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The hadronic form factors of Bc semileptonic decays to the P–wave charmonium 4-plet can be expressed
near the zero-recoil point in terms of universal functions, performing a systematic expansion in QCD in the
relative velocity of the heavy quarks and in 1=mQ. Such functions are independent of the member of the
multiplet involved in the transitions. We present the results of a next-to-leading order calculation up to
Oð1=m2

QÞ classifying the universal functions at this order. We work out a set of relations among the form
factors of the same mode and of different modes, which should be reproduced by explicit calculations,
reducing the hadronic uncertainty affecting such channels. The approach is also helpful to investigate the
debated nature of χc1ð3872Þ, studying the production in Bc semileptonic decays and comparing it to the
modes involving the other 2P charmonia.
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I. INTRODUCTION

There is a manifold interest in the study of semileptonic
decays of heavy hadrons, namely those induced by the b →
clν̄l transition at the quark level. The first one is the
possibility to precisely measure fundamental parameters of
the Standard Model (SM), in this case the element jVcbj of
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix.
The analyses of processes involving different hadrons,
modes and final states (exclusive/inclusive) should provide
compatible results: such a compatibility has not been
achieved, yet, considering the debated jVcbj determinations
from inclusive and exclusive B decays [1] which fuel
discussions on possible explanations of the tension within
the SM [2] or beyond [3]. Other processes, e.g., Bc to
charmonium, give access to such a fundamental parameter
which has tight correlations with flavor observables [4].
Another important interest relies on the possibility of

testing fundamental features of the StandardModel, namely
lepton flavor universality (LFU). Signals of LFU violation
havebeen detected inBdecays induced by this transition [5].
They hint to physics beyond SM [6], the structure of which
can be constrained by studying sets of decay observables
[7–14]. Related LFU violating effects should be observed in

processes involving different hadrons: the first measure-
ments are available for Bc → J=ψlν̄l [15], other Bc modes
can be considered for such investigations.
In addition to the above motivations concerning the

structure of the theory of electroweak interaction and of its
extensions, there is interest related to strong interaction
effects. For decays involving hadrons comprising a single
heavy quark Q, a double expansion in QCD in powers of
1=mQ and of αs provides a powerful method to classify the
hadronic matrix elements, both in the exclusive and
inclusive transitions. This is the basis for an efficient
control of the theoretical uncertainty in the above men-
tioned measurements. For mesons comprising two heavy
quarks such as Bc, the expansion parameter is the relative
three-velocity of the heavy quarks, with counting rules
given within nonrelativistic QCD (NRQCD). At the various
orders in the expansion the form factors governing Bc →
J=ψðηcÞlν̄l can be given in terms of universal functions,
the same for the two final states, in selected kinematical
ranges [16–18]. Relations can be established among the
form factors, with a reduction of the hadronic uncertainties
affecting the description of the semileptonic channels. It is
worth considering such an expansion also for the form
factors governing the Bc transitions to the P-wave char-
monia involving a spin 4-plet of final states, for which little
information is available at present.1

There is a further reason of interest. Semileptonic decays
provide us with a probe on the structure of the hadrons
involved in the transitions. This is important, for example, if
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1The peculiar role of Bc, a weakly decaying meson comprising
only heavy quarks, has been recently discussed in [19,20].
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one considers the meson χc1ð3872Þ [usually denoted as
Xð3872Þ]. After the observation by the Belle Collaboration
[21] and the confirmation and measurements by other
collaborations [22–30], such a meson, whose quantum
numbers are JPC ¼ 1þþ [31,32], is under intense scrutiny
due to features hinting a nonconventional charmonium
structure. Puzzling properties are the closeness of the mass
ofXð3872Þ to theD�0D̄0 threshold and the large decay rate to
J=ψππðJ=ψρÞ compared to J=ψπππðJ=ψωÞ [33],which can
be explained invoking a multiquark structure of Xð3872Þ,
compact or molecular (see the discussions in Refs. [34,35]
and in references therein). On the other hand, the large
ΓðXð3872Þ → γψð2SÞÞ=ΓðXð3872Þ → γJ=ψÞ ratio [36] and
data on the production in γγ� interactions [37] support the
identification of χc1ð3872Þ with the state χc1ð2PÞ sitting on
the D�0D̄0 threshold [38,39]. Experimental tests have been
proposed to help decipher the structure of the meson [40], in
the vast literature on the subject.
SemileptonicBc decays to χc1ð3872Þ can provide us with

information on the nature of this state. The way is inspired
by our analysis in [18] and is based on the systematic
comparison of the Bc transitions to the 2P charmonia. In a
selected kinematical range the Bc and the P–wave charmo-
nium matrix elements can be expressed as an expansion in
the heavy quark relative three-velocity in the heavy hadrons,
together with an expansion in the inverse heavy quark mass.
In this range the Bc to the P–wave charmonia form factors
(for lowest lying or radial excitations) are related. The
violation or confirmation of such relations in Bc →
χc1ð3872Þlν̄ with respect to the decays to the other 2P
charmonia would support the interpretation of Xð3872Þ as
an exotic or a conventional state.2

In this paper we focus on the Bc to the P-wave
charmonia form factors, and compute their expressions
in terms of universal functions at next-to-leading order
(NLO). We classify the universal functions and work out a
set of relations useful both to test calculations based on
nonperturbative methods and in phenomenological analy-
ses. In Sec. II we parametrize the Bc → χc0;1;2 and Bc → hc
matrix elements of the quark currents appearing in a
generalized low-energy Hamiltonian governing the b →
clν̄l transition, providing the definition of the set of
form factors considered in our study. For the sake of
completeness, in Appendix A we also report another
parameterization often employed in the literature, with
straightforward relations between the two. We give the
decay distributions of the four Bc → χc0;1;2ðhcÞlν̄l modes,
which can also be used for Bc decays to the 2P charmo-
nium resonances. In Sec. III we briefly describe the heavy
quark expansion in QCD, we introduce the ðBc; B�

cÞ spin

doublet and the ðχc0;1;2; hcÞ spin 4-plet and the trace
formalism to express the relevant hadronic matrix elements.
In Sec. IV we write the form factors in terms of universal
functions, with the resulting formulas collected in
Appendix B. In Sec. V we present relations among several
form factors for single modes and for pairs of modes, other
relations being collected in Appendix C. Applications to
phenomenology are discussed in Sec. VI, for the lowest
lying 1P charmonia and for the 2P excitations in con-
nection with the χc1ð3872Þ issue. Then we conclude.

II. Bc → χ c0;1;2 AND Bc → hc FORM FACTORS

The semileptonic Bc decays to the charmonium states,
including the positive parity χc0;1;2 and hc, are governed by
a low energy Hamiltonian with general form

Hb→clν̄
eff ¼ GFffiffiffi

2
p Vcb½ð1þ ϵlVÞðc̄γμð1− γ5ÞbÞðl̄γμð1− γ5ÞνlÞ

þ ϵlRðc̄γμð1þ γ5ÞbÞðl̄γμð1− γ5ÞνlÞ
þ ϵlSðc̄bÞðl̄ð1− γ5ÞνlÞ þ ϵlPðc̄γ5bÞðl̄ð1− γ5ÞνlÞ
þ ϵlTðc̄σμνð1− γ5ÞbÞðl̄σμνð1− γ5ÞνlÞ� ð1Þ

considering the full set of D ¼ 6 semileptonic b → c
operators with left-handed neutrinos. The general
Hamiltonian (1) comprises the Fermi constant GF, the
element Vcb of the CKM matrix and the Standard Model
operator OSM ¼ 4ðc̄LγμbLÞðl̄LγμνlLÞ. It also includes
the operators OR ¼ 4ðc̄RγμbRÞðl̄LγμνlLÞ, OS ¼ ðc̄bÞ
ðl̄ð1 − γ5ÞνlÞ, OP ¼ ðc̄γ5bÞðl̄ð1 − γ5ÞνlÞ and OT ¼
ðc̄σμνð1 − γ5ÞbÞðl̄σμνð1 − γ5ÞνlÞ arising in extensions of
SM, with Wilson coefficients ϵlV;R;S;P;T in general complex
and lepton-flavor dependent. The SM Hamiltonian corre-
sponds to ϵli ¼ 0. Eq. (1) has been considered in connection
with theB → Dð�Þτντ,B → Dð�Þlνl LFUanomaly [3,8–13].
It is common to parametrize the Bc → χci (i ¼ 0, 1, 2)

and Bc → hc matrix elements of the quark currents in
Eq. (1) in terms of form factors as written in Appendix A
[43–46]. p and p0 are the four momenta of the initial and
final meson, ϵ (η) the polarization vector (tensor) of the spin
1 (spin 2) charmonium, q ¼ p − p0 the lepton pair momen-
tum. We use ϵ0123 ¼ −1, hence σμνγ5 ¼ − i

2
εμναβσαβ. In our

analysis it is more convenient to use a parametrization of
the matrix elements in terms of the four-velocities of Bc and
of the charmonium state C ¼ χc0;1;2, hc∶ v ¼ p=mBc

, and
v0 ¼ p0=mC, with w ¼ v · v0. They are defined as follows.
Bc → χc0:

hχc0ðv0Þjc̄γμγ5bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc0mBc

p ½gþðwÞðvþ v0Þμ
þ g−ðwÞðv − v0Þμ�

hχc0ðv0Þjc̄γ5bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc0mBc

p
gPðwÞ

hχc0ðv0Þjc̄σμνbjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc0mBc

p
gTðwÞϵμναβvαv0β ð2Þ

2The comparison between Bc semileptonic and nonleptonic
Bc → Xð3872Þρða1Þ decays, fixing the Xð3872Þ polarization, has
been proposed as a way to investigate the structure of this meson
[41]. Semileptonic Bc decays to Xð3872Þ have been considered
in [42].
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Bc → χc1:

hχc1ðv0; ϵÞjc̄γμbjBcðvÞi ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc1mBc

p ½gV1
ðwÞϵ�μ þ ðϵ� · vÞ½gV2

ðwÞðvþ v0Þμ þ gV3
ðwÞðv − v0Þμ��

hχc1ðv0; ϵÞjc̄γμγ5bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc1mBc

p
gAðwÞϵμαβσϵ�αvβv0σ

hχc1ðv0; ϵÞjc̄bjBcðvÞi ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc1mBc

p
gSðwÞðϵ� · vÞ

hχc1ðv0; ϵÞjc̄σμνbjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc1mBc

p ½gT1
ðwÞðϵ�μðvþ v0Þν − ϵ�νðvþ v0ÞμÞ

þ gT2
ðwÞðϵ�μðv − v0Þν − ϵ�νðv − v0ÞμÞ þ gT3

ðwÞðϵ� · vÞðvμv0ν − vνv0μÞ� ð3Þ

Bc → χc2:

hχc2ðv0; ηÞjc̄γμbjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc2mBc

p
ikVðwÞϵμαβση�ατvτvβv0σ

hχc2ðv0; ηÞjc̄γμγ5bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc2mBc

p ½kA1
ðwÞη�μαvα þ η�αβv

αvβðkA2
ðwÞvμ þ kA3

ðwÞv0μÞ�
hχc2ðv0; ηÞjc̄γ5bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mχc2mBc

p
kPðwÞη�αβvαvβ

hχc2ðv0; ηÞjc̄σμνγ5bjBcðvÞi ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc2mBc

p ½kT1
ðwÞðη�αμvαvν − η�ανvαvμÞ

þ kT2
ðwÞðη�αμvαv0ν − η�ανvαv0μÞ þ kT3

ðwÞη�αβvαvβðvμv0ν − vνv0μÞ� ð4Þ

Bc → hc:

hhcðv0; ϵÞjc̄γμbjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mhcmBc

p ½fV1
ðwÞϵ�μ þ ðϵ� · vÞðfV2

ðwÞðvþ v0Þμ þ fV3
ðwÞðv − v0ÞμÞ�

hhcðv0; ϵÞjc̄γμγ5bjBcðvÞi ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mhcmBc

p
fAðwÞϵμαβσϵ�αvβv0σ

hhcðv0; ϵÞjc̄bjBcðvÞi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mhcmBc

p ðϵ� · vÞfSðwÞ
hhcðv0; ϵÞjc̄σμνbjBcðvÞi ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mhcmBc

p ½fT1
ðwÞðϵ�μðvþ v0Þν − ϵ�νðvþ v0ÞμÞ

þ fT2
ðwÞðϵ�μðv − v0Þν − ϵ�νðv − v0ÞμÞ þ fT3ðwÞðϵ� · vÞðvμv0ν − vνv0μÞ�: ð5Þ

The decay distributions governed by the Hamiltonian (1) can be written in the form:

dΓðBc → Clν̄Þ
dw

¼ Γ̃
�
j1þ ϵV j2

dΓ
dw

SM
þ jϵRj2

dΓ
dw

R
þ jϵXj2

dΓ
dw

X
þ jϵT j2

dΓ
dw

T

þ 2Re½ϵRð1þ ϵ�VÞ�
dΓ
dw

SMR þ 2Re½ϵXð1þ ϵ�VÞ�
dΓ
dw

SMX

þ 2Re½ϵTð1þ ϵ�VÞ�
dΓ
dw

SMT þ 2Re½ϵRϵ�T �
dΓ
dw

RT

þ 2Re½ϵXϵ�R�
dΓ
dw

XR
þ 2Re½ϵXϵ�T �

dΓ
dw

XT
�
; ð6Þ

with X ¼ P in case of χc0, χc2, and X ¼ S in case of χc1, hc. In Eq. (6) we define

Γ̃ ¼ G2
FjVcbj2m5

Bc
r3

48π3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p �
1 −

m̂2
l

1þ r2 − 2rw

�
2

ð7Þ

with r ¼ mC=mBc
(C ¼ χc0;c1;c2; hc) and m̂l ¼ ml=mBc

. For the four decay modes the expressions of the functions in (6) in
terms of the form factors in (2) –(5) are as follows.
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(i) C ¼ χc0:

dΓ
dw

SM ¼ dΓ
dw

R ¼ −
dΓ
dw

SMR ¼ ½gþðwÞ�2ðwþ 1Þ
�
ðw − 1Þð1þ rÞ2 þ m̂2

l

1þ r2 − 2rw
ðð2wþ 1Þð1þ r2Þ − 2rðwþ 2ÞÞ

�

þ ½g−ðwÞ�2ðw − 1Þ
�
ðwþ 1Þð1 − rÞ2 þ m̂2

l

1þ r2 − 2rw
ðð2w − 1Þð1þ r2Þ þ 2rðw − 2ÞÞ

�

− 2gþðwÞg−ðwÞðw2 − 1Þð1 − r2Þ
�
1þ 2m̂2

l

1þ r2 − 2rw

�
ð8Þ

dΓ
dw

P ¼ 3

2
½gPðwÞ�2ð1þ r2 − 2rwÞ ð9Þ

dΓ
dw

T ¼ 8½gTðwÞ�2ð1þ r2 − 2rwþ 2m̂2
lÞðw2 − 1Þ ð10Þ

dΓ
dw

SMP ¼ −
dΓ
dw

PR ¼ 3

2
gPðwÞm̂l½ðw − 1Þð1þ rÞg−ðwÞ − ðwþ 1Þð1 − rÞgþðwÞ� ð11Þ

dΓ
dw

SMT ¼ −
dΓ
dw

RT ¼ −6gTðwÞm̂lðw2 − 1Þ½ð1þ rÞgþðwÞ − ð1 − rÞg−ðwÞ�: ð12Þ

(ii) C ¼ χc1:

dΓ
dw

SM ¼ dΓ
dw

R ¼ ½gV1
ðwÞ�2

�
3ðw − rÞ2 − 2ðw2 − 1Þ þ m̂2

l

2ð1þ r2 − 2rwÞ ð3ðw − rÞ2 þ w2 − 1Þ
�

þ ½gV2
ðwÞ�2ðw2 − 1Þðwþ 1Þ

�
ð1þ rÞ2ðw − 1Þ þ m̂2

l

1þ r2 − 2rw
ðð2wþ 1Þð1þ r2Þ − 2rðwþ 2ÞÞ

�

þ ½gV3
ðwÞ�2ðw2 − 1Þðw − 1Þ

�
ð1 − rÞ2ðwþ 1Þ þ m̂2

l

1þ r2 − 2rw
ðð2w − 1Þð1þ r2Þ þ 2rðw − 2ÞÞ

�

þ ½gAðwÞ�2ðw2 − 1Þð2ð1þ r2 − 2rwÞ þ m̂2
lÞ

þ gV1
ðwÞgV2

ðwÞðw2 − 1Þ
�
2ð1þ rÞðw − rÞ − m̂2

l

1þ r2 − 2rw
ð−3þ r2 − 4wþ 2rðwþ 2ÞÞ

�

− gV1
ðwÞgV3

ðwÞðw2 − 1Þ
�
2ð1 − rÞðw − rÞ þ m̂2

l

1þ r2 − 2rw
ð−3þ r2 þ 4wþ 2rðw − 2ÞÞ

�

− 2gV2
ðwÞgV3

ðwÞðw2 − 1Þ2ð1 − r2Þ
�
1þ 2m̂2

l

1þ r2 − 2rw

�
ð13Þ

dΓ
dw

SMR ¼ dΓ
dw

SM
− 2½gAðwÞ�2ðw2 − 1Þð2ð1þ r2 − 2rwÞ þ m̂2

lÞ ð14Þ

dΓ
dw

S ¼ 3

2
½gSðwÞ�2ð1þ r2 − 2rwÞðw2 − 1Þ ð15Þ

dΓ
dw

T ¼ 8

�
1þ 2m̂2

l

1þ r2 − 2rw

�
f½gT1

ðwÞ�2ðwþ 1Þ½ð5wþ 1Þð1þ r2Þ − 2rðw2 þ wþ 4Þ�

þ ½gT2
ðwÞ�2ðw − 1Þ½ð5w − 1Þð1þ r2Þ − 2rðw2 − wþ 4Þ�

þ ½gT3
ðwÞ�2ðw2 − 1Þ2ð1þ r2 − 2rwÞ þ 2gT1

ðwÞgT2
ðwÞðw2 − 1Þð5r2 − 2rw − 3Þ

− 2gT1
ðwÞgT3

ðwÞðw2 − 1Þðwþ 1Þð1þ r2 − 2rwÞ
− 2gT2

ðwÞgT3
ðwÞðw2 − 1Þðw − 1Þð1þ r2 − 2rwÞg ð16Þ
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dΓ
dw

SMS
¼ dΓ

dw

SR
¼ 3

2
gSðwÞm̂lðw2 − 1Þ½gV1

ðwÞ þ ðwþ 1Þð1 − rÞgV2
ðwÞ − ðw − 1Þð1þ rÞgV3

ðwÞ� ð17Þ

dΓ
dw

SMT ¼ 6m̂lf−gT1
ðwÞðwþ 1Þ½ð2 − 3rþ wÞgV1

ðwÞ þ ðw2 − 1Þ½ð1þ rÞgV2
ðwÞ − ð1 − rÞgV3

ðwÞ��
− gT2

ðwÞðw − 1Þ½ð−2 − 3rþ wÞgV1
ðwÞ þ ðw2 − 1Þ½ð1þ rÞgV2

ðwÞ − ð1 − rÞgV3
ðwÞ��

þ gT3
ðwÞðw2 − 1Þ½ðw − rÞgV1

ðwÞ þ ðw2 − 1Þ½ð1þ rÞgV2
ðwÞ − ð1 − rÞgV3

ðwÞ��
þ 2ðw2 − 1ÞgAðwÞ½ð1þ rÞgT1

ðwÞ − ð1 − rÞgT2
ðwÞ�g ð18Þ

dΓ
dw

RT ¼ dΓ
dw

SMT
− 24m̂lðw2 − 1ÞgAðwÞ½ð1þ rÞgT1

ðwÞ − ð1 − rÞgT2
ðwÞ�: ð19Þ

(iii) C ¼ χc2:

dΓ
dw

SM ¼ dΓ
dw

R ¼ w2 − 1

6

�
½kVðwÞ�23

�
2þ m̂2

l

1þ r2 − 2rw

�
ðw2 − 1Þð1þ r2 − 2rwÞ

þ ½kA1
ðwÞ�2

�
2ð3þ 5r2 − 10rwþ 2w2Þ þ m̂2

l

1þ r2 − 2rw
ð−3þ 5r2 − 10rwþ 8w2Þ

�

þ ½kA2
ðwÞ�22ðw2 − 1Þ

�
2r2ðw2 − 1Þ þ m̂2

l

1þ r2 − 2rw
ð3 − 6rwþ r2ð4w2 − 1ÞÞ

�

þ ½kA3
ðwÞ�22ðw2 − 1Þ

�
2ðw2 − 1Þ þ m̂2

l

1þ r2 − 2rw
ð−1þ 3r2 − 6rwþ 4w2ÞÞ

�

þ 4ðw2 − 1Þ
�
kA1

ðwÞkA2
ðwÞ

�
2rðw − rÞ þ m̂2

l

1þ r2 − 2rw
ð3 − r2 − 2rwÞ

�

− kA2
ðwÞkA3

ðwÞ
�
−2rðw2 − 1Þ þ m̂2

l

1þ r2 − 2rw
½2rðw2 þ 2Þ − 3wð1þ r2Þ�

þ 2kA1
ðwÞkA3

ðwÞ
�
1þ 2m̂2

l

1þ r2 − 2rw

�
ðw − rÞ

��
ð20Þ

dΓ
dw

SMR ¼ −
dΓ
dw

SM þ ½kVðwÞ�2ð2ð1þ r2 − 2rwÞ þ m̂2
lÞðw2 − 1Þ2 ð21Þ

dΓ
dw

P ¼ ½kPðwÞ�2ðw2 − 1Þ2ð1þ r2 − 2rwÞ ð22Þ

dΓ
dw

T ¼ 8

3

�
1þ 2m̂2

l

1þ r2 − 2rw

�
ðw2 − 1Þf½kT1

ðwÞ�2½ð3þ 2w2Þð1 − 2rwÞ þ r2ð8w2 − 3Þ�

þ ½kT2
ðwÞ�2ð−1þ 5r2 − 10rwþ 6w2Þ þ ½kT3

ðwÞ�22ðw2 − 1Þ2ð1þ r2 − 2rwÞ
− 2kT1

ðwÞkT2
ðwÞ½6r − 5wð1þ r2Þ þ 4rw2�

− 4ðw2 − 1Þð1þ r2 − 2rwÞkT3
ðwÞ½wkT1

ðwÞ þ kT2
ðwÞ�g ð23Þ

dΓ
dw

SMP
¼ −

dΓ
dw

PR
¼ −kPðwÞm̂lðw2 − 1Þ2½kA1

ðwÞ þ ð1 − rwÞkA2
ðwÞ þ ðw − rÞkA3

ðwÞ� ð24Þ
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dΓ
dw

SMT ¼ 2m̂lðw2 − 1Þ × fkT1
ðwÞ½ð3 − 5rwþ 2w2ÞkA1

ðwÞ þ ðw2 − 1Þð2rwkA2
ðwÞ þ 2wkA3

ðwÞ þ 3rkVðwÞÞ�
þ kT2

ðwÞ½5ðw − rÞkA1
ðwÞ þ ðw2 − 1Þð2rkA2

ðwÞ þ 2kA3
ðwÞ þ 3kVðwÞÞ�

− 2kT3
ðwÞðw2 − 1Þ½ðw − rÞkA1

ðwÞ þ ðw2 − 1ÞðrkA2
ðwÞ þ kA3

ðwÞÞ�g ð25Þ

dΓ
dw

RT ¼ −
dΓ
dw

SMT þ 12m̂lðw2 − 1Þ2kVðwÞ½rkT1
ðwÞ þ kT2

ðwÞ�: ð26Þ

(iv) C ¼ hc:
Looking at the matrix elements for χc1 and hc in (3) and (5), the distributions for hc are obtained from those of χc1

replacing

gVi
gVj

→ fVi
fVj

; g2A → f2A; g2S → f2S; gTi
gTj

→ fTi
fTj

;

gSgVi
→ fSfVi

; gVi
gTj

→ −fVi
fTj

; gAgTi
→ fAfTi

; ð27Þ

with i, j ¼ 1, 2, 3.
The above expressions also hold for Bc decays to the 2P (and higher) charmonium resonances. They are the subject of our
analysis together with the form factors in Eqs. (2)–(5).

III. FORM FACTORS IN THE EFFECTIVE THEORY

As discussed in [18], we aim at expressing the form factors in the effective theory of QCD resulting by an expansion in
the inverse heavy quark mass. The heavy quark QCD field QðxÞ with mass mQ is written, with the notations in [47], as

QðxÞ ¼ e−imQv·xψðxÞ ¼ e−imQv·xðψþðxÞ þ ψ−ðxÞÞ ð28Þ

with ψ� ¼ P�ψðxÞ and P� ¼ 1�v
2
. ψþ is the positive energy component of the field, v is the heavy meson (quarkonium)

4-velocity with v2 ¼ 1. Hence, QðxÞ is expressed as

QðxÞ ¼ e−imQv·x

�
1þ i=D⊥

2mQ
þ ð−iv ·DÞ

2mQ

i=D⊥
2mQ

þ…

�
ψþðxÞ; ð29Þ

with D⊥μ ¼ Dμ − ðv ·DÞvμ. In the rest frame v ¼ ð1; 0⃗Þ
we have v ·D ¼ Dt and D⊥μ ¼ ð0; DiÞ. The QCD
Lagrangian is expressed in terms of ψþ as an expansion,

LQCD ¼ ψ̄þðxÞ
�
iv ·Dþ ðiD⊥Þ2

2mQ
þ g
4mQ

σ ·G⊥

þ i=D⊥
2mQ

ð−iv ·DÞ
2mQ

ði=D⊥Þ þ…

�
ψþðxÞ

¼ L0 þ L1 þ…; ð30Þ

with G⊥μν ¼ ðgμα − vμvαÞðgνβ − vνvβÞGαβ.
Nonrelativistic QCD provides us with power counting of

the operators in terms of the relative heavy quark 3-velocity
in the hadron rest frame ṽ ¼ j ⃗ṽj ≪ 1, starting from
Dt ∼ ṽ2, D⊥ ∼ ṽ and ψþ ∼ ṽ3=2 [48]. Hence, the second
term in Eq. (29) is Oðṽ × ṽ3=2Þ, the third one is
Oðṽ3 × ṽ3=2Þ, and so on. In the following we omit the
power ṽ3=2 for each quark field in the power counting of
the various operators. Then, the chromoelectric field

components Ei ¼ G0i and the chromomagnetic ones
Bi ¼ 1

2
ϵijkGjk are Oðṽ3Þ and Oðṽ4Þ, respectively [49].

The first two terms in Eq. (30) are Oðṽ2Þ. They give the
leading order effective Lagrangian

L0 ¼ ψ̄þðxÞ
�
iv ·Dþ ðiD⊥Þ2

2mQ

�
ψþðxÞ: ð31Þ

The third and fourth term in Eq. (30) are Oðṽ4Þ. They
correspond to the NLO term

L1 ¼ L1;1 þ L1;2; ð32Þ

where

L1;1 ¼ ψ̄þðxÞ
gσ · G⊥
4mQ

ψþðxÞ

L1;2 ¼ ψ̄þðxÞ
i=D⊥
2mQ

ð−iv ·DÞ
2mQ

ði=D⊥ÞψþðxÞ: ð33Þ
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L1;2 can be written as

L1;2 ¼ −
1

4m2
Q

�
ψ̄þðxÞ

�
−
ðiD⊥Þ4
2mQ

�
ψþðxÞ

þ ψ̄þðxÞ
g
2
σ ·G⊥

�
−
ðiD⊥Þ2
2mQ

�
ψþðxÞ

þ igvαψ̄þðxÞiDσ⊥GασψþðxÞ

þ gvαψ̄þðxÞiD⊥τσ
τσGασψþðxÞ

�

¼ Lð1Þ
1;2 þ Lð2Þ

1;2 þ Lð3Þ
1;2 þ Lð4Þ

1;2; ð34Þ

with Lð2Þ
1;2 of higher order in ṽ. L1 can be arranged as

L1 ¼ LA
1 þ LB

1 ð35Þ

with

LA
1 ¼ L1;1 þ Lð4Þ

1;2 ¼
1

4mQ
ψ̄þðxÞAτσσ

τσψþðxÞ ð36Þ

LB
1 ¼ Lð1Þ

1;2 þ Lð3Þ
1;2 ¼

1

4m2
Q
ψ̄þðxÞBψþðxÞ; ð37Þ

factorizing in (36) the leading 1=mQ power.
An analogous expansion describes the antiquark:QðxÞ is

written as

QðxÞ ¼ eimQv·xXðxÞ ¼ eimQv·xðXþðxÞ þ X−ðxÞÞ ð38Þ

giving

LQCD ¼ X̄−ðxÞ
�
−iv ·Dþ ðiD⊥Þ2

2mQ
þ…

�
X−ðxÞ: ð39Þ

To express the heavy meson form factors in the effective
QCD theory, we expand the weak current involving two
heavy quarks Q̄0ΓQ, with Γ a generic Dirac matrix:

Q̄0ðxÞΓQðxÞ

¼ ψ̄ 0þðxÞ
�
1−

i=⃖D0
⊥

2mQ0
−

1

4m2
Q0
ði=⃖D0

⊥Þðiv0 · D⃖Þþ…

�

Γ
�
1þ i=⃗D⊥

2mQ
þ 1

4m2
Q
ð−iv · D⃗Þi=⃗D⊥þ…

�
ψþðxÞ; ð40Þ

where D0⊥μ ¼ Dμ − ðv0 ·DÞv0μ. Up to Oð1=m2
QÞ the expan-

sion reads:

Q̄0ðxÞΓQðxÞ ¼ J0 þ
�
J1;0
2mQ

þ J0;1
2mQ0

�

þ
�
−

J2;0
4m2

Q
−

J0;2
4m2

Q0
þ J1;1
4mQmQ0

�
; ð41Þ

with

J0 ¼ ψ̄ 0þΓψþ

J1;0 ¼ ψ̄ 0þΓi=⃗D⊥ψþ

J0;1 ¼ ψ̄ 0þð−i=⃖D0
⊥ÞΓψþ

J2;0 ¼ ψ̄ 0þΓðiv · D⃗Þi=⃗D⊥ψþ

J0;2 ¼ ψ̄ 0þi=⃖D
0
⊥ðiv0 · D⃖ÞΓψþ

J1;1 ¼ ψ̄ 0þð−i=⃖D0
⊥ÞΓði=⃗D⊥Þψþ: ð42Þ

Equation (41) comprises terms up to Oðṽ3Þ. Oð1=m3
QÞ

terms with three derivatives have not been included, even
though they can be of the same order in ṽ of some terms in
the corrections discussed in the following: we assume that
their contribution is small.
The hadronic matrix elements of the operators in Eq. (41)

can be written using the trace formalism [50]. For states
comprising a heavy quark and a heavy antiquark, spin
symmetry is expected to hold in the preasymptotic mass
range which includes beauty and charm, outside the QCD
Coulombic regime [16,51]. Hence, the two states ðBc; B�

cÞ
and the four states ðχc0;1;2; hcÞ can be organized in a
negative parity spin doublet and in a positive parity spin
4-plet. They are described by 4 × 4 matrices, for the spin
doublet [16]

MðvÞ ¼ PþðvÞ½B�μ
c γμ − Bcγ5�P−ðvÞ; ð43Þ

for the spin 4-plet [52]

M0μðv0Þ ¼ Pþðv0Þ
�
χμνc2γν þ

1ffiffiffi
2

p χc1;γϵ
μαβγv0αγβ

þ 1ffiffiffi
3

p χc0ðγμ − v0μÞ þ hμcγ5

�
P−ðv0Þ ð44Þ

with the condition

v0μM0μ ¼ 0: ð45Þ

The normalization is
ffiffiffiffiffiffiffi
mM

p
, with M a meson in the spin

multiplet. Radial excitations belong to multiplets analogous
to (43) and (44). The trace formalism has been used to
obtain the effective Lagrangians governing strong and
radiative heavy quarkonium transitions in the soft-
exchange approximation [51–53]. We apply it to express
the various form factors in terms of (universal) functions
independent of the particular decay mode.
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IV. FORM FACTORS IN TERMS
OF UNIVERSAL FUNCTIONS

Applying the trace formalism, the matrix elements of
the leading order term of the expansion of the quark
current (41) are written as

hM0ðv0ÞjJ0jMðvÞi ¼ −ΞðwÞvμTr½M0μΓM� ð46Þ

involving the single universal function ΞðwÞ.
At 1=mQ the relevant matrix elements are parametrized

as

hM0ðv0Þjψ̄ 0þΓiD⃗αψþjMðvÞi ¼ −Tr½ΣðbÞ
μα M0μΓM�; ð47aÞ

hM0ðv0Þjψ̄ 0þð−iD⃖αÞΓψþjMðvÞi ¼ −Tr½ΣðcÞ
μαM0μΓM�:

ð47bÞ

The general expression of the functions ΣðQÞ
μα is

ΣðQÞ
μα ¼ ΣðQÞ

1 gμα þ ΣðQÞ
2 vμvα þ ΣðQÞ

3 vμv0α þ ΣðQÞ
4 vμγα

þ ΣðQÞ
5 γμvα þ ΣðQÞ

6 γμv0α þ ΣðQÞ
7 iσμα: ð48Þ

The terms proportional to v0μ vanish due to (45). ΣðQÞ
i ðwÞ

ði ¼ 1;…7Þ are the universal functions at this order. Upon
integration by parts, relations can be worked out. Using

i∂αðψ̄ 0þΓψþÞ ¼ ψ̄ 0þiD⃖αΓψþ þ ψ̄ 0þΓiD⃗αψþ; ð49Þ

we obtain:

− ðΛ̃vα − Λ̃0v0αÞΞvμTr½M0μΓM�
¼ Tr½ΣðcÞ

μαM0μΓM� − Tr½ΣðbÞ
μα M0μΓM�: ð50Þ

For the QQ̄0 mesons in the initial and final state the
parameters Λ̃, Λ̃0 are given by

Λ̃ ¼ mH −mQ −mQ̄0 ð51Þ

and analogously for Λ̃0. The relations follow:

ΣðbÞ
i ðwÞ − ΣðcÞ

i ðwÞ ¼ 0 i ¼ 1; 4; 5; 6; 7; ð52aÞ

ΣðbÞ
2 ðwÞ − ΣðcÞ

2 ðwÞ ¼ Λ̃Ξ; ð52bÞ

ΣðbÞ
3 ðwÞ − ΣðcÞ

3 ðwÞ ¼ −Λ̃0ΞðwÞ: ð52cÞ

The same procedure allows us to parametrize the matrix
elements relevant for the 1=m2

Q terms in (41):

hM0ðv0Þjψ̄ 0þΓiD⃗αiD⃗βψþjMðvÞi ¼ −Tr½ΩðbÞ
μαβM

0μΓM�
ð53aÞ

hM0ðv0Þjψ̄ 0þiD⃖αiD⃖βΓψþjMðvÞi ¼ −Tr½ΩðcÞ
μαβM

0μΓM�:
ð53bÞ

ΩðQÞ
μαβ have the general expression

ΩðQÞ
μαβ ¼ ΩðQÞ

1 gμαvβ þ ΩðQÞ
2 gαβvμ þΩðQÞ

3 gβμvα þΩðQÞ
4 gμαv0β þΩðQÞ

5 gβμv0α þΩðQÞ
6 gμαγβ

þΩðQÞ
7 gαβγμ þ ΩðQÞ

8 gβμγα þ ΩðQÞ
9 vμvαvβ þ ΩðQÞ

10 vμvαv0β þΩðQÞ
11 vμv0αvβ

þΩðQÞ
12 vμv0αv0β þ ΩðQÞ

13 vμvαγβ þ ΩðQÞ
14 vμγαvβ þ ΩðQÞ

15 γμvαvβ þΩðQÞ
16 vμv0αγβ

þΩðQÞ
17 γμvαv0β þΩðQÞ

18 vμγαv0β þΩðQÞ
19 γμv0αvβ þ ΩðQÞ

20 γμv0αv0β þ ΩðQÞ
21 iσμαvβ

þΩðQÞ
22 iσαβvμ þΩðQÞ

23 iσβμvα þ ΩðQÞ
24 iσμαv0β þ ΩðQÞ

25 iσβμv0α: ð54Þ

The terms proportional to v0μ vanish. The matrix element
with two derivatives, one acting on ψþ, the other one on
ψ̄ 0þ, can be parametrized integrating by parts either
Eq. (53a),

hM0ðv0Þjψ̄ 0þð−iD⃖αÞΓiD⃗βψþjMðvÞi
¼ ðΛ̃vα − Λ̃0v0αÞTr½ΣðbÞ

μβ M
0μΓM� − Tr½ΩðbÞ

μαβM
0μΓM�;

ð55Þ

or Eq. (53b),

hM0ðv0Þjψ̄ 0þð−iD⃖αÞΓiD⃗βψþjMðvÞi
¼ −ðΛ̃vβ − Λ̃0v0βÞTr½ΣðcÞ

μαM0μΓM� − Tr½ΩðcÞ
μαβM

0μΓM�:
ð56Þ

This gives
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ΩðbÞ
μαβ − ΩðcÞ

μαβ ¼ ðΛ̃vα − Λ̃0v0αÞΣðbÞ
μβ þ ðΛ̃vβ − Λ̃0v0βÞΣðcÞ

μα :

ð57Þ

To express the form factors in the effective theory we
have also to take into account the corrections from the
expansion of the states. They can be parametrized as

hM0ðv0Þji
Z

d4xT½J0ð0Þ;L1ðxÞ�jMðvÞi

¼ −
1

4mb

�
−
i
2

�
Tr½ϒðbÞ

2μαβM
0μΓPþσαβM�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

GðbÞ

−
1

2m2
b

Tr½ϒðbÞ
1μ M

0μΓM�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
KðbÞ

; ð58Þ

hM0ðv0Þji
Z

d4xT½J0ð0Þ;L0
1ðxÞ�jMðvÞi

¼ −
1

4mc

�
−
i
2

�
Tr½ϒðcÞ

2μαβM
0μσαβP0þΓM�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

GðcÞ

−
1

2m2
c
Tr½ϒðcÞ

1μ M
0μΓM�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

KðcÞ

; ð59Þ

where L1, L0
1 are given in (32) with mQ → mb;mc,

respectively. The functions ϒðQÞ have the general
expression

ϒðQÞ
1μ ¼ ϒðQÞ

1A vμ þϒðQÞ
1B γμ; ð60Þ

ϒðQÞ
2μαβ ¼ ϒðQÞ

2A ðgμαvβ − gμβvαÞ þϒðQÞ
2B ðgμαv0β − gμβv0αÞ þϒðQÞ

2C ðgμαγβ − gμβγαÞ
þϒðQÞ

2D vμðvαv0β − v0αvβÞ þϒðQÞ
2E vμðvαγβ − γαvβÞ þϒðQÞ

2F vμðv0αγβ − γαv0βÞ
þϒðQÞ

2G γμðvαv0β − v0αvβÞ þϒðQÞ
2H iðσμαvβ − σμβvαÞ þϒðQÞ

2I iðσμαv0β − σμβv0αÞ
þϒðQÞ

2J ivμσαβ: ð61Þ

Since the terms proportional to vα or vβ do not contribute to
GðbÞ, and those proportional to v0α or v0β do not contribute to

GðcÞ, we have: ϒðQÞ
2D ¼ ϒðQÞ

2G ¼ 0 (for Q ¼ c, b), ϒðcÞ
2B ¼

ϒðcÞ
2F ¼ ϒðcÞ

2I ¼ 0 and ϒðbÞ
2A ¼ ϒðbÞ

2E ¼ ϒðbÞ
2H ¼ 0.

With this set of relations, the form factors in Eqs. (2)–(5)
are expressed in terms of universal functions up to
Oð1=m2

QÞ. The formulas are collected in Appendix B.

V. RELATIONS AMONG FORM FACTORS

At the leading order all form factors in Bc → χc0;1;2; hc
matrix elements are expressed near zero recoil in terms of
the single function ΞðwÞ, see Appendix B. Increasing the
order of the expansion, relations among the form factors
can be worked out exploiting the results in Appendix C.
The expansion in the relative quark velocity ṽ involves a

large number of universal functions, which renders difficult
the derivations of the relations among form factors. It is
interesting to consider the various orders in 1=mQ. In
particular, at Oð1=mQÞ there are relations among form
factors in the same decay mode, in pairs of decay modes
and in more than two modes, near the zero-recoil point.
(1) Relations among the form factors in the same

channel
For the Bc → χci (i ¼ 0; 1; 2) and Bc → hc form

factors we have:

(a) Bc → χc0:

gTðwÞ ¼ −
1

wþ 1
½2g−ðwÞ þ gPðwÞ�: ð62Þ

(b) Bc → χc1:

gT2
ðwÞ ¼ −

1

2
½gV1

ðwÞ − ð1þ wÞgAðwÞ� ð63Þ

gT3
ðwÞ ¼ −

1

2ðw− 1Þ ½gV1
ðwÞ þ 4gV2

ðwÞ�

þ 1

2
gAðwÞ þ

1

w − 1
½gSðwÞ þ gT1

ðwÞ�
ð64Þ

with the condition

−
1

2
½gV1

ð1Þ þ 4gV2
ð1Þ� þ gSð1Þ þ gT1

ð1Þ ¼ 0:

ð65Þ

(c) Bc → χc2:

kT1
ðwÞ¼−wkVðwÞþkA2

ðwÞþwkA3
ðwÞþkPðwÞ

ð66Þ

SEMILEPTONIC Bc DECAYS TO P-WAVE CHARMONIUM … PHYS. REV. D 106, 094005 (2022)

094005-9



kT2
ðwÞ ¼ kVðwÞ − kA1

ðwÞ − kA2
ðwÞ

− wkA3
ðwÞ − kPðwÞ ð67Þ

kT3
ðwÞ ¼ −kVðwÞ þ kA3

ðwÞ: ð68Þ

(d) Bc → hc:

fT2
ðwÞ ¼ 1

2
½fV1

ðwÞ þ ð1þ wÞfAðwÞ� ð69Þ

fT3
ðwÞ¼ 1

2ðw−1Þ½fV1
ðwÞþ4fV2

ðwÞ�þ1

2
fAðwÞ

−
1

w−1
½fSðwÞ−fT1

ðwÞ� ð70Þ

with the condition

1

2
½fV1

ð1Þ þ 4fV2
ð1Þ� − ½fSð1Þ − fT1

ð1Þ� ¼ 0:

ð71Þ

(2) Relations among form factors of pairs of decay
channels
We have:

(a) Bc → χc0 and Bc → χc1:

ðwþ 1ÞgþðwÞ − ðw − 1Þg−ðwÞ þ gPðwÞ

¼ wþ 1ffiffiffi
6

p f2gV1
ðwÞ þ ðwþ 1ÞgV2

ðwÞ

− ðw − 1Þ½gV3
ðwÞ þ gAðwÞ�

− gSðwÞ þ 2gT1
ðwÞg: ð72Þ

(b) Bc → hc and Bc → χc1:

fV1
ðwÞ þ ðw − 1ÞfAðwÞ − 2fT1

ðwÞ
¼

ffiffiffi
2

p
fgV1

ðwÞ þ ðwþ 1ÞgV2
ðwÞ

− ðw − 1ÞgV3
ðwÞ − gSðwÞg ð73Þ

3fV1
ðwÞ þ 2ðwþ 1ÞfV2

ðwÞ − ðw − 1Þ½2fV3
ðwÞ

− fAðwÞ� − 2½fSðwÞ þ fT1
ðwÞ�

¼
ffiffiffi
2

p
fgV1

ðwÞ − ðw − 1ÞgAðwÞ þ 2gT1
ðwÞg:
ð74Þ

VI. PHENOMENOLOGY

We now discuss some consequences of the relations
found in the previous sections. We use mBc

¼ 6274.47

�0.28� 0.17 MeV, τBc
¼ 0.510� 0.009 ps, mχc0ð1PÞ ¼

3414.71� 0.30 MeV, mχc1ð1PÞ ¼ 3510.67� 0.05 MeV,
mχc2ð1PÞ ¼ 3556.17� 0.07 MeV, and mhcð1PÞ ¼ 3525.38
�0.11 MeV [33]. We first focus on the LO relations, then
on NLO, mainly considering the Standard Model. The form
factors are expressed in terms of universal functions in a
selected kinematic range, close to the zero recoil point
w ¼ 1. In the numerical analyses we extrapolate the
relations to the full kinematic range in the various
channels. The range is not wide (wmax ∼ 1.16–1.09 for
Bc → χc0, Bc → χc2 and light leptons or τ, wmax ∼
1.11–1.05 for 2P charmonia). This allows to get infor-
mation on the results in the full kinematical range. In
general, the extrapolation can be constrained by making
use of dispersive matrices, which allow to reconstruct the
form factors knowing their values in few kinematical
points [54]: the application of such methods is beyond the
purposes of the present study.
The LO relations obtained from the formulas in

appendix B connect all form factors of Bc transitions to
the P–wave charmonium 4-plet to the single function ΞðwÞ,
which is different for the Bc → 1P and the Bc → 2P
modes. In ratios of decay distributions, for the same
value of w the form factor dependence cancels out. The
ratios are depicted in Fig. 1 both for 1P and the 2P
channels, in the range of w common to all modes. For
the 2P mesons we use the masses mχc0ð2PÞ ¼ 3860 MeV
and mχc2ð2PÞ ¼ 3930 MeV [33], even though another
JPC ¼ 0þþ state is also reported by the Particle Data
Group, χc0ð3915Þ [33]. The results in the figure can be
understood considering the connection among the decay
distributions, holding at this order if the χci mass
differences are neglected:

2
dΓ
dw

ðBc → χc0lν̄lÞ þ
dΓ
dw

ðBc → χc1lν̄lÞ

−
dΓ
dw

ðBc → χc2lν̄lÞ ¼ 0: ð75Þ

Notice that this relation holds in the SM and also
including the full set of NP operators in the generalized
Hamiltonian (1) regardless of the Wilson coefficients ϵi.
A simple parametrization of the function ΞðwÞ involves

the intercept, slope, and curvature at the zero recoil
point,

ΞðwÞ ¼ Ξ0 þ Ξ1ðw − 1Þ þ Ξ2ðw − 1Þ2: ð76Þ

The three parameters Ξ0, Ξ1, Ξ2 can be constrained, namely
Ξ0 ∈ ½0.05; 1�, Ξ1 ∈ ½−1; 1� and Ξ2 ∈ ½−1; 1�, requiring
that the measurement BðB−

c → χc0π
−Þ¼ð2.4�0.9

0.8Þ×10−5

[33] is reproduced at 1σ by naive factorization.
Correlations between ratios of branching fractions are
found varying Ξ1=Ξ0 and Ξ2=Ξ0 in the selected regions.
We choose the same ranges also for 2P excitations in the
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final state. For the Bc transitions to the 1P charmonium
a negative (positive) correlation is found between the ratios
ΓðBc→χc2lν̄lÞ
ΓðBc→χc1lν̄lÞ and

ΓðBc→χc1lν̄lÞ
ΓðBc→χc0lν̄lÞ for l ¼ μðτÞ, as in fig. 2. There

are positive correlations also between the lepton flavor
universality ratios RðCÞ ¼ ΓðBc → Cτν̄τÞ=ΓðBc → Clν̄lÞ
which compare the decay rates to τ and to light leptons, see
Fig. 3. At the same LO, the results for Bc decays to the 2P
charmonium are shown in Figs. 1, 4, and 5, the behavior
expected for χc1ð3872Þ if it corresponds to χc1ð2PÞ.

The above results are independent of the function Ξ, a
benefit of the expansion of the form factors dominated by
the leading order. Including the NLO terms the phenom-
enology is more involved: nevertheless, the expansion
allows us to perform systematic analyses and improve-
ments. An important feature is that the obtained relations
connect the form factors to the matrix elements of operators
in the effective theory: they should be verified in explicit
calculations, and represent a testing ground for the various

FIG. 1. Ratios of decay distributions dΓðBc→χc1lν̄Þ=dw
dΓðBc→χc0lν̄Þ=dw (continuous blue line) and

dΓðBc→χc2lν̄Þ=dw
dΓðBc→χc1lν̄Þ=dw (dashed red line) in the Standard Model,

in the case l ¼ μ (left) and l ¼ τ (right) for the 1P (top row) and 2P final charmonia (bottom row), with the meson masses quoted in the
text. The LO relations among form factors are extrapolated to the full kinematical range.

FIG. 2. Correlations between the ratios of branching fractions BðBc→χc2lν̄Þ
BðBc→χc1lν̄Þ and

BðBc→χc1lν̄Þ
BðBc→χc0lν̄Þ for l ¼ μ (left) and l ¼ τ (right). The LO

expression of the form factors is considered, with ΞðwÞ parametrized as in Eq. (76).
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computations based on QCD methods. This is the case of
the relations among the form factors in the same channel,
such as (62) for JPC ¼ 0þþ, and (64), (67) for the JPC ¼
1þþ; 2þþ modes.
AtOð1=mQÞ, once the relations in Appendix C are taken

into account, the number of independent structures is 13 in
terms of universal functions. For χc0, χc1, hc the decay
distributions in SM are related for 1

Γ̃
dΓ
dw jw→1, with Γ̃ in (7).

The expressions only involve ΣðbÞ
χc1;1

and ΣðcÞ
χc1;1

defined in
Appendix B:

lim
w→1

1

Γ̃
dΓ
dw

ðBc → χc0lν̄lÞ ¼ 18m̂2
lðϵb þ ϵcÞ2½ΣðbÞ

χc1;1
ð1Þ�2

ð77Þ

lim
w→1

1

Γ̃
dΓ
dw

ðBc → χc1lν̄lÞ

¼ 12½2ð1 − r1Þ2 þ m̂2
l�½ϵbΣðbÞ

χc1;1
ð1Þ − ϵcΣ

ðcÞ
χc1;1

ð1Þ�2
ð78Þ

lim
w→1

1

Γ̃
dΓ
dw

ðBc → hclν̄lÞ

¼ 6½2ð1 − rhÞ2 þ m̂2
l�½ðϵb − ϵcÞΣðbÞ

χc1;1
ð1Þ

þ 2ϵcΣ
ðcÞ
χc1;1

ð1Þ�2: ð79Þ

Such relations also hold for the decays into the 2P
resonances, and can be used to compare the mode involving
χc1ð3872Þ to other modes in the 2P 4-plet. Admittedly, this
is a difficult measurement.
As for the NP extension in Eq. (1) with the pseudoscalar

and tensor operators included, the form factors parametriz-
ing the scalar and tensor matrix elements give contributions
related to the SM ones as in Eq. (62), a useful connection
for phenomenological analyses.
Other improvements are possible if reliable results are

available even for a single form factor. As shown in [18]
using input from lattice NRQCD, details on a form factor
can be employed to get information on universal functions,
predicting other form factors and establishing connections
among observables.

FIG. 4. Correlation between ratios of branching fractions of Bc decays to 2P charmonia and l ¼ μ (left), l ¼ τ (right), with the LO
expression of the form factors and ΞðwÞ parametrized in Eq. (76).

FIG. 3. Correlations between lepton flavor universality ratios
Rðχc0;2Þ and RðhcÞ with Rðχc1Þ in the SM. The LO expression of
the form factors is considered, withΞðwÞ parametrized in Eq. (76).

FIG. 5. Correlations between lepton flavor universality ratios
Rðχc0;2ð2PÞÞ with Rðχc1ð2PÞÞ in the SM. The LO expression of
the form factors is considered, withΞðwÞ parametrized in Eq. (76).
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VII. CONCLUSIONS

We have derived the expressions of the form factors of
the semileptonic Bc decays to the P-wave charmonium 4-
plet as an expansion in the relative velocity of the heavy
quarks in the charmonium and of 1=mQ. The expressions
involve universal functions, independent of the specific
channel, and allow to connect different modes. They are a
testing ground for explicit calculations of the form factors
and can be used in studying LFU ratios and the effects of

SM extensions. They are useful in analyzing the semi-
leptonic Bc decays to the 2P charmonia: the comparison of
measurements of Bc transitions to χc1ð3872Þ with other
states in the 2P charmonium 4-plet is a tool to gain new
information on the nature of Xð3872Þ.
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APPENDIX A: ANOTHER PARAMETRIZATION OF THE Bc → χ c0;1;2 AND Bc → hc MATRIX ELEMENTS

For the sake of completeness we report another parametrization of the Bc → χc0;1;2 and Bc → hc matrix elements in terms
of form factors, often used in the literature:

hSðp0Þjc̄γμγ5bjBcðpÞi ¼ fS0ðq2Þ
m2

Bc
−m2

S

q2
qμ þ fSþðq2Þ

�
pμ þ p0μ −

m2
Bc

−m2
S

q2
qμ
�
;

hSðp0Þjc̄σμνbjBcðpÞi ¼ −
2fSTðq2Þ
mBc

þmS
εμνρσpρp0

σ;

hSðp0Þjc̄σμνγ5bjBcðpÞi ¼ −i
2fSTðq2Þ
mBc

þmS
ðpμp0ν − pνp0μÞ; ðA1Þ

hAðp0; ϵÞjc̄γμbjBcðpÞi ¼ −i
�
2mAAA

0 ðq2Þ
ϵ� · q
q2

qμ þ ðmBc
þmAÞAA

1 ðq2Þ
�
ϵ�μ −

ϵ� · q
q2

qμ
�

− AA
2 ðq2Þ

ϵ� · q
mBc

þmA

�
pμ þ p0μ −

m2
Bc

−m2
A

q2
qμ
��

;

hAðp0; ϵÞjc̄γμγ5bjBcðpÞi ¼
2VAðq2Þ
mBc

þmA
εμνρσϵ�νp0

ρpσ;

hAðp0; ϵÞjc̄σμνbjBcðpÞi ¼ iTA
0 ðq2Þ

ϵ� · q
ðmBc

þmAÞ2
ðpμp0ν − pνp0μÞ þ iTA

1 ðq2Þðpμϵ�ν − ϵ�μpνÞ þ iTA
2 ðq2Þðp0μϵ�ν − ϵ�μp0νÞ;

hAðp0; ϵÞjc̄σμνγ5bjBcðpÞi ¼ TA
0 ðq2Þ

ϵ� · q
ðmBc

þmAÞ2
εμναβpαp0

β þ TA
1 ðq2Þεμναβpαϵ

�
β þ TA

2 ðq2Þεμναβp0
αϵ

�
β; ðA2Þ

hTðp0; ηÞjc̄γμbjBcðpÞi ¼
2VTðq2Þ

mBc
ðmBc

þmTÞ
εμνρση�ναp0

ρpσqα;

hTðp0; ηÞjc̄γμγ5bjBcðpÞi ¼
�
2mTAT

0 ðq2Þ
η�αβqβ
q2

qμ þ ðmBc
þmTÞAT

1 ðq2Þ
�
η�μα −

η�αβqβ
q2

qμ
�

− AT
2 ðq2Þ

η�αβqβ
mBc

þmT

�
pμ þ p0μ −

m2
Bc

−m2
T

q2
qμ
��

−iqα
mBc

;

hTðp0; ηÞjc̄σμνbjBðpÞi ¼
�
TT
0 ðq2Þ

η�ρτqρ

ðmBc
þmTÞ2

εμναβp0
αpβ þ TT

1 ðq2Þεμναβη�ατpβ þ TT
2 ðq2Þεμναβη�ατp0

β

�
qτ

mBc

;

hTðp0; ηÞjc̄σμνγ5bjBðpÞi ¼
�
TT
0 ðq2Þ

η�αβqα
ðmBc

þmTÞ2
ðpμp0ν − pνp0μÞ

þ TT
1 ðq2Þðpμη�νβ − η�μβpνÞ þ TT

2 ðq2Þðp0μη�νβ − η�μβp0νÞ
�
−iqβ
mBc

: ðA3Þ

In Eqs. (A1)–(A3) we denote S ¼ χc0 , A ¼ χc1 ,hc, and T ¼ χc2 . The conditions
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fS0ð0Þ ¼ fSþð0Þ

AAðTÞ
0 ð0Þ ¼ mB þmAðTÞ

2mAðTÞ
AAðTÞ
1 ð0Þ −mB −mAðTÞ

2mAðTÞ
AAðTÞ
2 ð0Þ ðA4Þ

remove the singularity at q2 ¼ 0.

APPENDIX B: FORM FACTORS IN TERMS OF UNIVERSAL FUNCTIONS AT Oð1=m2
QÞ

In this Appendix we collect the relations between the form factors in Eqs. (2)–(5) and those expressed in the effective

theory at Oð1=m2
QÞ. We define ϵbðcÞ ¼ 1

2mbðcÞ
and ΩðQÞ;mix

i ¼ ΩðbÞ;mix
i þ ΩðcÞ;mix

i (for i ¼ 0, 1, 2), with Ωðb;cÞ;mix
i given below.

1. Bc → χ c0
We define:

ΣðbÞ
χc0 ¼ ð2þ wÞΣðbÞ

1 þ ðw2 − 1ÞΣðbÞ
3 − 3ðw − 1Þ½ΣðbÞ

4 þ ΣðbÞ
6 � − ðw − 7ÞΣðbÞ

7 ; ðB1Þ

ΣðcÞ
χc0 ¼ 3ΣðcÞ

1 − ðw2 − 1ÞΣðcÞ
2 − ðw − 1Þ½ΣðcÞ

4 − 3ΣðcÞ
5 � þ 6ΣðcÞ

7 ; ðB2Þ

ΩðbÞ
χc0 ¼ ðwþ 2Þ½ΩðbÞ

3 þ wΩðbÞ
5 −ΩðbÞ

8 � þ ðw2 − 1Þ½ΩðbÞ
4 þΩðbÞ

10 þ wΩðbÞ
12 −ΩðbÞ

18 �
− 3ðw − 1Þ½ΩðbÞ

6 þ ΩðbÞ
13 þ wΩðbÞ

16 þ ΩðbÞ
17 þ wΩðbÞ

20 þΩðbÞ
22 � þ ðw − 7Þ½ΩðbÞ

23 þ wΩðbÞ
25 � − ðw − 1Þðw − 2ÞΩðbÞ

24 ; ðB3Þ

ΩðcÞ
χc0 ¼ −3½wΩðcÞ

1 þΩðcÞ
4 −ΩðcÞ

6 þ 2wΩðcÞ
21 þ 2ΩðcÞ

24 � þ ðw2 − 1Þ½wΩðcÞ
9 þ Ωc

10 −ΩðcÞ
13 �

þ ðw − 1Þ½wΩðcÞ
14 − 3wΩðcÞ

15 − 3ΩðcÞ
17 þ ΩðcÞ

18 þ ΩðcÞ
22 þ 3ΩðcÞ

23 �; ðB4Þ

ΩðQÞ;mix
χc0 ¼ ðwþ 1Þðw − 2ÞΩðQÞ

2 þ ðwþ 1Þðwþ 2ÞΩðQÞ
3 − 3ðwþ 1Þ½ΩðQÞ

4 þ 2ΩQ
24� þ 9ΩðQÞ

6

− ðw − 2Þ½3ΩðQÞ
7 −ΩðQÞ

8 � þ ðw − 1Þðwþ 1Þ2ΩðQÞ
10 − ðw2 − 1Þ½3ΩðQÞ

13 þ 3ΩðQÞ
17 −ΩðQÞ

18 �
− ðwþ 1Þ2ΩðQÞ

22 þ ðwþ 1Þðw − 7ÞΩðQÞ
23 ; ðB5Þ

ϒðbÞ
2;χc0

¼ ðwþ 1Þ½2ϒðbÞ
2B þ 2ðw − 1ÞϒðbÞ

2F þ 4ϒðbÞ
2I þ 3ϒðbÞ

2J � þ 2ðw − 2ÞϒðbÞ
2C ; ðB6Þ

ϒðcÞ
2;χc0

¼ ðwþ 1Þ½2ϒðcÞ
2A þ 2ðw − 1ÞϒðcÞ

2E þ 4ϒðcÞ
2H −ϒðcÞ

2J � − 6ϒðcÞ
2C: ðB7Þ

Using these definitions we obtain the expressions of the form factors in terms of universal functions:

gþ ¼ −
1ffiffiffi
3

p ½ϵbΣðbÞ
χc0 þ ϵcΣ

ðcÞ
χc0 � þ

1ffiffiffi
3

p ½ϵ2bΩðbÞ
χc0 − ϵ2cΩ

ðcÞ
χc0 �; ðB8Þ

g− ¼ wþ 1ffiffiffi
3

p Ξþ 1

2
ffiffiffi
3

p ½ϵbϒðbÞ
2;χc0

þ ϵcϒ
ðcÞ
2;χc0

� þ 2ffiffiffi
3

p ½ϵ2b½ðwþ 1ÞϒðbÞ
1A − 3ϒðbÞ

1B � þ ϵ2c½ðwþ 1ÞϒðcÞ
1A − 3ϒðcÞ

1B ��

þ 1

2
ffiffiffi
3

p ϵbϵc½ðwþ 1ÞðΛ̃ΣðbÞ
χc0 − Λ̃0ΣðcÞ

χc0Þ −ΩðQÞ;mix
χc0 �; ðB9Þ

gP ¼ w2 − 1ffiffiffi
3

p Ξ −
wþ 1ffiffiffi

3
p ½ϵbΣðbÞ

χc0 − ϵcΣ
ðcÞ
χc0 � þ

w − 1

2
ffiffiffi
3

p ½ϵbϒðbÞ
2;χc0

þ ϵcϒ
ðcÞ
2;χc0

�

þ 2ðw − 1Þffiffiffi
3

p ½ϵ2b½ðwþ 1ÞϒðbÞ
1A − 3ϒðbÞ

1B � þ ϵ2c½ðwþ 1ÞϒðcÞ
1A − 3ϒðcÞ

1B ��

þ wþ 1ffiffiffi
3

p ½ϵ2bΩðbÞ
χc0 þ ϵ2cΩ

ðcÞ
χc0 � −

w − 1

2
ffiffiffi
3

p ϵbϵc½ðwþ 1ÞðΛ̃ΣðbÞ
χc0 − Λ̃0ΣðcÞ

χc0Þ −ΩðQÞ;mix
χc0 �; ðB10Þ
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gT ¼ −
wþ 1ffiffiffi

3
p Ξþ 1ffiffiffi

3
p ½ϵbΣðbÞ

χc0 − ϵcΣ
ðcÞ
χc0 � −

1

2
ffiffiffi
3

p ½ϵbϒðbÞ
2;χc0

þ ϵcϒ
ðcÞ
2;χc0

�

−
2ffiffiffi
3

p ½ϵ2b½ðwþ 1ÞϒðbÞ
1A − 3ϒðbÞ

1B � þ ϵ2c½ðwþ 1ÞϒðcÞ
1A − 3ϒðcÞ

1B ��

−
1ffiffiffi
3

p ½ϵ2bΩðbÞ
χc0 þ ϵ2cΩ

ðcÞ
χc0 � þ

1

2
ffiffiffi
3

p ϵbϵc½ðwþ 1ÞðΛ̃ΣðbÞ
χc0 − Λ̃0ΣðcÞ

χc0Þ − ΩðQÞ;mix
χc0 �: ðB11Þ

2. Bc → χ c1
We define:

ΣðbÞ
χc1;1

¼ ΣðbÞ
1 − ðw − 1ÞΣðbÞ

6 þ 2ΣðbÞ
7 ; ðB12Þ

ΣðbÞ
χc1;2

¼ ΣðbÞ
1 þ ðwþ 1ÞΣðbÞ

3 − 3ΣðbÞ
4 − ΣðbÞ

7 ; ðB13Þ

ΣðcÞ
χc1;1

¼ ΣðcÞ
1 − ðw − 1ÞΣðcÞ

5 ; ðB14Þ

ΣðcÞ
χc1;2

¼ ðwþ 1ÞΣðcÞ
2 − ΣðcÞ

4 − 4ΣðcÞ
5 ; ðB15Þ

ΩðbÞ
χc1;1

¼ −ΩðbÞ
3 − wΩðbÞ

5 þ ΩðbÞ
8 þ ðw − 1Þ½ΩðbÞ

17 þ wΩðbÞ
20 −ΩðbÞ

24 � þ 2ΩðbÞ
23 þ 2wΩðbÞ

25 ; ðB16Þ

ΩðbÞ
χc1;2

¼ ΩðbÞ
3 þ ðwþ 1Þ½ΩðbÞ

4 þΩðbÞ
10 þ wΩðbÞ

12 −ΩðbÞ
18 −ΩðbÞ

24 �
þ wΩðbÞ

5 − 3ΩðbÞ
6 −ΩðbÞ

8 − 3ΩðbÞ
13 − 3wΩðbÞ

16 − 3ΩðbÞ
22 þ ΩðbÞ

23 þ wΩðbÞ
25 ; ðB17Þ

ΩðcÞ
χc1;1

¼ wΩðcÞ
1 þ ΩðcÞ

4 − ΩðcÞ
6 − ðw − 1Þ½wΩðcÞ

15 þ ΩðcÞ
17 − ΩðcÞ

23 �; ðB18Þ

ΩðcÞ
χc1;2

¼ −ðwþ 1Þ½wΩðcÞ
9 þ ΩðcÞ

10 −ΩðcÞ
13 � þ w½ΩðcÞ

14 þ 4ΩðcÞ
15 �

þ 4ΩðcÞ
17 þ ΩðcÞ

18 þΩðcÞ
22 − 4ΩðcÞ

23 ; ðB19Þ

ΩðQÞ;mix
χc1;1

¼ ðwþ 1Þ½ΩðQÞ
3 þ ΩðQÞ

4 − 2ΩðQÞ
23 � − 3ΩðQÞ

6 − ðwþ 2ÞΩðQÞ
7 −ΩðQÞ

8 − ðw2 − 1ÞΩQ
17; ðB20Þ

ΩðQÞ;mix
χc1;2

¼ wΩðQÞ
2 þ ðwþ 3ÞΩðQÞ

3 − 4ΩðQÞ
7 − ΩðQÞ

8 þ ðw2 − 1ÞΩðQÞ
10

− ðw − 1Þ½3ΩðQÞ
13 þ 4ΩðQÞ

17 þ ΩðQÞ
18 � − ðw − 3ÞΩðQÞ

22 þ ðw − 9ÞΩðQÞ
23 ; ðB21Þ

ϒðbÞ
2;χc1;1

¼ ð1þ wÞ½ϒðbÞ
2B þϒðbÞ

2I � − 2ϒðbÞ
2C ; ðB22Þ

ϒðbÞ
2;χc1;2

¼ ϒðbÞ
2B − 2ϒðbÞ

2C − 2ðw − 1ÞϒðbÞ
2F −ϒðbÞ

2I − 3ϒðbÞ
2J ; ðB23Þ

ϒðcÞ
2;χc1;1

¼ ϒðcÞ
2A þϒðcÞ

2H; ðB24Þ

ϒðcÞ
2;χc1;2

¼ 3ϒðcÞ
2A þϒðcÞ

2H −ϒðcÞ
2J : ðB25Þ

With these definitions, we express the form factors in terms of universal functions:
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gV1
¼ w2 − 1ffiffiffi

2
p Ξ −

wþ 1ffiffiffi
2

p ½ϵb½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − ϵc½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

��

þ w − 1

2
ffiffiffi
2

p ½ϵb½2ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

� − ϵcðwþ 1Þ½2ϒðcÞ
2;χc1;1

−ϒðcÞ
2;χc1;2

��

þ
ffiffiffi
2

p
ðw − 1Þ½ϵ2b½ðwþ 1ÞϒðbÞ

1A − 2ϒðbÞ
1B Þ� þ ϵ2c½ðwþ 1ÞϒðcÞ

1A − 2ϒðcÞ
1B ��

−
wþ 1ffiffiffi

2
p ½ϵ2b½2ΩðbÞ

χc1;1
− ðw − 1ÞΩðbÞ

χc1;2
� þ ϵ2c½2ΩðcÞ

χc1;1
þ ðw − 1ÞΩðcÞ

χc1;2
��

−
w − 1

2
ffiffiffi
2

p ϵbϵc½ðwþ 1ÞðΛ̃½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − Λ̃0½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

�Þ

þ ½2ΩðQÞ;mix
χc1;1

− ðwþ 1ÞΩðQÞ;mix
χc1;2

��; ðB26Þ

gV2
¼ −

w − 1

2
ffiffiffi
2

p Ξþ 1

2
ffiffiffi
2

p ½ϵb½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − ϵc½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

��

−
1

4
ffiffiffi
2

p ½ϵb½2ϒðbÞ
2;χc1;1

− ðw − 1ÞϒðbÞ
2;χc1;2

� − ϵc½2ðwþ 1ÞϒðcÞ
2;χc1;1

− ðw − 1ÞϒðcÞ
2;χc1;2

��

−
1ffiffiffi
2

p ½ϵ2b½ðw − 1ÞϒðbÞ
1A − 2ϒðbÞ

1B � þ ϵ2c½ðw − 1ÞϒðcÞ
1A − 2ϒðcÞ

1B ��

þ 1

2
ffiffiffi
2

p ½ϵ2b½2ΩðbÞ
χc1;1

− ðw − 1ÞΩðbÞ
χc1;2

� þ ϵ2c½2ΩðcÞ
χc1;1

þ ðw − 1ÞΩðcÞ
χc1;2

��

þ 1

4
ffiffiffi
2

p ϵbϵc½Λ̃½2ðw − 3ÞΣðbÞ
χc1;1

þ ðw − 1Þ2ΣðbÞ
χc1;2

� − Λ̃0½2ðwþ 1ÞΣðcÞ
χc1;1

− ðw − 1Þ2ΣðcÞ
χc1;2

�

þ ½2ΩðQÞ;mix
χc1;1

− ðw − 1ÞΩðQÞ;mix
χc1;2

��; ðB27Þ

gV3
¼ wþ 1

2
ffiffiffi
2

p Ξ −
1

2
ffiffiffi
2

p ½ϵb½2ΣðbÞ
χc1;1

þ ðwþ 1ÞΣðbÞ
χc1;2

� − ϵc½2ΣðcÞ
χc1;1

− ðwþ 1ÞΣðcÞ
χc1;2

��

þ 1

4
ffiffiffi
2

p ½ϵb½2ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

� − ϵcðwþ 1Þ½2ϒðcÞ
2;χc1;1

−ϒðcÞ
2;χc1;2

��

þ 1ffiffiffi
2

p ½ϵ2b½ðwþ 1ÞϒðbÞ
1A − 2ϒðbÞ

1B � þ ϵ2c½ðwþ 1ÞϒðcÞ
1A − 2ϒðcÞ

1B ��

−
1

2
ffiffiffi
2

p ½ϵ2b½2ΩðbÞ
χc1;1

− ðwþ 1ÞΩðbÞ
χc1;2

� þ ϵ2c½2ΩðcÞ
χc1;1

þ ðwþ 1ÞΩðcÞ
χc1;2

��

−
1

4
ffiffiffi
2

p ϵbϵc½ðwþ 1ÞðΛ̃½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − Λ̃0½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

�Þ

þ ½2ΩðQÞ;mix
χc1;1

− ðwþ 1ÞΩðQÞ;mix
χc1;2

��; ðB28Þ

gA ¼ wþ 1ffiffiffi
2

p Ξ −
1ffiffiffi
2

p ½ϵb½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − ϵc½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

��

þ 1

2
ffiffiffi
2

p ½ϵb½2ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

� − ϵcðwþ 1Þ½2ϒðcÞ
2;χc1;1

−ϒðcÞ
2;χc1;2

��

þ
ffiffiffi
2

p
½ϵ2b½ðwþ 1ÞϒðbÞ

1A − 2ϒðbÞ
1B � þ ϵ2c½ðwþ 1ÞϒðcÞ

1A − 2ϒðcÞ
1B ��

−
1ffiffiffi
2

p ½ϵ2b½2ΩðbÞ
χc1;1

− ðw − 1ÞΩðbÞ
χc1;2

� þ ϵ2c½2ΩðcÞ
χc1;1

þ ðw − 1ÞΩðcÞ
χc1;2

��

−
1

2
ffiffiffi
2

p ϵbϵc½ðwþ 1ÞðΛ̃½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − Λ̃0½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

�Þ�

þ ð2ΩðQÞ;mix
χc1;1

− ðwþ 1ÞΩðQÞ;mix
χc1;2

Þ�; ðB29Þ
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gS ¼
ffiffiffi
2

p
½ϵbΣðbÞ

χc1;1
þ ϵcΣ

ðcÞ
χc1;1

� − 1ffiffiffi
2

p ½ϵbϒðbÞ
2;χc1;1

− ϵcðwþ 1ÞϒðcÞ
2;χc1;1

�

þ 2
ffiffiffi
2

p
½ϵ2bϒðbÞ

1B þ ϵ2cϒ
ðcÞ
1B � þ

ffiffiffi
2

p
½ϵ2bΩðbÞ

χc1;1
− ϵ2cΩ

ðcÞ
χc1;1

�

þ 1ffiffiffi
2

p ϵbϵc½ðwþ 1ÞðΛ̃ΣðbÞ
χc1;1

þ Λ̃0ΣðcÞ
χc1;1

Þ −ΩðQÞ;mix
χc1;1

�; ðB30Þ

gT1
¼ −

1ffiffiffi
2

p ½ϵb½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� þ ϵc½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

��

−
1ffiffiffi
2

p ½ϵ2b½2ΩðbÞ
χc1;1

− ðw − 1ÞΩðbÞ
χc1;2

� − ϵ2c½2ΩðcÞ
χc1;1

þ ðw − 1ÞΩðcÞ
χc1;2

��; ðB31Þ

gT2
¼ wþ 1ffiffiffi

2
p Ξþ 1

2
ffiffiffi
2

p ½ϵb½2ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

� − ϵcðwþ 1Þ½2ϒðcÞ
2;χc1;1

−ϒðcÞ
2;χc1;2

��

þ
ffiffiffi
2

p
½ϵ2b½ðwþ 1ÞϒðbÞ

1A − 2ϒðbÞ
1B � þ ϵ2c½ðwþ 1ÞϒðcÞ

1A − 2ϒðcÞ
1B ��

þ 1

2
ffiffiffi
2

p ϵbϵc½ðwþ 1ÞðΛ̃½2ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� − Λ̃0½2ΣðcÞ
χc1;1

− ðw − 1ÞΣðcÞ
χc1;2

�Þ

þ ½2ΩðQÞ;mix
χc1;1

− ðwþ 1ÞΩðQÞ;mix
χc1;2

��; ðB32Þ

gT3
¼ 1ffiffiffi

2
p Ξ −

1ffiffiffi
2

p ½ϵbΣðbÞ
χc1;2

− ϵcΣ
ðcÞ
χc1;2

� − 1

2
ffiffiffi
2

p ½ϵbϒðbÞ
2;χc1;2

− ϵcϒ
ðcÞ
2;χc1;2

�

þ
ffiffiffi
2

p
½ϵ2bϒðbÞ

1A þ ϵ2cϒ
ðcÞ
1A � þ

1ffiffiffi
2

p ½ϵ2bΩðbÞ
χc1;2

þ ϵ2cΩ
ðcÞ
χc1;2

�

þ 1

2
ffiffiffi
2

p ϵbϵc½Λ̃½4ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1;2

� þ Λ̃0ðw − 1ÞΣðcÞ
χc1;2

−ΩðQÞ;mix
χc1;2

�: ðB33Þ

3. Bc → χ c2
We define:

ΣðbÞ
χc2 ¼ ΣðbÞ

1 þ ðwþ 1ÞΣðbÞ
3 − 3ΣðbÞ

4 − ΣðbÞ
7 ; ðB34Þ

ΣðcÞ
χc2;1

¼ ðwþ 1ÞΣðcÞ
2 − ΣðcÞ

4 ; ðB35Þ

ΣðcÞ
χc2;2

¼ ðwþ 1ÞΣðcÞ
2 þ ΣðcÞ

4 ; ðB36Þ

ΩðbÞ
χc2 ¼ ΩðbÞ

3 þ ðwþ 1Þ½ΩðbÞ
4 þ ΩðbÞ

10 þ wΩðbÞ
12 − ΩðbÞ

18 −ΩðbÞ
24 � þ wΩðbÞ

5

− 3½ΩðbÞ
6 þ ΩðbÞ

13 þ wΩðbÞ
16 þ ΩðbÞ

22 � − ΩðbÞ
8 þ ΩðbÞ

23 þ wΩðbÞ
25 ; ðB37Þ

ΩðcÞ
χc2;1

¼ −ðwþ 1Þ½wΩðcÞ
9 þΩðcÞ

10 −ΩðcÞ
13 � þ wΩðcÞ

14 þ ΩðcÞ
18 þΩðcÞ

22 ; ðB38Þ

ΩðcÞ
χc2;2

¼ ðwþ 1Þ½wΩðcÞ
9 þ ΩðcÞ

10 − ΩðcÞ
13 � þ wΩðcÞ

14 þΩðcÞ
18 þ ΩðcÞ

22 ; ðB39Þ

ΩðQÞ;mix
χc2;1

¼ ΩðQÞ
8 − wΩðQÞ

2 þ ð1 − wÞ½ΩðQÞ
3 þ ð1þ wÞΩðQÞ

10 − 3ΩðQÞ
13 − ΩðQÞ

18 þΩðQÞ
23 � þ ðw − 3ÞΩðQÞ

22 ; ðB40Þ

ΩðQÞ;mix
χc2;2

¼ −ΩðQÞ
8 þ ð2 − wÞΩðQÞ

2 þ ð1 − wÞ½ΩðQÞ
3 þ ð1þ wÞΩðQÞ

10 − 3ΩðQÞ
13 þ ΩðQÞ

18 þΩðQÞ
23 � þ ð1þ wÞΩðQÞ

22 ; ðB41Þ

ϒðbÞ
2;χc2

¼ ϒðbÞ
2B − 2ϒðbÞ

2C − 2ðw − 1ÞϒðbÞ
2F −ϒðbÞ

2I − 3ϒðbÞ
2J ; ðB42Þ
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ϒðcÞ
2;χc2;1

¼ ϒðcÞ
2A −ϒðcÞ

2H þϒðcÞ
2J ; ðB43Þ

ϒðcÞ
2;χc2;2

¼ ϒðcÞ
2A − 2ðw − 1ÞϒðcÞ

2E −ϒðcÞ
2H þϒðcÞ

2J : ðB44Þ

With these definitions the form factors are expressed in terms of universal functions:

kV ¼ −Ξþ ½ϵbΣðbÞ
χc2

þ ϵcΣ
ðcÞ
χc2 ;1

� þ 1

2
½ϵbϒðbÞ

2;χc2
þ ϵcϒ

ðcÞ
2;χc2 ;1

� − 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

− ½ϵ2bΩðbÞ
χc2

− ϵ2cΩ
ðcÞ
χc2 ;1

� þ 1

2
ϵbϵc½ðw − 1ÞðΛ̃ΣðbÞ

χc2
þ Λ̃0ΣðcÞ

χc2 ;1
Þ þ ΩðQÞ;mix

χc2 ;1
�; ðB45Þ

kA1
¼ ðwþ 1ÞΞ − ðw − 1Þ½ϵbΣðbÞ

χc2
þ ϵcΣ

ðcÞ
χc2 ;1

� − wþ 1

2
½ϵbϒðbÞ

2;χc2
þ ϵcϒ

ðcÞ
2;χc2 ;1

� þ 2ðwþ 1Þ½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

þ ðw − 1Þ½ϵ2bΩðbÞ
χc2

− ϵ2cΩ
ðcÞ
χc2 ;1

� − wþ 1

2
ϵbϵc½ðw − 1ÞðΛ̃ΣðbÞ

χc2
þ Λ̃0ΣðcÞ

χc2 ;1
Þ þΩðQÞ;mix

χc2 ;1
�; ðB46Þ

kA2
¼ −

ϵc
wþ 1

½ΣðcÞ
χc2 ;1

þ ΣðcÞ
χc2 ;2

� − ϵc
2ðw − 1Þ ½ϒ

ðcÞ
2;χc2 ;1

−ϒðcÞ
2;χc2 ;2

� − ϵ2c
wþ 1

½ΩðcÞ
χc2 ;1

− ΩðcÞ
χc2 ;2

�

−
ϵbϵc

2ðw − 1Þ ½ðw − 1Þð2Λ̃ΣðbÞ
χc2

þ Λ̃0ðΣðcÞ
χc2 ;1

þ ΣðcÞ
χc2 ;2

ÞÞ þ ΩðQÞ;mix
χc2 ;1

þ ΩðQÞ;mix
χc2 ;2

�; ðB47Þ

kA3
¼ −Ξþ

�
ϵbΣ

ðbÞ
χc2

þ ϵc
wþ 1

ðwΣðcÞ
χc2 ;1

− ΣðcÞ
χc2 ;2

Þ
�
þ 1

2

�
ϵbϒ

ðbÞ
2;χc2

þ ϵc
w − 1

ðwϒðcÞ
2;χc2 ;1

−ϒðcÞ
2;χc2 ;2

Þ
�

− 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A � −

�
ϵ2bΩ

ðbÞ
χc2

−
ϵ2c

wþ 1
ðwΩðcÞ

χc2 ;1
þ ΩðcÞ

χc2 ;2
Þ
�

þ ϵbϵc
2ðw − 1Þ ½ðw − 1Þððwþ 1ÞΛ̃ΣðbÞ

χc2
þ Λ̃0ðwΣðcÞ

χc2 ;1
þ ΣðcÞ

χc2 ;2
ÞÞ þ wΩðQÞ;mix

χc2 ;1
þΩðQÞ;mix

χc2 ;2
�; ðB48Þ

kP ¼ −Ξþ ½ϵbΣðbÞ
χc2

þ ϵcΣ
ðcÞ
χc2 ;2

� þ 1

2
½ϵbϒðbÞ

2;χc2
þ ϵcϒ

ðcÞ
2;χc2 ;2

� − 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

− ½ϵ2bΩðbÞ
χc2

þ ϵ2cΩ
ðcÞ
χc2 ;2

� þ 1

2
ϵbϵc½ðw − 1ÞðΛ̃ΣðbÞ

χc2
þ Λ̃0ΣðcÞ

χc2 ;2
Þ þΩðQÞ;mix

χc2 ;2
�; ðB49Þ

kT1
¼ −Ξþ ½ϵbΣðbÞ

χc2
− ϵcΣ

ðcÞ
χc2 ;1

� þ 1

2
½ϵbϒðbÞ

2;χc2
þ ϵcϒ

ðcÞ
2;χc2 ;1

� − 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

− ½ϵ2bΩðbÞ
χc2

þ ϵ2cΩ
ðcÞ
χc2 ;1

� − 1

2
ϵbϵc½ðw − 1ÞðΛ̃ΣðbÞ

χc2
þ Λ̃0ΣðcÞ

χc2 ;1
Þ þ ΩðQÞ;mix

χc2 ;1
�; ðB50Þ

kT2
¼ −Ξ − ½ϵbΣðbÞ

χc2
− ϵcΣ

ðcÞ
χc2 ;1

� þ 1

2
½ϵbϒðbÞ

2;χc2
þ ϵcϒ

ðcÞ
2;χc2 ;1

� − 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

þ ½ϵ2bΩðbÞ
χc2

þ ϵ2cΩ
ðcÞ
χc2 ;1

� − 1

2
ϵbϵc½ðw − 1ÞðΛ̃ΣðbÞ

χc2
þ Λ̃0ΣðcÞ

χc2 ;1
Þ þ ΩðQÞ;mix

χc2 ;1
�; ðB51Þ

kT3
¼ −

ϵc
wþ 1

½ΣðcÞ
χc2 ;1

þ ΣðcÞ
χc2 ;2

� þ ϵc
2ðw − 1Þ ½ϒ

ðcÞ
2;χc2 ;1

−ϒðcÞ
2;χc2 ;2

� − ϵ2c
wþ 1

½ΩðcÞ
χc2 ;1

−ΩðcÞ
χc2 ;2

�

−
ϵbϵc

2ðw − 1Þ ½ðw − 1Þð2Λ̃ΣðbÞ
χc2

þ Λ̃0ðΣðcÞ
χc2 ;1

þ ΣðcÞ
χc2 ;2

ÞÞ þΩðQÞ;mix
χc2 ;1

þΩðQÞ;mix
χc2 ;2

�: ðB52Þ
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4. Bc → hc
We define:

ΣðbÞ
hc;1

¼ wΣðbÞ
1 þ ðw2 − 1ÞΣðbÞ

3 − ðw − 1Þ½3ΣðbÞ
4 þ ΣðbÞ

6 � − ðw − 3ÞΣðbÞ
7 ; ðB53Þ

ΣðbÞ
hc;2

¼ ΣðbÞ
1 þ ðwþ 1ÞΣðbÞ

3 − 3ΣðbÞ
4 − ΣðbÞ

7 ; ðB54Þ

ΣðcÞ
hc;1

¼ ΣðcÞ
1 − ðw2 − 1ÞΣðcÞ

2 þ ðw − 1Þ½3ΣðcÞ
4 þ ΣðcÞ

5 � − 2ΣðcÞ
7 ; ðB55Þ

ΣðcÞ
hc;2

¼ ðwþ 1ÞΣðcÞ
2 − 3ΣðcÞ

4 − 2ΣðcÞ
5 ; ðB56Þ

ΩðbÞ
hc;1

¼ w½ΩðbÞ
3 þ wΩðbÞ

5 −ΩðbÞ
8 � þ ðw2 − 1Þ½ΩðbÞ

4 þΩðbÞ
10 þ wΩðbÞ

12 −ΩðbÞ
18 �

− ðw − 1Þ½3ΩðbÞ
6 þ 3ΩðbÞ

13 þ 3wΩðbÞ
16 þΩðbÞ

17 þ wΩðbÞ
20 þ 3ΩðbÞ

22 þ wΩðbÞ
24 �

þ ðw − 3Þ½ΩðbÞ
23 þ wΩðbÞ

25 �; ðB57Þ

ΩðbÞ
hc;2

¼ ΩðbÞ
3 þ ðwþ 1Þ½ΩðbÞ

4 þΩðbÞ
10 þ wΩðbÞ

12 −ΩðbÞ
18 −ΩðbÞ

24 � þ wΩðbÞ
5 − 3ΩðbÞ

6 −ΩðbÞ
8 − 3ΩðbÞ

13

− 3wΩðbÞ
16 − 3ΩðbÞ

22 þΩðbÞ
23 þ wΩðbÞ

25 ; ðB58Þ

ΩðcÞ
hc;1

¼ wΩðcÞ
1 þΩðcÞ

4 −ΩðcÞ
6 − ðw2 − 1Þ½wΩðcÞ

9 þ ΩðcÞ
10 − ΩðcÞ

13 �
þ ðw − 1Þ½3wΩðcÞ

14 þ wΩðcÞ
15 þΩðcÞ

17 þ 3ΩðcÞ
18 þ 3ΩðcÞ

22 − ΩðcÞ
23 � − 2wΩðcÞ

21 − 2ΩðcÞ
24 ; ðB59Þ

ΩðcÞ
hc;2

¼ ðwþ 1Þ½wΩðcÞ
9 þ ΩðcÞ

10 −ΩðcÞ
13 � − 3wΩðcÞ

14 − 2wΩðcÞ
15 − 2ΩðcÞ

17 − 3ΩðcÞ
18 − 3ΩðcÞ

22 þ 2ΩðcÞ
23 ; ðB60Þ

ΩðQÞ;mix
hc;1

¼ ðwþ 1Þðwþ 2ÞΩðQÞ
2 þ ðwþ 1Þ½wΩðQÞ

3 − ΩðQÞ
4 þ 2ΩðQÞ

24 � þ 3ΩðQÞ
6 − ðwþ 2ÞΩðQÞ

7

− 3wΩðQÞ
8 þ ðw − 1Þðwþ 1Þ2ΩðQÞ

10 − ðw2 − 1Þ½3ΩðQÞ
13 þ ΩQ

17 þ 3ΩðQÞ
18 �

− ðw − 7Þðwþ 1ÞΩðQÞ
22 þ ðw − 3Þðwþ 1ÞΩðQÞ

23 ; ðB61Þ

ΩðQÞ;mix
hc;2

¼ ðwþ 2ÞΩðQÞ
2 þ ðwþ 1ÞΩðQÞ

3 − 2ΩðQÞ
7 − 3ΩðQÞ

8 þ ðw2 − 1ÞΩðQÞ
10

− ðw − 1Þ½3ΩðQÞ
13 þ 2ΩðQÞ

17 þ 3ΩðQÞ
18 � − ðw − 7ÞΩðQÞ

22 þ ðw − 5ÞΩðQÞ
23 ; ðB62Þ

ϒðbÞ
2;hc;1

¼ 2wϒðbÞ
2C þ ðwþ 1Þ½2ðw − 1ÞϒðbÞ

2F þ 2ϒðbÞ
2I þ 3ϒðbÞ

2J �; ðB63Þ

ϒðbÞ
2;hc;2

¼ ϒðbÞ
2B − 2ϒðbÞ

2C − 2ðw − 1ÞϒðbÞ
2F −ϒðbÞ

2I − 3ϒðbÞ
2J ; ðB64Þ

ϒðcÞ
2;hc;1

¼ 2ϒðcÞ
2C − ðwþ 1Þ½2ðw − 1ÞϒðcÞ

2E þ 2ϒðcÞ
2H − 3ϒðcÞ

2J �; ðB65Þ

ϒðcÞ
2;hc;2

¼ ϒðcÞ
2A − 2ðw − 1ÞϒðcÞ

2E − 3ϒðcÞ
2H þ 3ϒðcÞ

2J : ðB66Þ

With these definitions we obtain:
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fV1
¼ −ðwþ 1Þ½ϵbðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ ϵcðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
Þ�

þ w − 1

2
½ϵbðϒðbÞ

2;hc;1
þ ðwþ 1ÞϒðbÞ

2;hc;2
Þ þ ϵcðϒðcÞ

2;hc;1
− ðwþ 1ÞϒðcÞ

2;hc;2
Þ�

− 2ðw − 1Þ½ϵ2bϒðbÞ
1B þ ϵ2cϒ

ðcÞ
1B �

þ ðwþ 1Þ½ϵ2bðΩðbÞ
hc;1

− ðw − 1ÞΩðbÞ
hc;2

Þ þ ϵ2cðΩðcÞ
hc;1

þ ðw − 1ÞΩðcÞ
hc;2

Þ�

−
w − 1

2
ϵbϵc½ðwþ 1ÞðΛ̃ðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ Λ̃0ðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
ÞÞ

þ ΩðQÞ;mix
hc;1

− ðwþ 1ÞΩðQÞ;mix
hc;2

�; ðB67Þ

fV2
¼ −Ξþ 1

2
½ϵbðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ ϵcðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
Þ�

−
1

4
½ϵbðϒðbÞ

2;hc;1
þ ðw − 1ÞϒðbÞ

2;hc;2
Þ þ ϵcðϒðcÞ

2;hc;1
− ðw − 1ÞϒðcÞ

2;hc;2
Þ�

− ½ϵ2bð2ϒðbÞ
1A −ϒðbÞ

B Þ þ ϵ2cð2ϒðcÞ
1A −ϒðcÞ

1B Þ�

−
1

2
½ϵ2bðΩðbÞ

hc;1
− ðw − 1ÞΩðbÞ

hc;2
Þ þ ϵ2cðΩðcÞ

hc;1
þ ðw − 1ÞΩðcÞ

hc;2
Þ�

þ 1

4
ϵbϵc½Λ̃ððw − 3ÞΣðbÞ

hc;1
− ðw − 1Þ2ΣðbÞ

hc;2
Þ þ Λ̃0ððwþ 1ÞΣðcÞ

hc;1
þ ðw − 1Þ2ΣðcÞ

hc;2
Þ

þΩðQÞ;mix
hc;1

− ðw − 1ÞΩðQÞ;mix
hc;2

�; ðB68Þ

fV3
¼ −

1

2
½ϵbðΣðbÞ

hc;1
− ðwþ 1ÞΣðbÞ

hc;2
Þ þ ϵcðΣðcÞ

hc;1
þ ðwþ 1ÞΣðcÞ

hc;2
Þ�

þ 1

4
½ϵbðϒðbÞ

2;hc;1
þ ðwþ 1ÞϒðbÞ

2;hc;2
Þ þ ϵcðϒðcÞ

2;hc;1
− ðwþ 1ÞϒðcÞ

2;hc;2
Þ�

− ½ϵ2bϒðbÞ
1B þ ϵ2cϒ

ðcÞ
1B �

þ 1

2
½ϵ2bðΩðbÞ

hc;1
− ðwþ 1ÞΩðbÞ

hc;2
Þ þ ϵ2cðΩðcÞ

hc;1
þ ðwþ 1ÞΩðcÞ

hc;2
Þ�

−
1

4
ϵbϵc½ðwþ 1ÞðΛ̃ðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ Λ̃0ðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
ÞÞ

þ ΩðQÞ;mix
hc;1

− ðwþ 1ÞΩðQÞ;mix
hc;2

�; ðB69Þ

fA ¼ ½ϵbðΣðbÞ
hc;1

− ðw − 1ÞΣðbÞ
hc;2

Þ þ ϵcðΣðcÞ
hc;1

þ ðw − 1ÞΣðcÞ
hc;2

Þ�

−
1

2
½ϵbðϒðbÞ

2;hc;1
þ ðwþ 1ÞϒðbÞ

2;hc;2
Þ þ ϵcðϒðcÞ

2;hc;1
− ðwþ 1ÞϒðcÞ

2;hc;2
Þ� þ 2½ϵ2bϒðbÞ

1B þ ϵ2cϒ
ðcÞ
1B �

− ½ϵ2bðΩðbÞ
hc;1

− ðw − 1ÞΩðbÞ
hc;2

Þ þ ϵ2cðΩðcÞ
hc;1

þ ðw − 1ÞΩðcÞ
hc;2

Þ�

þ 1

2
ϵbϵc½ðwþ 1ÞðΛ̃ðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ Λ̃0ðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
ÞÞ

þΩðQÞ;mix
hc;1

− ðwþ 1ÞΩðQÞ;mix
hc;2

�; ðB70Þ

fS ¼ −ðwþ 1ÞΞþ ½ϵbΣðbÞ
hc;1

− ϵcΣ
ðcÞ
hc;1

� − 1

2
½ϵbϒðbÞ

2;hc;1
þ ϵcϒ

ðcÞ
2;hc;1

�

− 2½ϵ2bðwþ 1ÞϒðbÞ
1A −ϒðbÞ

1B Þ þ ϵ2cððwþ 1ÞϒðcÞ
1A −ϒðcÞ

1B Þ� − ½ϵ2bΩðbÞ
hc;1

− ϵ2cΩ
ðcÞ
hc;1

�

þ 1

2
ϵbϵc½ðwþ 1ÞðΛ̃ΣðbÞ

hc;1
− Λ̃0ΣðcÞ

hc;1
Þ −ΩðQÞ;mix

hc;1
�; ðB71Þ
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fT1
¼ ½ϵbðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ − ϵcðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
Þ�

− ½ϵ2bðΩðbÞ
hc;1

− ðw − 1ÞΩðbÞ
hc;2

Þ − ϵ2cðΩðcÞ
hc;1

þ ðw − 1ÞΩðcÞ
hc;2

Þ�; ðB72Þ

fT2
¼ −

1

2
½ϵbðϒðbÞ

2;hc;1
þ ðwþ 1ÞϒðbÞ

2;hc;2
Þ þ ϵcðϒðcÞ

2;hc;1
− ðwþ 1ÞϒðcÞ

2;hc;2
Þ� þ 2½ϵ2bϒðbÞ

1B þ ϵ2cϒ
ðcÞ
1B �

−
1

2
ϵbϵc½ðwþ 1ÞðΛ̃ðΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ Λ̃0ðΣðcÞ

hc;1
þ ðw − 1ÞΣðcÞ

hc;2
ÞÞ

þ ΩðQÞ;mix
hc;1

− ðwþ 1ÞΩðQÞ;mix
hc;2

�; ðB73Þ

fT3
¼ Ξ − ½ϵbΣðbÞ

hc;2
þ ϵcΣ

ðcÞ
hc;2

� − 1

2
½ϵbϒðbÞ

2;hc;2
− ϵcϒ

ðcÞ
2;hc;2

� þ 2½ϵ2bϒðbÞ
1A þ ϵ2cϒ

ðcÞ
1A �

þ ½ϵ2bΩðbÞ
hc;2

þ ϵ2cΩ
ðcÞ
hc;2

� − 1

2
ϵbϵc½Λ̃ð2ΣðbÞ

hc;1
− ðw − 1ÞΣðbÞ

hc;2
Þ þ ðw − 1ÞΛ̃0ΣðcÞ

hc;2
− ΩðQÞ;mix

hc;2
�: ðB74Þ

APPENDIX C: A SET OF RELATIONS AMONG UNIVERSAL FUNCTIONS

In this Appendix we use the definitions in Eqs. (48), (54), and (61), together with the constraints (52), (57), to relate the
various structures entering in the expressions (B1)–(B7), (B12)–(B25), (B34)–(B44), and (B53)–(B66). The results allow us
to obtain the relations among form factors in Sec. V.

ΣðbÞ
χc0

¼ 3ΣðbÞ
χc1 ;1

þ ðw − 1ÞΣðbÞ
χc1 ;2

ΣðbÞ
χc2 ¼ ΣðbÞ

χc1;2

ΣðbÞ
hc;1

¼ ΣðbÞ
χc1;1

þ ðw − 1ÞΣðbÞ
χc1 ;2

ΣðbÞ
hc;2

¼ ΣðbÞ
χc1;2

ðC1Þ

ΣðcÞ
hc;1

¼ −
1

3
ΣðcÞ
χc0 þ 2ΣðcÞ

χc1;1
− ðw − 1ÞΣðcÞ

χc1;2
−
w − 1

3
½3ΣðcÞ

χc2;1
− 2ΣðcÞ

χc2;2
�

ΣðcÞ
hc;2

¼ 1

2
ΣðcÞ
χc1;2

þ 1

2
½3ΣðcÞ

χc2;1
− 2ΣðcÞ

χc2;2
� ðC2Þ

ϒðbÞ
2;χc0

¼ 3ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

ϒðbÞ
2;χc2

¼ ϒðbÞ
2;χc1;2

ϒðbÞ
2;hc;1

¼ ϒðbÞ
2;χc1;1

− ðwþ 1ÞϒðbÞ
2;χc1;2

ϒðbÞ
2;hc;2

¼ ϒðbÞ
2;χc1;2

ðC3Þ

ϒðcÞ
2;hc;1

¼ −
1

3
ϒðcÞ

2;χc0
þ ðwþ 1Þ½2ϒðcÞ

2;χc1;1
−ϒðcÞ

2;χc1;2
� þ wþ 1

3
½3ϒðcÞ

2;χc2;1
þ 2ϒðcÞ

2;χc2;2
�

ϒðcÞ
2;hc;2

¼ −
1

2
ϒðcÞ

2;χc1;2
þ 1

2
½3ϒðcÞ

2;χc2;1
þ 2ϒðcÞ

2;χc2;2
� ðC4Þ

ΩðbÞ
χc0

¼ −3ΩðbÞ
χc1 ;1

þ ðw − 1ÞΩðbÞ
χc1 ;2

ΩðbÞ
χc2 ¼ ΩðbÞ

χc1;2

ΩðbÞ
hc;1

¼ −ΩðbÞ
χc1;1

þ ðw − 1ÞΩðbÞ
χc1 ;2

ΩðbÞ
hc;2

¼ ΩðbÞ
χc1;2

ðC5Þ
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ΩðcÞ
hc;1

¼ 1

3
ΩðcÞ

χc0 þ 2ΩðcÞ
χc1;1

þ ðw − 1ÞΩðcÞ
χc1;2

þ w − 1

3
½3ΩðcÞ

χc2;1
þ 2ΩðcÞ

χc2;2
�

ΩðcÞ
hc;2

¼ −
1

2
ΩðcÞ

χc1;2
−
1

2
½3ΩðcÞ

χc2;1
þ 2ΩðcÞ

χc2;2
� ðC6Þ

ΩðQÞ;mix
hc;1

¼ −
1

3
ΩðQÞ;mix

χc0 − 2ΩðQÞ;mix
χc1;1

þ ðwþ 1ÞΩðQÞ;mix
χc1;2

−
wþ 1

3
½3ΩðQÞ;mix

χc2;1
− 2ΩðQÞ;mix

χc2;2
�

ΩðQÞ;mix
hc;2

¼ 1

2
ΩðQÞ;mix

χc1;2
−
1

2
½3ΩðQÞ;mix

χc2;1
− 2ΩðQÞ;mix

χc2;2
�: ðC7Þ
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