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We extend our investigation on Couch-Torrence conformal inversions of black holes (BHs) and D-branes
in various directions. We analyze asymptotically flat rotating charged BHs in D ¼ 4, in particular extremal
rotating BHs in STU supergravity, and find invariance for special choices of the charges. Due to the
dependence of the critical radii on the impact parameter(s), the relation between the scattering angle for
geodesics outside the photon-halo and the inspiraling angle for geodesics inside the photon-halo is modified
by the inclusion of a boundary term. We also consider rotating BHs in D ¼ 5 and rotating D3-branes and
find invariance under generalized Couch-Torrence inversions for special choices of the angular momenta.
Alas we don’t find any similar symmetry for smooth horizonless geometries. Moreover, relying on the
surprising connection between classical BH perturbation theory and quantum Seiberg-Witten curves for
N ¼ 2 SYM theories, we study scalar wave equations in these backgrounds and identify the near
superradiant modes produced in near-extremal BH mergers. Finally, we study scalar fluctuations around
Kerr-Newman BHs in AdS4 and find stringent conditions for generalized Couch-Torrence symmetry that are
relaxed in the extremal case or by allowing a rescaling of the wave function.
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I. INTRODUCTION

Many compact gravitating objects are surrounded by a
ring or a halo of light formed by the quasicritical geodesics
of photons surfing the potential barrier, called the photon-
sphere or photon-halo, separating the horizon from the
asymptotically flat region [1,2]. Perturbations of these
barriers reflect into the quasinormal modes (QNMs) that
dominate the gravitational wave (GW) signal during the
prompt ring-down phase that follows the merger of two
black holes (BHs), for instance [3,4].
In [5] we have shown that D3-branes and their bound

states in lower dimensions admit a symmetry under con-
formal inversions that generalize the Couch-Torrence (CT)
transformations known to leave the metric of extremal
Reissner-Nordström BHs invariant up to a Weyl rescaling
[6]. CT transformations are known to exchange the event
horizon with null infinity [6–13]. Quite remarkably, we have
found that the fixed loci of the (generalized) CT trans-
formations are precisely the photon-spheres [5], thus open-
ing new paths to explore physical implications for QNMs
and other observables such as deflection angles and time

delays, coded in the so-called radial action, and ultimately
on a bulk-to-boundary relation proposed in [14,15].
In the present investigation we will extend our analysis to

the case of rotating compact objects. In the extremal case
(zero temperature), Kerr and Kerr-Newman (KN) BHs [6] as
well as their cousins in STU supergravity (for special
choices of the charges) [12,13] are known to admit a
remnant of the CT inversion symmetry. Although the metric
is not conformally invariant, the radial equation, that results
from the separability of the dynamics, is invariant under
transformations that depend on the angular momentum of
the perturbation (or the impact parameter of probe).
Even more remarkably we will show that the fixed loci
of the conformal inversions are the photon-halos that form
the ‘asymmetric’ light-ring structures [16] familiar from the
images produced by the EHT Collaboration [17]. We will
confirm that only special choices of the charges allow
for the symmetry in its elementary form. Otherwise a
Freudenthal duality transformation of the charges would
be required [18,19]. We then study the implications for
other physical observables and find that the radial action is
formally invariant but, even in the equatorial plane θ ¼ π=2,
the scattering angle Δϕscatt for a probe impinging from
outside the photon-halo cannot be simply related to the
inspiraling angle Δϕfall of a probe with the same energy E
and angular momentum J falling into the horizon. We will
explain this discrepancy in terms of the dependence of the
extrema of integration on the impact parameter b ¼ J=E
and discuss the issue for generic nonplanar motion. We also
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study scalar fluctuations in the (near extremal) STURBHs
(rotating BH in STU supergravity) and identify the near
superradiant modes that are long-lived in that their frequen-
cies have a very small imaginary parts.
We then address the fate of the CT inversions for rotating

D3-branes [20] and conclude that generalized CT trans-
formations are symmetries of massless geodesics, at least
for special choices of the rotation parameters. Extremal
rotating objects do enjoy CT invariance beyond d ¼ 4
in the extremal [not necessarily Bogomol’nyi-Prasad-
Sommerfield (BPS)] case. We illustrate our conclusions
in the case of rotating BHs in d ¼ 5 of the Breckenridge-
Myers-Peet-Vafa (BMPV) supersymmetric BPS kind [21]
as well as their nonsupersymmetric cousins of the Cheung,
Cvetic, Lu and Pope (CCLP) family [22,23]. However their
smooth horizonless uplifts to d ¼ 6 known as JMaRT
solutions [24] or Giusto Mathur Saxena (GMS) [25,26]
‘fake’ fuzz balls (in the BPS case), lacking a horizon, fail to
admit any symmetry under conformal inversions, even
though they are endowed with a photon-halo in most cases.
A similar story applies to circular fuzz balls that represent a
class of microstate geometries of two charge systems like
D3-D3’ (or D1-D5 after T-duality), yet some embryonic
form of invariance property is enjoyed by special classes of
geodesics in a restricted subspace (e.g., θ ¼ 0 plane,
orthogonal to the circle).
Finally we consider KN BHs in four-dimensional anti–

de Sitter space (AdS4) and determine the conditions for CT
invariance exploiting the recently established connection
between BH perturbation theory and quantum Seiberg-
Witten (SW) curves [27–31].
The plan of the paper is as follows. We start by reviewing

the prototypical rotating case of the KN BH in Sec. II. We
focus on null geodesics as in [5] rather than on massless
scalar wave perturbations as in [6,12,13]. Some details on
the critical parameters are given in Appendix A.
In Sec. III we then pass to consider extremal rotating

BHs in STU supergravity (eSTURBHs) and show that the
condition on the (four electric) charges for the perturbations
to be invariant under generalized Couch-Torrence trans-
formations is to the one found in [5] for nonrotating BHs.
The case Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ Q is shown to coincide
with KN BHs. The details are presented in Appendix B.
Scalar wave fluctuations of near-eSTURBHs are studied

in Sec. IV and the frequency of the near SR modes are
determined whose expressions take a very simple form
when the conditions for CT invariance are met. Rotating
BHs of the CCLP kind in D ¼ 5 and rotating D3-branes
are discussed in Sec. V, while circular D3-D3’ (or D1=D5)
fuzz balls are discussed in Sec. VI together with JMaRT
and GMS. The study of KN BHs in AdS and their
connection with Heun equations (HE) and quantum SW
curves is the subject of Sec. VII. Section VIII contains a
summary of our results, the conclusions we draw from
them and our outlook.

II. KERR-NEWMAN BH

Let us start with analysing CT inversions in the simplest
cases of charged rotating BHs in d ¼ 4, namely KN BH.
Rather than studying massless neutral scalar wave per-
turbations of the geometry as in [6,12,13], in this section
we will concentrate our attention on null geodesics as
in [5]. The first important result that we find is the
identification of the fixed loci of generalized CT inver-
sions with the photon-halos, formed by the collection of
photon-rings at varying impact parameters. Indeed due to
the preferred axis of the geometry, represented by the
angular momentum J⃗BH ¼ Ma⃗, one should introduce two
independent impact parameters; b ¼ K=E, where K is
Carter’s constant of separation [32], related to the total
angular momentum of the probe, and bJ ¼ J=E, where J
is the projection of the angular momentum of the probe
along J⃗BH. Due to frame-dragging one should distinguish
the two cases of corotating Ja > 0 and counter-rotating
Ja < 0 geodesics. After the simplified analysis of equa-
torial motion (θ ¼ π=2, J ¼ �K), that allows to ‘easily’
show that the radial action as well as the deflection angle
and Shapiro time delay are ‘formally’ invariant, we tackle
the subtleties involved with the dependence of the extrema
of integration on the impact parameter and eventually
address the general case of nonplanar geodesics. Thanks
to separability, the dynamics is encoded in an ‘angular’
action Sθ in addition to the radial action Sr.
The metric of KN space-time in Boyer-Lindquist coor-

dinates and in natural units of GN ¼ 1, c ¼ 1 reads [32]

ds2 ¼ −
Δr

ρ2
ðdt− a sin2 θdϕÞ2 þ sin2 θ

ρ2
½adt− ða2 þ r2Þdϕ�2

þ ρ2dr2

Δr
þ ρ2dθ2; ð2:1Þ

where

Δr ¼ r2 þ a2 − 2MrþQ2; ρ2 ¼ r2 þ a2 cos2 θ: ð2:2Þ

The horizons are the zeros of Δr

r�H ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2 − a2

p
; ð2:3Þ

while the singularity or rather ‘ringularity’, since it is a
‘ring’ in the equatorial plane, is located at ρ ¼ 0, i.e., r ¼ 0,
θ ¼ π=2. The external horizon is surrounded by an ergo-
region, delimited by the ergosphere, wherein the timelike
Killing vector ∂t becomes spacelike thus leading to
interesting processes like Penrose mechanism [33] and
superradiance [34], to which we will come back later on for
STURBH [35].
When the extremality condition

M2 ¼ Q2 þ a2 ð2:4Þ
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is met, rþ ¼ r− ¼ rH ¼ M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ a2

p
. For later use it is

convenient to perform the following change of radial
coordinates,

r̂ ¼ r −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ a2

p
; ð2:5Þ

that maps the horizon into r̂H ¼ 0. In this coordinate the
null Hamiltonian reads

H¼ 1

2ρ̂2

�
P2
r̂ r̂

2 −
1

r̂2

h
E
�
a2þ

�
r̂þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þQ2

p �
2
�
−aJ

i
2
�

þ 1

2ρ̂2

�
P2
θ þ

ðaEsin2θ− JÞ2
sin2θ

�
¼ 0; ð2:6Þ

where E ¼ −Pt and Pϕ ¼ J are conserved quantities.
Following Carter [32], the null condition H ¼ 0 can be
solved by introducing a separation constant K, representing
the total angular momentum (including frame dragging)
such that

K2 ¼ P2
θ þ

ðaE sin2 θ − JÞ2
sin2 θ

¼ −P2
r̂ r̂

2 þ 1

r̂2

h
E
�
a2 þ

�
r̂þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p �
2
�
− aJ

i
2
:

ð2:7Þ
Defining the impact parameters

ζ ¼ J
E
− a; b ¼ K

E
; ð2:8Þ

Eqs. (2.7) can be written in the form

P2
r̂ ¼

E2

r̂4
Rðr̂Þ; Rðr̂Þ¼

h�
r̂þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þQ2

p �
2
−aζ

i
2
−b2r̂2;

P2
θ ¼

E2

sin2θ
ΘðcosθÞ; ΘðcosθÞ¼b2sin2θ− ðζþacos2θÞ2;

ð2:9Þ

with R and Θ quartic polynomials of r̂ and χ ¼ cos θ,
respectively.

A. Geodesics in the equatorial plane

Planar motion in the equatorial plane θ ¼ π=2 is allowed
for Pθ ¼ ρ2 _θ ¼ 0 i.e., for b2 ¼ ζ2. In these cases (2.7)
reduces to1

Rðr̂Þ ¼ P2
r̂ r̂

4

E2
¼

Y4
i¼1

ðr̂ − r̂iÞ; ð2:10Þ

where the roots are

r̂1 ¼ r̂½þ�
þ ; r̂2 ¼ r̂½−�þ ; r̂3 ¼ r̂½þ�

− ; r̂4 ¼ r̂½−�− ; ð2:11Þ
with

r̂½��
� ¼ 1

2

h
�ða− bÞ− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p
½��

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 3a2 þ 2ab� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p
ðb− aÞ

q i
: ð2:12Þ

In the extremal case under consideration, the roots satisfy

r̂1r̂2 ¼ r̂3r̂4 ¼ 2a2 − abþQ2 ¼ r̂2c ð2:13Þ
which determines the critical radius as a function of the BH
parameters (Q and a) and the impact parameter b ¼ J=E ¼
�K=E (in the equatorial plane). It is easy to see that

1

r̂2
Rðr̂Þ ¼

�
Pr̂r̂
E

�
2

¼ 1

r̂2
Y4
i¼1

ðr̂ − r̂iÞ ð2:14Þ

is invariant under generalized CT inversion

r̂0 ¼ r̂2c
r̂

ð2:15Þ

since r̂2c=r̂1;2 ¼ r̂2;1 and r̂2c=r̂3;4 ¼ r̂4;3. The fixed locus of
the inversion is

r̂ ¼ r̂c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 − abþQ2

p
ð2:16Þ

which depends on the impact parameter b and coincides
with the photon-sphere after setting b ¼ bc. Indeed r̂c is the
radius of one of the two null critical geodesics satisfying

Rðr̂cÞ ¼ 0 ¼ R0ðr̂cÞ: ð2:17Þ

In the equatorial plane, for corotating geodesics (ab > 0)
one finds

r̂−c ¼ maxf0;M − 2jajg; b−c ¼ maxf2M; 4ðM − jajÞg;

while for counter-rotating geodesics (ab < 0)

r̂þc ¼ M þ 2jaj; bþc ¼ 4ðM þ 2jajÞ:

We start to see the emergence of the photon-halo, but before
dwelling on that, let us consider the characteristic function
S that encodes all the observables associated to (null)
geodesics, such as scattering or in falling angles and
Shapiro time delay.
For separable axisymmetric systems like KN BHs it

reads

S ¼ −Etþ Jϕþ Sr þ Sθ ð2:18Þ

1For simplicity here we indicate by b ¼ J=E ¼ �K=E the
relevant impact parameter that has a ‘sign’, in that ab > 0
represents corotating geodesics and ab < 0 represents counter-
rotating geodesics.
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with

Sr ¼
Z

rf

ri

Prdr ð2:19Þ

and

Sθ ¼
Z

θf

θi

Pθdθ: ð2:20Þ

For geodesics in the equatorial plane Sθ ¼ 0 and the only
nontrivial part is the radial action Sr. Since Pr ¼ Pr̂ ≈�E
at large distances, Sr diverges when the initial or final
points are taken to infinity. A simple regulator is to replace
rf → ∞ with rf ¼ Λ ≫ a, M, Q. A similar problem
emerges when the initial or final points are taken to the
horizon r̂ → 0.
The ‘regulated’ radial action for scattering from infinity

reads,

Sscatt;regr ðE; J; r̂1;ΛÞ ¼
Z

Λ

r̂1

Pr̂dr̂ ¼ E
Z

Λ

r̂1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4
i¼1

ðr̂− r̂iÞ
vuut dr̂

r̂2
:

ð2:21Þ
Under CT inversion it transforms into the ‘regulated’ radial
action for falling into the horizon with the same energy E
and angular momentum J

Sfall;regr ðE;J; r̂2c=Λ; r̂2Þ ¼
Z

r̂2

r̂2c=Λ
Pudu

¼E
Z

r̂2

r̂2c=Λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
4
i¼1ðu− r̂iÞ

p
u2

du ð2:22Þ

insofar as motion approaches the horizon within a distance
ε ¼ r̂2c=Λ that tends to zero when the cutoff Λ is taken to
infinity.
The regulated deflection angle

Δϕregðri; rfÞ ¼
∂Sregr ðE; J; ri; rjÞ

∂J
ð2:23Þ

can be computed by means of (2.21) and (2.22). Since the
end points of the regulated integration range depend on J
after CT inversion, the derivative of SrðE; J; riðJÞ; rfðJÞÞ
w.r.t. J involves a boundary term2

∂SrðE; J; riðJÞ; rfðJÞÞ
∂J

¼
Z

rfðJÞ

riðJÞ

∂Prðr; E; JÞ
∂J

dr

þ ∂rfðJÞ
∂J

PrðrfðJÞ; E; JÞ −
∂riðJÞ
∂J

PrðriðjÞ; E; JÞ:

As a consequence, one finds

Δϕreg
scatt ¼

Z
Λ

r̂1

∂Pr̂

∂J
dr̂; ð2:24Þ

Δϕreg
fall ¼

Z
r̂2

r̂2cðJÞ
Λ

∂Pr̂

∂J
dr̂−Λ

�
∂r̂2cðJÞ
∂J

�
E
r̂4c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4
i¼1

�
r̂2cðJÞ
Λ

− r̂i

�vuut :

ð2:25Þ

We conclude that the CT inversion symmetry holds only at
the level of the regulated radial actions, whereby Sscatt;regr

transforms into Sfall;regr and vice versa, while equality
between scattering and falling angles is lost to some extent,
due the dependence on J of the product of the cutoffs
εΛ ¼ r̂2cðJÞ. Notice the analogies and the differences with
the bulk-to-boundary formula [14,15] whereby an analytic
continuation is needed.

B. Nonplanar motion, nonequatorial geodesics

When Pθ ¼ ρ2 _θ ≠ 0 the angular dynamics becomes
highly nontrivial. Yet, thanks to separability the system
is integrable and one can write Hamilton principal function
as in (2.18). The angular part of the action reads

Sθ ¼
Z

θf

θ0

Pθdθ ¼ E
Z

θf

θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2sin2θ − ðζ þ acos2θÞ2

q dθ
sin θ

¼ E
Z

χf

χ0

dχ
1 − χ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2ð1 − χ2Þ − ðζ þ aχ2Þ2

q
; ð2:26Þ

with χ ¼ cos θ, but will play only a marginal role in the
following.
Let us focus on the radial part. In general the four roots of

R are

r̂½��
� ¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þQ2

p
þ1

2

h
�b½��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þ4aζ∓4b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þQ2

pq i
:

ð2:27Þ

The generalized CT inversion r̂ → r̂2c=r̂ with

r̂2c ¼ M2 − aζ ¼ 2a2 þQ2 − a
J
E

ð2:28Þ

formally leaves the radial action invariant, up to regulari-
zation. Due to frame dragging r̂c depends on the impact
parameters ζ and b. The conditions for criticality Rðr̂cÞ ¼
0 ¼ R0ðr̂cÞ are easier to solve for ζc and bc in terms of r̂c
and yield

aζc ¼ M2 − r̂2c; b2c ¼ 4ðr̂c þMÞ2 ð2:29Þ

with M ¼ Me ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p
for extremal KN BHs.2We thank Alfredo Grillo for discussions on this point.
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In Appendix Awe (re)derive the allowed range for rc for
(non)extremal KN BHs that characterizes the photon-halo.
In the extremal case of interest here, it turns out be

Maxf0;Me − 2ag ≤ r̂c ≤ Me þ 2a:

Correspondingly,

Maxf2Me; 4ðMe − aÞg ≤ bc ≤ 4ðMe þ aÞ;
with jζcj ≤ bc, that is saturated on the equatorial plane as
we have seen before. Notice that for a > Q=

ffiffiffi
3

p
(whereby

Me < 2a) the inner critical geodesics lies on the horizon.
This plays a role in the phenomenon of superradiance that
reflects in the presence of special (near) zero-damping
modes to which we will come back later on.
In order to visualize the photon-halo, recall that for

nonplanar motion b¼K=E and ζ ¼ J=E − a are related by

sin2 θ0P2
θ;0 ¼ E2½b2 sin2 θ0 − ðζ þ a cos2 θ0Þ2� ð2:30Þ

for an observer at infinity on a plane at fixed θ, the
collection of all points leading to a critical geodesics
delimits the edge or rim of the BH shadow. This is encoded
in the parametric curve

Y2 þ ðX − X0Þ2 ¼ b2c ð2:31Þ

with Y ¼ Pθðr̂cÞ=E, X ¼ Jðr̂cÞ=E sin θ and X0 ¼ a sin θ
for r̂c varying in the (sub)interval allowed by the chosen
value of χ ¼ cos θ. See for instance [36–38] for further
details and the connection with chaos and Lyapunov
exponent.

III. EXTREMAL ROTATING BHS
IN STU SUPERGRAVITY

In this section we extend the previous analysis of CT
transformations to eSTURBHs [12,13,35,39]. For simplic-
ity we only consider charged BHs with 4 electric charges
that can be obtained adding angular momentum to bound
states of four stacks of D3-branes wrapped around (inter-
secting) 3-cycles in a torus T6 or a CY 3-fold.

A. Geodesic motion and CT inversion

Parametrizing the 4 charges as Qi ¼ 2msici with m a
mass scale, si ¼ sinh δi and ci ¼ cosh δi and neglecting
scalar and abelian vector fields, that play no role in our
analysis, the metric reads [12,13]

ds2¼2mr−ρ2

W
ðdtþBdϕÞ2þW

�
dr2

Δ
þdθ2þΔsin2θdϕ2

ρ2−2mr

�
ð3:1Þ

with

B ¼ 2masin2θ
r
Q

c − ðr − 2mÞQs

ρ2 − 2mr
;

ρ2 ¼ r2 þ a2cos2θ; Δ ¼ r2 − 2mrþ a2;

Ri ¼ rþ 2ms2i ;
Y
c

¼
Y
i

ci;
Y
s

¼
Y
i

si;

W2 ¼
Y
i

Ri þ a4cos4θ þ 2a2cos2θ

	
r2 þmr

X
i

s2i

þ 4m2

�Y
c

−
Y
s

�Y
s

− 2m2
X
i<j<k

s2i s
2
js

2
k



: ð3:2Þ

It is straightforward but tedious to check that forQ1 ¼ Q2 ¼
Q3 ¼ Q4 ¼ Q (3.1) reproduces the KN metric. The details
are relegated in Appendix B. Let us stress that the mass
parameter m is not precisely the BH mass. The Arnowitt-
Deser-Misner mass is actually M ¼ 1

4

P
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þQ2

i

p
.

The condition for extremality is

m ¼ a ð3:3Þ
so that ρ2 − 2mr ¼ ðr − aÞ2 − a2 sin2 θ and Δ ¼ ðr − aÞ2
and the event horizon is then at r ¼ a. Setting

r̂ ¼ r − a ð3:4Þ
the horizon is located at r̂ ¼ 0.
For neutral massless probes, the null mass-shell con-

dition in Hamiltonian form reads

r̂2P2
r̂þP2

θþ
r̂2−a2sin2θ
r̂2sin2θ

�
ðJþEBÞ2− r̂2sin2θWE2

ðr̂2−a2sin2θÞ2
�
¼0:

ð3:5Þ
The separation is straightforward and yields

P2
θ

E2
þ b2

sin2θ
þ a2sin2θ ¼ λ2;

r̂2P2
r̂

E2
¼ Rðr̂Þ

r̂2
; ð3:6Þ

with λ2 a positive constant andRðr̂Þ a quartic polynomial viz.

Rðr̂Þ ¼
Y
i

ðr̂− r̂iÞ ¼ r̂4 þ 2a

�
2þ

X
i

s2i

�
r̂3

þ
	
2a2

�
4þ 3

X
i

s2i þ 2
X
i<j

s2i s
2
j

�
− λ2



r̂2 ð3:7Þ

þ
	
8a3

�
1þ

X
i

s2i þ
X
i<j

s2i s
2
j þ

X
i<j<k

s2i s
2
js

2
k

�

− 4a2b
�Y

c

−
Y
s

�

r̂þ a2b2 − 4a3b

�Y
c

þ
Y
s

�

þ 4a4
	
1þ

X
i

s2i þ
X
i<j

s2i s
2
j þ

X
i<j<k

s2i s
2
js

2
k

þ 2

�Y
c

þ
Y
s

�Y
s



; ð3:8Þ
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where b ¼ J=E. Very much as for massless neutral scalar
waves [12,13], symmetry of radial motion under general-
ized CT inversions r̂ → r̂2c=r̂ at fixed charges requires

r̂1r̂2 ¼ r̂3r̂4 ¼ r̂2cðb; λÞ; ð3:9Þ

where r̂1; r̂2 are the positive roots and r̂3; r̂4 are the negative
ones and

r̂2cðb; λÞ ¼ 2a2
�Y

c

þ
Y
s

�
− ab ð3:10Þ

that follows from the remarkable identity

1þ
X
i

s2i þ
X
i<j

s2i s
2
j þ

X
i<j<k

s2i s
2
js

2
k þ 2

�Y
c

þ
Y
s

�Y
s

¼
�Y

c

þ
Y
s

�
2

; ð3:11Þ

where the sign in (3.10) is chosen by comparing with rc in
Kerr. This is possible if and only if the charges Qi or
equivalently the “boost” parameters δi, satisfy the condition

δ̃i ≡ 1

2

X
j

δj − δi ¼ δπðiÞ ð3:12Þ

with π a permutation of the four indices, that is allowed
since the metric is permutation invariant. Taking a pair of
indices i and πðiÞ to be 1,2 without loss of generality,
one has

2δ1 þ 2δ2 ¼
X
j

δj ¼
1

2

X
j

log
�
qj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2j þ 1

q �
ð3:13Þ

with qj ¼ Qj=m ¼ Qj=a, that is satisfied when

�
Q1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

1 þ a2
q ��

Q2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

2 þ a2
q �

¼
�
Q3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

3 þ a2
q ��

Q4 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

4 þ a2
q �

; ð3:14Þ

or permutations thereof. This condition generalizes in an
interesting way the condition Q1Q2 ¼ Q3Q4 found in [5]
for extremal nonrotating STU BHs. The special case
Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ Q, that we have shown to coincide
with KN or, forQ ¼ 0, with Kerr, and the special cases with
pairwise equal charges, e.g., Q1 ¼ Q3 and Q2 ¼ Q4 are
simply subcases of the general case that survive the
inclusion of angular momentum a.
Although, integrality of charges and spin may not be an

issue for large ‘astrophysical’ BHs, it is amusing to observe
that a particularly simple integer solution of (3.14) is

Q1 ¼ 18, Q2 ¼ 32, Q3 ¼ 10, Q4 ¼ 45, a ¼ 24. It is also
easy to convince oneself that (3.14) admit an infinite
number of integer solutions.
For 4-charge extremal rotating BHs, satisfying the above

condition and thus admitting a proper (generalized) CT
symmetry, the analysis of the observables proceeds along
the same lines as in the simpler KN contexts. The radial
action is form invariant. Null infinity is exchanged with the
horizon. Since the metric is not invariant, even if one allows
Weyl rescalings, it does not make much sense to ask how
the ergoregion transforms. Yet it is quite remarkable that
the photon-halo is left fixed.
In the equatorial plane (θ ¼ π=2), the scattering angle

ΔϕscattðE; JÞ is mapped into the (regulated) inspiraling
angle ΔϕscattðE; JÞ for massless neutral probes with the
same energy E and angular momentum J. While the former
is finite for noncritical values, the latter diverges due to the
r̂2 factor in the denominator. In fact the divergence may be
imputed to a boundary contribution generated by the
dependence on J or b of the transformed extrema
r̂0 ¼ r̂2cðJ; EÞ=r̂.
Since geodesics are generically nonplanar as in the KN

case, the relevant observable is the full action, including the
nontrivial angular part Sθ, but the only part acted on by CT
transformations is the radial action Sr. Even though con-
formal spatial inversions x⃗0 ¼ −r2cx⃗0=jx⃗j2 seem to produce
an antipodal transformation θ → π − θ (χ ¼ cos θ → −χ)
the metric and the geodesics are invariant under and the
angular action

R
Pθdθ is unaffected, up to exchange of the

extrema of integration.

B. Critical regime

Once shown that massless geodesics in eSTURBH’s
metric (3.1) admit CT conformal inversion as symmetries,
let us focus on the critical geodesics that form the halo,
fixed under CT transformations.
Let us step back and reconsider the nonextremal case.

Later on we will refocus on the extremal case.
In general for m ≠ a, the zero mass-shell condition in

Hamiltonian form can be written as

ΔP2
r −

a2J2

Δ
þ 2ma½rQc − ðr − 2mÞQs�

Δ
2EJ

−
E2

2Δ

�
a4 þ 2

Y4
i¼1

Ri þ a2
	
3r2 þ 2mr

�
1þ 2

X4
i¼1

s2i

�

− 8m2

�X
i<j<k

s2i s
2
js

2
k þ 2

Y
s

2 − 2
Y
c

Y
s

�

− a2Δ

�

þ P2
θ þ

J2

sin2θ
− E2a2cos2θ ¼ 0: ð3:15Þ

If we introduce the separation constant λ2, we obtain
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P2
θ

E2
¼ λ2−

b2J
sin2θ

−a2sin2θ

ΔP2
r

E2
¼−λ2þa2b2J

Δ
−
4mabJ½r

Q
c− ðr−2mÞQs�
Δ

þ 1

2Δ

�
a4þ2

Y4
i¼1

Riþa2
	
3r2þ2mr

�
1þ2

X4
i¼1

s2i

�

−8m2

�X
i<j<k

s2i s
2
js

2
kþ2

Y
s

2−2
Y
c

Y
s

�

þa2Δ

2

�
;

ð3:16Þ

where λ ¼ K=E and bJ ¼ J=E. For brevity we set

R4ðrÞ ¼
Δ2P2

r

E2
¼ r4 þ Ar3 þ Br2 þ CrþD − Δλ2;

A ¼ 2m
X4
i¼4

s2i ; B ¼ 2a2 þ 4m2
X
i<j

s2i s
2
j ;

C ¼ C1bJ þ C2; C1 ¼ 4ma

�Y
s

−
Y
c

�
;

C2 ¼ 2a2m
X4
i¼1

s2i þ 8m3
X
i<j<k

s2i s
2
js

2
k;

D ¼ a2b2J − 8m2a
Y
s

bJ þD1;

D1 ¼ a4 þ 16m4
Y
s

2

− 4a2m2

�X
i<j<k

s2i s
2
js

2
k þ 2

Y
s

2 − 2
Y
s

Y
c

�
:

ð3:17Þ

In the critical regime we have

r4 þ Ar3 þ Br2 þ CrþD ¼ Δλ2;

4r3 þ 3Ar2 þ 2Brþ C ¼ 2ðr −mÞλ2: ð3:18Þ
The solutions to this system are

bJ ¼
m

aðr −mÞ
	
ða − 2mþ rÞðaþ 2m − rÞ

Y
s

þ ðr − aÞðrþ aÞ
Y
c

−

ffiffiffiffi
Δ̃

p

4am



;

Δ̃ ¼ 16a2Δ2

	
r2 þm

X4
i¼1

s2i rþm2

��Y
s

−
Y
c

�
2

− 1 −
X4
i¼1

s2i

�

; ð3:19Þ

and

λ2 ¼ 4r3 þ 3Ar2 þ 2Brþ C2

2ðr −mÞ þ C1

2ðr −mÞ bJ; ð3:20Þ

where for bJ we choose the negative sign in order to match
with KN. In order to match with the angular equation in
(2.9), we have to redefine the angular momenta as follows:

b2 ¼ λ2 − 2abJ; ζ ¼ bJ − a: ð3:21Þ

Thanks to the condition b ≥ ζ descending from the non-
negativity of (2.9), we can identify the photon region.
In the extremal limit, i.e., when m ¼ a, we have

ζ ¼ −aþ ð3a − rÞ
Y
s

þ ðaþ rÞ
Y
c

þ a − r
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a

X4
i¼1

s2i rþ a2
�
−1 −

X4
i¼1

s2i þ
�Y

s

−
Y
c

�
2
�vuut

b2 ¼ 2r2 þ a

�
2þ 3

X4
i¼1

s2i

�
rþ a2

�
2þ

X4
i¼1

s2i þ 2
X
i<j

s2i s
2
j−2

X
i<j<k

s2i s
2
js

2
k − 4

Y
s

2 þ 4
Y
s

Y
c

�

− 2að3a − rÞ
Y
s

− 2aðaþ rÞ
Y
c

− 2

	
a − rþ a

�Y
s

−
Y
c

�


×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ar

X4
i¼1

s2i − a2
	
1þ

X4
i¼1

s2i −
�Y

s

−
Y
c

�
2


:

vuut ð3:22Þ

If we take the charges s.t. s1 ¼ s2 ¼ σ and s3 ¼ s4 ¼ τ, (3.22) drastically simplifies
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ζ ¼ −
1

a
½ðr − aÞ2 − a2ð1þ 2σ2Þð1þ 2τ2Þ�

b2 ¼ 4½rþ aðσ2 þ τ2Þ�2: ð3:23Þ

The condition for r−c to be outside the horizon r−c ≥ rH ¼ a
boils down to

bðrHÞ ≤ ζðrHÞ ⇒ σ2τ2 ≥
1

4
: ð3:24Þ

In the case of four different charges, the condition r−c ≥ rH
becomes

3þ 2
X4
i¼1

s2i − 4
X
i<j<k

s2i s
2
js

2
i − 8

Y
s

�Y
c

þ
Y
s

�
≤ 0: ð3:25Þ

If the condition for invariance under CT inversions, that can
be written as

2þ
X4
i¼1

s2i ¼ 2

�Y
c

−
Y
s

�
ð3:26Þ

is obeyed, the expression for ζ (and consequently for λ2)
can be simplified to

ζ¼−Δ−a2þ 2m2ðQcþ
Q

sÞ
a

þ 2mðm2−a2ÞðQc−
Q

sÞ
aðr−mÞ ;

ð3:27Þ

which is another bonus of CT invariance.

IV. WAVES IN 4 CHARGE STU BH BACKGROUND
AND SUPERRADIANT MODES

In this section we switch gear and consider the so-called
(near) superradiant modes of near-extremal STURBHs
(NESTURBHs). The photon sphere, that is the fixed locus
of CT inversions if allowed, plays a crucial role in the linear
response of BHs and other compact objects to small
perturbations. In particular the ringdown phase of BH
mergers is known to be dominated by quasinormal modes
(QNMs). These are fluctuations that satisfy outgoing
boundary conditions at infinity and ingoing boundary
conditions at the horizon. In the WKB approximation
the frequency is given by

ωWKB
QNM ¼ ωc − iλð2nþ 1Þ;

where ωc is the frequency of critical circular null orbits,
while λ is the Lyapunov exponent governing the chaotic
behavior of nearby critical geodesics [36–38]. A detailed
study of the full spectrum of QNMs of STURBHs is
beyond the scope of the present investigation and we hope
to report on this soon. Exact results may be obtained

resorting to the surprising connection between QNMs and
quantum SW curves of N ¼ 2 SYM with gauge group
SUð2Þ and Nf hypermultiplets in the fundamental, that we
will exploit later on to some extent.
Near extremal BHs however possess a special class of

QNMs; near superradiant modes, also known as zero-
damping modes (ZDMs), since ImωZDM is very small and
vanishes in the extremal limit. These modes are produced
by near-extremal BH mergers and thanks to their slow
falloff in time provide a very peculiar feature of the
ringdown phase in these cases. The superradiant threshold
frequency turns out to be

ωSR ¼ mϕΩH; ð4:1Þ

where ΩH is the angular velocity at the horizon. Near
superradiant modes are defined by taking

ω ¼ ωSR þ νδ ð4:2Þ

with finite ν ¼ ν1 þ iν2 (to be determined) and δ ¼
rþ − r− ≪ r�, the small separation between the inner
and the outer horizon.
The superradiant threshold frequency for NESTURBHs

is given by the above expression with

ΩH ¼ −
gtϕðrþÞ
gϕϕðrþÞ

¼ −
1

Bð1ÞðrþÞ
¼ a

2mðrþ
Q

c − ðrþ − 2mÞQsÞ
: ð4:3Þ

Since the horizons are located at

r� ¼ m�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
; ð4:4Þ

setting

m2 ¼ a2 þ δ2

4
ð4:5Þ

at zero order in δ, one has

rþ ≃m ≃ a; ; ΩH ≃
1

2aðQc þ
Q

sÞ
: ð4:6Þ

Starting from (3.1), it is straightforward to separate vari-
ables in the massless scalar wave equation □Φ ¼ 0 in this
background. Setting

Φ ¼ e−iωtþimϕ ψðrÞSðχÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δð1 − χ2Þ

p ; χ ¼ cos θ; ð4:7Þ

and introducing the separation constant λ2 bring the two
wave equations into Schödinger-like canonical form. The
angular equation determines the spheroidal harmonics
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Sλ;mϕ

00ðχÞ þ ð1 − χ2Þða2ω2χ2 − a2ω2 þ λ2Þ þ 1 −m2
ϕ

ð1 − χ2Þ2
× Sλ;mϕ

ðχÞ ¼ 0: ð4:8Þ

For small a2ω2, λ2 ¼ lðlþ 1Þ þOða2ω2Þ and Sl;mðχÞ ¼
Pl;mðχÞ þOða2ω2Þ are known as spheroidal harmonics.
The problem can be solved using standard perturbation
theory in quantum mechanics, even though the wave
equation is classical, or identifying the (confluent) HE
(4.8) (with two regular and one irregular singularities) with
the quantum SW curves forN ¼ 2 SYM with gauge group
SUð2Þ and Nf ¼ 3 hypermultiplets in the fundamental (six
doublets) [27–31].
If we define A ¼ λ2 − a2ω2 as in [30], the radial equation

can be written as

ψ 00 þ
�
ω2Δ

	
r2 þ 2m

�
1þ

X
i

s2i

�
r

− 4m2

�X
i<j<k

σ2i σ
2
jσ

2
k − 2

Y
s

�Y
c

−
Y
s

��

þ Δ02

4
− Δ

þ 4m2

	
ωSR

�
rþ

Y
c

− ðrþ − 2mÞ
Y
s

�

− ω

�
r
Y
c

− ðr − 2mÞ
Y
s

�

2

− ΔA
�

ψ

Δ2
¼ 0: ð4:9Þ

Far from the horizon r ≫ rþ ≫ δ the radial equation
reduces to

ψ 00ðrÞþ
	
ω2
SRþ

2rþω2
SRð2þ

P
is

2
i Þ

ðr−rþÞ

þr2þω2
SRð7þ6

P
is

2
i þ4

P
i<js

2
i s

2
jÞ−A

ðr−rþÞ2


ψðrÞ¼ 0: ð4:10Þ

Requiring ψ ∼ eiωSRr̂ at infinity (outgoing) and as
ψ ∼ r̂1=2þα at the horizon (regularity) one has

ψðrÞ ¼ c∞eiωSRðr−rþÞðr − rþÞ1=2þαUðÃ; B̃; zÞ; ð4:11Þ

where c∞ is a constant and U is Tricomi confluent
hypergeometric function, while

z ¼ −2iωSRðr − rþÞ;

α2 ¼ Aþ 1

4
− a2ω2

SR

�
7þ 6

X
i

s2i þ 4
X
i<j

s2i s
2
k

�
;

Ã ¼ αþ 1

2
− iωSRa

�
2þ

X
i

s2i

�
;

B̃ ¼ 1þ 2α: ð4:12Þ

On the other hand, the radial equation in the near-horizon
limit can be approximated by defining τ ¼ ðr − rþÞ=δ with
δ ≪ rþ. In the variable τ one finds

ψ 00ðτÞ þQðτÞψðτÞ ¼ 0 ð4:13Þ

with

QðτÞ ¼ 1

τ2ð1þ τÞ2
�
4a2

	
ωSRτ

�Y
c

−
Y
s

�

þ νa

�Y
c

þ
Y
s

�

2

þ 1

4
− τð1þ τÞ

×

	
α2 þ 4ω2

SRa
2

�Y
c

−
Y
s

�
2

−
1

4


�
: ð4:14Þ

The solution can be written in terms of hypergeometric
functions. Imposing ingoing boundary conditions at the
horizon, one finds

ψðτÞ ¼ cHτ
1
2
− iaν
ΩHð1þ τÞ

1
2
− iaν
ΩH

þ2iaωSR

�Q
c
−
Q

s

�
× 2F1ðĀ; B̄; C̄;−τÞ; ð4:15Þ

where cH is a constant and

Ā ¼ 1

2
− α −

2iaν
ΩH

þ 2iaωSR

�Y
c

−
Y
s

�
;

B̄ ¼ 1

2
þ α −

2iaν
ΩH

þ 2iaωSR

�Y
c

−
Y
s

�
;

C̄ ¼ 1 −
2iaν
ΩH

: ð4:16Þ

By expanding (4.11) near the horizon, one finds

ψðrÞ∼ ðr− rþÞ12−α
	ð−2iωÞ−2αΓð2αÞ

ΓðÃÞ þΓð−2αÞðr− rþÞ2α
ΓðÃ− B̃þ 1Þ



;

ð4:17Þ

while far away from the horizon, (4.15) reduces to

ψðrÞ ∼ ðr − rþÞ12−α
	

Γð2αÞ
ΓðB̄ÞΓðC̄ − ĀÞ ðr − rþÞ2αδ−1

2
−α

þ Γð−2αÞ
ΓðĀÞΓðC̄ − B̄Þ δ

α−1
2



ΓðC̄Þ: ð4:18Þ

Matching (4.17) and (4.18) one finds

Γ2ð2αÞΓðÃ− B̃þ 1ÞΓðĀÞΓðC̄− B̄Þ
ΓðB̄ÞΓðC̄ − ĀÞΓ2ð−2αÞΓðÃÞ ð−2iωSRδÞ−2α ¼ 1:

ð4:19Þ
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Since δ ∼ 0 and ℜα > 0, the factor δ−α in the left hand side
diverges, so it has to be compensated by a pole of ΓðB̄Þ in
the denominator3 i.e.,

B̄ ¼ −nþ ð−2iωSRδÞ2αη ð4:20Þ

with

η ¼ ð−1Þn
n!

Γ2ð−2αÞΓðC̄ − ĀÞΓðÃÞ
Γ2ð2αÞΓðÃ − B̃þ 1ÞΓðĀÞΓðC̄ − B̄Þ ð4:21Þ

leading to

ω¼ωSRþδ

	
ΩHωSR

�Y
c

−
Y
s

�
−i

ΩH

2a

�
nþ1

2
þα

�

þ���:

ð4:22Þ

The imaginary part of the quasinormal frequencies is
expressed in terms of the Lyapunov exponent λL ¼ ΩH

2a ≈
TBH [36,37,40] and the overtone number n gets shifted
by αþ 1

2
.

One might notice that imposing the condition for CT
invariance (3.26) allows to rewrite Ã and B̃ in (4.12) in
terms of Ā, B; and C̄ in (4.16) so that

Ã ¼ C̄ − Ā; C̄ − B̄ ¼ Ã − B̃þ 1: ð4:23Þ

This simplification is another bonus of the CT symmetry
for NESTURBHs with special charges, satisfying (3.14).

V. ROTATING BHS AND D3-BRANES
IN HIGHER DIMENSIONS

Very much as for nonrotating BHs and branes, one may
ask whether rotating BHs and branes in higher dimensions
enjoy invariance under generalized CT transformations. As
we will see the answer is positive and we manage to
identify at least one class of 5d extremal BHs that enjoy this
property. Wewill then address the issue inD > 5 and we do
not find any simple solution with this property. We do not
exclude that more elaborate constructions with various
scalars and gauge fields can enjoy CT invariance.

A. d = 5 CCLP solution

Five-dimensional charged rotating BH solutions to
Einstein-Maxwell theory were found by Cheung, Cvetic,
Lu and Pope in [22,23]. They depend on four parameters;
mass M, charge Q, and two angular momenta l1 and l2.
The metric reads

ds25 ¼ −dt2 þ Δtðdt − ω1Þ2 −
2Q
ρ2

ðdt − ω1Þω2

þ ρ2
�
dθ2 þ dr2

Δr

�
þ ðr2 þ l21Þ sin2 θdϕ2

þ ðr2 þ l22Þ cos2 θdψ2; ð5:1Þ

while the abelian gauge field is

A ¼
ffiffiffi
3

p
Q

ρ2
ðdt − ω1Þ;

where

ρ2 ¼ r2 þ l21 cos
2 θ þ l22 sin

2 θ;

Δr ¼
ðr2 þ l21Þðr2 þ l22Þ − 2Mr2 þ 2l1l2QþQ2

r2
;

Δt ¼
2M
ρ2

−
Q2

ρ4
;

ω1 ¼ l1 sin2 θdϕþ l2 cos2 θdψ ;

ω2 ¼ l2 sin2 θdϕþ l1 cos2 θdψ : ð5:2Þ

The curvature singularity of the metric is located at
ρ ¼ 0, i.e., r2sin g ¼ −l21 cos2 θ − l22 sin

2 θ. The horizons
are located at

r2� ¼ 1

2
ð2M − l21 − l22Þ �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2M − l21 − l22Þ2 − 4ðQþ l1l2Þ2

q
ð5:3Þ

where Δr vanishes. There is also an ergosurface that is
delimited by the larger solution of gttðrergoÞ ¼ 0 where

Δt ¼ 1 and ρ2ergo ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
:

r2ergo ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
− l21 cos

2 θ − l22 sin
2 θ: ð5:4Þ

Extremality (TBH ¼ 0) requires rþ ¼ r−, that is

j2M − l21 − l22j ¼ 2jQþ l1l2j ð5:5Þ

while supersymmetry (BPS condition) requiresQ ¼ M [21].
Geodesics of massless neutral probes can be written in

Hamiltonian form H ¼ 0 exploiting the conservation of
three momenta: Pt ¼ −E, Pϕ ¼ Jϕ, and Pψ ¼ Jψ . As in
the KN and STURBH cases the Hamiltonian can be
separated as

H ¼ Hr þHθ

2ρ2
¼ 0 ð5:6Þ

with

3Since we want to determine the near superradiance parameter
ν, we are forced to quantize B̄. The arguments of the other Γ
functions in the denominator are independent of ν.
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Hr ¼ ΔrP2
r þ

E2

r2Δr
½ðr2 þ l2

1 þ l2
2ÞðQ2 − r2ΔrÞ þ−2Mðr2 þ l2

1Þðr2 þ l2
2Þ� þ

P2
ψ

r2Δr
½ðl2

1 − l2
2Þðr2 þ l2

1Þ

− 2l1ðMl1 þQl2Þ� þ
P2
ϕ

r2Δr
½ðl2

2 − l2
1Þðr2 þ l2

2Þ þ−2l2ðMl2 þQl1Þ� þ
2PψE

r2Δr
½ðr2 þ l2

1Þð2Ml2 þQl1Þ

− l2ðQ2 þ r2ΔrÞ� þ
2PϕE

r2Δr
½ðr2 þ l2

2Þð2Ml1 þQl2Þ− l1ðQ2 þ r2ΔrÞ�−
2PψPϕ

r2Δr
½2Ml1l2 þQðl2

1 þ l2
2Þ� ¼ −K2;

Hθ ¼ P2
θ þ

�
El1 sinθþ

Pϕ

sinθ

�
2

þ
�
El2 cosθþ

Pψ

cosθ

�
2

¼ K2: ð5:7Þ

Once again, K2 represents the square of the angular momentum. In a certain sense, one can then write the radial equation in
the form

RðrÞ ¼
�

r
2E

∂Hr

∂Pr

�
2

¼ r2Δ2
rP2

r

E2
¼ Ar6 þ Br4 þ Cr2 þD ð5:8Þ

with

A ¼ 1; B ¼ 2l2bψ þ 2l1bϕ þ 2ðl2
1 þ l2

2Þ − b2;

C ¼ 2Ql1l2 þ l4
1 þ 3l2

1l
2
2 þ l4

2 þ b2ð2M − l2
1 − l2

2Þ þ ðl2
1 − l2

2Þðb2ϕ − b2ψ Þ þ 2bϕðl1ðl2
1 þ l2

2 − 4MÞ −Ql2Þ
þ 2bψðl2ðl2

1 þ l2
2 − 4MÞ −Ql1Þ;

D ¼ ðQþ l1l2Þ2ð−b2 þ 4bϕl1 þ 4bψl2Þ þ 2ðQþ l1l2Þðb2ϕl1l2 þ b2ψl1l2 þ l3
1l2 þ l1l3

2 þ bϕbψ ðl2
1 þ l2

2Þ
− bψðl3

1 þ 2l1l2
2Þ − bϕð2l2

1l2 þ l3
2ÞÞ þ ð2M − l2

1 − l2
2Þðb2ψl2

1 þ 2bϕbψl1l2 − 2bψl2
1l2

þ b2ϕl
2
2 − 2bϕl1l2

2 þ l2
1l

2
2Þ; ð5:9Þ

and

b ¼ K
E
; bϕ ¼ Pϕ

E
; bψ ¼ Pψ

E
; ð5:10Þ

are the impact parameters. Exchanging l1 ↔ l2 corre-
sponds to exchanging bψ ↔ bϕ and θ ↔ π

2
− θ.

Looking for extremal (not necessarily BPS) solutions
with rþ ¼ r− ¼ rH, that enjoy symmetry under CT inver-
sions we further specialize to the case

2M ¼ l2
1 þ l2

2; Q ¼ −l1l2; ð5:11Þ

but we allow for Q ≠ M and l1 ≠ l2. With this choice, the
horizon falls onto the origin

r2H ¼ 0 so that Δr ¼ r2 ð5:12Þ

and the parameters of the radial equation simplify to

A ¼ 1; B ¼ 2l1bϕ þ 2l2bψ þ 2ðl2
1 þ l2

2Þ − b2;

C ¼ ðl2
1 − l2

2Þ
	�

bϕ −
l3
1

l2
1 − l2

2

�
2

−
�
bψ −

l3
2

l2
2 − l2

1

�
2


;

D ¼ 0; ð5:13Þ

The radial equation can be written as

RðrÞ ¼ r4P2
r

E2
¼ r4 þBr2 þC¼ ðr2 − r21Þðr2 − r22Þ: ð5:14Þ

The zeros of Pr are located at

r21;2 ¼
1

2

�
b2 − 2ðl2

1 þ l2
2Þ − 2l1bϕ − 2l2bψ

�
	
b4 þ −4b2ðl2

1 þ l2
2 þ l1bϕ þ l2bψ Þ

þ 4½b2ϕl2
2 þ b2ψl2

1 þ 2bϕl1ð2l2
1 þ l2

2Þ

þ 2bψl2ð2l2
2 þ l2

1Þ − 4l2
1l

2
2


1
2

�
ð5:15Þ

so that
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r1r2 ¼
ffiffiffiffi
C

p
¼ r2cðbcψ ; bcϕÞ;

b2cðbcψ ; bcϕÞ ¼ 2l1bcϕ þ 2l2bcψ þ 2ðl2
1 þ l2

2Þ þ 2r2c: ð5:16Þ

Indeed, the criticality conditions R ¼ 0 ¼ R0 allow to
express rc and b2c in terms of bcψ ; bcϕ., so much so that
generalized CT inversions that exchange horizon and
infinity, keep the photon-halo r ¼ rcðbcψ ; bcϕÞ fixed, as
expected. For consistency one has to impose positivity
of C ¼ r4c and that means

�
bϕ−

l3
1

l2
1−l2

2

�
2

>

�
bψ þ

l3
2

l2
1−l2

2

�
2

for l1 > l2 ð5:17Þ

or vice versa for l2 > l1. Moreover b2c ≥ 0 requires

l1bcϕ þ l2bcψ > −l2
1 − l2

2 − r2c:

For l1 ¼ �l2 ¼ l only the combination b� ¼ bϕ � bψ
matters. In this case, choosing the plus sign and introducing
r̂c ¼ rc=l and b̂þ;c ¼ bþ;c=l, one has

r̂4c ¼ 3− 2b̂þ;c; b̂2c ¼ 2b̂þ;c þ 4þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3− 2b̂þ;c

q
: ð5:18Þ

The minimal value for both r̂2c and b̂2c is zero. The former,
r̂2c ¼ 0 (horizon), is reached for b̂þ;c ¼ 3=2 whereby

b̂2c ¼ 7. The latter, b̂2c ¼ 0, for b̂þ;c ¼ −3 −
ffiffiffi
8

p
,

whereby r̂2c ¼ 1þ ffiffiffi
8

p
>

ffiffiffi
3

p
.

For l1 ≠ �l2 the situation is much more involved.
Although it is easy to determine the minimal value of

r̂2c ¼ 0 (horizon) that is reached for bϕ ¼ l3
1

l2
1
−l2

2

and bψ ¼
− l3

2

l2
1
−l2

2

whereby b2 ¼ 4ðl2
1 þ l2

2Þ, the maximum is harder

to determine. In fact, for l2
1 > l2

2, taking bψ ¼ − l3
2

l2
1
−l2

2

and

letting b̃ϕ ¼ bϕ −
l3
1

l2
1
−l2

2

grow arbitrarily, both r2c and b2c
grow arbitrarily.
Thanks to the previous properties of the roots, the radial

action is form invariant

Sr ¼
Z

Prdr ð5:19Þ

under CT inversions r → r2c=r that maps the scattering
regime outside the photon-sphere into the inspiraling
regime inside it.

B. Rotating D3 branes

Let us now pass to consider rotating D3-branes. Thanks
to the transversal SOð6Þ symmetry, one can introduce three
independent angular momentum parameters l1,l2, and l3.
The metric of a rotating black D3 brane is given by [20]

ds2 ¼ f−1=20 ð−h0dt2 þ dx2Þ þ f1=20

(
Δdr2Q

3
i¼1 ð1þ l2i

r2Þ− 2m
r4

þ r2
	
Δ1dθ2 þΔ2c2θdψ

2 − 2
l2
2 − l2

3

r2
cθsθcψsψdθdψ

þ
�
1þ l2

1

r2

�
s2θdϕ

2
1 þ

�
1þ l2

2

r2

�
c2θs

2
ψdϕ2

2 þ
�
1þ l2

3

r2

�
c2θc

2
ψdϕ2

3þ
2m

r6Δf0
ðl1s2θdϕ1 þ l2c2θs

2
ψdϕ2 þ l3c2θc

2
ψdϕ3Þ2



þ

−
4m cosh α

r4Δf0
dtðl1s2θdϕ1 þ l2c2θs

2
ψdϕ2 þ l3c2θc

2
ψdϕ3Þ

)
; ð5:20Þ

where dx2 denotes the Euclidean metric of the longitudinal
R3 and

h0 ¼ 1 −
2m
r4Δ

; f0 ¼ 1þ 2m sinh2 α
r4Δ

;

Δ ¼ 1þ l2
1

r2
c2θ þ

l2
2

r2
ðs2θs2ψ þ c2ψÞ þ

l2
3

r2
ðs2θc2ψ þ s2ψ Þ

þ l2
2l

2
3

r4
s2θ þ

l2
1l

2
3

r4
c2θs

2
ψ þ l2

1l
2
2

r4
c2θc

2
ψ ;

Δ1 ¼ 1þ l2
1

r2
c2θ þ

l2
2

r2
s2θs

2
ψ þ l2

3

r2
s2θc

2
ψ ;

Δ2 ¼ 1þ l2
2

r2
c2ψ þ l2

3

r2
s2ψ : ð5:21Þ

The parameters α and m are related to the D3-brane charge
N by

4πgsNα02 ¼ 2m cosh α sinh α: ð5:22Þ

The horizon r ¼ rH is given by the largest real root of

Y3
i¼1

ðr2 þ l2
i Þ − 2mr2 ¼ 0: ð5:23Þ

The extremal configuration is reached if we take simulta-
neously α → ∞ and m → 0, keeping fixed L4 ¼ 2m
sinh2 α. If li ≠ 0, the limit m → 0 exposes a naked
singularity [20].
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The null Hamiltonian in the extremal case reads

H¼−f1=20 E2þf−1=20

�Q
3
i¼1ρ

2
i

r6Δ
P2
rþ

J21
ρ21s

2θ

þ J22
ρ22c

2
θs

2
ψ
þ J23
ρ23c

2
θc

2
ψ

þ
r2ðΔ2P2

θþΔ1P2
ψ

c2θ
Þþ2ðl2

2−l2
3Þsψcψ tθPθPψ

r4Δ1Δ2−ðl2
2−l2

3Þ2c2ψs2θs2ψ

�
; ð5:24Þ

where ρ2i ¼ r2 þ l2
i . In general it is not separable.

If we restrict attention on geodesics in the θ ¼ ψ ¼ 0
plane, where ∂H=∂θ ¼ ∂H=∂ψ ¼ 0 so that one can con-
sistently set Pθ ¼ Pψ ¼ 0, the metric drastically simplifies

ds2 ¼−f−1=20 dt2þ f1=20 Δ−1
3 dr2þ r2Δ3f

1=2
0 dϕ2

3;

Δ3 ¼ 1þl2
3

r2
; Δ¼Δ1Δ2; h0 ¼ 1; f0 ¼ 1þ L4

Δr4
:

ð5:25Þ

In Hamiltonian form, the system is separable and the radial
momentum can be expressed in terms of the radial variable
r and the conserved quantities i.e., the energy E and the
relevant angular momentum J ¼ J3, since J1 ¼ J2 ¼ 0,

r4Δ2
3P

2
r

E2
¼ r4Δ3f0 − b2r2 ¼ r4Δþ L4

Δ
− b2r2; ð5:26Þ

where b ¼ J=E. If we take for simplicity l1 ¼
l2 ¼ l3 ¼ l ≤ L, so that Δ1 ¼ Δ2 ¼ Δ3, we find

P2
r ¼

E2

r4ð1þ l2

r2Þ3
½ðr2 þ l2Þ2 − b2ðr2 þ l2Þ þ L4�: ð5:27Þ

The radial action, in the coordinate z ¼ r2 þ l2 reads

Sr ¼
Z

Prdr ¼
Z

E
2

dz

z3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 − b2zþ L4

p
: ð5:28Þ

This integral is invariant under the transformation
z → L4=z, or in the original radial coordinate

r2 þ l2 →
L4

r2 þ l2
: ð5:29Þ

The critical impact parameter and the critical radius (that
determines the photon-sphere in this plane) are the critical
points of Pr, thus looking at (5.27)

r2c þ l2 ¼ 1

2
½b2c �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4c − 4L4

q
�: ð5:30Þ

So the critical impact parameter is the same as in the
nonrotating case

bc ¼
ffiffiffi
2

p
L; r2c ¼ L2 − l2: ð5:31Þ

The significance of the CT symmetry in the present context
is not totally clear since the range of validity is limited to
l2r2 < L4 − l4 that, reassuringly, includes the photon-
sphere for L > l.

VI. NO HORIZON, NO CT SYMMETRY

As shown in [5] and above, CT transformations
exchange null infinity with the horizon keeping the
photon-sphere fixed. Thus we should not expect smooth
horizonless geometries like JMaRT [24] (and their super-
symmetric limit GMS [25,26]) nor (circular) fuzz balls in
D ¼ 6 to enjoy CT symmetry despite the presence of a
photon-sphere. One may try to identify a generalization of
CT transformations that exchange infinity with the cap but
the different nature of the two regions presagite the failure
of the attempt, as we will show in the following. In order to
illustrate the problem, we briefly analyze massless geo-
desics in the smooth horizonless backgrounds of the
JMaRT (and GMS) family and in the circular fuzz balls
in D ¼ 6.

A. JMaRT and GMS limit in d = 6

JMaRT solutions [24] are smooth horizonless geometries
of 3-charge systems. They are ‘over-rotating’ to be con-
sidered bona fide microstates of BHs. They are known to
undergo an ergoregion instability [41,42] and a Penrose
process [43] that should produce a BPS supersymmetric
GMS solution [25,26] as stable remnant [44]. The six-
dimensional metric of JMaRT can be written as

ds26 ¼ ds25 þ
�
dy −

Affiffiffi
3

p
�

2

; ð6:1Þ

where in the extremal limit and in the equatorial plane
(θ ¼ π=2)

ds25 ¼ −Z−2ðdtþ αÞ2 þ Zds24; ð6:2Þ

A ¼ Q
Zf

	
−dtþ

ffiffiffiffi
Q

p
2

�
aψ
aϕ

þ aϕ
aψ

þ 1

Q
aϕaψ

�
dϕ



;

Z ¼ 1þQ
f
; f ¼ r2 − a2ψ ;

α ¼
ffiffiffiffi
Q

p
2f

	
Q

�
aψ
aϕ

þ aϕ
aψ

�
þ ð1þ 2ZÞaψaϕ



dϕ; ð6:3Þ

ds24;extr ¼
fdr2

r2 þ a2ϕ − a2ψ
þ
�
a2ϕa

2
ψ

f
þ r2 þ a2ϕ

�
dϕ2: ð6:4Þ

The components of the metric are easily identified
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gtt ¼ −Z−2 þ Q2

3Z2f2
; gyy ¼ 1; grr ¼

Zf
r2 þ a2ϕ − a2ψ

;

gϕϕ ¼ Q3

12Z2f2

�
aψ
αϕ

þ aϕ
αψ

þ aϕaψ
Q

�
2

þ Z

�
a2ϕa

2
ψ

f
þ r2 þ a2ϕ

�
−
Z−2Q
4f2

	
Q

�
aψ
αϕ

þ aϕ
αψ

�
þ ð1þ 2ZÞaψaϕ



2

;

gtϕ ¼ gϕt ¼ −
Q5=2

6Z2f2

�
aψ
αϕ

þ aϕ
αψ

þ aϕaψ
Q

�
−
Z−2 ffiffiffiffi

Q
p
2f

	
Q

�
aψ
αϕ

þ aϕ
αψ

�
þ ð1þ 2ZÞaψaϕ



;

gty ¼ gyt ¼
Qffiffiffi
3

p
Zf

;

gϕy ¼ gyϕ ¼ −
Q3=2

2
ffiffiffi
3

p
Zf

�
aψ
αϕ

þ aϕ
αψ

þ aϕaψ
Q

�
: ð6:5Þ

Setting for simplicity Py ¼ 0, the relevant element of the
inverse metric are also easy to determine and the Hamil-
tonian for null geodesics reads

P2
r ¼

E2ðP3
k¼0 A2kr2kÞ

4a2ϕa
2
ψr2ðr2 − a2ψ þ a2ϕÞ2

;

A6 ¼ 4a2ϕa
2
ψ ;

A4 ¼ 4a2ϕa
2
ψ ða2ϕ − 2a2ψ − b2 þ 3QÞ;

A2 ¼ 4aϕaψ ½−a2ψbQ3=2 − a2ϕb
ffiffiffiffi
Q

p
ð3a2ψ þQÞ

− a3ϕða3ψ − 3aψQÞ
þ aϕða5ψ þ a3ψð2b2 − 3QÞ þ 3aψQ2Þ�;

A0 ¼ −½2aϕa3ψb − a2ψQ3=2 þ a2ϕ
ffiffiffiffi
Q

p
ð−3a2ψ þQÞ�2: ð6:6Þ

So the asymptotics of the radial action at infinity and near
the cap r20 ¼ a2ψ − a2ϕ are very different

Sr ∼ E
Z

∞
dr vs Sr ∼ Eβ2

Z
r0

d logðr − r0Þ

β2 ¼ 2ba3ϕaψ þQ3=2a2ψ −
ffiffiffiffi
Q

p
a2ϕðQþ 3a2ψÞ

4aϕaψr20
; ð6:7Þ

which seems to exclude any conceivable CT symmetry
acting by conformal inversions. The only chance would be
taking the BH limit aϕ ¼ aψ ¼ 0 keeping their ratio fixed.

B. D1=D5 fuzz ball

With little hope, we now explore case of circular fuzz
balls of 2-charge BHs and identify a CT-like transformation
that gets close to being a symmetry, but we should
recognize our inability that can be ascribed to the absence
of the horizon that may reflect into new features in the GW
ringdown signal such as echoes [1,45–49] and modified
memories [50–55] or else in their multipoles [56–59].
The 6-d metric of a circular D1=D5 or, equivalently,

D3-D3’ fuzz ball reads [60–63]

ds2 ¼H−1½−ðdtþωϕdϕÞ2 þðdzþωψdψÞ2�

þH

	
ðρ2 þ a2cos2θÞ

�
dρ2

ρ2 þ a2
þ dθ2

�
þ ρ2cos2θdψ2

þðρ2þ a2Þsin2θdϕ2



; ð6:8Þ

where H ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
H1H5

p
, with

Hi¼ 1þ L2
i

ρ2þa2c2θ
; ωϕ¼

aL1L5s2θ
ρ2þa2c2θ

; ωψ ¼
aL1L5c2θ
ρ2þa2c2θ

:

ð6:9Þ

The metric (6.9) has no explicit dependence on t, z, ϕ, and
ψ . As a result, the conjugate momenta Pt ¼ −E, Pz ¼ P,
Pϕ ¼ Jϕ and Pψ ¼ Jψ are conserved.
Quite remarkably, very much as for KN or STURBHs,

the system is separable [64–66]. In order to expose this
property, one introduces the conjugate momenta

Pρ ¼
Hðρ2 þ a2c2θÞ_ρ

ρ2 þ a2
; Pθ ¼ Hðρ2 þ a2c2θÞ_θ; ð6:10Þ

and writes the (zero) mass-shell condition in Hamiltonian
form H ¼ gμνPμPν ¼ 0 that can be separated into two
equations

K2 ¼P2
θ þðE2−P2Þa2 sin2 θþ J2ϕ

sin2 θ
þ J2ψ
cos2 θ

;

−K2 ¼ ðρ2þa2ÞP2
ρþ

ðPL1L5−aJψ Þ2
ρ2

þ

−
ðEL1L5−aJϕÞ2

ρ2þa2
− ðρ2þa2þL2

1þL2
5ÞðE2−P2Þ;

ð6:11Þ

where K2 is the separation constant.
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For brevity we will set

B2
ψ ¼ ðPL1L5 − aJψÞ2

E2a2
; B2

ϕ ¼ ðEL1L5 − aJϕÞ2
E2a2

;

E2 ¼ E2 − P2; b2 ¼ K2

E2
: ð6:12Þ

By the second (radial) equation in (6.11) the radial
action is:

Sρ¼
Z

dρE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þL2

1þL2
5−b2

ρ2þa2
−

a2B2
ψ

ρ2ðρ2þa2Þþ
a2B2

ϕ

ðρ2þa2Þ2

s

ð6:13Þ

In terms of the variable ρ2 ¼ x and if B2
ψ ¼ 0 it becomes

Sρ ¼
Z

Edx
2

ffiffiffi
x

p ðxþ a2Þ
h
x2 þ xðL2

1 þ L2
5 − b2 þ 2a2Þ

þ a2ða2 þ L2
1 þ L2

5 þ B2
ϕ − b2Þ

i1
2: ð6:14Þ

One can envisage a generalized CT inversion of the form

xþ a2 →
x0 þ a2

xþ a2
ð6:15Þ

with some x0; alas, this does not leave the radial action
invariant for any choice of x0, except for the case a ¼ 0 that
produces a 2-charge small BH.

VII. (A)DS KN VS HEUN EQUATION
AND CT INVARIANCE

Let us pass on to consider AdS4 KN BHs and study
scalar wave propagation in this backgrounds. As shown in
[30], in order to have the minimal number (i.e., four) of
regular singular points in the radial equation, it is conven-
ient to choose a tachyonic scalar with mass μ2L2 ¼ −2.
The mass is above the Breitenlohner-Freedman (BF) bound
μ2BFL

2 ¼ −9=4. Scalar fields of this kind are dual to
boundary conformal operators of dimension Δ ¼ 1, 2 such
as ϕ2 or ψ2 [67,68], and correspond to internal fluctuations
of the metric in the case of maximal supergravity in S7. We
spell out the conditions under which the relevant Heun
equation (HE) with four regular singular points, corre-
sponding to real and complex horizons, admit CT sym-
metry, exchanging horizons in pairs. This leads to a SHE
(special Heun equation) with restricted parameters (but no
confluence of singularities). However, quite disappoint-
ingly, when we translate the parameters of the SHE into BH
parameters we find a trivial configuration with zero mass.
We then switch to the extremal case as well as to
generalized CT transformation that rescale the wave
function.

A. Heun equation for CT invariant AdS KN BHs

The AdS-KN metric in 4d is given by

ds2 ¼ −
Δr½dt − adϕð1 − χ2Þ�2

α2ρ2
þ Δχ ½adt − aϕða2 þ r2Þ�2

α2ρ2

þ ρ2
�
dr2

Δr
þ dχ2

Δχ

�
; ð7:1Þ

where χ ¼ cos θ and

Δr ¼ ðr2 þ a2Þ
�
1þ r2

L2

�
− 2MrþQ2

¼ 1

L2
ðr − rþÞðr − r−Þðr − ρÞðr − ρ̄Þ;

Δχ ¼ ð1 − χ2Þ
�
1 −

a2χ2

L2

�
; ρ2 ¼ r2 þ a2χ2;

α ¼ 1 −
a2

L2
: ð7:2Þ

The four roots of Δr satisfy

rþ þ r− þ ρþ ρ̄ ¼ 0 ð7:3Þ

and the relations with the BH parameters a, Q, and M,

rþr− þ jρj2 − ðrþ þ r−Þ2 ¼ a2 þ L2;

ðjρj2 − rþr−Þðrþ þ r−Þ ¼ 2ML2;

rþr−jρj2 ¼ L2ða2 þQ2Þ; ð7:4Þ

that easily allow us to expressM,Q and a in terms of r�, ρ,
and ρ̄ at fixed L, while the inverse relations require solving
a cubic equation and are more involved. For large L ≫ M,
a, Q two roots are real

r� ≈M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2 −Q2

p
þOðL−2Þ ð7:5Þ

and two are complex conjugates

ρ; ρ̄ ¼ �iL −M � iOðL−1Þ ð7:6Þ

The wave equation for a scalar can be separated. Setting

Φðt; r; χ;ϕÞ ¼ e−iωtþimϕϕ
ψðrÞSðχÞffiffiffiffiffiffiffiffiffiffiffi

ΔrΔχ

p ð7:7Þ

brings both radial and angular equations in canonical form.
The eigenvalue K2 ¼ lðlþ 1Þ þOða2ω2Þ of the spheroi-
dal-harmonics equation for the angular part plays the role
of a generalized angular momentum and enters the radial
equation as a separation constant
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ψ 00ðrÞþQrðrÞψðrÞ¼0;

QrðrÞ¼
ðω̂ða2þr2Þ−am̂Þ2

Δ2
r

−
K2þμ2r2

Δr
−
1

2

Δ00
r

Δr
þ1

4

�
Δ0

r

Δr

�
2

;

ð7:8Þ

with ω̂ ¼ αω, m̂ ¼ αmϕ. For μ2L2 ¼ −2 (7.8) has four
regular singularities where Δr ¼ 0. For different choices of
μ2—including 0—the resulting wave equation has more
than four regular singular points. Performing the coordinate
transformation

z ¼ ðr − rþÞðρ − r−Þ
ðr − r−Þðρ − rþÞ

ð7:9Þ

brings (7.8) in the standard form

	
∂
2
z þ

�
γ

z
þ δ

z − 1
þ ε

z − t

�
∂z þ

αβz − p
zðz − 1Þðz − tÞ



wðzÞ ¼ 0

ð7:10Þ

which has four regular singular points at 0, 1, t, and∞ that
correspond to rþ, ρ, ρ̄, and r− respectively.
Since the curvature singularity at r ¼ 0 and the boundary

r ¼ ∞ are regular points of the radial equation, we should
look for generalized CT transformations exchanging rþ ↔
r− and ρ ↔ ρ̄ for instance. In the standard form we should
impose invariance under z → t=z which requires

γ ¼ 1 − δ; ϵ ¼ δ; αβ ¼ 0; ð7:11Þ

and arbitrary q and

t ¼ ðρ̄ − rþÞðρ − r−Þ
ðρ̄ − r−Þðρ − rþÞ

ð7:12Þ

(7.10) can be put in canonical form if we introduce

wðzÞ ¼ PðzÞψðzÞ; PðzÞ ¼ z−γ=2ðz − 1Þ−δ=2ðz − tÞ−ε=2;
ð7:13Þ

and taking into account the restrictions on the parameters, it
becomes

ψ 00ðzÞ þ
	
1− δ2

4z2
þ 2δ− δ2

4ðz− 1Þ2 þ
2δ− δ2

4ðz− tÞ2

þ δ2 − δþ 2pþ δ2t− δtþ ð2δ− δ2Þz
2ðz− 1Þzðt− zÞ



ψðzÞ ¼ 0: ð7:14Þ

Inverting (7.9) and comparing (7.14) with the radial
equation for a scalar with mass μ2L2 ¼ −2 in the AdS-
KN background put severe constraints on the BH param-
eters as well as on ω and mϕ. We derive the dictionary in

Appendix C, by exploiting the recently established corre-
spondence between BH perturbation theory and quantum
Seiberg-Witten curves [27–31]. In the present case of
AdS4-KN BHs, the relevantN ¼ 2 SYM theory has gauge
group SUð2Þ and Nf ¼ 4 flavors of fundamental hyper-
multiplets with masses mf. Moreover, imposing z → t=z
invariance (à la CT) requires m0 ¼ m∞ and m1 ¼ mt.
Although beyond the scope of the present investigation,

let us stress here that the analysis of QNMs and other
observables associated to fluctuations around a variety of
BHs, D-branes, and fuzz balls with flat or AdS asymptotics
governed by the standard Heun equation of various kinds,
can be successfully tackled within this approach. Without
dwelling on the details, let us pause and simply list, for the
curious reader, the various interesting cases for the radial
equation4 following5 [27–31]

(i) Heun equation (HE) with four regular singular
points ∼Nf ¼ 4 ¼ ð2L; 2RÞ SW ∼ AdS4 KN with
μ2L2 ¼ −2 (no CT symmetry, in general).

(ii) Confluent Heun equation (CHE) with 2 regular and
1 irregular singular points ∼Nf ¼ 3 ¼ ð2L; 1RÞ
SW ∼ flat KN or STURBH (no CT symmetry, in
general).

(iii) Reduced confluent Heun equation (RCHE) with two
regular and one irregular singular points ∼Nf ¼ 2 ¼
ð2L; 0Þ SW ∼ CCLP BHs and D1=D5 or D3=D3’
circular fuzz balls (no CT symmetry, in general).

(iv) Doubly confluent Heun equation (DCHE) with two
irregular singular points ∼Nf ¼ 2 ¼ ð1L; 1RÞ SW ∼
Extremal KN BHs, ESTURBHs and D3-D3-D3-D3
(CT symmetry).

(v) Reduced doubly confluent Heun equation (RDCHE)
with two irregular singular points ∼Nf ¼ 1 ¼
ð1L; 0Þ SW ∼ extremal CCLP or BMPV BHs (CT
symmetry).

(vi) Doubly reduced doubly confluent Heun equation
(DRDCHE) with two irregular singular points
∼Nf ¼ 0 ¼ ð0L; 0RÞ SW ∼ extremal D3-branes,
D1=D5 or D3=D3’ BHs (CT symmetry).

Going back to our problem, in the end it turns out that
only trivial values for the BH parameters (as for example
M ¼ 0) are compatible with CT symmetry.
We then have two options; to consider extremal KN BH

(in Sec. VII B) or gain some flexibility by performing a
Weyl transformation of the HE so as to introduce new
parameters in the equation (in Sec. VII C).

4Spheroidal harmonics in D ¼ 4 (S2 sphere) and D ¼ 4 (S3
sphere) are related to CHE and RCHE respectively. Nothing
special happens to these angular equations in the extremal
limit.

5For convenience we split the flavors into Nf ¼ ðNL; NRÞ as
they appear in the Hanany-Witten setup of the N ¼ 2 SYM
theory [69].
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B. Extremal AdS KN vs restricted confluent
Heun equation

Some simplifications occur for extremal BHs with rþ ¼
r− ¼ rH still with ρ ≠ ρ̄ since we consider L ≫ M. For
ρ ¼ ρ̄ one would get a doubly confluent HE (DCHE) that
can be easily shown to admit CT symmetry in general. The
extremal mass is [70]

Mextr¼
L

3
ffiffiffi
6

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1þ a2

L2

�
2

þ12

L2
ða2þQ2Þ

s
þ2a2

L2
þ2

�

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ a2

L2

�
2

þ12

L2
ða2þQ2Þ

s
−
a2

L2
−1

�1
2

: ð7:15Þ

The relevant equation turns out to be the CHE (confluent
Heun equation) that reads

	
∂
2
z þ

�
γ

z
þ δ

z − 1
þ ε

�
∂z þ

αz − q
zðz − 1Þ



WðzÞ ¼ 0: ð7:16Þ

If we define WðzÞ ¼ e−
εz
2FðzÞ and impose symmetry under

z → 1 − z, the parameters of the equation must obey to
γ ¼ δ and α ¼ γε. So the equation becomes

	
∂
2
z þ γ

�
1

z
þ 1

z − 1

�
∂z þ

�
−
ε2

4
þ q̃
zðz − 1Þ

�

FðzÞ ¼ 0;

q̃ ¼ γε

2
− q: ð7:17Þ

In order to establish a dictionary with extremal AdS KN
BH, we perform the mapping

z ¼ ðr − ρÞðρ̄ − rHÞ
ðr − rHÞðρ̄ − ρÞ : ð7:18Þ

In canonical form the radial equation reads

ψ 00ðrÞþQrðrÞψðrÞ¼0;

QrðrÞ¼
q̃þγ−γ2

ðr−rHÞ2
þ 2γ−γ2

4ðr−ρÞ2þ
2γ−γ2

4ðr− ρ̄Þ2

−
ε2ð3ρþ ρ̄Þ2ðρþ3ρ̄Þ2
64ðρ− ρ̄Þ2ðr−rHÞ4

þ 8ðq̃þγ−γ2Þðρþ ρ̄Þ
ð3ρþ ρ̄Þðρþ3ρ̄Þðr−rHÞ

þðγ−4Þγρþð4−5γÞγρ̄þ2q̃ðρþ3ρ̄Þ
2ðρ− ρ̄Þð3ρþ ρ̄Þðr−ρÞ

þðγ−4Þγρ̄þð4−5γÞγρþ2q̃ð3ρþ ρ̄Þ
2ðρ̄−ρÞðρþ3ρ̄Þðr− ρ̄Þ : ð7:19Þ

In terms of radial coordinates, the exchange symmetry
z → 1 − z translates into

r − rH →
ðr − rHÞðrH − ρÞðrH − ρ̄Þ
2ðρþ ρ̄Þrþ r2H − ρρ̄

: ð7:20Þ

We start the comparison with (7.8) by studying the residues
of the double poles in ρ and ρ̄. Imposing equality of the two
residues we obtain

a2 − abϕ ¼ 1

2

	
ρρ̄þ ðρþ ρ̄Þ2

4



¼ 1

2
ða2 þ L2 þ 4r2HÞ;

ðγ − 1Þ2 ¼ −
L4ω̂2

ðρ − ρ̄Þ2 : ð7:21Þ

By comparing the residues of the order four poles in rH, we
obtain an expression for ε

ε ¼ �4iω̂L2ðρ − ρ̄Þ
ð3ρþ ρ̄Þð3ρ̄þ ρÞ : ð7:22Þ

If we compare the residues of the double and the single
poles in rH, we obtain

2
L4ω̂2 − 2K2L2 þ ðρþ ρ̄Þ2

ð3ρþ ρ̄Þð3ρ̄þ ρÞ ¼ q̃þ γ − γ2: ð7:23Þ

The simple pole in ρ,

−
8K2L2ðρ − ρ̄Þ2 þ ðρ − ρ̄Þ3ð5ρþ 3ρ̄Þ þ L4ð5ρ − ρ̄Þðρþ 3ρ̄Þω2

2ðρ − ρ̄Þ3ð3ρþ ρ̄Þ2 ¼ ðγ − 4Þγρþ ð4 − 5γÞγρ̄þ 2q̃ðρþ 3ρ̄Þ
2ðρ − ρ̄Þð3ρþ ρ̄Þ : ð7:24Þ

The relation that holds for ρ̄ is the same as the previous one
after exchanging ρ and ρ̄. As a result, q̃ can be written (up to
ρ ↔ ρ̄ exchange) as

q̃ ¼ � iL2ω̂

ρ − ρ̄
−

L4ω̂2

ðρ − ρ̄Þ2 þ
2½−2K2L2 þ ðρþ ρ̄Þ2 þ L4ω̂2�

ð3ρþ ρ̄Þð3ρ̄þ ρÞ :

ð7:25Þ

Thus ω and K remain free parameters, while the mass is
dictated by extremality (7.15).
Notice that the critical radii in the equatorial plane are the

extremal points of

P4ðrÞ ¼ ½r2 − aðαLb − aÞ�2 − ðαLb − aÞ2ΔrðrÞ ð7:26Þ

so that
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rc ¼ �rH with αLbc ¼ aþ r2H
a
: ð7:27Þ

In the end, CT invariance works as much as possible
as in the asymptotically flat case in that it keeps the
photon-sphere fixed (rc ¼ rH in the equatorial plane)
and exchanges the two complex horizons. Recall that
both the AdS boundary (r → ∞) and the curvature
singularity (r ¼ 0) are regular points of the wave equation
instead.

C. Transformed Heun cs AdS KN with rescalings

So far we have implicitly assumed that CT transforma-
tions (z → t=z or z → 1 − z) preserved the wave function in
the standard HE or CHE form. In principle this is not
necessary and the function may undergo some (Weyl)
rescaling. In order to account for this flexibility let us go
back to HE in (7.10) and perform the transformation6

WðzÞ ¼ zaðz − 1Þbðz − tÞbfðzÞ. One gets a new HE with
parameters

γ → 2aþ γ; δ → 2bþ δ; ε → 2bþ ε;

p → ð2abþ bγÞð1þ tÞ þ aδtþ aεþ p;

αβ → αβ þ 2bð2aþ bþ γÞ þ ðδþ εÞðaþ bÞ: ð7:28Þ

Imposing symmetry under z → t=z requires

ε¼ δ; γ¼ 1−2ðaþbÞ−δ; αβ¼−2ðaþbÞδ: ð7:29Þ

In the coordinates (7.9) SHE can be put in canonical form
by introducing

fðrÞ¼½ðr−rþÞðr−r−Þ�−1
2
ð1−2b−δÞ½ðr−ρÞðr− ρ̄Þ�−1

2
ð2bþδÞψðrÞ

ð7:30Þ

so that

ψ 00ðrÞ þ
X4
i¼1

	
A2;i

ðr − riÞ2
þ A1;i

ðr − riÞ


ψðrÞ ¼ 0

with

A2;þ¼A2;−¼−
1

4
ð−1þσþδÞð1þσþδÞ;

A2;ρ¼A2;ρ̄¼
1

4
ð2−δÞδ;

A1;þ¼
1

2ðr−−rþÞðrþ−ρÞðrþ− ρ̄Þ
h
2pðrþ−ρÞðr−− ρ̄Þ

−ðδþσ−1Þ½−r2−δþr−rþð1−3δþσÞ
þρρ̄ð1−δþσÞþr2þð2þδþ2σÞ�

i
;

A1;ρ¼
1

2

	
2pþδðδþ2σÞ

ρ̄−ρ
þδðδþσ−1Þ

ρ−rþ
þ2pþδðδþσ−1Þ

ρ−r−



;

A1;−¼A1;þðrþ↔r−;ρ↔ ρ̄Þ;
A1;ρ¼A1;ρ̄ðrþ↔r−;ρ↔ ρ̄Þ; ð7:31Þ

where σ ¼ 2ðaþ bÞ. From the perspective of the AdS KN
wave equation (7.8), the residues of the double poles are

B2;i ¼ lim
r→ri

½ðr − riÞ2QrðrÞ� ¼
L4½ω̂ðr2i þ a2JÞ − aJm̂�2Q

j≠iðrj − riÞ2
þ 1

4
:

ð7:32Þ

Since from (7.31) A2;þ ¼ A2;−, we must require that
B2;þ ¼ B2;− and the same for the residues of the double
poles at ρ and ρ̄,

r2− þ a2J − bϕaJ
r2þ þ a2J − bϕaJ

¼ � ðr− − ρÞðr− − ρ̄Þ
ðrþ − ρÞðrþ − ρ̄Þ ;

ρ2 þ a2J − bϕaJ
ρ̄2 þ a2J − bϕaJ

¼ �ðρ − rþÞðρ − r−Þ
ðρ̄ − rþÞðρ̄ − r−Þ

; ð7:33Þ

where bϕ ¼ m̂=ω̂ ¼ m=ω. By comparison, from the previous
relations we can write a constraint on bϕ (or equivalently ω),

a2J−bϕaJ ¼−ðρþ ρ̄Þrþþjρj2

¼−ðrþþ r−Þρþ rþr−¼
1

2
ðrþrþþjρj2Þ: ð7:34Þ

On the other hand, exploiting the first two relations in (7.31)
and (7.32) and plugging (7.34), we have

δþ σ ¼ � 2iL2ω̂

rþ − r−
; 1 − δ ¼ � 2iL2ω̂

ρ − ρ̄
: ð7:35Þ

Equations (7.35) can be used to reexpress δ,

δ ¼ ρ − ρ̄ − ζσðrþ − r−Þ
ρ − ρ̄þ ζðrþ − r−Þ

with ζ ¼ �1: ð7:36Þ

The residues of the simple poles are
6We allow only rescalings that keep the symmetry between ρ

and ρ̄, i.e., z ¼ 1 and z ¼ t.
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B1;þ ¼ 1

2ðrþ − r−Þ3ðrþ − ρÞð2rþ þ r− þ ρÞ
�
ðrþ − r−Þ2½−2K2L2 þ r2− − r2þ þ ðr− þ ρÞðrþ þ ρÞ�

þ L4½r2− − 3r−rþ − r2þ þ ðr− þ rþÞρþ ρ2�ω̂2

�
;

B1;ρ ¼
1

2ðr− − ρÞðrþ − ρÞðr− þ rþ þ 2ρÞ3
�
ðr− þ rþ þ 2ρÞ2½r2− − 2K2L2 − ρ2 þ ðrþ þ ρÞðrþ þ r−Þ�

þ L4½r2− þ r−rþ þ r2þ þ 5ðr− þ rþÞρþ 3ρ2�ω̂2

�
;

B1;− ¼ B1;þðrþ ↔ r−Þ; B1;ρ̄ ¼ B1;ρðρ ↔ ρ̄Þ: ð7:37Þ

Now it is possible to compute the parameterp in two different
ways, i.e.,A1;þðpÞ ¼ B1;þ,A1;−ðpÞ ¼ B1;−. The two expres-
sions for p must be equal so, if we use (7.36), one finds

ðr− þ rþÞ½ðrþ − r−Þ2ðr− þ rþ þ 2ρÞ2ð1þ σÞ2
þ L4ðr− þ rþ þ ðrþ − r−Þζ þ 2ρÞ2ω̂2� ¼ 0: ð7:38Þ

Excluding r− ¼ −rþ that would imply zero mass BH and
using (7.35), (7.36), as well as (7.3) the previous expression
becomes

ðr− − rþÞðρ − ρ̄Þ2ð1þ σÞ2 ¼ 0: ð7:39Þ

Excluding extremality r− ¼ rþ ¼ rH, that would require
M ¼ Mextr already considered before, and ρ ¼ ρ̄, that would
require L < M, eventually requires σ ¼ −1. As a result of
(7.35) ω̂ ¼ 0 and δ ¼ 1. So the last parameter to determine is

p ¼ K2L2 þ rþr− þ ρρ̄

ðrþ − ρÞðr− − ρ̄Þ : ð7:40Þ

K remains a free parameter, while there are no conditions on
the roots or, in other words, there are not constraints onM, a,
and Q.
Once again we get a reduced form of CT invariance,

valid only for static waves with ω ¼ 0 and mϕ ¼ 0.

VIII. CONCLUSIONS

We have extended our investigation on CT conformal
inversions [6,12,13] of BHs and D-branes [5] in various
directions.
First, we have analyzed asymptotically flat rotating

charged BHs in D ¼ 4, in particular (near) extremal
rotating BHs in STU supergavity (n-eSTURBHs) [35],
and found invariance for special choices of the charges.
Second, we have studied scalar wave equations in these

backgrounds and identified the near superradiant modes
a.k.a. zero damping modes in that display a very slow
falloff at late times and thus represent a rather distinctive

feature of the GW signal emitted in the mergers of near-
extremal BHs.
We have then considered rotating BHs in D ¼ 5 [22,23]

and rotating D3-branes [20] and found invariance under
generalized CT inversions for special choices of the angular
momenta. Not surprisingly we have not found any similar
symmetry for smooth horizonless geometries such as
JMaRT [24], their supersymmetric GMS version [25,26]
or circular fuzz balls [60,61]. Notwithstanding the presence
of photon-rings, the lack of a horizon and the very different
behaviors at infinity and at the cap are the reasons behind
the failure.
Finally we have considered scalar perturbations of KN

BHs in AdS4 and found that the conditions for CT
invariance are too stringent for generic AdS KN BHs
unless one allows for a rescaling of the wave function and
focuses on static waves. In the extremal case (7.15), mϕ is
related to ω and K, very much as the ‘critical’ impact
parameters of a massless probe are related to the critical
radii of the photon-rings.
In all cases CT invariance keeps the photon-halo fixed

and exchanges either the horizon and null infinity (for flat
asymptotics) or two complex horizons (for KN BHs
in AdS).
The relevant scalar wave equations can be separated and

both the radial and angular parts, that generalize the
celebrated Regge-Wheeler-Zerilli and Teukolsky equa-
tions, can be brought in the form of Heun equation or
confluent versions thereof. At various points, we have also
exploited the surprising connection with quantum SW
curves for N ¼ 2 SYM with SUð2Þ gauge group and
Nf fundamental hypermultiplets [27–31].
Since for rotating objects generalized CT transformations

depend on the impact parameter(s), the relation between
scattering angle for geodesics outside the photon-sphere and
inspiraling angle for geodesics inside the photon-sphere
includes a boundary term ΔϕbdryðE; JÞ ¼ ΔϕfallðE; JÞ−
ΔϕscattðE; JÞ, determined by ∂rc=∂J ≠ 0. In general, the
observables are encoded in the full action that involves both
a radial and a nontrivial angular part, although the latter
plays only a marginal role in CT inversions.
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The dynamics of rotating BHs at higher orders in GN
(post-Minkowskian) or in v=c (post-Newtonian)—the two
being related by virial theorem—is under very active
investigation [71–77]. Classical gravity may be extracted
from quantum amplitudes [78,79]. New soft theorems
[52,80,81], valid even in the string context [82,83], can
help understanding radiation reaction, GW production
[84,85] and memory effects [50–55].
Identifying (discrete) symmetries even in very special

cases, such as eSTURBHs, can prove very useful in order to
make further progress in this endeavor as well as in the
scattering off D-branes, their bound states [86–88] or highly
excited (coherent) string states [89–91] that can expose
chaotic behavior. Moreover, the surprising connection with
N ¼ 2 SYM and, through the AGT correspondence, with
2d Liouville CFTs may shed further light on the holo-
graphic correspondence in this contexts [92–94].
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APPENDIX A: CRITICAL PARAMETERS
FOR ASYMPTOTICALLY FLAT KN BHs

The critical conditions read

Rðrc;ωcÞ ¼ ðr2c − aζcÞ2 − b2cΔrðrcÞ ¼ 0;

R0ðrc;ωcÞ ¼ 4rcðr2c − aζcÞ − b2cΔ0
rðrcÞ ¼ 0; ðA1Þ

and must be supplemented with the condition

b2 sin2 θ − ðζ þ a cos2 θÞ2 ≥ 0: ðA2Þ

The solutions of (A1) are

ζc ¼
r2c
a
−
4rcΔrðrcÞ
aΔ0

rðrcÞ
; b2c ¼

16r2cΔrðrcÞ
½Δ0

rðrcÞ�2
: ðA3Þ

Setting X ¼ cos 2θ, bc=a ¼ β, ζc=a ¼ γ and using

sin2θ ¼ 1

2
ð1 − XÞ; cos2θ ¼ 1

2
ð1þ XÞ; ðA4Þ

the condition (A2) becomes

2β2ð1 − XÞ ≥ ð2γ þ 1þ XÞ2 ðA5Þ

or

X2 þ 2Xðβ2 þ 2γ þ 1Þ þ ð2γ þ 1Þ2 − 2β2 ≤ 0: ðA6Þ

Since

Δ ¼ β2ðβ2 þ 4γ þ 4Þ ≥ 0; ðA7Þ

then, setting x ¼ r=M, q ¼ Q=M and α ¼ a=M, we obtain
the following constraints,

β2 ≥ 0⇒

�
x≥ xþH ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−α2−q2

p
x≤ x−H ¼ 1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−α2−q2

p
;

β2þ4γþ4≥ 0⇒ 2x3− ðq2þ3Þx2þ2q2xþα2≡fðxÞ≥ 0:

For consistency we must require (Schwarzschild) 0 < α2 þ
q2 < 1 (extremal KN).

1. Nonextremal case

The extremal points of fðxÞ are

f0ðxeÞ ¼ 6x2e − 2ðq2 þ 3Þxe þ 2q2 ¼ 0 ⇒ xþe ¼ 1;

x−e ¼ q2

3
: ðA8Þ

It is very easy to see that xþe is a minimum and x−e is a
maximum. It is crucial to note that in the allowed range of
the parameters, fðxÞ has always one negative and two
positive real roots. Furthermore, if we denote the roots with
x1, x2 and x3 with x1 < 0 < x2 < x3, the outer horizon xþH
is always larger the biggest root x3 and the inner horizon x−H
is always smaller than x2. So the positivity range of the
discriminant (A7) is

0 ≤ x ≤ x−H; x2 ≤ x ≤ x3; x ≥ xþH: ðA9Þ

The solutions of (A6) are

X� ¼ −ðβ2 þ 2γ þ 1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2ðβ2 þ 4γ þ 4Þ

q
; ðA10Þ

are real with X− < Xþ so that the allowed range is ½X−; Xþ�
but one has to make sure that it intersects with ½−1;þ1�
since X ¼ cos 2θ, after all. The condition Xþ ≤ 1 is
equivalent to

β2 ≥ γ2: ðA11Þ

Setting m2 ¼ α2 þ q2, β is defined for x > xþH and for
x < x−H. The derivative of β is

β0 ¼ 2ðx3 − 3x2 þ 3x −m2Þ
jαjðx − 1Þ2 ffiffiffiffiffiffi

Δr
p : ðA12Þ
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In the range 0 < m2 < 1, β has only one extremal point in

xe ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m23

p
; ðA13Þ

which is a minimum and is always located between zero
and x−H. Now we focus on

jγj ¼
���� − xðx2 − 3xþ 2m2Þ

α2ðx − 1Þ
����: ðA14Þ

The zeros of this function are

x�0 ¼ 3

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
− 2m2

r
: ðA15Þ

It is very easy to show that

xþ0 > xþH; x−0 < x−H; for 0 < m2 < 1: ðA16Þ

In the nonextremal case is always possible to find a photon
region outside the outer horizon.

2. Extremal case

The situation changes drastically in the extremal case in
which m2 ¼ 1. The functions β and γ reduce to

β ¼ 2x
jαj ; jγj ¼ jxð2 − xÞj

α2
; ðA17Þ

�
2xjαj ¼ xð2−xÞ 0≤ x≤ 2→ x¼ 0; x¼ x−c ¼ 2−2jαj
2xjαj ¼ xðx−2Þ x≥ 2;x≤0→ x¼0; x¼ xþc ¼ 2þ2jαj;

ðA18Þ

where obviously x−c < xþc . However, for consistency, we
must require that the lower bound of the photon region is
greater than the horizon

2− 2jαj> 1⇒ jαj ¼ jajffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p <
1

2
⇒ jaj ≤ Qffiffiffi

3
p : ðA19Þ

APPENDIX B: DICTIONARY eSTURBH TO eKN

In this appendix we discuss the map between the
parameters in the eKN metric and the ones in the
eSTURBH. Denoting by M, Q, a, r, ρ the parameters
and variables in KN description and by m, q, α, u, ζ the
corresponding parameters and variables in CPS-STU
description and setting s ¼ sinh δ one finds (forQ1 ¼ Q2 ¼
Q3 ¼ Q4 ¼ Q)

M ¼ mð1þ 2s2Þ; Q ¼ q ¼ 2ms
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2

p
;

a ¼ α; m2 ¼ M2 −Q2; ðB1Þ

and

r¼ uþ 2ms2;

Δ¼ r2 − 2Mrþ a2 þQ2 ¼ u2 − 2muþ a2 ¼ ΔCPS; ðB2Þ

ρ2 ¼ r2 þ a2 cos2 θ ¼W ¼ ðuþ 2ms2Þ2 þ a2 cos2 θ; ðB3Þ

ζ2 − 2mu ¼ u2 þ a2 cos2 θ − 2mu

¼ Δ − a2 þ a2 cos2 θ ¼ Δ − a2 sin2 θ: ðB4Þ

Then

u − uH ¼ u −
h
mþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p i
¼ r −mð1þ 2s2Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2 − a2

p
¼ r −M −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2 − a2

p
¼ r − rH ðB5Þ

that is,

r ¼ u − uH þ rH: ðB6Þ

In the extremal limit M2 ¼ a2 þQ2 one has m2 ¼ a2 with

uH ¼ m ¼ a and rH ¼ M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þQ2

p
.

APPENDIX C: HEUN EQUATION VS QUANTUM
SW CURVE

In order to find the dictionary between HE for scalar
fluctuations with μ2L2 ¼ −2 around AdS KN inD ¼ 4 and
quantum SW curve for N ¼ 2 SYM theory with G ¼
SUð2Þ and Nf ¼ 4 ¼ ð2L; 2RÞ we have to introduce the
coordinate y ¼ −z and rewrite the second term in (7.14) as
follows:

QHðyÞ ¼
1 − δ2

4y2
þ 2δ − δ2

4ð1þ yÞ2 þ
2δ − δ2

4ðtþ yÞ2

þ δ2 − δþ 2pþ δ2t − δtþ yðδ2 − 2δÞ
2tyðyþ 1Þð1þ 1

t yÞ
: ðC1Þ

From quantum SW curve, we have

QSWðyÞ¼
X3
i¼1

σi
ðy−yiÞ2

þν1þqyðσ4−σ1−σ2−σ3Þ
yð1þyÞð1þqyÞ ; ðC2Þ

where fyi ¼ 0;−1;−1=qg and
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σ1 ¼
1

4
−
ðm1 −m2Þ2

4ℏ2
; σ2 ¼

1

4
−
ðm1 þm2Þ2

4ℏ2
;

σ3 ¼
1

4
−
ðm3 þm4Þ2

4ℏ2
; σ4 ¼

1

4
−
ðm3 −m4Þ2

4ℏ2
;

4ℏ2ν1 ¼ ðq− 1Þðℏ2 þ 4uÞ þ 2ðm2
1 þm2

2Þ

þ 2q

	
2m3m4 þ ðm1 þm2Þðm3 þm4Þ− ℏ

X
i

mi



:

ðC3Þ

By comparing the various terms of (C1) and (C2), we find
the following dictionary

δ2 ¼ ðm1 −m2Þ2
ℏ2

¼ ðm3 −m4Þ2
ℏ2

;

ðδ − 1Þ2 ¼ ðm1 þm2Þ2
ℏ2

¼ ðm3 þm4Þ2
ℏ2

;

t ¼ 1

q
: ðC4Þ

If we take the square root of the first two relations in (C4),
we have to introduce the signs εi ¼ �1 for i ¼ 1;…; 4.
Finally the last element of the dictionary is

u¼ ℏ2

2ðt−1Þf−2pþð1−δÞ½1þδþε3ε4ð1−δÞþε3þε4Þ�g:

ðC5Þ
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