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Pion superfluid phase transition under external magnetic field including the inverse magnetic catalysis
(IMC) effect is investigated by the Pauli-Villars regularized Nambu-Jona-Lasinio model. Based on
Goldstone’s theorem, we apply the massless Goldstone boson (πþ meson) to determine the onset of the
pion superfluid phase. The inverse magnetic catalysis effect is introduced by the magnetic field dependent
coupling GðeBÞ, which is a decreasing function of magnetic field. At fixed temperature and baryon
chemical potential, the critical isospin chemical potential for the pion superfluid phase transition, including
the IMC effect, increases as the magnetic field grows, which is similar to the case without the IMC effect.
This demonstrates that magnetic field disfavors the pion superfluid phase when considering or ignoring the
IMC effect. The critical isospin chemical potential at fixed magnetic field, temperature, and baryon
chemical potential is shifted to a higher value by the IMC effect. Because it is more difficult to form a pion
superfluid with weaker coupling.
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I. INTRODUCTION

Recently, the magnetic field effect on the QCD phase
structure attracted much attention [1–6] due to its close
relation to high-energy nuclear collisions and compact stars.
For instance, the lattice QCD (LQCD) simulations per-
formed with physical pion mass observe the inverse
magnetic catalysis (IMC) phenomenon [7–14]; namely,
the pseudocritical temperature Tpc of chiral symmetry
restoration and the quark mass near Tpc drops down with
increasing magnetic field. On the analytical side, many
scenarios are proposed to understand this inverse magnetic
catalysis phenomenon, but the physical mechanism is not
clear [15–44].
QCD phase structure at finite isospin chemical potential

contains the chiral symmetry restoration and pion superfluid
phase transitions. With vanishing external magnetic field
and temperature, when the isospin chemical potential is
higher than the pion mass in vacuum, the u quark and d̄
quark form coherent pairs and condensate. The system
enters the pion superfluid phase and the charged pion
becomes massless as the corresponding Goldstone mode
[45–70]. With a finite magnetic field, the charged pion
condensate breaks both isospin symmetry in the flavor
space and translational invariance in the coordinate space,
due to its direct interaction with the external magnetic field.
Furthermore, when one introduces a magnetic field into a
pion superfluid, either there is a superconductor or a
magnetic vortex, both of which can change the magnetic

field. LQCD simulations exhibit a sign problem at finite
isospin chemical potential and magnetic field. By using a
Taylor expansion in the magnetic field, it is reported that at
vanishing temperature, the onset of pion condensate shifts to
a higher isospin chemical potential under magnetic fields
[71]. In the study of pion condensate in effective models, the
interaction between the charged pion condensate and the
magnetic field is simply neglected in Ref. [72–74]. To avoid
this complication, we have investigated the magnetic field
effect on pion superfluid phase transition through the
Goldstone’s theorem [75], where, starting from the normal
phase without pion condensate, the phase boundary of pion
superfluid is determined by its massless Goldstone mode
(πþ meson). Note that the chiral symmetry, which will be
restored with increasing isospin chemical potential, controls
the mass of quarks, and will influence the formation of pion
(quark-antiquark pair) condensate and the pion superfluid
phase transition. However, the previous work on pion
superfluid phase transition under magnetic fields do not
consider the IMC effect of chiral symmetry restoration.
This paper focuses on the IMC effect on pion superfluid

phase transition under magnetic fields. Here we make use
of a Pauli-Villars regularized Nambu-Jona-Lasinio (NJL)
model, which is inspired by the Bardeen-Cooper-Shrieffer
(BCS) theory and describes remarkably well the quark
pairing mechanisms and the Goldstone mode [76–81].
Because the interaction between quarks determines the
symmetry broken and restoration. In our calculations, the
IMC effect is introduced by a magnetic field dependent
coupling (see Fig. 1). As a straightforward extension of our
previous work [75], we investigate pion superfluid phase*maoshijun@mail.xjtu.edu.cn

PHYSICAL REVIEW D 106, 094017 (2022)

2470-0010=2022=106(9)=094017(6) 094017-1 © 2022 American Physical Society

https://orcid.org/0000-0003-2936-9517
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.094017&domain=pdf&date_stamp=2022-11-14
https://doi.org/10.1103/PhysRevD.106.094017
https://doi.org/10.1103/PhysRevD.106.094017
https://doi.org/10.1103/PhysRevD.106.094017
https://doi.org/10.1103/PhysRevD.106.094017


transition under magnetic fields through its Goldstone
mode (πþ meson).
The rest of paper is organized as follows. Section II

describes our theoretical framework to study the pion
superfluid phase transition including the IMC effect. The
numerical results and discussions are presented in Sec. III,
which focus on the comparison between the results with
and without the IMC effect. Finally, we give the summary
in Sec. IV.

II. FRAMEWORK

The two-flavor NJL model is defined through the
Lagrangian density in terms of quark fields ψ [76–81]

L¼ ψ̄ðiγνDν−m0þ γ0μÞψþG
h
ðψ̄ψÞ2þðψ̄iγ5τ⃗ψÞ2

i
: ð1Þ

Here the covariant derivative Dν ¼ ∂ν þ iQAν couples
quarks with electric charge Q ¼ diagðQu;QdÞ ¼
diagð2e=3;−e=3Þ to the external magnetic field B ¼
ð0; 0; BÞ in z-direction through the potential Aν ¼ ð0; 0;
Bx1; 0Þ. m0 is the current quark mass. The quark chemical
potential μ ¼ diagðμu; μdÞ ¼ diagðμB=3 þ μI=2; μB=3−
μI=2Þ is a matrix in the flavor space, with μu and μd
being the u- and d-quark chemical potentials and μB and
μI being the baryon and isospin chemical potentials.
G is the coupling constant in the scalar and pseudoscalar

channels. In a vacuum, the chiral symmetry Uð1ÞL ⊗
Uð1ÞR ≃Uð1ÞA ⊗ Uð1ÞI is spontaneously broken into
the isospin symmetry Uð1ÞI. In the medium with finite
isospin chemical potential, the broken chiral symmetry will
be (partially) restored, which leads to the chiral restoration
phase transition. Meanwhile, the isospin symmetry will be
broken, which leads to the pion superfluid phase transition.
Corresponding to the symmetries and their spontaneous
breaking, we have two order parameters; a neutral chiral
condensate hψ̄ψi for chiral restoration phase transition and
a charged pion condensate hψ̄γ5τ1ψi for pion superfluid
phase transition. According to the Goldstone’s theorem, the
pseudo-Goldstone mode of chiral symmetry breaking is the

neutral pion π0, and the Goldstone mode of isospin
symmetry breaking is the charged pion πþ. Physically, it
is equivalent to define the phase transition by the order
parameter and Goldstone mode [82,83].
As a straightforward extension of our previous paper

[75], we use the Goldstone mode (massless πþ meson) to
determine the pion superfluid phase transition at finite
temperature, chemical potential, and magnetic field,

mπþðeB; T; μB; μIÞ ¼ 0: ð2Þ

The inverse magnetic catalysis phenomenon can be
characterized either by the chiral condensate or the critical
temperature of chiral symmetry restoration from LQCD
simulations [7–14]. Therefore, to include the inverse
magnetic catalysis effect in the NJL model, one approach
is to fit the LQCD results of chiral condensate [84–87], and
another approach is to fit the LQCD result of critical
temperature [27,28,84,88]. In our calculations, following
Refs. [27,28,84,88], we use our two-flavor NJL model with
a magnetic field dependent coupling GðeBÞ, derive the
normalized critical temperature TcðeBÞ=Tcð0Þ, and fit the
LQCD reported decreasing pseudocritical temperature of
chiral symmetry restoration [7]. As plotted in Fig. 1, the
magnetic field dependent coupling GðeBÞ=GðeB ¼ 0Þ is a
decreasing function of magnetic field, and it reduces 20% at
eB=m2

π ¼ 35 (with mπ ¼ 134 MeV). As we have checked,
with our fitted coupling constant GðeBÞ, the magnetic
catalysis phenomena of chiral condensates at low temper-
atures and the inverse magnetic catalysis phenomena at
high temperatures can be reproduced.
In the NJL model, mesons are constructed through quark

bubble summations in the frame of random phase approxi-
mation [77–81]. Taking into account of the interaction
between charged mesons and magnetic fields, the meson
propagator Dπþ can be expressed in terms of the polari-
zation function Ππþ [75,89–92],

Dπþðk̄Þ ¼
2GðeBÞ

1 − 2GðeBÞΠπþðk̄Þ
: ð3Þ

where k̄ ¼ ðk0; 0;−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lþ 1ÞeBp

; k3Þ is the conserved
Ritus momentum of πþ meson under magnetic fields.
The meson pole mass mπþ is defined through the pole of

the propagator at zero momentum ðl ¼ 0; k3 ¼ 0Þ,

1 − 2GðeBÞΠπþðk0 ¼ mπþÞ ¼ 0; ð4Þ

and

Ππþðk0Þ ¼ J1ðmqÞ þ J2ðk0Þ; ð5Þ

FIG. 1. Magnetic field dependent coupling GðeBÞ fitted from
LQCD reported decreasing pseudocritical temperature of chiral
symmetry restoration. In this paper, we fix mπ ¼ 134 MeV.
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J1ðmqÞ ¼ 3
X
f;n

αn
jQfBj
2π

Z
dp3

2π

1

Ef

× ½1 − fðEf þ μfÞ − fðEf − μfÞ�; ð6Þ

J2ðk0Þ ¼
X
n;n0

Z
dp3

2π

jn;n0 ðk0Þ
4EnEn0

�
fð−En0 − μuÞ − fðEn − μdÞ

k0 þ μI þ En0 þ En

þ fðEn0 − μuÞ − fð−En − μdÞ
k0 þ μI − En0 − En

�
; ð7Þ

jn;n0 ðk0Þ ¼ ½ðk0 þ μIÞ2=2 − n0jQuBj − njQdBj�jþn;n0
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0jQuBjnjQdBj

p
j−n;n0 ; ð8Þ

with flavors f ¼ u, d, spin factor αn ¼ 2 − δn0, quark

energy Ef ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 2njQfBj þm2

q

q
, quark Landau level

n ¼ 0; 1; 2…, (dynamical) quark mass mq ¼ m0 − 2G
ðeBÞhψ̄ψi, and Fermi-Dirac distribution function
fðxÞ ¼ 1=ðex=T þ 1Þ in J1ðmqÞ, and the u-quark energy

En0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 2n0jQuBj þm2

q

q
and d-quark energy En ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
3 þ 2njQdBj þm2

q

q
in J2ðk0Þ.

The (dynamical) quark massmq is determined by the gap
equation,

1 − 2GðeBÞJ1ðmqÞ ¼
m0

mq
: ð9Þ

Because of the four-fermion interaction, the NJL model is
not a renormalizable theory and needs regularization. In this
work, we make use of the gauge invariant Pauli-Villars
regularization scheme [16,75–80,92,93], where the quark
momentum runs formally from zero to infinity. The three
parameters in the Pauli-Villars regularized NJL model,
namely the current quark mass m0 ¼ 5 MeV, the coupling
constant GðeB ¼ 0Þ ¼ 3.44 GeV−2 and the Pauli-Villars
mass parameter Λ ¼ 1127 MeV are fixed by fitting the
chiral condensate hψ̄ψi ¼ −ð250 MeVÞ3, pion mass mπ ¼
134 MeV and pion decay constant fπ ¼ 93 MeV in vacuum
with T ¼ μB ¼ μI ¼ 0 and eB ¼ 0.

III. RESULTS

Figure 2 depicts the critical isospin chemical potential μπI
for pion superfluid phase transition at T ¼ μB ¼ 0 (in red),
critical isospin chemical potential μcI for chiral symmetry
restoration at T ¼ μB ¼ 0 (in blue) and πþ meson massMπþ

at T ¼ μB ¼ μI ¼ 0 (in black) as functions of magnetic field
with constant coupling GðeB ¼ 0Þ (dashed lines) and
magnetic field dependent coupling GðeBÞ (solid lines).
Here, μπI is determined by condition mπþðeB; T ¼ 0;
μB ¼ 0; μI ¼ μπI Þ ¼ 0, and μcI is defined through the quark
mass jump. When including the inverse magnetic catalysis
effect byGðeBÞ, the critical isospin chemical potential μcI for

chiral symmetry restoration changes from MC phenomenon
(increasing with magnetic field) to IMC phenomenon
(decreasing with magnetic field). However, the critical
isospin chemical potential μπI for pion superfluid phase
transition with magnetic field dependent coupling GðeBÞ is
similar as the case with constant coupling GðeB ¼ 0Þ. It is
an increasing function of magnetic field, which means that
magnetic field disfavors the pion superfluid phase, even
including the IMC effect. There exists some numerical
differences. In the regions eB=m2

π < 4.5 and eB=m2
π > 5,

the μπI with the IMC effect (red solid line) is higher than that
without the IMC effect (red dashed line), and at strong
magnetic field, for instance, eB=m2

π ¼ 35, the difference
increases up to 10%. Physically, it is harder to form the pion
(quark-antiquark pair) condensate with weaker interaction.
Therefore, it is expected to obtain higher μπI when including
IMC effect. However, with 4.5 < eB=m2

π < 5, the μπI with
IMC effect (red solid line) is lower than that without IMC
effect (red dashed line). This might be related to the first-
order chiral restoration phase transition, associated with an
abrupt jump of quark mass, which happens at very similar
isospin chemical potential. Note that the crossing point of μcI
and μπI located at eB=m2

π ¼ 4.5 with IMC effect and
eB=m2

π ¼ 4.75 without IMC effect, respectively.

FIG. 2. (Upper panel) Critical isospin chemical potential μπI for
pion superfluid phase transition at T ¼ μB ¼ 0 (red lines), πþ
meson mass Mπþ at T ¼ μB ¼ μI ¼ 0 (black lines) and critical
isospin chemical potential μcI for chiral restoration phase tran-
sition at T ¼ μB ¼ 0 (blue lines) as functions of magnetic field
with constant coupling GðeB ¼ 0Þ (dashed lines) and magnetic
field dependent coupling GðeBÞ (solid lines). (Lower panel) The
zoom-in figure in the region 4 < eB=m2

π < 7.5. In this paper, we
fix mπ ¼ 134 MeV.
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In Fig. 2, we also make comparison between critical
isospin chemical potential μπI for pion superfluid phase
transition and πþ meson mass in vacuum Mπþ ¼ mπþ

ðeB; T ¼ 0; μB ¼ 0; μI ¼ 0Þ. Under weak-magnetic field
eB=m2

π < 4.5, the μπI is equal to the πþ meson mass in
vacuum Mπþ , which can be analytically proved by directly
comparing the pole equation (4) and gap equation (9)
[56,75]. With 4.5 < eB=m2

π < 7, we obtain μπI < Mπþ ,
and with stronger magnetic field eB=m2

π > 7, we have
μπI > Mπþ , which are obtained numerically. Without the
IMC effect, the turning points are located at eB=m2

π ¼ 4.75
and eB=m2

π ¼ 7.5. The deviation between μπI and Mπþ at
strong magnetic field is enhanced by the IMC effect.
What is the situation when turning on the temperature and

baryon chemical potential? Figure 3 is the phase diagram of
pion superfluid in μI − T (with μB ¼ 0) and μI − μB (with
T ¼ 0) planes at eB=m2

π ¼ 10 and eB=m2
π ¼ 20, where the

solid (dashed) lines correspond to the case with (without)
IMC effect. Fixing temperature (upper panel) or baryon
chemical potential (lower panel), the phase transition from
normal phase to pion superfluid phase happens with
increasing isospin chemical potential. On the left side of
the phase transition line, it is the normal phase, and on the
right side, it is the pion superfluid phase. With higher
temperature, the thermal motion of quarks are stronger.
Hence, it is more difficult to form pion condensate, and the

critical isospin chemical potential becomes higher. With
fixed temperature and vanishing baryon chemical potential,
the critical isospin chemical potential increases with mag-
netic fields. With higher baryon chemical potential, the
mismatch between the Fermi surface of quark and antiquark
is larger. This also prohibits the pion condensate, and leads
to higher critical isospin chemical potential. With fixed
baryon chemical potential and vanishing temperature, the
critical isospin chemical potential also increases with
magnetic fields. Including the IMC effect, at finite magnetic
field, temperature and baryon chemical potential, the pion
superfluid phase transition happens at higher isospin
chemical potential, which is caused by the weaker coupling
between quark and antiquark. The difference of critical
isospin chemical potential is δμTI ≃ ð8 ∼ 11Þ MeV with
fixed T and vanishing μB, and δμμBI ≃ ð10 ∼ 19Þ MeV with
fixed μB and vanishing T at eB=m2

π ¼ 10, and δμTI ≃ ð14 ∼
25Þ MeV and δμμBI ≃ ð14 ∼ 48Þ MeV at eB=m2

π ¼ 20. The
deviation between the phase transition lines with and
without IMC is enhanced by the magnetic field.

IV. SUMMARY

Pion superfluid phase transition under external magnetic
field including the inverse magnetic catalysis effect is
investigated through the Pauli-Villars regularized NJL
model. Based on Goldstone’s theorem, we apply the
massless Goldstone boson (πþ meson) to determine the
phase boundary of pion superfluid. The inverse magnetic
catalysis effect is introduced by the magnetic field depen-
dent coupling GðeBÞ, which is a decreasing function of
magnetic field.
At fixed temperature and baryon chemical potential,

including IMC effect, the critical isospin chemical potential
μπI for pion superfluid phase transition increases with the
magnetic field, which is qualitatively similar as the case
without IMC effect. This indicates that magnetic field
disfavors the pion superfluid phase with and without IMC
effect. The deviation of μπI with and without the IMC effect
is enhanced by the magnetic field.
Comparing with the case ignoring the IMC effect, the

critical isospin chemical potential for pion superfluid phase
transition at fixed magnetic field, temperature and baryon
chemical potential is shifted to higher value by the IMC
effect. Due to the weakened coupling, it becomes harder to
form pion condensate, and the critical isospin chemical
potential for pion superfluid phase transition will become
higher. This conclusion is independent on the specific
formula for coupling GðeBÞ.
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FIG. 3. (Upper panel) Pion superfluid phase diagram in μI − T
plane with μB ¼ 0 and fixed magnetic field. (Lower panel) Pion
superfluid phase diagram in μI − μB plane with T ¼ 0 and fixed
magnetic field. The left lines are for eB=m2

π ¼ 10, and right for
eB=m2

π ¼ 20. In this paper, we fix mπ ¼ 134 MeV.
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