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Recently, the LHCb Collaboration reported a near-threshold enhancement X(3960) in the Dy Dj
invariant mass distribution. We show that the data can be well described by either a bound or a virtual state
below the D} Dy threshold. The mass given by the pole position is (3928 + 3) MeV. Using this mass and
the existing information on the X(3872) and Z.(3900) resonances, a complete spectrum of the S-wave
hadronic molecules formed by a pair of ground state charmed and anticharmed mesons is established. Thus,
pole positions of the partners of the X(3872), Z.(3900), and the newly observed D Dy state are predicted.
Calculations have been carried out at the leading order of nonrelativistic effective field theory and
considering both heavy quark spin and light flavor SU(3) symmetries, though conservative errors from the

breaking of these symmetries are provided.
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I. INTRODUCTION

The X(3872) [1], also known as y.(3872), and the
Z.(3900) [2,3] have been proposed as candidates of
isoscalar and isovector DD* hadronic molecules, respec-
tively, for a long while [4-52]. They are expected to have
heavy quark spin and light flavor SU(3) siblings [27], with
the observed Z,.(4020) [53] and Z.,(3985) [54,55] struc-
tures being the candidates for the Z,.(3900) partners.

Very recently, the LHCb Collaboration announced the
observation of a new resonant structure X(3960) in the
D} Dy invariant mass distribution of the Bt - D D7 K™
decay [56]. The peak structure is just above the Dy Dy
threshold with a statistical significance larger than 12¢. The
mass and width reported by LHCDb, from an analysis using a
Breit-Wigner (BW) parametrization, are
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M=(3955+6+11) and T = (48+ 17+ 10) MeV,

(1)
respectively, with 0" favored quantum numbers.
This resonance couples to the DF D7 in an S wave and is an
excellent candidate for a D7 Dy hadronic molecule, which
has been predicted in various theoretical calculations
[27,57-60]. In particular, a recent lattice work predicted
a shallow D7 D7 bound state below the threshold with a
binding energy 2mp — M = 6.2730 MeV [58], and the
vector-meson-dominance model in Ref. [60] predicted a
shallow virtual state with a virtual energy roughly in the
range of [4.7, 35.5] MeV. The difference between a bound
and a virtual state is that the former is a pole of the
scattering amplitude below threshold on the real axis of the
first Riemann sheet (RS) of the complex energy plane,
while the latter is on the second RS. The bound state found
in the lattice calculation [58] becomes a narrow resonance
when the DD channel is coupled to the D,D,; however, it
still couples predominantly to the D,D, and owes its origin
to the interactions of the D D, pair. In this sense and in an
abuse of language, we will refer to such a pole as a “bound
state,” even if it becomes metastable due to the opening
of the lower channel that weakly couples to the pole. Such
a notation is also widely used in the literature; e.g., the
positronium is ubiquitously called an e™e™ bound state
although it decays into photons.
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The LHCb measurements of the D] D; near-threshold
structure [56], the mass of the X(3872) [61], the isospin
breaking in its decays [62], and the BESIII measurements of
the Z.(3900) [63,64] and Z.,(3985) [54] allow us to make
a prediction of the full spectrum of the S-wave hadronic
molecules formed by a pair of ground state charmed and
anticharmed mesons, at leading order (LO) of the nonrelativ-
istic effective field theory (NREFT) [10,23,27,29,43,65].

II. NREFT

Since the charm quark mass m,.~ 1.5 GeV is much
larger than the nonperturbative scale of quantum chromo-
dynamics (QCD) Agep ~ 0.3 GeV, the interaction depend-
ing on the charm quark spin inside hadrons is suppressed,
compared with the spin-independent one, by a factor of
O(Aqcep/m,) ~ 0.2. Consequently, there is an approximate
heavy quark spin symmetry (HQSS), and hadrons contain-
ing a charm (heavy) quark fall into spin multiplets
characterized by the parity of the hadrons and the total
angular momentum of the light degrees of freedom jZ,
including the spin of the light quarks and gluons and the
orbital angular momentum. The ground state pseudoscalar
and vector charmed mesons D and D* belong to the
multiplet with j2 = 1/27, denoted in this work as H.

In the energy region near the thresholds of a pair of j£ =
1/2~ charmed and anticharmed mesons, the approximate
HQSS is also manifested in the interaction between the
two hadrons in the pair. At LO of the heavy quark and
nonrelativistic expansion, the S-wave interaction between a
pair of charmed and anticharmed mesons can be para-
metrized into constant contact terms, which are then
inserted into the Lippmann-Schwinger equation (LSE) to
solve for poles (see, e.g., Ref. [27] and the next section).
These poles would correspond to hadronic molecules
formed by the meson pairs. The total angular momentum
of the light degrees of freedom (d.o.f.) for the HH pair can
have n, = 2 possible values: 0 and 1. If we further consider
the light flavor SU(3) symmetry, all HH pairs form n =2
irreducible representations. This follows from the reduction
3] ® [3] = [1] @ [8], where [3] and [3] [SU(3) antitriplet
and triplet, respectively] stand for the light quark content of
charmed and anticharmed mesons. Therefore, at LO, there
are only n, X ny = 4 independent constant contact terms,
which are denoted here as Cy,, Cy, Cy,, and C;;,. For more
details, we refer to Ref. [27], though we will explicitly
construct below the LO Lagrangian. In brief, isoscalar
molecules (I = 0, § = 0) without hidden strangeness can
be described with Cy, and C,,. Isospinor (I = 1/2,5 = £1)
and isovector (I =1, § =0) octet states are, in turn,
determined by C;, and Cy;,. Finally, for molecular states
with hidden strangeness, the contact-range interactions are
the average of the isoscalar and isovector ones.

We use the matrix field H@ [H@] to describe the
combined SU(3) antitriplet [triplet] of pseudoscalar heavy

mesons P2 = (Qi,0d,Q5) [P'Q4 = (uQ.d(,s0)] fields,
with a the hght ﬂavor index, and their vector HQSS

partners P [P* )a] [66],

HO _ s lf( I —P@yy . pi@ g

H©Qa = (pi@ayu _ p(Q)ay ) -~ . pr@a —
(2)

The matrix field H(@ [H )] annihilates P(@ [P )] and

) [P*(@)] mesons with a definite velocity v. The
deﬁnmon for H@4 also specifies our convention for
charge conjugation, which is CPE,Q)C‘1 = P@4 and
CP C 1 M(Q)ﬂ 1

The field H? [H@4] transforms as a (2.3) [(2,3)]

under the heavy quark spin ® SU(3), with the latter
referring to the light flavor symmetry [66],

HO - sHOU H@a o (UH©@)sT, (4)

a’

with S and U as the transformation matrices acting on the
heavy quark spin and SU(3) flavor spaces, respectively.
Their Hermitian conjugate fields are defined by

F(Qa — YOH((JQ)T},O’ I:I<aQ> _ yOFI(Q)aTYO’ (5)

and transform as [66]

At very low energies, the interaction between a pair of
heavy and antiheavy mesons can be accurately described
just in terms of a contact-range potential. The LO
Lagrangian respecting HQSS reads [10]

1 .- o
Lan = 3 TolH O Hy, T HOH ]
- = 1
X (Fa8L0¢ + Fidg - 1) + 3 Tl H @ H 'y, s]
X T[H Q< B piys|(Fydyad + Fyil 78, (7)

with 7 as the eight Gell-Mann matrices in the SU(3) flavor

space, and F/(i)B as light-flavor-independent low-energy

"t follows from

CH'YC! = cH@aT -1 CHQac~1 = CHE,Q)TC_I, (3)
with ¢ as the Dirac space charge conjugation matrix satisfying

R N
CrucT ==y,
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constants (LECs). Here, Tr takes trace in the spinor space,
and 1 - 1 sums over all Gell-Mann matrices. Note that in our
normalization the heavy or antiheavy meson fields H©) or
H'Q) have dimensions of energy/? (see [67] for details).
This is because we use a nonrelativistic normalization for
the heavy mesons, which differs from the traditional
relativistic one by a factor /2My. The four LECs that
appear above are rewritten into Cy,, Cy, and Cy,, Cy;, which
stand for the LECs in the isospin / = 0 and / = 1 channels,
respectively. The relations read

10F* 2

Coa = Fu + 3A’ Cla:FA_gF:}x’ (8)
10F), 2

Cop = F + 3 Clb:FB_gFB' )

The LO Lagrangian determines the contact interaction
potential V =TI#_,/2m;V, with m; as the masses of the
involved four mesons and V = —(£),? in all strangeness
(£1, 0 and hidden), isospin and J”¢ sectors, which will be
used below.” Later the potential is used as the kernel of the
two-body elastic LSE.

At LO, it is also quite convenient to use the two-
component notation for the heavy meson superfield
[65,67]; see Appendix A.

III. EXTRACTION OF THE POLE POSITION
FROM THE D;D; INVARIANT MASS
DISTRIBUTION

Although the mass in Eq. (1) is above the DY D7y
threshold, 2m, = (3936.70 £0.14) MeV, the peak in
the immediate vicinity of the DY D7 threshold indicates
that it may also be compatible with a below-threshold pole,
which can be either a virtual or bound state.

From the LHCb measured spectrum, we can see that no
additional structuresin D K* channels are needed. Therefore,
among the final particles, we only consider the DDy
rescattering, and the amplitude for B~ — D Dy K reads

TB(mD;DS—) = P‘i‘PG(mD;rDS—)T(mD;rDS—), (10)

"Here (L) represents the element of the Lagrangian sand-
wiched between the initial and final states of the scattering vertex.

3The contact terms for all SU(3) charm-anticharm meson pairs
were first obtained in Ref. [27].

“In fact, the higher D state with a mass about 2.45 GeV
claimed in Refs. [68,69] couples dominantly to the D K. It was
shown in Ref. [70] that the existence of such a state and a lower
D one, with a mass around 2.1 GeV, is consistent with the LHCb
data on the Dz angular moments [71]. One notices that there is
some hint of a near-threshold enhancement in the LHCb data of
the Dy K™ invariant mass distribution [56]. From the Dalitz plot
of the B~ — DI D7 K™, it is easy to see that such D{j resonance
does not affect the near-threshold D Dy distribution.

where P denotes the pointlike production source, assumed to
be constant, and my+ - is the invariant mass of the D/ Dy pair.

In addition, G(W) is the two-point loop function with two
intermediate mesons, defined by

[ dq 1
GW) = l/(zﬂ)4 (¢* —mi +ie)[(P — q)> —mj + ie]
(11)

with m, m, as the masses of the intermediate particles, which
are the D Dy pair in this section, and P their four-momentum

[P = (W, 6) in the two-meson c.m. system]. Using dimen-
sional regularization (DR), it reads

1 m mi-mits,  m3
Gpr(W) = 1622 {Cl(ﬂ) + 10gﬂ—;+227s110gm—§
T

k
+W[log(2kW+s+A)+10g(2kW+s—A)

—log (2kW — s + A) — log (2kW — 5 — A)]}’
(12)

where s = W2, A = m% - m%, k= /11/2(W2, m%, m%)/(ZW)
is the corresponding three-momentum with A(x, y, z) = x> +
y? + 7% — 2xy — 2yz — 2xz as the Killén triangle function,
and a(u) isasubtraction constant with £, chosentobe 1 GeV, the
DR scale. The branch cut of k, taken from the threshold to
infinity along the positive real W axis, splits the whole complex
energy (W) planeinto two RSsdefined asIm(k) > 0 on the first
RSandIm(k) < OonthesecondRS. Another way toregularize
the loop integral is inserting a Gaussian form factor, namely,

1 Pdl e 2N
G\(W)=— [ — ,
A(W) 4m1m2/2ﬂ2W—l2/2;412—m1—m2+i€

(13)

with u, = mym,/(m; + m,) as the reduced mass, where the
nonrelativistic approximation has been taken to both inter-
mediate particles. The cutoff A is usually in the range of
0.5-1.0 GeV. The subtraction constant a(u) in DR is deter-
mined by matching the values of the loop function G obtained
from these two methods atthreshold, W = (m; + m,). Wewill
use the DR loop with the so-determined subtraction constant for
numerical calculations.

T(mp:p-) is the amplitude for the Dy Dy elastic scatter-
ing, and it is given by

T(mpp) = ——o—— (14)

with V = 4mj, (Co, + Cy,)/2, the potential for the D} Dy

system [27]. The invariant mass distribution of D} Dy is
described by
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FIG. 1.

Bottom: fitted line shapes of the Dy D7 invariant mass distribution in the Bt — DI Dy K™ reaction. Data taken from Ref. [56].

The shaded area on the right, starting at mp - = 4.12 GeV, is the region excluded in all fits. The solid blue line and green histogram
stand for the best fit (y*/d.o.f. = 1.40) to the ten nonzero data points included in the nonshaded area in the plot (from 3.92 to 4.12 GeV),
which leads to a virtual state pole. The dash-dotted red line is obtained considering only the nine points from 3.94 GeV
(y*/d.o.f. = 0.83). The band around the solid line and the highlighted area in the top of each histogram shows the uncertainty
obtained Monte Carlo propagating the errors from the fit to the data. The curves obtained from fits leading to a bound state pole, as
discussed in the text, are almost indistinguishable from those shown here and have an almost identical y?/d.o.f.. Top: pull of the data for
the fit, defined as the difference between the heights of the experimental and theoretical histograms divided by the error of the former.

dr 1 kp

= T —
(271_)3 4m%| B(mDﬁD,,)

2 (15)

de;rD:

with k as the three-momentum of the K™ in the rest frame of
the B* meson, and p as the three-momentum of the Dy in
the c.m. frame of the D} Dy pair. Averaging the differential
decay width for each experimental bin and fitting to the
LHCb data, we obtain the interaction strength of D} Dy
and, in turn, the pole position of this system.

The fitted distribution with A = 0.5 GeV is shown in
Fig. 1. Actually there are two solutions, one that develops a
bound state pole and the other one with a virtual state pole,
but they are almost indistinguishable, which follows from
the fact that there are only data points above the D] Dy
threshold.” The fit with A = 1.0 GeV has the same quality
and leads to similar pole positions, as seen in Table I.

>The pole is located on the real axis below the D, D, threshold
in the single-channel case, and it corresponds to a bound or
virtual state of D,D,. If the couplings to the DD or the Okubo-
Zweig-lizuka suppressed J/ww lower-energy channels are con-
sidered, the pole will move to the complex plane becoming a
resonance. Abusing the notation, we will continue to call such
pole a bound or virtual state, since it would have essentially the
same nature as in the single-channel case—it is formed by the
attraction between the D D, mesons.

With the binding or virtual energy given in Table I, we
get a mass of the DDy bound or virtual state of

Mys060) = (3928 £ 3) MeV. (16)

The lattice QCD calculation in Ref. [58] predicts the
existence of a D} Dy bound state with a binding energy
in the range of [2.4, 8.2] MeV,6 and the model in Ref. [48],
which assumes that the interaction between a pair of
charmed hadrons is dominated by the exchange of light
flavor vector mesons, predicts a D7 Dy virtual state with a
virtual energy in the range of [4.7, 35.5] MeV. Both
predictions are consistent with the determinations in
Table I.

%The authors of Ref. [58] obtain two shallow bound states
when they consider separately the DD and D D single channels,
which agree with our results. Then, they find that the masses
slightly change by including DD—-D,D, coupled-channel effects,
which gives support to perform single-channel analyses. In
addition, they also found a third resonance above the DD,
threshold, which appears due to the use of an energy-dependent
potential, and a D-wave 27 state. These two latter results are
beyond the scope of this work, where we will only consider S-
wave constant interactions.
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TABLE I. Potential and pole positions from different fits to the
LHCb data. The poles are located either on the real axis on the
first (bound) or the second (virtual) RSs below threshold, and
their positions are defined by the distance in MeV from the
Dy Dy threshold, i.e., M — 2my, . The errors on the pole positions
are propagated from the fits.

A =05 GeV A =10 GeV
Virtual Bound Virtual Bound

v —-300£20 -130013% —190+10 —360 +30
Pole (MeV) -84'3) -84 84737 8472

IV. DETERMINATION OF THE LO
LAGRANGIAN £,

The four independent LECs, Cy,, Cop,Ci,, and Cyp, in
Egs. (7)-(9) can be determined from four independent
inputs:

(i) The mass of the X(3872) as a bound state of the
D°D*® — D*D*~ system. The D°D*® —D*D*"
coupled-channel interaction in the J°¢ = 17+ sector
reads [27]

. 1 /Cyx+Cix Cox—C

V:_< ox TCix  Cox 1x>’ (17)
2\Cox —Cix Cox +Cix

Wlth COX = COa + COba clx = Cla + Clb' We take the

mass of X(3872) from a recent LHCb analysis using

a Flatté parametrization [61],

My = 3871.697 09009 MeV, (18)

which fixes the binding energy relative to the
threshold of D°D*® to be My —mp — mpo =
[~150,0] keV.” We obtain a relation among these
four LECs by reproducing the binding energy of
the X(3872) relative to the D°D*" threshold. In
this work, the central value of My is taken at
3871.69 MeV, and to estimate the inherited uncer-
tainties affecting the LECs, we perform a Monte
Carlo (MC) sampling according to a uniform dis-
tribution between 3871.54 and 3871.69 MeV.

(i) The ratio of isospin breaking decays of the X(3872)
given by [20,27,35]

g’ 19
n (19)

>

Rx(3872)

| >

o

>

"With the masses nmp = (1864.84 +0.05) and mpo =
(2006.85 £ 0.05) MeV  [72], the D°D*® threshold is at
(3871.69 + 0.07) MeV. Here we consider that the X(3872) is
a bound state below the threshold and the lower bound is
estimated by a quadratic sum of these errors to be 150 keV.

where ‘i‘mc give the average of the neutral and
charged wave function components in the vicinity
of the origin. This ratio is related to Cyy and
Cix [20],

‘i’c B (2mD+mD*-)Gz(Cox - Clx)
_ (2mpompo)Gy(Cox — Cix)
1= (2mpomp0)Gyi(Cox + Cix)’

% 1 = (2mp+mp-)Gy(Cox + Cix)

(20)

with G, and G, as the loop functions of D°D*°
and DTD*~, respectively, evaluated at the pole
position of the X(3872). The experimental value
of the ratio is 0.29 &£ 0.04 [62] and a MC sampling
according to the Gaussian distribution with a mean
value of 0.29 and a standard deviation of 0.04 is
performed to estimate the uncertainties on the
derived LECs.

(iii) The pole position of the Z.(3900). The contact
interaction strength for this system, the isovector
DD* + DD*,is V = C;, — Cy;,. We use for the pole
position 3813’_“%%g MeV, from the virtual state pole
scenario discussed in Ref. [52], in the context of a
combined fit to the BESIII data on the Z.(3900) and
Z,.,(3985).> A MC sampling of the pole position
according to a Gaussian distribution with mean
value of 3813 MeV and standard deviation of
28 MeV is performed to estimate the uncertainties
of the LECs.

(iv) The Dy Dy interaction strength, ie.,
V = (Co, + Ci4)/2, obtained in Sec. I1I. We directly
use the potentials listed in Table I with Gaussian
distributions to estimate the uncertainties of the
derived LECs.

For each two-body channel, the subtraction constant in

the DR loop function is fixed by matching the values of
Egs. (12) and (13) at the corresponding threshold.

From the X(3872) inputs, we obtain for A=
0.5(1.0) GeV,

Cox = —1.967093(=0.737001) fm?, (21)

Cix = 1.14 £ 0.49(-0.2970:0¢) fm?. (22)

Note that there are sizable differences between the above
values and those obtained in Ref. [35], which is traced to
the updated experimental meson masses and the isospin
breaking ratio Ry 3g7), and the use in this work of the DR

¥In Ref. [52], there are two types of fits, leading to a resonance
or a virtual state pole for the Z,(3900). The virtual state scenario
is the one consistent with the LO NREFT approach followed here
[see Eq. (7)].
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TABLE II.  Predicted pole positions of the SU(2) isoscalar HQSS partners of the X(3872) resonance for two different values of the
Gaussian cutoff. The energies, with |E| as the distance between the pole mass and the corresponding threshold, are given in MeV, and a
negative (positive) number means a bound (virtual) state located on the first (second) RS below threshold. For each channel, the first and
second rows of values for E stand for the predictions within the S-I and S-II schemes, respectively. The first set of errors on E is
estimated by the MC sampling of the LECs, while the second one (in brackets) is the full error obtained by including an additional 30%
uncertainty into the LECs to account for HQSS and SU(3) flavor symmetry breaking corrections. Thus, the latter set provides a
conservative total error on the pole positions. The thresholds marked by an asterisk (¥) are the isospin averaged ones.

Jre HH 1% E(A =0.5 GeV) E(A =1 GeV) Threshold (MeV)
_ —1.9 £ 1.3(39) 0.0%5:4(133)
ot DD Cou . i y 3734.5*
’ —1625(%3) =3219(11)
1t D*D Eq. (17) Input Input 3871.69/3879.91
-1 6+1'7(+3'9) 1 1+20(+66)
. Db co_c V2434 o14l -39 3875.8*
: 0a o —195(%) -52:3(1%) -
. SEEE S.0H0(1) *
0 D*D C()a - 2C0b _19ir12( irlg) _631»1( t7]2) 4017.1
- SL8H20) 05715("3%) *
1 D*D Coa _C()b _lgt?(iri)') _52j§(j914) 4017.1
i -3.0504(133) —2.3%55(59)
T P } . 05\ 7. .
’ or Cou t G 031 23°930%) o

scheme in coupled channels.” From the last two inputs,

which are the BESIII Z,.(3900) data and the newly reported

LHCb X(3960), we have
Cia = Cip = —0.437080(=0.321003) fm?,  (24)

(COa + Cla)/2
B { —0.75 + 0.05(—0.48 & 0.03) fm?
1 -3.3712(=0.9 + 0.1) fm?

in S-1,
in S-1I,

(25)
where we have considered two scenarios I (S-I) and II
(S-1I), depending on whether the rescattering of the D} Dy
pair gives rise to a virtual or bound state pole, respectively.
We finally obtain the four LECs,

_ { —1.85%028(-0.65700%) fm?> inS-I, (26)
7 1 =69 £2.5(-1.50:217) fm?  in S-1I,
°From Egs. (19) and (20), one finds
1+ R}
ClX _ —COXR)_(%3872> + X(3872) (23)

4mD<>mD<u Gl ’

The difference between the Cyy values determined using either
the Gaussian or the DR schemes is around 0.3 fm?> for
A = 0.5 GeV, which induces a large change of the order of
—1 fm? for Cyy, since it is enhanced by the RP_(;3872) factor.

_ { —0.111923(-0.0870%) fm?> inS-I, o7
14942507704 fm?> i S-IL

Cia = 0.361023(-0.317093) fm?, (28)

Cip = 0.787932(0.017092) fm?. (29)

V. SUMMARY AND DISCUSSION

Using the LECs determined in the previous section, we
obtain the complete spectrum of the S-wave HH hadronic
molecules, which is collected in Tables II-V and shown in
Fig. 2. Some further remarks on the estimation of errors in
these tables are given in Appendix B. We see that several
HQSS/SU(3) siblings of the X(3872), Z.(3900), and
X(3960) resonances are predicted. Some of them might
not be real QCD bound states, but rather virtual state poles,
which will nevertheless produce some nontrivial structures
in the experimental distributions of HH or other final states
that can couple to HH (for a discussion on some general
features of the virtual state line shapes, see Ref. [48]).

The SU(3) content of the found spectrum is determined
from the flavor decomposition 3] ® [3] = [1] & [8]. Let us
pay attention, for instance, to the pseudoscalar-vector
JP€ = 1%~ sector. The octet interaction can be read off
from thatinthe I = 1 or I = 1/2 isospin channels [27,46,52]
and it is determined by the linear combination [C,, — C},]
(see Tables IV and V). Hence, the obtained molecularlike
exotic states Z.(3900) and Z.,(3985) belong to the same
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TABLE III. Same as Table II, but for the hidden strangeness isoscalar HQSS and light flavor partners of the X(3872) resonance.
Jre HH v E(A =05 GeV) E(A =1 GeV) Threshold (MeV)
0+ DD % (Coa +Cia) Input Input 3936.7
+170( +320 2.1 +11
1+ D*D 1 (C() + Cl + C()h + Clh) 58+170( +470) > 3+12§( +78) 4080.5
sHs 2 a a 8_45 ( - ) 3—1 8( )
+4.0( +11 +17 (+47
1+ D:D 1 (Cou + Cra — Cop — C1p) 020l > 12( +12) 4080.5
s s 2 \L0a la 0b 1b _14_2 ( _2) 267 ) .
. . 1 —0. 6+22.32( +§86) 2+51 ( +96)
0 D:D: 3 (Cou +Ciy —2Cy, — 2Cyy) —16733(438) —38+7(413) 42244
. . 1 01+32(+8S) 8+14(+4])
1 DsDS E(COa +Cla _COb —C|b) _141L§(+25) 26+6 +12) 4224 .4
_ 5171600310 L3519(H5)
2++ D;D; %(COa +Cia + Cop + Clh) 51+160( +470) 1.3+L 6( +69) 4224.4
—41 \ 53 12165

TABLE IV. Same as Table II, but for the isospinor (I = 1/2) HQSS and light flavor partners of the X(3872) resonance. In these
sectors, the interactions are independent of Cy, and Cy;, and hence the spectrum is the same for both S-I and S-1I schemes. In addition,
the numbers marked with T stand for the averaged value of the two involved thresholds. We use “*---” on those cases, where we find
neither a bound nor a virtual pole close to threshold.

Jr HH 1% E(A = 0.5 GeV) E(A =1 GeV) Threshold (MeV)
0t D,D Cia 76135 (1130 3835.6*
1" DD* + D:D Cia—Cip 57133( 159 56 +26( 1119) 3978.2f
1+ D.D* = D:D Cia +Cip 76177 (1480 3878.21
0t D:D* Cia —2Cy 0.0502(19) 40135 (433%) 4120.8*
1+ D:D* Cia—Cp 50724 ( 1329 47 £ 23( 39 4120.8*
2t D:D* Cia +Cip 657 3( 1130 4120.8"*

TABLE V. Same as Table IV, but for the isovector HQSS partners of the X (3872) resonance. Note that the isovector 1+ D*D channel
is directly related to the isospin breaking in the X(3872) decays.

Jre HH 1% E(A =0.5 GeV) E(A=1GeV) Threshold (MeV)
(s DD Cla 8431( 1439 3734.5*
1+ D*D Eq. (17) 3871.68/3879.91
1+ D*D Cia—Cip Input Input 3875.8*
0+ D*D* Cia —2Cy, 0.0552(5H39) 45535(1139) 4017.1*
1+ D*D* Cia—Ciyp 55 £25(50) 53 +£25( 1119 4017.1*
2+ D*D* Cia +Cip 73H78( 10y 4017.1*

octet [46,52], as depicted in Fig. 3. For I = 0, one has the
LECs (Coq —Cop) and 5(Cos — Cop 4 Cia = Cyp) for the
D*D and D:D, (hldden strangeness) pairs, respectively.
In the SU(3) limit, it would be necessary to account for
the coupled-channel dynamics, and the 7 =0 potential
would diagonalize into octet and singlet components. The

eigenvalue of the octet piece would be (Cy, — Cy;), and it
would give rise to the / = 0 member of the octet in Fig. 3.
Hence, due the single-channel scheme used here, appropriate
because of the sizable Dg*) — D™ mass splitting (see
discussion below), neither the D*D nor the DiD, (0)17~

molecularlike states reported in Tables II and III can be
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4.3
D*D* —— Bound
10 fons —— Virtual
Dy D~
41} D; D, .
D*D*
S 4.0r - o D,D* +D;D A
§ DSDS —
. =
39 D*D X(3960) —— . b
X(3872)
3.8F .
DD Z.(3900)
3.7f 4
3.6 (00**  (O1tt (01t (02tt (ot W1t (1/20t (/21
4.3
12 P P —— Virtual
D;D*
4.1+ DD 4
D*D*
;40_ o — | | DSD*+DS*D'
8 DSDS  E—
= =
391 D*D x(3960) ] 1
X(3872)
3.8F .
DD Z,(3900)
3.7f .
36 (00t (01Tt (01T (0)2tT  (nott  (1t-  (1/2)0  (1/2)1t

FIG. 2. Complete HH molecular spectrum obtained for both the S-I (top) and S-II (bottom) schemes and with a cutoff A = 0.5 GeV.
Quantum numbers (1)J€ are specified at the bottom of the plots. The filled rectangle bands, green or orange for bound or virtual states,
respectively, cover the range of the pole positions given in Tables II-V (second sets of errors). Thresholds are marked by dotted
horizontal lines. The band closest to, but below, the threshold would correspond to an H H hadronic molecule, with quantum numbers
indicated at the bottom. In the cases where the range of the pole position lies in both the bound and virtual regions, we show the two
filled shorter bands. The input channels are signaled by a blue rectangle. The band width for the X(3872) is multiplied by a factor of
10 for a better illustration. Note that, in some cases, the error for the pole position is so large that it exceeds the validity region of the

NREFT treatment, and hence the bands fade away.

directly identified with the SU(3) octet and singlet isoscalar
states missing in Fig. 3. The former ones will be linear
combinations of the SU(3) flavor eigenstates; similar to that,
for instance, the physical @ and ¢ mesons are obtained from
the mixing of the isoscalar SU(3) singlet and octet states.
One would find a second JP¢ = 17 nonet (octet+
singlet) of HQSS siblings of the latter one in the

vector-vector sector, where the charged Z}(4020) and
Z%, would be located. The same SU(3)/HQSS pattern
would be repeated for the JP¢ = 1*+ pseudoscalar-vector
and JPC = 2*F vector-vector systems, and finally there
would be two (pseudoscalar-pseudoscalar and vector-
vector) independent J¢ = 0** nonets. Nevertheless, in
some cases the interaction might not be strong enough to
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[ ZSS | Z.5(3985) T
ccds

[ccus]

S
Is

Z.(3900)~ ZC(3300)° Z:(3900)% gy +
[cedal) [ccud)
(8]
1]
Z.+(3985)~ 7
[cesu] [cesd]
FIG. 3. SU(3) content of the pseudoscalar-vector J¢ = 1+~

molecular sector, deduced from the [3] ® [3] = [1] @ [8] reduc-
tion. See text for details.

even generate a virtual state, close enough to the relevant
threshold, that can produce non-negligible signatures in
observable distributions.

To summarize, we have shown that the freshly measured
D7 Dy invariant mass distribution in the B™ — DfD; K™
reaction, reported by the LHCb Collaboration [56], can be
well described by a D Dy bound or virtual state below
threshold. The pole is located at (3928 & 3) MeV on the
first or second RS for a bound or a virtual state, respec-
tively. Thus, the observed peak in the data above threshold
can be just a consequence of the phase-space suppression.
In this and other similar situations, the line shape in the
near-threshold region should be analyzed using a para-
metrization that can be analytically continued to the below-
threshold region [a nice example in this context is provided
by the LHCb analysis of the X(3872) line shape using the
Flatté parametrization [61]]. The pole position obtained
from the analytically extended amplitude in such analyses
is always more meaningful than the BW parameters.

This possible new Dy Dy molecule [X(3960)], together
with inputs from the mass and isospin breaking decays of
the X(3872), and the virtual state pole position of the
Z,.(3900) determined in Ref. [52], have allowed us to fully
fix the four LECs that appear in the 4H NREFT Lagrangian
at LO (L4y). Next, we have used this contact-range
interaction to predict the complete spectrum of hadronic
molecules formed by an S-wave pair of ground state
charmed and anticharmed mesons. It is expected that
coupling channels, with the same quantum numbers and
thresholds more than 100 MeV away from each other, can
bring in corrections to the numerical results, but the general
pattern should hold; see the analyses in Ref. [23] for HH
systems in the SU(2) flavor case and Ref. [73] for the
hidden-charm pentaquarks. A similar remark applies to the
effects of pion exchanges, which are also not considered in
this work.

We have regarded near-threshold virtual states as
molecular states despite the fact that their wave functions
are not normalizable. It is worthwhile to notice that the

wave function of a resonance, where poles are located on
the unphysical Riemann sheet of the complex energy plane
just like a virtual state pole, is not normalizable either.
Although both virtual states and resonances are not
asymptotic states, they are able to produce observable
signatures, such as peaks in invariant mass distributions, as
long as the poles are not far from the physical region. In
particular, it is important to stress that the pole position of a
virtual state, as that of a resonance or a bound state, is the
same in every reaction with the same quantum numbers and
initial or final state. Thus, a virtual state may be regarded as
a particle just like what is normally done for a resonance on
the same footing.

Notice that we have ignored higher-order interactions
and coupled-channel dynamics. In principle, coupled
channels may have some effects on the spectrum.
However, in this work we have mainly focused on poles
near thresholds, for which only considering single-
channel dynamics should be a good approximation, since
the energy distance to the corresponding threshold is
much smaller than the separation to the closest energy
channel.'’ In this case, the poles are always located at the
real axis below the threshold. If we had taken into account
lower-energy channels, the near-threshold poles would
have only moved to the complex plane, which rarely
affects the mass of the state.

Molecular states can also, in principle, couple to near-
threshold gg components if their quantum numbers are the
same. The recent analysis in Ref. [74] suggests that it is
plausible to treat hadronic molecules isolated from gg
states of the same quantum numbers. Nevertheless, the
interactions driven by gg compact states located some few
tens of MeV below/above thresholds can be incorporated
into the effective field theory by appropriate LECs, when
only narrow energy windows around some relevant two-
meson thresholds are being considered. This is because
then the energy dependence of the interaction can be
safely neglected. In this context, the study carried out in
Ref. [41] for the X(3872) and its 2" HQSS partner is
very illustrative.

"The typical momentum scale of the coupled channel is
V2um, ~ 500 MeV, with p as the heavy-light meson pair
reduced mass and (mp- —mp) ~ m,, which turns out to be a
hard scale of the order of the ultraviolet cutoff and much larger
than the binding momentum of a shallow S-wave bound or virtual
state. Note that the Dy — D mass splitting, though smaller than
(mp- —mp), is still of around 100 MeV. On the other hand, we
should point out that the lowest-order counterterm structure
stemming from the NREFT cannot absorb the kind of divergen-
ces associated with the coupled-channel calculations and one
would need to introduce higher-order new counterterms to
renormalize the coupled-channel dynamics. These problems were
addressed in Ref. [23] and it was shown there that, in any case,
the effects should be safely covered by uncertainties coming from
the 1/ mg corrections. See also Ref. [73] for discussions in the
case of the pentaquark P,.
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APPENDIX A: LAGRANGIAN IN THE
TWO-COMPONENT NOTATION

Taking v* = (1,6), we have

L0 (0 _ﬁ:(Q)_g_P(aQ))
a 0 O )
) _p*(Qa = _ p(d)a
H(Qa — <0 et ) (A1)
0 0

where ¢ denotes the Pauli matrices acting in the spinor
space. Thus, we can define the two-component superfields
for charmed and anticharmed mesons,

-

Ao = P .5 1 p@ea,
(A2)

H,= P9 . 5+P2,

Then the Hermitian conjugate fields in Eq. (5) become

_ 0 0 _ 0 0
f(Qa — ( . ) 79 — ( ) ) (A3)
H, 0 HT 0

With this notation, the Lagrangian in Eq. (7) reads

1 . _ - >
Ly = —ZTr[H‘“Hh}Tr[H‘HZ](FAégéf + il 70
1 a m jc i m 7b  yd
+ZTr[H YHy,o™ | Tt[H H 6™ (Fgh6¢ + Fiydo - 22).
(A4)

Using the completeness relations for the Pauli and Gell-
Mann matrices,

1
2

j j 1 / 1 1—) -
03, = 5010, +561 5l Bt =Zausl 4+ Au AL

(AS)

one can check that the double-trace form in Eq. (A4) can be
rewritten in the single-trace form given in Ref. [65], where
the light flavor SU(2) case was considered.

APPENDIX B: ERROR ESTIMATION

To estimate the uncertainties on the pole positions
inherited from those of the LECs, we generate MC
samplings of the physical input values according to their
central values and errors, as discussed in Sec. IV. Here, we
show in Fig. 4 some examples of pole-position distribu-
tions, relative to the corresponding thresholds. They have
been obtained using the S-I scheme with A = 0.5 GeV and
taking into account the dispersion produced by HQSS and
SU(3) flavor breaking effects. The central pole positions for
these channels are obtained by using the central values of
the inputs, and the asymmetric upper and lower errors are
determined from 68% confidence level limits, referred to
as the central value. Hence these distributions give rise to
the second set of uncertainties in Tables II-V, which we
consider to be conservative estimates of the total errors on
our predictions. Note that we have added an additional
minus sign to the virtual pole positions for better illustration
and that one should always keep in mind that the poles are
always below the corresponding thresholds. This is to say,
as in the tables, a negative (positive) value of £ means a
bound (virtual) state located on the first (second) RS below
threshold, and the corresponding histogram is colored in
green (orange). In some sectors, for instance, the (1)JF =
(1/2)0" DyD and (I)J* = (1/2)2" D:D* channels, only a
small fraction (less than 10%) of samples of the LECs
produce near-threshold poles and most samples yield
repulsive or too weak attractive interactions. Therefore,
we conclude that these channels are unlikely to have near-
threshold molecular states.
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FIG. 4. Pole-position histograms obtained from a 10* MC sampling of the S-I LECs, including both the uncertainty from the physical
inputs discussed in the text and that produced by HQSS and SU(3) flavor symmetry breaking effects. The cutoff has been fixed to

A = 0.5 GeV. See text for details.
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