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Type IIB supergravity action on M> x X° solutions
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While the ten-dimensional type IIB supergravity action evaluated on AdSs x S° solution vanishes, the
five-dimensional effective action reconstructed from equations of motion using the M> x > compacti-
fication ansatz is proportional to the AdSs volume. The latter is consistent with the conformal anomaly
interpretation in AdS/CFT context. We show that this paradox can be resolved if, in the case of M> x X°

topology, the ten-dimensional action contains an additional 5-form-dependent

“topological” term

f Fsy A Fsy. The presence of this term is suggested also by gauge-invariance considerations in the
Pasti-Sorokin-Tonin formulation of type IIB supergravity action. We show that this term contributes to the
ten-dimensional action evaluated on the D3-brane solution.
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I. INTRODUCTION

Many discussions of applications of the maximally
supersymmetric case of AdS/CFT duality [1] start with
a classical action of five-dimensional (5D) gauged super-
gravity or simply 5D gravity with a cosmological term

7 2 (1.1)

Evaluating this action on the AdSs vacuum solution with
radius L gives a factor of volume of AdSs space. Assuming
§* as aboundary of AdSs, the regularized value of the volume
reproduces the planar part of the UV-divergent (conformal a-
anomaly) term in the free energy of N' =4 SU(N) super
Yang-Mills theory on S* (see, e.g., Refs. [2—4]),1

S5: dx\/—(R5—|—12L2+ )
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"Here, we use that L V2°lz(35>, 23, = (2n) g%

n+l

2
5
4rg,a’*N. Torecall, vol(S") = r( H) -5 = 7%, vol(AdS,, 1) =
2

2((,1111) log(Ar) =54 1-5 = 7% log(Ar),and Rs = —20L~2.ris the
radius of boundary 4-sphere, and A is an IR cutoff on the AdS side

(corresponding to UV cutoff on the super Yang-Mills side).
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The action like (1.1) is also a starting point of investigations
of anti-de Sitter (AdS) black hole thermodynamics [5-8].
The 5D gauged supergravity action is assumed to follow
from the ten-dimensional (10D) type IIB supergravity
action compactified on S [9,10]. However, the actual
compactification procedure involves starting with the
10D field equations [11,12], substituting there an S°
compactification ansatz, and then reconstructing the cor-
responding action for the 5D fields (cf. Ref. [13]). The
bosonic part of the 10D type IIB action may be written as®

. 1
Si0= 2'<10{ / d'%/G < —2¢ {R+4(0ﬂ¢)2—§|H3|2]

1 1 1
—§|F1|2—5|F3|2—Z|F5|2> ——/Bz/\F3 AFs}

2
b (1.3)
Fl - dCO, F'; - dC2 - COH3,
1 1
F5:dC4—§C2/\H3+§BQ/\F3. (14)

Here, as usual, the self-duality condition F'5 = *F is relaxed
[14] and is imposed by hand at the level of equations of
motion (alternative approaches that involve auxiliary fields
where the self-duality condition follows from the equations
of motion are discussed in Refs. [15-20]).

|2 F u, F*1#r. The extra 1 in the normaliza-
tion of the F 5 kmetlc term has to do with the requirement that the
corresponding analog of the Einstein equation should contain the

contribution of the stress tensor of only the self-dual half of Fj.
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Comparing (1.1) and (1.3), we arrive at the following
apparent paradox: the 10D action (1.3) evaluated on the
vacuum AdSs x S° solution
ds%o = Lz(ds%‘ds5 + dQ%),

L* = 4na>g,N

F5 = 4L_1(€5 + *6'5),
(1.5)

is clearly vanishing (R=-20L"2+20L"2=0,|Fs?=0),’
while the value of the 5D action (1.1) on the AdSs solution
is nonzero (1.2) and consistent with the AdS/CFT duality.

It is of course well known that substituting some special-
symmetry ansatz for a subset of fields into the action is not
the same as doing this in the equations of motion and then
reconstructing the corresponding dimensionally reduced
action for the remaining field variables. However, the
values of the actions on the full solutions are expected
to match. Furthermore, the problem is that the 10D action
and, in particular, its on-shell value should be more
fundamental; it should follow from (a properly defined)
quantum string theory path integral. Thus, using the 10D
approach is important if one is to go beyond the leading
order in o/, in particular, in the context of AdS/CFT.

One may wonder if this issue has to do with the subtlety
of implementing self-duality of F's. However, this is not the
case; similar disagreement between the on-shell values of
the reduced three-dimensional (3D) action and the 10D
action is found in the case of AdS; x S x T* background
supported by a 3-form flux. Here, the 10D action is well
defined off shell for a generic 3-form field, and the effective
six-dimensional (6D) self-duality of the latter (implying the
vanishing of the 10D action) is just a feature of a particular
solution.

A natural way to resolve this problem is to assume that
the 10D action (1.3) is missing some “boundary term” that
restores the equivalence of its on-shell value with that of the
5D action (1.1). However, such a term cannot be one of the
familiar choices like the Gibbons-Hawking-York (GHY)
one [21,22]" or boundary terms that may be added to the 5D
action (1.1) to make it IR finite when evaluated on a
classical solution with AdSs asymptotics (see, e.g.,
Refs. [2,7,23,24]).

An important general point is that boundary or topo-
logical terms may not be universal; they may depend on a
choice of vacuum (near which one expands in order to find
an effective action for fluctuations) or asymptotic boundary
conditions. For example, in the type 1IB string theory, there
are two maximally supersymmetric vacua—the flat space
R' and AdSs x $3 [11]—that have different asymptotic
symmetries. The corresponding effective actions may, in
principle, contain different boundary terms.

*Note that a self-dual 5-form is real in the case of Minkowski
10D signature but is imaginary in the Euclidean signature case.
I . . B

This term does not contribute in the case of AdS asymptotics.

In what follows, we will be interested in the case when
the topology of 10D space-time is that of a product
M?> x X° where M’ is noncompact and X° is a compact
space. We will suggest a novel 5-form dependent “topo-
logical” term that should be added to the 10D action (1.3) to
restore its on-shell equivalence with the reduced 5D
action (1.2).5

Let us stress again that the reason why one would like to
understand the 10D origin of the on-shell value of the
reduced action like (1.2) is that it should have a string
theory origin (being related to string partition function on a
2-sphere). For example, the tree-level bosonic string
effective action may be written as’

Sp = Spulk + Sondry>  Sbuik = Sp= }f/ dPxV/Ge 7,

2

N =——
2 10
Kpo

(1.6)

B =c, —%a’ (R +4V2¢) —40,¢0" p —%H3|2> +0(a?),

COZ%(D—%), (1.7)

1
Sbudry = —Eza’ / AP~ x\/ye > (K — 20,¢)

= —%za’/dD‘l x/7Va(e72n%). (1.8)

Here, the integrand (1.7) of the bulk part is proportional to
the generalized conformal anomaly coefficient #% and thus
must vanish on-shell’ not only to first two leading orders
[25] but also to all orders in o [26].8 The boundary term
(1.8) which is a dilatonic generalization [28] of the standard
GHY term may, in general, produce a nonzero on-shell
value for the total action.

Similar remarks apply to the NS-NS part of the type IIB
superstring effective action. Note that the boundary term
that should be added in general to the bulk type IIB action
(1.3) [with the second-derivative dilaton term in (1.7)
integrated by parts and thus not automatically vanishing

°In the case of solution of 6D theory (obtained by compacti-
fication on T*) supported by self-dual 3-form flux, one will need
to add a topological term built out of H;. In the case of the
AdS; x §? x T* solution supported by 5-form flux discussed in
Sec. III, one will need the same Fs-dependent topological term.

SThis action may be reconstructed also from scattering
amplitudes near asymptotically flat vacuum, with the boundary
term required for a consistent definition of the graviton/dilaton S
matrix.

7Strictly speaking, this is true for backgrounds for which there
is no source in the dilaton equation; cf. discussion of brane
solutions in Appendix B.

The same conclusion was reached for the on-shell value of the
closed bosonic string field theory action [27].
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on solutions with nonconstant dilaton] is given by (1.8)
without the d,¢ term, i.e.,

1
Shudry = —2 P x\fre K.

10

(1.9)

As for the R-R terms in the second line of (1.3), they may
lead to additional nontrivial boundary contributions when
evaluated on a classical solution.” Given that the bulk |Fs|?
term vanishes identically upon use of the on-shell self-
duality condition, an extra Fs-dependent contribution to
10D action would be required to get a nonzero contribution
for solutions with only F5 flux being nonzero. This new
term should not change the equations of motion; i.e., it
should be a topological or boundary term."”

We shall suggest such a topological term in Sec. II. In
Sec. III, we shall compute the value of the full 10Kathy
action [containing the bulk term (1.3), the boundary term
(1.9), and the topological term] on the extremal D3-brane
solution and its nonextremal generalization. We shall also
note the nonzero value of the topological term on solutions
describing BPS intersections of two and four D3-branes
that in the near-core limit reduce to AdS; x $* x T* and
AdS, x §? x T® backgrounds, respectively. Section IV will
contain some concluding remarks. In Appendix A, we shall
argue that the presence of the same topological term is
suggested also by gauge invariance requirement in the
Pasti-Sorokin-Tonin (PST) formulation [16,17] of type 1IB
supergravity action. In Appendix B, we shall discuss the
computation of the value of the 10D action on fundamental
string, NS5-brane, and D5-brane solutions.

II. TOPOLOGICAL TERM

While the obvious guess for the 10D topological
invariant [ F5 A Fs is identically zero, a nontrivial candi-
date is possible if we assume that the 10D space has a
particular topological structure. Namely, let us specify to
the backgrounds for which the 10D space-time is a product
M?> x X° where M> is noncompact (e.g., asymptotically
AdSs) while X° is compact and a similar factorization
applies to the 5-form field strength (for simplicity, we shall
ignore all other fields),

M0 = M3 x X3,

Fs=Fs5y @ Fsx, (2.1)

°For example, the |F3|? term reduces to a boundary term upon
use of the field equation VMF"” + -+ = 0; cf. also Ref. [29].

""Note that the fact that particular topological or boundary
terms may or may not be relevant depending on boundary
asymptotics of the fields is not unfamiliar. For example, the
GHY boundary term complementing the Einstein action is
relevant in the asymptotically flat space but may not be
contributing in the AdS case (e.g., it vanishes for the AdS
Schwarzschild black hole because the black hole correction to the
AdS metric vanishes too rapidly at infinity [5]).

and also its potential C4 = Cyy; @ C,x. Then, consider the
following topological term

Sup = 7 / Fap A Fay. (22)

As M? is noncompact and Fsy; = dCyy, while dFsy = 0,
this term reduces to a boundary contribution and thus does
not affect the bulk equations of motion.

Integrating over the compact X° then gives

q_/st-
X

The integral of a 5-form F's, is effectively equivalent to an
extra M> volume term. Equivalently, using the on-shell
condition of self-duality of Fs giving Fsy = *Fsp, we
conclude that Sy, =y [ Fsp A “Fsp ~ vol(X°) [y, [Fsyl?,
which again produces, as is well known [30], a contribution
to 5D cosmological term.

More generally, the assumption of simple “5+5”
factorization of Fs5 may be relaxed: provided F'5 can be
split into an “electric” part (involving time differential)
and its dual magnetic part, the topological term may be
written as

Stop = }/q/ Fsy, (23)
M

el ma, ma,
StOPZJ//Fg)/\Fg g)7 Fg ¢)

F(2.4)

The value of the coefficient y in (2.2), (2.4) required to
match the coefficient of the cosmological term in (1.1) is'!

1
= - 5 2-5
R TEI e (23)
so the topological term in (2.4) takes the form
g ___ 1 FED A pled
TG R
1
= — [ d%/GIFEPR. (2.6)
4x1,

The total 10T action is then given by the sum of the bulk
term (1.3), the new topological term (2.2), and the
boundary term (1.9):

Sio = SIO + Stop + Sbndry- (2.7)

Note that the |Fs|?> term in the bulk action (1.3)
may be written (before imposing self-duality) as

""Note that in our notation (with Minkowski signature
10D metric) for a general 5-form one has [Fs A*Fs=

—(51)?% [ d"x\/G|Fs|*.
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fdlo |F (&) 2+ |F! mig)12) - Adding the topological

term (2.6) corresponds effectively to reversing the sign of
the magnetic part in | F’s|?, thus doubling the contribution of
the electric part once going on shell (the self-duality
condition implies |F > = —|F gmag)|2)'

As a result, the value (1.2) of the tree-level type IIB
action on the AdSs x S vacuum solution comes entirely
from the topological term (2.2), (2.5): using (1.5), we get

SlO|Ad55xS5 = Stop|Ad55x85

1 /
=————— | Fags, A Fs
45123, ) A TS

418
= ———Vvol(AdSs),
Kio

(2.8)
which is the same result that follows from the 5D
action (1.2).

This has straightforward generalization to the case of
AdS;s x X3 solutions where X° is an Einstein manifold as in
Ref. [3]: instead of (1.2), one gets S5 = k N? log(Ar), with

vol(s®) 4 _
k_vol(Xi) and L* = 4za? g,k N.

As we will show in Appendix A, the same term (2.2)
with precisely the same coefficient (2.5) is also required for
gauge invariance in the PST formulation [16,17] of the 10D
supergravity action where the 5-form self-duality condition
follows from the equations of motion.

To provide further evidence that adding the term (2.2) to
the type IIB action (1.3) restores its on-shell equivalence
with the 5D reduced action like (1.1), let us consider the
following M> x S$° ansatz for the metric and Fs (with its
self-duality condition relaxed and all other fields set to
Zero):

dsty = L[
5 :4L

() Gy (X)dX" dX" + 2% ng],

Ha(x)ws + bws]. (2.9)
Here, x = {x"} (m = 0, 1, ...4), ws and w5 are the volume
forms on M° (with metric g,,,) and S, and we extracted the
factors of the overall scale L. Following Ref. [31], we
introduced the warp factors depending on a “fixed scalar”
v(x)."* The condition dFs = 0 implies that a = a(x) and
b = const. Then, the R —}|Fs[* part of the 10D action
(1.3) compactified on 3 becomes

« 1 40
=3 [ @xva [R5 0PV +-]. 210
K5 3

"The specific dependence on v in the metric is required to
decouple v from the 5D graviton; this generalizes the graviton
mode decomposition in Refs. [10,32] where v was identified with
the zero mode of the trace of the perturbation of the metric of S°.

V(v) = L72(=20e75" — 4a%e + 4b2e™5).  (2.11)
The three terms in the potential V originate from the scalar
curvature of $3 and the | Fs|? term in (1.3) (cf. Refs. [1,31]).
Using the on-shell self-duality of F'5 that gives a = €5,
we find that the last two terms in the potential (2.11) mutually
cancel, and thus, as was already mentioned above, we do not
reproduce the value of the cosmological constant in (1.1).
If instead one plugs the ansatz (2.9) into the 10D

equations of motion for (1.3) (that imply that b* =1,
40 .

a = e73Y) and then reconstructs the corresponding effec-

tive action for the remaining 5D fields g,,,(x) and v(x),

one finds instead the action (2.10) with the following

potential [31]:

1

V(v) = L72(=20e75" + 8¢™). (2.12)
This potential has the minimum at v =0 and where it
reproduces the cosmological term 12L72 in (1.1).
Comparing to (2.11), the potential (2.12) has the sign of
the middle a® term in (2.11) effectively reversed so that it
doubles the coefficient of the last > term upon use of the
on-shell condition a = e~ 3.

This is precisely what happens if we add to (2.10) the
contribution of the topological term (2.2), (2.5) and then
use the self-duality of F5. We conclude that adding this
term to the type IIB action ensures the equivalence between
the 10D and 5D actions not only for AdSs x S° but also for

more general solutions of M> x S° topology.

III. 10D ACTION ON D3-BRANE SOLUTIONS

Let us now generalize the above discussion of the on-
shell value of the type IIB action (1.3) with the topological
term (2.2) added to the case of the extremal and nonex-
tremal D3-brane solutions that also have the product
topology as in (2.1).

The extremal D3-brane solution is given by [33,34]

dsly = W' 2(r)dy*dy, + h'*(r)(dr* + r’dQ3),

L4
h(r)=1 —0—?, L* = 4za*g,N, (3.1)
& = [n~1(r) = 1]dt A dy' A dy* A dy?,
Fs = F( el) 4 F(mag) Fgmag) — *Fgel) (32)
374
(el) 4r° L g
F5 —md[/\dyl/\dyz/\dy’%/\dr,
F™e) — 411w, (3.3)

Here, y* = ()" =1t,y',y%,y%) are coordinates along the
D3-brane, and ws = ,/gssdz> A ... A dZ° is the volume
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form of $°. The near-core limit 41 — f—f corresponds to the
AdS;s x §° case.

As discussed in the Introduction, the bulk part of the type
IIB action (1.3) has zero on-shell value (once again, the
self-duality of Fs implies |Fs|*> = 0 and thus also R = 0).
A nontrivial contribution may come from the topological
term (2.2) and also from the GHY boundary term (1.9) that
may be nonvanishing in this asymptotically flat case. From
(2.2) and (2.3), we find [cf. (2.8)]"

1
Soplps = —4(5!7)2,(%0/1’51\4 A Fsx
1 / ()  p(mag)
= [ FYAF
40503, 2 ’

:_VOI(SS)/W dr8L%r? /d4y
2k, Jo (P +L*)?

vol($8°) 1
10
Here,
2vol(S3)L* 1
= = 3.5
& NK%O (27)*gsa? (3:3)

is tension of a unit-charge D3-brane (cf. Footnote 1 and
f d*y is the integral over the D3 world volume directions.
Compactifying (y',y*,y*) on a torus with volume Vs,
we get

1
Stop|D3:_§NM3/dt’ M3 =pu;3Vs, V3:/d3y, (3-6)

where M3 is the mass of a single D3-brane.

The GHY boundary term (1.9) (that did not contribute in
the AdSs x S case) happens to give the same result as in
(3.4) (here, the asymptotic boundary is at r = oo)l4:

vol(8°) L* /d“y

Sthndr ’ == PR
y D3 2 4
Ko 1+

1
=—-N, d*y.
3 /43/ y

Then, the on-shell value of the 10D action (2.7) on the
D3-brane solution is given by

(3.7)

BIf we focus on the near-core limit (r< L)of(3.1)and (3.2),
we get the same expression as in (2.8) with the volume of AdS;
written in Poincaré coordinates.

Here and below, when evaluating the boundary term (1.9),
we neglect contributions that are independent of the parameters of
the solution.

SIO|D3 = (Stop + Sbndry)|D3 = —Nu; / d4Y- (3-8)

In addition, one may consider the value of the D3-brane
source action that provides the delta function in the
equation for the harmonic function A(r),

Ssource = _N/'l3/d4y v/ Gy + Ny / Cy. (39)

More generally, considering this as an action of a static
probe D3-branes placed at distance r parallel to the source
branes at r = 0, one finds from (3.1) and (3.2) that the /™!
factors from the two terms in (3.9) cancel each other,15
leaving simply

Ssource|D3 = _N.u3/d4y (310)

coming from the —1 in Cy in (3.2). This is equal to the free
brane action at r = oo, and the same expression is thus also
at r - 0.

As a result, the total action on D3-brane solution is
given by

Stot = Sbulk + Stop + Sbndry + Ssource’

Stotlps = _2Nﬂ3/d4)’~ (3.11)

Similar computations of the value of 10The action on some
other p-brane solutions are presented in Appendix B.

Next, let us consider the nonextremal (black) D3-brane
solution [33] generalizing (3.1)—(3.3),]6

dsig = h™'2(r)[=f(r)de* + dy'dy']

+ R'2(r)[f7 N (r)dr? + PdQE],  (3.12)
* i
h(r) =1+, f(r)zl_r_g’
R LT (3.13)
4 0 2 0’
L* o
C&e]):G[h_l(r>_1]dy0/\-~-/\dy37 GEF:\/:Z_?‘,
@  4ol*r X g -
5 :mdy /\/\dy /\dr, F5 =4cL Wy,

Fs=F) 4 F™e), (3.14)

BThis is, of course, a manifestation of the BPS condition of the
vanishing force; see, e.g., Ref. [35].
We use the same parametrization as in Ref. [36].
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where L is the same as in (3.1). We shall consider this
solution for ry <r < oo and should not introduce an
explicit brane source.

The value of the topological term (2.3) is found as in
(3.4):

1 (e) , (mag)
Sioplblack D3 = ——/F A F5e
o LCDES AR
__vol(sY) -2 /oo drsifﬂ / iy
2ty Jn (LY

— —VOIgSS)£4/d4y.
KTo

(3.15)

Once again, we see that the topological term gives a
nontrivial contribution to the action.
The expression (3.15) may be written also as

1 el
Stop lblack D3 :ENMCA(; )(ro)/d“y, (3.16)

74
(el) oL
C =,
4 (r()) ré+L4
2vol(S®)L*  2vol(S°)eL*
Uy = : — > , (3.17)
KTo KTo

i.e., proportional to a product of the electric potential Cffl)

at the horizon and the black D3-brane charge. This is
analogous to what one finds in the case of the Reissner-
Nordstrom black hole [22].17

The calculation of the asymptotic r — oo boundary
GHY term (1.9) here gives [cf. Eq. (3.7)]

4
vol(8%) [, 1 -2
Sbndry\blackm =T 2 Lt Lt + 3r3 /d“y

Ko 1 + 4
vol($%) .
= —%(Ut + 3rg)/d4y. (3.18)
10

As the bulk 10D action (1.3) is again vanishing, the total
action (2.7) computed on the nonextremal D3-brane sol-
ution then follows by combining (3.15) and (3.18):

S10lbtackps = (Stop + Sbndry ) lblack D3

2vol($%) [+, 3
== 2( )<L4+§r3)/d4y

Kio
2v0l(S3 ]
:—L;z( )<,/L8+4r§+rg>/d4y. (3.19)
10

"In the context of black brane thermodynamics, the topological
term will thus contribute to the part of the “thermodynamic
potential” related to the product of the chemical potential and
the corresponding conserved charge.

The same result should be found by first compactifying on
$3, finding the reduced 5D action generalizing (1.1), and
then evaluating it on the corresponding 5D black brane
solution.'®

A similar discussion can be repeated for the type 1IB
solutions describing BPS intersections of D3-branes—
D31D3 [37] and D31 D31 D31D3 [38]. In the near-core
limit, they reduce (in the extremal case) to AdS; x §° x T*
and AdS, x §? x T® backgrounds, respectively. Here, the
bulk part of type IIB action is again vanishing, with
possible nonzero contribution coming from the topological
term (2.4) defined in terms of

Fgel) :dCicD, Fgmag) :*Fgel), FS :Fgel) +F§mag) (320)

and also the GHY term (in the case of the full asymptoti-
cally flat solution).

The D3.LD3 solution is the following generalization of
the D3 background (3.1)—(3.3):

dsty = (hihy)'2[(hihy) ™! (—dP + dy?) + b7 (dy3 + dy3)

L?
+ h3'(dy; 4+ dy?) +dr* +r2dQ3),  h; =14+,
: r
& = [h7! = 1)dt A dy' A dy? A dy3
+ [h5' = 1]dt A dy' A dy* A dyd. (3.21)

Here, (y',y%,y?) and (y',y?,y*) are spatial coordinates
along the two D3-branes intersecting over the y' direction.
In the near-core limit 4; — 5—22 this background reduces to
AdS; x 3 x T with dsdys, = 5 (=di® + dy?) + L dr?,
ds; = L?dQ3  (where L?=LL;), and ds;, =
2 (dy} + dy3) + 2 (dyF + dy3).

Note that here Fs5 does not have a simple 5+ 5
decomposition so the topological term is defined by
Eq. (2.4) or, equivalently, Eq. (2.6). Computing it gives
a nonzero value consistent with the one of the dimension-
ally reduced 3D analog of the action (1.1) that admits AdS;
as its solution. Explicitly, in the AdS; x $* x T* limit, we
find that Sy, = —3-vol(AdS3)vol(S*)vol(T*) (where we

10

did not extract the dependence on the scale L = /LL,).

BFor comparison with the extremal case (3.6), let us note
that the ADM mass of black D3-brane is given by M; =

LA+34 s 34
H3V3 =t = Ma[\/ 1 + 35 + 354
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Similarly, the four D3-brane solution is given by

dsiy = (hyhohshy)' 2 [=(hyhohshy) ™' de® 4 (hyhy) ™'y
+ (hyhy) 7 dy3 + (hyhy) 7 dy} + (hohs)~tdy3
+ (hohy)7'dy3 4 (hshy) ™' dyg + dr* + r*dQj],

L;

p

& = [n7! = 1)dt A dy' A dy? A dy3
+ [h3' = 1]dt A dy' A dy* A dy?
+ [h3' = 1]dt A dy* A dy* A dy®
+ [hg! = 1]dt A dy? A dy> A dy©.

hl:1+

(3.22)

This reduces to AdS, x S? x T° with the 6-torus formed by
(1, ---,¥g)- Here, the topological term (2.4), (2.6) produces
again a nonzero contribution to 10D action.

IV. CONCLUDING REMARKS

Depending on topology of space-time or asymptotic
boundary conditions, the 10D supergravity action (or, more
generally, string effective action) may need to be supple-
mented by particular boundary or topological terms specific
to a type of backgrounds considered.

Here, we considered the case of M'0 = M° x X° with
5-form flux and showed that adding the topological term
(2.2) or (2.4) to the bulk type IIB action (1.3) restores its
equivalence with the 5D reduced action (obtained via
equations of motion by compactifying on X°). This leads
to consistent on-shell values of the full 10D action (e.g., for
AdSs x X3 or D3-brane solution). Similar terms are to be
added in cases of other topologies, e.g., [c F3y A Fax
for M'0 = M3 x X3 x 147

The string theory origin of the term (2.2) and whether it
may receive @ corrections remains to be understood. One
particular case when the contribution of this term may be
important is the computation of o corrections to near-
extremal D3-brane entropy as in Ref. [39].
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APPENDIX A: TOPOLOGICAL TERM
IN Fs ACTION ON M x X°
FROM PST FORMULATION

In the PST formulation [16,17] of the 5-form action, the
condition of self-duality is derived from an action. This is
achieved by introducing an extra scalar field a(x) along
with extra gauge invariance so that the number of dynami-
cal degrees of freedom is unchanged. For a closed 5-form
F’5, let us consider the following action™:

SPST_/(FsA*F5+i,U.FA*iU.F)

:—/21)/\F5/\iU(F5—*F5), fEFS—*Fs. (Al)

We assume that F'5s can be expressed locally as Fs = dCy
[we ignore all the other fields that may contribute to F5 in
(1.4)]. v = v,dx" is defined in terms of a scalar a(x) as

v, = —1. (A2)

The variation of (A1) over C4 and a then leads to equations
that imply the self-duality condition F'5s = *F'5. The depend-
ence on the scalar a drops out of the equations of motion.

The reason for this is that apart from the standard gauge
symmetry of a 4-form potential C, — C,4 + de; the action
(Al) is invariant (up to boundary terms; see below) under
the following gauge transformations:

1
o,a =1, 0,C4 = ———=1,(Fs—"Fs)n, (A3
n n-4 /——|0a|2 (Fs 5) (A3)
6561 =0, 5§C4 = 53 Nda, 5§F5 = d§3 Ada. (A4)

Here, the scalar 7(x) and the 3-form & (x) are the gauge
parameters. The first symmetry (A3) implies that a is a pure
gauge field. The second is effectively reflecting the fact that
the number of degrees of freedom of C, is halved on shell
(where F5 becomes self-dual).

Let us consider the variation of the action under arbitrary
0C4 and da:

DA usual, i, denotes the contraction of a differential form
with a vector field, obtained from the coefficient of 1-form » by
raising the index with the help of the metric. In (A1), we ignore an
overall normalization factor.
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OSpsT= Adoa ANt F At F

/ 2v
\/—|oal?
—/411/\5F5/\I1)F—/2F5/\5F5

—— / 28ad {%Aii,fmb.f]

v —|oal
/45c Ad] /\i]:]—l—/[ 2V Sani, F AL
— v v —F—=0da v v
! oL/~ JoaP

+45C4/\U/\i1)f:| —/2F5/\6F5 (AS)

Assuming that 6C4 = 0 at the boundary, the resulting
equations of motion may be written as

5a:d[ v

v =loal?

5C4: d[v A iv(FS - *Fs)] =0.

Ni(Fs = F5) AL (Fs="F9)| =0, (A6)

(A7)

Under the transformation (A4), the expression in brackets
in (A7) changes as

5}:[1} A iv(FS — *Fs)] = —5§F5 = —d§3 A\ da, (Ag)

so (A4) is a symmetry of (A7). Furthermore, using (A2), we
may choose such ¢&; that i,(Fs — “Fs) = 0. Then,

Fs—"Fs = —v A i,(Fs = "Fs5) +* (v A t,(F5s — Fs))
—0. (A9)

Therefore, the symmetry (A4) makes all solutions of (A7)

equivalent to the self-dual solution F5 = *F5 (and all of

them lead to the vanishing on-shell value of Spgy).
Under (A4), the integrand of (A1) changes as”!

+v A1, (Fs —"Fs) A 8:Fs

+ v A ID(5§F5 — *5§F5) AN 5§F5] (AlO)

Using that §:F's A da = 0, the variation of the action (A1)
may be written as

5ESPST - —2/F5 A\ 5§F5 (All)

This vanishes if 10D space has no boundary [as dFs =0
we have Fs A dé; A da = —d(Fs5 A & A da)] but other-
wise produces a boundary term.

Let us now assume as in (2.1) that the 10D space has a
product structure, i.e., M'© = M3 x X, where X° is a

21Here, 1}/\i1}65F5 /\F5 = _5§F5 /\F5+1}/\55F5 /\i,UFS
and U/\iv*ang/\FSZU/\*((s(:FS/\U)/\F5:—55F5/\1)/\i"*F5.

compact Euclidean space with no boundary while M?>
(with Minkowski signature metric) may be noncompact,
and also that a similar factorization applies to the 4-form
potential and the parameters of the transformations in
(A4), i.e.,

C4:C4M®C4X’ FSZFSMGBFSX’

In this case, Eq. (A11) takes the form
5§SPST - _2/F5X AN 5§F5M
- 2/5§FM A\ F5X
— 2/ st/ 6§F5M, (A13)
X M

where we used that 6;Fsy is exact so its integral over X3
vanishes. The integral [}, 8:Fsy = [;), &3 A da depends
on the boundary values of the gauge parameter &5 and the
scalar field a. If these are nontrivial and if F5 has a
nontrivial value of the “magnetic” charge [, Fsx # 0, then
the variation (A13) may be nonzero.

A way to maintain the invariance of the action (A1) under
(A4) is to add to (A1) the topological term defined in (2.2),

Stop——Z/ F5M/\F5)(——2/F5)(/ FSM' (A14)
M X M

The variation of this term under the gauge transformation
(A4) will then cancel the change (A13) of the PST action.
Assuming Fs,; = dCs, is valid globally on M?, the term
(A14) may be expressed as an integral over the boundary
0M? x X° and thus does not affect the equations of motion
for F5. Let us note that a similar argument suggesting to add
the term (A14) to maintain gauge invariance can be given
[20] also in the formulation of self-dual F5 field suggested
in Ref. [19].

Using that the equations of motion for (A1) imply the
self-duality of Fs, i.e., Fi5p; = *Fsx, the on-shell value of
(A1) plus (A14) may be written also as

(Spst + Siop) [Fo—F, = Stoplrs—+r,
- 2 / FSX A\ *FSX
Replacing the |Fs|? term in the 10D action (1.3) by (Al),
one gets the corresponding PST analog of the type IIB

action to which now we should add also (A14) with the
corresponding coefficient being as in (2.5). It is interesting
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to note that the condition of the symmetry under (A4) fixes
also the relative coefficient between the kinetic 5-form term
(A1) and the Chern-Simons type term [ [ B, A F3 A Fs in
(1.3)] in the resulting version of type IIB action [17].

APPENDIX B: 10D ACTION ON F1, NS5,
AND DS BRANE SOLUTIONS

For comparison with the case of the D3-brane solution
discussed in Sec. III, here we will discuss the values of the
10D action (3.11) on the fundamental string, NS5-brane,
and D5-brane extremal solutions. In these cases, F5 = 0,
so the topological term (2.2) will not play a role. These
p-brane solutions are supported by sources given by the
corresponding brane actions that have the structure (see,
e.g., Ref. [40])

Ssource:_NTp/derlye_q{/)\/Gp+l+NTp/Ap+1’ (Bl)

where T, is a tension of a single brane and A, is the
corresponding NS-NS or R-R potential. The dilaton cou-
pling constantis ¢ = 0, 2, and 1 for F1, NS5, and D5, cases
respectively. The total action will be

(B2)

Stot = Sbulk + Sbndry + Ssourcey Sbu]k = SlOs

where the bulk part is given by (1.3) and the boundary one
by (1.9).

The F1 solution [41] is electrically charged with the
respect to the B, field (T = 5

=51,
ds*=H"! dy} + dy?) + dx“dx® H(r)=1 Q
s? = H™'(r)(=dyj + dyi) + dx“dx‘, (r)=1+—%.
NT k3,
=—— 1 _ 3Nz g2,
Q= 3v0l(s") g
B, =[H7'(r) = 1]dy° A dy', e? =H(r). (B3)
Substituting this solution into (B2), we find
Sbulk|F1 = Sbndry'Fl =0, SsourcelFl =—-NT, / dzy,
Saly = -NT, [ . (B4)

The magnetic dual of Fl-brane—the NS5-brane solution
[42]—may be considered as electrically charged with
respect to the dual field B, dBy = e >#*H;, i.e.,

Ssource = —NT's / d6y€_2¢ V Ge + NTs / B(),

1
Ts = ———+. B5
. (B3)
The corresponding backgroundis (u =0, ...,5;a = 6,7, 8,

9; 1> = xx%)

ds* =, dy*dy’ + H(r)dxdx®,  H(r)=1 —&—%,
r
NTSK%O ,
pu— pm— N’
Q=Tols®)  *
Be=[H'(r)=1]dy° A ...AdYS. e =H(r). (B6)
Here, we find
Sbulk|N85 =0, Sbndry|N85 = —NT; / d6y,
Ssource|N85 = _NTS / d6y7 (B7)
St0t|NS5 = —ZNTs/déy‘ (B8)

Evaluating the bulk term here and in (B4), we used the
explicit form of the solution; note that the NS-NS part of
the bulk action (1.3) or (1.6) automatically vanishes only
for solutions without a source term in the dilaton equation.
In the case of D5-brane solution that has magnetic charge
with respect to the RR 3-form F3, we may again introduce
the dual electric potential Cg (dCy = *F3) and consider

Ssource = _NMS / d6ye_¢ V G6 + N)“S / CG?
1

" Gapda, (5

Hs

The D5-solution supported by the corresponding source at
x4 =0is [33]

ds*= H_%(r)nﬂydy”dy” + H3(r)dx“dx®,

0 Nuskiy
H(r)=1+=, 'Ng,,
(r) +3. 0 voi(s?) N9
Co=[H"(r)=1]dy°A...AdY°, e¢=H(r). (B10)

The resulting contributions to the total action (B2) here are

1 1
Sbu1k|D5:—§Nﬂ5/d6)’» Sbndry|D5:—§N#5/d6y,
Ssource'DSZ_N/’tS/d6yv St0t|D5:_2N/’l5/d6y' (Bll)

The values of the total actions for NS5 (B8) and D5 (B11)
cases have the same structure as for the D3-brane solution
in (3.8) and also are consistent with the S-duality relation
between the two 5-branes.

Note that the bulk and boundary contributions match
only in sum: one can show that the S-duality transformation
in the formulation using the string frame metric leaves
invariant only the sum of the bulk (1.3) and boundary (1.9)
terms in the type IIB action.
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