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In a recent paper, Raju showed that the essential features of the monogamy paradox for old flat space
black holes could be modeled using a setup in empty anti—de Sitter, leading to a violation in the monogamy
of entanglement there. A physically interesting question is whether such a violation in the monogamy of
entanglement can be posed in empty flat space. The answer is not immediately clear since flat space gravity
has an entirely different vacuum and infrared structure than the gapped and unique AdS vacuum, which was
exploited in Raju’s toy model. We answer this question in the affirmative, with an explicit construction. We
formulate the paradox in terms of monogamy of Clauser-Horne-Shimony-Holt correlations, which we use
to quantify the monogamy of entanglement. Extending Raju’s analysis to empty flat space, within effective
field theory, we show that the entanglement of approximately local bulk modes just outside a light cone
with modes just inside the light cone as well as with modes situated far away at the past of future null
infinity (Z) gives rise to an O(1) violation in the monogamy of entanglement. This cannot be resolved by
small corrections of O(,/Gy). The issues arising from the above-mentioned vacuum and infrared features
unique to flat spacetime are dealt with by introducing a physically motivated boundary projector onto states
below a given infrared cutoff, which allows us to construct suitable operators at (Z1) that give rise to the
violation. We argue that the resolution of the paradox is that our spatially separated observables probe the
same underlying degrees of freedom, i.e., such observables act on a nonfactorized Hilbert space arising

from the Gauss constraint, thereby circumventing the conflict with monogamy of entanglement.
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I. INTRODUCTION

Black hole information paradoxes constitute an interre-
lated web of puzzles that arise due to the existence of the
event horizon. These paradoxes have traditionally served as
lamp posts regarding our understanding of various quantum
aspects of gravity. Our work is concerned with an important
corner of these puzzles: the monogamy paradox in flat
space. Originally proposed in [1], the paradox was exten-
sively discussed in [2-27]. In particular, Raju [5] showed
that the essential features of the monogamy paradox for old
flat space black holes could be modeled using a setup in
empty AdS, leading to a violation in the monogamy of
entanglement there. The salient point of this setup was that
it did not require the existence of a horizon, in contrast
to the previous discussions of the paradox. A physically
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interesting question is whether a violation in the mono-
gamy of entanglement can be described within empty flat
space, which resembles our observable universe to a good
approximation. Our present work deals with addressing this
question.

A. The paradox

We will briefly discuss the paradox below. Consider an
old evaporating black hole in flat space at time ¢, such
that 7 > fp,e. [28]. The outgoing near-horizon Hawking
modes are strongly entangled with the near-horizon interior
modes. For the final state to contain all information about
the initial state, the near-horizon outgoing modes must also
be entangled with Hawking modes that came out of the
black hole at early times. However, this situation points to a
violation of the monogamy of entanglement, which is an
unavoidable consequence of quantum mechanics. This
paradox is also closely related to the cloning paradox,
which states that within effective field theory, a nice slice
can capture both a diary thrown into a black hole and a
reconstructed copy of the diary from the outgoing Hawking
radiation, thereby violating the no-cloning theorem. The
physical picture portrayed by both these paradoxes is
that the interior should contain a copy of the exterior to
resolve contradictions with basic assumptions of quantum
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mechanics (more precisely, with quantum information
theorems). This picture is reflected within the important
idea of black hole complementarity as explored in [30-34].

A key idea here is that the monogamy paradox for flat
space black holes depends only on the entanglement of
near-horizon exterior modes with near-horizon interior
modes and also with modes far outside the horizon (e.g.,
at past of the future null infinity, i.e., ZT). Consider the
simple situation of a radially outgoing light cone at r = r
in an empty flat space. A monogamy-type paradox arises
here also if we study the entanglement of the modes
smeared just inside the light cone (region A) with modes
smeared just outside the light cone (region B) and with
another spacelike separated region (region C) (See Fig. 1).

B. The toy model in flat space

We will extend the construction of [5] which investigated
the monogamy paradox in asymptotically AdS using
Bell inequalities to asymptotically flat spacetime to under-
stand the case of old flat space black holes. As done there,
we will formulate the paradox using Clauser-Horne-
Shimony-Holt (CHSH) inequalities [35], a convenient
restatement of Bell inequalities [36]. This formalism
allows us to make quantitative statements regarding the
monogamy of entanglement [37,38], in particular, it allows
us to rephrase statements about the monogamy of entan-
glement in terms of statements regarding the monogamy of
CHSH correlations.

An essential ingredient that facilitates calculations in
this setup compared to the original paradox is that the
Hamiltonian of gravity is a boundary term [39], and thus
can be used to construct a projector that projects onto the
degenerate subspace of vacua labeled by supertranslations.

1. Important features unique to our toy model
in flat space

The vacuum and low energy structure of the Fock space
of canonical gravity in flat space is completely different
from the same in AdS, due to the presence of super-
translations and the absence of a mass gap. In particular,
AdS has a unique vacuum, while the flat space vaccua span
a degenerate subspace, and should be specified by their
value in the supertranslation sector as well. We build upon
previous works [40-44] which have clarified the vacuum
structure of flat space, and our definition of relevant
operators and their subsequent representation in terms of
the Fock space rests on the same. Here, supertranslations
are not crucial to setting up the monogamy paradox in flat
space but necessarily complicate the rather straightforward
analysis in AdS since they introduce an additional vacuum
structure.

Note that in the treatment for the AdS case in [5], there
exists a natural cutoff scale set by the cosmological con-
stant. However the issue for flat space gravity in d = 4 is
more complicated, and one needs to specify an infrared

cutoff in order to properly define the theory. Therefore in
our work, we have introduced a new physically motivated
projector Ps, which projects onto energy scales below an
infrared cutoff denoted by o, and utilize the same to
construct relevant operators which demonstrate the viola-
tion in monogamy of entanglement in our toy model.
Physically this means that in practice, we do not work with
operators that project onto the vacuum exactly but project
onto states with very low energies below an IR cutoff, say
E < 6. This also generalizes the more abstract projector
onto the vacua introduced in the context of AdS [34] and in
flat space [44], and their subsequent role in how informa-
tion is stored at the boundary [45].

While we can setup the monogamy paradox in flat space
using the abstract projector introduced in [44] (as we
demonstrate), the main thrust of our work is to utilize
our physically motivated projector Ps and use it to set up
the monogamy paradox. In our work, given the infrared
issues, we firstly demonstrate how operators C; living
in Region C in Fig. 1 which have almost the exact
correlation with operators A; in A as operators B; defined
over B have with operators A; up to O(y/Gy). Afterwards
we then construct them using our physically motivated
projector Pz This requires certain conditions on the
smearing functions of relevant observables as we will
qualitatively as well as rigorously explain in detail in
our work.

Since these operators in C are constructed such that the
AC system has almost identical CHSH correlators as the
AB system and consequently the same entanglement, we
have a quantum information-theoretic contradiction.

iJr

7

FIG. 1. Here the red line U = 0 denotes a radially outgoing
light shell. Regions A, B, and C are marked in blue. We will study
the entanglement of modes smeared over region A with modes
smeared over B and C and arrive at a paradox.
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2. Other details about our toy model

Given that we define our operators A;, B;, and C;
supported in regions A, B, and C respectively, the reader
may ask what we mean by operator insertions in a theory of
gravity. As opposed to local quantum field theory, there
exists no definition of local gauge-invariant operators in a
theory of quantum gravity. However, we will work with
approximately local operators in our case, which involves
taking an operator and smearing it over a small spatial
interval. One way of thinking about such approximately
local operators is to regard them as gauge fixing (i.e., up to
small diffeomorphisms) in the bulk. We will not work with
explicitly diffeomorphism invariant operators constructed
using gravitational dressing, like ones formed by attaching
geodesics from the boundary. This is because the paradox
necessarily requires us to look at local bulk observables and
such constructions are by definition nonlocal.

We note that the violation in the monogamy is O(1),
and cannot be removed by including minor corrections
of O(y/Gy), which are essential to the resolution of
Hawking’s original paradox and the bags of gold paradox
[46-53]. As we discuss below, this is an important
observation that strongly hints toward a resolution of the
paradox via complementarity, i.e., the interior degrees of
freedom are complicated polynomials of the exterior
degrees of freedom. The commutators are of O(1) because
in principle, we are acting upon the same degrees of
freedom in the interior and the exterior, and complicated
enough exterior operators can probe the information con-
tained in the interior. The resolution is not surprising given
that in a theory of gravity, the Hilbert space does not
factorize upon spatially partitioning a given manifold. This
simple fact follows from the Gauss constraint of gravity. An
implicit ingredient that goes into our local quantum field
theoretic construction is that the system partitioned into
regions A, B, and C has factorized Hilbert spaces. However,
the monogamy statement here is not violated since upon
turning on gravity, the Hilbert space does not factorize, and
consequently, the interior and exterior degrees of freedom
are not independent degrees of freedom. This is the primary
origin of the O(1) violation, which also demonstrates why
local quantum field theory is not a good framework to deal
with questions regarding quantum information and entan-
glement in gravity.

C. Outline of our work

In Sec. II we review the construction of CHSH operators
within quantum mechanics. We generalize this construction
in Sec. III and calculate the CHSH correlation between
regions A and B within a local quantum field theoretic
framework for asymptotically flat space.

We now list the main nontrivial constructions and results
of our work. In Sec. IV we outline the construction of the
operators C; living on region C, which mimic the action of
operators B; on the global vacuum and write their CHSH

correlation with A;’s. We then use the CHSH correlations
between AC and AB to set up the paradox in monogamy.
In Sec. IVD we argue the resolution of the monogamy
paradox in detail. In Sec. V we summarize our work and
discuss related perspectives. In Appendix F, we give a
Fourier analytic proof for the existence of near boundary
modes C; subject to the constraints in our construction.

II. CHSH INEQUALITIES IN QUANTUM
MECHANICS

This section reviews the CHSH inequality for quantum
mechanical systems and uses them to provide a factual
statement about the monogamy of entanglement.

A. CHSH operator and monogamy of entanglement

Consider a tripartite system composed of independent
subsystems A, B, and C. We label operators belonging to
the algebra of A as A; and so on for the other subsystems.
Let us look at two pairs of operators A; and B; where i €
(1,2) which satisfy the commutation relations [A;, B j] =0.
These operators are constructed such that their eigenvalues

lie in the interval [—1, 1], or in other words ||A||, || B|| < 1.
The CHSH operator is given by
CAB :AIBI +A182 +A231 —A2B2. (1)

Classically, the maximum value of the CHSH operator is
given by 2, which is the case when A; and A, are
independent while B, = B, or B; = —B,. However, this
bound no longer holds in quantum mechanics if we
evaluate the expectation value of the CHSH operator over
a general state |y).

In order to estimate the quantum bound on the
CHSH operator, let us square the same, which gives us
C%3 =4 — [A}, A5][B1, B,]. Since the norm of the commu-
tator is given by |[A}, A,]| < 2, we arrive at [(C45)| < 2V/2.

Now if we consider the square of the expectation value
of the CHSH operators defined over AB and AC, then
the statement of the monogamy of entanglement is as
follows [37]:

(Cap)* + (Cac)* <8. (2)

The above relation statement quantifies the maximum
entanglement which subsystem AC can possess provided
there is a given entanglement among the subsystem AB.
An interesting conclusion which follows is that there
cannot be a scenario where the correlations between AB
and AC both possess a nonclassical description, i.e., both
(Cag), (Cac) > 2. Another outcome is that if the system
AB is maximally entangled, i.e., (Cyz) = 2+/2, then AB
cannot be entangled. Thus we have a precise statement
regarding the violation of monogamy of entanglement,
which violates the inequality given in (2).
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B. Baby example: Bell operators using
simple harmonic oscillators

Consider a pair of commuting simple harmonic oscil-
lators living in separate regions A and B. We denote
their corresponding annihilation operators as «,, and their
respective vacua as |0);, where s = A/B. We want to
evaluate the expectation value of the CHSH operator on the
thermofield double state where x2 < 1,

ITED) = V/1 - 2e*4%]0) ,[0) 5. (3)

The above state reduces to the standard thermofield double
case if we set x> = e™”. Denoting projectors onto the sth
vacuum as P, we now choose Bell operators as follows:

A operators:
Al :PA—(Z;PA(XA
A2 :a;gPA-&-PAaA

B operators:

B, = —=(Py — ayPpag + ayPy + Pgag)

HS‘H
[}

B, = —=(Pg — aPpay — ayPy — Pgag). (4)

V2

These operators are inspired by the Bell operators for spin—%
systems, and might look confusing at first glance. However,
expanding the operators in the number basis gives us a
much simpler looking form for the same.

Aoperators:

A= |0>A<0|A_|1>A<1|A
Ay=10) 4 (1|4 +]1)4(0]

Boperators:

B :%(|O>B<O|B_|1>B<] 5 +10) (1|5 +[1)5(0]5)

5

B2:%(|O>B<O|B_|1>B<1|B_|0>B<1|B_‘1>B<O|B)'

5

(5)

These are precisely the operators used in the spin—%
problem, with |0)/|1) denoting the two states and the
operators resembling combinations of Pauli matrices. We
now evaluate the expectation value of the CHSH operator
on the thermofield double state, which gives us

(Cap) = V2(1 +x)3(1 = x). (6)

This takes a maximum value at x = % with the maximum

value being (Cup) = %ﬁ ~ 2.39 > 2. Therefore using the

above construction we see that the thermofield double state
is entangled for x = %, though not maximally entangled.

ITI. CHSH INEQUALITIES IN LOCAL
QUANTUM FIELD THEORY

In this section, we will extend the above construction of
the CHSH correlator for simple harmonic oscillators to
analogously construct the CHSH correlator in a local
quantum field theory [5,54-56]. We will then utilize this
formalism to calculate (C,p) for smeared modes within a
small interval on either side of an outgoing light cone in an
empty flat space. This section is computationally intensive,
and readers not interested in details of the computation
can skip directly to Sec. III D, where we summarize the
contents of this section.

A. Basic conventions and choice of operators

We define Hermitian operators (X, I1;) on the spatially
compact regions A and B, such that they satisfy canonical
commutation relations. Consequently we can also define
annihilation operators given by a, = \/% (X, + iI1y). These

operators obey the simple harmonic commutation relations
[am a:l:’] = 5&&"' (7)
In addition to these modes, there also exist global modes for

flat spacetime. These global modes in flat space obey the
canonical commutators

[awl, az)/l/] = 6[1’5(&) - (1)/>. (8)

The global modes are related to a; by Bogoliubov
coefficients

a.= Y [ dotho.Das+ gl0.0a)). O
[
where the functions A (w,[) and gi(w, ) are related by

> [ dolhfo. D @.0) - gi(@. g (@.0) = 6.
1
(10)
We rewrite (10) in the following fashion for convenience
hyhls — gs.g¢ = b5, (11)

where we have defined h,.h% =Y, [ dohy(w, 1)1 (o, 1).
Let us now consider the scenario where the CHSH
correlators are evaluated on the global vacuum state, while

the CHSH operators are following combinations of «,/ al,
which are precisely the same operators in (4).
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A operators:
Al — PA
Azzaj\PA—ﬁ-PAaA

- a;PAaA

B operators:

B, = —=(Py — ayPpag + ayPy + Pgag)

\9)

By == (Py

V2

We will proceed using general a, in Sec. III B. Our physical
case of interest is described in Sec. III C, where we will take
a, to be Rindler annihilation modes. Consequently, we
have an analogous interpretation of the global state as the
thermofield double state as defined in (3).

- aI;PBaB - a;PB - PBaB)' (12)

B. Vacuum projector and the most general
two-point correlator

In order to define Bell operators as given in (12), we need
to construct projectors onto the ground states of each
oscillator, which are given by

b oo [ [

(B3+53)+x(0;) (1 X —1,11
X < >, (13)
el —1—¢

where k(6) = 2+v/itan 6 and € is a small positive constant.
The detailed construction of this projector is given in
Appendix A.

We can conveniently extract the CHSH correlator from
the expression for the most general two-point correlator.
Using the definition of the projector in (13), the most
general two-point function is given by:

Ol b}l = 5 [ 5 / d6,d6)
—(@+7?)
x (efa — 1 — 6)(6’93 —1—¢)

X <ev2a; <08) (1 Xp=y21lg)

X eszXBel‘laj«,eK(gA)(fle—lznA)eflaA>’ (14)
where 7 = (t,,1,). Let us define ¥ = x(@p)y; and 7; =
k(04)1; so as to write the expectation value in the above
integral as

(G) = (e 5V Xa—5aTy) oty i X vy (15)
The above two-point correlator and its derivatives at v; = 0,

{; = 0 can be used to obtain the correlators of all relevant
CHSH operators as defined in (12). As a demonstration, the

derivatives of Q[{v;,{;}] can be easily used to generate
correlators of the following form:

07200, 0207 O{vi, CiYly =, -
= (a}™Ppala" P, a"1> (16)

We will write the expression for (G) in terms of the global
modes. This is performed by expressing «, in terms of
global modes using (10). This computation requires
repeated application of the BCH lemma while working
in a coherent state basis. The detailed calculation is given in
Appendix C, and we state the final result here.

1< R
(G) = exp (§ Z (fpLy+ fofq)mymy _E>

+0(+/Gy). (17)

Here we have added corrections of O(1/Gy) to include the
effects of interactions in an interacting theory of the scalar
field coupled to gravity, since the interacting vacuum is

different from the global vacuum up to O(1/Gy). Defining

Ci C:iv) , the expression for R is given by

R = (m{f +imyly +maly +imyly) — 18y — 020,

(18)

where the quantities f;, m; are defined as:
J1="(ha+ga); fo==i(ha—ga); (192)
f3=(hp + gp); fa=—i(hg—gg) (19b)
m = (H+0); my=(-H+ily);  (19%)
my = (51 +&3); my = (=9, +i3). (19d)

We can use (17) to obtain an expresswn for Q[{v;,¢;}] in

(14), since the integrals over 7 and & are Gaussian. The @
integration involves a trivial calculation of the residue in the
complex plane. We will not write the expression for general
h, and g, but will calculate the same for the Rindler to
Minkowski Bogoliubov coefficients in the following
subsection.

C. CHSH correlation between regions
A and B in field theory

Note that our specific case of interest involves smearing
operators on bounded regions A and B close to the light
cone (See Fig. 1). Our smearing choice is such that the
operators «a, denote the Rindler oscillators, and A, g
denote the corresponding Rindler to Minkowski Bogoliubov
coefficients. While we express the CHSH operators in terms
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of Rindler operators as given in (12), we take the expectation
value in the CHSH correlator over the global vacuum, which
is a thermofield double state in terms of the Rindler
oscillators.

1. Massless modes in flat space

Consider a massless scalar coupled to gravity in d
dimensional Minkowski space. The modes of the massless
scalar end up at future null infinity, a fact that will be
important in our posing of the monogamy paradox. The
equation for the scalar field is given by:

0 o]
<[22 - 20)

We solve the above equation in global spherical coordinates
(valid for d > 3):

ds* = —dr* + dr* + r*dQ3_,, (21)

where €,_, denotes the angles of the d — 2 dimensional
sphere. The equation of motion can be solved by putting
in the ansatz ®(r,1,Q) = T(1)y(r)Y,(Q), where Y;(Q)
denotes spherical harmonics of a d — 2 dimensional sphere.
Here y(r) satisfies:

d*y(r) d—2dy(r) , I+ (d-13))
AT -0
dr? + rdr T r? () ’
(22)
where w is the frequency given by:
d*T(1)
pro -&?T(1). (23)
The solution for y(r) is given by:
i G
)((I") = zl—%Jm(rw)+T;3Ym(rw)’ (24)
r2 r2

where J and Y denote the standard Bessel functions and
m=1+ % We discard the Y term since it blows up at the
origin. Thus the complete solution is given by:

D(r,1,Q) KZ/da)aw, =
rT

""‘”Yl(Q) +H.c.
(25)

Here K is a normalization constant used to impose the
normalization of the canonical commutator [a,, ;. a;,‘l,] =
6(w — @')8; y. Computing the momenta from the action of
the massless scalar and using the equal time canonical
commutation relation:

[@(r,1,Q),T1(r, 1, Q)] = is(r—r)5(Q —Q,), (26)

we obtain K = \/% Therefore the scalar field is expressed as

1 J(ro
(I)(I",t,g) :%Z/dwawl r(d%} )
l

e~y (Q) + H.c.
(27)

Note that in the preceding discussion we have suppressed
the extra indices of the spherical harmonics. As an example,
we can explicitly write them for d = 4, which gives us

®(r,1,0,¢) = /da)awl re) e~y ™0, ¢)

lm

+Hec., (28)

where we have used Y7 to denote the standard spherical
harmonics to avoid confusion with m from (25).

2. Smeared operators on A and B

We now outline our construction of approximately local
operators by smearing the scalar field over the bounded
interval in such a way that the Rindler modes are extracted
out. To perform this, we introduce a tuning function such
that it is supported only on the small bounded regions and
smoothly dies off. Recall that the regions A and B are
situated just inside and outside an outgoing light cone at r
respectively. Thus we define the smeared operators on the
regions A and B by

1 dUu (d=2)
ap = —VQ/U/dd_zgrAZ
x D(15(U), r4(U), Q)

(
Xq’(fB ) rp(U), Q)
Ix: dU d’ 2QVA (Uﬂ())_inT*(U)
x @z rA(U) )
x d’(tB(U),rB(U),Q)- (29)

Here r, and t;, s =A, B denote the global spherical
coordinates on the regions A and B, as given in (21).
The smearing function oscillates increasingly as tend to go
near U = 0, and thus even a small interval near U =0 is
useful to extract out the Rindler modes. Consequently U is
integrated from U; to U, such that the tuning function
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7 (U) vanishes smoothly as it approaches U; and U,,.
We work in the limit Uy — 0, such that

U U
log—t - —o0 and log— — co. (30)
Uo Uo

Note that in our convention, we have included the sphere
metric determinant ,/y inside the angular integral in (29),
such that

da=1

VQ:/dd_2£2£ 2n

)

We assume that the errors due to these length scales are of
O(e) such that O(e) > O(y/Gy). In order to impose that
the regions A and B remain causally disconnected, we
assume the following conditions:

U U
tA(U):E_UO ”A(U):”O—Uo—z
U U
Z‘B(U):—E—i-l)o I‘B(U):r()‘i‘ﬂo‘i‘i. (31)

We also impose the following conditions on the tuning
function, so that it is sharply centered about a particular
frequency w,

T(U) [50] " / Fw) Ll]]o]i”du; / %mynzz%.
(32)

using which we can recover the standard expressions for
the commutator of the above defined modes |a;, az,] = O,y
(See Appendix B for the detailed calculation). Another
relation which will be useful in the computation of (Cp) is

lim L)

v—0 U

=0. (33)

3. Bogoliubov coefficients for Rindler modes

In order to calculate (C,p), we first need to determine the
Bogoliubov coefficients so as to calculate the most general
two-point correlator, whose simplification has been derived
in (17). Since we have smeared the field over the entire
sphere in (29) on either side of the light cone at r = ry,
therefore we only need to look at the / = 0 mode. This is
because the modes / # 0 vanish due to the angular integral.
The radial part of the / = 0 mode takes a very simple form
in d-dimensions:

Jus(wr)
a3

x(r) ~ (34)

3
rz

We also note that since we have smeared our operators
on very small spatial regions A and B, the smearing
functions remain almost constant over the region.
However using (33) our tuning function vanishes for small
frequencies. Consequently the Bogoliubov coefficients in
(9) have support only for large frequencies @, which we
denote by @ > ', where @’ is a large enough frequency
above which the Bogoliubov coefficients are nonzero. In
the large frequency limit, the above radial function sim-
plifies to

A0~ 2 eos (or = 52T) e

W s 4

Using the large frequency limit, we evaluate the
Bogoliubov coefficients. We refer to Appendix D1 for
the detailed calculation, and state the main result here.

hy(w,0) = ;\Z% dve™*(wUy) T (iv)T (v),
gi(®,0) = 2f/ijr]_a) dve ™2 (wUy)"*T(iv)T (v),
hg(w,0) = ;\Z;iw dve™*(wUy)*T(=iv)T* (v),
G3(0.0) = 57— [ e P ot T T ). (39

4. (C4p) > 2 for entangled Rindler modes
in flat space
We will now use the Bogoliubov coefficients given in
(36) to evaluate (Cy,p), using (17). In order to do this, we
need to calculate the 4 x 4 matrix f, - f7 + f}, - f,- The
detailed calculation of this matrix is given in Appendix D 2,
and we state the final result.

1 4 x? 0 2x 0
_ 2 0 1+x* 0 —2x (37)
1 —x? 2x 0 14 x2 0 '
0 —2x 0 1+ x?

Note that the matrix in (37) turns out to be the same as
obtained for the Rindler-to-global AdS case in [5].
Although solutions to the massless scalar field in AdS
and flat space are quite different, it is not surprising that the
matrix turns out to be the same. This is because the near-
horizon local Rindler modes possess universal features as
explained in [45].

We now substitute (37) in (17) to derive the expression
for (G). In order to do so, we perform the Gaussian integrals

over 7 and / and evaluate the 0 integral by calculating the
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residue about the pole. Using the expression for (G), we
derive the result for (C,p), which is again given by

(Cap) = V2(1 +x)3(1 = x). (38)

The reader might ask why our expression for the CHSH
operator’s expectation value in QFT is precisely the same as
the expression we had derived for the quantum mechanical
case. This is simply because our chosen operators and
states were essentially the same in both cases. Again the
expectation value is maximized at x = 1, where (C,p) takes
the value

(Cap) = 27V +0(1/Gy) + Ofe). (39)

16
Here we have included corrections since the interacting
vacuum of the scalar-gravity theory is different from the
free field vacuum using O(1/Gy). As defined before, we
denote small errors in length scales by O(e).

D. Summary of this section

The main goal of this section was to show that within a
local quantum field theoretic framework, using a careful
choice of operators, we can violate the classical bound. To
do this, we first developed the formalism for looking at
CHSH correlators in terms of the most general two-point
correlator acting on the global vacuum. The key here is to
write down the CHSH correlator in terms of Bogoliubov
coefficients between the spatially compact regions’ modes
and the global modes. We then wrote down creation and
annihilation operators by smearing the massless scalar field
with Rindler smearing functions on small bounded regions
A and B situated just inside and outside an outgoing light
cone at rq and calculated the corresponding Bogoliubov
coefficients between these operators and the global
Minkowski operators. We used these Bogoliubov coeffi-
cients to obtain (C,p), where we take the expectation value
over the global Minkowski vacuum, which looks like a
thermofield double in terms of the Rindler oscillators. In
particular, our construction of operators in the local QFT
is the same as done for the quantum mechanical case
described earlier in Sec. II. Consequently the CHSH
correlator is given by (38), whose maximum value is
(Cpp) ~2.39, which violates the classical bound.

IV. THE MONOGAMY PARADOX IN FLAT SPACE

We will now outline the paradox in the monogamy of
entanglement. Previously in (39) we have derived that up to
small corrections, we can obtain (Cyp) = 2.39 > 2, which
indicates nonclassicality. We will now consider another
region C situated far away from our system AB at Z*, and
consider operators C; supported on the same (See Fig. 1).
Applying (2) to a local QFT, we have the following

upper bound on the CHSH correlators between systems
AB and AC

(Cap)* 4 (Cac)* < 8. (40)

In this section, we will show that using the Reeh-Schlieder
theorem and the fact that in a theory of gravity, the
Hamiltonian is a boundary term [39], we can create
operators C; such that their action on the vacuum is the
same as the action of operators B;. Consequently, the
expectation in (40) based on local quantum field theory is
violated up to an O(1) extent.

Unless indicated otherwise, from here on, we will restrict
ourselves to describing the effects of gravity in four
dimensions. Firstly we describe the Hilbert space of the
theory and construct operators relevant to our calculation.
Then we calculate the (Cyc) correlator and pose the
paradox. We will further discuss conditions on the vacuum
structure under which we can similarly pose the paradox in
general dimensions. Toward the end of this section, we
discuss the resolution of the paradox.

A. Gravity in asymptotically flat spacetime

In this subsection, we will describe the Hilbert space of
the four-dimensional flat space theory and construct a
boundary projector onto low energy states. This projector
will be essential to construct bounded operators C; within a
small region at the past of future null infinity (Z1). Readers
familiar with the details of this section can directly proceed
onto Sec. IV B.

1. The Hilbert space

A good coordinate system which encapsulates the
asymptotic large-r structure near the future null infinity
is the retarded Bondi coordinates [57].

ds®> = —du® = 2dudr + r’y,5dQAdQP + rC,zdQAdQE

2
n #duz 1 yPADC ypdudQB + .. (41)

There is an infinite-dimensional symmetry group in the
asymptotic region consistent with the leading falloff given
above [57-62]. These symmetries are called supertransla-
tions which are generated by the following charges:

O / VIO (1 = 00, Q)Y,,,(Q).  (42)

" 472Gy

The Bondi news is given by the u-derivative of the shear,
N4p = 0,Cy4p. This tensor has a zero mode, which is used
to split the supertranslation charges into two parts, a soft
part and a hard part. Technically it is the soft part that leads
to the asymptotic symmetries, while the hard part contains
stress-energy contributions.
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We will briefly talk about the Fock space of this
asymptotic theory [40-42] which is elaborated in more
detail in [43,44]. Since the news tensor contains a zero
mode, the vacuum must be specified not only by the
annihilation of the positive frequency modes of the news
tensor and the scalar field but should also be labeled by the
eigenvalue under the supertranslation sector

0, {s}). (43)

Here O denotes that the positive frequency modes of the
field, i.e., the hard part of the supertranslation charges
annihilate the vacuum. By smearing over the energies using
suitable tuning functions [63], where the smearing scale
can be taken to be arbitrarily small, the inner product
between two states is given by

<{nw}’ {S}‘{}’l:ﬂ}, {sl}> = Hé{nw}.{n;}é(sl.m - s?,m)' (44)
Im

le 07 {S}> = Sl,m

where the Dirac delta function goes over the space of all /,
m. Consequently, we can build up the Hilbert space by
acting with the massless scalar and the news field on the top
of each vacuum labeled by |0, {s}). Thus the Hilbert space
is fragmented into different sectors, with an element from
one sector orthogonal to another from a different sector.
Thus Hilbert space of canonical gravity is given by

M= {EB}H{S}. (45)

We will pause here to clarify some important aspects while
working with the Fock space as described in (43), (44), and
(45). Physically in order to compute meaningful quantities,
we write the state of our scalar field as follows:

I{nw}73>5/(Hdshm>8({8})|{nw},{S}>, (46)

I,m

where we have smeared the supertranslation of the vacuum,
with the peak of the smearing function S({s}) centered
about a particular s, ,, to ensure normalizability of states.
The smearing function S({s}) is chosen such that our states
have unit norm. Therefore using (46) and (44), the inner
product between smeared states is given by

{no}, SHnL}. S = 85,500,y (n)- (47)

We note a critical assumption in our discussion: we have
ignored UV corrections, e.g., stringy effects, and assumed
that the low energy effective physics correctly describes the
low energy structure of quantum gravity. This assumption
seems quite reasonable since gravity is an excellent
effective field theory up to the Planck scale. In our work,
we pose the paradox within a low energy framework where

we perform only tree-level calculations, and hence we are
not bothered by any possible modification to the Hilbert
space introduced by a UV completion of gravity such as
string theory.

Finally, we also note that our construction manifestly
ensures that our Fock space is separable. This statement can
also be motivated using constructive QFT [64—67].

2. Boundary projector

We will now use the gravity Hamiltonian to write down a
projector in asymptotically flat spacetime [44]. We first
write the Bondi mass, which is the integration of the Bondi
mass aspect over the sphere at infinity.

M(u) = /d2£2\/77m3(u,£2). (48)

Note that the Bondi mass at u > —oco isthe m =0, =0
component of supertranslation charges Q;,,. The Bondi
mass reduces to the canonical ADM Hamiltonian in the
limit u —» —o0 [39,68,69]:

M) (49)
u—-0 471Gy

The ADM Hamiltonian can be expressed in terms of the
boundary metric, which is given by

. M(u . 1
H = lim L: }Lr?om/dzgﬁ(rhoo(r,g))-

u—-0 471Gy

(50)

Using this boundary Hamiltonian, we can write down a
projector residing at Z*. The projector onto the subspace of
vacuum states labeled by supertranslations is constructed
by taking the following limit [34,44]:

Py = lim exp (—aH). (51)

a—oo

where the subscript 0 in the projector denotes that we are
projecting onto the degenerate subspace of zero energy

states spanned by supertranslations. We can express this
projector as an operator on the Fock space as follows [70]

e (T

However, in practice, the projector written in (51) is defined
only in an abstract sense. A more physically motivated
projector in flat space should project only up to energies
below an IR scale &, such that O(8) > O(Gy). We should
be able to set the IR cutoff § arbitrarily small, i.e., it should
not appear in answers to a well-defined physical problem.
The expression for the projector onto low energy states in
the Fock space is given by

0. {s}){0. {s}| + O(\/Gy). ~ (52)
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Ps = 05— H). (53)

Since our projector is a function of the Hamiltonian, it is
given by a boundary term as well. The representation of
this operator over states labeled by the energy and super-
translations is given by

Ps = s | Y O —E)|E;, {s})(E;. {s
/(H )Z( JE s} (E {5)]
+0(y/Gy). (54)

where for notational convenience we have relabeled the
states as |E;, {s}). However it should be kept in mind that
states satisfy the inner product in (47). In particular states
with different energy distributions but with same total
energy should be thought of as labeled by different values
of the index i.

B. CHSH correlation between regions A and C

We note that our calculation of (C,p) in the absence
of gravity remains unmodified when we turn on gravity
(up to O(y/Gy)) since we have simply fixed s;,, in (46).
Physically, our operator insertions within C4 are hard, and
such operator insertions do not change the soft quantum
numbers. As a result, the calculation of C, 5 goes through in
gravity.

Now we can construct a spacelike nice slice containing
the regions A, B, and C. On this slice, using the Reeh-
Schlieder theorem [71,72] we can construct local operators
Q; living on the region C which replicate the action of hard
operators living on region B, such that

0i[0.{s}) = Bi|0.{s}) + O(/Gy) (55)

where as usual we have added contributions due to the
interacting vacuum. Apart from the theorem guaranteeing
their existence, in d-dimensions the operators Q; can be
explicitly constructed as follows.

Consider region C denoted by the Rindler wedge
covered by the chart z =Z+ {coshz, t = {sinhz, in
the domain 0 <{ < o0, —0 <7< o so as to have
7z > Z + |t|. To make this wedge spacelike separated from
the region AB we keep Z > r,. The metric is

d-2
ds? = =%de® +d? + ) dx?. (56)
i=1

We take a separable solution of the form ®(z,(,x) =
e~{(@7=kX) () in order to solve [J® = 0. The {-equation is
given by

@y +¢ 4 + (0?* =Ky =0, (57)

24X
: d¢? T d¢

where k = |k|. Imposing boundedness of the solution in the
limit { — oo at fixed 7 and x, the field can be expressed as

k /2 . K.
d)(‘l,', Z, X) = / da)—dd;l \/:bw’ke—z(wr—k-x) M
>0 (27)7 Vo ICio)|

+H.c. (58)

where K, (k¢) is the modified Bessel function of the
second kind. The ® dependent factors inside the
integral ensure the canonical commutation relations [73]:
Dokl o] = 8(w — a/)5(k — k') and [b, k. b,y ] =0 [6].

On the complement of this Rindler wedge we can again
write down Rindler-like coordinates, where in addition to
the crossed over modes b and b', there also exist a set
of modes with support on z < Z at t = 0 denoted by b and
b'. Since these tilde operators are spacelike to Rindler
wedge operators, they commute. Thus within the comple-
ment of the Rindler wedge, where the coordinates are
t = —¢sinhz,z = Z — { coshz, the field operator can be
written as

dodk [2. K;,(k¢)
®(z,¢, — Zh i(wr—k-x) 1w H.c.,
(7.%) /Do 0% \/; ke M) ¢

(59)
This is precisely how the smeared operators A; and B; in the
previous section can be constructed from wedge operators
and its complement. From the Bisognano-Wichmann con-

struction [72], the complement operators are related to the
wedge operators as:

by |0 {s}) = e™b] 0. {s});
bl 10, {s}) = e™b, |0, {s}) (60)

where |0, {s}) denotes the global vacuum. Thus we
systematically obtain (55). Using this construction, the
action of the complement operators B; on the vacuum can
be written in terms of the action of the wedge operators Q;
on the vacuum.

The operators Q; constructed above are in general
unbounded, whereas in order to calculate CHSH correla-
tions we require bounded operators. We will now construct
operators C; such that they satisfy

IC;|| = (B?) + O(\/Gy)
(A;C;) = (A;B;) + O(\/Gy) (61)

first using the projector P, onto the flat vacua subspace.
We will then use the physical projector Ps, and show that
there exist our required operators C;, and construct them
explicitly.
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1. Construction of C; using P,

In this part, we outline the construction of operators C;
using the exact projector onto the vacuum. For notational
simplicity, we will suppress factors of O(1/Gy) within this
subsection, and will reinstate the same in Sec. IV C.

In order to construct bounded operators from Q;, we take
combinations of products of Q; with the projector P,
Consequently we recover the action of B; on the vacuum,
and therefore the resulting operator can be bounded. We
define the operators C; by the following expression

(B2)(Q;Py + PoQ — (B))Py) — (B
(Bf) — (B;)?

¢ - )P0

. (62)

where the cumulants are defined with respect to the
smeared state |0, S). The operators constructed in (62)
might appear out of the blue, however they are systemati-
cally constructed by considering the subspace spanned by
{ 1. B 1) }. For notational convenience, we also
define

B, {s}) = 1) and p;=/(B}) -

(B:)*.

Then the construction of C; is as follows. We start with a
candidate C; with linear combination of all possible outer
products which do not involve cross terms from different
superselection sectors, i.e.:

{10, {s})(0, {s}|:10, {s})(Bs, {s}|:[Bs, {s})(0, {s}I;
& |Bi, {s})(Bi, {s}|} (63)

multiplied by undetermined coefficients. These coefficients
can be systematically determined such that they satisfy the
bounds in (61), which gives us (62). To demonstrate this,
we rewrite the expression for C; in (62) as a linearized sum
of outer products with determined coefficients

c-/ (Hdslm) )(0. (s3]
x {1_/ <Hds§,m) IBi,{s’g;fZl;?,»,{s’}q
o f (TTase) 5 0. 6o o
-/ (Hd)o EHOW 6

i’

The proof of boundedness of C; as defined in (62) and
(A;C;) = (A;B;) + O(y/Gy) is given in Appendix E.

2. Construction of C; using P

We will now proceed with the construction of C; using
the more physical projector P Motivated by (62), we can
write a similar expression for C;, which is valid up to an
O(e) correction.

(B})(Q;P; + PsQ] — (B)P;) — (B:)Q;P50}
(B}) — (B))?

C, = . (65)

To see why operators in (65) are valid operators up to O(e),
we first decompose the projector Py as

Ps = Py + OP. (66)

The claim holds provided the contribution to C; arises
solely due to P, with 6P not contributing to C;. By acting
operators C; on the vacuum ), we can ensure that the
chief contribution to C; comes from P, by demanding

(0, S|Q;|E;, S)| ~ O(e) & [(0, S|A; Qk|E;, S)| ~ OCe).

(67)

where the net energy E; of the state satisfies 0 < E; < 6.
This renders §P’s contribution within C; very small, and
consequently the C;’s defined in (65) satisfy the constraints
in (61). Note that these extra contributions arise due to the
last term in (65).

Note here that O(¢) denotes minor errors introduced due
to smearing scales, i.e., the operator smearing and the
wedge smearing scales. We group all such scales as O(¢)
since relatively these errors are of the same magnitude, in
contrast to much more minor errors of O(1/Gy).

Under what condition can we ensure (67)? To begin,
consider a single-particle state |jq) = ), such that

E; < 6. To ensure (67), we first evaluate the expression

Qilje)-

0ilja) = [01.a})[0.8) +a}, 0[0.5)  (68)
We will now argue that both the terms in (68) can be set
small enough, thereby satisfying the conditions in (67). To
see why the first term is small, let us discuss the energy
scales in the problem. Apart from the Planck scale, there are
two other energy scales in the problem: the energy o’ as
defined in Sec. IIIC3 (below which the Bogoliubov
coefficients were close to zero); and 6, which denotes
the IR cutoff. Now recall that B; is given by

B, = —(Pg —apPgap + apPy + Pgag), 69
1 \/E( B — apgl'pap BI'B sap), (69)
where Py denotes the projector onto the B-vacuum, i.e.,
Py = |0p)(

translation labels for convenience. Note that the modes aj
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in (69) are related to the global modes as given in (9), and
consequently the vacuum |0z) is related to the global
vacuum |0) as follows:

1
0g) = exp (Ziajcjk@) 0), (70)
ik

where Cj; is the matrix outlined in the footnote [74]. Thus
the operators B; can be expressed in terms of the global
modes as outlined above. Note that the global operators aj
can be constructed only if we have access to the entire
spacelike slice %, i.e.:

d—]x

6= [geoe S )

and consequently B; can only be written down provided we
have access to the whole entire spacelike slice. However,
since we have access only to the wedge and not the entire
slice, an exact wedge reconstruction of the operator B; is
impossible. In particular, any attempt to reconstruct az will
also necessarily include other creation and annihilation
operators.

dd—l .
A/ ¢(X)fk(X) # = az + chaj + Zdja}, (72)

J#k

where ¥/ € T denotes the spacelike part of the wedge and
where f(x) is a smearing function with support on ¥'. In
spite of this obstruction, the Reeh Schlieder theorem, and in
particular our wedge reconstruction analysis in Sec. [V B
gives us (55), i.e.:

010, {s}) = B,[0, {s})

The critical point here is that there exist smearing functions
fr(x), with support on the wedge, which convolves with
field operator ¢(x) using which we can construct such an
operator O, from the wedge. Then the practical way to
construct Q; is as follows: we attempt to closely simulate
B; by wedge reconstructing the global creation and anni-
hilation operators as in (72). We perform this attempt by
choosing wedge smearing functions appropriately and
substituting the closely simulated operators in (69) [which
is essentially an infinite string of creation and annihilation
operators from (9) and (70)]. Consequently, we have a vast
choice in choosing the smearing functions since each
global operator insertion in (70) can be simulated using
a reconstructed wedge operator. This method gives us the
action of B on the vacuum using Q;. As a result, O, has
additional terms than B; since we cannot precisely recon-
struct the operator B.

Upon normally ordering, Q; takes the following form:

0, =B, +ZP1J(QZ)+ZQ1J'(“1<)’ (73)

where g ; contains at least one annihilation operator, while
p1; contains the remaining terms with zero or more creation
oscillators (Note that the operator |0)(0| inside (69) cancels
the remaining terms). In order to demand (55), the complex
coefficients multiplying operator distributions inside p;; in
(73) are conveniently adjusted using smearing functions
such that the following inner product is ensured:

<075|QTQ1 0,S)~ <0’S|BJ{BI

0.8).  (74)

Now using (9), (69), and (70), we will argue that the wedge
reconstructed operators Q; in (73) satisfy (55) along with
ensuring the first term in (68) is small enough, provided that
B; and the smearing functions f(x) satisfy the following
conditions:

(1) B has a small overlap with aTE,. In other words, the
modes constituting B are sufficiently high energy
modes which are constructed such that @’ > §. This
ensures that

B1.a} ]~ Ofe). (75)

Here O(e) denotes the order of overlap between the
high energy and the low energy modes due to
smearing scales. A physically intuitive way to under-
stand why we require @’ > § in flat space is to view
the projection onto states below § as noise in our
description over the ground state subspace. Naturally,
we do not want operator insertions inside the corre-
lators characterized by frequencies within the noisy
regime, rendering measurements meaningless. There-
fore the noise 6 needs to be set sufficiently low enough
for the construction to work [75].
We also note that if @’ < 6, the first term in (75)
cannot be O(¢), but constitutes an O(1) contribution.
(2) This leaves us with the third term (note that the
second term commutes with a}l, and also has a very
small magnitude) i.e., an infinite number of annihi-
lator strings g;;. These can provide a large contri-
bution to the commutator in (68). To circumvent this,
we require that our smearing functions is chosen
such that the following contribution is ensured:

> laij(a). ag) ~ Ofe). (76)

J

In particular, the constraint in (76) implies that the
third term of the operator Q; given in (73) has a
minimal contribution from annihilators below 8, and
hence a slight overlap.
Thus using the conditions (74), (75), and (76) on Q,, we can
ensure that the modes constituting Q; are engineered such
that the following commutator in (68) is ensured:

Q1. ] ~ O(e). (77)
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A more rigorous approach to showing the existence of a
suitable boundary observable can be found in Appendix F.
Let us now look at the second term in (68). This renders

0,8 |anQ1 0,S) = 0, thereby satisfying the first condition
in (67). Regarding the other condition in (67), using (68),
the second term gives us (O,S|AiaTE/_Q1 0,S). Now con-

sider the commutator
Aiap, = [Ag, ap ] + ag Ar. (78)

Since A, is again an operator with energy much higher than
d, the first term in (78) is O(¢), and the second term is zero,
ie., (0, S|aTEjA,~Bl |0, S) = 0. We can repeat the analysis for
multiparticle states as well as straightforwardly generalize
the result from B; to B;. We obtain similar conclusions for
multiparticle states, with products of creation operators
replacing the single creation operator in the analog of (68)
and (78). Given the above discussed smearing conditions,
operators in (65) represent valid operators C; satisfying
constraints in (61), with errors from smearing again giving
rise to an O(e) correction.

3. Existence of C; using Ps and the boundary algebra

In this subsection, we argue that we can always construct
C; using Ps and other elements of the boundary algebra
which satisfy constraints in (61). This differs from our
analysis in Sec. IVB2 since our expressions for C;
satisfying (61) are exact here, without any factors of O(e).

In general, to exactly construct C; satisfying the con-
straints (61), we require other boundary operators along
with the projector Ps. We define

st 4k =P s o,

i

where N/, is a normalization constant. As an example, we
can read off N; = f3; from (64), when we work with the
exact vacuum projector P,. On the lines of the construction
of C; using P,, we write a candidate C;, which is a sum of
all possible outer products multiplied by undetermined
coefficients

c,-—/ (gds,,m>26(5—Ej)®(5—Ek)

< xt i |Ej {s})(Er {s}]
ds;, O -E;
x (yiIBi {sH)(Ej. {s}| + H.c.)

+ [ (TTdsin )ailBEAsHBEAsY. (79)
J (1)

Note that here the elements |E;, {s})(E}. {s}| belong to the
boundary algebra as argued in [44]. We will systematically
fix some of the coefficients in (79) as follows, where
we will suppress corrections of O(,/Gy) for presentation.
The Hermiticity of C; implies x, = (x; ;)* and z; € R.
Imposing C;|0, {s}) = B;|0,{s}), we fix the coefficients

xm—/(gwmy%&mmh» vi = N
| (50)

which ensures (A;C;) = (A;B;). Given that we still have
undetermined coefficients in C;, we can always choose them
in such a way that the absolute value of the largest eigenvalue
is given by /(B?), thereby giving us ||C;|| = (B3?).

As an example, we will demonstrate this for the case
of the exact projector P,. Here we have N;=p;.
Consequently we obtain

€l = 5 (B) + i+ /48 + ((B) — ).

Now requiring that the bound is satisfied, i.e., ||C;||* = (B?)
gives us z; = —(B;), which again leads to the seemingly
serendipitously constructed C; in (62).

C. The paradox and generalization
to higher dimensions

In Sec. IVB, using the wedge reconstruction, the
boundary algebra, and the fact that the Hamiltonian in
gravity is a boundary term, we have constructed operators
living in the exterior region C which essentially replicate
the action of operators B; on the vacuum state, in three
different fashions. Subsequently, we arrive at the following
conclusion:

(Cac) = (Cap) + O(\/G_N) (81)

Consequently at x =1, the correlator (C,c) takes a

maximum value (Cyc) = % + O(v/Gy) + O(e).

After getting all our ingredients in place we will now
pose the paradox in monogamy of entanglement. For the
maximum violation at x = %, we obtain
<CAB>2 + <CAC>2 = 114 + O(\/ GN) + 0(6) > 8 (82)

Equation (82) contradicts the upper bound in (40) and gives
rise to the paradox in monogamy. As mentioned earlier, this
is an O(1) violation. The violation does not have a leading
dependence on the IR cutoff 6, an expected feature of a
well-defined physical observable.

An immediate generalization of the paradox in four
dimensions is extending the same to general dimensions.
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In d # 4, the low energy vacuum structure of gravity is not
concretely established (See [76—82] for recent discussions
on the subject). Provided that the vacuum structure of
gravity in higher dimensions has a similar form, i.e., there is
a unique vacuum or degenerate vacua labeled by super-
translations, we can pose the paradox in precisely the same
fashion we have done presently. Regarding additional
symmetries, we can again treat them in a fashion similar
to our treatment of supertranslations.

We will point out why analogs of supertranslations in
general dimensions are not in conflict with our calculation.
The calculation of (C,z) does not require us to go to the
asymptotics since the operator insertions are deep inside
the bulk, and hence our operator insertions do not change
the supertranslation of the state on which they act. More
precisely, these operator insertions are hard. The case of
(Cyc) is a bit more subtle since it involves the construction
of operators Q; and the projector Ps both of which have
support near Z*. However, from (55), the action of Q; on
the supertranslation fixed vacuum is precisely the action of
the hard operators B; on the vacuum. In addition, the
projector Ps as defined in (54) is diagonal in super-
translation labeled vacua. Consequently, the insertion of
the operator C; within the vacuum to vacuum correlators
does not introduce any new complications because of our
construction and the very nature of the vacuum structure.

D. Resolution of the paradox

In our calculation, we have explicitly pointed out small
corrections of O(y/Gy) [See (82)]. Hence the paradox
cannot be resolved by introducing small corrections, as is
the case for Hawking’s original paradox and the bags
of gold paradox [46-50,52,53]. Here the O(1) violation
indicates the existence of a severe flaw in our basic
assumption, i.e., we have assumed that in the presence
of gravity, our system admits a description in terms of a
local quantum field theory. Building upon this assumption,
we have factorized our Hilbert space into three different
parts into three spatially disconnected and separated
regions A, B, and C.

However, it is a well-known fact that in gravity, the
Hilbert space cannot be factorized due to the Gauss
constraint. Consequently, our factorization into a tripartite
system each described by a local QFT is incorrect, which
resolves the paradox posed above. With gravity turned on,
degrees of freedom in the region B are secretly the same as
degrees of freedom in the region C. Therefore it is incorrect
to describe operators probing the underlying degrees of
freedom using local quantum field theory, and we explicitly
see an O(1) violation if we assume a local quantum field
theory setup in our case of empty flat space.

In a certain sense, we can observe this nonfactorization
of Hilbert space of the effective field theory based on
spatial partitioning at the level of commutators itself [83].
Note that since our operator insertions A;/B; introduce

energy into the bulk, the commutator [H, B;] # 0. Since C;
is a function of boundary projectors, in general the
commutator [C;, B;| # 0. Following the Gauss constraint,
this is a complementary objection to why we should not
expect factorization based on spatial partitioning within a
theory of gravity, even though effective field theory
reasoning naively indicates otherwise.

Since our calculation is performed in a general fashion,
we can equivalently interchange the operators A and B
describing the interior and the exterior respectively in (82)
to set up an information-theoretic inequality again. The
resolution for this situation is precisely what black hole
complementarity states, i.e., the interior operators are
complicated polynomials of the exterior operators. In
principle, our setup provides an explicit demonstration
of the complementarity principle in flat space. Our boun-
dary projector is a vital ingredient in this construction,
allowing us to write down operators far away from the light
cone that can probe the interior of the light cone.

V. SUMMARY AND DISCUSSION

We summarize the work, discuss some issues, and write
future directions here. First, we introduced a formalism for
treating Bell inequalities in a local QFT in flat space. We
utilized the fact that monogamy of Bell correlations is a
concrete measure for monogamy of entanglement and
consequently used our formalism to compute Bell corre-
lation between regions A and B. Then bounded operators C;
were constructed in a spacelike separated region C close to
the boundary using the Reeh Schlieder theorem and the
boundary projector, which replicate the operators B;’s
action on the vacuum. Using this, a concrete paradox
was posed in the monogamy of entanglement between the
regions A, B and C. We argued that the resolution to the
paradox is as follows: in a theory of gravity, one cannot
factorize the Hilbert space into subspaces describing
spatially separated regions, which is necessary to set up
a paradox in the monogamy of entanglement.

As we discussed, in canonical gravity, the Hamiltonian is
a boundary term that plays a crucial role in constructing
bounded operators in the region C that replicate operators
B;. The fact that the Hamiltonian is a boundary term is an
essential feature of gravity, which strongly hints at nonlocal
aspects inbuilt within theories of gravity [84]. Note that this
feature is unique to gravity and is not true of other theories,
say theories with Gauss constraints. Case in point, operator
insertions with zero charge in gauge theories do not affect
the field strength residing on the Gaussian surface. In
gravity, an operator insertion necessarily changes the stress-
energy tensor, and consequently, one cannot introduce
invisible operator insertions [85].

We now discuss the relation of our model to the
monogamy paradox for old black holes in flat space.
Since nonlocal effects of gravity play a primary role in
our problem, it is only natural to assume that such effects
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play a similar role in the black hole problem [86]. The
operators C; in our problem are in a spirit similar to
complicated operators situated far away from a black hole
used to extract information from Hawking radiation.
Our construction also emphasizes the usage of CHSH
correlations in studying the monogamy of entanglement
paradox, primarily how CHSH correlations can be used to
quantify entanglement. The study of these correlators is
necessary since standard measures of entanglement like
von Neumann entropy are not well defined in gravity.

Note that the monogamy paradox is conventionally
posed within the context of old black holes. However,
our discussion only relies upon the entanglement of modes
across the horizon and the boundary. Consequently we do
not require an old black hole to pose the paradox, which is
reflected in the fact that the validity of operators C; does not
involve any particular timescale. In line with the principle
of holography of information [29,44,45], this is because the
information about the nonboundary regions is always
contained within Z*.

The issue with writing down a similar construction for
evaporating black holes is that we require a projector onto
the space of black hole microstates, which we presently do
not understand how to construct. Consequently, it is not
easy to write bounded operators in a region far away from
the black hole, which can be used to write down CHSH
correlations. However, there is no problem with calculating
C,p correlator between modes just inside and outside the
horizon. Formulating the paradox in our toy model’s
fashion also shows that we do not need any modified
structure in the black hole interior, as is the case with
firewall and fuzzball constructions. Instead, such a paradox
in monogamy is a natural consequence of wrongly treating
gravity as a local quantum field theory.

Before we conclude, we list out some related open
questions. In our case, we need to go very close to future
null infinity to construct a projector onto our ground state. In
line with our holographic intuition that gravity knows about
quantum information inside a given region, is it possible to
construct a similarly approximate projector onto the vacuum
at a finite radius? Finding such a projector will be pretty
valuable not only as an independent problem for our flat
space toy model but also to pose a similar resolution of the
monogamy paradox for dS black holes. Besides, such a
projector will be pretty valuable for understanding aspects of
the principle of holography of information for compact
spacetimes, where naively a projector will project onto all
physical states in the Hilbert space since there is no boundary,
and consequently, we need a projector at a finite radius.
Another problem is to write down the projector onto the space
of all black hole microstates in flat space and AdS, which will
allow us to write down a more accurate toy model. A distant
direction is to understand the asymptotic vacuum structure in
general dimensions, which will be helpful to pose the toy
model concretely in such dimensions. We envisage our

present work as a starting point to address some of these
issues in the near future.
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APPENDIX A: PROJECTORS ONTO SMEARED
MODES’ VACUA

In this section we shall verify the expression for projector
onto vacuum (13). We first take a variable transformation,
7=t +it, and z* =t; — it,. With a, = ﬁ(Xs + ill,)
and using Baker-Campbell-Hausdorff lemma, we can write
the projector as,

:__/dz/ P —

where (6) = v/2itan 6. Let us calculate (i;|P,|j,), where
lis),|js) are number states corresponding to oscillator
labeled by s. We get,

Z(1—itandy) .
e—P0,)zal ,—B(0,)7a;
% —1-e¢

a;ljs). (A1)

=3 BO) i at

This is only nonzero if n + iy, = m + j,. If we also perform
the z,z integral with z = re’® and z = re™', that further
constrains us with a g; ; factor. Hence,

1 [2x - (2itan®y)"
.sPs .S = des . —
(E51s 1) 72:% ;(1—ztanes)"+1(e’95—l—e)
5 \ .]X -
x (islad™ay|ji) (A2)
n! m=n
The term inside third braces is,
1 ) 5,# for n < ig,
By el = { P T o (A3)
n! 0 for n > i,.

Summing over n and further changing variable @ = e,

we have a contour integral

086002-15



CHAKRABORTY, CHAKRAVARTY, and PAUL

PHYS. REV. D 106, 086002 (2022)

FIG. 2. Contour used in the smeared vacuum projector calcu-
lation. There exist two poles at 0 and 1 + ¢, among which only
the former contributes to the unit circle contour integral.

K o* s (@w? + 1)
i |P.|j Zsids do————2~. A4
g T e e )
With ¢ > 0 as shown in 2 the contour evaluates to
<is|Ps|js> = 51'3.]'551'.‘.0 (AS)
Hence,
dde, [ do,
=—— [ dtdt
/ 1 ZA ,gx —1—¢c
AR — (0,)(0  (A6)

APPENDIX B: EXPLICIT COMMUTATOR
OF SMEARED RINDLER MODES

Consider the commutator of the modes on region A first.
The modes are given by:

1 du
=—— [ — [ d7Q
“ \/VQ/U/

X1y ( U)""”T(U)aﬁ( (U).ra(U). ).

du
“ = V/ /dHQ
Q

dZ

< (o) T w9, @

We integrate ai by parts, and the only part of aZ that
contributes to the commutator [ay, @] is

(d-2)
/ d-2Q / dUr,® 0yp(U, =20, Q)

VVa
/ Wy < >_ (B2)
Note that here we have used 7 (U) (57,)™ = [ dvT (v ()"

to perform the following replacement

AUdIEJ’IT(U,)<g;> = %7@)(%)”. (B3)

In terms of the light cone coordinates, the annihilation
operator is given by

ay = m/dU/dd—2QrA d(U, =200, Q)
x/du’j'(z/) <U£0>iy.

Using the null surface canonical commutation [88] relation

(B4)

B(U,, V. Q). 0yp(Us. V. Q)] = i3(U, - ;Jri)_(z(szl,gz)
(B3)
we get
aA,aA /V_Q/dvldva( )T*(l/z)
U\ ivi—r2)
</ 7(70)
/ /dyldsz(vl)T*(yz)Zﬂé( _Uz)
(B6)

where we have used the normalization [ |7 (v)|* = L.

APPENDIX C: COMPUTATION OF (G)

We will discretize the frequency space with a A gap for
ease of calculation. Toward the end of this appendix, we
will go back to the continuous limit by taking A — 0.
Performing the discretization, the global mode commuta-
tion relation (8) becomes

5n,n’5l,l’

o ()

[an,lv a:ﬂ.l’] =
where we have labeled the frequency @ with integer n.
The global mode decomposition (9) now looks like
a, =A%, h(n Da,, + gi(n, l)a;,. Using the BCH
lemma, we can decompose the B piece in (G) in terms
of creation and annihilation operators as
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P -  (51=ivp) L (31 +ivp)
evza;e(leB—yQHB)eijzaE _ e( t 7 )"‘B*(C f 72 Jag
_l<v (‘l+’)" (RPN G1- ’)2 1Tl 4y )
x e 8 (C2)

Similarly decomposing the A piece and then writing both in
terms of global modes, we get

(e AN (ug(nD)+us(nd))a, (i (n0)+1d) (n.1))a) )

g = 1 +it Ty =it ’ C3
< > e%(”“' ("1:;2"2)4520\/5' ‘rffzgz)ei(vl(]éz)isl( ) Fu1¢h) ( )
where
MA(n’l)
(f = ﬁz)) < (7, + i?z))
=|v,+—F= nl)+ +———\h,(nl),
< 1 \/5 QA( ) ¢ \/§ A( )
uy(n,1)

+M> Iy (n.1) + <Cl +@;ﬂi~t2)>92(n,l)’

i =32)) oty + (cﬁ@%/f”)h}g(n,l),

(C4)

Next we use a simple result involving coherent states of
harmonic oscillators to simplify our expressions further.
Consider a system of oscillators with ground states |0;),
where (i=1,2,...,00), with commutation relations

[&;, d& ] 8;;. Define the combined ground state of the
system as |O> ®|0;). This setup is intended to mimic the

global modes a,,;, as in our theory the global vacuum is
indeed the tensor product of all the different global mode
vacua. A coherent state in the jth oscillator is given by

|z;) = 1% |0 ;). and the inner product between two such
states is (z;|2}) = %% [89]. Then we have

<0|e2,-z;‘d[+z§-o?f|o> — oA (0|eZ[ZT‘fer,Z}0?§|O>
= eI 21H<Oi|ezja@. e 0,)

ij
= 28 (712
J
— 6221 i z
To make use of this in simplifying (C3), we identify v/Aa, ,

with &;. This gives us terms like ), Auy(n, lujg(n,l)
on top of the exponential. Taking the limit A — 0, the

(C5)

spm Z ; goes to an integral and the whole expression
simplifies to

gy — 8 1)y + 1) |
N ez(bz(”}V2 +0 G1 1)2 —=240,05) e%(”]L\/;jZ)‘FC]%JFU]Cl) ’

(Co)

where u, - up =3, [dous(o, l)ug(w,l). Using the f,
defined in (19), we obtain

L [f1(E + ) + fo(=1 + iLY)

Uy + up = \/§
+ f3(51 +8) + fa(=52 +i57))]
1 - -
wy +up = —=[f1({ + &) + (=1 + iL7)

V2

+ 300+ 8) + fal=F2 + 7).
Re-arranging the terms to gather the f,’s together and
using the m,, defined in (19), we finally obtain

(C7)

4
(9) ZCXP<% Z(f,,-f;vaq‘f}i)mpmq—%)- (C8)

p.q=1

APPENDIX D: BOGOLIUBOV COEFFICIENTS
AND (C,p) > 2

In this appendix, we demonstrate the calculation of the
Bogoliubov coefficients and show that (C,p) > 2.

1. Bogoliubov coefficients of local
Rindler-to-global modes

From (35) we can read off the Bogoliubov coefficients
using the large frequency limit, which are given by

dUu
ha(w,0)
(@. Y, 7/760/ <U 0)
2
x T(U e~ i®t cog (a)rA (d- )”> )
dU
0)
(a) \/ﬂa)/ <U0>
x T (U)e s cos (a)rA ) ,
dU —iw
h 0)
o rm/ (@)
x T(U)e " cos <a)rB > .

00 = m/ vla)

x T (U)e"s cos (a)rB
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The above Bogoliubov coefficients are written in terms of
integrals over U. We can perform these integrals using our
conditions on the tuning function in (32) and (33). Since the
form of the integrals is similar, we will demonstrate this by
evaluating the /4 (w, Q) integral:

U .
- () o
_M>

4
_ L [dU[U\™ —it) gmialU | it
—2\/%/(] (U0> T(U)le e + e'2]
e fanr

) du .

i& ——yw

+e / U }
/dxxiv—le—ix + 0,

—ig T
S dv (l/)
2\/rw (@wUy)"™
where é] = 52 = CO(I"O - 21}0). The
second term in the third line vanlshes because [ %U (U%) V=
278(v), and using (33) 7 (v) vanishes at v =0. The x
integral can be evaluated by choosing a contour shown in 3.

X COS <a)rA

(d—42) — wr,,

FIG. 3. The red and the blue contours are respectively used for
the integrals I, = [ dxe*™x™~!. Both the curved contours C.
give 0 in the limit R — oo. Slnce there are no poles inside either
contour (they are slightly separated from the real axis), the total
contours also give 0. This lets us equate the integrals over the real
and the imaginary axes for both the ¢ and e~** cases. We keep
the branch cut (occurring due to x*) on the negative real axis so it
does not interfere with the calculation.

We encounter such x integrals in the expressions for the
other Bogoliubov coefficients as well, where we similarly
choose appropriate contours and obtain the following
values for the integrals

/oo dxxV~let* = ¥/ (iy). (D2)

0

Thus the Bogoliubov coefficients can be conveniently
summarized as

hy(w,0) = 2\;.;; dve™/*(wUy) T (iv)T (v),
(00 =5 [ due Uy ()T W),
hp(w.0) = 28\;% dve™*(wU,)" T (=iv)T" (v),
Gi(00) =5 [ e oI T 0). (DY

2. Calculation of (C,p) > 2 for entangled
Rindler modes

Here we will demonstrate the calculation of the element
Jr-J1=hy ha+ gy ga+hy-ga+ gy ha The typical
integral encountered here is of the form

hy - Iy = /;j:o/dvldl/ze”@l*”2>/2(wUO)i(Uz—V1)
x D(iv) )T (ivy) T (1) T (v2)
:%/dl/ldyze”(”lJr”Z)/zF(iz/l)F*(iyz)
X (1)) T (v2) / 40 o))
2rw
/ 1 du, ™) 2 (jiy T (iv,)
T )T (12)5(v1 = 12)
=5 [@er@PTeP
Zg/dumﬁ—(vﬂz

™0 1

X l\)l'—

" 2sinh(zwy) 1 -2

where x = ¢, Here in the fifth step, we have used the
identity |T'(iv)|*> = swimnizy and used the fact that T ()|?/v
is sharply peaked around w, to go the sixth step. We will
now show that &, - g} is zero.
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hy- gy = / Ao / dv dv,e™ 17922 (U, )it
x D(iv))T* (iva) T (1) T (v2)
=5 [ dndiseems PG )
x T ()T (12)8(n1 + 1)
= %/due””F(iI/)F*(—iy)’j’(y)’j’*(_y)
=0.

The final step follows due to the fact that within the integral
[dvT (v)T*(~v), when 7 (v) peaks at v = @, the other
term goes to zero, i.e., 7 *(—v) = 7" (—wy) ~ 0. The rest of
the terms are evaluated by straightforward replication of the
above logic. We similarly evaluate the following expres-
sions in order to completely determine the ff matrix.

hoo = hg-hy=——

1—x
* * ‘xz
gA'gA:gB'ngl_xz;
* * X
hA'gB:gA'hB:m;

hy-gy =hy-hy=gs-gp=hg-gp=0. (D4)

Substituting the expressions in (D4) in f), - fo + f5 - fgs
we obtain

Fo-fatTa T

1+x> 0 2x 0
_ 2 0 1+ x2 0 —2x (DS)
1 —x? 2x 0 1 + x? 0 .
0 —2x 0 14 x?

APPENDIX E: PROOF OF (A,C;) = (A;B;) + O(,/Gy)
AND BOUNDEDNESS OF C; OF SEC. IVB 1

In this appendix, we will show that the operators C;
constructed as

(B})(Q/Py + 7DOQ,T - (B
(B7) -

i)Po) — (B

)0 Po0!
(B;)? '

CiE

(E1)

do indeed mimic the contribution of operators B; in the
two-point correlators and are bounded.

1. Proof of (A;C;) = (A;B;)
First we note that by construction we have Q;|0, {s}) =
) for all sectors {s}, which guarantees P,Q; =
‘PoB;. Further, the fact that B; is block diagonal in

POBT

and independent of supertranslation sectors, allows us to
write (0, {s} 1) = K&({s} —{s'}). Taking the
expectation value with respect to the smeared vacuum
|0, S) gives us K = (0, ). Thus we have

(0, {s

H =1,

0({s't ={s}). (B2

So, we have

)= )

=/ (Toe) ] (TF-)

Lm

x (0. {s'}|B; 0. {s})S({s}) + O(\/Gy)

/(o) f (1

Lm

x (Bi)o({s} = {s'HS({s}) + O(/Gy)

o (Hdszm) DIo. {1

+0(y/Gy)
= (B,;)]0.8) + O(,/Gy).

1)

(E3)

Now

(B2)(Qi]0.S) + P0;0,S) - (B
(Bf) — (Bi)

)
) - OO

_ (B})(Qil0.S) + (B)|0.S) — (B;)[0.S))
<Bg> - (B)?

_(B >< > >

00,8
- ><B%<> ><1)se,->2| 0GR
= Bi[0,S) + O(/Gy).

10.5))

) =

_ (B)QiPyQ}

Thus we can clearly see that (A;C;) =
from here.

A;B;) + O(v/Gy)

2. Boundedness of C;
Let us define the orthonormal states |Bi,{s})=
-(1="Po)B;[0.{s}), (B7) = (B;)*. Then

ﬁi where f3; =
C; can we written as
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Ci= / <gdsl.m> (10.{s}){0. {s}| + Bil0. {s})(B;". {s}

+BilBi {s1){0. {s} = (B:)|Bi-. {s})(B;. {s})-
(ES)

In terms of the orthonormal basis {|0, {s},|B+){s})}, it
takes the form

(B)) B >
C;, = < ® 1+ 0(/Gy). (E6)
pi  —(Bj)
where the ® 1 stands for C;’s identity action on super-
translation sectors. The eigenvalues of C; are ++/(B?) +
O(y/Gy) and hence the norm is
ICi[* = (B}) + O(\/Gy) < 1. (E7)

APPENDIX F: PROOF OF EXISTENCE
OF C; OF SEC. IVB2

Let us split the boundary observable as C = C(©) 4 C©®)
where C©) contains P, and C contains §P (CHSH
label is suppressed). We know that the C(©) part gives the
desired correlators and is bounded in a desired way by
constructing a boundary Q; such that Q;|0,S) = B;|0,S),
which Reeh-Schlieder guarantees can always be done. We
need to show that (A jCl@) can be made arbitrarily small.
We have

BHACT) = (B2)(QlA;5P0](0.5)
N———
energy <o
- (B;)(QIA;0:6PQ]10,S).  (F1)
—_——

energy <&

Both of these terms can be interpreted as the inner product
of Q7]0,S) and a bra which contains excitations on (|
with energy less than o. The latter is a linear combination of
bras of the kind (Q|a,, a,,...a,, suchthat} . w; < &. Here
we have suppressed the [ label of the global annihilators
because they do not contribute to energy. Each of these
terms is

<Q|awl ag, ..., Qj |Q2)
= (Qlay,...a,, a,,,...a4 [a,. 0]]|Q), (F2)

where w; is any of the n different energies. So these terms
can be made arbitrarily small individually if we can

guarantee

[0, abl=0 V 0<w<é. (F3)

where = has been used to mean “arbitrarily close to.” This
condition requires that Q; in addition to satisfying

0i[0.S) = B;|0.5). (F4)

needs to be constructed in a way such that it contains
(arbitrarily) small contribution from a,; for w < o. To
make this condition more precise we inspect how smearing
of the field operator translates into smearing of creation and
annihilation operators in energy domain. Consider a smear-
ing of the kind ¢, = [ dif(t)¢p(r). We have suppressed the
position argument of both the field ¢ and the smearing
function f for simplicity. This decomposes as,

b = [ arrogto)
= /dtf(t)Aoo dw(e™a,, + eal,)

= /000 da)(f(a))ag, + f(_w)aa))

= a;;+ +ap, (F5)

where the hats represent time domain Fourier transforms,
the subscripts on mode operators denote the frequency
space smearing: a}i = [&dwf* (w)a), and f*(w)=F ().
Again, we have suppressed the sum over spherical mode
information / for the creation and annihilation operators for
brevity. Evidently, creation and annihilation operators are
weighted by the positive and negative Fourier modes of f ()
respectively.

Now we make the condition set on Q; more precise. Let
A be the algebra generated by all ¢ smearings in region C.
Also, let A 4 be the subset of A containing operators of the
kind ¢, + ¢, ¢, + ... such that 3, [2 dolf; (0)]> < 6.
In simple terms, As 4 is a subset of A in which all elements
obey (F3) up to precision 8 (this may not be the maximal
subset with this property). We shall argue for the existence
of a O, obeying both (F3) and (F4) by showing that
Aj56/0,S) is dense in the entire Hilbert space H which is
generated by field operations on |0,S) for any 6 >0
however small. Notice that the denseness of 4|0, S) in
‘H is just the statement of the Reeh-Schlieder theorem and
hence the denseness of A5 |0, S) in H is not too surprising.

To simplify things a little, we take A to be the algebra
of all operator smearings with support in some time
band [0, ¢| (as a simplified model of region C). We also
simplify the definition of 45, accordingly. Now, let us
split the full Hilbert space into particle number sectors as
H =@ H,, where the n-particle sector H, contains

0,S). We shall show that A;4|0,S) is
dense in both even and odd particle sectors by induction.

states like a, ...a",
fl fn
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Even sector: Consider the hypothesis: A 4 is dense in H,,.
By axiom, the global identity operator I exists in Az o (A is a
von Neumann algebra), and hence Aj; 4|0, S) contains |0, S).
Therefore A;4|0,S) is dense in Hy, i.e., the hypothesis is
true for n = 0. Consider a general (2n + 2) particle term
a}]__‘a}2n+2|0, S). Because we have all the f;(w) at our
dlispos‘al, by the corollary stated and proved in F 1, we can
construct a g;(¢) with support in [0, €] such that § (w) ~
fi(w) and Ji (w) =0 for 0 < w < é. This gives

Go g, by, ,10.S) mak aly ...al 10,S)

FR Faga
+ (Ha,term) + - - - + (H, term) + (H, term).  (F6)

The first term on the right-hand side is the one we need to
approximate, but other lower particle number terms show up
due to the noncommutativity of creation and annihilation
operators. If the hypothesis is true for n = 2,4, ..., 2n, then
these residual terms are also limit points of A5 4|0, S) and can
be canceled off to any precision by summoning a state from
Aj]0, S). But this means the (2n + 2) particle term is also a
limit point of 4|0, S). Hence the hypothesis is true for all
even n (including 0) and we have proved by strong induction
that Aj; |0, S) is dense in all even number particle sectors.

Odd sector: Consider a state a} 0,S) € H,. Just like in

the even case, f, (@) lets us construct g, (¢) with support in
[0,¢] such that §f(w)~fi(w) and §;(w)~0 for
0 < w < 6. Then we have

by 0,S). (F7)

~ T
0,S)~a 3
Since f 1(w) was a general smearing function, we know
As0|0,S) is dense in H; and the hypothesis is true for
n = 1. Tracing the exact same inductive steps as the above
case, we obtain that A;,[0,S) is dense for all odd n.

This concludes the proof for denseness of As4|0,S) in
‘H, and hence also the proof for the existence of a Q;
localized in region C and satisfying both (F3) and (F4).

1. Positive Fourier mode reconstruction

Lemma: Given 8, € > 0, the space of L?R functions
with support in [0,¢] is dense in L>R under the
norm defined by ||f|? = [%dw|f(w)|’, where f(w)=
JR 4L f(r)e". More explicitly, given a function f € LR,
and 8, €, w > 0, there exists a function g € L?|0, €] such that

r= /_:o da)|f(a)) — j(@)]* < w. (F8)

Proof: Let P, be the projector onto the space of
all functions supported in [0, €], and P_s be the projector

onto the space of all functions which contain no Fourier
modes in the range (—oo, —5). The quantity in question,
r=[%do|f(w)—§(w)|* is manifestly equal to - ||P_sf—
P_sg||?, where |||| is the standard L? norm. Since, we need
to show the existence of a g € P.L’R such that r can be
made arbitrarily small, it is enough to show that the
subspace P_sP.L’R is dense in P_sL’R. Let C¥(R) be
the subspace of all smooth functions with compact support
in L?R. This subspace happens to be dense in L’R. Let us
first show the denseness of P_sP.L’R in the subspace
P_sC®(R). We shall show this by contradiction.

Let P_sP.L’R not be dense in P_sC¥(R). Then there
exists a nonzero function y € P_;CX(R) such that
(. x) = [pdie*()x(t) = 0 for all ¢ € P_sP.L’R. So,

(P_sPey.x) =0 Y weL’R
= (w,P.P_sy) =0 . both projectors are Hermitian
= (. Py) =0 “Py=yx
= Py =0 . wyis arbitrary
=x(t)=0 V rel0,e. (F9)

Now, since y(¢) is a smooth function on R, identically
vanishing over the interval [0, €] means while we Taylor
expand it around some point in this interval, say 0, all the
Taylor coefficients turn out to be 0. y(¢) therefore vanishes
identically all throughout the real line. This is in contra-
diction to the hypothesis that y(z) is nonzero. Hence we
have shown that P_sP.L°R is dense in P_sC®(R). On the
other hand, P_sC®(R) is dense in P_sL°R because CX(R)
is dense in L’R. Hence, by transitivity of denseness of
topological spaces, we have shown P_sP.L’R is dense
in P_sL°R.

Corollary: Given a function f € L’R, and 8, e, w > 0,
there exists a function g € L?[0, €] such that

0 [+ ~
[;mMﬂwW4ié do|f(@) - d@)P <w. (F10)

In other words, for any function f(¢), there exists a g(7)
supported in [0, €] such that it approximates f(z) in the
positive Fourier modes with its modes in the -8, 0) range
suppressed to arbitrary precision.

Proof: Given f € L’R, construct f; € L’R by deleting
its Fourier modes in the [—6,0) range. That is

ﬂ“”:{;m

if w € [-5,0)

if ¢ [-6.0) (F11)

Now applying the above lemma to f(z) instead of f(7)
proves the existence of the desired g(7).

086002-21



CHAKRABORTY, CHAKRAVARTY, and PAUL

PHYS. REV. D 106, 086002 (2022)

[1] S.D. Mathur, The information paradox: A pedagogical
introduction, Classical Quantum Gravity 26, 224001
(2009).

[2] A. Almbheiri, D. Marolf, J. Polchinski, and J. Sully, Black
holes: Complementarity or firewalls?, J. High Energy Phys.
02 (2013) 062.

[3] A. Almbheiri, D. Marolf, J. Polchinski, D. Stanford, and J.
Sully, An apologia for firewalls, J. High Energy Phys. 09
(2013) 018.

[4] S.D. Mathur, The information paradox: conflicts and
resolutions, Pramana 79, 1059 (2012).

[5] S. Raju, A toy model of the information paradox in empty
space, SciPost Phys. 6, 073 (2019).

[6] K. Papadodimas and S. Raju, An infalling observer in AdS/
CFT, J. High Energy Phys. 10 (2013) 212.

[7] K. Papadodimas and S. Raju, State-dependent bulk-boundary
maps and black hole complementarity, Phys. Rev. D 89,
086010 (2014).

[8] K. Papadodimas and S. Raju, Remarks on the necessity and
implications of state-dependence in the black hole interior,
Phys. Rev. D 93, 084049 (2016).

[9] R. Bousso, Complementarity is not enough, Phys. Rev. D
87, 124023 (2013).

[10] L. Susskind, Computational complexity and black hole
horizons, Fortschr. Phys. 64, 24 (2016); 64, 44(A) (2016).

[11] S.D. Mathur and D. Turton, Comments on black holes I:
The possibility of complementarity, J. High Energy Phys. 01
(2014) 034.

[12] E. Verlinde and H. Verlinde, Black hole entanglement and
quantum error correction, J. High Energy Phys. 10 (2013)
107.

[13] Y. Nomura, J. Varela, and S. J. Weinberg, Complementarity
endures: No firewall for an infalling observer, J. High
Energy Phys. 03 (2013) 059.

[14] Y. Nomura, J. Varela, and S.J. Weinberg, Black holes,
information, and hilbert space for quantum gravity, Phys.
Rev. D 87, 084050 (2013).

[15] E. Verlinde and H. Verlinde, Passing through the Firewall,
arXiv:1306.0515.

[16] A. Giveon and N. Itzhaki, String theory versus black hole
complementarity, J. High Energy Phys. 12 (2012) 094.

[17] M. Van Raamsdonk, Evaporating firewalls, J. High Energy
Phys. 11 (2014) 038.

[18] J. Hutchinson and D. Stojkovic, Icezones instead of fire-
walls: Extended entanglement beyond the event horizon and
unitary evaporation of a black hole, Classical Quantum
Gravity 33, 135006 (2016).

[19] A. Karlsson, A paradox regarding monogamy of entangle-
ment, arXiv:1911.09226.

[20] A. Karlsson, Replica wormhole and island incompatibility
with monogamy of entanglement, arXiv:2007.10523.

[21] K.L.H. Bryan and A.J.M. Medved, Black holes and
information: A new take on an old paradox, Adv. High
Energy Phys. 2017, 1 (2017).

[22] Y. Nomura, Reanalyzing an evaporating black hole, Phys.
Rev. D 99, 086004 (2019).

[23] L. Susskind, The transfer of entanglement: The case for
firewalls, arXiv:1210.2098.

[24] B. Yoshida, Firewalls vs. scrambling, J. High Energy Phys.
10 (2019) 132.

[25] J. Polchinski, The black hole information problem, in
Theoretical Advanced Study Institute in Elementary Particle
Physics: New Frontiers in Fields and Strings (2016).

[26] R. Bousso and M. Tomasevi¢, Unitarity from a smooth
horizon?, Phys. Rev. D 102, 106019 (2020).

[27] P. Chen, Y. C. Ong, D. N. Page, M. Sasaki, and D.-h. Yeom,
Naked Black Hole Firewalls, Phys. Rev. Lett. 116, 161304
(2016).

[28] For a black hole with initial entropy given by S which
has evaporated to S’, the number of states in the exterior
is approximately 55, We thus pose the paradox for old
black holes when the exterior contains enough degrees of
freedom, i.e., S’ < g Later on, in line with the principle
of holography of information [29,44,45], we will argue
why we do not need to necessarily go beyond the Page
time in order to set up the paradox, as is done in the standard
case.

[29] C. Chowdhury, O. Papadoulaki, and S. Raju, A physical
protocol for observers near the boundary to obtain bulk
information in quantum gravity, SciPost Phys. 10, 106 (2021).

[30] G.’t Hooft, On the quantum structure of a black hole, Nucl.
Phys. B256, 727 (1985).

[31] L. Susskind, L. Thorlacius, and J. Uglum, The stretched
horizon and black hole complementarity, Phys. Rev. D 48,
3743 (1993).

[32] L. Susskind and L. Thorlacius, Gedanken experiments
involving black holes, Phys. Rev. D 49, 966 (1994).

[33] Y. Kiem, H.L. Verlinde, and E.P. Verlinde, Black hole
horizons and complementarity, Phys. Rev. D 52, 7053
(1995).

[34] S. Banerjee, J.-W. Bryan, K. Papadodimas, and S. Raju, A
toy model of black hole complementarity, J. High Energy
Phys. 05 (2016) 004.

[35] J.F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Proposed Experiment to Test Local Hidden-Variable
Theories, Phys. Rev. Lett. 23, 880 (1969).

[36] J. S. Bell, On the Einstein Podolsky Rosen paradox, Phys.
Phys. Fiz. 1, 195 (1964).

[37] B. Toner and F. Verstraete, Monogamy of Bell correlations
and Tsirelson’s bound, arXiv:quant-ph/0611001.

[38] V. Scarani and N. Gisin, Quantum Communication Between
N Partners and Bell’s Inequalities, Phys. Rev. Lett. 87,
117901 (2001).

[39] T. Regge and C. Teitelboim, Role of surface integrals in the
Hamiltonian formulation of general relativity, Ann. Phys.
(N.Y.) 88, 286 (1974).

[40] A. Ashtekar, Asymptotic Quantization of the Gravitational
Field, Phys. Rev. Lett. 46, 573 (1981).

[41] A. Ashtekar, Radiative degrees of freedom of the gravita-
tional field in exact general relativity, J. Math. Phys. (N.Y.)
22, 2885 (1981).

[42] A. Ashtekar, Asymptotic Quantization: Based on 1984 Naples
Lectures (Bibliopolis, Napoli, 1987), ISBN: 9788870881431,
8870881431.

[43] A. Ashtekar, M. Campiglia, and A. Laddha, Null infinity,
the BMS group and infrared issues, Gen. Relativ. Gravit. 50,
140 (2018).

[44] A. Laddha, S. G. Prabhu, S. Raju, and P. Shrivastava, The
holographic nature of null infinity, SciPost Phys. 10, 041
(2021).

086002-22


https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/JHEP09(2013)018
https://doi.org/10.1007/JHEP09(2013)018
https://doi.org/10.1007/s12043-012-0417-z
https://doi.org/10.21468/SciPostPhys.6.6.073
https://doi.org/10.1007/JHEP10(2013)212
https://doi.org/10.1103/PhysRevD.89.086010
https://doi.org/10.1103/PhysRevD.89.086010
https://doi.org/10.1103/PhysRevD.93.084049
https://doi.org/10.1103/PhysRevD.87.124023
https://doi.org/10.1103/PhysRevD.87.124023
https://doi.org/10.1002/prop.201500092
https://doi.org/10.1002/prop.201500093
https://doi.org/10.1007/JHEP01(2014)034
https://doi.org/10.1007/JHEP01(2014)034
https://doi.org/10.1007/JHEP10(2013)107
https://doi.org/10.1007/JHEP10(2013)107
https://doi.org/10.1007/JHEP03(2013)059
https://doi.org/10.1007/JHEP03(2013)059
https://doi.org/10.1103/PhysRevD.87.084050
https://doi.org/10.1103/PhysRevD.87.084050
https://arXiv.org/abs/1306.0515
https://doi.org/10.1007/JHEP12(2012)094
https://doi.org/10.1007/JHEP11(2014)038
https://doi.org/10.1007/JHEP11(2014)038
https://doi.org/10.1088/0264-9381/33/13/135006
https://doi.org/10.1088/0264-9381/33/13/135006
https://arXiv.org/abs/1911.09226
https://arXiv.org/abs/2007.10523
https://doi.org/10.1155/2017/7578462
https://doi.org/10.1155/2017/7578462
https://doi.org/10.1103/PhysRevD.99.086004
https://doi.org/10.1103/PhysRevD.99.086004
https://arXiv.org/abs/1210.2098
https://doi.org/10.1007/JHEP10(2019)132
https://doi.org/10.1007/JHEP10(2019)132
https://doi.org/10.1103/PhysRevD.102.106019
https://doi.org/10.1103/PhysRevLett.116.161304
https://doi.org/10.1103/PhysRevLett.116.161304
https://doi.org/10.21468/SciPostPhys.10.5.106
https://doi.org/10.1016/0550-3213(85)90418-3
https://doi.org/10.1016/0550-3213(85)90418-3
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.48.3743
https://doi.org/10.1103/PhysRevD.49.966
https://doi.org/10.1103/PhysRevD.52.7053
https://doi.org/10.1103/PhysRevD.52.7053
https://doi.org/10.1007/JHEP05(2016)004
https://doi.org/10.1007/JHEP05(2016)004
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://arXiv.org/abs/quant-ph/0611001
https://doi.org/10.1103/PhysRevLett.87.117901
https://doi.org/10.1103/PhysRevLett.87.117901
https://doi.org/10.1016/0003-4916(74)90404-7
https://doi.org/10.1016/0003-4916(74)90404-7
https://doi.org/10.1103/PhysRevLett.46.573
https://doi.org/10.1063/1.525169
https://doi.org/10.1063/1.525169
https://doi.org/10.1007/s10714-018-2464-3
https://doi.org/10.1007/s10714-018-2464-3
https://doi.org/10.21468/SciPostPhys.10.2.041
https://doi.org/10.21468/SciPostPhys.10.2.041

MONOGAMY PARADOX IN EMPTY FLAT SPACE

PHYS. REV. D 106, 086002 (2022)

[45] S. Raju, Lessons from the information paradox, Phys. Rep.
943, 1 (2022).

[46] J. M. Maldacena, Eternal black holes in anti-de Sitter,
J. High Energy Phys. 04 (2003) 021.

[47] J.L.F. Barbon and E. Rabinovici, Long time scales
and eternal black holes, NATO Sci. Ser. II 208, 255
(2006).

[48] T. Anous, T. Hartman, A. Rovai, and J. Sonner, Black hole
collapse in the 1/c expansion, J. High Energy Phys. 07
(2016) 123.

[49] A.L. Fitzpatrick and J. Kaplan, On the late-time behavior of
virasoro blocks and a classification of semiclassical saddles,
J. High Energy Phys. 04 (2017) 072.

[50] J. Chakravarty, Overcounting of interior excitations: A
resolution to the bags of gold paradox in AdS, J. High
Energy Phys. 02 (2021) 027.

[51] J. Chakravarty, Small corrections to semiclassical gravity
and their role in information paradoxes, arXiv:2105.09924.

[52] K. Langhoff and Y. Nomura, Ensemble from coarse grain-
ing: Reconstructing the interior of an evaporating black
hole, Phys. Rev. D 102, 086021 (2020).

[53] G. Penington, S.H. Shenker, D. Stanford, and Z. Yang,
Replica wormholes and the black hole interior, J. High
Energy Phys. 03 (2022) 205.

[54] D. Campo and R. Parentani, Inflationary spectra and
violations of Bell inequalities, Phys. Rev. D 74, 025001
(2006).

[55] S. Summers and R. Werner, Bell’s inequalities and quantum
field theory. I. General setting, J. Math. Phys. (N.Y.) 28,
2440 (1987).

[56] K. Banaszek and K. Wodkiewicz, Nonlocality of the
Einstein-Podolsky-Rosen state in the wigner representation,
Phys. Rev. A 58, 4345 (1998).

[57] H. Bondi, Gravitational waves in general relativity, Nature
(London) 186, 535 (1960).

[58] H. Bondi, M. G.J. van der Burg, and A. W.K. Metzner,
Gravitational waves in general relativity. 7. Waves from
axisymmetric isolated systems, Proc. R. Soc. A 269, 21
(1962).

[59] R. Sachs, Asymptotic symmetries in gravitational theory,
Phys. Rev. 128, 2851 (1962).

[60] R. K. Sachs, Gravitational waves in general relativity. 8.
Waves in asymptotically flat space-times, Proc. R. Soc. A
270, 103 (1962).

[61] A. Strominger, Lectures on the infrared structure of gravity
and gauge theory, arXiv:1703.05448.

[62] G. Compere and A. Fiorucci, Advanced lectures on general
relativity, arXiv:1801.07064.

[63] To see why smearing over energy kets is convenient, note
that in QFT without the inclusion of gravity, the vacuum is
normalizable but the excited states are not. In order to work
with states satisfying nice properties, we smear over energy
kets there as well. Also note that the Fock space in both
cases, i.e., QFT with or without gravity is separable.

[64] R.F. Streater and A. S. Wightman, PCT, Spin and Statistics,
and All That (Princeton University Press, 2001), 10.1515/
9781400884230.

[65] R. Haag, Local Quantum Physics: Fields, Particles, Alge-
bras (Springer Berlin, Heidelberg, 1992), 10.1007/978-3-
642-61458-3.

[66] J.C. Baez, I.E. Segal, and Z. Zhou, Introduction to
Algebraic and Constructive Quantum Field Theory (Prince-
ton University Press, Princeton, NJ, 2014).

[67] A. JAFFE, Constructive Quantum Field Theory (World
Scientific Publishing, 2000) pp. 111-127, 10.1142/
9781848160224 _0007.

[68] A. Ashtekar and A. Magnon-Ashtekar, Energy-Momentum
in General Relativity, Phys. Rev. Lett. 43, 181 (1979).

[69] R. L. Arnowitt, S. Deser, and C. W. Misner, The dynamics
of general relativity, Gen. Relativ. Gravit. 40, 1997 (2008).

[70] Throughout this work, we will use the basis ({s}) to denote
the supertranslation elements within projectors rather than
the basis of smeared supertranslations (S) to do so. The
smeared basis is utilized while labelling the vacuum state
denoting our system.

[71] H. Reeh and S. Schlieder, Bemerkungen zur unitédrdquiva-
lenz von lorentzinvarianten feldern, Nuovo Cimento 22,
1051 (1961).

[72] E. Witten, APS medal for exceptional achievement in
research: Invited article on entanglement properties of
quantum field theory, Rev. Mod. Phys. 90, 045003 (2018).

[73] We make use of

/ X g () Ky () = Z (i) 260 — o)
0 X 2

©  dw / 7£x -
A |F(iw)\2Kiw(x)K;w(x)_2 ( )

[74] In general, for modes related by Bogoliubov transforma-
tions

ij

with ¢;|Q) = 0 and b;|X) = 0, the vacua |Q) and |X) are

related by:
Ui
where the matrix Cj; is given by
Cnj = —Zﬁfnﬂ’ij with Zaji}’fk = Oi (F14)

where 6;; denotes the Kronecker delta function.

[75] Note that in AdS, the AdS radius sets a natural length scale
restricting & once and for all, which is not the case here since
the cosmological constant is zero.

[76] D. Kapec, V. Lysov, S. Pasterski, and A. Strominger,
Higher-dimensional supertranslations and Weinberg’s soft
graviton theorem, Ann. Math. Sci. Appl. 2, 69 (2017).

[77] S. Hollands, A. Ishibashi, and R. M. Wald, BMS super-
translations and memory in four and higher dimensions,
Classical Quantum Gravity 34, 155005 (2017).

[78] A. Aggarwal, Supertranslations in higher dimensions re-
visited, Phys. Rev. D 99, 026015 (2019).

[79] M. Campiglia and L. Coito, Asymptotic charges from
soft scalars in even dimensions, Phys. Rev. D 97, 066009
(2018).

086002-23


https://doi.org/10.1016/j.physrep.2021.10.001
https://doi.org/10.1016/j.physrep.2021.10.001
https://doi.org/10.1088/1126-6708/2003/04/021
https://doi.org/10.1007/JHEP07(2016)123
https://doi.org/10.1007/JHEP07(2016)123
https://doi.org/10.1007/JHEP04(2017)072
https://doi.org/10.1007/JHEP02(2021)027
https://doi.org/10.1007/JHEP02(2021)027
https://arXiv.org/abs/2105.09924
https://doi.org/10.1103/PhysRevD.102.086021
https://doi.org/10.1007/JHEP03(2022)205
https://doi.org/10.1007/JHEP03(2022)205
https://doi.org/10.1103/PhysRevD.74.025001
https://doi.org/10.1103/PhysRevD.74.025001
https://doi.org/10.1063/1.527733
https://doi.org/10.1063/1.527733
https://doi.org/10.1103/PhysRevA.58.4345
https://doi.org/10.1038/186535a0
https://doi.org/10.1038/186535a0
https://doi.org/10.1103/PhysRev.128.2851
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1098/rspa.1962.0206
https://arXiv.org/abs/1703.05448
https://arXiv.org/abs/1801.07064
https://doi.org/10.1515/9781400884230
https://doi.org/10.1515/9781400884230
https://doi.org/10.1007/978-3-642-61458-3
https://doi.org/10.1007/978-3-642-61458-3
https://doi.org/10.1142/9781848160224_0007
https://doi.org/10.1142/9781848160224_0007
https://doi.org/10.1103/PhysRevLett.43.181
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/BF02787889
https://doi.org/10.1007/BF02787889
https://doi.org/10.1103/RevModPhys.90.045003
https://doi.org/10.4310/AMSA.2017.v2.n1.a2
https://doi.org/10.1088/1361-6382/aa777a
https://doi.org/10.1103/PhysRevD.99.026015
https://doi.org/10.1103/PhysRevD.97.066009
https://doi.org/10.1103/PhysRevD.97.066009

CHAKRABORTY, CHAKRAVARTY, and PAUL

PHYS. REV. D 106, 086002 (2022)

[80] T. He and P. Mitra, Asymptotic symmetries in (d + 2)-
dimensional gauge theories, J. High Energy Phys. 10 (2019)
277.

[81] M. Campiglia and A. Laddha, Sub-subleading soft grav-
itons: New symmetries of quantum gravity?, Phys. Lett. B
764, 218 (2017).

[82] B. Sahoo and A. Sen, Classical and quantum results on
logarithmic terms in the soft theorem in four dimensions,
J. High Energy Phys. 02 (2019) 086.

[83] We thank Simon Caron-Huot for pointing out this issue.

[84] In a certain sense, this is a generalization of the Gauss law in
Newtonian gravity, where the effect of any massive insertion
at a point within a spacelike separated Gaussian surface is
necessarily manifested on the surface.

[85] This argument is also tied to why we cannot write diffeo-
morphism invariant local observables in gravity.

[86] In fact, such nonlocal effects are a generic feature of
quantum gravity, and manifestly reveal them under extreme
situations [87].

[87]1 S. Ghosh and S. Raju, Loss of locality in gravitational
correlators with a large number of insertions, Phys. Rev. D
96, 066033 (2017).

[88] T. Suzuki, S. Tameike, and E. Yamada, Some remarks
on null-plane quantization, Prog. Theor. Phys. 55, 922
(1976).

[89] L. S. Brown, Quantum Field Theory (Cambridge University
Press, Cambridge, England, 1992).

086002-24


https://doi.org/10.1007/JHEP10(2019)277
https://doi.org/10.1007/JHEP10(2019)277
https://doi.org/10.1016/j.physletb.2016.11.046
https://doi.org/10.1016/j.physletb.2016.11.046
https://doi.org/10.1007/JHEP02(2019)086
https://doi.org/10.1103/PhysRevD.96.066033
https://doi.org/10.1103/PhysRevD.96.066033
https://doi.org/10.1143/PTP.55.922
https://doi.org/10.1143/PTP.55.922

