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Kinetic theories with color and spin from amplitudes
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We extend a previously developed approach to relate thermal currents in the high temperature regime and
classical limits of amplitudes. We consider the biadjoint scalar theory, which has the basic structure of a
cubic theory and which is related to QCD and gravity through the double copy. In addition, we consider a
generalization of scalar QED to model classical spin, where massive scalars are complex higher-spin fields.
We derive Vlasov-type kinetic equations for biadjoint scalars and study their iterative solutions, while for
QED we use well-known kinetic equations. In both cases we find consistency between these solutions and

the amplitudelike approach.
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I. INTRODUCTION

Kinetic theory is useful to describe systems out of
equilibrium for a wide range of many-particle systems at
classical and quantum level. Its quantum version is based
on Wigner functions, which are quantum analogs of
classical distribution functions [1]. At quantum level they
appear from the Wigner transform of the density matrix
operator p(r), which for a single particle reads [3]

x—%u>,(U

where x, p are phase-space variables. A suitable classical
limit renders it as the classical distribution function f(x, p).
In the collision-less case the distribution function f(x, p)

: 1
W(x, p;t) = /du et <x —|—§u p(1)

satisfies Liouville’s equation % = 0, which gives rise to the
Boltzmann equation. The Wigner transform can be gener-
alized to describe quantum fields. Then, from quantum
field theory (QFT) it is possible to deduce an equation for
the Wigner function which satisfies classical kinetic equa-
tions thus confirming the analogy between Wigner func-
tions and classical phase-space distributions.

Another alternative is to maintain the point-particle
picture and bring together Wigner transformations and
the Schwinger-Keldysh formalism in a first-quantized
worldline approach [4], thus allowing the construction of
phase-space distributions and a derivation of classical
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kinetic equations of Vlasov type, which may include color
and spin degrees of freedom [6]. Following the Schwinger-
Keldysh strategy, the action expressed in terms of retarded
and advanced fields contains boundary terms that one can
formally relate to the Wigner transform of the density
operator, which is typical in finite temperature QFT [7,8].
Also typical in this context is that the path integral
over advanced variables imposes classical equations of
motion—which is also the conclusion one obtains in the
worldline approach—and hence the remaining path inte-
grals are over retarded variables.

In Ref. [9], iterative solutions of kinetic equations were
mapped to certain off-shell currents in the classical limit,
understood as the limit 7 — 0. There, we applied the
Kosower-Maybee-O’Connell (KMOC) [10] formalism to
deal with off-shell currents rather than amplitudes in the
forward limit. KMOC was originally proposed in the
context of ongoing efforts to extract classical information
from scattering amplitudes (see Refs. [11,12] and refer-
ences therein for reviews). These efforts are concerned with
matching solutions of classical equations of motion and
scattering amplitudes, which is similar to the scenario we
discuss here, the additional ingredient being that equations
of motion are now coupled to the Boltzmann equation for
the distribution function. These solutions were constructed
in the approximation where the distribution function f can
be perturbatively expanded in powers of the coupling
constant. This situation arises, e.g., in the description of
the so-called hard thermal loops [13-17], which are
relevant in the high temperature limit of QCD and can
be mapped to solutions of kinetic equations [18].

In the context of scattering amplitudes [19,20], biadjoint
scalars are important ingredients to understand the relation-
ship between QCD and gravity through the so-called
double copy, which has been reviewed in Ref. [21].
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At tree level closed formulas for massless and massive
amplitudes are available from the Cachazo-He-Yuan rep-
resentation [22]. Biadjoint scalars have been explored from
many angles ranging from more mathematically inspired
ones [23,24] to studies of its basic properties such as
renormalization [25,26] or its exact solutions [27,28] to
name just a few. Double-copy-type relations also exist
classically [29] and, more importantly, they also exist for
particles carrying spin [30]. Since biadjoint scalar ampli-
tudes encode the kinematic structure of QCD and gravity it
raises the question of whether this is also the case at finite
temperature even for particles carrying spin.

In this paper, we will extend the approach proposed in
Ref. [9] to include biadjoint scalars to start exploring the
above questions. In addition, we will consider classical spin
from amplitudes which we will model through a generali-
zation of scalar electrodynamics in which the scalar fields
are higher-integer-spin fields [31]. As we will see, the
amplitudes-based approach leads to consistent results that
match perturbative solutions of their kinetic equations.

The remainder of the paper is organized as follows. In
Sec. II, we review semiclassical kinetic theory with spin
and color and outline the amplitudelike approach to thermal
currents. In Sec. 111, we introduce color in the context of the
biadjoint scalar model. In Sec. IV, we consider classical
spin. Our conclusions are presented in Sec. V.

II. AMPLITUDES APPROACH TO THERMAL
CURRENTS

A. Thermal currents and the classical limit

Let us consider a distribution function f(x, p,c,s),
which in addition to the coordinate x* and momentum
p" depends on two continuous variables ¢* and s*,
describing color and spin degrees of freedom, respectively.
The Liouville’s equation in the collisionless case can be
expressed as [32]

d 0 0 0 0
el — (i T4 pa G
de(x,p,c,s) (x Pl 6p/‘+c Pyt ds”)

fx.p,c.s) =0, (2)

where the Vlasov-Boltzmann equation can be obtained from
the above after inserting the equations of motion of the phase-
space variables, which are generalized versions of Wong
equations [33]. In the colorless case the spin vector satisfies
the Bargmann-Michel-Telegdi equation [34]. The associated
color currents of the particles are obtained from

i) =g [ a0(p) [ de [dsea(p+ 570t c.s).
(3)

where S* is the spin tensor and d®(p) is the usual Lorentz
invariant phase space. The invariant measures for color and

spin space are dc and ds, respectively. The invariant
measures are given by [35]

d*p 2 2

dc := d8C CR(S(CaCb(Sab - q2)5<dabccacbcc - Q3>’ (5)

dd(p) =

ds == d*s cs(s's, + 2@2)6(p"sy), (6)

where ¢,, g5, 8> are Casimir invariants [36]. The factors cg
and cp ensure that spin and color measures are normalized
to unity. We have set the gauge group to be SU(3) and for
spin to be SU(2). The integration over phase space can be
done using the relation between the spin vector and spin
tensor

1
S = =T s, )

where €°1?* = 1. There is a one-to-one correspondence

between classical color factors ¢ and the generators of the
gauge group and similarly for spin. Therefore the invariants
¢»» q3, and 8% are defined through the traces of the
generators of the gauge group

Tr(TT?) = C,6, (8)

where for SU(N) the quadratic Casimir C, = N in the
adjoint representation and C, = 1/2 in the fundamental.
Thus, properties of integration over classical phase spaces
are equivalent to traces of color factors, namely

/dcc“:/dss":O,

/dc et = Czé‘”’,

2 o
/dss”s”:—gé’»z(ﬂ’”—pm_g)- )

The last equalities express the fact that ¢ and s® are
constants of the motion. For spin, the last equality is
equivalent to the trace of the spin tensor and 8 is
proportional to the eigenvalue of the Casimir operator
[37,38]. More generally, the projectors in parenthesis will
depend on the matter content [2].

We may evaluate the currents of Eq. (3) iteratively by
assuming a perturbative expansion of f(x,p,c,s) in
powers of the coupling constant g around the equilibrium
state f(pg), where the distribution depends only on the
energy p, (see Ref. [39] for review of this approach). We
allow the equilibrium distribution to be either Bose-
Einstein (f_(pg)) or Fermi-Dirac (f,(pg)) so strictly
speaking this approach is semiclassical. For QCD the
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relation between color currents and thermal currents in the
high temperature approximation (hard thermal loops) is
conveyed by

1
J(x) = TGLAY 4 ST AP A 4. (10)

where the currents IT;!7” thus obtained match those
obtained in the high temperature limit of QCD [18,40].
In Ref. [9], we proposed to obtain thermal currents by
taking the classical limit of a regulated off-shell current in
the forward limit adapting the KMOC formalism. Let us
briefly recap the main points. The forward limit is, in
general, singular so a regularization scheme is required.
Here, it is understood as discarding diagrams with a zero
momentum internal edge [41]. Let S be the set of those
diagrams and let F be the set of all diagrams contributing to
the amplitude, then the regularized current is defined by

Apok ok p)= 30 d(G). (1)

GEF\S

where d(G) is a rational expression of the form
N(G)/D(G). Denoting by k := (ky, ..., k,) the n-tuple of
external off-shell momenta and, with the understanding that
the amplitude is computed in the forward limit, we some-
times write A" (p, k). The classical limit is obtained as
follows: Compute the Laurent expansion in powers of 7 of
the n + 2 current A" (p, ky, ..., k,, p) where the momenta
of the particles 1,...,n is considered soft and off shell
(k? # 0), while massive particles carrying momenta p are
on shell (p?> = m?). Soft momenta scale with #, ie.,
k — hk, implementing the distinction between momentum
and wave number of a particle, which is an important step
in the KMOC formalism. In practice the current can be
computed, e.g., from Feynman graphs (see Fig. 1). Recall
that we are using units in which kz = ¢ = 1 but keeping
n # 1 since we are interested in the classical limit. We
adopt the convention that our classical results depend on
the dimensionless coupling ¢ = §v/% and e = &/+/A, and
that the external momenta is associated to wave numbers.
Suppressing color and Lorentz indices the classical limit of
the current is given by

A'(p. k) = fr(%ir%A"(p,hk)), (12)
kq k,

p p

FIG. 1. Regulated off-shell current in the forward limit. The
blob represents a sum over tree-level Feynman diagrams where
diagrams generating a zero-momentum internal edge are sup-
pressed. Wavy lines represent off-shell outgoing soft particles.

where the trace is defined by

oo "2 Tr(e)
Tr(e) = {Id(-)

QCD

.. (13)
QED and gravity
where Id is the identity operator and the #"~? is required on
dimensional grounds. We then have a simple relation
between thermal currents and the classical limit [42]

sz/@@mmN@h, (14)

where f(pg) is the distribution function at equilibrium. If
we are interested in fermions we will define the distribution
function with a minus sign due to the presence of a fermion
loop. This relation represents a map between the classical
limit and the high temperature in the forward limit [17].
In Secs. III and IV we will add two more cases where
Eq. (14) holds.

Let us briefly mention that color factors in calculations
are defined through

(piC|p;) = (C*)] = h(T)]. (15)

where C“ are operators that realize the Lie algebra of the
gauge group

[C, CY] = infebeCe. (16)

Color charge operators can be explicitly derived from the
Noether procedure (see Secs. 2 and 4 of Ref. [43]).
Classical color charges c¢“ := (y|C%y) are obtained as
expectation values of those operators taken from appro-
priate coherent states |y). Using these estates, color charge
operators satisfy the important property (shown in
Appendix A of Ref. [43]) of the factorization

(W|CCly) = (w|Cw)(w|C’lw) + O(h), (17)

so classical color charges commute.

III. COLOR: THE BIADJOINT SCALAR

The field theory Lagrangian of the model is given by
[27,44]

1 ao aa m2 aa ao
Lpa = Lpa(@,0p) = 50,0 ¢ — 5"

Y rabe Fa aa c
+ 3 e g, (18)

where m is the mass and y the coupling constant. The
biadjoint scalar field ¢“* transforms under the adjoint
representation for each factor of its globally symmetry
group G x G. The Lie algebra for each factor has the form
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[T¢, T?] = if*T¢ and the adjoint representation is given
by its structure constants, i.e., (T/’;)bc = —ifabe,
Throughout we use greek indices for the group G.
Before developing a kinetic theory for biadjoint scalars
let us briefly discuss how these are computed from the
KMOC formalism.

A. Off-shell currents for biadjoint scalars

We consider the theory in d = 6 — 2¢ dimensions, where
the biadjoint scalar can be renormalized with a dimension-
less coupling. We will keep the same definition of color
factors in the adjoint representation as in Eq. (15) so color
factors have dimensions of 7 and, as it should be, they are
absent in the classical limit. Since the action has units [45]
of ML, in d = 6 the field ¢?* has dimensions \/M/L> so
the dimensionful coupling y has units of 1/v/ML, and
therefore the dimensionless coupling scales as v/%y. Then,
thermal currents are obtained through Eq. (14) with the

trace Tr() now defined as

Tr(e) := Tr(s)Tr(*), (19)
J

where it is understood that first and second traces are
referred to the untilded and tilded color factors, respec-
tively. This adds another instance of Eq. (13). Notice
however that for a general representation R [46]

: R
TH(TYTRTR) = df + 3 /" L(R),  (20)

where I,(R) is the index of the representation. Since in the
adjoint representation d’° =0, classical phase space
integration is reproduced through the replacement f@¢ —
d“®¢ at the end of the calculation (see Appendix B).

1. Example

The 2-point off-shell current in the regulated forward
limit can be obtained from the trivalent diagrams shown in
Fig. 2 and their permutations. The contributing diagrams
coincide with the half-ladders that appear in the forward
approach to thermal currents [47]. Using momentum
conservation and renaming the independent momentum
by k, a simple calculation gives

iAéd,alal,azaz,ee (P7 hk) — iy2 (f5a1a3fsa2a3fcda1fceaz _ f(saza}fea]agfcdazfceal) 1

+ % (f5a2a3fea1a3fcda2fceal + f&alagfeazagfcda]fceaz)

where the seemingly singular term in the first line vanishes
upon computing the trace. Hence, calculating the trace we
obtain

2

- 1
Aalaz,alaz (p, k) — y2c25u1a25a](12 _ .
’ 2(p-k)?

The squared retarded propagator has been left implicit
and can be recovered by the analytic continuation
ko = ko + 10, where o is a small positive number. Using
now Eq. (14) and the integrals computed in Appendix A
(with f_(pg)) we find that in the high temperature limit
the 2-point current reads

krl

a1y

Lo

a2a2

¥ ¥

FIG. 2. Diagram that contribute for 2-point current.

hp -k
k2
(p-k)

|om. ey

C2y2 T2 k2
[[¢1@.0% () = 54142 501 Z22 (20 1
(k) 2 967 \|k[?

ko k| + ko + io )]
X =2+ —log| ——— ]|, (23
{ K] g(—|k|+k0+m (23)

which agrees with cubic theory in Ref. [48]. In the limit
where ky < |k| we have

C2y2 T2 kO
[[¢1%%% () n §%192 501 % 27 - 2 _ir 2 , 24
(k) 2 9%x < irx) Y

where the to Landau

damping.

imaginary part corresponds

B. Schwinger-Keldysh for biadjoints and kinetic theory

We proceed now to develop a classical kinetic theory for
biadjoint scalars along the lines of the Schwinger-Keldysh
worldline approach by Mueller-Venugopalan [6]. Suppose
that we are interested in the description of the time
evolution of the matrix density operator

p(t) = U . 1)p(f)U(F. ¥), (25)
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FIG. 3. Representation of the Schwinger-Keldysh path. The
small vertical line at 7, does not contribute to the path integral.
Phase-space variables in the upper contour and lower contour are
labeled as w; and w,, respectively.

where U(t,1') is the evolution operator with # and ¢/
denoting the initial and final times, respectively. Following
the usual Schwinger-Keldysh approach [49] we double the
degrees of freedom and consider the difference

L= Lga1(91.001) = Lgas(92.09,), (26)

where the Lagrangians Lga (1, 0¢) and Lga (2. 0¢»)
are associated with the upper and lower branches of the
contour shown in Fig. 3. Now, using a quantum/back-
ground (¢@; = @; + @;) expansion leads to a quadratic
action of the form

1 7 AdQ,
L0 =S g (=55 (@ + m?) + yi"") g

1
_Egbga(_&aa&bﬂ(aZ +m2) +y§A0L21abﬂ)(,02 ’ (27)

where ™" = fabeFabr 7 Hence the particle matrix-

valued Hamiltonian associated with each Lagrangian can
be read off from Eq. (27)

Aaa, bﬂ]

1
H; = = [6°6" (= p} + m*) =y

5 (28)
Notice that the total Lagrangian (27) has a diagonal matrix
structure with respect to the indices of ¢{* in addition to the
matrix structure due to color indices.

Its diagonal form implies that the path integral repre-
sentation of the dressed propagator [50] on the Schwinger-
Keldysh contour is simply

Gq = Go(xi.x]:x s 1. 0)

= Gy (3. x:0)Ga (W i)y (29)
where phase space variables w evaluated at initial and final
times are written as w(t') = w', w(#/) = w/, respectively.
Here the variables x;, x, describe upper and lower contours
with the boundary condition x’l‘ = x’; . Inserting a worldline
path integral representation for each dressed propagator
then leads to

€r, 62
G pr—
@ /Vol (Gauge)

/Dxl,xz /Dphpz JTel(51=52),

(30)

where T denotes time ordering and D[w, w,| := Dw; Dw;,.
Hence, after introducing complete sets of (initial) states,
we find that the evolution of the matrix density operator

= (/o)) s given by
ph = /d%’i/d“xép(x’i,xé)Gg,

which is to be understood as the dressed propagator
evaluated over the Schwinger-Keldysh contour Q (see
Fig. 3) weighted by the density matrix. Closing the contour
leads to the real time effective action in Ref. [6]. This
definition is a specialization of the QFT case applied to
worldlines, see, e.g., [7,8,52].

In the following we will introduce the auxiliary variables
w® and ¢* to replace time ordering in path integrals
following Ref. [53], where the interested reader can find
details. The worldline action in phase space for the
biadjoint scalar in real time 7 is

(31)

(32)
where H,J,J denote first class constraints
1 -
HZE(_p2+m2 _,’_yca{paa(x)ca)’
_ —ifabcl/_/bl/lc, — _i}aﬂYijV’ (33)
J=w.p —s, j:$a¢a_~ (34)

which we identify with the particle Hamiltonian, the color
charges and the particle current, respectively. To avoid
cluttered expressions we define P := (p,. i, id,), X =
(x#,w?, ¢*) and group together the first class constraints
into eH’, where e := (e, a,a) and H == (H, J, 7). Here A’
denotes transpose of A [54]. In condensed notation the
worldline action is then

Spa = / de(PX' — eH"). (35)
We may now introduce color variables that exchange

time ordering by an additional integration over auxiliary
variables v, ¢p. The dressed propagator then reads [55]

D[el ) eZ]
vol(Gauge) / DX, X

X /D[Pl’Pz]ei(SBA,l_SBAl).

GolXi, X 01, 03] =

(36)
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Setting e = 27T, where T is the so-called Schwinger proper
time, produces the usual representation of the dressed
propagator, but the message of Ref. [6] is to keep the
einbein unfixed to perform the path integral, which we will
also do here. Hence the path integral representation of the
effective action is

¢ Dlee
Fg[fﬂl,(ﬂz]:/dxi/dxép(xl’xé)/ﬁ

X/D[Xl,Xz]/ [P,.P,]ei(Sma1=8ma2) (37)

where  dX == d*xdydpdpdp. Now we introduce
Schwinger-Keldysh coordinates
1
=5t n),  m=a -, (38)

for all phase-space coordinates. We interpret 7, as a
quantum degree of freedom measured in units of 7. We
can then obtain the so-called truncated Wigner approxi-
mation [56] by expanding in powers of 7

SoBa = /dT(PRX,IA + PAX;Q —egHy — e, HE).  (39)

where we have kept orders up to O(z4) and we have
defined the following quantities:

1 ~
Hi = (2( pR+m + yCroi” ") Jr, JR>,
Hy = (( PatPr¥Yy x"C“ 0. “)
lpAaW?{ + l/_/Ranp &Auqs% + &Raqﬁg) . (40)

Notice the absence of mixing terms involving whyS or

(%’Qqﬁz, which vanish due to the antisymmetry of the
structure constants. Using the equations of motion we
can rewrite the action as

. . oH
Sosa = Pk 'Xiit —e,Hy - / dT<PR * oX? )Xﬁ,

/ deP, (XR ;é > (41)

where we notice that the boundary terms obtained through
integration by parts produce the Wigner function

o A T
W (XEg, P%) :=/Xm 1PRXAp<X}e+2X’,X§e—2XA>.

(42)

Finally, the Schwinger-Keldysh real-time effective action
for the biadjoint scalars is

Iy = / dXi, / dPL W (X, PL) / Deg / DX / DP,
x 1 [o(PR = m)olx)0(7) (Pr = P)6(Xg = X),
(43)

where X and P satisfy classical equation of motion and P
can be read off from Eq. (40). Following [6], the Liuoville’s
equation then reads

d 0 0
— XP M H_____
L WX.P) = <x a”—i—p R A

)W(X, P)=0  (44)

0 0
+ll/

+9°

845” o' og°

for some given initial condition W (X%, P%). Let us mention
that in the field theory case, the appearance of the on-shell
delta function is required to conserve momentum at each
vertex [7].

C. Vlasov-type equation for biadjoint scalars

For our purposes it will be more convenient to work
directly with the classical limits of the color charges C* and
C® instead of the auxiliary ones. In the classical limit the
charges defined in Eq. (33) correspond to classical color
charges for large representations in a coherent state basis.
These are controlled by s and § in (34) as can be seen by
performing explicit path integration over auxiliary variables
after gauge fixing (see Appendix A of [57]). Therefore in
the classical limit we may simply set

C* — ¢, C* = . (45)
We can derive classical kinetic equations from the action
(32) setting a = a@ =0 and e = —1 (so p = x). We obtain

Yy

Pt e F g = 0, (46)
.., yoCce -
a L e = 0’ 47
Ay (47)
y aC*
—25 peage =, 48
iy Sow (48)

with an additional pair of equations for ¢* Since
= —if®e(ylye +pPpc), we may pack together the

last two equations leading to

fahcc oo (pca (49)
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where we have used the Jacobi identity. The additional
equation for ¢* can be obtained similarly. Therefore the
Liouville’s equation df/dz = 0 for the semiclassical dis-
tribution function f(x, p,c,¢) leads to the Vlasov-type
equation for biadjoint scalars

0 1 d 1 d
i Vet _ abc .bxa,ca
(g g s parecteny

1 0
_ aﬂ]’"ﬂ apay = 0 50
TRty aaa>f (50)
Perturbative thermal currents can be obtained from

J9(x) :y/dd)(p)/dc/déc“?:“f(x,p,c,é), (51)

where the color phase space invariant measure is defined
in Eq. (5).

1. Example

Let us check the consistency of the semiclassical kinetic
theory just constructed for the 2-point thermal current.
Expanding the distribution function around equilibrium we
have

fx.p.c.@) =fOpy) +yfV(x. p.c.&)+ ..., (52)

where £ (py) = 1/(efP» — 1) is the Bose-Einstein distri-
bution function and # = 1/T. Moving to Fourier space and
plugging Eq. (52) into (50) we find

LK af©)

7(1) Z) = —cag
f (k’p7cvc)_ cc kpapﬂ

@*(k), (53

where f(l)(k, p,c,¢) denotes the Fourier transform of
f(x, p,c,¢). Inserting this equation into the definition of
the current we obtain

2 2
oo =2~ / do(p) / de / dc cze b el fO) (pg) S g,
2 (k-p)
(54)

which leads to

(k-p)*’

Hab,aﬂ(k) — 5ab50ﬂ%/dq)(p)f(o)(p0) (55)

where we have used the identities in Eq. (9). This is
reproduces exactly the result we obtained from QFT
in Eq. (22).

IV. SPIN

Classical color charges and spin vectors have in common
that they may be associated with expectation values of
certain operators with respect to coherent states. Indeed,
provided one is able to build coherent states that furnish an
irreducible representation of the Lie group, say SU(N),
then the following properties hold [58]

(w|Alw) = finite, (56)
(w|ABly) = (w|Aly) (y|Bly) + ..., (57)

where the ellipsis means terms that do not contribute in the
classical limit. In particular, one may use the Schwinger-
boson formalism for SU(N) to build explicit realizations of
these states and show the above properties. This construc-
tion was used in Ref. [43] to describe colored observables
and for spin in Ref. [59]. Therefore one expects that the
dynamics of color charges and spin share some similarities
as studied in Refs. [60-62].

The description of classical spin may also be done by
introducing (integer) higher-spin massive particles
described by symmetric traceless rank-s tensor fields
@s' "% [63], where for brevity we will suppress its indices
henceforth. Lorentz generators also carry (symmetrized)
sets of indices, which we will also suppress but use matrix
notation M# to indicate that the contraction of indices is
understood as matrix multiplication. Let e(p) = (s, p) be
the polarization tensors of the massive particle with
momentum p. Denoting by &(p) - e(p) the contraction
of the tensor indices of the polarization tensors, the relation
between classical spin tensors and Lorentz generators M#
is given by the identities

e(p)M™e(p) = §"e(p) - (p) + ...
e(PUAM™ M }e(p) = S 57e(p) - e(p) + ... (58)
where {A,B} =1 (AB + AB) and p = p — q. We refer the
interested reader to Ref. [31] for details on the spin
formalism. The ellipsis denotes terms that do not contribute
in the classical limit. The spin vector and spin tensor are

related through Eq. (7). The spin vector is constrained by
the so-called covariant spin supplementary condition

PuS* =0, (59)

A. Spinning off-shell currents
Let F*¥ be the usual Maxwell field strength and D¥ the
corresponding covariant derivative. The Lagrangian density
of the higher-spin scalar electrodynamics is given by [31]

1 uy Y 2= - uv
EEM :_ZF Fuu+Dﬂ(/).sD Ps—m gosws_‘_eF;w(psM Ps»
(60)
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k1l§ %lkg lﬁmi@ kil ;; Lk
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FIG. 4. Graphs that contribute to the 2-point current. Besides
the usual interactions in scalar QED, the higher-spin model
allows interactions proportional to Lorenz generators.

where ¢, are higher-spin fields. Using the double copy, this
theory has been used recently in the context of scattering
amplitudes to describe the post-Minkowskian two-body
problem of spinning particles in gravity [64,65]. Classical
currents including spin contributions may be computed

from Eq. (14) with Tr(+) now defined as
Tr(e) o= Tr, (v), (61)

where by construction satisfies the same properties of phase-
space integration over classical spin given in Eq. (9): e.g.,
Tro(*) =1d(*) is equivalent to [ ds = 1 classically. We can
now use Eq. (14) to perform calculations. Notice that in the
forward limit we may set (p) - (p) = 1.

For instance, consider the 2-point current (see Fig. 4). It
receives contributions from the same diagrams as in scalar
QED but has, in addition, contributions coming from the
last term in Eq. (60). The off-shell current has the structure

A (p,k) = &(p) - A" (p. k) - ,(p). (62)
However, from the properties of the trace (or equivalently
from the phase integration) we see that only those terms
appearing quadratically may lead to meaningful contribu-

tions. Keeping this in mind, the current now can be written
as follows:

AP (p,k) = ALY (p k) + A5 (p. k), (63)
where the scalar part is the current in scalar QED

(k* + 2p*) (k¥ + 2p*)

IAG (p. k) = 2ie? [17"” -

212k p+K*)
(k" —2p") (k" —2p")
e | (64

which in the classical limit leads to

_ ”kv+pyk” k2p;4py
AP (k, p) = 26201 = 2¢2 (W _P .
o ( 0 k-p (k-p)?
(65)

On the other hand, the spin-dependent contribution reads

(2p+k)
2p-k+k*

(2p=k) 1. )
—2p~k—|—k2}(k'M)

MexMPY MPY M
2p-k+k2+—2p-k—|—k2> }’
(66)

A" (p k) _—2ie2{ {

—/l(—>V+2kakﬁ(

where k,M* := (k - M)*. Now, keeping only contributions
quadratic in spin and using Eq. (58), we find that in the
classical limit [66]

_ k2
A (p. k)| = 2&°TI" = ZeQW(k S (k- S), (67)

which satisfies the Ward identity k,A%"(p,k)|s2 = 0. To
reach this form we have also used the usual algebra of M#*.
We will see in Sec. IV B that this matches the result
computed from a classical perspective. Computing the
trace, or equivalently the phase space integration, we obtain

46232 1 -
- )2 — T
3 <m2 0 +

k2 HY M |V
ey (42 (p. 1)) = )

(k-p)?
(68)

Therefore the off-shell current in the classical limit includ-
ing spin contributions is

- 232K\ - 232K\ Nw
Hv ’k =2 2 1-— Hﬂy - )
e =26 (15 )i - (55) 7

(69)

where N¥ := 2 — KMk,

A few comments are in order. Recall that we still need to
be integrate over phase space. Notice that the numerator
N in second term in parenthesis also appears in the
renormalization of QED. Let us perform the analytic
continuation ky — kq + io as usual and consider the high
temperature regime. Since N*¥ is independent of the
momentum p we require the integral

0) .
I+ (po) 111 ko k| +kotio
do =— Z 1
/ PV~ 16wk e TR 8\ Sk kg +i0

+10g(ﬁ2/t2)] 1O, (70)

which has been evaluated in d = 4 — 2¢ (see Appendix A).
The temperature-independent divergence cancels after sub-
tracting the zero temperature contribution while the temper-
ature dependent log may be combined with the log(m?/u?)
in the renormalization of TT#*. Notice also that Eq. (69) is
strictly valid only where m # 0. The reason is that the spin
supplementary condition p,S$*” = 0 can no longer be used
as a condition that fixes S** uniquely as the spin tensor in
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the rest frame of the particle since there is no such frame for
massless particles. Instead, for massless particles one can
choose a frame characterized by a timelike vector #* and set
p* — u in Eq. (59) [67,68].

B. Comparison with semiclassical Kkinetic theory

In order to check the validity of our approach let us now
consider a classical perspective. The generic form of
the collisionless relativistic Boltzmann-Vlasov equation
reads [69,70]

LOf | O(Ff) 10F%
P e

Fr=Frp,+=—S8,,. (71)

+e———==0,
20xﬂ v

ox# ap*

This equation can be derived within Wigner function

formalism applied for spin % particles [38,71]. Now, as
in the spinless case, let us perturb the distribution function

f around equilibrium
f=1Opo) +efV(x.p.8) +f P (x.p.S) +.... (72)

where f(%)(p) is the Fermi-Dirac distribution function. We
are interested in computing the associated current

() = e/d(I)(p)/ds (" + 5%0,)f(x. p.S).  (73)

Solving for the coupled system of Egs. (71) and (73) in
momentum space, we obtain

. i [k - - o(f9s,,)
M (k — N A iy NP
F (k. p.S) k-p[Z( ) o
) - < of©
k'AY — k¥ AH . 74
+ipy( )apﬂ (74)

Plugging this into Eq. (73) and using integration by parts
we can bring the current into the form
3000 = =¢* [ a®(p) [ s 7Ol k. p)
+II (k. p)]A,. (75)
where the spin-dependent contribution is
2
(k-p)?

and IT§" (k, p) is given in Eq. (65). This matches our results
obtained using classical limits of off-shell currents.

[ (k. p) = (k-Syk-Sy.  (76)

V. CONCLUSIONS

We have extended the scattering amplitudes approach of
Ref. [9] in two ways: We have considered thermal currents

for biadjoint particles and spin. To test its validity, we have
compared against computations based on iterative solutions
of classical kinetic equations finding agreement. The
semiclassical kinetic equations for biadjoints were derived
from the worldline approach in Sec. III following Mueller-
Venugopalan [6], who have shown that in the classical limit
kinetic equations follow from the Schwinger-Keldysh
effective action adapted to worldlines. For the case of spin
we have used the well-known Boltzmann-Vlasov equations
for spinning particles. On the amplitudes side, we have
modeled classical spin through a higher-spin generalization
of scalar QED.

Hard thermal loop actions can be computed from other
methods including the worldline approach as found a long
time ago [72,73]. Moreover, the worldline setting of
Ref. [6] suggests that these may also be derived from
the recently proposed worldline QFT approach [74-79].
Therefore it would be interesting to investigate whether
both thermal and classical observables can be unified in a
worldline framework. Having introduced spin into the
formalism of Ref. [9] the remaining task is to include
collision functions. These have been studied in the context
of classical transport in Refs. [80-82]. We leave this for
future work.
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APPENDIX A: MASSIVE PHASE-SPACE
INTEGRALS

We can parametrize the momentum p as p =
(po, [p|cos b, |p|sin61,_,), where 1,_, is a unit vector
in d—2 dimensions. Hence recalling that d®(p):=
d?p/(27) D8(p> — m*)O(p,) we may write down the
measure as [86]

d®(p) = @T%dgd_zdpodW|d<cos 0)lp|*6(py)
x 8(p3 — |p|> — m?) sin* 0, (A1)
where
27/
/ a9, = Fo (A2)

We are the interested in solving the family of integrals
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ff)(l?o)
(k-p)°

where f(io)(po) =1/(efPo £ 1) and # = 1/T. The simplest
case is the case where a = 0. Performing a change of
variables x = ffp, the result is proportional to the integral
of

I.ld = / do(p) , (A3)

[T @ =gty )
0
so in the high temperature limit, we obtain
Td—Z )
1_[0] = WF[(Z/Z — 1]Lig»(1), (AS)

where Li, (1) is the polylogarithm, which reduces to the
Riemann zeta function {(d—2). We also have I, =
(1 —2379)1_[0]. The general case can be treated as follows.
Without loss of generality we may choose k = (k, |k|,0,_,)
and perform the analytic continuation k, — k + io, hence
k- p =kopo — |p||k|cos @ +iopy. Then, introducing the
change of variables @ = |p|/p, we have

k-p = po(ko+io — alk|cos @), (A6)

and so we may perform the angular integral leading to

1 sind=40
d 0
/_1 (cos6) (ko +io — alk| cos 8)*

B Valld/2 - 1]
©T[d/2 = 1/2)(ko + alk[)*
x ,Fy(a,(d—=2)/2,d -2, B(a)),

(A7)
|

1,[2] =

|k|+ko+ic
L) |+ o)

K k|+ko+io
- G {é—i—ﬁlog <—ll++l(c)0++io> +10g(ﬂ2/‘2)] +0(), n=4

1 ki
S6akF [‘Cl + ﬁlog<

where d > 2 and ,F(a, b, ¢, x) is the Gauss hypergeometric
function. Its argument is

B(a) =2

=2— A8
ko +io + alk]| (A8)

Now solving the integral over a by using the Dirac-delta and a
change of variables x = fp,, we find

(4ﬂ)(1—d)/2

I[(d-1)/2]

o Nes — )3/

X A dxfi(pO/ﬁ)x (kO 4 \/§|k|)a

X 2F1 (a’ (d - 2)/27 d-2, B(ﬁ))'y:(xz—izmz)/xzv
(A9)

Ii [(l} — ﬂ2+a—d

which is analytically regularized with d = n — 2¢ for n > 2.
This integral is in general hard to evaluate analytically.
However, we can use this representation to obtain an
expansion in powers of 4 = fm and take the leading order.
It is easy to check that when a = O this integral reduces to
Eq. (A4). Other cases can be obtained similarly. For instance,
the integral is finite for d = 4 and a = 1, so using

2F1(1’ 1’2’B(\/§))|y:(x2—ﬁ2m2)/x2
2 k| —Jk| + ko + i0

) +0(2%), (A10)

one obtains standard results in the literature [87]. For a = 2
we consider two cases in the main text. (This integral has been
studied, e.g., in Ref. [88] using Mellin-Barnes techniques in
the limit k| — 0. Our results are in agreement.) They are

n==~6
, (A11)

where u is some renormalization scale. Here C, =2 and C, =1 for f(py) and C, <> C; for f_(py).

APPENDIX B: 3-POINT EXAMPLE

We can compute the 3-point current in a similar fashion considering all permutations of the diagrams in Fig. 5 leading to

k2 k2, >
(p : ko'])z(p : kﬁz)(p : k(r;) '

k2 k2, N
(p : ko’,)z(p ' kﬁz)z

_ 3
Adran.axa.a503 (P, k) — C% %faluzaszllflszB Z ( (Bl)

o€Cyclic

where Cyclic is the set of cyclic permutations of {1,2,3}. This matches the same kinematics of the simple cubic theory as
can be easily checked. The classical result based on Eq. (50) can be obtained by an additional iteration of f(x, p, ¢, ¢). As
usual, there are seemingly singular terms in the classical limit which vanish after computing the trace. Using this result we
may implement a “classical double copy” replacement [89] with y — ¢ and
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f‘llaz% N [;1/41/42<k1 — k2>/43 + ;7#2#3 (k2 — k3)ﬂ1

+ ot (ks — k). (B2)
Upon matching conventions this recovers an ansatz for the
logarithmic dependence in temperature 7" of the 3-point
function in QCD proposed in Ref. [90].

k1 ko k3

ay o a2 02 a3 a3

¥ ¥ ¥

FIG. 5. 3-point Feynman diagram. The remaining ones are
obtained by permutations.
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