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We study the decay behaviors of the fully bottom tetraquark states within the diquark-antidiquark picture
and calculate their relative branching ratios through the Fierz rearrangement. Our results suggest that the
C ¼ þ states can be searched for in the μþμ−ϒð1SÞ and μþμ−ϒð2SÞ channels with the relative branching
ratio BðX → μμϒð2SÞÞ=BðX → μμϒð1SÞÞ ≈ 0.4. Our results also suggest that the C ¼ − states can be
searched for in the μþμ−ηbð1SÞ and μþμ−ηbð2SÞ channels with the similar relative branching ratio
BðX → μμηbð2SÞÞ=BðX → μμηbð1SÞÞ ≈ 0.4. We also reanalyze the fully charm tetraquark states and
study the Xð6900Þ decay into the J=ψψð2SÞ channel to obtain the relative branching ratio
BðX → J=ψψð2SÞÞ=BðX → J=ψJ=ψÞ ≈ 0.1.

DOI: 10.1103/PhysRevD.106.094019

I. INTRODUCTION

In 2020, the LHCb Collaboration reported their obser-
vation of two exotic structures in the di-J=ψ invariant mass
spectrum [1], i.e., a broad structure ranging from 6.2 to
6.8 GeV and a narrow structure at around 6.9 GeV. They
described the latter as a resonance with the Breit-Wigner
line shape, whose mass and width were measured to be

Xð6900Þ∶ M ¼ 6905� 11� 7 MeV;

Γ ¼ 80� 19� 33 MeV: ð1Þ
These values were obtained under the assumption that no
interference with the nonresonant single-parton scattering
continuum is present. Assuming that the continuum inter-
feres with the broad structure, the above values were shifted
to be

Xð6900Þ∶ M ¼ 6886� 11� 11 MeV;

Γ ¼ 168� 33� 69 MeV: ð2Þ

The above two structures are good candidates for the fully
charm tetraquark states, and their observation immediately

attracted much attention from the particle physics commu-
nity [2–50]. We refer to our recent review [51] as well as the
reviews [52–72] and the reports [73–75] for their detailed
discussions. Especially, some theorists reanalyzed the
LHCb data on the di-J=ψ spectrum [1] and proposed the
existence of more structures; e.g., the authors of Ref. [76]
reproduced three peak structures at near 6.5, 6.9, and
7.3 GeV, while the authors of Ref. [77] proposed the
existence of a near-threshold state in the di-J=ψ system at
near 6.2 GeV. We refer to Refs. [78–87] and the reviews
[51,71] for more discussions.
Very recently, the CMS and ATLAS Collaborations also

investigated the di-J=ψ invariant mass spectrum, and both of
them confirmed the existence of the Xð6900Þ [88,89].
Besides, the CMS Collaboration observed two new struc-
tures, the Xð6600Þ and Xð7200Þ, in the di-J=ψ invariant
mass spectrum. Their masses and widths were measured
to be [88]

Xð6600Þ∶ M ¼ 6552� 10� 12 MeV;

Γ ¼ 124� 29� 34 MeV; ð3Þ

Xð6900Þ∶ M ¼ 6927� 9� 5 MeV;

Γ ¼ 122� 22� 19 MeV; ð4Þ

Xð7200Þ∶ M ¼ 7287� 19� 5 MeV;

Γ ¼ 95� 46� 20 MeV: ð5Þ

The ATLAS Collaboration investigated the di-J=ψ invariant
mass spectrum, and their best fit was performed with three
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interfering resonances, whose masses and widths were
measured to be [89]

Xð6200Þ∶ M ¼ 6.22� 0.05þ0.04
−0.05 GeV;

Γ ¼ 0.31� 0.12þ0.07
−0.08 GeV; ð6Þ

Xð6600Þ∶ M ¼ 6.62� 0.03þ0.02
−0.01 GeV;

Γ ¼ 0.31� 0.09þ0.06
−0.11 GeV; ð7Þ

Xð6900Þ∶ M ¼ 6.87� 0.03þ0.06
−0.01 GeV;

Γ ¼ 0.12� 0.04þ0.03
−0.01 GeV: ð8Þ

The ATLAS Collaboration also investigated the J=ψψð2SÞ
invariant mass spectrum. They reported the evidence for an
enhancement at 6.9 GeVand a resonance at 7.2 GeV, whose
masses and widths were measured to be [89]

Xð6900Þ∶ M ¼ 6.78� 0.36þ0.35
−0.54 GeV;

Γ ¼ 0.39� 11þ0.11
−0.07 GeV; ð9Þ

Xð7200Þ∶ M ¼ 7.22� 0.03þ0.02
−0.03 GeV;

Γ ¼ 0.10þ0.13
−0.07

þ0.06
−0.05 GeV: ð10Þ

Actually, the fully heavy tetraquark states were already
studied by some theorists in the 1980s [90–98], but there have
not been many relevant experiments from that time till now.
Besides the above experiments [1,88,89], in 2017 the CMS
Collaboration found an excess in the ϒð1SÞμþμ− invariant
mass spectrum near 18.5 GeV with a global significance of
3.6σ [99,100], and in 2019 the ANDY Collaboration at the
Relativistic Heavy Ion Collider reported an evidence of a
significance peak at around 18.12 GeV [101]. These struc-
tures are good candidates for the fully bottom tetraquark
states, and they also attracted some attention from the particle
physics community [102–117]. Since these structures were
not confirmed by some other experiments [118,119], they
require more investigations crucially.
In Ref. [120], we have studied the two-body decay

behaviors of the fully charm tetraquark states within the
diquark-antidiquark picture and calculated their relative
branching ratios through the Fierz rearrangement of the
Dirac and color indices. In this paper, we shall further study
the decay behaviors of the fully bottom tetraquark states.
As summarized in Table I, our previous QCD sum rule
results suggest that the fully charm tetraquark states lie
above the dicharmonium thresholds, while some of the
fully bottom tetraquark states lie below the dibottomonium
thresholds [121]. Accordingly, in this paper, we shall
investigate not the fall-apart two-body decays, but the
three-body decays of the fully bottom tetraquark states. We
shall study their decays into one bottomonium meson and
one muon-antimuon pair, with the muon-antimuon pair
produced by another intermediate vector bottomonium

meson. This method has been applied in Refs. [122–126]
to investigate some other exotic hadrons, such as the
Zcð3900Þ and the Pc states, etc. Especially, our results
obtained in Ref. [122] for the Zcð3900Þ are consistent with
those obtained in Refs. [127–129] using the QCD sum rule
method and the nonrelativistic effective field theory.
Besides, a similar arrangement of the spin and color indices
in the nonrelativistic case was applied in Refs. [130–135] to
study the decay properties of exotic hadrons, and our
results obtained in Ref. [124] for the Pc states are consistent
with those obtained in Ref. [130] through the heavy quark
spin symmetry.
This paper is organized as follows. In Sec. II, we

construct the fully bottom tetraquark currents within the
diquark-antidiquark picture and apply the Fierz rearrange-
ment to transform them into the meson-meson currents.
Based on the obtained Fierz identities, we study the decay
behaviors of the fully bottom tetraquark states in Sec. III
and calculate their relative branching ratios. The results are
summarized and discussed in Sec. IV.

II. CURRENTS AND FIERZ IDENTITIES

In Refs. [120,121], we have systematically constructed
all the fully heavy tetraquark currents without derivatives.
We briefly summarize them in this section, which will be
used to study the decay behaviors of the fully bottom
tetraquark states in the next section.
Besides, in Ref. [136], we have systematically con-

structed all the P-wave fully strange tetraquark currents by
explicitly adding the covariant derivative operator. Their
corresponding fully heavy tetraquark currents with deriv-
atives can be similarly constructed. See Refs. [137,138] for
more discussions. However, we shall not investigate them
in the present study, since many relevant decay constants
are not known yet. We also refer to Refs. [2,139], where the

TABLE I. Mass spectra of the fully charm and fully bottom
tetraquark states, calculated in Ref. [121] through the QCD sum
rule method.

JPC Currents Tccc̄c̄ (GeV) Tbbb̄b̄ (GeV)

0þþ J0
þþ

1
6.44� 0.15 18.45� 0.15

J0
þþ

2
6.46� 0.16 18.46� 0.14

1þ− J1
þ−

3α
6.51� 0.15 18.54� 0.15

2þþ J2
þþ

4αβ
6.51� 0.15 18.53� 0.15

0−þ
J0

−þ
5

6.84� 0.18 18.77� 0.18

J0
−þ

6
6.85� 0.18 18.79� 0.18

0−− J0
−−

7
6.84� 0.18 18.77� 0.18

1−þ
J1

−þ
8α

6.84� 0.18 18.80� 0.18

J1
−þ

9α
6.88� 0.18 18.83� 0.18

1−−
J1

−−

10α 6.84� 0.18 18.77� 0.18
J1

−−

11α 6.83� 0.18 18.77� 0.16
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authors systematically classified the S- and P-wave fully
heavy and strange tetraquark states using the nonrelativistic
quark model within the diquark-antidiquark picture.

A. Currents of the positive parity

There are altogether 12 fully bottom tetraquark currents
of the positive parity, four of which correspond to the
S-wave fully bottom tetraquark states within the diquark-
antidiquark picture:

J0
þþ

1 ¼ bTaCγ5bbb̄aγ5Cb̄Tb ; ð11Þ

J0
þþ
2 ¼ bTaCγμbbb̄aγμCb̄Tb ; ð12Þ

J1
þ−

3α ¼ bTaCγμbbb̄aσαμγ5Cb̄Tb − bTaCσαμγ5bbb̄aγμCb̄Tb ;

ð13Þ

J2
þþ
4αβ ¼ Pμν

αβb
T
aCγμbbb̄aγνCb̄Tb : ð14Þ

In the above expressions, ba is the bottom quark field with
the color index a, and Pμν

αβ is the projection operator:

Pαβ;μν ¼ gαμgβν þ gανgβμ −
1

2
gαβgμν: ð15Þ

After applying the Fierz transformation, we obtain

J0
þþ

1 ¼ −
1

4
ξ0

þþ
1 −

1

4
ξ0

þþ
2 −

1

4
ξ0

þþ
3 −

1

4
ξ0

þþ
4 þ 1

8
ξ0

þþ
5 ; ð16Þ

J0
þþ
2 ¼ ξ0

þþ
1 − ξ0

þþ
2 þ 1

2
ξ0

þþ
3 −

1

2
ξ0

þþ
4 ; ð17Þ

J1
þ−

3α ¼ 3iξ1
þ−

6α − ξ1
þ−

7α ; ð18Þ

J2
þþ

4αβ ¼ 1

2
ξ2

þþ
8αβ −

1

2
ξ2

þþ
9αβ þ

1

2
ξ2

þþ
10αβ; ð19Þ

where

ξ0
þþ
1 ¼ b̄abab̄bbb;

ξ0
þþ
2 ¼ b̄aγ5bab̄bγ5bb;

ξ0
þþ
3 ¼ b̄aγμbab̄bγμbb;

ξ0
þþ
4 ¼ b̄aγμγ5bab̄bγμγ5bb;

ξ0
þþ
5 ¼ b̄aσμνbab̄bσμνbb;

ξ1
þ−

6α ¼ b̄aγ5bab̄bγαbb;

ξ1
þ−

7α ¼ b̄aγμγ5bab̄bσαμbb;

ξ2
þþ
8αβ ¼ Pμν

αβb̄aγμγ5bab̄bγνγ5bb;

ξ2
þþ
9αβ ¼ Pμν

αβb̄aγμbab̄bγνbb;

ξ2
þþ
10αβ ¼ Pμν

αβb̄aσμρbab̄bσνρbb: ð20Þ

B. Currents of the negative parity

There are altogether seven fully bottom tetraquark
currents of the negative parity:

J0
−þ

5 ¼ bTaCbbb̄aγ5Cb̄Tb þ bTaCγ5bbb̄aCb̄Tb ; ð21Þ

J0
−þ
6 ¼ bTaCσμνbbb̄aσμνγ5Cb̄Tb ; ð22Þ

J0
−−

7 ¼ bTaCbbb̄aγ5Cb̄Tb − bTaCγ5bbb̄aCb̄Tb ; ð23Þ

J1
−þ

8α ¼ bTaCγαγ5bbb̄aγ5Cb̄Tb þ bTaCγ5bbb̄aγαγ5Cb̄Tb ; ð24Þ

J1
−þ

9α ¼ bTaCσαμbbb̄aγμCb̄Tb þ bTaCγμbbb̄aσαμCb̄Tb ; ð25Þ

J1
−−

10α ¼ bTaCγαγ5bbb̄aγ5Cb̄Tb − bTaCγ5bbb̄aγαγ5Cb̄Tb ; ð26Þ

J1
−−

11α ¼ bTaCσαμbbb̄aγμCb̄Tb − bTaCγμbbb̄aσαμCb̄Tb : ð27Þ

After applying the Fierz transformation, we obtain

J0
−þ
5 ¼ −ξ0−þ11 þ 1

4
ξ0

−þ
12 ; ð28Þ

J0
−þ
6 ¼ 6ξ0

−þ
11 −

1

2
ξ0

−þ
12 ; ð29Þ

J0
−−

7 ¼ −ξ0−−13 ; ð30Þ

J1
−þ

8α ¼ −ξ1−þ14α þ iξ1
−þ

15α ; ð31Þ

J1
−þ

9α ¼ −3iξ1−þ14α þ ξ1
−þ

15α ; ð32Þ

J1
−−

10α ¼ ξ1
−−

16α − iξ1
−−

17α; ð33Þ

J1
−−

11α ¼ −3iξ1−−16α þ ξ1
−−

17α; ð34Þ

where

ξ0
−þ
11 ¼ b̄abab̄bγ5bb;

ξ0
−þ
12 ¼ b̄aσμνbab̄bσμνγ5bb;

ξ0
−−

13 ¼ b̄aγμbab̄bγμγ5bb;

ξ1
−þ
14α ¼ b̄aγ5bab̄bγαγ5bb;

ξ1
−þ
15α ¼ b̄aγμbab̄bσαμbb;

ξ1
−−

16α ¼ b̄abab̄bγαbb;

ξ1
−−

17α ¼ b̄aγμγ5bab̄bσαμγ5bb: ð35Þ

III. RELATIVE BRANCHING RATIOS

In this section, we study possible decay channels of the
fully bottom tetraquark states and calculate their relative
branching ratios. The same method has been applied in
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Ref. [120] to study the fully charm tetraquark states. We
separately investigate the S- and P-wave fully bottom
tetraquark states as follows.

(i) According to our previous QCD sum rule calcula-
tions summarized in Table I, we assume the masses
of the S-wave fully bottom tetraquark states to be
about 18.5 GeV. This value is below the
ηbð1SÞηbð1SÞ=ηbð1SÞϒð1SÞ=ϒð1SÞϒð1SÞ thresh-
olds, so the S-wave fully bottom tetraquark states
cannot fall-apart decay into these two-body chan-
nels. Instead, they can decay into one bottomonium
meson and one intermediate ϒð1SÞ=ϒð2SÞ=…
meson, with the intermediate meson annihilating
to be a photon and then transferring into a muon-
antimuon pair. We depict this decay process
in Fig. 1.

(ii) According to our previous QCD sum rule calcu-
lations summarized in Table I, we assume the
masses of the P-wave fully bottom tetraquark
states to be about 18.8 GeV. This value is below
the ηbð1SÞϒð1SÞ=ϒð1SÞϒð1SÞ thresholds, so the
P-wave fully bottom tetraquark states cannot fall-
apart decay into these two-body channels. This
value is above the ηbð1SÞηbð1SÞ threshold, but the
P-wave fully bottom tetraquark states of JPC ¼
0−�=1−� cannot decay into this two-body channel
either, due to either the C-parity conservation or the
Bose-Einstein statistics. Accordingly, we shall also
investigate the three-body decay process depicted
in Fig. 1.

As an example, we apply the Fierz rearrangement given
in Eq. (16) to investigate the decay properties of the fully
bottom tetraquark state of JPC ¼ 0þþ corresponding to the
current J0

þþ
1 defined in Eq. (11). We denote this state as

jX1; 0
þþi and assume the coupling to be

h0jJ0þþ
1 jX1; 0

þþi ¼ fX1
; ð36Þ

with fX1
the decay constant. As summarized in Table I, its

mass has been calculated in Ref. [120] through the QCD
sum rule method to be 18.45� 0.15 GeV.

As depicted in Fig. 2, when the magenta b̄ antiquark and
the green b quark meet each other, and the yellow b̄
antiquark and the blue b quark meet each other at the same
time, jX1; 0

þþi can decay into two bottomonium states:

½baðxÞbbðxÞ�½b̄aðxÞb̄bðxÞ� ⟶Fierz ½b̄aðxÞbaðxÞ�½b̄bðxÞbbðxÞ�
⟶
decay ½b̄aðyÞbaðyÞ�½b̄bðzÞbbðzÞ�:

ð37Þ

This decay process can be described by the Fierz rear-
rangement given in Eq. (16), i.e.,

J0
þþ

1 ¼bTaCγ5bbb̄aγ5Cb̄Tb →−
1

4
b̄abab̄bbb−

1

4
b̄aγ5bab̄bγ5bb

−
1

4
b̄aγμγ5bab̄bγμγ5bb−

1

4
b̄aγμbab̄bγμbb

þ1

8
b̄aσμνbab̄bσμνbb: ð38Þ

In principle, we need the decay constant fX1
as an input to

calculate the partial decay widths, but it is not necessary
any more if we calculate only the relative branching ratios.
Moreover, because the couplings of meson operators to
meson states have been well studied in the literature, but
the couplings of tetraquark currents to tetraquark states
have not, the decay constant fX1

is not so well determined
compared to the bottomonium decay constants listed in
Table II. Therefore, we can calculate the relative branching
ratios more reliably than the partial decay widths.
To do this, we apply Eq. (38) to derive the couplings of

the current J0
þþ

1 to both the ϒð1SÞϒð1SÞ and ϒð1SÞhbð1PÞ
channels to be

FIG. 1. Decay mechanism of a fully bottom tetraquark state into
one bottomonium meson and one intermediate ϒð1SÞ=ϒð2SÞ=…
meson, with the intermediate ϒð1SÞ=ϒð2SÞ=… meson annihilat-
ing to be a photon and then transferring into a muon-antimuon
pair.

b

b

_

_

b
_

b

b
b
_

b

b

FIG. 2. The fall-apart decay of a compact diquark-antidiquark
½bb�½b̄b̄� state into two bottomonium states. Quarks are shown in
red, green, and blue, and antiquarks are shown in cyan, magenta,
and yellow.
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h0jJ0þþ
1 jϒðp1; ϵ1Þϒðp2; ϵ2Þi ¼ ϵμ1ϵ

ν
2

�
−
1

2
m2

ϒf
2
ϒgμν −

1

2
ðfTϒÞ2p1 · p2gμν þ

1

2
ðfTϒÞ2p1νp2μ

�
; ð39Þ

h0jJ0þþ
1 jϒðp1; ϵ1Þhbðp2; ϵ2Þi ¼ −

1

2
× ϵμ1ϵ

ν
2f

T
ϒf

T
hb
ϵμνρσp

ρ
1p

σ
2; ð40Þ

from which we further extract the couplings of jX1; 0
þþi to both the ϒð1SÞϒð1SÞ and ϒð1SÞhbð1PÞ channels to be

hX1ðpÞ; 0þþjϒðp1; ϵ1Þϒðp2; ϵ2Þi ¼ c × ϵμ1ϵ
ν
2

�
−
1

2
m2

ϒf
2
ϒgμν −

1

2
ðfTϒÞ2p1 · p2gμν þ

1

2
ðfTϒÞ2p1νp2μ

�
; ð41Þ

hX1ðpÞ; 0þþjϒðp1; ϵ1Þhbðp2; ϵ2Þi ¼ −
c
2
× ϵμ1ϵ

ν
2f

T
ϒf

T
hb
ϵμνρσp

ρ
1p

σ
2: ð42Þ

The decay constants fϒ ≡ fϒð1SÞ, fTϒ ≡ fTϒð1SÞ, and fThb ≡ fThbð1PÞ of the ϒð1SÞ and hbð1PÞ mesons are given in Table II.
The overall factor c is related to the decay constant fX1

, which will be eliminated when calculating the relative branching
ratios.
Based on Eq. (41), we can write the decay amplitude of the three-body decay process jX1; 0

þþi → ϒð1SÞϒð1SÞ →
ϒð1SÞμþμ− as

TABLE II. Couplings of the charmonium and bottomonium operators to the charmonium and bottomonium states.

Operators JPC Mesons JPC Couplings Decay constants

IS ¼ c̄c 0þþ χc0ð1PÞ 0þþ h0jISjχc0ð1PÞi ¼ mχc0ð1PÞfχc0ð1PÞ fχc0ð1PÞ ¼ 343 MeV [140]

IP ¼ c̄iγ5c 0−þ
ηcð1SÞ 0−þ h0jIPjηcð1SÞi ¼ ληcð1SÞ ληcð1SÞ ¼

fηcð1SÞm
2
ηcð1SÞ

2mc

ηcð2SÞ 0−þ h0jIPjηcð2SÞi ¼ ληcð2SÞ ληcð2SÞ ¼ ληcð1SÞ ×
fψð2SÞ
fJ=ψ

IVμ ¼ c̄γμc 1−−
J=ψ 1−− h0jIVμ jJ=ψi ¼ mJ=ψfJ=ψϵμ fJ=ψ ¼ 418 MeV [141]
ψð2SÞ 1−− h0jIVμ jψð2SÞi ¼ mψð2SÞfψð2SÞϵμ fψð2SÞ ¼ 294.5 MeV [142]

IAμ ¼ c̄γμγ5c 1þþ
ηcð1SÞ 0−þ h0jIAμ jηcð1SÞi ¼ ipμfηcð1SÞ fηcð1SÞ ¼ 387 MeV [141]
ηcð2SÞ 0−þ h0jIAμ jηcð2SÞi ¼ ipμfηcð2SÞ fηcð2SÞ ¼ fηcð1SÞ ×

fψð2SÞ
fJ=ψ

χc1ð1PÞ 1þþ h0jIAμ jχc1ð1PÞi ¼ mχc1ð1PÞfχc1ð1PÞϵμ fχc1ð1PÞ ¼ 335 MeV [143]

ITμν ¼ c̄σμνc 1�−

J=ψ 1−− h0jITμνjJ=ψi ¼ ifTJ=ψ ðpμϵν − pνϵμÞ fTJ=ψ ¼ 410 MeV [141]
ψð2SÞ 1−− h0jITμνjψð2SÞi ¼ ifTψð2SÞðpμϵν − pνϵμÞ fTψð2SÞ ¼ fTJ=ψ ×

fψð2SÞ
fJ=ψ

hcð1PÞ 1þ− h0jITμνjhcð1PÞi ¼ ifThcð1PÞϵμναβϵ
αpβ fThcð1PÞ ¼ 235 MeV [141]

JS ¼ b̄b 0þþ χb0ð1PÞ 0þþ h0jJSjχb0ð1PÞi ¼ mχb0ð1PÞfχb0ð1PÞ fχb0ð1PÞ ¼ 175 MeV [140]

JP ¼ b̄iγ5b 0−þ
ηbð1SÞ 0−þ h0jJPjηbð1SÞi ¼ ληbð1SÞ ληbð1SÞ ¼

fηbð1SÞm
2
ηbð1SÞ

2mb

ηbð2SÞ 0−þ h0jJPjηbð2SÞi ¼ ληbð2SÞ ληbð2SÞ ¼ ληbð1SÞ ×
fϒð2SÞ
fϒð1SÞ

JVμ ¼ b̄γμb 1−−
ϒð1SÞ 1−− h0jJVμ jϒð1SÞi ¼ mϒð1SÞfϒð1SÞϵμ fϒð1SÞ ¼ 715 MeV [142]
ϒð2SÞ 1−− h0jJVμ jϒð2SÞi ¼ mϒð2SÞfϒð2SÞϵμ fϒð2SÞ ¼ 497.5 MeV [142]

JAμ ¼ b̄γμγ5b 1þþ

ηbð1SÞ 0−þ h0jJAμ jηbð1SÞi ¼ ipμfηbð1SÞ fηbð1SÞ ¼ 801 MeV [117]
ηbð2SÞ 0−þ h0jJAμ jηbð2SÞi ¼ ipμfηbð2SÞ fηbð2SÞ ¼ fηbð1SÞ ×

fϒð2SÞ
fϒð1SÞ

χb1ð1PÞ 1þþ h0jJAμ jχb1ð1PÞi ¼ mχb1ð1PÞfχb1ð1PÞϵμ fχb1ð1PÞ ¼ fχb0ð1PÞ ×
fχc1ð1PÞ
fχc0ð1PÞ

JTμν ¼ b̄σμνb 1�−

ϒð1SÞ 1−− h0jJTμνjϒð1SÞi ¼ ifTϒð1SÞðpμϵν − pνϵμÞ fTϒð1SÞ ¼ fTJ=ψ ×
fϒð1SÞ
fJ=ψ

ϒð2SÞ 1−− h0jJTμνjϒð2SÞi ¼ ifTϒð2SÞðpμϵν − pνϵμÞ fTϒð2SÞ ¼ fTϒð1SÞ ×
fϒð2SÞ
fϒð1SÞ

hbð1PÞ 1þ− h0jJTμνjhbð1PÞi ¼ ifThbð1PÞϵμναβϵ
αpβ

fThbð1PÞ ¼ fThcð1PÞ ×
fϒð1SÞ
fJ=ψ
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MðX1ðpÞ → ϒðp1; ϵ1Þϒðq; ϵ2Þ → ϒðp1; ϵ1Þμ−ðp2Þμþðp3ÞÞ

¼ cc0e × ϵμ1

�
−
1

2
m2

ϒf
2
ϒgμν −

1

2
ðfTϒÞ2p1 · qgμν þ

1

2
ðfTϒÞ2p1νqμ

�
ūðp2Þγαvðp3Þ

q2ðq2 −m2
ϒ þ imϒΓϒÞ

�
gαν −

qαqν

m2
ϒ

�
; ð43Þ

where uðp2Þ and vðp3Þ are the Dirac spinors of the μ− and μþ, respectively. The overall factor c0 is related to the coupling of
ϒð1SÞ to the photon, which will also be eliminated when calculating the relative branching ratios.
We use Eq. (43) to further evaluate the partial decay width to be

ΓðX1ðpÞ → ϒðp1; ϵ1Þμþðp2Þμ−ðp3ÞÞ ¼
1

ð2πÞ3
c2c02e2

32m3
X1

Z
dm2

12dm
2
23

���� 1

q2 −m2
ϒ þ imϒΓϒ

����
2
���� 1q2

����
2

× Tr½ð=p2 þmμ−Þγαð=p3 −mμþÞγα0 �
�
−
1

2
m2

ϒf
2
ϒgμν −

1

2
ðfTϒÞ2p1 · qgμν

þ 1

2
ðfTϒÞ2p1νqμ

��
−
1

2
m2

ϒf
2
ϒgμ0ν0 −

1

2
ðfTϒÞ2p1 · qgμ0ν0 þ

1

2
ðfTϒÞ2p1ν0qμ0

�

×

�
gαν −

qαqν

m2
ϒ

��
gα

0ν0 −
qα

0
qν

0

m2
ϒ

��
gμμ

0 −
pμ
1p

μ0
1

m2
ϒ

�
: ð44Þ

Similarly, we study the three-body decay process
jX1; 0

þþi → hbð1PÞϒð1SÞ → hbð1PÞμþμ− and calculate
its partial decay width. After eliminating the overall factors
c and c0, we obtain

BðjX1; 0
þþi → hbð1PÞϒð1SÞ → hbð1PÞμþμ−Þ

BðjX1; 0
þþi → ϒð1SÞϒð1SÞ → ϒð1SÞμþμ−Þ ¼ 0.002:

ð45Þ

The above procedures are applied to investigate the process
with the intermediateϒð1SÞmeson. We can apply the same
procedures to investigate the process with the intermediate
ϒð2SÞ=ϒð3SÞ=… mesons, and the obtained results are
approximately the same, while we do not consider other
intermediate bottomonium mesons in the present study,
such as the ϒð1DÞ meson, etc. Assuming that the
jX1; 0

þþi → ϒð1SÞμþμ− and jX1; 0
þþi → hbð1PÞμþμ−

decays are dominated by these processes, we finally obtain

BðjX1; 0
þþi → hbð1PÞμþμ−Þ

BðjX1; 0
þþi → ϒð1SÞμþμ−Þ ≈ 0.002: ð46Þ

After considering several relevant channels, we obtain

BðjX1; 0
þþi → ϒð1SÞμμ∶ϒð2SÞμμ∶hbð1PÞμμÞ

≈ 1∶0.42∶0.002: ð47Þ

Similarly, we apply the above procedures to investigate
the S- and P-wave fully bottom tetraquark states
jX2…11; JPCi through the currents J…2…11. The obtained

results are summarized in Table III, which we shall use to
draw conclusions in the next section. It is interesting to
notice that some relative branching ratios are significantly
larger or smaller than the others, which is partly due to that
these ratios are proportional to the square of the Fierz
coefficients given in Eqs. (16)–(19) and (28)–(34). For
example, the relative branching ratio of jX11; 1

−−i decaying
into the μþμ−χb0ð1PÞ channel is significantly larger than
that of the μþμ−ηbð1SÞ channel:

BðjX11; 1
−−i → χb0ð1PÞμþμ−Þ

BðjX11; 1
−−i → ηbð1SÞμþμ−Þ

≈ 12; ð48Þ

where the factor contributed by the Fierz coefficients is 9.
Besides, the relative branching ratios are also contributed
by the decay constants as well as the kinematics. For
example, the relative branching ratio of jX8; 1

−þi decaying
into the μþμ−hbð1PÞ channel is not far from that of the
μþμ−ϒð1SÞ channel:

BðjX8; 1
−þi → hbð1PÞμþμ−Þ

BðjX8; 1
−þi → ϒð1SÞμþμ−Þ ≈ 0.27: ð49Þ

The Fierz coefficients do not contribute to this ratio, while
the factors contributed by the decay constants and the
kinematics are about 0.33 and 0.81, respectively.
In our previous study [120], we have studied the decays

of the fully charm tetraquark states into the 1S and 1P
double-charmonium channels J=ψJ=ψ , J=ψηcð1SÞ, and
ηcð1SÞηcð1SÞ, etc. In the present study, we further take into
account the 2S double-charmonium channels J=ψψð2SÞ,
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ηcð1SÞηcð2SÞ, J=ψηcð2SÞ, and ηcð1SÞψð2SÞ. The obtained
results are summarized in Table IV, which we shall also use
to draw conclusions in the next section.

IV. SUMMARY AND DISCUSSIONS

In this paper, we systematically study the decay behav-
iors of the fully bottom and fully charm tetraquark states
through their corresponding interpolating currents without
derivatives. Wework within the diquark-antidiquark picture
and apply the Fierz rearrangement of the Dirac and color
indices to transform the diquark-antidiquark currents into
the meson-meson currents. The obtained Fierz identities are
given in Eqs. (16)–(19) and (28)–(34).

Based on these Fierz identities, we study the decay
mechanism depicted in Fig. 1, where a fully bottom
tetraquark state decays into one bottomonium meson and
one intermediate ϒð1SÞ=ϒð2SÞ=… meson, with the inter-
mediate ϒð1SÞ=ϒð2SÞ=… meson annihilating to be a
photon and then transferring into a muon-antimuon pair.
We consider several possible decay channels and calculate
their relative branching ratios. The obtained results are
summarized in Table III, where the masses of the S- and
P-wave fully bottom tetraquark states are assumed to be 18.5
and 18.8 GeV, respectively [121]. In the calculations, we
work within the naive factorization scheme, so the uncer-
tainty of our results is significantly larger than the well-
developed QCD factorization scheme (about 5% when

TABLE IV. Relative branching ratios of the S- and P-wave fully charm tetraquark states, calculated through the fully charm tetraquark
currents J…1…11jb=b̄→c=c̄. In the 3rd–9th columns we show the branching ratios relative to the J=ψJ=ψ channel, and in the 10th–15th
columns we show the branching ratios relative to the J=ψηc channel. The notations ψ 0 ≡ ψð2SÞ and η0c ≡ ηcð2SÞ are used here.

Decay channels

JPC Current J=ψJ=ψ J=ψψ 0 ηcηc ηcη
0
c J=ψhc ηcχc0 ηcχc1 J=ψηc J=ψη0c ψ 0ηc J=ψχc0 J=ψχc1 ηchc

0þþ J0
þþ

1
1 � � � 0.45 � � � � � � � � � 2 × 10−5 � � � � � � � � � � � � � � � � � �

J0
þþ

2
1 � � � 4.1 � � � � � � � � � 9 × 10−5 � � � � � � � � � � � � � � � � � �

1þ− J1
þ−

3α
� � � � � � � � � � � � � � � � � � � � � 1 � � � � � � � � � � � � � � �

2þþ J2
þþ

4αβ
1 � � � 0.036 � � � � � � � � � 0.003 � � � � � � � � � � � � � � � � � �

0−þ
J0

−þ
5

1 0.071 � � � � � � 0.21 0.69 � � � � � � � � � � � � � � � � � � � � �
J0

−þ
6

1 0.071 � � � � � � 0.21 6.2 � � � � � � � � � � � � � � � � � � � � �
0−− J0

−−

7
� � � � � � � � � � � � � � � � � � � � � 1 0.048 0.078 � � � 1.4 � � �

1−þ
J1

−þ
8α

1 0.071 � � � � � � 0.78 � � � 0.94 � � � � � � � � � � � � � � � � � �
J1

−þ
9α

1 0.071 � � � � � � 0.78 � � � 8.4 � � � � � � � � � � � � � � � � � �
1−−

J1
−−

10α � � � � � � � � � � � � � � � � � � � � � 1 0.048 0.078 0.79 1.5 0.43
J1

−−

11α � � � � � � � � � � � � � � � � � � � � � 1 0.048 0.078 7.1 1.5 0.43

TABLE III. Relative branching ratios of the S- and P-wave fully bottom tetraquark states jX1…11; JPCi corresponding to the currents
J…1…11. In the 3rd–5th columns we show the branching ratios relative to the μþμ−ϒð1SÞ channel, and in the 6th–9th columns we show the
branching ratios relative to the μþμ−ηbð1SÞ channel.

Decay channels

JPC Current μþμ−ϒð1SÞ μþμ−ϒð2SÞ μþμ−hbð1PÞ μþμ−ηbð1SÞ μþμ−ηbð2SÞ μþμ−χb0ð1PÞ μþμ−χb1ð1PÞ

0þþ J0
þþ

1
1 0.42 0.002 � � � � � � � � � � � �

J0
þþ

2
1 0.42 � � � � � � � � � � � � � � �

1þ− J1
þ−

3α
� � � � � � � � � 1 0.42 � � � 1 × 10−4

2þþ J2
þþ

4αβ
1 0.42 0.002 � � � � � � � � � � � �

0−þ
J0

−þ
5

1 0.39 0.090 � � � � � � � � � � � �
J0

−þ
6

1 0.39 0.090 � � � � � � � � � � � �
0−− J0

−−

7
� � � � � � � � � 1 0.42 � � � 0.041

1−þ
J1

−þ
8α

1 0.43 0.27 � � � � � � � � � � � �
J1

−þ
9α

1 0.43 0.27 � � � � � � � � � � � �
1−−

J1
−−

10α � � � � � � � � � 1 0.38 1.3 0.070
J1

−−

11α � � � � � � � � � 1 0.38 12 0.070
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studying the weak and radiative decays of the conventional
hadrons) [144–147]. However, we calculate the relative
branching ratios after eliminating several ambiguous overall
factors, such as the decay constant fX1

and the coupling of
the ϒð1SÞ to the photon. This largely reduces our uncer-
tainty; e.g., we roughly estimate the uncertainty of Eq. (48)
to be

BðjX11; 1
−−i → χb0ð1PÞμþμ−Þ

BðjX11; 1
−−i → ηbð1SÞμþμ−Þ

≈ 12þ24
−8 ; ð50Þ

based on our previous systematical QCD sum rule studies on
the decay properties of the excited heavy baryons [148,149].
Our results suggest that the fully bottom tetraquark states

of JPC ¼ 0þþ=2þþ=0−þ=1−þ can be searched for in the
μþμ−ϒð1SÞ channel, and they can also be searched for in
the μþμ−ϒð2SÞ channel, with the relative branching ratio
BðX → μμϒð2SÞÞ=BðX → μμϒð1SÞÞ ≈ 0.4. Our results
also suggest that the fully bottom tetraquark states of JPC ¼
1þ−=0−−=1−− can be searched for in the μþμ−ηbð1SÞ
channel, and they can also be searched for in the
μþμ−ηbð2SÞ channel, with the similar relative branching
ratio BðX → μμηbð2SÞÞ=BðX → μμηbð1SÞÞ ≈ 0.4. We pro-
pose to examine these decay channels to search for the fully
bottom tetraquark states in future CMS experiments.

In this paper, we also update our previous study of
Ref. [120] and reanalyze the fall-apart two-body decays of
the fully charm tetraquark states. The obtained results are
summarized in Table IV, where the masses of the S- and
P-wave fully charm tetraquark states are assumed to be 6.5
and 6.9 GeV, respectively [121]. These states were used
in Ref. [120] to explain the broad structure at around
6.2–6.8 GeV and the narrow structure at around 6.9 GeV
observed by LHCb in the di-J=ψ invariant mass spectrum
[1]. Based on the results of the present study, we calculate
the Xð6900Þ decay into the J=ψψð2SÞ channel and
obtain the relative branching ratio BðX → J=ψψð2SÞÞ=
BðX → J=ψJ=ψÞ ≈ 0.1.
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