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Analytic solutions of neutral hyperbolic black holes with scalar hair
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We find analytic solutions of hyperbolic black holes with scalar hair in anti—de Sitter (AdS) space, and
they do not have spherical or planar counterparts. The system is obtained by taking a neutral limit of an
Einstein-Maxwell-dilaton system whose special cases are maximal gauged supergravities, while the dilaton
is kept nontrivial. There are phase transitions between these black holes and the hyperbolic Schwarzschild-
AdS black hole. We discuss two AdS/CFT applications of these hyperbolic black holes. One is phase
transitions of holographic Rényi entropies, and the other is phase transitions of quantum field theories in de
Sitter space. In addition, we give a C-metric solution as a generalization of the hyperbolic black holes with

scalar hair.
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I. INTRODUCTION

The AdS/CFT correspondence provides a powerful tool
to study strongly coupled conformal field theories (CFTs)
in a given spacetime background B, in terms of a classical
gravity whose boundary is conformal to B, [1]. A basic
example is the Schwarzschild-AdS solution,

M
ds? = - k—"—+—|dF
s ( p +L2>

2M A\ !
+ (k—T—f—?) dr2—|—7'2d2%.k, (1)

where k = 1, 0, and —1 are for positive, zero, and negative
curvatures of the two-dimensional space d¥3,, respec-
tively. Properties of these three cases are as follows.
(i) Spherical black hole (k = 1): The AdS boundary is
R x $9°1, so the dual CFT lives on a sphere. Black
holes have a minimum temperature. There is a
Hawking-Page phase transition between a black
hole and a thermal gas [2,3].
(i) Planar black hole (k = 0): The AdS boundary is R,
so the dual CFT lives on a Minkowski space. There
is no phase transition at finite temperature. If a
spatial dimensional is compactified to S', there will
be a phase transition between a black hole and the
AdS soliton [3].
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(iii) Hyperbolic black hole (k = —1): The AdS boundary
is R x H’"!, so the CFT lives on a hyperboloid.
There is no phase transition [4,5]. The zero-mass
solution is at finite temperature, and the zero temper-
ature solution is reached by a negative mass [6]. The
AdS boundary is conformal to a Rindler space [6] or
a de Sitter space [7].

If we include a scalar field in the system, the hyperbolic
black hole described by (1) may have a phase transition to a
hyperbolic black hole with scalar hair. The IR (near-horizon)
geometry of the extremal hyperbolic black hole described
by (1)is AdS, x H?, and instability will happen when the IR
Breitenlohner-Freedman (BF) bound is violated [8]. (As a
comparison, the extremal spherical or planar black hole is the
pure AdS.) Numerical solutions of hyperbolic black holes
with scalar hair were obtained [8—10]. An analytic solution of
ahyperbolic black hole with scalar hair called the MTZ black
hole was obtained in [11].

A generalization of the Schwarzschild solution is Einstein-
Maxwell-dilaton (EMD) systems. There are analytic solu-
tions in maximal gauged supergravities whose special cases
are EMD systems [12]. The most notable cases in AdS, are
1-charge, 2-charge, 3-charge, and 4-charge black holes,
which are summarized in Appendix B. The thermodynamics
of black holes in STU supergravity was studied in [13,14],
and there are phase transitions. Both gauge fields and dilaton
fields are in the system; if we set the gauge fields to zero, the
dilaton fields will also become zero, apparently. An EMD
system whose special cases intersect with STU supergravity
was found in [15—17], and more properties of the system was
studied by [18-20].

We find a class of analytic solutions that describe phase
transitions of hyperbolic black holes. These solutions are
related to supergravity and do not have spherical or planar
counterparts. We observe that there are two neutral limits
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for charged hyperbolic black holes that are solutions to the
EMD system. One neutral limit is the solution (1), in which
the dilaton becomes zero. The other neutral limit is a black
hole with scalar hair. We show that there exist both zeroth-
order and third-order phase transitions between these two
hyperbolic black holes at sufficiently low temperatures.

We discuss two applications of the hyperbolic black
holes in terms of the AdS/CFT correspondence. One is
phase transitions of the Rényi entropies. Rényi entropies as
a generalization of the entanglement entropy play a key role
in describing the quantum entanglement. If the entangling
surface is a sphere, Rényi entropies can be calculated in
terms of hyperbolic black holes [21,22]. The parameter n of
Rényi entropies S, is related to the temperature of hyper-
bolic black holes: larger n corresponds to a lower temper-
ature. Hyperbolic black holes developing a scalar hair
imply that Rényi entropies have a phase transition in n.
While previous studies constructed numerical solutions
to describe such a phase transition, this work provides
analytic examples.

The hyperbolic black holes can also be used to study
strongly coupled quantum field theories (QFTs) in de Sitter
space by the AdS/CFT correspondence, because the AdS
boundary of a hyperbolic black hole is conformal to a de
Sitter space in the static patch [7]. A hyperbolic black hole
describes a QFT in de Sitter space in the static patch at a
temperature that may differ from the de Sitter temperature.
Since there are phase transitions between hyperbolic black
holes with and without scalar hair, the dual QFTs in de
Sitter space will also have phase transitions. This result may
shed some light on phase transitions of QFTs in the early
Universe.

This paper is organized as follows. In Sec. II, we present
the analytic solution of neutral hyperbolic black holes with
scalar hair. In Sec. III, we study the thermodynamics of
these hyperbolic black holes and their phase transitions. In
Sec. IV, we give the AdS5 and higher-dimensional solutions
of hyperbolic black holes with scalar hair. In Sec. V, we
discuss two applications of hyperbolic black holes in terms
of the AdS/CFT correspondence. In Sec. VI, we give a
C-metric solution as a generalization of the hyperbolic
black holes with scalar hair. Finally, we summarize and
discuss some open questions.

In Appendix A, we use the holographic renormalization
to derive the mass. In Appendix B, we summarize some
special cases of STU supergravity. In Appendix C, we
present new insights on Einstein-scalar systems to motivate
the scalar potential. In Appendix D, we discuss some
properties of planar black holes.

II. TWO NEUTRAL LIMITS OF AN
EINSTEIN-MAXWELL-DILATON SYSTEM

We study the AdS, case in detail, and put higher-
dimensional cases in Sec. IV. The action is

s [axyms(R-gemr =S -via). @

where F = dA. The potential of the dilaton field is

2

YO =T arr

+ 8a2e((1—1/a)¢/2

[@?(3a% — 1)e?/@
+ (3 = a?)e™], (3)

where a is a parameter, and the values of a =0, 1/ V3,1,
and /3 correspond to special cases of STU supergravity.
This potential was found in [15]. A derivation of this
potential with weaker assumptions is given in Appendix C,
in which we explain why this potential is “privileged”.

The three exponentials in V(¢) are ordered by their
importance. The ¢ — 0 behavior is V(¢) = —6/L> —
(1/L?)¢* + - - -, where the first term is the cosmological
constant, and the second term shows that the mass of the
scalar field satisfies m>L? = —2. The scaling dimension of
the dual scalar operator in the CFTis A_ =1or A, =2.

The solution of the metric g,,, gauge field A,, and
dilaton field ¢ is [15]

ds* = —f(r)dr® qtj%ﬁdr2 +U(rd,.  (4)

e
(R e

b\iz P, b\
=(k=-=)(1-= —(1-=
= ()00 ()

(1 _b)E=
U=r|1-- . (7)

r

with

The solution has two parameters b and ¢ in addition to a.

A key observation in this work is that we can eliminate
the gauge field while keeping the dilaton field nontrivial. If
we take b = 0, this solution will be reduced to a neutral
black hole described by (1). If we take ¢ = 0, only in the
case of k = —1 can we obtain a black hole solution. By
taking ¢ = 0, the gauge field vanishes, but the dilaton field
is still nontrivial. This is a neutral hyperbolic black hole
with scalar hair. In sum, by taking a nontrivial neutral limit
of the above EMD system, we find analytic solutions of
hyperbolic black holes given by

1
ds* = —f(r)dr® +mdr2 + U(r)dz3, (8)
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FIG. 1. Temperature as a function of r,,. In the left plot (@ < 1/1/3), there is one branch of black hole solutions, and the temperature
can reach zero. In the right plot (1/ V3 < a < v/3), there are two branches of black hole solutions, and there is a minimum temperature.

where d¥3 = d6” + sinh® 0dg?, and

1= 2 2d%
b 14a2 r b 1+a?
——(1-2 (22
242 2q2
U— r2 (1 _ é) l+u2, ea¢ _ (1 _ é) ]+112. (9)
r r

Interestingly, the same type of the neutral limit of the
spherical or planar black holes in the same EMD system

does not give a black hole. The special case @ = 1/1/3 or
\/§ gives the MTZ black hole.

Another solution to the system (2) without the gauge
field is the hyperbolic Schwarzschild-AdS black hole
(without scalar hair) given by

c 1

f=-1-=+

T2 U:r29
r L

¢=0. (10)
For a given a, there is more than one black hole solution. At
a given temperature, the one with lower free energy is
thermodynamically preferred. In the following, we calcu-
late thermodynamic quantities of the hyperbolic black
holes with and without scalar hair and demonstrate that
there are phase transitions between the two solutions as the
temperature is varied. We set the AdS radius L = 1.

ITI1. PHASE TRANSITIONS OF HYPERBOLIC
BLACK HOLES

Consider the hyperbolic black hole with scalar hair first.
The curvature singularity is at r =0 and r = b, and the
parameter b can be either positive or negative. The horizon
of the black hole is determined by f(r,) =0, where
rp > max (0,b). From f(r,) =0, the parameter b is
expressed in terms of ry,

3-a?

b=r,—r. (11)

The temperature is given by

T:f/(rh)
47
1 5 l+a22 5 _1+_1122
— 74”(1 e B-a’)r > —(1=3a%)r,* |, (12)

where we have used (11) to replace b with r;,. In the
exceptional case a = 1/+v/3, we have r, =1, and the
temperature is 7 = /1 — b/2x. The system is invariant
under @ - —a and ¢ - —¢. We assume a > 0, and there
are two distinctive cases as follows. See Fig. 1.

() a < 1/+/3 ora > /3. The temperature reaches zero

when
1- 30{2 z}fzf;)
= . 13
r'p ( 3 _ (,12 ) ( )

The extremal geometry is given by (8) with

b=

2(1 +a?) <1 - 3a2)zii‘22>_ (14)

3—a? 3—a?

(i) 1/v/3 < a < /3. The temperature can never reach
zero. There is a minimum temperature at

3(12 -1 zifzﬁ)
ry = . (15)

3—a?

For a given temperature above the minimum temper-
ature, there are two values of r,. (When a = 1, the
two values coincide.) At the minimum temperature,
the geometry is given by (8) with

—30(2
, 41— <3az - 1)21‘“2% (16)

3—a? 3—a?

To show that there is a phase transition between the black
holes with and without scalar hair in the canonical
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FIG. 2. Free energy as a function of temperature for different values of a. We take Vs = 1. The solid line is for the hyperbolic black
hole with scalar hair in AdS,. The dashed line is for the hyperbolic Schwarzschild-AdS, black hole. A crossing point of the solid and the

dashed lines is the pure AdS.

ensemble, we need to compare their free energies as a
function of temperature. Below a critical temperature, the
hairy black hole has lower free energy. Moreover, we need
to impose a sourceless boundary condition for the scalar
field at the AdS boundary. The asymptotic behavior of the
scalar field near the AdS boundary r — oo implies that
there is a multitrace deformation in the dual CFT [23].

To specify the boundary conditions clearly, we use the
Fefferman-Graham (FG) coordinates near the AdS boun-
dary. For details, see Appendix A or [24]. The asymptotic
expansion of the scalar field is

¢ =Az+ B+, (17)
where z is the FG radial coordinate as in (A1) below. Starting
from the alternative quantization, in which the scaling
dimension of the dual scalar operator is A_ = 1, we require
that the single-trace source is zero. The boundary condition
compatible with the solution (9) can be chosen as follows:
(i) B/A = 2(11;“;2> b. This corresponds to a double-trace
deformation, which is relevant.
(ii) B/A? :—'Z—;’z, which is dimensionless. This corre-
sponds to a triple-trace deformation, which is marginal.
We use the triple-trace deformation, for which we can vary
the temperature with a fixed B/A>.
The mass calculated by holographic renormaliza-
tion is'

'"The mass and entropy in arbitrary dimensions are (37) and
(38) in Sec. IV. They depend on Newton’s constant G. Here, we
have set 162G = 1 in the action.

Vz 1—(12
871G 1 + o?

(18)

’

where Vi is the area of the hyperbolic space d¥3, which
needs to be regulated. The entropy is

2(1-a?)
Vs 1-3a2

Vs
S=—=U :4Grh

4G (19)

(rn)

It can be checked that the first law of thermodynamics
dM = TdS is satisfied by (12), (18), and (19). The free
energy is

3-a?
1-3a%

F=M-TS§=-

(rp+r

)- (20)

The free energy as a function of temperature is plotted
in Fig. 2.

For the hyperbolic Schwarzschild-AdS, black hole,
the thermodynamic quantities can be calculated by setting
a =0 and b = —c. They are

(72— 1). (21)

887G

The free energy is F = M —TS. The free energy as a
function of temperature is plotted in Fig. 2. The solid line is
for the black hole with scalar hair, and the dashed line is for
the black hole without scalar hair. The two solutions (9) and
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FIG. 3. Condensation of the order parameter as a function of
temperature. The blue line (lower one) is for a = 0.55, for which
a third-order phase transition happens at 7 = T.. The purple line
(upper one) is for @ = 0.6, for which a third-order phase transition
happens at T, and a zeroth-order phase transition happens at a
lower temperature 7T'p;,.

(10) share the same geometry when b = ¢ = 0, which is
the pure AdS. This is at r, = 7, = 1, which gives

1 Vs

T. =— F.= . (22)
8rG

c 2” ’ C
The two curves cross at this point. We can analytically
check that d°F/dT? is continuous, and d*F/dT? is
discontinuous at T = T'.. Therefore, there is a third-order
phase transition at 7'.. In addition, when 1/ Vi<a<3
(a # 1), the free energy is discontinuous at the minimum
temperature 7;,, and thus, there is a zeroth-order phase
transition at 7 = T ,.
As the order parameter, the expectation value of the
scalar operator dual to ¢ is (O) = A. Near T, we have

dra

(0) =

2 (T = T).

5 (23)

Figure 3 shows the order parameter as a function of
temperature.

For special values of a in supergravity, thermodynamic
quantities of the hyperbolic black holes in AdS, are

summarized in Table I. These cases have distinctive
features. For a = 1/ V3 and a = /3, the entropy is linear
in temperature, and the IR of the extremal geometry is
conformal to AdS, x H?. The hairy black holes have lower
free energy at 0 <T < T,. For a =1, the entropy is
independent of temperature, and the minimum temperature
equals 7.

IV. HIGHER-DIMENSIONAL SOLUTIONS

The above result can be generalized to higher-dimensional
spacetimes. The (d + 1)-dimensional action is

S = / dd“x\/—_g<R —%e‘“‘ﬁFz - % (0g)? - v<¢)>,
(24)

where F = dA. The potential of the dilaton field is
given by

2(d-2) , (d=1)a?=2(d-2) ,

V(p) = vie @0 e 2@ P 4 opse®® (25)
where
_(d=1)2[d(d - 1)e? = 2(d - 2)*]|e?
TR -2) + (d- DR
. 8(d-2)(d-1P
T TR =2) + (d- D]
_ 2(d-2)*(d-1)[2d - (d - 1)a?]
T PRE-) - @ DT 2
The ¢ — 0 behavior is
v =MD 2 o). @)

where the first term is the cosmological constant, and
the second term shows that the mass of the scalar field
satisfies m>L? = —2(d — 2). Recall that the scaling dimen-
sion of the dual scalar operator satisfies A(A — d) = m?L?,
and the BF bound is m3zL? = —d*/4. The mass is above

TABLE I. Thermodynamic quantities of the AdS, system in special cases.

a b T S F F(T)
1-charge BH V3 =1 n =T — 2 (r + 1) — 2 (1+42°T?)
2-charge BH 1 r—r;! i‘:: - - ’ﬁrfl Yy
3-charge BH 1/vV3  (rm=1) b BVI-b — 2 (2-b) — 2 (1 +42°T?)

086023-5



JIE REN

PHYS. REV. D 106, 086023 (2022)

the BF bound for d > 3 except d = 4, in which case the
mass saturates the BF bound. The two solutions of A are
AL =2,d-2.

The solutions and their thermodynamic quantities
were obtained in [15-20]. We observe that neutral
hyperbolic black holes can be obtained by taking a neutral
limit of the EMD systems while the dilaton field is kept
nontrivial. We put a backslash on the parameter c¢ to
indicate that it will be set to zero in this neutral limit.
The solution is

1
ds? = =f(n)de’ + 5 drt + U(r)dXj - (28)
(d - 1)bk 1 1
A=2 ———]dt, (29
\/2(d—2) +(d=1Da2\r2 2 (29)
b 2(d-1)a?
a -2)+(d—1)a?
e — (1 — rd_z)zw HaNa (30)
with
2(d=2)—(d-1)a®
f: <k— & >(1 _ b )2(d—2)+(d—1)a2
rd—2 rd—2
D2
+ r_2 1— b (d—2)[22(ild—2]))+(d—l)a2]
L2 rd—2 )
b 2(d=3)(d-1)a?
22 d-Dd)
g= f(r) 1— d_2>(d 2)[2(d=2)+(d—1) ’
p
b 2(d—1)a? ;
(d-2)[2(d=2)+(d—1)a?]
U:r2<1——rd_2> . (31)

We take k = —1 and ¢ = 0 for neutral hyperbolic black
holes. We set L =1 in the following.

Consider the hyperbolic black hole with scalar hair first.
The curvature singularity is at » = 0 and =2 = b, and the
parameter b can be either positive or negative. The horizon
of the black hole is determined by f(r,) = 0, from which
the parameter b is expressed in terms of ry,

(d=2)22d—(d-1)a?]

_d-2 2(d-2)2—d(d—1)a?
b=ri"*-r, . (32)

The temperature is given by
! )
Vg
4 r=ry,
(d=2)[2d—(d—1)a?]r! —[2(d—-2)*—d(d—1)a*]r,”
4z2(d=2)+(d—1)a?] '
(33)

where we have used (32) to replace b with r;, and

(d=2)2(d=2) + (d - 1)a?]
P=" w2 —dld- 1)@ - (34)

_2
aa-ny We have

r, =1, and the temperature is 7 =+/1—b/2x. The
system is invariant under ¢ - —a and ¢ — —¢. We
assume o > 0, and there are two distinctive cases as

follows:
(i) 0<a<(d=2)
ature reaches zero when

In the exceptional case a = (d—2)

ﬁ or a > /24 The temper-

~(2(d-2)*—d(d-1)a*\%
O e

(i) (d-2)\/qzm<a<,/7% The temperature

can never reach zero. There is a minimum temper-
ature at

_(d(d-1)a? —2(d-2)*\7
= ((d—znzd— - 1>a2]> - 39

For a given temperature above the minimum
temperature, there are two values of r,. (When

a= 2&;’__12), the two values coincide.)

The mass and entropy are [19]

_(d-1V 2(d—2)—(d—1)a?
M= 167rGE<&+k2(d—2)+(a’—l)a2b>’ (37)

§ = Y= ()02,

4G (38)

where Vs is the volume of the (d — 1)-dimensional hyper-
bolic space, regulated by integrating out to a maximum
radius in this hyperbolic geometry [22],

Qd—2 R4-2
Cd-2 |52

(d-2)(d - 3) R
2(d—4) e

Vs (39)

where Q,_, = 2219=1/2/T((d — 2)/2) is the area of a unit
(d — 2)-sphere. The cutoff § is related to the UV cutoff in
the dual CFT, consistent with the area law of the entangle-
ment entropy.

It can be checked that the first law of thermodynamics
dM = TdS is satisfied by (33), (37), and (38). The free
energy is

086023-6
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|

% (d= >2[22d—< —1)e?]
F=M-TS=— 16;G <rz_2 T > (40)

Another solution to the system (24) without the gauge
field is the hyperbolic Schwarzschild-AdS black hole
(without scalar hair) given by

2

C r

f=-l-—mt1s g=f U=r. ¢=0. (41)

For a given a, there is more than one black hole solution.
The one with lower free energy is thermodynamically
preferred. We demonstrate that there are phase transitions
between the solutions with and without scalar hair as the
temperature is varied.

For the hyperbolic Schwarzschild-AdS,,; black hole,
the thermodynamic quantities can be calculated by setting
a =0 and b = —c. They are

T:diﬁ—(d—z) o Ve
4zr, AG'M
_ (d-1)Vs_, . _
M = TenG rfl z(r%l -1). (42)

The two solutions (31) and (41) share the same geometry
when b = c¢ =0, which is the pure AdS. This is at
r, =7, = 1, which gives

Tt po_V
2 8rG

(43)

There is a third-order phase transition at 7. In
addition, there is a zeroth-order phase transition at the

2 <

minimum temperature T, when (d —2) T=T)

2d 2(d-2
\ a-1 (0‘ #\ =T )

As the order parameter, the expectation value of the
scalar operator dual to ¢ is (O) as in

$p=—5+ . (44)
Near T, we have

8ra
2(d-2)—(d- 1)a?

(O) = (T-T.).  (45)

We take a closer look at the AdSs (d =4) case.
The hairy black hole solution is given by (28)—(31)
with d =4, k= -1, and ¢ =0. The temperature as a
function of r, has two distinctive cases as follows:
(i) @ <2/v6 or a > 4/\/6: The temperature can reach
zero. (i) 2/v/6 < a < 4/1/6: The temperature can never
reach zero, and there is a minimum temperature. The free
energy as a function of temperature is plotted in Fig. 4,
which is qualitatively similar to the AdS, case. The

a=0.8 a =0.82 a=1.1
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FIG. 4. Free energy as a function of temperature for different values of @. We take Vy = 1. The solid line is for the hyperbolic black
hole with scalar hair in AdSs. The dashed line is for the hyperbolic Schwarzschild-AdSs black hole. A crossing point of the solid and the

dashed lines is the pure AdS.
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TABLE II. Thermodynamic quantities of the AdSs system in special cases.

a b T S F F(T)
l-charge BH  4/1/6 -1 s =, — (7 + 1) — 2= (1 +42°T?)
2-charge BH 2/V6 (rp,=1) % 1-b — 2= (2-b) -1 (1 +42°T?)

r2—
SAdS BH 0 ”n—r 22;”; = —2=r2 (2 + 1)

asymptotic behavior of the scalar field near the AdS
boundary r — oo is

b= B (46)
r r

The boundary condition is given by the standard quantiza-

tion. The source A is zero, and the expectation value B is the

order parameter.

For special values of a in supergravity, thermodynamic
quantities of the hyperbolic black holes in AdSs; are
summarized in Table II. These cases have distinctive
features. For a =2/ V6 and a = 4/ V6, the entropy is
linear in temperature, and the IR of the extremal geometry
is conformal to AdS, x H3. The hairy black holes have
lower free energy at 0 <7 < T..

V. AdS/CFT APPLICATIONS

A. Phase transitions of Rényi entropies

Consider a QFT in a state described by a density matrix p
and divide the system into two parts, A and B. The reduced
density matrix for the subsystem A is p4, = Trgp. The nth
Rényi entropy is defined by

. = 1 log Tr(s}). (47)
The entanglement entropy Sgg can be obtained by taking
the n — 1 limit of the Rényi entropy: Sgg = lim,_; S, =
—Trp,logps. Rényi entropies are usually difficult to
calculate in QFTs.

In terms of the AdS/CFT correspondence, Rényi entro-
pies with the entangling surface being a sphere can be
calculated by hyperbolic black holes [21,22]. Suppose we
want to calculate the Rényi entropies of a CFT with a gravity
dual, and the entangling surface between A and B is a sphere
of radius R. By a conformal mapping, the Rényi entropy is
related to the free energy of a hyperbolic black hole,

= o (F(T) = F(Tofm)
. ! " Stherm(T) dT» (48)

_l—n?o To/n

where Ty = ﬁ is the temperature of a zero-mass hyperbolic
black hole, S, the thermal entropy of the hyperbolic black

hole, and Syem =
set R = 1.

A phase transition of hyperbolic black holes at a
sufficiently low temperature implies a phase transition of
Rényi entropies in n; i.e., S, is nonanalytic at some n = n,.
As shown in Fig. 2, there is always a phase transition at
T.=1/2r,ie., n =1 (except for @ = 1). Since the phase
transition is third order, 9,,S,, is continuous. and the Rényi
entropies give a well-defined entanglement entropy in the
n — 1 limit; see also [25]. For 1/\/§ <a<V3(a#l),
there is a minimum temperature 7';, for the hairy black
hole, and there is a zeroth-order phase transition at
T = T\in» corresponding to another n,. of Rényi entropies.

For general a, the explicit S, as a function of n is
complicated. However, S, is strikingly simple for the
dilatonic systems in supergravity. From Tables I and II,

we can see that the free energy as a function of temperature
is F = — 2% (1 + 42°T?) for the a = 1/V/3 and a = /3
cases’ in AdS, and the a = 2/ V6 and a = 4/ /6 cases in

AdSs. By (48), the Rényi entropies are

1 1
S, =—|(1+—|Vs,
" 8G< —’_n)2

where Vs is the regulated volume of the hyperbolic space.
As a comparison, the Rényi entropies for 2D CFTs are

1 R
S0 = ¢ (1 —i——) log—.
n 1)

—0F/dT. In Secs. II-1V, we have

(49)

(50)

The n dependence of the Rényi entropies for dilatonic
systems in supergravity is exactly the same as 2D CFTs,
while the Rényi entropies calculated from hyperbolic
Schwarzschild-AdS black hole contain higher orders
in 1/n.

B. Phase transitions of QFTs in de Sitter space

Strongly coupled QFTs in de Sitter space can be studied
in terms of the AdS/CFT correspondence. The goal is to
find an AdS solution whose boundary is conformal to a de
Sitter space in static coordinates,

’The dilatonic solution in the a =1 case does not exist
below T..
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2

ds* = —(1 — H?p?)dr* + 2dQ% ,,  (51)

dp
1 —H2p? +p

where dQ§_2 is the metric for a (d — 2)-dimensional sphere,
and H is the Hubble parameter. The de Sitter space has a
temperature given by [26]

H
TdS — ? . (52)
T

The foliation of de Sitter space gives a solution,
ds® = dr* + H2L? sinhZ%d:cz. (53)

This solution is limited to a special case, in which the
temperature 7 for the QFT and the temperature 7 4g for the
de Sitter space are the same. This solution is equivalent to a
zero-mass hyperbolic black hole; the general hyperbolic
black hole described by (1) is used for T # Ty4s [7].
However, there is no phase transition even in this general
case [4,5].

Here, we have a more general class of neutral hyperbolic
black holes. The solution of the hyperbolic black hole in
AdS, is (8) and (9). After a coordinate transformation by
Hp = tanh 0, the hyperbolic space d¥3 can be written as’

H?dp?
(- 1)

2,2
Hp )

452 = d6® + sinh® 0dg? — dg?.
2 1-— H2p2

(54)

By substituting (54) to (8), the hyperbolic black hole in
AdS, can be written as

_ HU(r) <_ f(r)
1=-H*p*\ HU(r)
2

ds?

(1 — H*p?)dr?

+ pzd(p2> + ;1(_;’:) (55)

dp
+ 1 - H? ,02
The conformal boundary is at r — oo, where f(r) — r?/L?
and U(r) — r?. The QFT lives on the AdS boundary, which
is conformal to

1 dp?

ds? = — 1 — H*p)d? + ——— 2dg?. (56
59 H2L2( ,0) +1—H2p2+p @ ( )

According to Sec. III, there are phase transitions between
hyperbolic black holes with and without scalar hair.
Therefore, there will be phase transitions of QFTs in de
Sitter space (56).

The static patch of dS; is conformal to the Lorentzian
hyperbolic cylinder R x H? [7].

In the case of AdSs, the AdS boundary of the spacetime
is conformal to dS,, which can be made explicit by the
following coordinates:

. HU() [ f(r)
ds _1—H2p2( HU(r)

(1 — H?p?)dr*

2 2

dp 5 ) dr
+ P 2a02) + 5 57
1 - H?p? prana g(r) (57)

VI. C-METRIC SOLUTION AS A
GENERALIZATION

When a black hole solution is available, we can try to
find a C-metric solution as a generalization with one more
parameter. We obtain the C-metric solution for the hyper-
bolic black holes with scalar hair. As a comparison, the
C-metric without scalar hair in Ricci-flat spacetime is

2 — 1 2 _d_yz dx* ¥)do?
5 = ey (O = G053+ Gy + O ).
(58)
where
G(&) =1 — k& —2amé. (59)

The a — 0 limit of this solution gives the Schwarzschild
solution. The C-metric solution with a cosmological con-
stant and different k was given in [27].

The C-metric solution for an EMD system with V(¢) =
0 was given in [28]. The C-metric solution for the EMD
system with V(¢) as (3) in the k = 1 case was given in [29].
A charged C-metric is significantly more sophisticated than
aneutral one, and thus, it is desirable to analyze a neutral C-
metric with scalar hair before the charged one.

We keep the gauge field and the general k = 0, &-1 in the
following solutions. Only in the k = —1 case can we obtain
a neutral black hole with scalar hair in the a — 0 limit. The
C-metric solution to the system (2) with (3) is

1 2a22 dy2
ds’> = ———— [h}*“ <—F(y)df2 + —>
a*(x = y)? F(y)
242 dx2
hy =+ G(x)dg? ) | 60
7 (G G| (60)
with
i 242
F==(1-yy=ky —acy )y + 5 Iy

1-a?

G = (1=yx—kx?—acx®)hy<,
h, =1+ aby, h, =1+ abx,

[ be h)\ 2
A=2 —1 n azydt, e“¢ - (l’l—)> 5 (61)
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where y is an arbitrary constant as a gauge choice. There are
two neutral limits: one is » = 0, in which the dilaton field
vanishes; the other is ¢ = 0. When we take ¢ = 0 and
k= —1, we obtain the C-metric generalization of the
solution in Sec. II.

After a coordinate transformation [30],

1

y=-—

= 2
- T = at, (62)

the above solution can be written as

1 2% dr?
2 _ I+a* —-F 2
ds —(1 " {hx < (r)dt +F(r)>
242 d 2
T (ﬁ + G(x)dq)z)] : (63)
with

c a2 2
F = (k—;—yar—a2r2>h'ﬁ" _i_L_hlrm-’

1-a?

G = (1—=yx—kx*—acx®)hy,

b

hy=1——, h, =1+ abx,
r

2(12

bc 1 1 h 112
A=2\——|——-)dt, @ = (L . 64
1+a2<rh l’) ¢ <hx> ( )

The a — 0 limit of this solution is explicitly the same
as (4)—(7).

We find that there are two cosmic branes with non-
constant tension at x = 0 and y = 0, respectively, provided
that y is

ab. (65)

The extrinsic curvature and the induced metric of the
hypersurface x = 0 satisfy (assuming y < 0)

K —an P all + (1 + aby)a?| . (66)

w = Ay v 2
(1+a?)(1 + aby)i+2

The brane tension is

A
T=—2, 67
2 G4 ( )
where G, is the four-dimensional Newton’s constant. When
a =0 [31,32], we have 4, = —a. Similarly, the extrinsic
curvature and the induced metric of the hypersurface y = 0
satisfy (assuming x > 0)

1= V1-a?L[1+ (1 + abxz)az] (68)

L(1 +a®)(1 + abx)ii@

K, =Ah

v — v

VII. DISCUSSION

We have found a class of hyperbolic black holes with
scalar hair in AdS space, by taking a particular limit of an
EMD system. For the spherical and planar black holes in
the EMD solution, the same type of limit does not give a
black hole. The main conclusions are summarized as
follows:

(i) For the Einstein-scalar system we consider, there is

an analytic solution for hyperbolic black holes with
scalar hair. The system is obtained by taking a
neutral limit of an EMD system whose special cases
include maximal gauged supergravities, while the
dilaton field is kept nontrivial.

(i) There are phase transitions between the hyperbolic
black hole with scalar hair and the hyperbolic
Schwarzschild-AdS black hole. Phase transitions
can be zeroth or third order.

(iii) By holography, the system we study describes
(i) phase transitions of Rényi entropies and (ii) phase
transitions of QFTs in de Sitter space.

(iv) We give a C-metric solution as a generalization. This
neutral C-metric is less complicated than the full
EMD solution, while the dilaton field is nontrivial.

(v) We propose two constraints for FEinstein-scalar
systems. Consequently, the potential of the scalar
field is highly restricted, and analytic solutions are
available. See Appendix C.

The following topics need further investigation: (i) the
special cases of @ = 1/+/3, 1, v/3 for the charged hyper-
bolic black holes, (ii) the dual CFT of the hyperbolic black
holes [33], (iii) the relation to QFTs in cosmological
backgrounds [34], and (iv) the black funnels and droplets
[35,36] from the C-metric solutions.
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APPENDIX A: HOLOGRAPHIC
RENORMALIZATION

We closely follow [24] to calculate the mass of the black
holes in Einstein-scalar systems by holographic renormal-
ization. The boundary condition for the scalar field corre-
sponds to a multitrace deformation in the dual CFT.

In the Fefferman-Graham gauge, the AdS, metric is
written in the form

2

L . .
ds* =~ (d2* + gyj(x. 2)dx'dx). (A1)
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where z is the FG radial coordinate, and g;; is a three-
dimensional metric, which raises/lowers the i, j indexes.
The asymptotic expansions of the metric and scalar field are

9ii(x,2) = goyij + 290y + Zzg(z)ij +--, (A2)
p(x.2) = 20(x.2) = B0+ 200) + ). (A3)
where A_ = 1 for the solution we consider. The boundary

condition for a multitrace deformation is specified starting
from the alternative quantization. The single-trace source is
written as
Jr=—=L*¢q) — F'(pq)). (Ad)

where F (@) is a polynomial, and Jz = O specifies the
sourceless condition. With a general boundary condition
for the scalar field, we need to add an additional finite
boundary term Sz to the renormalized on-shell action,

Sren = li_ll?)(sbulk + Sgu + St + Sf)’ (AS)
where Sy is the action (2) with r being integrated from the
horizon r;, to the cutoff z = ¢, and

Sy = —/Z=€ d3\/—_y<%+ LR[y] +i¢2>, (A7)

S}':/ d*x\/=g90)(Jrp0) + F(9©)). (A8)
=€

Its variation is

U
3 = [ /T (5735 102007 ). (49
The boundary stress tensor is given by [24]

(TV) = 3L29E’§> + (F () — 40(0)-7:/(fﬂ<0)))9%>- (A10)

For the solution (8) with (9), the relation between the
coordinates r and z is

L2+ a*b 1+ a*b?
z 1+ \4 4L*(1+a?)? ¢

c (1-a®)b P (1-a?)b*\ ,

- e (AT
+<6L2 62(1 o) ort(11arp )7 T (ALY

SGH == / d3X\/—y2K, (A6)
z=¢ The metric and the scalar field in the FG expansion are
|
1 a?b?
-1 0 0 2 T (v @y 0 0
1 a*b?
gij = 0 L2 0 + Zz O 7~ m 0
0 0 L3 2
% 0 0 (G- 2L2(1f-a2)2)s%1
2¢ 2(1-a®)b | 4?(1-a?)b?
307 7 3L (1+a?) " 9LS(1+a?)? 0 0
3 c (1-a®)b 402 (1-a?)b?
+z 0 327 30(04dd) O (1+al) 0
c (1-a®)b 4a?(1-a?)b*\ 2
0 0 Gz = 32(7a) ~ o ()50
o (A12)
1 1-a?
_ 19,3 _ 2
¢ 2ab a(] _ a2)b2 5 N <A13) F = 319§0(0)7 9= da L-. (AIS)
=772 N4 N2 T
L1 +a) L'(1+a) This gives an AdS-invariant boundary condition despite the
' fact that the metric falls off slower than usual [37]. The
where sy = sinh 6. From (A13), we can read choice of the boundary term (A8) ensures that the first law
of thermodynamics is unmodified by a scalar charge,
2ab a(l — a?)b? consistent with [38]. By (A10), the extra terms of F cancel
Po) = _Lz(l +a?)’ Pa) = _L4(1 Ta2)? (A14) the H* terms in gz’s), and the boundary stress tensor is

The solution (9) is compatible with a triple-trace defor-
mation with a marginal coupling 9,

traceless. The energy density is given by

e = LX(T™). (A16)
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Consequently, the mass of the hyperbolic black hole is
given by (18), and the free energy is given by (20). As a
crosscheck, directly evaluating the on-shell action (AS5)
gives SE = —iS,., = BF (f = 1/T), which is in agree-
ment with (20).*

The solution (9) is also compatible with a double-trace
deformation,

F Loy PR el (A17)
— 2% T2+ )
The mass is
Vs 1-a? a*(1-a?)
M = - b ). Al8
871G< 1+a? +6(1+a2)3 (A18)

However, we cannot change the temperature or entropy for
the analytic solutions if we fix 8, since b and r;, are related
by (11). Instead, we can obtain numerical solutions of
hyperbolic black holes at different temperatures by fixing
the double-trace deformation parameter.

APPENDIX B: SPECIAL CASES OF
STU SUPERGRAVITY

In STU supergravities, there are U(1)* gauge fields in
AdS,, U(1)? gauge fields in AdSs, and U(1)? gauge fields
in AdS; [12]. Special cases of them can be reduced to EMD
systems. They are 1-charge, 2-charge, and 3-charge black
holes in AdS,; 1-charge and 2-charge black holes in AdSs;
and 1-charge black hole in AdS;.

The AdS, Lagrangian is

1 -
L=R- 3 (0¢p)* + 8g*(cosh ¢p; + cosh ¢, + cosh ¢h3)
4 > 7 .
> ),
i=1

where ¢ = (1. s ¢b3), @, = (1,1,1), @ = (1,—1,-1),
a; = (-1,1,-1), and d4 = (—1,—1, 1). More details can
be found in [12]. The solution is given by [40,41]

(B1)

A

dSz = —(H1H2H3H4)_1/2fdt2

+ (H{HyH3H,y) *(f~'di? 4+ 72d%3,).  (B2)
X; = H;'(H H,H;H,)'*, (B3)
Al = V(1 = H7") coth ydr, (B4)

*Unlike planar black holes, the bulk Lagrangian is not a total
derivative for hyperbolic black holes, and thus, the on-shell action
inevitably contains an integral from the horizon to the AdS
boundary. For more details on the difference between planar and
hyperbolic/spherical black holes, see Appendix A of [39].

with X; = e‘%ai"?’, and
usinh? f3;
kr
(B3)

w4
f:k—;“‘ﬁ 2(H1H2H3H4), Hl:1+

The following special cases are obtained when some of
the U(1)* charges are the same, and others are zero:
(i) 1-charge black hole (a=+/3): H,=H, H, =
H; = Hy = 1. The Lagrangian is

1 6 1
L=R- 5 (09)? + —coshi - Ze‘\/g‘/’Fz. (B6)

L? V3

(i) 2-charge black hole (a=1):
H; = H, = 1. The Lagrangian is

Hl:H2:H$

— _1 2, 2 l -2
L=R 2(0(15) +L2(cosh¢+2) ¢ F~.
(B7)

(iii) 3-charge black hole (a=1/3): H,=H, =
H; = H, Hy = 1. The Lagrangian is

1 6 ¢ 1 _1
£:R—§(6¢)2+Fcosh%—1e AF2. (BS)

(iv) 4-charge black hole (@ =0): H; =H, = H; =

H, = H. This is the RN-AdS, black hole.
The AdSs Lagrangian is

— 1 —~\2 2 -1 1 : -2 i )2
L=R-2(0p) +4g ZXI. _Z;X" (Fi,)%  (B9)

The solution is [42]

ds* = —(HH,H3)™3fdr*

+ (H{HyHy3)' 3 (f~dr* + 7’2‘12%,07 (B10)
X; = H;'(H\H,H;)'", (B11)
Al = Vk(1 = H7") coth ydr, (B12)
with
f= k—§+%72(H1H2H3), Hi=1 +’$
(B13)

The following special cases are obtained when some of
the U(1)? charges are the same, and others are zero:
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(i) 1-charge black hole (@ =4/v6): H = H, H, =
H; = 1. The Lagrangian is

1 4 1, _2, 1 _a
ﬁzR—§(5¢)2+P(2e¢lé‘/’+e Jz@‘/’)—ze 7R
(B14)

(i) 2-charge black hole (a = 2/\/6): H =H,=H,
H; = 1. The Lagrangian is

L=R —%(045)2 + % (2e77 4 i) — %e—#ﬁ.
(B15)

(iii) 3-charge black hole (a =0): Hy = H, = H3; = 1.
This is the RN-AdSs black hole.

In the AdS; case, a similar analysis can be done. There
will be 1-charge black hole and 2-charge black hole, and
the latter is the RN-AdS, black hole.

If we set u = 0 in the above solutions, both gauge fields
and dilaton fields will vanish. However, in the above EMD
systems, it is possible to make the gauge field vanish while
keeping the dilaton field nontrivial in the k = —1 case,
which is a key observation made in this paper. To see this
explicitly, we can replace f with if# and make the following
coordinate transformation:

r =7+ psin’f. (B16)

APPENDIX C: CONSTRAINTS ON
EINSTEIN-SCALAR SYSTEMS

We find that the Einstein-scalar system is significantly
simplified under some reasonable constraints. We consider
the AdS, spacetime and the generalization to higher-
dimensional cases is straightforward. The action is

s [axvmi(r-g002-v).

where V(¢) is the potential of the scalar field ¢. We
consider the following metric ansatz:

B 2B(7)
ds? = AN (—h(F)de + d32,) + eh(—_)d#, (C2)
’ 7
where 7 is the AdS radial coordinate, and the metric for the
two-dimensional sphere, plane, and hyperbloid can be

written as

dx?
52, = —2 4 Xy,

C3
1 — kx? (C3)

where k=1, 0, and —1, respectively. There are four
unknown functions A(7), B(7), h(7), and ¢(7) and one
gauge degree of freedom.

We propose the following constraints: (i) The potential V
is independent of k. (ii) The function /# depends on k&, and
other functions are independent of k. In other words, for a
given V(¢), the only difference between the k = 0 solution
and the k # 0 solution is some terms A%) in 4. Justification
of these constraints includes special cases of STU super-
gravity in Appendix B. We draw the following statements:

For a given cosmological constant V(0) = —6/L?, the
general potential satisfying the above constraints is a two-
parameter family of the potential given by

Va,/)'(¢) = V(l(¢) +ﬂ(va(¢) - V—a(d)))’ (C4)
where a and f are parameters, and V,(¢) is a one-
parameter family of the potential given by

2
T

+ 8a2e(a—1/a)¢/2 + (3 _ a2)ea¢]'

[@?(3a% — 1)e?/@
(Cs)

For the one-parameter family of the potential V,(¢), the
general solution under the above constraints for the hyper-
bolic black hole is obtained as (8) and (9) in Sec. II, and he
solution under the above constraints for the spherical or
planar black hole does not exist.

A brief proof is as follows. The Finstein-scalar system
has a weak form of integrability, which was presented in
[43] and [44,45]. We review this procedure and give more
insights that enable us to find a “privileged” potential.
Consequently, we find a way to derive the potential (C5) by
relating the k = 0 and k # O solutions.

Equations of motion are obtained by the action (C1) with
the metric ansatz (C2). The Einstein’s equation gives

A'B = %45'2 + A", (Co)

(4B + 2eA Bk = 0. (C7)
The first equation comes from eliminating the potential V
from G, = %T,, and G;; = %T;;. The second equation

comes from eliminating the potential V from G;; = %T;;

and G,, =1T,,. Solving V from G;; =1T;; gives

1
V=3 e 2B(¢"h — 12A%h — 4A'W) + 2ke™>A. (C8)

There is a gauge freedom, which is fixed by ¢ = 7. Other
equations can be derived from (C6), (C7), and (C8).
Starting from a given A(7), we can obtain V(7) in the
following way:

(C7) . (C8)

.A(C—ﬁ))[)’—)h—)V. (C9)
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The function A(7) plays the role of a generating function.
Finally, replacing the function V(7) with V(¢) gives the
potential. This method can be generalized to EMD systems
in a straightforward way. Only with careful choices of A
can we obtain a relatively simple V(¢). Related methods
are used in [46,47], in which the potential can be generated
by choices of either the metric or the scalar field.
Let 419 be the solution of 4 at k =0, and we can
decompose 4 into two parts:
h(F) = O + h®), (C10)
The potential V solved by (C8) apparently depends on k.
Constraint (i) requires that the terms dependent on k& must
cancel,
V=v0 4y, vk =0, (C11)
If A, B, and 1% satisfy the equations of motion with V =
V© in the k =0 case, then A, B, and K% satisfy the
equations of motion with V = 0 in the k = 1 case. The key
point is that these two cases share the same generating
function A, and the latter one is simpler to solve. A solution
with V =0 and k = 1 has been given in [48].
The solution for 4 from (C7) is given by

h = /6_3'A+B (—Zk/ €A+Bd7 + C2> dr + Clv (ClZ)

where the C; = C, = 0 solution is the solution for the
system with V = 0. To satisfy constraint (i), 4 can only
linearly depend on k. If we take C; =1 and C, « k, we
obtain the potential V as (C5). Let V,(¢) be the potential
(C5) with parameter «, the general solution for the
potential is

V(¢> :/Blva(¢) +ﬂ2v—a<¢)7 (CIS)
where f; and f, are constants. This potential can be
rewritten as (C4), where the terms proportional to f do
not change the cosmological constant and the mass of the
scalar field. A nonzero f will give a cumbersome solution
of i, in which C; = 1, and C, is related to f3. This potential
is expected to be consistent with [47], in which (C16)
below was used as an assumption.

Since (C6) and (C7) are independent of the cosmological
constant, the two integration constants C; and C, are
related to the cosmological constant. A shortcut to obtain
the potential (C5) is as follows. Start from a solution with
V(¢p) = 0 and k = 1, and then use the procedure (C9) with
h=1and k=0.

To solve the equations of motion with V =0 and k = 1,
it is more convenient to choose another gauge, B = —A.
The metric ansatz is (4). Consider Einstein’s equation with

the left-hand side being R

procedure:

(a) From the t¢ and 66 components, a simple equation is
obtained (fU)” =2. So fU is a second-order poly-
nomial of r, and we can parametrize it as

fU = (r=r)(r=n).

(b) The #t component gives (f'U)’ =0. The general
solution for f is

f=fo<r_”>”‘,
r—r,

where f, and v, are integration constants. At the AdS
boundary r — oo, f =1 gives f, = 1.

(¢) The equation of motion for the scalar field is
(fU@') = 0. The general solution for ¢ is

r—ri\»
e‘ﬁ:e‘/’ﬂ 1 s
r—ry

where ¢, and v, are integration constants. At the AdS
boundary r — oo, ¢p = 0 gives ¢y = 0.

(d) Equations (C14)—(C16) are solution to the equations
of motion, provided that the condition 23 + 13 = 1 is
satisfied.

(e) The coordinate 7 in the ¢ = 7 gauge and the coor-
dinate r in the A = —B gauge are related by ¢(r) = 7.
By comparing (4) and (C2), we have

.- and we take the following

(C14)

(C15)

(C16)

I+vy - 1-vy -
eA=(r;—r)(e T — e_Tzlr)_l. (C17)
After taking r; = b, r, =0, and a = (1 —v;)/v,, wWe
obtain the generating function for the potential (C5) as

et = b(ew — )71, (C18)

For higher-dimensional cases, the potential (25) can be
generated by the same procedure. We replace dZ%’k with
dei_]’k in (C2), and the generating function is

oA = b(e@TT _ o )T, (C19)

APPENDIX D: PROPERTIES OF THE
PLANAR SOLUTION (k=0)

The hyperbolic black hole solution is related to a planar
black hole in the following way: The action with (d — 1)
axion (massless scalar) fields y; is

5= [ atiay=g(R- et = (097 - vig)
d-1

Z(a)(iy)’

i=1

(D1)

N =
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where y; = kx; satisfies the equation of motion of y;. This
system was used as a simple way to introduce momentum
dissipation, since kx; breaks the translation symmetry
[49,50]. As pointed out in [50], for the potential (25),
the solution to the functions with the metric ansatz (28) in
the k = 0 case is the same as that of a hyperbolic black hole
without the axions y;.
For an arbitrary potential V(¢) with the metric ansatz

2 _ 2A(F ) 2 B
ds* = AV (=h(F)d* + dZ3_, ) + Gl ———dr,

we observe that the equations of motion for a planar black
hole with axions are the same as the equations of motion for
a hyperbolic black hole without axions, provided that we
make the identification

(D2)

K2, (D3)

Here, \/W is the inverse curvature radius of the hyperbolic
space, and we set it to 1 previously. The neutral planar
black holes with momentum dissipation were studied
in [51].

The planar solution without axions has an intriguing (and

peculiar) property: for a > (d - 2), /7 ( the gauge field

is automatically eliminated from the EMD system in the
extremal limit , — b. In this range of a, the gauge field is
proportional to a positive power of (r, — b). Examples
include 1-charge black hole in AdSs [52] and 1-charge and
2-charge black holes in AdS, [53].

Consider the AdS, solution. Starting from the charged
planar black hole, we have b > 0 and ¢ > 0. The condition

f(r,) =0 gives

4 3a2-1

c= 2 r}f" (rp— b))+,

(D4)

When o > 1/\/§, we have ¢ =0 when we take the
extremal limit r, — b. Consequently, the gauge field

vanishes since A, « v/bc. The extremal solution is

ds* = f(—dt* + dx?) + f~'dr?, A=0,

2 b\ b\
f:%<1—;>”“2, ea¢:(1—;)‘*“. (D5)

This is the neutral limit of (4)—(7) in the k = O case, i.e., the
planar counterpart of (8) and (9). This solution does not
have a horizon and has a spacetime singularity at » = b. We
expect that this solution can be taken as an extremal limit of
a finite temperature solution, when the Gubser criterion

[54] is satisfied. The finite temperature solution will not
satisfy the constraints proposed in Appendix C. By a
coordinate transformation r = 7 + b, the above solution
becomes

ds* = f(—dr* + dx*) + f~'dr, A =0,
2

2 b\ 1= ~ b\
f= L2<1+> €a¢_<1+¥> .

The spacetime singularity is now at 7 = 0.

The planar black hole solution to the EMD system (24)
has the following distinctive IR geometries in the
extremal case:

(D6)

(i) 0<a<(d-2) ﬁ The IR  geometry
is AdS, x Rd—l

(ii) a=(d-2) /g7 The IR geometry is conformal
t0 AdS, x R~ 1

(i) a> (d-2) d p- The extremal limit of the

EMD system (24) is the same as an Einstein-scalar
system. The IR geometry is a hyperscaling-violating

geometry.

If we treat the Einstein-scalar (neutral) system as the
starting point, the parameter b can be either positive or
negative. We draw the following conclusions by analyzing
the IR geometry according to [55] (see also [53]). If b < O,
which implies a¢ > 0, the leading term in V(¢) in the IR is
the last term, and have the following:

1 0<ax< \/M The spectrum is gapless.

(i1) \/ﬂ <a< ,/%. The extremal geometry is at
T — . The spectrum is potentially gapped.

(i) o>
thus unacceptable holographically. However, the IR
geometry can be changed by introducing extra
fields.

If b >0, which implies a¢ < 0, the leading term in

V(¢) in the IR is the first term. Furthermore, the potential is
invariant under the transformation

\/ 35 2" . It violates the Gubser criterion and is

2(d -2
aau ¢ = —.

(d-1)a’ (D7)

We draw the following conclusions for b > 0:
(i) a> (d—2),/7%. The spectrum is gapless.
(i) (d=-2)\/qim <a<(d=2)y/2
geometry is at T — oo. The spectrum is potentially

gapped.
(i) 0 <a<(d-2)

terion and thus is unacceptable holographically.

The extremal

( T It violates the Gubser cri-

086023-15
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