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String geometry theory is one of the candidates of the nonperturbative formulation of string theory.
In this paper, from the closed bosonic sector of string geometry theory, we derive path integrals of
perturbative strings on all of the string backgrounds, GμνðxÞ, BμνðxÞ, and ΦðxÞ, by considering fluctuations
around the string background configurations, which are parametrized by the string backgrounds.
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I. INTRODUCTION

String geometry theory is one of the candidates of
nonperturbative formulation of string theory. It is formu-
lated by a semiclassical path integral of string manifolds,
which belong to a class of infinite-dimensional manifolds,
string geometry [1]. String manifolds are defined by
patching open sets of the model space defined by intro-
ducing a topology to a set of strings. One of the remarkable
facts concerning string geometry theory is that the path
integral of perturbative superstrings on the flat background
is derived including the moduli of super-Riemann surfaces,
by considering fluctuations around the flat background in
the theory [1–3].
Moreover, configurations of fields in string geometry

theory include all configurations of fields in the ten-
dimensional supergravities, namely string backgrounds
[4,5]. Especially, it is shown that an infinite number of
equations of motion of string geometry theory are con-
sistently truncated to finite numbers of equations of motion
of the supergravities. That is, string geometry theory
includes string backgrounds not as external fields like
the perturbative string theories. Dynamics of string back-
grounds are a part of dynamics of the fields in the theory. It
is natural to expect to derive the path integral of perturba-
tive strings on the sting backgrounds by considering
fluctuations around the corresponding configurations in

string geometry theory. Furthermore, a string background
that minimizes the energy of the string background con-
figurations will be chosen spontaneously, because string
geometry theory is formulated nonperturbatively [4,5].
For each background, one theory is formulated in case

of a perturbative string theory, whereas perturbative string
theories not only on the flat background but also on
nontrivial backgrounds should be derived from a single
theory in case of the nonperturbative formulation of string
theory. In this paper, from the closed bosonic sector of
string geometry theory, we derive the path integrals of
perturbative strings on all the string backgrounds GμνðxÞ,
BμνðxÞ, and ΦðxÞ.
The organization of the paper is as follows. In Sec. II, we

briefly review the closed bosonic sector in string geometry
theory. In Sec. III, we set string background configurations
parametrized by the string backgrounds GμνðxÞ, BμνðxÞ,
and ΦðxÞ, and set the classical part of fluctuations repre-
senting strings. In Sec. IV, we consider two-point corre-
lation functions of the quantum part of the fluctuations and
derive the path integrals of the perturbative strings on the
string backgrounds. In Sec. V, we conclude and discuss our
results. In the Appendix, we obtain a Green’s function on
the flat string manifold.

II. REVIEW OF CLOSED BOSONIC SECTOR
IN STRING GEOMETRY THEORY

In this paper, we discuss only the closed bosonic sector
of string geometry theory. One can generalize the result in
this paper to the full string geometry theory in the sameway
as in [1]. The closed bosonic sector [4,5] is described by a
partition function

Z ¼
Z

DGDϕDBe−S; ð2:1Þ
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where the action is given by

S ¼
Z

Dτ̄Dh̄DXðτ̄Þ
ffiffiffiffiffiffiffi
−G

p
e−2ϕ

�
Rþ 4∇Iϕ∇Iϕ −

1

2
jHj2

�
;

ð2:2Þ

where jHj2 ¼ 1
3!
HMNPHMNP. The path integral is defined

by semiclassically integrating a metricGIJ, a scalar ϕ, and a
two-form BIJ defined on an infinite dimensional manifold,
a so-called string manifold. It will be enough to define the
path integral by semiclassically integrating classical sol-
utions and small classical and quantum fluctuations up to
the second orders around them, because string manifolds
themselves possess quantum corrections, and loops of the
fields on them do not correspond to quantum corrections as
in [1–3]. There is no UV divergence from loop integrals, by
defining the path integral semiclassically. A string manifold
is constructed by patching open sets in string model space
E, whose definition is summarized as follows. First, a
global time τ̄ is defined canonically and uniquely on a
Riemann surface Σ̄ by the real part of the integral of an
Abelian differential uniquely defined on Σ̄ [6,7]. We restrict
Σ̄ to a τ̄ constant line and obtain Σ̄jτ̄. An embedding of Σ̄jτ̄
to Rd represents a many-body state of strings in Rd, and is
parametrized by coordinates ðh̄; Xðτ̄Þ; τ̄Þ1 where h̄ is a
metric on Σ̄ and Xðτ̄Þ is a map from Σ̄jτ̄ toRd. String model
space E is defined by the collection of the string states by
considering all the Σ̄, all the values of τ̄, and all the Xðτ̄Þ.
How near the two string states is defined by how near the
values of τ̄ and how near Xðτ̄Þ. h̄ is a discrete variable in the
topology of string geometry, where an ϵ-open neighbor-
hood of ½h̄; Xsðτ̄sÞ; τ̄s� is defined by

Uð½h̄;Xsðτ̄sÞ; τ̄s�;ϵÞ
≔
n
½h̄;Xðτ̄Þ; τ̄�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jτ̄− τ̄sj2þkXðτ̄Þ−Xsðτ̄sÞk2

q
<ϵ
o
: ð2:3Þ

As a result, dh̄ cannot be a part of the basis that spans the
cotangent space in (2.4), whereas fields are functionals of h̄
as in (2.5). The precise definition of the string topology is
given in the Sec. II in [1]. By this definition, arbitrary two
string states on a connected Riemann surface in E are
connected continuously. Thus, there is a one-to-one cor-
respondence between a Riemann surface in Rd and a curve
parametrized by τ̄ from −∞ to∞ on E. That is, curves that
represent asymptotic processes on E reproduce the right
moduli space of the Riemann surfaces in Rd. Therefore, a
string geometry model possesses all-order information of
the perturbative string theory. Indeed, the path integral of

perturbative strings on the flat spacetime is derived from
the string geometry theory as in [1,3]. We use the Einstein
notation for the index I, where I ¼ fd; ðμσ̄Þg. The cotan-
gent space is spanned by

dXd ≔ dτ̄;

dXðμσ̄Þ ≔ dXμðσ̄; τ̄Þ; ð2:4Þ

for μ ¼ 0; 1;…; d − 1, while dh̄mn with m; n ¼ τ̄; σ̄ cannot
be a part of the basis because h̄mn is treated as a discrete
valuable in the string topology. The summation over σ̄ is
defined by

R
dσ̄ ēðσ̄; τ̄Þ, where ē ≔

ffiffiffiffiffiffiffi
h̄σ̄ σ̄

p
. This summation

is transformed as a scalar under τ̄ ↦ τ̄0ðτ̄; Xðτ̄ÞÞ, and
invariant under σ̄ ↦ σ̄0ðσ̄Þ.
From these definitions, we can write down the general

form of the metric of the string geometry as follows:

ds2ðh̄; Xðτ̄Þ; τ̄Þ
¼ Gddðh̄; Xðτ̄Þ; τ̄Þðdτ̄Þ2

þ 2dτ̄
Z

dσ̄ ēðσ̄; τ̄Þ
X
μ

Gdðμσ̄Þðh̄; Xðτ̄Þ; τ̄ÞdXμðσ̄; τ̄Þ

þ
Z

dσ̄ ēðσ̄; τ̄Þ
Z

dσ̄0ēðσ̄0; τ̄Þ
X
μ;μ0

Gðμσ̄Þðμ0σ̄0Þðh̄; Xðτ̄Þ; τ̄Þ

× dXμðσ̄; τ̄ÞdXμ0 ðσ̄0; τ̄Þ: ð2:5Þ

The inversemetricGIJðh̄; XD̂T
ðτ̄Þ; τ̄Þ is defined byGIJGJK ¼

GKJGJI ¼ δKI , where δ
d
d ¼ 1 and δðμ

0σ̄0Þ
ðμσ̄Þ ¼ 1

ēðσ̄;τ̄Þ δ
μ0
μ δðσ̄ − σ̄0Þ.

In the following, we use D ≔
R
dσ̄ ē δðμσ̄Þðμσ̄Þ ¼ 2πdδð0Þ, then

δMM ¼ Dþ 1. Although D is infinity, we treat D as regulari-
zation parameter and will take D → ∞ later.

III. STRING BACKGROUND CONFIGURATIONS
AND FLUCTUATIONS REPRESENTING STRIGS

In this paper, we consider only static configurations,
including quantum fluctuations:

∂dGMN ¼ 0;

∂dBMN ¼ 0;

∂dϕ ¼ 0: ð3:1Þ

In this section, we will set classical backgrounds including
string backgrounds and consider fluctuations that represent
strings around them. The Einstein equation of the action
(2.2) is given by

R̄MN −
1

4
H̄MABH̄N

ABþ2∇̄M∇̄Nϕ̄

−
1

2
ḠMN

�
R̄−4∇̄Iϕ̄∇̄Iϕ̄þ4∇̄I∇̄Iϕ̄−

1

2
H̄2

�
¼ 0; ð3:2Þ

1“¯” represents a representative of the diffeomorphism and
Weyl transformations on the worldsheet. Giving a Riemann
surface Σ̄ is equivalent to giving a metric h̄ up to diffeomorphism
and Weyl transformations.
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where R̄, R̄MN , R̄M
NPQ, and ∇̄M denote the Ricci scalar,

Ricci tensor, curvature tensor, and covariant derivative
constructed from the metric ḠMN , respectively. We con-
sider a perturbation with respect to the metric ḠMN :

ḠMN ¼ ĜMN þ h̄MN; ð3:3Þ

where h̄MN denotes a fluctuation around the 0th order
background ĜMN .We raise and lower the indices by ĜMN in
the following. We also consider a perturbation with respect
to the two-form B̄MN and the scalar ϕ̄ around the 0th order
backgrounds 0.
First, we generalize the harmonic gauge to the one when

we have the dilaton. If we define ψ̄MN as

ψ̄MN ¼ h̄MN −
1

2
ĜIJh̄IJĜMN þ ΛĜMNϕ̄; ð3:4Þ

the Einstein equation (3.2) is expressed as

R̂MN −
1

2
ĜMNR̂þ 1

2
ð−∇̂I∇̂Iψ̄MN þ R̂MAψ̄

A
N þ R̂NAψ̄

A
M

− 2R̂MANBψ̄
AB þ ∇̂M∇̂Aψ̄

A
N þ ∇̂N∇̂Aψ̄

A
M − ∇̂I∇̂Jψ̄ IJĜMN

þ R̂IJψ̄ IJĜMN − R̂ψ̄MNÞþ ð2−ΛÞ∇̂M∇̂Nϕ̄

− ð2−ΛÞĜMN∇̂I∇̂Iϕ̄¼ 0; ð3:5Þ

up to the first order in the fields, h̄IJ, B̄IJ, and ϕ̄. R̂, R̂MN ,
R̂M
NPQ, ∇̂M denote the Ricci scalar, Ricci tensor, curvature

tensor, and covariant derivative constructed from the metric
ĜMN . We set Λ ¼ 2 so that the Einstein equation becomes
only for ψ̄MN. h̄MN is inversely expressed as

h̄MN ¼ ψ̄MN þ 1

D − 1
ð−ĜPQψ̄PQ þ 4ϕ̄ÞĜMN: ð3:6Þ

We impose a generalization of the harmonic gauge:

∇̂Mψ̄MN ¼ 0; ð3:7Þ

which reduces to the ordinary harmonic gauge if the dilaton
is zero. Then, the Einstein equation (3.5) becomes

R̂MN −
1

2
ĜMNR̂þ 1

2
ð−∇̂I∇̂Iψ̄MN þ R̂MAψ̄

A
N þ R̂NAψ̄

A
M

− 2R̂MANBψ̄
AB þ R̂IJψ̄ IJĜMN − R̂ψ̄MNÞ ¼ 0: ð3:8Þ

Next, we set the 0th order background ĜMN as a flat
background:

ĜMN ¼ aMηMN; ð3:9Þ

where ad ¼ 1 and aðμσ̄Þ ¼ ē3ðσ̄Þffiffiffiffiffiffiffi
h̄ðσ̄Þ

p . Then, the gauge fixing

condition (3.7) becomes

Z
dσ̄ ē ∂ðμσ̄Þψ̄ ðμσ̄ÞM ¼ 0; ð3:10Þ

the Einstein equation (3.8) becomes a Laplace equation,Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þψ̄MN ¼ 0; ð3:11Þ

and the components of (3.6) read

h̄dd ¼
D− 2

D− 1
ψ̄dd þ

1

D− 1

Z
dσ̄00ē00ψ̄ ðμ00σ̄00Þ

ðμ00σ̄00Þ −
4

D− 1
ϕ̄;

h̄dðμσ̄Þ ¼ ψ̄dðμσ̄Þ;

h̄ðμσ̄Þðμ0σ̄0Þ ¼ ψ̄ ðμσ̄Þðμ0σ̄0Þ þ
ē3ffiffiffī
h

p δðμσ̄Þðμ0σ̄0Þ

�
1

D− 1
ψ̄dd

−
1

D− 1

Z
dσ̄00ē00ψ̄ ðμ00σ̄00Þ

ðμ00σ̄00Þ þ
4

D− 1
ϕ̄

�
: ð3:12Þ

Next, the equation of motion of the scalar of the
action (2.2)

R̄ − 4∇̄Mϕ̄∇̄Mϕ̄þ 4∇̄M∇̄Mϕ̄ −
1

2
jH̄j2 ¼ 0 ð3:13Þ

is written as

R̂þ∇̂M∇̂Nh̄MN−∇̂M∇̂Mh̄NNþ4ĜMN∇̂M∇̂Nϕ̄¼0; ð3:14Þ
up to the first order in the fields, h̄IJ, B̄IJ, and ϕ̄.
Furthermore, this can be written as

Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þϕ̄þ 1

4

Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þψ̄dd

−
1

4

Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þ

Z
dσ̄0ē0ψ̄ ðμ0σ̄0Þ

ðμ0σ̄0Þ ¼ 0; ð3:15Þ

around the flat 0th order background (3.9) under the static
condition (3.1) in the generalized harmonic gauge (3.7).
This becomes a Laplace equation,

Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þϕ̄ ¼ 0; ð3:16Þ

if the metric satisfies the Einstein equation (3.11).
On the other hand, the equation of motion of the two-

form field

∇̄Mðe−2ϕ̄H̄MNPÞ ¼ 0; ð3:17Þ
is written as

∇̂MH̄MNP ¼ 0; ð3:18Þ
up to the first order in the fields, h̄IJ, B̄IJ, and ϕ̄.
Furthermore, this becomes a Laplace equation
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Z
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄ÞB̄MN ¼ 0; ð3:19Þ

around the flat 0th order background (3.9) under the static
condition (3.1) in Lorentz gauge,

∇̂MB̄MN ¼ 0; ð3:20Þ
which is written as

∂ðμσ̄ÞB̄ðμσ̄ÞN ¼ 0: ð3:21Þ
We consider classical backgrounds corresponding to the

string background configurations:

ψ̄dd ¼ 0; ð3:22Þ
ψ̄dðμσ̄Þ ¼ 0; ð3:23Þ

h̄ðμσ̄Þðνσ̄0Þ ¼
ē3ffiffiffī
h

p gμνðXðσ̄ÞÞδσ̄σ̄0 ; ð3:24Þ

B̄dðμσ̄Þ ¼ 0; ð3:25Þ

B̄ðμσ̄Þðνσ̄0Þ ¼
ē3ffiffiffī
h

p BμνðXðσ̄ÞÞδσ̄σ̄0 ; ð3:26Þ

ϕ̄ ¼
Z

dσ̄ ēΦðXðσ̄ÞÞ; ð3:27Þ

where gμνðxÞ and BμνðxÞ satisfy gauge fixing conditions,

∂
μψμνðxÞ ¼ 0;

∂
μBμνðxÞ ¼ 0; ð3:28Þ

where

ψμν ¼ gμν −
1

2
δαβgαβδμν þ 2δμνΦ; ð3:29Þ

which imply (3.10) and (3.21). Indeed, these are equiv-
alent to

Ḡdd ¼ −1; ð3:30Þ

Ḡdðμσ̄Þ ¼ 0; ð3:31Þ

Ḡðμσ̄Þðνσ̄0Þ ¼
ē3ffiffiffī
h

p GμνðXðσ̄ÞÞδσ̄σ̄0 ; ð3:32Þ

B̄dðμσ̄Þ ¼ 0; ð3:33Þ

B̄ðμσ̄Þðνσ̄0Þ ¼
ē3ffiffiffī
h

p BμνðXðσ̄ÞÞδσ̄σ̄0 ; ð3:34Þ

ϕ̄ ¼
Z

dσ̄ ēΦðXðσ̄ÞÞ; ð3:35Þ

where

GμνðxÞ ¼ δμν þ gμνðxÞ: ð3:36Þ

These are the string background configurations themselves
[4,5]. If we impose that gμνðxÞ, BμνðxÞ, andΦðxÞ satisfy the
Laplace equations,

∂ρ∂
ρgμνðxÞ ¼ 0;

∂ρ∂
ρBμνðxÞ ¼ 0;

∂ρ∂
ρΦðxÞ ¼ 0; ð3:37Þ

ḠMN , B̄MN , and ϕ̄ satisfy their equations of motion in string
geometry theory,2 (3.11), (3.16), and (3.19), and Gμν, Bμν,
and Φ also satisfy their equations of motion of the Neveu-
Schwarz-Neveu-Schwarz (NS-NS) sector in the supergrav-
ity. Therefore, these string background configurations in
string geometry theory represent perturbative string vacua
parametrized by the on-shell fields in the supergravity as
string backgrounds.
Next, we consider fluctuations around these vacua. The

scalar fluctuation ψdd represents the degrees of freedom of
perturbative strings in the case of the flat background as in
[1–3]. Thus, we also consider the scalar fluctuation ψdd
around the general perturbative vacua. We set the classical
part of ψdd as

ψ̄dd ¼
Z

DX0ðτ̄ÞGðX;X0Þ
Z

dσ̄
ffiffiffī
h

p �
α0Rh̄ΦðX0ðσ̄ÞÞ

þ 1

ē2
GμνðX0ðσ̄ÞÞ∂σ̄X0μ

∂σ̄X0ν
�
; ð3:38Þ

where Rh̄ is the scalar curvature of the two-dimensional
metric h̄mn and GðX;X0Þ is a Green’s function on the flat
string manifold given by

GðX;X0Þ ¼N
�Z

dσ̄0
ē02ffiffiffiffi
h̄0

p ðXμðσ̄0Þ−X0μðσ̄0ÞÞ2
�2−D

2

; ð3:39Þ

which satisfies

Z
dσ̄

ffiffiffī
h

p 1

ē
∂

∂Xμðσ̄Þ
1

ē
∂

∂Xμðσ̄Þ
GðX;X0Þ ¼ δðX−X0Þ; ð3:40Þ

whereN is a normalizing constant. A derivation is given in
the Appendix. As a result, ψ̄dd is not on-shell but satisfies

2Under (3.16), (3.11) is equivalent to
R
dσ̄ ē ∂ðμσ̄Þ∂ðμσ̄Þh̄MN ¼ 0,

because (3.6).

SATO, SUGIMOTO, and UZAWA PHYS. REV. D 106, 086006 (2022)

086006-4



Z
dσ̄

ffiffiffī
h

p 1

ē
∂

∂Xμðσ̄Þ
1

ē
∂

∂Xμðσ̄Þ
ψ̄dd

¼
Z

dσ̄
ffiffiffī
h

p �
α0Rh̄ΦðXðσ̄ÞÞ þ 1

ē2
GμνðXðσ̄ÞÞ∂σ̄Xμ

∂σ̄Xν

�
:

ð3:41Þ

Furthermore, we consider the quantum part of ψdd,

ψ̃dd ¼
D − 1

D − 2
ϕ̃; ð3:42Þ

where D−1
D−2 is introduced for later convenience. Totally,

GMN ¼ ĜMN þ h̄MN þ G̃MN; ð3:43Þ

where ĜMN is given by (3.9), h̄MN is given by (3.12) with
(3.38), (3.23), (3.24), and (3.27), and G̃MN is given by

G̃dd ¼ ϕ̃; G̃dðμσ̄Þ ¼ 0; G̃ðμσ̄Þðμ0σ̄0Þ ¼
1

D−2

ē3ffiffiffī
h

p ϕ̃δðμσ̄Þðμ0σ̄0Þ:

ð3:44Þ

IV. DERIVING THE PATH INTEGRALS
OF THE PERTURBATIVE STRINGS

ON CURVED BACKGROUNDS

In this section, we will derive the path integrals of the
perturbative strings up to any order from the two-point
correlation functions of the quantum scalar fluctuations of
the metric. In order to obtain a propagator, we add a gauge
fixing term corresponding to (3.7) into the action (2.2) and
obtain

S¼
Z

Dτ̄Dh̄DXðτ̄Þ
ffiffiffiffiffiffiffi
−G

p
e−2ϕ

�
Rþ4∇Iϕ∇Iϕ−

1

2
jHj2

−
1

2

�
∇̄N

�
G̃MN−

1

2
ḠIJG̃IJḠMNþ2ḠMNϕ̄

��
2
�
: ð4:1Þ

As explained in Sec. II, the path integral of string geometry
theory is defined semiclassically. That is, the theory is a free
theory because quantum fluctuations are defined up to only
the second order. The Faddeev-Popov ghost term does not
contribute to the two-point correlation functions of the
metrics because the theory is free. Thus, we abbreviate the
Faddeev-Popov ghost term in the action. By substituting
Eqs. (3.43), (3.25), (3.26), and (3.27) into (4.1), this is
expressed as

S ¼
Z

Dτ̄Dh̄DXðτ̄Þ
�
c0 þ c1ϕ̃þ ϕ̃c2ϕ̃

þ ϕ̃

Z
dσ̄ ē

Z
dσ̄0 ē0cðμσ̄Þðμ0σ̄0Þ∂ðμσ̄Þ∂ðμ0σ̄0Þϕ̃

�
; ð4:2Þ

where

c0 ¼−
1

D−1

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄dd−

4D
D−1

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þϕ̄

þ 1

D−1

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þ

Z
dσ̄0 ē0ψ̄ ðμ0σ̄0Þ

ðμ0σ̄0Þ; ð4:3aÞ

c1 ¼
1

2

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄dd

þ 1

2ðD − 2Þ
Z

dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þ
Z

dσ̄0 ē0ψ̄ ðμ0σ̄0Þ
ðμ0σ̄0Þ; ð4:3bÞ

c2 ¼
1

4

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄dd

−
1

4ðD− 2Þ2
Z

dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þ
Z

dσ̄0 ē0ψ̄ ðμ0σ̄0Þ
ðμ0σ̄0Þ; ð4:3cÞ

cðμσ̄Þðμ0σ̄0Þ ¼
�

D−1

4ðD−2Þþ
1

2
ψ̄ddþ

1

2ðD−2Þ
Z

dσ̄00ē00ψ̄ ðμ00σ̄00Þ
ðμ00σ̄00Þ

−
2

D−2
ϕ̄

�
δðμσ̄Þðμ0σ̄0Þ−

D−1

4ðD−2Þψ̄
ðμσ̄Þðμ0σ̄0Þ; ð4:3dÞ

up to the first order in the classical fields and the second
order in ϕ̃. Here, we take the regularization parameter
D → ∞. Then, (4.2) becomes

S ¼
Z

Dτ̄Dh̄DXðτ̄Þ
�
−4
Z

dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þϕ̄

þ 1

2

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄ddϕ̃

þ ϕ̃
1

4

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄ddϕ̃

þ ϕ̃

�
1

4
þ 1

2
ψ̄dd

�Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þϕ̃

−
1

4
ϕ̃

Z
dσ̄ ē

Z
dσ̄0 ē0ψ̄ ðμσ̄Þðμ0σ̄0Þ

∂ðμσ̄Þ∂ðμ0σ̄0Þϕ̃
�
: ð4:4Þ

By shifting the field ϕ̃ as ϕ̃ ¼ ϕ̃0 − 2
3
, the first order term in

ϕ̃0 vanishes as

S ¼
Z

Dτ̄D h̄DXðτ̄Þ
�
ϕ̃0 1

4

Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄ddϕ̃

0

þ ϕ̃0
�
1

4
þ 1

2
ψ̄dd þ

1

8
ĜIJh̄IJ

�Z
dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þϕ̃0

−
1

4
ϕ̃0
Z

dσ̄ ē
Z

dσ̄0 ē0h̄ðμσ̄Þðμ0σ̄0Þ∂ðμσ̄Þ∂ðμ0σ̄0Þϕ̃0
�
; ð4:5Þ

where surface terms are dropped and the gauge fixing
condition in (3.28) and a relation (3.4) are applied.
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By normalizing the leading part of the kinetic term as
ϕ̃0 ¼ 2ð1 − ψ̄dd − 1

4
ĜIJh̄IJÞϕ̃00, we have

S ¼
Z

Dτ̄Dh̄DXðτ̄Þ
�Z

dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þψ̄ddðϕ̃00Þ2

þ ϕ̃00
Z

dσ̄ ē∂ðμσ̄Þ∂ðμσ̄Þϕ̃00

− ϕ̃00
Z

dσ̄ ē
Z

dσ̄0 ē0h̄ðμσ̄Þðμ0σ̄0Þ∂ðμσ̄Þ∂ðμ
0σ̄0Þϕ̃00

�
: ð4:6Þ

This can be written as

S ¼ −2
Z

Dτ̄Dh̄DXðτ̄Þϕ̃00H
�
−i

1

ē
∂

∂X
;X; h̄

�
ϕ̃00; ð4:7Þ

where

HðpX; X; h̄Þ ¼
1

2

Z
dσ̄

ffiffiffī
h

p
ðpμ

XÞ2

−
1

2

Z
dσ̄

ffiffiffī
h

p
gμνðXðσ̄ÞÞpμ

Xp
ν
X

−
1

2

Z
dσ̄

ffiffiffī
h

p 1

ē
∂

∂Xμ

1

ē
∂

∂Xμ
ψ̄dd

þ
Z

dσ̄n̄σ̄∂σ̄XμēpμX

þ
Z

dσ̄ i

ffiffiffī
h

p

ē2
∂σ̄XνBν

μēpμX: ð4:8Þ

Here we have added terms

0 ¼ −2
Z

Dτ̄Dh̄DXðτ̄Þϕ̃00
�
−i
Z

dσ̄n̄σ̄∂σ̄Xμ ∂

∂Xμ

þ
Z

dσ̄

ffiffiffī
h

p

ē2
∂σ̄XνBν

μ ∂

∂Xμ ;

�
ϕ̃00; ð4:9Þ

which is true because of the gauge fixing condition (3.28).
The propagator for ϕ̃ defined by

ΔFðh̄; Xðτ̄Þ; h̄;0X0ðτ̄0ÞÞ ¼ hϕ̃ðh̄; Xðτ̄ÞÞϕ̃ðh̄;0X0ðτ̄0ÞÞi ð4:10Þ

satisfies

H

�
−i

1

ē
∂

∂Xðτ̄Þ ; Xðτ̄Þ; h̄
�
ΔFðh̄; Xðτ̄Þ; h̄0; X0ðτ̄0ÞÞ

¼ δðh̄ − h̄0ÞδðXðτ̄Þ − X0ðτ̄0ÞÞ: ð4:11Þ

In order to obtain a Schwinger representation of the

propagator, we use the operator formalism ð ˆ̄h; X̂ðτ̄ÞÞ of
the first quantization, whereas the conjugate momentum is
written as ðp̂h̄; p̂Xðτ̄ÞÞ. The eigenstate is given by jh̄; Xðτ̄Þi.

Since (4.11) means that ΔF is an inverse ofH, ΔF can be
expressed by a matrix element of the operator Ĥ−1 as

ΔFðh̄; Xðτ̄Þ; h̄0; X0ðτ̄0ÞÞ
¼ hh̄; Xðτ̄ÞjĤ−1ðp̂Xðτ̄Þ; X̂ðτ̄Þ; ˆ̄hÞjh̄0; X0ðτ̄0Þi: ð4:12Þ

On the other hand,

Ĥ−1 ¼ i
Z

∞

0

dTe−iTĤ; ð4:13Þ

because

lim
ϵ→0þ

Z
∞

0

dTe−TðiĤþϵÞ ¼ lim
ϵ→0þ

�
1

−ðiĤ þ ϵÞ e
−TðiĤþϵÞ

�
∞

0

¼ −iĤ−1: ð4:14Þ

This fact and (4.12) imply

ΔFðh̄;Xðτ̄Þ; h̄0;X0ðτ̄0ÞÞ ¼ i
Z

∞

0

dThh̄;Xðτ̄Þje−iTĤjh̄0;X0ðτ̄0Þi:

ð4:15Þ

In order to define two-point correlation functions that are
invariant under the general coordinate transformations in
the string geometry, we define in and out states as

kXijhf; ; hiiin ≔
Z

hf

hi

Dh0jh̄0; Xi ≔ X0ðτ̄0 ¼ −∞Þi;

hXfjhf; ;hikout ≔
Z

hf

hi

Dhhh̄; Xf ≔ Xðτ̄ ¼ ∞Þj; ð4:16Þ

where hi and hf represent the metrics of the cylinders at
τ̄ ¼ �∞, respectively.

R
in
R
Dh includes

P
compact topologies,

whereDh is the invariant measure3 of the metrics hmn on the
two-dimensional Riemannian manifolds Σ. hmn and h̄mn are
related to each other by the diffeomorphism and the Weyl
transformations. When we insert asymptotic states, we
integrate out Xf, Xi, hf, and hi in the two-point correlation
function for these states;

ΔFðXf;Xijhf; ; hiÞ

≔ i
Z

∞

0

dThXfjhf; ;hikoute−iTĤkXijhf; ; hiiin: ð4:17Þ

3The invariant measure is defined implicitly by the most
general invariant norm without derivatives for elements δhmn

of the tangent space of the metric, kδhk2 ¼ R d2σ ffiffiffi
h

p ðhmphnq þ
ChmnhpqÞδhmnδhpq with C an arbitrary constant, and a normali-
zation

R
Dδhexp−

1
2
kδhk2 ¼ 1.
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This can be written as in [1],4

ΔFðXf;Xijhf; ;hiÞ

≔ i
Z

∞

0

dThXfjhf; ; hikoute−iTĤkXijhf; ; hiiin

¼ i
Z

∞

0

dT lim
N→∞

Z
hf

hi

Dh
Z

hf

hi

Dh0
YN
n¼1

Z
dh̄ndXnðτ̄nÞ

YN
m¼0

hh̄mþ1; Xmþ1ðτ̄mþ1Þje−i1NTĤjh̄m; Xmðτ̄mÞi

¼ i
Z

∞

0

dT0 lim
N→∞

Z
dTNþ1

Z
hf

hi

Dh
Z

hf

hi

Dh0
YN
n¼1

Z
dTndh̄ndXnðτ̄nÞ

YN
m¼0

hXmþ1ðτ̄mþ1Þje−i1NTmĤjXmðτ̄mÞiδðh̄m − h̄mþ1ÞδðTm − Tmþ1Þ

¼ i
Z

∞

0

dT0 lim
N→∞

dTNþ1

Z
hf

hi

Dh
YN
n¼1

Z
dTndXnðτ̄nÞ

YN
m¼0

Z
dpTm

dpXm
ðτ̄mÞ

× exp

�
i
XN
m¼0

Δt
�
pTm

Tm − Tmþ1

Δt
þ pXm

ðτ̄mÞ ·
Xmðτ̄mÞ − Xmþ1ðτ̄mþ1Þ

Δt
− TmHðpXm

ðτ̄mÞ; Xmðτ̄mÞ; h̄Þ
��

¼ i
Z

hf;Xf

hiXi

DhDXðτ̄Þ
Z

DT
Z

DpTDpXðτ̄Þ

× exp

�
i
Z

∞

−∞
dt

�
pTðtÞ

d
dt

TðtÞ þ pXðτ̄ðtÞ; tÞ ·
d
dt

Xðτ̄ðtÞ; tÞ − TðtÞHðpXðτ̄ðtÞ; tÞ; Xðτ̄ðtÞ; tÞ; h̄Þ
��

; ð4:18Þ

where pXðτ̄ðtÞ;tÞ· ddtXðτ̄ðtÞ;tÞ≔
R
dσ̄ēpμ

Xðτ̄ðtÞ;tÞ ddtXμðτ̄ðtÞ;tÞ.
h̄0 ¼ h̄0, X0ðτ̄0Þ ¼ Xi, τ̄0 ¼ −∞, h̄Nþ1 ¼ h̄, XNþ1ðτ̄Nþ1Þ ¼
Xf, τ̄Nþ1 ¼ ∞, and Δt ≔ 1ffiffiffi

N
p . A trajectory of points

½Σ̄; Xðτ̄Þ� is necessarily continuous in MD so that the
kernel hh̄mþ1; Xmþ1ðτ̄mþ1Þje−i1NTmĤjh̄m; Xmðτ̄mÞi in the
fourth line is nonzero when N → ∞.
By integrating out pXðτ̄ðtÞ; tÞ, we move from the

canonical formalism to the Lagrange formalism. Because
the exponent of (4.18) is at most the second order in

pXðτ̄ðtÞ; tÞ, integrating out pXðτ̄ðtÞ; tÞ is equivalent to
substituting into (4.18) the solution pXðτ̄ðtÞ; tÞ of

− iē
d
dt

Xμ þ iTē

�
n̄σ̄∂σ̄Xμ þ i

ffiffiffī
h

p

ē2
∂σ̄XνBν

μ

�
þ iT

ffiffiffī
h

p
pμ
X

− iT
ffiffiffī
h

p
gμνðXÞpνX ¼ 0; ð4:19Þ

which is obtained by differentiating the exponent of (4.18)
with respect to pXðτ̄ðtÞ; tÞ. The solution is given by

pμX ¼ ½δμνþgμνðXÞ�
1

T
ēffiffiffī
h

p
�
d
dt
Xν−T

�
n̄σ̄∂σ̄Xνþ i

ffiffiffī
h

p

ē2
∂σ̄XγBγ

νðXÞ
��

; ð4:20Þ

up to the first order in the classical backgrounds gμνðXÞ and BμνðXÞ. By substituting this, we obtain

ΔFðXf;Xijhf; hiÞ ¼ i
Z

hf;Xf

hiXi

DTDhDXðτ̄ÞDpT

× exp

�
i
Z

∞

−∞
dt

�
pTðtÞ

d
dt

TðtÞ þ
Z

dσ̄
ffiffiffī
h

p
GμνðXðτ̄ðtÞ; tÞÞ

�
1

2
h̄00

1

TðtÞ ∂tX
μðτ̄ðtÞ; tÞ∂tXνðτ̄ðtÞ; tÞ

4The correlation function is zero if hi and hf of the in state do not coincide with those of the out states, because of the delta functions
in the sixth line.

PATH INTEGRALS OF PERTURBATIVE STRINGS ON CURVED … PHYS. REV. D 106, 086006 (2022)

086006-7



þ h̄01∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2
h̄11TðtÞ∂σ̄Xμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

�

þ
Z

dσ̄iBμνðXðτ̄ðtÞ; tÞÞ∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2

Z
dσ̄

ffiffiffī
h

p
TðtÞα0Rh̄ΦðXðτ̄ðtÞ; tÞÞÞ

�
; ð4:21Þ

where we use (3.41) and the ADM decomposition of the two-dimensional metric,

h̄mn ¼
�
n̄2 þ n̄σ̄n̄σ̄ n̄σ̄

n̄σ̄ ē2

�
;

ffiffiffī
h

p
¼ n̄ ē; h̄mn ¼

 1
n̄2 − n̄σ̄

n̄2

− n̄σ̄

n̄2 ē−2 þ
	
n̄σ̄
n̄



2

!
: ð4:22Þ

In this way, the Green’s function can generate all the terms without τ̄ derivatives in the string action as in (3.41), but cannot
do those with τ̄ derivatives, which need to be derived nontrivially, because the coordinates Xμðτ̄Þ in string geometry theory
are defined on the τ̄ constant lines. We should note that the time derivative in (4.21) is in terms of t, not τ̄ at this moment.
In the following, we will see that t can be fixed to τ̄ by using a reparametrization of t that parametrizes a trajectory.

By inserting
R
DcDbe

R
1

0
dtðdbðtÞdt

dcðtÞ
dt Þ, where bðtÞ and cðtÞ are a bc ghost, we obtain

ΔFðXf;Xijhf; hiÞ ¼ Z0

Z
hf;Xf

hiXi

DTDhDXðτ̄ÞDpTDcDb

× exp

�
−
Z

∞

−∞
dt

�
−ipTðtÞ

d
dt

TðtÞ þ dbðtÞ
dt

dðTðtÞcðtÞÞ
dt

þ
Z

dσ̄
ffiffiffī
h

p
GμνðXðτ̄ðtÞ; tÞÞ

�
1

2
h̄00

1

TðtÞ ∂tX
μðτ̄ðtÞ; tÞ∂tXνðτ̄ðtÞ; tÞ

þ h̄01∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2
h̄11TðtÞ∂σ̄Xμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

�

þ
Z

dσ̄iBμνðXðτ̄ðtÞ; tÞÞ∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2

Z
dσ̄

ffiffiffī
h

p
TðtÞα0Rh̄ΦðXðτ̄ðtÞ; tÞÞÞ

�
; ð4:23Þ

where we redefine as cðtÞ → TðtÞcðtÞ, and Z0 represents an overall constant factor. In the following, we will rename it
Z1; Z2; � � � when the factor changes. The integrand variable pTðtÞ plays the role of the Lagrange multiplier providing the
following condition:

F1ðtÞ ≔
d
dt

TðtÞ ¼ 0; ð4:24Þ

which can be understood as a gauge fixing condition. Indeed, by choosing this gauge in

ΔFðXf;Xijhf; hiÞ ¼ Z1

Z
hf;Xf

hiXi

DTDhDXðτ̄Þ

× exp

�
−
Z

∞

−∞
dt

�Z
dσ̄

ffiffiffī
h

p
GμνðXðτ̄ðtÞ; tÞÞ

�
1

2
h̄00

1

TðtÞ ∂tX
μðτ̄ðtÞ; tÞ∂tXνðτ̄ðtÞ; tÞ

þ h̄01∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2
h̄11TðtÞ∂σ̄Xμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

�

þ
Z

dσ̄iBμνðXðτ̄ðtÞ; tÞÞ∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2

Z
dσ̄

ffiffiffī
h

p
TðtÞα0Rh̄ΦðXðτ̄ðtÞ; tÞÞ

��
; ð4:25Þ

we obtain (4.23). The expression (4.25) has a manifest one-dimensional diffeomorphism symmetry with respect to t, where
TðtÞ is transformed as an einbein [8].
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Under dτ̄
dτ̄0 ¼ TðtÞ, which implies

h̄00 ¼ T2h̄000; h̄01 ¼ Th̄001; h̄11 ¼ h̄011;
ffiffiffī
h

p
¼ 1

T

ffiffiffiffi
h̄0

p
; Xμðτ̄ðtÞ; tÞ ¼ X0μðτ̄0ðtÞ; tÞ: ð4:26Þ

TðtÞ disappears in (4.25) and we obtain

ΔFðXf;Xijhf; hiÞ ¼ Z2

Z
hf;Xf

hiXi

DhDXðτ̄Þ

× exp

�
−
Z

∞

−∞
dt

�Z
dσ̄

ffiffiffī
h

p
GμνðXðτ̄ðtÞ; tÞÞ

�
1

2
h̄00∂tXμðτ̄ðtÞ; tÞ∂tXνðτ̄ðtÞ; tÞ

þ h̄01∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2
h̄11∂σ̄Xμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

�

þ
Z

dσ̄ iBμνðXðτ̄ðtÞ; tÞÞ∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2

Z
dσ̄

ffiffiffī
h

p
α0Rh̄ΦðXðτ̄ðtÞ; tÞÞ

��
: ð4:27Þ

This action is still invariant under the diffeomorphism with respect to t if τ̄ transforms in the same way as t.
If we choose a different gauge

F2ðtÞ ≔ τ̄ðtÞ − t ¼ 0; ð4:28Þ

in (4.27), we obtain

ΔFðXf;Xijhf; hiÞ ¼ Z3

Z
hf;Xf

hiXi

DhDXðτ̄ÞDαDcDb

× exp

�
−
Z

∞

−∞
dt

�
þαðtÞðτ̄ − tÞ þ bðtÞcðtÞ

�
1 −

dτ̄ðtÞ
dt

�

þ
Z

dσ̄
ffiffiffī
h

p
GμνðXðτ̄ðtÞ; tÞÞ

�
1

2
h̄00∂tXμðτ̄ðtÞ; tÞ∂tXνðτ̄ðtÞ; tÞ þ h̄01∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

þ 1

2
h̄11∂σ̄Xμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ

�

þ
Z

dσ̄ iBμνðXðτ̄ðtÞ; tÞÞ∂tXμðτ̄ðtÞ; tÞ∂σ̄Xνðτ̄ðtÞ; tÞ þ 1

2

Z
dσ̄

ffiffiffī
h

p
α0Rh̄ΦðXðτ̄ðtÞ; tÞÞ

��

¼ Z
Z

hf;Xf

hi;Xi

DhDXðτ̄Þ

× exp

�
−
Z

∞

−∞
dτ̄
Z

dσ̄
ffiffiffī
h

p
GμνðXðσ̄; τ̄ÞÞ

�
1

2
h̄00∂τ̄Xμðσ̄; τ̄Þ∂τ̄Xνðσ̄; τ̄Þ þ h̄01∂τ̄Xμðσ̄; τ̄Þ∂σ̄Xνðσ̄; τ̄Þ

þ 1

2
h̄11∂σ̄Xμðσ̄; τ̄Þ∂σ̄Xνðσ̄; τ̄Þ

�

þ
Z

dσ̄ iBμνðXðσ̄; τ̄ÞÞ∂τ̄Xμðσ̄; τ̄Þ∂σ̄Xνðσ̄; τ̄Þ þ 1

2

Z
dσ̄

ffiffiffī
h

p
α0Rh̄ΦðXðσ̄; τ̄ÞÞ

�
: ð4:29Þ

The path integral is defined over all possible two-dimensional Riemannian manifolds with fixed punctures in the manifold
M defined by the metricGμν, as in Fig. 1. The diffeomorphism times Weyl invariance of the action in (4.29) implies that the
correlation function is given by

ΔFðXf;Xijhf; hiÞ ¼ Z
Z

hf;Xf

hi;Xi

DhDXe−Ss ; ð4:30Þ

where
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Ss ¼
1

2

Z
∞

−∞
dτ
Z

dσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðσ; τÞ

p
× ððhmnðσ; τÞGμνðXðσ; τÞÞ þ iεmnðσ; τÞBμνðXðσ; τÞÞÞ
× ∂mXμðσ; τÞ∂nXνðσ; τÞ þ α0Rh̄ΦðXðσ; τÞÞÞ: ð4:31Þ

For regularization, we divide the correlation function by Z
and the volume of the diffeomorphism and the Weyl trans-
formation Vdiff×Weyl, by renormalizing ϕ̃. Equation (4.30) is
the path integrals of perturbative strings on an arbitrary
background that possess the moduli in the string theory
themselves [9]. Especially, in string geometry, the consis-
tency of the perturbation theory around the background (3.3),
(3.25), (3.26), and (3.27) determines d ¼ 26 (the critical
dimension).

V. CONCLUSION AND DISCUSSION

In this paper, in the closed bosonic sector of string
geometry theory, we fix the classical part of the scalar
fluctuation of the metric around the string background
configurations, which are parametrized by the string back-
grounds, GμνðxÞ, BμνðxÞ, and ΦðxÞ. We showed that the
two-point correlation functions of the quantum parts of the
scalar fluctuation are path integrals of the perturbative

strings on the string backgrounds. In this derivation, we
move from the second quantization formalism to the first
one, where the coordinates of the two fields in the
correlation functions become the asymptotic fields that
represent the initial state Xμðτ ¼ −∞; σÞ and the final state
Xμðτ ¼ ∞; σÞ, respectively. All the paths on the string
manifolds from Xμðτ ¼ −∞; σÞ to Xμðτ ¼ ∞; σÞ are
summed up in the first quantization representation of the
two-point correlation functions. Because the paths on the
string manifolds are worldsheets with genera as shown in
Sec. II in [1], they reproduce the path integrals of the
perturbative strings up to any order, although the correla-
tion functions are at tree level.
The next task is a supersymmetric generalization of our

result. It is known to be too difficult to describe the action of
the perturbative strings on the Ramond-Ramond (R-R)
backgrounds in the Neveu–Schwarz-Ramond (NS-R) for-
malism. Because string geometry theory is formulated in the
NS-R formalism, we should derive the path integrals of the
perturbative strings on the NS-NS backgrounds.
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APPENDIX: GREEN’S FUNCTION
ON STRING GEOMETRY

In this appendix, we will show that (3.39) is indeed
a Green’s function on the flat string manifold. If
Xμðσ̄Þ ≢ X0μðσ̄Þ, we have

1

ē0
∂

∂Xνðσ̄0Þ
N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ−X0μðσ̄ÞÞ2
�2−D

2 ¼ð2−DÞN
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ−X0μðσ̄ÞÞ2
�−D

2 ē0ffiffiffiffi
h̄0

p ðXνðσ̄0Þ−X0νðσ̄0ÞÞ; ðA1Þ

and then,

1

ē00
∂

∂Xνðσ̄00Þ
1

ē0
∂

∂Xνðσ̄0Þ
N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ−X0μðσ̄ÞÞ2
�2−D

2 ¼ dð2−DÞ 1ffiffiffiffi
h̄0

p ē0

ē00
N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ−X0μðσ̄ÞÞ2
�−D

2

δðσ̄0 − σ̄00Þ

−Dð2−DÞ ē0ffiffiffiffi
h̄0

p ē00ffiffiffiffiffi
h̄00

p N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ−X0μðσ̄ÞÞ2
�−Dþ2

2

× ðXνðσ̄0Þ−X0νðσ̄0ÞÞðXνðσ̄00Þ−X0
νðσ̄00ÞÞ: ðA2Þ

Thus,

FIG. 1. A path and a Riemann surface. The line on the left is a
trajectory in the path integral. The trajectory parametrized by τ̄
from −∞ to ∞, represents a Riemann surface with fixed
punctures in M on the right.
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Z
dσ̄0

ffiffiffiffi
h̄0

p 1

ē0
∂

∂Xνðσ̄0Þ
1

ē0
∂

∂Xνðσ̄0Þ
N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ − X0μðσ̄ÞÞ2
�2−D

2

¼ d
Z

dσ̄0δð0Þð2 −DÞN
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ − X0μðσ̄ÞÞ2
�−D

2

−Dð2 −DÞN
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ − X0μðσ̄ÞÞ2
�−Dþ2

2

Z
dσ̄0

ē02ffiffiffiffi
h̄0

p ðXνðσ̄0Þ − X0νðσ̄0ÞÞ2

¼ 0; ðA3Þ

where we use D ¼ d
R
dσ̄0δð0Þ. Hence, we find

Z
dσ̄0

ffiffiffiffi
h̄0

p 1

ē0
∂

∂Xνðσ̄0Þ
1

ē0
∂

∂Xνðσ̄0Þ
N
�Z

dσ̄
ē2ffiffiffī
h

p ðXμðσ̄Þ − X0μðσ̄ÞÞ2
�2−D

2 ¼ δðX − X0Þ; ðA4Þ

where N is a normalizing constant.
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