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Semileptonic B, decays to P-wave charmonium and the nature of y,,(3872)

P. Colangelo ,1 F. De Fazio ,1’* F. Loparco ,1 N. Losacco ,1’2 and M. Novoa-Brunet

Ustituto Nazionale di Fisica Nucleare, Sezione di Bari, Via Orabona 4, 1-70126 Bari, Italy
2Dipartimento Interateneo di Fisica “M. Merlin”, Universita e Politecnico di Bari,
via Orabona 4, 70126 Bari, Italy

® (Received 1 September 2022; accepted 6 October 2022; published 3 November 2022)

The hadronic form factors of B, semileptonic decays to the P-wave charmonium 4-plet can be expressed
near the zero-recoil point in terms of universal functions, performing a systematic expansion in QCD in the
relative velocity of the heavy quarks and in 1/m. Such functions are independent of the member of the
multiplet involved in the transitions. We present the results of a next-to-leading order calculation up to
o(1/ m2Q) classifying the universal functions at this order. We work out a set of relations among the form
factors of the same mode and of different modes, which should be reproduced by explicit calculations,
reducing the hadronic uncertainty affecting such channels. The approach is also helpful to investigate the
debated nature of y.(3872), studying the production in B, semileptonic decays and comparing it to the

modes involving the other 2P charmonia.
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I. INTRODUCTION

There is a manifold interest in the study of semileptonic
decays of heavy hadrons, namely those induced by the b —
¢V, transition at the quark level. The first one is the
possibility to precisely measure fundamental parameters of
the Standard Model (SM), in this case the element |V ;| of
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix.
The analyses of processes involving different hadrons,
modes and final states (exclusive/inclusive) should provide
compatible results: such a compatibility has not been
achieved, yet, considering the debated |V ;| determinations
from inclusive and exclusive B decays [1] which fuel
discussions on possible explanations of the tension within
the SM [2] or beyond [3]. Other processes, e.g., B. to
charmonium, give access to such a fundamental parameter
which has tight correlations with flavor observables [4].

Another important interest relies on the possibility of
testing fundamental features of the Standard Model, namely
lepton flavor universality (LFU). Signals of LFU violation
have been detected in B decays induced by this transition [5].
They hint to physics beyond SM [6], the structure of which
can be constrained by studying sets of decay observables
[7-14]. Related LFU violating effects should be observed in
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processes involving different hadrons: the first measure-
ments are available for B, — J/yw¢v, [15], other B. modes
can be considered for such investigations.

In addition to the above motivations concerning the
structure of the theory of electroweak interaction and of its
extensions, there is interest related to strong interaction
effects. For decays involving hadrons comprising a single
heavy quark Q, a double expansion in QCD in powers of
1/mg and of a, provides a powerful method to classify the
hadronic matrix elements, both in the exclusive and
inclusive transitions. This is the basis for an efficient
control of the theoretical uncertainty in the above men-
tioned measurements. For mesons comprising two heavy
quarks such as B,., the expansion parameter is the relative
three-velocity of the heavy quarks, with counting rules
given within nonrelativistic QCD (NRQCD). At the various
orders in the expansion the form factors governing B, —
J/w(n.)¢v, can be given in terms of universal functions,
the same for the two final states, in selected kinematical
ranges [16—18]. Relations can be established among the
form factors, with a reduction of the hadronic uncertainties
affecting the description of the semileptonic channels. It is
worth considering such an expansion also for the form
factors governing the B, transitions to the P-wave char-
monia involving a spin 4-plet of final states, for which little
information is available at present.'

There is a further reason of interest. Semileptonic decays
provide us with a probe on the structure of the hadrons
involved in the transitions. This is important, for example, if

"The peculiar role of B, a weakly decaying meson comprising
only heavy quarks, has been recently discussed in [19,20].
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one considers the meson y.;(3872) [usually denoted as
X (3872)]. After the observation by the Belle Collaboration
[21] and the confirmation and measurements by other
collaborations [22-30], such a meson, whose quantum
numbers are J°¢ = 17+ [31,32], is under intense scrutiny
due to features hinting a nonconventional charmonium
structure. Puzzling properties are the closeness of the mass
of X(3872) to the D*° D threshold and the large decay rate to
J/wrn(J /ywp) compared to J /yrrr(J/ww)[33], which can
be explained invoking a multiquark structure of X(3872),
compact or molecular (see the discussions in Refs. [34,35]
and in references therein). On the other hand, the large
I'(X(3872) — yw(2S))/T(X(3872) — yJ /) ratio [36] and
data on the production in yy* interactions [37] support the
identification of y.,(3872) with the state y.;(2P) sitting on
the D*°D° threshold [38,39]. Experimental tests have been
proposed to help decipher the structure of the meson [40], in
the vast literature on the subject.

Semileptonic B, decays to y.;(3872) can provide us with
information on the nature of this state. The way is inspired
by our analysis in [18] and is based on the systematic
comparison of the B, transitions to the 2P charmonia. In a
selected kinematical range the B, and the P-wave charmo-
nium matrix elements can be expressed as an expansion in
the heavy quark relative three-velocity in the heavy hadrons,
together with an expansion in the inverse heavy quark mass.
In this range the B, to the P—wave charmonia form factors
(for lowest lying or radial excitations) are related. The
violation or confirmation of such relations in B, —
x01(3872)¢0 with respect to the decays to the other 2P
charmonia would support the interpretation of X(3872) as
an exotic or a conventional state.”

In this paper we focus on the B, to the P-wave
charmonia form factors, and compute their expressions
in terms of universal functions at next-to-leading order
(NLO). We classify the universal functions and work out a
set of relations useful both to test calculations based on
nonperturbative methods and in phenomenological analy-
ses. In Sec. II we parametrize the B, = y ., and B, — h,
matrix elements of the quark currents appearing in a
generalized low-energy Hamiltonian governing the b —
¢V, transition, providing the definition of the set of
form factors considered in our study. For the sake of
completeness, in Appendix A we also report another
parameterization often employed in the literature, with
straightforward relations between the two. We give the
decay distributions of the four B, — y.q12(h.)¢D, modes,
which can also be used for B, decays to the 2P charmo-
nium resonances. In Sec. III we briefly describe the heavy
quark expansion in QCD, we introduce the (B,, B}) spin

The comparison between B, semileptonic and nonleptonic
B. — X(3872)p(a,) decays, fixing the X (3872) polarization, has
been proposed as a way to investigate the structure of this meson
[41]. Semileptonic B, decays to X(3872) have been considered
in [42].

doublet and the (y.o12,h.) spin 4-plet and the trace
formalism to express the relevant hadronic matrix elements.
In Sec. IV we write the form factors in terms of universal
functions, with the resulting formulas collected in
Appendix B. In Sec. V we present relations among several
form factors for single modes and for pairs of modes, other
relations being collected in Appendix C. Applications to
phenomenology are discussed in Sec. VI, for the lowest
lying 1P charmonia and for the 2P excitations in con-
nection with the y.,(3872) issue. Then we conclude.

IL B, — y.012 AND B, — h, FORM FACTORS

The semileptonic B, decays to the charmonium states,
including the positive parity y ., and A, are governed by
a low energy Hamiltonian with general form

Hbz <o = %vcb[u ) (@1, (1= 15)b) @ (1 = vs)ue)

+ €2 (Cr, (1 +75)b) (€7 (1 —7s5)vp)
+ €§(Eb)(?(1 —y5)v) + €5(ysb) (£(1 —ys)vp)
+€7(c0,, (1 —y5)b)(£6 (1 —ys)vy)] (1)

considering the full set of D =6 semileptonic b — ¢
operators with left-handed neutrinos. The general
Hamiltonian (1) comprises the Fermi constant Gp, the
element V., of the CKM matrix and the Standard Model
operator Ogy = 4(Z‘Ly”bL)(2Lyﬂvf_L). It also includes
the operators Og = 4(Cry¥bg) (£ 1y ve), Os = (€b)
(¢(1=ys)ve), Op = (Crsb)(£(1—rs)vy) and Or =
(€0, (1 —ys5)b) (6" (1 —ys)vp) arising in extensions of
SM, with Wilson coefficients ef;, r.s.p.r in general complex
and lepton-flavor dependent. The SM Hamiltonian corre-
sponds to €/ = 0. Eq. (1) has been considered in connection
with the B - D¥zv,, B - D™ £v, LFU anomaly [3,8—13].

It is common to parametrize the B, — y.; (i =0, 1, 2)
and B. — h, matrix elements of the quark currents in
Eq. (1) in terms of form factors as written in Appendix A
[43-46]. p and p’ are the four momenta of the initial and
final meson, € (1) the polarization vector (tensor) of the spin
1 (spin 2) charmonium, g = p — p’ the lepton pair momen-
tum. We use "%} = —1, hence 6#*ys = —£&"%5,5. In our
analysis it is more convenient to use a parametrization of
the matrix elements in terms of the four-velocities of B, and
of the charmonium state C = .12, ho: v = p/mp_, and
v/ = p'/m¢, with w = v - v/, They are defined as follows.

B ¢ X0t

eo(V)[errsb|Be(v)) = /my g (g, (w)(v + '),

)
(xeo(V)[eysb|B.(v)) = \/my, mp gp(w)
O(cO(U/)|50uvb|Bc(v)> = m)(l,OmBCgT(W)e;waﬂvav/ﬂ (2)
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Bc > Xcl:
e (v'.e)[ey,bB.(v)) = iy/m, mp [gy, (w)e, + (€7 - v)[gy, (W) (v + V'), + gv,(W)(v = v'),]]
<ch<v €>|C}/;47/5b|B (U)> my, Mmp ga (W)eﬂaﬂae*avﬂvw
(xe1 (V' €)[eb|B.(v)) = i\/m, g _gs(w)(e" - v)
(xe1(v',€)[e0,,bIB(v)) = \/m, g [gr, (W) (e (v + v'), — (v +0),)
+9r,w) (€ (v =), —€;(v = v"),) + gr,(w)(€" - v)(v, v, — v,1)] (3)
Bc = X2t
<)(c2(1/ 77)|57’;4b|B ( )> = /My, Mp, lkV( ) ua/io"/]*(” Uﬂ o
eV 0)[Ty,y5b|B.(v)) = \/ g [ka, (W)l 0" + s 00 (ka, (W)v, + Ky (W) 0]
<)(c2(v ”)'C}/Sb|BC(1})> =My, k (W)’/lfl/}v v
0(02(1} 7’7) yy5b|Bc(v)> = l\/ m, ,mpg, [le (W)(?] ulaly — N0 Vg ;t)
+ kr, (W) (" iva vy, = 15 0,0;) + ke, (W00 (0,0, = v,0,)] (4)
B. — h,

(ke (v, €)[cy,b|Be(v)

<hc(v/’ 6) ‘57u75b|Bc l))

( v wen =+ (- 0)(Fy,(w) (v + ), + fr, (W) (v = v'),)]

(
{he(v',€)[cb|B.(v)

(

my mpg, fA (W)eﬂaﬁae*avﬂvm

my mp, (e v)fs(w)

331

)=
)
)
)

(he(v',€)[C0,,b|B.(v)) = iy/my g [fr,(w)(e;(v+ '), — € (v + 1))
+ W)€ =2), —e(v=2"),) + frs(w)(e” - v) (v, 0], — v,0)]- (5)

The decay distributions governed by the Hamiltonian (1) can be written in the form:

dr (B, - CtD drsm dr'R drx dr'r
T {ll v Po HlelS el S
SMR dr'smx
+ 2Refeg(1 +ey)] -+ 2Relex(l +ey)] -
drsmr dI'RT
+ 2Refer(l +ep)) =+ 2Releger]
dTXR drxXr
+ 2Re[€X€}}]% + 2Re[€X€’Hd—W } (6)

with X = P in case of y.9, ¥, and X = § in case of y., k.. In Eq. (6) we define

. GV, Pmy ) 2
F _ F| b| . B, W2 _ 1 1 _ ;nf (7)
487 14+r=2rw

with r = m¢/mp (C = Y0162 he) and ity = my/myg . For the four decay modes the expressions of the functions in (6) in
terms of the form factors in (2) —(5) are as follows.
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(1) c =Xco*
%SM ) %R ) _%SMR =l loFlre D) [<W BRARA +1+r’?7i2rw((2w + 11+ %) = 2r(w + 2))}
lo- P = )6 001 =7 2

~20,00g-0)07 = 1)1 =) (14 )

A g1+ 2~ 2rw)

dr'r

o = Slgr(P(1 + 7 = 2w+ 202) (w? — 1)

AT AT 3 el (w = 1)1+ F)g_(w) = (w+ D)1 = g, ()]

(2w =1)(1+ ) +2r(w - 2))}

(8)

©)

(10)

(11)

(12)

dw Cdw 2
= = = g w7 = DI+ 7)g, () = (1= g ()]
(i) C=ya:
M R 712
e — o P 30w = P =202 = 1) e (3= 2 2 1)

+ lgv, W)PW? =1)(w+1) [(1 +7)(w=1) +1—|—r’?—i2rw((2w+ (1 +72) —2r(w+2))}
+ lgv,(W)2(w? = 1)(w — 1) [(1 —r)*w+1) +1+r'?7i2rw((2w —D(1+ ) +2r(w- 2))]
+ [gaw)P(W?* = 1)(2(1 + r* = 2rw) + %)

+ gy, (W) gy, w)(w? = 1) [2(1 +r)(w=r) _1—1—:314{;2m(_3 +r—4w+2r(w+2))

~ gy, (W)gr, (W)W — 1) [2(1 CRw—n)+

=297, (W)gys (W) (w? = 172(1 = 1) (1 " i)

o =S =2 PR = DA+ 2 = 20) + )
O = 2 lgstnP(1 77 = 247 = 1)
T 2

% = 8(1 + l—l—fz——f2rw> {lgr, W)PPw+ 1)[(5w + 1)(1 + 1) = 2r(w* + w + 4)]
+ L2, (0) 2w = D[(Sw = D)(1+72) = 2r(w? = w + 4)]
+ [gr, 00) 292 = 12(1 + P = 2rw) + 297, (W)gr, (W) (w> = 1)(57 = 2rw = 3)
=297, (W)gr,(w)(w* = 1)(w + 1)(1 + 1% = 2rw)
— 297, ()gr, (W) (w? = 1)(w = 1)(1 + 7 = 2rw)}
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TS _ AU g ou)ing (02 = D, 00) + (-4 1)(1 = gy, () = (0 = D1+ g, (0] (17)

M g, 09) -+ 12 = 37+ w)gy, (0) + 002 = DT+ gy (w) = (1= Py, ()]
— g1, (9) v = DI(=2 = 37 + Wy, () + (67 = DT+ gy () = (1 = gy, (w)]
+ 97,000 = DI = gy, (w) + (w2 = DI+ gy, (w) = (1= gy, ()]

+2(w = D)ga(w)[(1 + r)gr, (w) = (1 = r)gr,(w)]} (18)

A M 2y (w2 = 1)ga () (1 + r)gr, () — (1 = r)gr, (w)]. (19)

dw  dw
(i) € =z
)

drsm  dIr'r  w? —1 m
- = = k 324+ —¢ -1 +rF=2
dw dw 6 {[ v(w)] ( 1+ —2rw> (= (1 + 77 =2rw)

A2
+ [ka, (W)]2[2(3 + 572 = 10rw + 2w?) + #(—3 + 572 = 10rw + 8w?)
! 1+7r=2rw
A2
+ [ky, (W)]22(W? = 1) |22 (W? = 1) + 7215 (3 —6rw + r*(4w? — 1))
2 1+r=2rw

+ [ka,(W)]22(w* = 1) [2(\4/2 -1)+ Hr’fﬁ (=143 —6rw+ 4w2))}
ﬁ12
+4n? -1) |:kAl (w)ky,(w) {Zr(w -r)+ m 3-r*— 2rw)}
ﬁlz
—ka,(W)ky, (W) [—Zr(w2 -1)+ m 2r(w? +2) = 3w(1 + r?)]

2, (ke (00 (1 + ) o) (20

ATSMR drsm
= + [y (W)]2(2(1 + 2 = 2rw) + m2)(w? — 1)?

dFP 2 2 2 2
o = ke WP (v = 12(1 + 7 = 2r)

T ,;h2
" ( 1+27—f2w> (W = D){fkr, WP[G + 202)(1 = 2rw) + (82 = 3)]
+ llr, (0)(=1 457 = 107w £ 60%) + [kr, (02002 = 12(1 472 = 2rw)

= 2kg, (W)kg, (w)[6r — 5w(1 + r?) + 4rw?]
4w =11+ - 2rw)ky, (w)[wkg, (W) + kz,(w)]}

%SMP _ _j_vl;PR _ —kP(W)ﬁ’lf(Wz _ 1)2[kA1 (w)+(1- rw)kAz(W) + (w— r)kAS(w)]
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dUSMT .
i 2, (W = 1) x {kr, (W)[(3 = 5rw + 2w?)ky, (W) + (W = 1)(2rwky, (w) + 2wka, (W) + 3rky (w))]
+ kp, (W)[5(w = r)ky, () + (w? = 1)(2rky, (W) + 2ky, (w) + 3ky (w))]
= 2kp, (W) (w? = D[(w = r)ka, (W) + (W? = 1) (rka, (w) + ka, (W))]} (25)
dTRT dUSMT .
d_W = —% + 12mf(w2 - l)zkv(W) [rle (W) + kT2<W>] (26)
(iv) C=h,.:
Looking at the matrix elements for y.; and 4. in (3) and (5), the distributions for /. are obtained from those of y .
replacing
9v,9v; —>fv[fv/-7 gfx —>f/24, 9% —>f§’ 91,971, _)fT[fT‘/-»
gsgy, = fsfvl» 9v.9r; = —fv,fT,, gadr;, = fAfT,» (27)

with i, j = 1, 2, 3.

The above expressions also hold for B, decays to the 2P (and higher) charmonium resonances. They are the subject of our

analysis together with the form factors in Egs. (2)—(5).

III. FORM FACTORS IN THE EFFECTIVE THEORY

As discussed in [18], we aim at expressing the form factors in the effective theory of QCD resulting by an expansion in
the inverse heavy quark mass. The heavy quark QCD field Q(x) with mass m, is written, with the notations in [47], as

Q(x) — e—ivau\'w(x) — e—iva-x(

v (x) +y_(x)) (28)

with y, = Piy/( ) and P, li" y . is the positive energy component of the field, v is the heavy meson (quarkonium)

4-velocity with »> = 1. Hence, Q( ) is expressed as

ipy

(=iv-D)ip,

— p—impux 1
Q(x> ¢ < +21’I1Q

with D,, = D, — (v - D)v,. In the rest frame v = (1, 0)

Uy-

we have v-D =D, and D, = (0,D;). The QCD
Lagrangian is expressed in terms of y, as an expansion,
. (iDy)* g
Locp = D —0-G
Qcp = ¥ (%) <”’ t—— 2mg + dmg 0-Gy
ipL ( - D)
Fame g P+ ey )
:£0+£1+..., (30)
with GJ_;w = (g;m - Uﬂ”d)(.gvﬂ - vaﬂ)Gaﬂ'

Nonrelativistic QCD provides us with power counting of
the operators in terms of the relative heavy quark 3-velocity
in the hadron rest frame 7 = \U| < 1, starting from
D,~#%% D, ~% and y, ~ /% [48]. Hence, the second
term in Eq. (29) is O(# x ©*/?), the third one is
O(%* x #*?), and so on. In the following we omit the
power #3/2 for each quark field in the power counting of
the various operators. Then, the chromoelectric field

+ ...)y/+(x), (29)

2mQ ZmQ

components E; = Gy; and the chromomagnetic ones
B; = 1€ G* are O(7*) and O(#*), respectively [49].

The first two terms in Eq. (30) are O(#?). They give the
leading order effective Lagrangian

L= (iv-D+ (D) S URC NI}

ZmQ

The third and fourth term in Eq. (30) are O(#*). They
correspond to the NLO term

Ly =L+ L, (32)
where
Loy =) gj,;f; v (x)
Lra= () PO D) iy (). (33)

094005-6
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L, can be written as

S (#e0 (- LY
RACEAAE “DLQ)Z)wa)
+ igv" iy (x)iD] Ggoyr 4 (x)

T v (iDL G« <x>)

£1,2 =

1 2 3 4
= L3+ L3+ L+ L1, (34)

with Eg of higher order in . £; can be arranged as

L= E’l‘ + L? (35)
with
A (4) 1 — 70
LY=L+ Ly, :4—1//+(x)Ama v (x) (36)
mo

CF = L5+ L7 = v ()By(x). (37)
o

factorizing in (36) the leading 1/mg, power.

An analogous expansion describes the antiquark: Q(x) is
written as

0(x) = €M X (x) = €M (X, (x) + X_(x)  (38)
giving

(iD,)?

[,QCD:)_(_(x)<—iv-D+ 2mg —I—...>X_(x). (39)

To express the heavy meson form factors in the effective
QCD theory, we expand the weak current involving two
heavy quarks Q'T'Q, with " a generic Dirac matrix:

O(r o)
(1

ZmQ! 4m

— (P )i “>+...)

(1 2’31Q 412( i ~5)iﬁl+...)y/+(x), (40)

/ — —
Where D\, =D,
sion reads:

(v - D)v),. Up to O(1/m3,) the expan-

- Jio | Jou
R e

" _Jao o " Ji (41)
4m2Q 4m2Q, 4QOQ/ ’

with

Jo=vw' Ty,
Jio =¥, TiP .
Joi = ‘/_IQL(—iﬁDFV/Jr
Jro =¥, T(iv-D)iP 1y
Joo = w;iﬁl(iv’ D)y,
Jig= (=i TGPy (42)

Equation (41) comprises terms up to O(7*). O(1/m}))
terms with three derivatives have not been included, even
though they can be of the same order in ? of some terms in
the corrections discussed in the following: we assume that
their contribution is small.

The hadronic matrix elements of the operators in Eq. (41)
can be written using the trace formalism [50]. For states
comprising a heavy quark and a heavy antiquark, spin
symmetry is expected to hold in the preasymptotic mass
range which includes beauty and charm, outside the QCD
Coulombic regime [16,51]. Hence, the two states (B,., B})
and the four states (y.;../%.) can be organized in a
negative parity spin doublet and in a positive parity spin
4-plet. They are described by 4 x 4 matrices, for the spin
doublet [16]

M(v) = P.(v)[B"y, = Beys|P_(v), (43)

for the spin 4-plet [52]
M/ﬂ N =P ! v 1 uapy !
(1] ) - +(U ) )(52}/11 + ﬁ){cl,ye Valp

+ el = )+ hcys} W) 44

with the condition
U;MI” =0. (45)

The normalization is \/m_ , with M a meson in the spin
multiplet. Radial excitations belong to multiplets analogous
to (43) and (44). The trace formalism has been used to
obtain the effective Lagrangians governing strong and
radiative heavy quarkonium transitions in the soft-
exchange approximation [51-53]. We apply it to express
the various form factors in terms of (universal) functions
independent of the particular decay mode.
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IV. FORM FACTORS IN TERMS
OF UNIVERSAL FUNCTIONS

Applying the trace formalism, the matrix elements of
the leading order term of the expansion of the quark
current (41) are written as

(M (V)| Jo|M(v)) =

involving the single universal function Z(w).
At 1/m the relevant matrix elements are parametrized

—E(w)v, Tr[M*TM]  (46)

as

(M ()| TiDgyr, |M(v)) = =Tr[S MPT M, (47a)

(M ()| (=iD) Ty | M (v)) = =Tr[Z MPTM).
(47b)

The general expression of the functions z,i% is

2}3;) = Z(IQ)gW + ZéQ) U,V + ng) v, Uy + ZA(LQ) V¥
+39% v, + 59,0, + =%ic,,. (48)

The terms proportional to v# vanish due to (45). ZSQ)<W) (53a)
(i =1,...7) are the universal functions at this order. Upon
) . lati K Usi I o)
integration by parts, relations can be worked out. Using (M (0|7, iDiDyTyr M () = _Tr[gftaﬁ MPTM.
10,/ Ty) = 7/, iD Ty, + W, TiDgy..  (49) (53b)
we obtain: nga/), have the general expression
|
Qfg; Q( )g}mvﬁ—l—Q(z >gaﬁv —I—Qg )gﬁﬂva—FQi )g}mvﬁ—l—Qg >gﬁ”v —I—Q‘(5 >gﬂayﬁ
+ Q2 gupt + % g0 + % 0,000 + Q1 v,0,0 + Q1,000
+ Q(12)7)/4”06% + Q(l?vﬂvayﬂ + Q(lg)vﬂavﬂ + Q(lg)yﬂy Up + Q(lg) VuValp
+ 9(17)7/47}11% + Q(IS)UﬂVaUﬂ + Q19>yﬂ1){,1}/; + Qéo)yﬂvavﬂ + Qé?) io—/mvﬂ
+Q(2)m R +Q(3 04,V +Q(4 16,4V —I—Q.(S 64,V (54)
I
The terms proportional to v vanish. The matrix element  or Eq. (53b),
with two derivatives, one acting on y ., the other one on
W',, can be parametrized integrating by parts either e e
Egq. (53a), (M'(V)|W' (=iDa)TiDgy  |M(v))
- - —(Av, — Av)Tr (,M'”FM (' M"‘FM.
(M’ () ! (—iDa)FiD/zuulM( v)) (s T =T (56])
= (Av, —AN'v ’)Tr[ M’”FM] [ ﬂ’”rM],
(55) This gives

— (Av, — N'v))Bv, Tr[m’”l“/\/l]
= Tr[Z\9 MH*TM] — Tr[EW MHFTM]. (50)

For the QQ’ mesons in the initial and final state the
parameters A, A’ are given by

A:mH—mQ—mQ/ (51)

and analogously for A’. The relations follow:

= (w) = 23 () = A=, (520)
b c A=
) =xw) = -KEw). (520)

The same procedure allows us to parametrize the matrix
elements relevant for the 1/mg, terms in (41):

(M (o)), TiD ,iD gy | M (v)) = ~Tr[ QL) M*T M|
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b c X e b v ~ c
Q) — 0l = (Ao, — Nof)=) + (Avy — Avl) =i
(57)

To express the form factors in the effective theory we
have also to take into account the corrections from the
expansion of the states. They can be parametrized as

(M ()i / dT(0). £, (x)]|M(0)

1/ i -
—— <— %) Te[ YY), MYTP, 6% M|

G

1
- z_zTr[T(l’j)M'ﬂrM], (58)

K®)

<M’(v’)|i/d“xT[Jo(O),E’](X)]IM(vD

L (©) Tph s
=i (— E) Tr[ Y, M ¥ 6P P.TM]

Gle)
1 o——
- e THTATA, )
—_———

(&
K©

where £, L) are given in (32) with mgy — my, m,,
respectively. The functions Y@ have the general
expression

ng) = T§g>vﬂ + ng)yﬂ’ (60)

T;go)zﬁ = ng) (g/myﬁ - gpﬂya) + T;% (g/wtvéf - gﬂﬂvil) + Tg%) (g/wﬁ/ﬂ - gpﬁ}/a)

Q)

+ Y 0, (vt — vhvy) + T,

(Uayﬂ - yavﬂ) + T(ZIQT)Uﬂ(U/ayﬁ - yav}})

+ Té%)yﬂ(vav‘/ﬂ - Uﬁlvﬂ) + TéIQ-[)i(GﬂaUﬁ - Uﬂﬂv(l) + Té[Q)i(o-;mv‘/ﬂ - Gﬂ/}dl)

+ ng)ivﬂaaﬂ.

Since the terms proportional to v, or vz do not contribute to
G, and those proportional to v/, or vj; do not contribute to
G'), we have: Tg% = Tg%) =0 (for Q = ¢, b), Té%) =
c c b b b
Y =1l = 0and Y =1 = 1) = 0.
With this set of relations, the form factors in Egs. (2)-(5)

are expressed in terms of universal functions up to
O(1/m3). The formulas are collected in Appendix B.

V. RELATIONS AMONG FORM FACTORS

At the leading order all form factors in B, = y.912, k.
matrix elements are expressed near zero recoil in terms of
the single function Z(w), see Appendix B. Increasing the
order of the expansion, relations among the form factors
can be worked out exploiting the results in Appendix C.

The expansion in the relative quark velocity ? involves a
large number of universal functions, which renders difficult
the derivations of the relations among form factors. It is
interesting to consider the various orders in 1/mg,. In
particular, at O(1/mg) there are relations among form
factors in the same decay mode, in pairs of decay modes
and in more than two modes, near the zero-recoil point.

(1) Relations among the form factors in the same

channel
For the B, — y.; 1=0,1,2) and B, — h, form
factors we have:

(61)
(@) B = ¥co!
9r(w) = = — 29 (5) + gpW).  (62)
(d) B, = yer
9r,0) = =3 [ow, () = (1 W)ga ()] (63)
01, 0) = =375 [, )+, ()
430 08) + L [os(w) + g7, (0]
(64)
with the condition
~ 3w, (1) + 49, (1] + 95(1) + 97,(1) = 0.
(65)
(C) Bc = X2t

ky, (W) =—=wky(w) +ka, (W) +wky, (W) +kp(w)
(66)
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kr,(w) = ky(w)
— wky, (w)

= ka, (W) = kp, (W)
— kp(w) (67)

ky,(w) = —ky(w) + kg (). (68)

(d) B, = h,:
Fro0) = 31w, (0) + (14 w) £ (0] (69
1 1
Jr,(w) :m[fvI (w)+4fv,(w)] +§fA(W)

—1[ s(w)=fr,(w)] (70)

with the condition

1
S v () +4fv, (D] = [£s(1) = fr,(1)] =
(71)
(2) Relations among form factors of pairs of decay
channels
We have:

(a) Bc = Xc0 and Bc —> Xcl-

(9 + 1)gs () — (w = 1)g_(w) + gp(w)
W}l{gm) (0 + gy, (w)

= (w=1Dlgy,(w) + ga(w)]
- gs(w) +2g7, (W)} (72)

(b) Bc - hc and Bc = Xclt

fv,(w) +(w—=1)fa(w) =2f7,(w)
= V2{gy,(w) + (W + 1)gy,(w)
—(w=1)gy,(w) —gs(w)} (73)

3fv,(w) +2(w+ 1)fy,(w) = (w=1)[2fy,(w)
= faw)] =2[fs(w) + fr,(w)]
= \/E{gv1 (W) = (w=1)ga(w) + 297, (w)}.
(74)

VI. PHENOMENOLOGY

We now discuss some consequences of the relations
found in the previous sections. We use mp = 6274.47

+0.28 £0.17 MeV, 73 = 0.510+0.009 ps, m, p) =
341471 £0.30 MeV,  m, (1p) = 3510.67 & 0.05 MeV,
m,,,p) = 3556.17 £ 0.07 MeV, and m,, (1p) = 3525.38
+0.11 MeV [33]. We first focus on the LO relations, then
on NLO, mainly considering the Standard Model. The form
factors are expressed in terms of universal functions in a
selected kinematic range, close to the zero recoil point
w=1. In the numerical analyses we extrapolate the
relations to the full kinematic range in the various
channels. The range is not wide (wy, ~ 1.16-1.09 for
B. = y.0, B.— y. and light leptons or 7, Wy, ~
1.11-1.05 for 2P charmonia). This allows to get infor-
mation on the results in the full kinematical range. In
general, the extrapolation can be constrained by making
use of dispersive matrices, which allow to reconstruct the
form factors knowing their values in few kinematical
points [54]: the application of such methods is beyond the
purposes of the present study.

The LO relations obtained from the formulas in
appendix B connect all form factors of B, transitions to
the P-wave charmonium 4-plet to the single function E(w),
which is different for the B. — 1P and the B. — 2P
modes. In ratios of decay distributions, for the same
value of w the form factor dependence cancels out. The
ratios are depicted in Fig. 1 both for 1P and the 2P
channels, in the range of w common to all modes. For
the 2P mesons we use the masses m,, (2P) = 3860 MeV
and m, (2P) =3930 MeV [33], éven though another
JPC =0 state is also reported by the Particle Data
Group, y.(3915) [33]. The results in the figure can be
understood considering the connection among the decay
distributions, holding at this order if the y. mass
differences are neglected:

dar B dr _
ZE(BC = Xc0l0p) +%(Bc = Xc1l0p)
dr
_—(Bc_))(cﬂ'ﬂl_/f):o' (75)
w

Notice that this relation holds in the SM and also
including the full set of NP operators in the generalized
Hamiltonian (1) regardless of the Wilson coefficients ¢;.

A simple parametrization of the function E(w) involves
the intercept, slope, and curvature at the zero recoil
point,

[1]

+E,(w—-1)% (76)

The three parameters E,, Z;, 2, can be constrained, namely
B, €10.05,1], E, € [-1,1] and E, € [-1, 1], requiring
that the measurement B(B; — y.on~ )= (2.4403)x 107>
[33] is reproduced at lo by naive factorization.
Correlations between ratios of branching fractions are
found varying E,/E, and E,/Z, in the selected regions.
We choose the same ranges also for 2P excitations in the

(w) =Ep+Ei(w-1)
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8r ! :: 2-05
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) /' '] 15f
e :4 F
) -7 i1 1.0f
——————— :: E
| 11 osf
! F
1] r

or, . . . 1 00f ‘ | | | S

1.00 1.05 1.10 1.15 1.00 1.02 1.04 1.06 o
- w
i e <1 30f
E Xl ; -
f=p~ ; ) -

=1~

1.06 1.08 1.10

w

1.02 1.04

dU(B.—x.1£D)/dw

FIG. 1. dT(B.—y0f0)/dw

Ratios of decay distributions

(continuous blue line) and

1.03

1.02
w

1.00 1.01

dU(B. =y lV)/dw

TRy 1 75) [ (dashed red line) in the Standard Model,

in the case £ = y (left) and £ = 7 (right) for the 1P (top row) and 2P final charmonia (bottom row), with the meson masses quoted in the
text. The LO relations among form factors are extrapolated to the full kinematical range.

final state. For the B, transitions to the 1P charmonium
a negative (positive) correlation is found between the ratios

D(Be=202?¢) 51 q TBe=2e1?e)
r<Bt:_))(t:l fl_/f) F(BL'_)ZCOfo)

are positive correlations also between the lepton flavor
universality ratios R(C) =T'(B, —» Cz,)/T(B. —» C¢0,)
which compare the decay rates to 7 and to light leptons, see
Fig. 3. At the same LO, the results for B, decays to the 2P
charmonium are shown in Figs. 1, 4, and 5, the behavior
expected for y.(3872) if it corresponds to y.;(2P).

for £ = u(r), as in fig. 2. There

The above results are independent of the function Z, a
benefit of the expansion of the form factors dominated by
the leading order. Including the NLO terms the phenom-
enology is more involved: nevertheless, the expansion
allows us to perform systematic analyses and improve-
ments. An important feature is that the obtained relations
connect the form factors to the matrix elements of operators
in the effective theory: they should be verified in explicit
calculations, and represent a testing ground for the various

3.6 Y r T - v . T T T T T T T
34 ] 1.72} |
SIS ”:3 ]’;?
Cl |
232 ] S % rob y
x| = x|
t] 1 30} R
o5 5| s 1ot |
| @ 28F 4 @l @
166f 1
26 L 1 1 1 1 1 1 1
0.4 05 0.6 07 08 03 10 075 080 085 090 095 100 105 110 1.15
B(B: > yap v, BB, - xat ¥,
B(B: = xeo p™ V) B(B. = xwt ¥;)
FIG. 2. Correlations between the ratios of branching fractions 22e=%220) anq B—ra?D) g o — 1y (left) and £ = 7 (right). The LO
i & BBy ?0) M€ BB ~z.070) H ght).

expression of the form factors is considered, with E(w) parametrized as in Eq. (76).
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0.10 .
* R(xcw)
* R(xa)
0.08 Fe R(h,)
0.06 | :
0.04 F .
0.02
Q00 Lot i o wsa e iy e e
0.03 0.04 0.0 0.06 0.07 0.08 0.09
R(/\'cl)
FIG. 3. Correlations between lepton flavor universality ratios

R(y.02) and R(h,) with R(y.;) in the SM. The LO expression of
the form factors is considered, with E(w) parametrized in Eq. (76).

computations based on QCD methods. This is the case of
the relations among the form factors in the same channel,
such as (62) for JP¢ = 0%, and (64), (67) for the JF€ =
17+, 27 modes.

At O(1/my), once the relations in Appendix C are taken
into account, the number of independent structures is 13 in
terms of universal functions. For y.y, y.1, h. the decay
distributions in SM are related for id—r with Cin (7).

| defined in

|w—>1’
The expressions only involve X ( .1 and Z
Appendix B:

dar _ .
tm IE—W(BC = xe0flr) = 187 (e, + €c>2[2;(:l),1(1)]2

(77)

(B _))(clfl/f)

L) =eZ) (]
(78)

=122(1=r)> + i ][ebZ

2.80

275

270

265 1

260

255 1

B(B. » xa2Q@P)u ¥,)
B(B. = xa@P)p v,)

250

245

0.6 0.7 0.8 0.9
B(Be = xaQP)p v,)
B(B: = xa2P)u v,)

0.014[° RXo@P)
* R(xa(P)
0.012}

0.010F
0.008
0.006 |-

0.004 |-

0.002F

0.000 . ! ! .
0.010 0.015 0.020 0.025

R(yc1(2P))

FIG. 5. Correlations between lepton flavor universality ratios
R(x.02(2P)) with R(y.(2P)) in the SM. The LO expression of
the form factors is considered, with Z(w) parametrized in Eq. (76).

1dr
}vlir}Fd_(B — h.C0y)
= 6[2(1 = r;)* + ] [(e

+2e,2 (1P

—e )= (1)
(79)

Such relations also hold for the decays into the 2P
resonances, and can be used to compare the mode involving
xc1(3872) to other modes in the 2P 4-plet. Admittedly, this
is a difficult measurement.

As for the NP extension in Eq. (1) with the pseudoscalar
and tensor operators included, the form factors parametriz-
ing the scalar and tensor matrix elements give contributions
related to the SM ones as in Eq. (62), a useful connection
for phenomenological analyses.

Other improvements are possible if reliable results are
available even for a single form factor. As shown in [18]
using input from lattice NRQCD, details on a form factor
can be employed to get information on universal functions,
predicting other form factors and establishing connections
among observables.

1.00

0.95F

)
-

090

0.85

0.80

B(B:. = xaQP)t ¥,
BB, » xaQP)r ¥

075

0.70

1.65 1.70 1.75 1.80
BB, = xa@2P)r ¥,)
B(B., » xo@2P)r"¥,)

FIG. 4. Correlation between ratios of branching fractions of B, decays to 2P charmonia and #Z = yu (left), £ = 7 (right), with the LO

expression of the form factors and

E(w) parametrized in Eq. (76).
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VII. CONCLUSIONS

We have derived the expressions of the form factors of
the semileptonic B, decays to the P-wave charmonium 4-
plet as an expansion in the relative velocity of the heavy
quarks in the charmonium and of 1/m. The expressions
involve universal functions, independent of the specific
channel, and allow to connect different modes. They are a
testing ground for explicit calculations of the form factors
and can be used in studying LFU ratios and the effects of

|

SM extensions. They are useful in analyzing the semi-
leptonic B,. decays to the 2P charmonia: the comparison of
measurements of B, transitions to y.;(3872) with other
states in the 2P charmonium 4-plet is a tool to gain new
information on the nature of X(3872).
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APPENDIX A: ANOTHER PARAMETRIZATION OF THE B, — x.91, AND B, - h, MATRIX ELEMENTS

For the sake of completeness we report another parametrization of the B, — y. 1, and B, — h. matrix elements in terms

of form factors, often used in the literature:

m3 —m me — m>
(S(p")|erysb|B.(p)) = fS(qz)ig”qz S+ 5(42) <p" +p - 73”612 > q"),
] 213(4)
S(p')|co**b|B, =T el p pl,
(S(p")l |B.(p)) my s PP
] - 2f7(4%)
S(p')|co**ysb|B, =TT 7 (phpv — pVplH), Al
(S(p")|ea"ysb|B.(p)) chijS(Pp p'pr’") (A1)

(A(p'.€)ler'b|B.(p)) = ~i [ZmAAé(qz) iéq

q

€*
¢+ Ongr-%rnA>Af<q2>(eﬂf—- . qﬂ)

. me — m2
— AA (2 4 u i _ B Aae ),
Z(q)mBﬁmA (p +p 4
2VA(q?)
A /’ cvhv-b|B — MUPG 5% ) ,
(A(p',€)|er'ysb|B.(p)) mB<.+mA€ €,PpPs
= . 6* g . * * . * *
(A(p'.€)|ec*b|B.(p)) = ITS(Cf)i(m Y (p*p" — p*p"*) + iT{(q?) (p*e™ — e p*) + iT5 (q*) (pe™ — e p™),
B, A
_ €-q . .
(A(p',€)|ea*ysb|B.(p)) = T (%) iy )28"”“ﬂpap’ﬁ+T?(q2)€””“ﬂpa€/f+T£‘(q2)8"”“ﬂp&€ﬁ, (A2)
B, A
2V7(q?)
T /’ = /,th — HUUPO 4% / - a’
(T(p'.n)|ey*b|B.(p)) . ) & P Pad
A N reon T roon(ooa TP,
(T(p',n)ley'ysb|B.(p)) = |2mrAg(q°) e + (mp, + mp)A{ (g°) | 1 — o
" qy ( mp, —mj )] ~ig
_AT 2 Moy mo_ ¢ u a’
5(q )mgﬁmr Pr+p e iy
1 = UV _ T(,2 7’];.[6]/7 uvaf ! T ( 2\ puvaf, T ( 42\ ppvaf % 4,/ qT
(T(p'.n)|eab|B(p)) = To(‘])(m L Pabp+ TG ) e i py + T3 (%) e ply| .
B, T c
<nﬂnwww¢w@»—[ﬂm%—ﬁf@L—@MW—wwa
’ 0 (mp,_+ my)?
. . . . —iq
+T1(g*) (pn — P p?) + TL(q*) (p"nP —n "/’p’”)} — L. (A3)
B,

In Egs. (A1)~(A3) we denote S =y, A = x,,h., and T = y.,. The conditions
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£5(0) = £3(0)

mp — MA(T) A
1000 - TW)( L4517 (0)

remove the singularity at ¢> = 0.

APPENDIX B: FORM FACTORS IN TERMS OF UNIVERSAL FUNCTIONS AT O(1/ ng)

(A4)

In this Appendix we collect the relations between the form factors in Eqs (2)—(5) and those expressed in the effective

theory at O(1/mg). We define €, = o

1. Bc > Xc0
We define:

=0 = 2+ w)zl” + w2 - DY 3w - DEY + 20— (w-7)=,
= =351 = (w2 = D2 — (w— D[ =321 + 631

b b b b b b b
o) = (w+2)[Q) +wel” -] + (w2 - DRl + o)) +wal) — o))

b b b b b b b b
=3(w = 1[0 + Qi +wd + Q7+ wy) + Q5] + (w = Q5+ wes] — (w — 1)(w - 2)Q5.

Q) = 3wl + QY — Q) 1 2wQl) + 20 + (w? - Wl + Q¢ — QY]
+(w = D - 3wl - 301 +aff + o) +30%)).
Q2™ = (w4 1)(w=2)Q2 + (w+ 1)(w +2)22 = 3(w + D[R +20%] + 90/
— (w=2)B3Q2 Q@] + (w - D(w+ 12QF — (v - )3T + 3027 - ¢]
—w+ 1209 + (w+ 1)(w -7,
T = (w+ DRTY + 20w — DTS + 475 + 378+ 2(w - 2)150,
TY) = (w DRTS] + 20w — 1)T5) + 475 — T3] - 6150,

Using these definitions we obtain the expressions of the form factors in terms of universal functions:

1 b c 1 b c
—— (e + €0 + —=[2Q)) — 2],

T V3
- = B e YY)+ e (el DY 3T+ el T -3T)
+ 21ﬂebec[<w +1)(ASY) - A5 - 2,
=" e M e m ) - e+ ), + et
2 w4 00 =T+ o + DT - 31
- W—g 39 + 294 - V;;; epel(w+ 1)(ASY) - A5)) — ™),
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(B3)

(B4)

(BS)
(B6)

(B7)

(B8)

(B10)



SEMILEPTONIC B, DECAYS TO P-WAVE CHARMONIUM ... PHYS. REV. D 106, 094005 (2022)

w+l_ 1 ) . 1
gr = — 3 54’%[6@5@3—%2}(@2] 2\@[6 Té}(ﬂre Tg“]
2 . ¢
= 5l DT =375 + l(w + DT =375
L2 4 20 =) _ & ) mix
_ﬁ[ehg)&o Q)(co] + 2\/“6176 [(W + 1)(A Az)(co) ]
2‘ Bc = Xc1
We define:
b b b b
=0 =5~ (w- 1)z 4250,
=0, =20 4w+ =P 35 5,
2, =31~ (w =Y,
30, = w15y - 5 -4,

Q" =0l —wa? 1 + (w- Q) +wal) - o]+ 20 + 2wal?),

b b b b b b b
Q([).z = Qg '+ (w+ 1)[94(1 '+ Q<10) + Wng) - ng;) - 924)]
+wel — 30 —af — 30" —3wl? —30) + o) +wall),

o) =wel? + Q)7 -9l - (w-Dwal{ + Q) - Q).

Q) = —(w+ D)Wl +Qlf - QY]+ wlal) +40iY)

+40l) + ol + ) —40y],

Q2 — (w4 DR + 0l - 209 -30 — (w+2)Ql? —0l? — (w2 - 1),

Zers1

QO w0l 1w+ 302~ 402 - 0@ 4 (42 - 12l2

— (w-1)BRY +4Q9 + QY] - (w-3)2F + (-9,

b) b b b
Yoy = (L w) [Ty + T3] = 2752,
b b b b b b
T2 = Thy = 2050 = 20w = 1)Ya) = Y37 = 375).

Y, =TT

T(¢')

201>

) = 3T5) + Xy = 15

With these definitions, we express the form factors in terms of universal functions:
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(B12)
(B13)
(B14)
(B15)

(B16)

(B17)

(B13)

(B19)

(B20)

(B21)
(B22)
(B23)
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w?—1 w41

—_

= = - € 2% —+ (w— HZ — €. 2% —-(w=1)Z
v, \/E \/E [ b[ 1 ( ) ) ,2} [ 1.1 ( ) ;(CI,ZH

Xel Xl Xl

w—1 b b
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With these definitions the form factors are expressed in terms of universal functions:
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4. B, — h,
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With these definitions we obtain:
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APPENDIX C: A SET OF RELATIONS AMONG UNIVERSAL FUNCTIONS

In this Appendix we use the definitions in Egs. (48), (54), and (61), together with the constraints (52), (57), to relate the
various structures entering in the expressions (B1)—(B7), (B12)—-(B25), (B34)—(B44), and (B53)—(B66). The results allow us
to obtain the relations among form factors in Sec. V.
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