.
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and, since r2 − 1 > 0, observe that the last term is positive
semidefinite. The first two terms, however, just correspond
to the r ¼ 1 case, so the r ¼ 1 lower bound also applies for
the r > 1 case. All together we thus have

− a2∇2 þ r2ð1ð1 − sÞ −Mð2ÞÞ2

>

�
r2ð1 − j1 − sjÞ2 − 9r2ε 0 < r ≤ 1;

ð1 − j1 − sjÞ2 − 9ε r > 1.
ð3:36Þ

The second term As a result of Eq. (3.28) we find

����
X
μ>ν

ημηνa2½∇μ;∇ν�
���� ≤

X
μ>ν

ka2½∇μ;∇ν�k < 6ε; ð3:37Þ

so that we obtain the lower bound

−
X
μ>ν

ημηνa2½∇μ;∇ν� > −6ε ð3:38Þ

for the second term.
The fourth term From the commutation properties

Cμην ¼
�
ηνCμ μ ≥ ν;

−ηνCμ μ < ν;
ð3:39Þ

it follows that Cημ ¼ ð−1Þμþ1ημC. Similarly one can show
that ∇μη5 ¼ ð−1Þμη5∇μ. Using these relations we find

½Mð2Þ; ημ∇μ� ¼ ðϵη5Cημ∇μ − ημ∇μϵη5CÞ
¼ ϵðη5Cημ∇μ þ ημ∇μη5CÞ
¼ ϵðη5ημð−1Þμþ1C∇μ þ η5ημð−1Þμ∇μCÞ
¼ ϵη5ημð−1Þμþ1½C;∇μ�: ð3:40Þ

From Eqs. (3.6) and (3.28) we can then conclude that

ka½Mð2Þ; ημ∇μ�k ≤ a
X
μ

k½C;∇μ�k

≤ a
X
μν

k½Cν;∇μ�k

<
X
μ≠ν

ε

¼ 12ε ð3:41Þ

and thus we obtain the lower bound

ar½Mð2Þ; ημ∇μ� > −12rε ð3:42Þ

for all r > 0.
Final lower bound Combining Eqs. (3.36), (3.38), and

(3.42), we get a lower bound for the two flavor operator

A†
2A2>

�
r2ð1− j1−sjÞ2− ð6þ12rþ9r2Þε 0<r≤1;

ð1− j1−sjÞ2− ð15þ12rÞε r> 1.

ð3:43Þ
2. Lower bound on the one flavor operator A†

1A1

We will now try to find a lower bound on the operator

A†
1A1 ¼−a2∇2−

X
μ>ν

ημηνa2½∇μ;∇ν�

þ r2ð2 ·1þMð1Þ− s1Þ2þar½Mð1Þ;ημ∇μ�; ð3:44Þ

by finding a bound of each term separately. Since the
second term is the same as in the two flavor case, we can
take the previous result Eq. (3.38). Once again, we consider
the case 0 < r ≤ 1 first.
The first and third terms We start by observing that

C2
μν ¼

1

4
ðCμCν þ CνCμÞ2

¼ 1

4
ðCμCνCμCν þ CμCνCνCμ þ CνCμCμCν þ CνCμCνCμÞ

>
1

4
ðC2

μC2
ν − εþ C2

μC2
ν − 2εþ C2

νC2
μ − 2εþ C2

νC2
μ − εÞ

¼ C2
μC2

ν þ C2
νC2

μ − 3ε

2
; ð3:45Þ

where we have used Eq. (3.28). For 0 < r ≤ 1 we thus obtain the bound
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−a2∇2 þ r2ð1þMð1ÞÞ2 ¼ −a2∇2 þ r2ð1þ iη12C12 þ iη34C34Þ2
¼ −

X
μ

Vμ þ r2ðC2
12 þ C2

34 þ fð1þ iη12C12Þ; ð1þ iη34C34Þg − 1Þ

> −
X
μ

Vμ þ r2
�
C2
1C

2
2 þ C2

2C
2
1 − 3ε

2
þ C2

3C
2
4 þ C2

4C
2
3 − 3ε

2
− 1

�

¼ −
X
μ

Vμ þ
r2

2
ðfð1þ V1Þ; ð1þ V2Þg þ fð1þ V3Þ; ð1þ V4Þg − 2 − 6εÞ

¼ −
X
μ

Vμ þ
r2

2

�
2þ 2

X
μ

Vμ þ fV1; V2g þ fV3; V4g − 6ε

�

≥ −ð1 − r2Þ
X
μ

Vμ þ r2ð1 − 6εÞ

≥ r2 − 6r2ε: ð3:46Þ

For the general case of 0 < s < 2 we use

1þMð1Þ ≥ −1; ð3:47Þ

which follows from kMð1Þk ≤ 2, to find

− a2∇2 þ r2ðð2 − sÞ1þMð1ÞÞ2
¼ −a2∇2 þ r2ðð1 − sÞ1þ ð1þMð1ÞÞÞ2
¼ −a2∇2 þ r2ð1þMð1ÞÞ2 þ r2ð1 − sÞ21
þ 2r2ð1 − sÞð1þMð1ÞÞ

> r2 − 6r2εþ r2j1 − sj2 − 2r2j1 − sj
¼ r2ð1 − j1 − sjÞ2 − 6r2ε: ð3:48Þ

The lower bound of the first and third term for 0 < r ≤ 1 is
thus given by

−a2∇2 þ r2ðð2 − sÞ1þMð1ÞÞ2 > r2ð1 − j1 − sjÞ2 − 6r2ε:

ð3:49Þ

For the r > 1 case we can again show that the r ¼ 1 bound
holds with the same argument used in Eq. (3.35). We thus
obtain the general lower bound

− a2∇2 þ r2ðð2 − sÞ1þMð1ÞÞ2

>

�
r2ð1 − j1 − sjÞ2 − 6r2ε 0 < r ≤ 1;

ð1 − j1 − sjÞ2 − 6ε r > 1.
ð3:50Þ

The fourth term Let us first decompose the mass term

a½Mð1Þ;ημ∇μ�¼aið½η12C12;ημ∇μ�þ½η34C34;ημ∇μ�Þ ð3:51Þ

and look at the first of the two commutators. We have

ai½η12C12; ημ∇μ�
¼ aiðη12½C12; ημ�∇2 þ ημη12½C12;∇μ� þ ημ½η12;∇μ�C12Þ
¼ aið−2η12η2C12∇2 þ ημη12½C12;∇μ� þ 2η2η12∇2C12Þ
¼ aið−1Þδμ;2ημη12½C12;∇μ�; ð3:52Þ

which results in

kai½η12C12; ημ∇μ�k
¼ kaið−1Þδμ;2ημη12½C12;∇μ�k
≤
a
2
ðk½C1C2;∇μ�k þ k½C2C1;∇μ�kÞ

≤
a
2
ðkC1½C2;∇μ�k þ k½C1;∇μ�C2k

þ kC2½C1;∇μ�k þ k½C2;∇μ�C1kÞ: ð3:53Þ

With Eqs. (3.28) and (3.17) we thus obtain the upper bound

kai½η12C12; ημ∇μ�k < 2ε ð3:54Þ

for the first term. Similarly, we obtain for the second term

kai½η34C34; ημ∇μ�k ¼ kaið−1Þδμ;4ημη34½C34;∇μ�k < 2ε

ð3:55Þ

and thus conclude

ar½Mð1Þ; ημ∇μ� > −4rε: ð3:56Þ

Final lower bound Combining Eqs. (3.50), (3.38), and
(3.56), we get a lower bound for the single flavor operator

A†
1A1>

�
r2ð1−j1−sjÞ2−ð6þ4rþ6r2Þε 0<r≤1

ð1−j1−sjÞ2−ð12þ4rÞε r>1
ð3:57Þ
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IV. CONCLUSION

In this note we have proven that, when the admissibility
condition k1 − Pk < ε is imposed on every plaquette P,
both one and two flavor staggered overlap operators are
local. In particular, we can perform a Legendre expansion
of the inverse square root of A†A, which is convergent if
the spectral condition of Eq. (2.17) is fulfilled. From
Eqs. (3.43) and (3.57), we find that this is the case when

ε <
r2ð1 − j1 − sjÞ2
6þ 12rþ 9r2

two flavor; 0 < r ≤ 1; ð4:1Þ

ε <
ð1 − j1 − sjÞ2
15þ 12r

two flavor; r > 1; ð4:2Þ

ε <
r2ð1 − j1 − sjÞ2
6þ 4rþ 6r2

single flavor; 0 < r ≤ 1; ð4:3Þ

ε <
ð1 − j1 − sjÞ2

12þ 4r
single flavor; r > 1; ð4:4Þ

which is dependent on the projection point s and theWilson
parameter r. The staggered overlap operator is thus con-
ceptually on the same footing as the standard overlap
operator with a Wilson kernel.

APPENDIX: PLAQUETTE DEPENDENT
COMMUTATORS

1. Representations of the plaquette

Since it is essential for the proof to have a bound on the
plaquette, we first want to show how the plaquette can be
represented. Let us define the plaquette as the operator

ðPμνÞxy ¼ UμðxÞUνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞδx;y: ðA1Þ

We find that

ðTμþTνþTμ−Tν−Þxy
¼ UμðxÞδxþμ̂;zUνðzÞδzþν̂;tU

†
μðuÞδt−μ̂;uU†

νðyÞδu−ν̂;y
¼ UμðxÞUνðxþ μ̂ÞU†

μðxþ ν̂ÞU†
νðyÞδx;y

¼ ðPμνÞxy ðA2Þ

or equivalently

Pμν ¼ TμþTνþTμ−Tν−: ðA3Þ

Similarly, we can define plaquettes into negative coordinate
directions as

Pð−μÞν ¼ Tμ−TνþTμþTν−; ðA4Þ

Pμð−νÞ ¼ TμþTν−Tμ−Tνþ; ðA5Þ

Pð−μÞð−νÞ ¼ Tμ−Tν−TμþTνþ: ðA6Þ

With these, we can find commutation relations among the
Tμ� (μ ≠ ν) as

½Tμþ; Tνþ� ¼ TμþTνþ − TνþTμþ
¼ TμþTνþð1 − Tν−Tμ−TνþTμþÞ
¼ TμþTνþð1 − Pð−νÞð−μÞÞ ðA7Þ

and similarly for other combinations.

2. Implications for some commutators

We will need the commutator

a2½∇μ;∇ν� ¼
1

4
ð½Tμþ;Tνþ�þ ½Tμ−;Tν−�− ½Tμþ;Tν−�

− ½Tμ−;Tνþ�Þ

¼ 1

4
ðTμþTνþð1−Pð−νÞð−μÞÞþTμ−Tν−ð1−PνμÞ

−TμþTν−ð1−Pνð−μÞÞ−Tμ−Tνþð1−Pð−νÞμÞÞ;
ðA8Þ

where we used Eq. (2.5). Imposing a smoothness condition

k1 − ðPμνÞxxk < ε ðA9Þ

on every plaquette and remembering that all kTμ�k ¼ 1, we
find that

a2k½∇μ;∇ν�k <
ε

4
ðkTμþTνþk þ kTμ−Tν−k

þ kTμþTν−k þ kTμ−TνþkÞ
¼ ε: ðA10Þ

Similarly we find

½Cμ; Cν� ¼
1

4
ð½Tμþ; Tνþ� þ ½Tμ−; Tνþ�

þ ½Tμþ; Tν−� þ ½Tμ−; Tν−�Þ ðA11Þ

¼ 1

4
ðTμþTνþð1 − Pð−νÞð−μÞÞ þ Tμ−Tνþð1 − Pð−νÞμÞ

þ TμþTν−ð1 − Pνð−μÞÞ þ Tμ−Tν−ð1 − PνμÞÞ ðA12Þ

and thus

k½Cμ; Cν�k < ε: ðA13Þ

Using the fact that kCμk ≤ 1, we can also infer that
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����½Cμ; Cν�
Yn
i¼1

Cαi

���� < ε ðA14Þ

for any number n of additional Cα terms. We thus see that

kC2 − ðC2
1C

2
2C

2
3C

2
4Þsymk < Nε; ðA15Þ

where N is determined by the number of commutations we
have to perform to bring the terms in C2 into the correct
order. Let us first rewrite

C2 − ðC2
1C

2
2C

2
3C

2
4Þsym

¼ 1

4!
PαβγδðCαCβCγCδC − C2

αC2
βC

2
γC2

δÞ: ðA16Þ

For each term in the symmetrization bracket we now
perform the commutations in two steps. First we bring
the terms in C into order, so we are left with ðCαCβCγCδÞ2.
For each of the 4! products in C this requires a different
number of commutations, namely

Number of commutations∶ 0 1 2 3 4 5 6

Number of products∶ 1 3 5 6 5 3 1

On average we thus have 3 commutations in this first step.

From there on it takes 6 more commutations to obtain
C2
αC2

βC
2
γC2

δ , so we have performed 9 commutations on
average. Since we average over all permutations, we have

kC2 − ðC2
1C

2
2C

2
3C

2
4Þsymk < 9ε: ðA17Þ

In order to find ak½Cμ;∇ν�k we use Eqs. (2.15) and (2.5) to
determine

a½Cμ;∇ν� ¼
1

4
ð½Tμþ;Tνþ�þ½Tμ−;Tνþ�− ½Tμþ;Tν−�

− ½Tμ−;Tν−�Þ

¼1

4
ðTμþTνþð1−Pð−νÞð−μÞÞþTμ−Tνþð1−Pð−νÞμÞ

−TμþTν−ð1−Pνð−μÞÞ−Tμ−Tν−ð1−PνμÞÞ;
ðA18Þ

from which it follows that

ka½Cμ;∇ν�k < ε: ðA19Þ

Also, for μ ¼ ν the commutator trivially vanishes.
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