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Light-front gauge is the most popular one to work with fundamental interactions, due to its characteristic
maximum kinematical Poincare operators that it allows. However, it is also known to be one of the trickiest
gauges one can work with for gauge theories, due to its singular nature. So, in terms of perturbative
calculations in the light-front, there are only a few published and tabulated results for the pertinent
Feynman integrals, mostly involving massless integrals. And the majority of the results given are only for
the divergent parts of them and the complete closed form (or with the finite parts) of these are not known. In
this paper, we use the technique of negative dimensional integration for the simplest of the one-loop
massive integrals as a working bench for massive Feynman integrals in the light front and show that novel
results for the finite parts not known before are obtained.

DOI: 10.1103/PhysRevD.106.085007

I. INTRODUCTION

Our present understanding of elementary particles and
their interactions is based on the principles built from
quantum field theory. More specifically, gauge fields within
the field theoretical construct in which gauge fields are a
class of quantum fields where there exists a group of
transformations of the field variables under which the basic
physical properties remain unchanged, e.g., invariance of
action leading to field equations remaining the same. Those
field variable transformations are called gauge transforma-
tions and the principle of gauge invariance is foundational to
our current understanding of particles and their interactions.
A related but very often misunderstood concept is the
question of gauge independent quantities. This has to do
with the fact that relevant physical quantities of interest in
any phenomenon must be gauge independent, i.e., whatever
the gauge choice we make use of, the resulting measurable
quantity must be independent of the choice made. In other
words, calculations of physical quantities performed in any
gauge must give the same result.

Gauge invariance entails the necessity of gauge fixing
procedures, allowing several different types of gauge
choices to do the fixing. Among many, the physical
light-cone gauge is the one that is defined through an
external, constant, lightlike four-vector nμ, n2 ¼ 0, but it is
now well understood that this single vector is not sufficient
to span the whole four-dimensional space-time [1]. In other
words, it means that the gauge freedom is not totally
removed. Residual gauge freedom remains to be removed
by the introduction of the dual four-vector n�μ, n�2 ¼ 0.
This can done by hand using the ad hoc Mandelstam-
Leibbrandt (ML) prescription [2,3] in the calculations,
whereas in the negative dimensional integration method
(NDIM) [4] approach we use here, this is done naturally as a
consequence of the general structure of the light-cone
integral, defined over four-dimensional Minkowski space-
time. The use of ML prescription can be seen in a variety of
light cone papers published in the literature, attesting that it
suits and works for handling perturbative Feynman integral
calculations [5]. Pertinent integrals in the light cone are
evaluated and their pole parts are even tabulated in various
places, but conspicuously, they are limited to massless
integrals and only very few massive ones [6,7].
The negative-dimensional integration approach does not

require the use of any prescriptions [8] and provides
physically acceptable results, i.e., causality preserving ones.
The calculation we will present here is the very first test for
massive light cone integrals at the one-loop order without
invoking the ML prescription. The NDIM technique dem-
onstrates that integration over components and partial
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fractioning tricks can be completely avoided, as well as
parametric integrals. The important point to note is that the
dual lightlike four-vector n� is necessary in order to span the
whole four-dimensional space, when defining the gauge
proper. In the course of calculations, integrals are dimen-
sionally regularized into a D-dimensional space-time. Now
we apply such technique to the simplest massive one-loop
integral. The reason for this is twofold: first, the massless
one-loop tadpole type integral in the light cone is known to
be relevant for the perturbative calculations [9], contrary to
what we have in the covariant case, where integrals of this
type can be consistently set to zero. Also, the result for the
tadpole integral in the light cone we know in literature is
restricted to the divergent part only; it is not calculated
explicitly, with its finite parts. In other words, only the pole
structure of it is known, showing that it does not contain any
pathological features. Second, because in the NDIM
approach we use, a whole class of integrals is calculated
simultaneously, the integral (7) being just a particular case
of ours, and the results show a set of equivalent results at the
same time, the other result in the set not known previously.
The study of relativistic dynamics was pioneered by

Dirac [10], who considered three possibilities for such a
description, among which the front form is a well-defined
alternative for describing relativistic fields, characterized
by the time evolution along the plane xþ ¼ 0. The variables
xþ ¼ ðx0 þ x3Þ= ffiffiffi

2
p

and x− ¼ ðx0 − x3Þ= ffiffiffi
2

p
are tradition-

ally understood as the light-front “time” and longitudinal
space variables, respectively; the transverse components
remaining as in the usual Minkowski space-time,
x⊥ ¼ ðx; yÞ≡ ðx1; x2Þ. Their conjugate momenta are also
similarly defined as kþ¼ðk0þk3Þ= ffiffiffi

2
p

, k−¼ðk0−k3Þ= ffiffiffi
2

p
,

and k⊥ ¼ ðk1; k2Þ, being understood as the longitudinal
momentum, light-front “energy” and transverse momen-
tum, respectively.
For a massive particle, the on-shell condition k2 ¼ m2

leads to

k− ¼ k2⊥ þm2

2kþ
: ð1Þ

The dispersion relation in Eq. (1) is quite remarkable for
the following reasons: (1) Even though it is a relativistic
energy-momentum relation, it is a linear relation, contrary
to the usual quadratic one. (2) The dependence of the light-
front “energy” k− with respect to the transverse momentum
k⊥ is just like the nonrelativistic relation. (3) There is a sign
correlation between the longitudinal momentum kþ and the
energy k−; for kþ positive (negative), k− is also positive
(negative). (4) The dependence of the energy k− on the
momentum components k⊥ and kþ is multiplicative and
large energy can result from large k⊥ and/or small kþ. All
of these simple observations have dramatic consequences
into the relativistic physical aspects of particle dynamics.
Our notation and conventions for light-front coordinates

are as follows:

�
xþ

x−

�
¼ 1ffiffiffi

2
p

�
1 1

1 −1

��
x0

x3

�
; ð2Þ

and therefore

�
x0

x3

�
¼ 1ffiffiffi

2
p

�
1 1

1 −1

��
xþ

x−

�
: ð3Þ

We have therefore the Minkowski space-time metric
gμν ¼ ðþ;−; 1; 2Þ given by

gμν ¼

2
6664
0 1 0 0

1 0 0 0

0 0 −1 0

0 0 0 −1

3
7775 ¼ gμν: ð4Þ

This means that the covariant and contravariant indices
of a given vector are related by

aþ ¼ a−; aþ ¼ a−

aj ¼ −aj; ðj ¼ 1; 2Þ: ð5Þ

Then, the scalar product of any two vectors becomes

aμbμ ¼ aþbþ þ a−b− þ a⊥ · b⊥;
¼ a−bþ þ aþb− − a⊥ · b⊥; ð6Þ

where we use the convenient shorthand a⊥ ¼ ða1; a2Þ
and a⊥ ¼ ð−a1;−a2Þ.
Using these conventions, our light cone defining external

vector nμ ¼ ð1; 0; 0; 1Þ= ffiffiffi
2

p
is now written as nμ ¼

ðnþ; n−; n1; n2Þ ¼ ð1; 0; 0; 0Þ while nμ¼ðnþ;n−;n1;n2Þ¼
ð0;1;0;0Þ.
Since the defining lightlike external vector is arbitrary,

we may equally choose the corresponding dual vector
n�μ ¼ ðn�0; n�1; n�2; n�3Þ ¼ ð1; 0; 0;−1Þ= ffiffiffi

2
p

, or equivalently,
n�μ ¼ ðn�þ; n�−; n�1; n�2Þ ¼ ð0; 1; 0; 0Þ. In such a choice of
vectors, we have n2 ¼ n�2 ¼ 0 and n · n� ¼ 1.

II. MASSIVE ONE-LOOP LIGHT CONE FEYNMAN
INTEGRAL

Let us consider the simplest basic one-loop light cone
integral with massive propagator, in a generic D-dimen-
sional space-time [omitting the usual ð2πÞD factor in the
denominator of the integrand for convenience]:

TDðp;m2Þ ¼
Z

dDk
½ðk − pÞ2 −m2 þ iε�k · n ;

¼
Z

dDk
½ðk − pÞ2 −m2 þ iε�kþ : ð7Þ
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Strictly speaking, we should have written
TDðp;m2; n; n�Þ, however, considering that pμ can be
expressed as pμ ¼ ðpþ;p1;p2;p−Þ≡ ðp ·n;p1;p2;p ·n�Þ,
we drop the explicit dependence on n and n�. The
divergent part of (7) has been known for a long time
and can be seen, for example, in the Appendices of
Bassetto’s and Leibbrandt’s books [6,7], with the use of
ML prescription, it reads

TDðp;m2Þ ¼ 2p · n�

n · n�
Idiv þ F;

¼ 2p−Idiv þ F; using p · n� ≡ p−

and n · n� ¼ 1: ð8Þ
In the above equation, F is the finite part, for which no
specific value is given, and Idiv is the divergent part of the
following integral, which is dependent on the dimension-
ality D of the space-time:

Idiv ≡ divergent part of
Z

dDk
ðk2 þ iεÞ½ðk − pÞ2 þ iε� ;

¼
( π2

2−D=2 ; Euclidean space:

iπ2
2−D=2 ; Minkowski space:

ð9Þ

Note that in (8) we have the emergence of the dual vector
n� in the result. It can be seen that as D → 4 this term Idiv
clearly diverges.
We are going to evaluate an integral which is more

general than (7), where the denominator factors are raised
to generic powers, using the technique of negative dimen-
sional integration, without the need of any prescription to
handle the ðk · nÞ−j ≡ ðkþÞ−j pole, j ⊂ N.

A. The NDIM technique in Euclidean space

For the purposes of applying the NDIM technique, we
first introduce the general structure of the light cone integral
to be evaluated, namely,

T 0
Dðp;m2; i; j; lÞ ¼

Z
dDk

½ðk − pÞ2 −m2 þ iε�i
ðk · n�Þl
ðk · nÞj :

ð10Þ
Then, our original massive light cone integral (7) is a

particular case of our general structure integral
T 0
Dðp;m2; i; j; lÞ for the specific values of exponents

ði; j; lÞ ¼ ð1; 1; 0Þ.
To implement the NDIM technique for the sought

integral, let us introduce the generating functional
Gaussian integral that is pertinent to our calculation:

GDðp;m2Þ ¼
Z

dDke−α½ðk−pÞ2−m2�−βk·n−γk·n� ; ð11Þ

¼ eαðm2−p2Þ
Z

dDke−αðk2−2k·pþ
β
αk·nþγ

αk·n
�Þ: ð12Þ

Completing the square in the argument of the exponen-
tial in the integrand, we can evaluate it, resulting in

GDðp;m2Þ ¼ πD=2

αD=2 e
αm2−βp·n−γp·n�þβγ

2αn·n
�
: ð13Þ

Next, we are going to expand the exponential function in
the result above in power series to get

GDðp;m2Þ ¼ πD=2
X∞

a;b;c;d¼0

ð−1Þbþcαa−d−D=2βbþdγcþd

×
ðm2Þa
a!

ðp · nÞb
b!

ðp · n�Þc
c!

ðn · n�Þd
2dd!

: ð14Þ

On the other hand, expanding in power series the original
Gaussian integral (11), we have

GDðp;m2Þ ¼
Z

dDke−α½ðk−pÞ2−m2�−βk·n−γk·n� ;

¼
X∞
i;j;l¼0

ð−1Þiþjþl α
iβjγl

i!j!l!

Z
dDk½ðk − pÞ2 −m2�i

× ðk · nÞjðk · n�Þl;

≡ X∞
i;j;l¼0

ð−1Þiþjþl α
iβjγl

i!j!l!
IsNDIMði; j; lÞ; ð15Þ

where we have introduced the negative dimensional inte-
gral definition

IsNDIMði; j; lÞ ¼
Z

dDk½ðk − pÞ2 −m2�iðk · nÞjðk · n�Þl:

ð16Þ
The upper index “s” labels the kind of function depend-

ence that the NDIM solution allows. Comparing (16) with
(10) we observe that the general structure light cone
integral in (10) is reproduced by (16) when i → −i;
j → −j; l → l. This means that we need to make an analytic

continuation for the pertinent indices ði; jÞ!ACð−i;−jÞ to
allow for negative values of exponents i and j, while l
remains unchanged in (16). After this analytic continuation
process, we then have the final result for the integral in
(10) as

T 0
Dðp;m2; i; j; lÞ ¼

X
s

IsðACÞNDIMði; j; lÞ: ð17Þ

Next, we see that both (14) and (15) are expressed in
terms of series expansion in α, β, and γ. For these two series
to be equal requires that term by term they must be equal.
However, in the former we have four summation indices
and in the latter only three summation indices. Identity
between the two equations (14) and (15) requires that
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i ¼ a − d −D=2;

j ¼ bþ d;

l ¼ cþ d: ð18Þ

We want to solve the set ða; b; c; dÞ in terms of the
ði; j; lÞ set. Since there is one summation index more than
the number of equalities, we can only solve the system of
three equations with four unknowns in terms of one of the

unknowns. Because in this case we have four unknowns,
there are four possible resolutions for the system. These
will be expressed in terms of a single sum whose index is
one of the unknowns. Also, these resolutions will define
the category of functional dependence “s” to which a given
resolution will lead into. So let us detail this procedure in
the following.
Solutions in a and d indices lead, respectively, to the

following resolutions for the system:

I½1�s¼z
NDIMði; j; lÞ ¼ ð−πÞD=2i!j!l!

�
−
m2

z

�
iþD=2

ðp · nÞjðp · n�Þl ×
X∞
a¼0

1

ðiþ jþD=2− aÞ!ðiþ lþD=2− aÞ!ð−i−D=2þ aÞ!
za

a!
;

ð19Þ

and

I½2�s¼z
NDIMði; j; lÞ ¼ ð−πÞD=2i!j!l!ð−m2ÞiþD=2ðp · nÞjðp · n�Þl

×
X∞
d¼0

1

ðiþD=2þ dÞ!ðj − dÞ!ðl − dÞ!
zd

d!
;

ð20Þ

where the variable z is given by the following mass-
momentum ratio:

z≡ m2n · n�

2p · np · n�
¼ m2

2pþp− : ð21Þ

Solutions in b and c indices lead, respectively, to the
following resolutions for the system:

I½3�s¼w
NDIM ði;j; lÞ

¼ ð−πÞD=2i!j!l!ð−m2ÞiþjþD=2

�
−

n ·n�

2p ·n�

�
j
ðp ·n�Þl

×
X∞
b¼0

1

ðiþ jþD=2−bÞ!ð−jþ lþbÞ!ðj−bÞ!
wb

b!
; ð22Þ

and

I½4�s¼w
NDIM ði;j;lÞ

¼ð−πÞD=2i!j!l!ð−m2ÞiþlþD=2ðp ·nÞj
�
−
n ·n�

2p ·n

�
l

×
X∞
c¼0

1

ðiþ lþD=2−cÞ!ðj− lþcÞ!ðl−cÞ!
wc

c!
; ð23Þ

where the variable w is given by the following mass-
momentum ratio:

w≡ 1

z
¼ 2p · np · n�

m2n · n�
¼ 2pþp−

m2
: ð24Þ

We now use the Euler’s gamma function representation
for the factorials and introduce the Pochhammer’s symbol
notation:

i! ¼ Γð1þ iÞ; ð25Þ

Γði − aÞ ¼ Γði − aÞ
ΓðiÞ ΓðiÞ≡ ðiÞ−aΓðiÞ; ð26Þ

where in the last line we have defined the Pochhammer’s
symbol notation for the ratio of gamma functions:

ðxÞy ≡ Γðxþ yÞ
ΓðxÞ : ð27Þ

Within the summation sign, we will encounter
Pochhammer’s symbol with negative values for the sum-
mation index, so we need to rewrite them using the well-
known analytic continuation property from negative to
positive values. For example,

ð1þ nÞ−a ¼
ð−1Þa

ð1 − ð1þ nÞÞa
¼ ð−1Þa

ð−nÞa
: ð28Þ

Then, our resolutions can be written as

I½1�s¼z
NDIMði;j;lÞ¼ð−πÞD=2

�
−
m2

z

�
iþD=2 ðp ·nÞjðp ·n�Þl

ð1þ iÞ−2i−D=2ð1þjÞiþD=2ð1þ lÞiþD=2
×
X∞
a¼0

ð−i−j−D=2Það−i− l−D=2Þa
ð1− i−D=2Þa

za

a!
; ð29Þ
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I½2�s¼z
NDIMði; j; lÞ ¼ð−πÞD=2ð−m2ÞiþD=2ðp · nÞjðp · n�Þl 1

ð1þ iÞD=2
×
X∞
d¼0

ð−jÞdð−lÞd
ð1þ iþD=2Þd

zd

d!
: ð30Þ

The single left over sums are the well-known hypergeometric functions of one variable, so we have

I½1�s¼z
NDIMði; j; lÞ ¼ ð−πÞD=2

�
−
m2

z

�
iþD=2 ðp · nÞjðp · n�Þl

ð1þ iÞ−2i−D=2ð1þ jÞiþD=2ð1þ lÞiþD=2

× 2F1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ; ð31Þ

I½2�s¼z
NDIMði; j; lÞ ¼ð−πÞD=2ð−m2ÞiþD=2ðp · nÞjðp · n�Þl 1

ð1þ iÞD=2
× 2F1ð−j;−l; 1þ iþD=2jzÞ; ð32Þ

The final step is to analytic continue the coefficient Pochhammer’s symbols allowing for negative values of i and j, using
(28) so that the solution for the integral in the z parameter is

T 0
DðzÞ ¼

X
s

Is¼zðACÞ
NDIM ði; j; lÞ;

¼ πD=2ð−m2ÞiþD=2ðp · nÞjðp · n�ÞlfF 1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ
þ F 2ð−j;−l; 1þ iþD=2jzÞg; ð33Þ

in which we have introduced the following definitions:

F 1ð� � � jzÞ≡ ΓðiþD=2ÞΓð−i − j −D=2ÞΓð1þ lÞ
Γð−iÞΓð−jÞΓð1þ iþ lþD=2Þ × ð−zÞ−i−D=2

2F1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ; ð34Þ

F 2ð� � � jzÞ≡ Γð−i −D=2Þ
Γð−iÞ 2F1ð−j;−l; 1þ iþD=2jzÞ: ð35Þ

Similarly, we obtain for the other set of resolutions,

T 0
DðwÞ ¼

X
s

Is¼wðACÞ
NDIM ði; j; lÞ;

¼ πD=2ð−m2ÞiþD=2ðp · nÞjðp · n�ÞlfF 3ð−j;−i − j −D=2; 1 − jþ ljwÞ
þ F 4ð−l;−i − l −D=2; 1þ j − ljwÞg; ð36Þ

with

F 3ð� � � jwÞ≡ Γð−i − j −D=2ÞΓð1þ lÞ
Γð−iÞΓð1 − jþ lÞ ð−wÞ−j2F1ð−j;−i − j −D=2; 1 − jþ ljwÞ; ð37Þ

F 4ð� � � jwÞ≡ Γð−i − l −D=2ÞΓð−jþ lÞ
Γð−iÞΓð−jÞ ðwÞ−l2F1ð−l;−i − l −D=2; 1þ j − ljwÞ: ð38Þ

So far then, we have two possible sets as candidates to be solutions for our integral (10) using the NDIM technique,
one with momentum configuration z and the other one, w. However, in the second set of solutions, (36), the two Gauss
hypergeometric functions in (37) and (38) are not linearly independent of each other, since the third parameter, 1 − jþ l
(or equivalently, 1þ j − l), is an integer number for j, l integers [11]. This linear dependency can be lifted by using the
following Gauss’s hypergeometric function relation [11]

SCALAR AND VECTOR ONE-LOOP MASSIVE TADPOLE LIGHT- … PHYS. REV. D 106, 085007 (2022)

085007-5



2F1ða; b; cjxÞ ¼
ΓðcÞΓðb − aÞ
ΓðbÞΓðc − aÞ ð−xÞ

−a
2F1ða; aþ 1 − c; aþ 1 − bjx−1Þ

þ ΓðcÞΓða − bÞ
ΓðaÞΓðc − bÞ ð−xÞ

−b
2F1ðb; bþ 1 − c; bþ 1 − ajx−1Þ:

ð39Þ
Using (39) in the hypergeometric function of (37) we get

2F1ð−j;−i − j −D=2; 1 − jþ ljwÞ ¼ ð1þ lÞ−j
ð−i −D=2Þ−j

ð−wÞj2F1ð−j;−l; 1þ iþD=2jzÞ

þ ð−jÞ1þl

ðiþD=2Þ1þl
ð−wÞiþjþD=2

2F1ðα; β; γjzÞ; ð40Þ

where 2F1ðα; β; γjzÞ≡ 2F1ð−i − j −D=2;−i − l −D=2;
1 − i −D=2jzÞ in the last term in (40). Substituting (40)
in the first term of (36), we obtain exactly (33). This means
that the second term appearing in (36), proportional to
F 4ð−l;−i − l −D=2; 1þ j − ljwÞ is superfluous, since, as
mentioned before, does not constitute a linearly independent
solution in relation to F 3ð−j;−i − j −D=2; 1 − jþ ljwÞ.
We may ask whether the second term (38) in (36) can be

considered the solution in the variable w while the first term
(37) there be considered superfluous. The answer is yes,
indeed, since as we mentioned before, the two terms in (36)
are not linearly independent from each other. We can show
that using the same identity (39) in the hypergeometric
function (38) leads exactly to the same solution in the variable
z given in (33), although the algebra of Pochhammer’s
symbols in this case becomes more involved in proving this.
Therefore, with the NDIM technique applied for the

massive Feynman integral (10) with general powers for the
propagators, we have two possible, distinct, sets of sol-
utions for our integral (10), namely,

T 0
DðzÞ
¼Cðp;m2ÞfF 1ð−i− j−D=2;−i− l−D=2;1− i−D=2jzÞ
þF 2ð−j;−l;1þ iþD=2jzÞg; ð41Þ

and

T 0
DðwÞ ¼ Cðp;m2ÞfF 3ð−j;−i − j −D=2; 1 − jþ ljwÞ;

ð42Þ

where we have defined Cðp;m2Þ≡ πD=2ð−m2ÞiþD=2

×ðp · nÞjðp · n�Þl. These two sets of answers were not
known previously in such a closed form. In the Appendices,
we present a detailed calculation showing that for the
special case of these results with particular values of the
exponents, namely, i ¼ j ¼ −1 and l ¼ 0. In this particular
case, Eq. (10) becomes just the integral in (7), and we show
its concordance with result (8).

B. The NDIM technique with tensorial structure in
Euclidean space

Next, let us consider the simplest basic one-loop light
cone integral with massive propagator and with tensorial
structure in the numerator, in a generic D-dimensional
space-time [omitting the usual ð2πÞD factor in the denom-
inator of the integrand for convenience]:

Tμ
Dðp;m2Þ ¼

Z
dDkkμ

½ðk − pÞ2 −m2 þ iε�k · n ;

¼
Z

dDkkμ

½ðk − pÞ2 −m2 þ iε�kþ : ð43Þ

As before, we introduce the general structure (for
convenience we introduce a factor of 2 in both numerator
2k · n� and denominator 2k · n)

T 0μ
Dðp;m2; i; j; lÞ ¼

Z
dDkkμ

½ðk − pÞ2 −m2 þ iε�i
ð2k · n�Þl
ð2k · nÞj ;

ð44Þ

with its corresponding generating functional Gaussian
integral

Gμ
Dðp;m2Þ ¼

Z
dDkkμe−α½ðk−pÞ2−m2�−2βk·n−2γk·n� : ð45Þ

The above can be rewritten using the identity

kμe2αk·p ≡ 1

2α

∂

∂pμ
e2αk·p; ð46Þ

yielding
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Gμ
Dðp;m2Þ¼eαðm2−p2Þ

Z
dDkkμe

−α
�
k2−2k·pþ2β

α k·nþ2γ
αk·n

�
�
;

¼eαðm2−p2Þ
�
1

2α

∂

∂pμ

�Z
dDke

−α
�
k2−2k·pþ2β

α k·nþ2γ
αk·n

�
�
: ð47Þ

Performing the Gaussian momentum integration, we get

Gμ
Dðp;m2Þ ¼ πD=2

	
1

αD
pμ −

β

αDþ1
nμ −

γ

αDþ1
n�μ



eαm

2−2βp·n−2γp·n�þ2βγ
α n·n� : ð48Þ

Applying the partial differential operator on the result and expanding the exponential function in series, we get

Gμ
Dðp;m2Þ ¼ πD=2

	
1

αD
pμ −

β

αDþ1
nμ −

γ

αDþ1
n�μ



×

X∞
a;b;c;d¼0

ð−1Þbþcαa−dβbþdγcþd ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

:

ð49Þ

Different from the previous example of the scalar tadpole integral, now we have a splitting into three relevant terms,

Gμ
Dðp;m2Þ ¼ πD=2fpμGDðpÞ − nμGDðnÞ − n�μGDðn�Þg; ð50Þ

with

GDðpÞ ¼
X∞

a;b;c;d¼0

ð−1Þbþcαa−d−D=2βbþdγcþd ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

; ð51Þ

GDðnÞ ¼
X∞

a;b;c;d¼0

ð−1Þbþcαa−d−D=2−1βbþdþ1γcþd ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

; ð52Þ

GDðn�Þ ¼
X∞

a;b;c;d¼0

ð−1Þbþcαa−d−D=2−1βbþdγcþdþ1
ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

: ð53Þ

The original Gaussian integral (45) on the other hand has the following series expansion

Gμ
Dðp;m2Þ ¼

X∞
i;j;l¼0

ð−1Þiþjþl α
iβjγl

i!j!l!

Z
dDkkμ½ðk − pÞ2 −m2�ið2k · nÞjð2k · n�Þl: ð54Þ

Defining

IμNDIMði; j; lÞ ¼
Z

dDkkμ½ðk−pÞ2 −m2�ið2k · nÞjð2k · n�Þl; ð55Þ

we have, equating the series,

IμNDIMði; j; lÞ ¼ πD=2fpμINDIMðpÞ − nμINDIMðnÞ − n�μINDIMðn�Þg; ð56Þ

where

INDIMðpÞ ¼ ð−1Þ−i−j−li!j!l!
X0ð−1Þbþcαa−d−D=2βbþdγcþd ×

ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

; ð57Þ
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INDIMðnÞ¼ð−1Þ−i−j−li!j!l!
X00ð−1Þbþcαa−d−D=2−1βbþdþ1γcþd×

ðm2Þa
a!

ð2p ·nÞb
b!

ð2p ·n�Þc
c!

ð2n ·n�Þd
d!

; ð58Þ

INDIMðn�Þ ¼ð−1Þ−i−j−li!j!l!
X000ð−1Þbþcαa−d−D=2−1βbþdγcþdþ1 ×

ðm2Þa
a!

ð2p · nÞb
b!

ð2p · n�Þc
c!

ð2n · n�Þd
d!

; ð59Þ

with
P0

,
P00, and

P000 indicating constrained sum indices
as follows:

P0 P00 P000

i ¼ a − d −D=2 i ¼ a − d −D=2 − 1 i ¼ a − d −D=2 − 1
j ¼ bþ d j ¼ bþ dþ 1 j ¼ bþ d
l ¼ cþ d l ¼ cþ d l ¼ cþ dþ 1

As before, since we have more indices in the set
fa; b; c; dg than in the set fi; j; lg, it follows that one index
in the former set remains free, which leaves a summation
over the values of that index. So, we have for each of the
integrals fINDIMðpÞ; INDIMðnÞ; INDIMðn�Þg a set of solutions
pertaining to four summations left, namely,

P
a,

P
b,

P
c,

and
P

d. Each of these should be analytically continued to
positive dimension and then we analyze the solutions.
First, for the INDIMðpÞ we have, after being analytically

continued to positive dimensions,

I0aDðpÞ
¼ CaðpÞ2F1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ;

ð60Þ

I0bDðpÞ ¼ CbðpÞ2F1ð−j;−i − j −D=2; 1 − jþ ljwÞ; ð61Þ

I0cDðpÞ ¼ CcðpÞ2F1ð−l;−i − l −D=2; 1þ j − ljwÞ; ð62Þ

I0dDðpÞ ¼ CdðpÞ2F1ð−j;−l; 1þ iþD=2jzÞ; ð63Þ

with coefficient factors found in Table I.
Again, solutions (61) and (62) are not linearly indepen-

dent since the third parameter of the hypergeometric
function 1 − jþ l (or, alternatively, 1þ j − l) is an integer
number for integers j and l.
Analogous analysis can be done here as has been done

for the scalar tadpole results and we arrive at the following
result:

I0Dðp; zÞ
¼ CaðpÞ2F1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ
þ CdðpÞ2F1ð−j;−l; 1þ iþD=2jzÞ; ð64Þ

and

I0Dðp;wÞ¼CbðpÞ2F1ð−j;−i−j−D=2;1−jþ ljwÞ: ð65Þ

Next, we do similar analysis for the INDIMðnÞ and obtain

I00aD ðnÞ ¼ CaðnÞ2F1ð−i − j −D=2;−i − l −D=2 − 1;

− i −D=2jzÞ; ð66Þ

I00bD ðnÞ¼CbðnÞ2F1ð−jþ1;−i−j−D=2;2−jþ ljwÞ; ð67Þ

I00cD ðnÞ ¼ CcðnÞ2F1ð−l;−i − l −D=2 − 1; j − ljwÞ; ð68Þ

I00dD ðnÞ ¼ CdðnÞ2F1ð−jþ 1;−l; 2þ iþD=2jzÞ; ð69Þ

with the coefficient factors found in Table II.
These lead to

I00Dðn; zÞ
¼ CaðnÞ2F1ð−i− j−D=2;−i− l−D=2− 1;−i−D=2jzÞ
þCdðnÞ2F1ð−jþ 1;−l; 2þ iþD=2jzÞ; ð70Þ

and

I00Dðn; wÞ ¼ CbðnÞ2F1ð−jþ 1;−i − j −D=2; 2 − jþ ljwÞ:
ð71Þ

From the analysis of INDIMðn�Þ, we get

I000aD ðn�Þ ¼ Caðn�Þ2F1ð−i − j −D=2 − 1;−i − l −D=2;

− i −D=2jzÞ; ð72Þ

TABLE I. The four coefficients in the solutions for the I0DðpÞ.
CaðpÞ ¼ ð2p · nÞiþjþD=2ð2p · n�ÞiþlþD=2ð2n · n�Þ−i−D=2 ΓðiþD=2ÞΓð−i−j−D=2ÞΓð1þlÞ

Γð−iÞΓð−jÞΓð1þiþlþD=2Þ
CbðpÞ ¼ ð−m2ÞiþjþD=2ð2p · n�Þ−jþlð2n · n�Þj Γð−i−j−D=2ÞΓð1þlÞ

Γð−iÞΓð1−jþlÞ
CcðpÞ ¼ ð−m2ÞiþlþD=2ð2p · nÞj−lð−2n · n�Þl Γð−i−l−D=2ÞΓð−jþlÞ

Γð−iÞΓð−jÞ
CdðpÞ ¼ ð−m2ÞiþD=2ð2p · nÞjð2p · n�Þl Γð−i−D=2Þ

Γð−iÞ
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I000bD ðn�Þ¼Cbðn�Þ2F1ð−j;−i−j−D=2−1;−jþ ljwÞ; ð73Þ

I000cD ðn�Þ¼Ccðn�Þ2F1ð−lþ1;−i−l−D=2;2þj−ljwÞ; ð74Þ

I000dD ðn�Þ ¼ Cdðn�Þ2F1ð−j;−lþ 1; 2þ iþD=2jzÞ; ð75Þ

with the coefficient factors found in Table III.
These result in

I000Dðn�; zÞ ¼ Caðn�Þ2F1ð−i − j −D=2 − 1;−i − l −D=2;−i −D=2jzÞ þ Cdðn�Þ2F1ð−j;−lþ 1; 2þ iþD=2jzÞ; ð76Þ

and

I000Dðn�; wÞ ¼ Cbðn�Þ2F1ð−j;−i − j −D=2 − 1;−jþ ljwÞ: ð77Þ

Finally, collecting all the relevant results, we can write the results for the tensor structure integral (44):

T 0μ
D ¼ πD=2fpμI0Dðp; zÞ − nμI0Dðn; zÞ − n�μIDðn�; zÞg; ð78Þ

¼ πD=2fpμI0Dðp; wÞ − nμI0Dðn; wÞ − n�μIDðn�; wÞg: ð79Þ

The first solution, (78), in the above contains six hypergeometric functions in the variable z ¼ m2n·n�
2p·np·n�. It reads

T 0μ
DðzÞ ¼ πD=2pμfCaðpÞ2F1ð−i − j −D=2;−i − l −D=2; 1 − i −D=2jzÞ þ CdðpÞ2F1ð−j;−l; 1þ iþD=2jzÞg

− πD=2nμfCaðnÞ2F1ð−i − j −D=2;−i − l −D=2 − 1;−i −D=2jzÞ þ CdðnÞ2F1ð−jþ 1;−l; 2þ iþD=2jzÞg
− πD=2n�μfCaðn�Þ2F1ð−i − j −D=2 − 1;−i − l −D=2;−i −D=2jzÞ þ Cdðn�Þ2F1ð−j;−lþ 1; 2þ iþD=2jzÞg:

ð80Þ

The second solution, (79), contains only three hyper-
geometric functions in the inverse momentum configura-
tion variable w ¼ z−1 and reads:

T 0μ
DðwÞ ¼ πD=2fpμCbðpÞ2F1ð−j;−i− j−D=2; 1− jþ ljwÞ

− nμCbðnÞ2F1ð−jþ 1;−i− j−D=2; 2− jþ ljwÞ
−n�μCbðn�Þ2F1ð−j;−i− j−D=2− 1;−jþ ljwÞg:

ð81Þ

The coefficient factorsCða;d;bÞ are tabulated in Tables I–III
and the two sets of solutions (80) and (81) are completely
equivalent whose explicit expressions were unknown before.

III. CONCLUSIONS

We have then shown that using the NDIM technique, it
was possible to evaluate the massive integral (7) and also
the integral with a tensorial structure (43) without any
prescription to treat the light cone pole ðk · nÞ−j and the

TABLE II. The four coefficients in the solutions for the I00D ðnÞ.
CaðnÞ ¼ ð2p · nÞiþjþD=2ð2p · n�ÞiþlþD=2þ1ð2n · n�Þ−i−D=2−1 ΓðiþD=2þ1ÞΓð−i−j−D=2ÞΓð1þlÞ

Γð−iÞΓð−jÞΓð2þiþlþD=2Þ
CbðnÞ ¼ ð−m2ÞiþjþD=2ð2p · n�Þ−jþlþ1ð2n · n�Þj−1 Γð−i−j−D=2ÞΓð−jþ1ÞΓð1þlÞ

Γð−iÞΓð−jÞΓð2−jþlÞ
CcðnÞ ¼ ð−m2ÞiþlþD=2þ1ð2p · nÞj−l−1ð−2n · n�Þl Γð−i−l−D=2−1ÞΓð−jþlþ1Þ

Γð−iÞΓð−jÞ
CdðnÞ ¼ ð−m2ÞiþD=2þ1ð2p · nÞj−1ð2p · n�Þl Γð−i−D=2−1ÞΓð−jþ1Þ

Γð−iÞΓð−jÞ

TABLE III. The four coefficients in the solutions for the I000Dðn�Þ.
Caðn�Þ ¼ −ð2p · nÞiþjþD=2þ1ð2p · n�ÞiþlþD=2ð2n · n�Þ−i−D=2−1 ΓðiþD=2þ1ÞΓð−i−j−D=2−1ÞΓð1þlÞ

Γð−iÞΓð−jÞΓð1þiþlþD=2Þ
Cbðn�Þ ¼ −ð−m2ÞiþjþD=2þ1ð2p · n�Þ−jþl−1ð2n · n�Þj Γð−i−j−D=2−1ÞΓð1þlÞ

Γð−iÞΓð−jþlÞ
Ccðn�Þ ¼ −ð−m2ÞiþlþD=2ð2p · nÞj−lþ1ð−2n · n�Þl−1 Γð−i−l−D=2ÞΓð−jþl−1ÞΓð1þlÞ

Γð−iÞΓð−jÞΓðlÞ
Cdðn�Þ ¼ ð−m2ÞiþD=2þ1ð2p · nÞjð2p · n�Þl−1 Γð−i−D=2−1ÞΓð−jþ1ÞΓð1þlÞ

Γð−iÞΓðlÞ
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resolution of the integral was carried out by solving sets of
systems of linear equations. Moreover, the solutions we get
are more general, with generic exponents for denominators
and are complete, in the sense that we have two equivalent
sets of solutions, each one given in terms of a particular
mass-momentum configuration parameter, either z or w.
These results are all novel results, since up to now, only the
divergent part of the integral was widely known and used in
the pertinent available literature.

APPENDIX A: SCALAR CASE

In these appendices, we give a detailed computation of
the divergent and finite parts of the results we have obtained
for the special case of exponents i ¼ j ¼ −1 and l ¼ 0.
Then integral (10) is given either by Eqs. (41) or (42). For
the first, with momentum variable z, it reads

T 0
Dð−1;−1; 0; zÞ ¼ πD=2ð−m2ÞD=2−1 1

ðp · nÞ
	
ð−zÞ1−D=2 ΓðD=2 − 1ÞΓð2 −D=2Þ

ΓðD=2Þ × 2F1ð2 −D=2; 1 −D=2; 2 −D=2jzÞ

þ Γð1 −D=2Þ2F1ð1; 0;D=2jzÞ


: ðA1Þ

Since the Gauss hypergeometric functions are such that they have the following properties applicable to our case
above [11]

2F1ðα; β;αjzÞ ¼ ð1 − zÞ−β; ðA2Þ

2F1ðα; 0; γjzÞ ¼ 1; ðA3Þ

it gives us

T 0
Dð−1;−1; 0; zÞ ¼ πD=2 ð−m2ÞD=2−1

ðp · nÞ
	
ð−zÞ1−D=2 ΓðD=2 − 1ÞΓð2 −D=2Þ

ΓðD=2Þ ð1 − zÞD=2−1 þ Γð1 −D=2Þ


: ðA4Þ

Using the gamma function identity relation xΓðxÞ ¼ Γð1þ xÞ [11] we may rewrite (A4) as

T 0
Dð−1;−1; 0; zÞ ¼ π2−ϵ

ð−m2Þ1−ϵ
ðp · nÞ

	
Γð1 − ϵÞΓðϵÞ
Γð2 − ϵÞ ð−zÞϵ−1ð1 − zÞ1−ϵ þ Γðϵ − 1Þ




¼ π2−ϵ
ð−m2Þ1−ϵ
ðp · nÞ

ΓðϵÞ
ð1 − ϵÞ

	�
1 −

1

z

�
1−ϵ

− 1



; ðA5Þ

where in the above we have also used D ¼ 4 − 2ϵ, to work
out the limit ϵ → 0.
Let us write it as

T 0
Dð−1;−1; 0; zÞ ¼ −

m2

p · n
π2ΩðϵÞ; ðA6Þ

where, with z−1 ≡ w ¼ 2p·np·n�
m2n·n� ,

ΩðϵÞ≡ lim
ϵ→0

ΓðϵÞ
ð1− ϵÞ fð1−wÞðπm2w− πm2Þ−ϵ − ð−πm2Þ−ϵg;

¼ lim
ϵ→0

ΓðϵÞf−w− ϵAðwÞ þOðϵ2Þg; ðA7Þ

with

AðwÞ≡ w − w ln ð−πm2Þ þ ð1 − wÞ ln ð1 − wÞ: ðA8Þ

Then,

T 0
Dð−1;−1; 0; zÞ ¼

Z
dDk

½ðk − pÞ2 −m2�
1

ðk · nÞ ;

¼
�
2p · n�

n · n�

�
π2
	
1

ϵ
þ Fðp;m2Þ þOðϵÞ



:

ðA9Þ
Therefore, we have exactly the same divergent piece

Idiv as that calculated with ML prescription and the finite
piece is

Fðp;m2Þ ¼ 1 − γ − ln ð−πm2Þ þ m2n · n�

2p · np · n�

×

�
1 −

2p · np · n�

m2n · n�

�
ln

�
1 −

2p · np · n�

m2n · n�

�
:

ðA10Þ
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Finally, let us check the other solution, Eq. (42), in the
same limit.

T 0
Dð−1;−1;0;wÞ¼ πD=2 ð−m2ÞD=2−1

ðp ·nÞ
×f−Γð2−D=2Þw2F1ð1;2−D=2;2jwÞg:

ðA11Þ

Introducing as before, D ¼ 4 − 2ϵ, we rewrite it as

T 0
Dð−1;−1;0;wÞ ¼ π2−ϵ

ð−m2Þ1−ϵ
ðp · nÞ f−wΓðϵÞ2F1ð1;ϵ; 2jwÞg:

ðA12Þ

We need to work out the expansion for the hyper-
geometric function 2F1ð1; ϵ; 2jwÞ for ϵ → 0. To do this,
first we use the identity [11]

2F1ðα; β; γjwÞ ¼ A2F1ðα; β;αþ β − γ þ 1j1−wÞ
þ B2F1ðγ − α; γ − β; γ − α− βþ 1j1−wÞ;

ðA13Þ

with

A≡ ΓðγÞΓðγ − α − βÞ
Γðγ − αÞΓðγ − βÞ ; ðA14Þ

B≡ð1 − wÞγ−α−β ΓðγÞΓðαþ β − γÞ
ΓðαÞΓðβÞ : ðA15Þ

Then, working out the expansion for the hypergeometric
function 2F1ð1; ϵ; 2jwÞ, we get

2F1ð1;ϵ;2jwÞ¼
Γð1−ϵÞ
Γð2−ϵÞ2F1ð1;ϵ;ϵj1−wÞ

þð1−wÞ1−ϵΓðϵ−1Þ
ΓðϵÞ 2F1ð1;2−ϵ;2−ϵj1−wÞ:

ðA16Þ

Since 2F1ða;b;bj1−wÞ¼w−a and ΓðϵÞ¼ðϵ−1ÞΓðϵ−1Þ,
we get

2F1ð1; ϵ; 2jwÞ ¼ 1þ ϵ

	
1þ ð1 − wÞ

w
lnð1 − wÞ



þOðϵ2Þ;

ðA17Þ

and we arrive again at

T 0
Dð−1;−1; 0;wÞ ¼

�
2p · n�

n · n�

�
π2
	
1

ϵ
þ Fðp;m2Þ þOðϵÞ



;

ðA18Þ

in complete agreement with the previous result.

APPENDIX B: VECTOR CASE

For this case, since the expression for the z solution is
lengthier to deal with, we work out in detail only the shorter
w solution, Eq. (81):

T 0μ
DðwÞ ¼ πD=2fpμCbðpÞ2F1ð−j;−i− j−D=2; 1− jþ ljwÞ

− nμCbðnÞ2F1ð−jþ 1;−i− j−D=2;2− jþ ljwÞ
−n�μCbðn�Þ2F1ð−j;−i− j−D=2− 1;−jþ ljwÞg:

ðB1Þ

For the special case i ¼ j ¼ −1 and l ¼ 0, we have

T 0μ
DðwÞ ¼ πD=2fpμCbðpj − 1;−1; 0Þ2F1ð1; 2 −D=2; 2jwÞ

− nμCbðnj − 1;−1; 0Þ2F1ð2; 2 −D=2; 3jwÞ
−n�μCbðn�j − 1;−1; 0Þ2F1ð1; 1 −D=2; 1jwÞg;

ðB2Þ

with

Cbðpj−1;−1;0Þ¼p ·n�

n ·n�
ð−m2ÞD=2−2Γð2−D=2Þ;

Cbðnj−1;−1;0Þ¼ ðp ·n�Þ2
2ðn ·n�Þ2 ð−m

2ÞD=2−2Γð2−D=2Þ;

Cbðn�j−1;−1;0Þ¼ m2

2n ·n�
ð−m2ÞD=2−2Γð1−D=2Þ: ðB3Þ

Introducing D ¼ 4 − 2ϵ as before, we have

T 0μ
DðwÞ ¼ π2−ϵfpμCbðpj − 1;−1; 0Þ2F1ð1; ϵ; 2jwÞ

− nμCbðnj − 1;−1; 0Þ2F1ð2; ϵ; 3jwÞ
−n�μCbðn�j − 1;−1; 0Þ2F1ð1; ϵ − 1; 1jwÞg; ðB4Þ

with

Cbðpj − 1;−1; 0Þ ¼ p · n�

n · n�
ð−m2Þ−ϵΓðϵÞ;

Cbðnj − 1;−1; 0Þ ¼ ðp · n�Þ2
2ðn · n�Þ2 ð−m

2Þ−ϵΓðϵÞ;

Cbðn�j − 1;−1; 0Þ ¼ m2

2n · n�
ð−m2Þ−ϵΓðϵ − 1Þ: ðB5Þ
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Our result can be expressed as

T 0μ
DðwÞ ¼ π2

	
pμ p · n�

n · n�
PðϵÞ − nμ

ðp · n�Þ2
2ðn · n�Þ2 NðϵÞ

− n�μ
m2

2n · n�
N�ðϵÞ



; ðB6Þ

with

PðϵÞ ¼ ð−πm2Þ−ϵΓðϵÞ2F1ð1; ϵ; 2jwÞ;
NðϵÞ ¼ ð−πm2Þ−ϵΓðϵÞ2F1ð2; ϵ; 3jwÞ;

N�ðϵÞ ¼ ð−πm2Þ−ϵ ΓðϵÞ
ðϵ − 1Þ 2F1ð1; ϵ − 1; 1jwÞ: ðB7Þ

The first hypergeometric function has already been worked
out in the limit ϵ → 0 in (A17)and the third one is a power
series 2F1ð1; ϵ − 1; 1jwÞ ¼ ð1 − wÞ1−ϵ. We need to work out
the second hypergeometric function in the desired limit.
We do it in a similar way as we have done before, using

the identity (A13)

2F1ð2; ϵ; 3jwÞ ¼
2Γð1 − ϵÞ
Γð3 − ϵÞ 2F1ð2; ϵ; ϵj1 − wÞ þ ð1 − wÞ1−ϵ 2Γðϵ − 1Þ

ΓðϵÞ 2F1ð1; 3 − ϵ; 2 − ϵj1 − wÞ;

¼ 2Γð1 − ϵÞ
Γð3 − ϵÞ w−2 þ ð1 − wÞ1−ϵ 2

ðϵ − 1Þ 2F1ð1; 3 − ϵ; 2 − ϵj1 − wÞ: ðB8Þ

In the above expression, we employ the identity for the hypergeometric function [11] 2F1ða; b; cjzÞ ¼
ð1 − zÞc−a−b2F1ðc − a; c − b; cjzÞ that yields a terminating series at the second term as

2F1ð1; 3 − ϵ; 2 − ϵj1 − wÞ ¼ w−2
2F1ð1 − ϵ;−1; 2 − ϵj1 − wÞ

¼ 1

w2

	
1 −

ð1 − ϵÞ
ð2 − ϵÞ ð1 − wÞ



: ðB9Þ

Plugging this result into (B8) we get, after doing expansions in power series in ϵ,

2F1ð2; ϵ; 3jwÞ ¼ 1þ ϵ

	
1

2
þ 1

w
− lnð1 − wÞ þ 1

w2
lnð1 − wÞ þOðϵ2Þ



: ðB10Þ

Thus, finally,

T 0μ
DðwÞ ¼

Z
dDkkμ

½ðk − pÞ2 −m2�ð2k · nÞ ;

¼
	
pμ p · n�

n · n�
− nμ

ðp · n�Þ2
2ðn · n�Þ2 − n�μ

p · np · n�

ðn · n�Þ2 þ n�μ
m2

2n · n�



π2

ϵ
þ FμðwÞ; ðB11Þ

where the finite part is given by

FμðwÞ ¼ π2pμ p · n�

n · n�

	
1 − γ − lnð−πm2Þ þ ð1 − wÞ

w
lnð1 − wÞ




− π2nμ
ðp · n�Þ2
2ðn · n�Þ2

	
1

2
− γ þ 1

w
− lnð−πm2Þ þ ð1 − w2Þ

w2
lnð1 − wÞ




− π2n�μ
	
p · np · n�

ðn · n�Þ2 −
m2

2n · n�



f1 − γ − lnð−πm2Þ − lnð1 − wÞg: ðB12Þ

The divergent pole part of the vector integral agrees with the result in [7].
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