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Thomas-Whitehead (TW) gravity was recently introduced as a projective gauge theory of gravity over a
d-dimensional manifold that embeds reparametrization invariance into the action functional for gravitation
through the use of the Thomas-Whitehead connection. The projective invariance in this d-dimensional
theory enjoys an intimate relationship with the Virasoro coadjoint elements found in string theory as one of
the components of the connection,Dab, is directly related to the coadjoint elements of the Virasoro algebra.
TW gravity exploits projective Gauss-Bonnet terms in the action functional which allows the theory to
collapse to Einstein’s theory of general relativity in the limit thatDab vanishes. In this paper we develop the
graded extension of TW gravity, super-TW gravity, in the framework of a DeWitt supermanifold. We
construct the Lagrangian for super-TW gravity, give a detailed derivation of the classical field equations,
and discuss the graded extension of the projective connection as a prelude to a future understanding of
TW-supergravity (which has manifest supersymmetry) and its relationship to the super-Virasoro algebra.
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I. INTRODUCTION

It is known that the method of coadjoint orbits [1,2] of
the semidirect product of Kac-Moody algebras and the
Virasoro algebras [3–6] leads to the two-dimensional Wess-
Zumino-Witten (WZW) action [7,8] and the Polyakov
action [9,10] respectively. One may arrive at this by
integrating the Kirillov two-form [1,2] over any coadjoint
orbit as prescribed in [11–13] which produces these geo-
metric actions for their respective groups. One finds that
the coadjoint elements have been promoted to fields in the
geometric actions and the central extension to a coupling
constant. The geometric action interprets the elements of
the coadjoint representation of the Virasoro algebra as a
background field coupling to the Polyakov metric. For the
Virasoro group this background field has been called the
diffeomorphism field Dμν and is akin to the Yang-Mills
connection, Aμ, that related the coadjoint elements of
the Kac-Moody group. One can extend these geometric
actions by adding dynamics to Aμ through the addition of

the Yang-Mills action in the WZW case, and similarly by
adding the Thomas-Whitehead (TW) action [14–16] to
the Polyakov action to give dynamics to the Dμν. This
reconciles the coadjoint elements of both the Kac-Moody
algebra and the Virasoro algebra with geometric connec-
tions in higher dimensions. In [15] a detailed overview of
Thomas-Whitehead gravity in a general setting is dis-
cussed. This includes a review of the relationship between
the projective structure from Sturm-Liouville theory and
the two cocycles of the Virasoro algebra as observed by
Kirillov [2,17] as well as a derivation of the spin connection
on the Thomas cone [18], the Dirac equation and the Dirac
Lagrangian for spin 1

2
spinors (fermions).

In [6,19,20], the authors applied the method of coadjoint
orbits to the super-Virasoro algebra and later extended
[21,22] in the context of studying superstring theories. This
recovered the supersymmetric extension of Polyakov’s
action. A natural question to ask is what the supersym-
metric extension of TW gravity is. In this paper, we study
the preliminary question by generalizing the theory of
Thomas-Whitehead gravity to a supermanifold with n
ordinary coordinates and m Grassmann coordinates. A
highly detailed discussion of the calculations can be found
in [23].
In Sec. II we briefly review the theory of TW gravity

and in Sec. III we briefly describe supervector spaces and
supermanifolds following the approach of [21,24]. The
consequences of the DeWitt topology and its relation to the
theory of supersymmetry is reviewed from the perspective
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of [25,26]. Other excellent references on the theory of
supermanifolds include [26–29]. In Sec. IV we generalize
the TW connection to the graded manifolds by following
the approach in [15]. The theory of TW connections has
been studied in the graded setting before in [30–32].

II. REVIEW OF THOMAS-WHITEHEAD GRAVITY

In this section we review the TW gravity as developed in
[14–16]. Projective geometry, as a theory of gravity, has
been around for nearly a century as a strategy to incorporate
the ambiguity of geodesics in relation to connections due
to projective transformations [33–35]. The Thomas-
Whitehead gravitational action [14] (named after mathe-
maticians Tracy Thomas and J. H. C. Whitehead) uses the
covariant derivative and the fibration of the Thomas cone
from these early investigators to tie projective geometry to
string theory and higher dimensional gravity through
projective Gauss-Bonnet terms on the manifold. The
projective connection and the metric are treated as inde-
pendent in the spirit of the Palatini formalism [36]. This
allows the field equations to collapse naturally to the
Einstein-Hilbert field equations when the diffeomorphism
field vanishes and when the fundamental projective invari-
ant is evaluated on the affine connection compatible with
the Einstein metric. In this way projective geometry can
influence the Riemannian geometry by acting as sources in
the energy-momentum tensor. This provides an avenue for
geometric explanations of dark energy, dark matter, and
other physical phenomena.
To proceed we are given a connection Γa

bc on a
Riemannian manifold. One can define the fundamental
projective invariant as

Πa
bc ≡ Γa

bc −
1

mþ 1
ðΓd

dcδ
a
b þ Γd

dbδ
a
cÞ; ð1Þ

which is invariant under projective transformations

Γ̂a
bc ¼ Γa

bc þ δabvc þ δacvb: ð2Þ

Let J be the Jacobian of the coordinate transformation
xa → ya. Then we have the following identities:

∂c logðdetðJÞÞ ¼ −Jab∂cðJ−1Þba ¼ −Jab∂cJab; ð3Þ

Jhf
∂
2xf

∂yh∂yc
¼ −∂m logðdetðJÞÞðJ−1Þmc: ð4Þ

With this, the coordinate transformation law of the funda-
mental projective invariant is

Π̄a
bc ¼ Jaf

�
Πf

deðJ−1ÞecðJ−1Þdbþ
∂
2xf

∂yb∂yc

�

þ 1

mþ 1

∂

∂xm
logðdetðJÞÞððJ−1Þmcδ

a
bþðJ−1Þmbδ

a
cÞ:
ð5Þ

From Eq. (5) it is apparent that Π itself is not a
connection due to the extra terms arising in the trans-
formation law. To construct a connection realizing projec-
tive invariance we adopt the approach of Thomas [34,35]
and consider a connection not on M but instead on the
volume bundle VM, which is now called the Thomas cone.
Given an m-manifold M, a volume form can be con-

structed from a smooth nonvanishing function v∶ M → Rþ
and considering the m-form

jvðxÞjdx1 ∧ … ∧ dxm; ð6Þ

which is a generic volume form on M. The Thomas cone
arises by interpreting the volume form as a a section of
the volume bundle VM, where we take the absolute value
of v to absolve the ambiguity of choice of orientation
[34,35,37]. VM is then defined as the collection of all such
sections, and is an Rþ line bundle over M. As a manifold,
VM is one dimension higher than M.
We use λ as the fiber coordinate on the Thomas cone, so

the coordinates on VM are ðx0; x1;…; xm−1; λÞ, where
0 < λ < ∞. In this section Greek letters (excluding λ)
denote coordinates on VM while Latin letters range 0 to
m − 1 and denote coordinates on M.
The Thomas-Whitehead connection Γ̃a

βγ lives onVM, and
is both projectively invariant and houses Π as a component.
The TW connection on VM can be decomposed as

Γ̃α
βγ ¼

8>>>>><
>>>>>:

Γ̃a
bc ¼ Πa

bc

Γ̃λ
bc ¼ λDbc

Γ̃a
bλ ¼ Γ̃a

λb ¼ 1
λ δ

a
b

Γ̃λ
bλ ¼ Γ̃λ

λb ¼ Γ̃λ
λλ ¼ 0

; ð7Þ

where Dbc is a (nontensorial) rank 2 object onM. In general
this need not be related to the Ricci tensor and when related
to the Virasoro algebra in the literature, it is known as the
diffeomorphism (diff) field [38]. Demonstrating this compo-
nent of the TW connection appears in the geometric action of
the diffeomorphism group of S1 was the essence of [14]. For Γ̃
to be a connection on VM it must transform as

Γ̃α
βγ →

∂yα

∂xδ
∂xϵ

∂yβ
∂xη

∂yγ
Γ̃δ

ϵη þ
∂yα

∂xδ
∂
2xδ

∂yγ∂yβ
; ð8Þ

under coordinate transformations on VM. For this to happen
the transformation law for the diffeomorphism field must be
[15,34,35]
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D̂bc ¼
�
Def −

∂

∂xe
jf þ Πd

efjd − jejf

�
∂xe

∂yb
∂xf

∂yc
; ð9Þ

where ja ¼ ∂a log J
− 1
mþ1. We emphasize that Dbc lives

exclusively on M and is required to ensure that Γ̃ transform
as a connection over VM.

III. A SUPERQUICK REVIEW OF
SUPERMANIFOLDS

This section is based primarily on the geometric treat-
ments in DeWitt’s book [24] and Rogers’s book [26], as
well as the [25], where a Rogers supermanifold is defined.
A review of a more algebraic approach is offered in [39].

A. Construction of supernumbers

Let θa denote the generators of an algebra subject to the
relation

θaθb ¼ −θbθa; ð10Þ
where a; b ¼ 1;…; N. This algebra is the N-dimensional
Grassmann algebra ΛN . As a vector space over C, ΛNðCÞ is
2N-dimensional with a basis given by

1; θa; θaθb; θaθbθc;…; θ1θ2…θN−1θN: ð11Þ
Throughout we restrict our attention to the field of complex
numbers and denote ΛNðCÞ by ΛN. Taking N → ∞ we
obtain the infinite-dimensional Grassmann algebra Λ∞.
A supernumber z ∈ Λ∞ is a sum

z ¼
X∞
n¼0

1

n!
ca1…anθ

an…θa1 ; ð12Þ

where ca1…an ∈ C. A useful decomposition of supernum-
bers is given by the splitting

z ¼ uþ v; ð13Þ

u ¼
X∞
n¼0

1

ð2nÞ! ca1…a2nθ
a2n…θa1 ; ð14Þ

v ¼
X∞
n¼0

1

ð2nþ 1Þ! ca1…a2nþ1
θa2nþ1…θa1 ; ð15Þ

where u and v are the even and odd parts of z and are
called c-numbers and a-numbers, respectively. The set of
c-numbers and a-numbers are denoted by Cc and Ca,
respectively, and are 2N−1-dimensional vector spaces over
C. Cc is a subalgebra of Λ∞, while Ca is not as it is not
closed under multiplication.
The real counterparts of Cc and Ca are denoted by Rc

and Ra, respectively and are introduced by defining
complex conjugation in the following fashion:

ðz1 þ z2Þ� ¼ z�1 þ z�2; ð16Þ

ðz1z2Þ� ¼ z�2z
�
1; ð17Þ

θa� ¼ θa; ð18Þ

where zi ∈ Λ∞ and θa are generators of Λ∞. A super-
number z is real if z� ¼ z and imaginary if z� ¼ −z.

B. Supervectors and supermatrices

Here we present the most salient features of supervectors
and supermatrices we will encounter. The usual properties
of vector spaces persist in the graded setting, except scalar
multiplication is now distinct when acting on the left and
right. This can be appreciated via the decomposition

X ¼ U þ V; ð19Þ

αU ¼ Uα; ð20Þ

αV ¼ −Vα; ð21Þ

where α ∈ Ca and U, V are called the even and odd parts
of X, respectively. If the odd (even) part of a supervector is
not present the supervector is said to be c-type (a-type).
Supernumbers and supervectors of a definite type are called
pure. When both the supernumber and the supervector are
pure this becomes αX ¼ ð−1ÞαXXα, with the power of −1
reflecting the parity of the vectors, where the “X” in the
exponent of −1 is the parity of the pure vector X and “α”
is the parity of the pure supernumber α. For example, if
X is c-type then ð−1ÞX ¼ 1, while if X is a-type then
ð−1ÞX ¼ −1. If X is not pure then ð−1ÞX will depend on
the component of X in question. Let fieg denote a discrete
set of basis supervectors and their duals feig such that

ie · e
j ¼ iδ

j. Then a supervector may be denoted as
X ¼ Xi

ie. Here we also introduce left and right derivations,

ae ¼ ∂⃖

∂xa and ea ¼ ∂⃗

∂xa. Therefore Xi
ie ¼ Xi ∂⃗

∂xi ¼ U − V,

while Xiei ¼ Xi ∂⃖

∂xi ¼ U þ V. If the object of interest is
c-type (a-type), then its associated symbol equals 0 (1).
For pure supervectors, one convenience is to write
iX ≡ ð−1ÞXiXi, so in particular for c-type supervectors
iX ¼ Xi. The advantage of writing X ¼ Xi

ie lies in the
minimization of parity factors.
Let jK

i be a matrix of supernumbers. The components of
a supervector transform by X̄i ¼ Xj

jK
i, as summation is

carried out only with adjacent indices. ForK to preserve the
parity of X it must be a block matrix of the form

K ¼
�
A C

D B

�
; ð22Þ
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where A and B are comprised of c-numbers and C and
D are comprised of a-numbers. Such matrices are c-type
precisely because they preserve the type of the supervector
they act on and thus introduce no parity of their own.
For c-type supermatrices we can form the product, super-
transpose, and supertrace, respectively, as

iðKLÞj ¼ iK
k
kL

j ½product rule�;
iK∼

j ¼ ð−1ÞjðiþjÞ
jK

i ¼ ð−1Þjðiþ1Þ
jK

i ½supertranspose�;
strðKÞ ¼ Ki

i ¼ ð−1ÞiiKi ½supertrace�; ð23Þ

where ∼ denotes the supertranspose operation. The super-
determinant is defined for any supermatrix and enjoys the
usual multiplication laws. If K has the index structure iK

j

or iKj then

sdetðK∼Þ ¼ sdetðKÞ; ð24Þ

while if K has index structure iKj or
iKj then

sdetðM∼Þ ¼ ð−1ÞnsdetðMÞ: ð25Þ

Let A, B, C, and D be m ×m, n × n, m × n, n ×m, m × n,
and n ×m matrices with entries comprised of c, c, a, and a
numbers, respectively. Then

sdet

�
A C

D B

�
¼ detðA − CB−1DÞðdetBÞ−1; ð26Þ

where sdet is defined only if B is invertible. The super-
determinant of a c-type matrix is a real c-number. See [24]
for a treatment of the superdeterminant for a-type matrices.

IV. THE SUPER THOMAS-WHITEHEAD
CONNECTION

A. Super coordinate and projective transformations

In the graded setting we consider the coordinate trans-
formation xa → ya with the super-Jacobian and its inverse

aJb ¼ ð−1ÞbðaþbÞ
b;y

a ¼ ð−1ÞbðaþbÞ ∂⃗

∂xb
ya;

aðJ−1Þb ¼ xa
∂⃖

∂yb
¼ ð−1ÞbðaþbÞ

b;x
a ¼ ð−1ÞbðaþbÞ ∂⃗

∂yb
xa;

ð27Þ

which satisfies analogs of the usual identities

aðJ−1ÞbbJc ¼ aδc ¼ xa
∂⃖

∂xc
; ð28Þ

cJbbðJ−1Þa ¼ cδ
a ¼ ∂⃗

∂xc
xa; ð29Þ

and xa;bc ¼ aðJ−1Þb
∂⃖

∂xd
dðJ−1Þc: ð30Þ

There are two graded analogs of the Jacobi formula, one
for left and one for right derivatives, respectively [24]:

∂⃗

∂xa
lnðsdetðMÞÞ ¼ strððMaeÞM−1Þ ¼ strðM−1ðMaeÞÞ;

lnðsdetðMÞÞ ∂⃖

∂xa
¼ ð−1ÞiiMj

∂⃖

∂xa
jðM−1Þi

¼ ð−1ÞiiðM−1ÞjjMi
∂⃖

∂xa
: ð31Þ

The relationship between left and right derivatives can be
used to show that the supertrace is invariant under cyclic
permutations. A superprojective transformation is analo-
gous to the ungraded case and is given by the relation

Γ̂a
bc ¼ Γa

bc þ aδbvc þ aδcð−1Þbcvb; ð32Þ

where va are the components of a c-type 1-form.

B. The superfundamental projective invariant

The fundamental projective invariant, Π, can be pro-
moted to a graded setting by replacing the trace with the
supertrace and adding necessary parity factors [30]. The
resulting geometrical object is the superfundamental pro-
jective invariant

Πa
bc ≡ Γa

bc −Dðaδbð−1ÞeΓe
ec þ aδcð−1ÞeþbcΓe

ebÞ; ð33Þ

where we set D≡ ðm − nþ 1Þ−1 for future convenience.
The coordinate transformation law of the superfundamental
projective invariant is

Π̄a
bc ¼ aJdðð−1ÞgðfþbÞΠd

fg
fðJ−1ÞbgðJ−1Þc þ xd;bcÞ

þD

�
aδb lnðJÞ

∂⃖

∂xf
fðJ−1Þc

þ aδcð−1Þbc lnðJÞ
∂⃖

∂xf
fðJ−1Þb

�
: ð34Þ

C. The TW connection

The coefficients of the TW connection in the graded
setting are
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Γ̃α
βγ ¼

8>>>>><
>>>>>:

Γ̃a
bc ¼ Πa

bc ¼ ð−1ÞbcΠa
cb

Γ̃λ
bc ¼ λDbc ¼ ð−1ÞbcλDcb

Γ̃a
bλ ¼ Γ̃a

λb ¼ 1
λ δ

a
b

Γ̃λ
bλ ¼ Γ̃λ

λb ¼ Γ̃λ
λλ ¼ 0

; ð35Þ

where any components not listed vanish. The measure
transforms as

dm;nx → dm;nx̄ ¼ Jdm;nx; ð36Þ

under a coordinate transformation xi → x̄iðxÞ, where
J ≡ sdetðx̄i;jÞ is the super-Jacobian or Berezinian, and
where the number of a-type coordinates must be even
for the metric to be nonsingular. Latin indices range
over the supermanifold coordinates while Greek indices
(except λ) range over all coordinates, λ; xa.
As before, we check the connection coefficients recover

the transformation law for Π. The graded extensions of the
identities from before are

ja≡ logðJ−DÞ ∂⃖

∂xa
¼ logðJ−DÞ;a¼ðλJ−DÞ ∂⃖

∂xa
1

ðλJ−DÞ ; ð37Þ

λ
∂⃖

∂ya
1

λ
¼ logðJDÞ ∂⃖

∂xg
gðJ−1Þa ¼ −jggðJ−1Þa; ð38Þ

λðJ−1Þa ¼ −λjggðJ−1Þa; and ð39Þ
λJa ¼ λJ−Dja: ð40Þ

With this, the transformation law for the super-TW con-
nection is

Γ̃α
βγ → αJδxδ;βγ þ ð−1ÞηðϵþβÞαJδΓ̃δ

ϵη
ϵðJ−1ÞβηðJ−1Þγ: ð41Þ

The coordinate transformation law for the superdiffeo-
morphism field is

Dbc→ð−1ÞfðbþeÞðDef−je;f−jejfþjdΠd
efÞeðJ−1ÞbfðJ−1Þc:

ð42Þ

The parity of Dab is ð−1Þaþb. Under an infinitesimal
coordinate transformation xa → xa − δϵa,

DbcðxÞ → DbcðxÞ þ δðDbc;iϵ
i þDbfðxÞϵf;c

þ ð−1ÞcðbþeÞDecðxÞϵe;b −Dð−1Þiϵi;ibc
þDð−1Þiϵi;idΠd

bcðxÞÞ;

where the coefficient of δ is the super Lie derivative with
respect to the vector field ϵ. Setting the fermionic dimen-
sion to zero and the bosonic dimension to one and noting

that the superdiffeomorphism has a single component, we
recover the following reduction:

D → Dþ δ

�
D0ϵþ 2Dϵ0 −

1

2
ϵ000
�
: ð43Þ

After a redefinition of D, we recover the coordinate
transformation on a coadjoint Virasoro element [14,15].
It is sometimes convenient to express Π in terms of a
member in the equivalence class of connections and
subtracting out the trace of this member which we denote
by α. In general, our torsionless affine connection Γ will
not be compatible with the metric. In terms of this member,
we have

αa ≡ −Dð−1ÞeΓe
ea; ð44Þ

Πa
bc ¼ Γa

bc þ δabαc þ ð−1Þbcδacαb: ð45Þ

We may then express the projective Ricci symbol in terms
of this connection and its trace and write

Rbd ¼ ð−1ÞcðbþcþdÞΓc
bd;c − ð−1ÞdðbþcÞþcΓc

dfΓf
cb

þ ð−1Þdbðαd;b − αfΓf
dbÞ þ αb;d − αfΓf

bd

þ ðm − n − 1Þαbαd: ð46Þ

If Γ is Levi-Civita then αa ¼ −D−1 logðg1=2Þ;a and

ð−1Þdbαd;b ¼ αb;d: ð47Þ

The superprojective Ricci symbol transforms as the super-
diffeomorphism field up to a constant. This provides us
with an alternative way to deduce the parity of D.
Furthermore, we may define a tensor on M defined as

Pab ¼ Dab − αa;b þ αfΓf
ab þ αaαb: ð48Þ

Pab is a rank-2c-type tensor with parity ð−1Þaþb, and is
known to differential geometers in the ungraded setting as
the projective Schouten tensor. If our connection is Levi-
Civita then P is supersymmetric, i.e., Pab ¼ ð−1ÞabPba.
By inserting a parity factor and contracting over the first
and third indices of the superprojective Riemann curvature
symbol, we obtain the superprojective Ricci symbol from
before except that P and D are now present,

Rbd ¼ ð−1ÞcðbþcÞRc
bcd

¼ Rbd þ ðm − n − 1ÞðPbd −DbdÞ
þ ð−1Þbdαd;b − αb;d: ð49Þ

Rearranging the above, we have the following form for the
superdiffeomorphism field:
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Dbd ¼ −
1

m − n − 1
Rbd

þ
�

1

m − n − 1
ðRbd þ ð−1Þbdαd;b − αb;dÞ þ Pbd

�
:

ð50Þ

One can always shift the superdiffeomorphism field by any
symmetric rank-2 tensor on M.

V. THE SUPER-THOMAS-WHITEHEAD
CURVATURE TENSOR

It is natural to form a curvature tensor from the super-TW
connection, which we call the super-TW curvature tensor or
the superprojective Riemann curvature tensor,

Kα
βγδ ¼ −Γ̃α

βγ;δ þ ð−1ÞγδΓ̃α
βδ;γ − ð−1ÞδðϵþβþγÞΓ̃α

ϵδΓ̃ϵ
βγ

þ ð−1ÞγðϵþβÞΓ̃α
ϵγΓ̃ϵ

βδ: ð51Þ

Before discussing how Kα
βγδ transforms, we recall how a

tensor of rank (1,3) transforms under a change of basis,

T̄a1
a2a3a4 ¼ð−1ÞΔ4ðaþb;bÞTb1

b2b3b4b1
ðL−1∼Þa1b2La2

b3La3
b4La4 ;

ð52Þ

where Δ for a tensor of rank ðr; sÞ is defined as (q ¼ rþ s)

Δqða; bÞ≡
Xn
t;u¼1
t<u

atbu: ð53Þ

Hence, Kα
βγδ transforms as

Kα1
α2α3α4 →ð−1ÞΔ4ðαþβ;βÞKβ1

β2β3β4β1
ðL−1∼Þα1β2Lα2

β3Lα3
β4Lα4 :

ð54Þ

The nonvanishing components of Kα
βγδ are

Kλ
abc ¼ λðð−1ÞbcDac;b −Dab;c þ ð−1ÞbðaþdÞDdbΠd

ac

− ð−1ÞcðaþbþdÞDdcΠd
abÞ; ð55Þ

Ka
bcd ¼ Ra

bcd þ ð−1ÞbcδacDbd − ð−1ÞdðbþcÞδadDbc

¼ Ra
bcd − δabðð−1ÞcdPdc − PcdÞ

þ ð−1ÞbcδacPbd − ð−1ÞdðbþcÞδadPbc;

where Ka
bcd is called the superprojective Riemann curva-

ture tensor on M. For convenience we also introduce the
tensor

K̆abc ¼
1

λ
Kλ

abc: ð56Þ

Under a superprojective transformation P transforms as

Pab → Pab þ va;b − vavb: ð57Þ

This transformation law arises from the definition of Pbc in
terms of Dbc, as Dbc is invariant under projective trans-
formations. Rewriting the other components of the super-
Thomas-Whitehead curvature tensor, we have

K̆abc ¼ ð−1ÞcbPac;b − Pab;c þ ð−1ÞcbαaPcb − αaPbc

þ ð−1ÞbðaþdÞPdbΓd
ac − ð−1ÞcðaþbþdÞPdcΓd

ab

þ Pabαc − ð−1ÞbcPacαb − αfRf
abc: ð58Þ

Similarly, the super-TW Ricci tensor is formed by con-
tracting the first and third indices of the super-TW
curvature tensor

Kbd ¼ Rbd þ ðm − nÞPbd − ð−1ÞdbPdb: ð59Þ

We can write the super-TW Ricci tensor in terms of the
connection by taking the trace

Rjl ¼ ð−1Þkðjþ1ÞRk
jkl

and the super-TW Ricci scalar as

K ¼ Kabgba ¼ Rþ ðm − n − 1ÞP: ð60Þ

VI. THE SUPER-THOMAS-WHITEHEAD ACTION

The TW action [14–16] is constructed from the sum of
the projective Einstein-Hilbert and projective Gauss-
Bonnet Lagrangians. In this section we construct the
analogous super-TW action as the sum of the superpro-
jective Einstein-Hilbert Lagrangian, LSPEH, and the super-
projective Gauss-Bonnet Lagrangian, LSPGB. In the TW
action, gab, Πa

bc, and Dab are all independent field degrees
of freedom, where the metric serves to build coordinate
invariant objects.
In the super-TW action, LSPEH generates the super

Einstein-Hilbert term and couples the metric on M and
the superdiffeomorphism field. The tensor K̆abc containsD,
Π, and derivatives on D. The square of K̆abc sources
dynamics of D that arise in the projective Gauss-Bonnet
action. In the limit where Π is compatible with the metric
and the diffeomorphism field vanishes the TW action
collapses to the Einstein-Hilbert action. This follows from
the fact that the Gauss-Bonnet action is a topological
invariant in four dimensions. Furthermore, it is known that
in any dimension, LSPGB has only second-order derivatives
of the metric [40,41], which keeps the field equations from
developing higher time derivatives. Finally, we emphasize
that the TW Lagrangian over VM is invariant under both
supercoordinate and superprojective transformations.
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The first task is to endow our supermanifold M with a
metric g, and then promote g to a metric G on VM. Let us
recall the structure of a c-type matrix k that acts on an
ðm; nÞ-dimensional supervector space:

k ¼
�
Am×m Cm×n

Dn×m Bn×n

�
; ð61Þ

where A, B,C, andD are of type c, c, a, and a, respectively.
For the Thomas cone we need to increase the dimension of
the bosonic sector by one and arrange the decomposition of
the matrix in order to showcase both the pure and mixed
subsectors

K ¼

0
B@

A1
1×1 A2

1×m C1
1×n

A3
m×1 A4

m×m C2
m×n

D1
n×1 D2

n×m Bn×n

1
CA: ð62Þ

Even though we have changed the bosonic dimension and
offered a refined decomposition, the components of Ai, Bj,
Ck, and Dl are still of type c, c, a, and a, respectively. We
promote the metric over VM [14,15] to the graded setting

μGν ¼

0
BBB@

− λ2
0

λ2
− λ2

0

λ gb − λ2
0

λ gB

− λ2
0

λ ag agb − λ20aggb agB − λ20aggB

− λ2
0

λ Ag Agb − λ20Aggb AgB − λ20AggB

1
CCCA

¼

0
BB@

λGλ λGb λGB

aGλ aGb aGB

AGλ AGb AGB

1
CCA; ð63Þ

where a and b range over the even coordinates (except λ), A
and B range over the odd coordinates, μ and ν range over all
coordinates, and ga ≡ −D−1 logðg1=2Þ;a ¼ ð−1ÞaðagÞ. If we
choose the Levi-Civita connection, then ga ¼ αa. λ0 is
introduced in order to render the components of the metric
dimensionless and ga has units of inverse length.
Considering the case M ¼ Rm

c ×Rn
a, the metric simpli-

fies considerably as gaA ¼ gAa ¼ 0 and ga ¼ gA ¼ 0. The
canonical form of the metric on R2

c ×R2
a is [24]

η ¼

0
BBB@

−1 0 0 0

0 1 0 0

0 0 0 i

0 0 −i 0

1
CCCA ¼

�
aηb 0

0 AηB

�
; ð64Þ

implying the metric on the volume bundle of Rm
c ×Rn

a is

μGν ¼

0
B@− λ2

0

λ2
0 0

0 aηb 0

0 0 AηB

1
CA: ð65Þ

We have the relationship between the metric on M and
on VM

sdetðμGνÞ ¼ −
λ20
λ2

sdetð _μg_νÞ; ð66Þ

where _μ, _ν range over all coordinates except λ. G satisfies
Gμν ¼ ð−1ÞμνGνμ and transforms on VM as

Gμν → ð−1ÞσðρþμÞGρσ
ρðL−1ÞμσðL−1Þν; ð67Þ

where the metric with both of its indices to the bottom right
takes the form

Gμν ¼

0
BB@

− λ2
0

λ2
0 0

0 gab 0

0 0 gAB

1
CCA ¼

 
− λ2

0

λ2
0

0 g_μ _ν

!
ð−1ÞμμGν:

ð68Þ

This metric is symmetric and invariant under superprojec-
tive transformations by construction. The inverse is

Gμν ¼

0
BB@

− λ2

λ2
0

0 0

0 gab 0

0 0 gAB

1
CCA ¼

 
− λ2

λ2
0

0

0 g_μ _ν

!
¼ μGν: ð69Þ

Now that we have a metric on VM we are ready to
construct an action. We revert back to our old convention
where Greek and Latin indices range over the coordinates
of VM and M, respectively. This change causes the metric
on VM to take the shape

μGν ¼
 

λGλ λGb

aGλ aGb

!
¼
�

−λ−2 −λ−1gb
−λ−1ag agb − aggb

�
; ð70Þ

with inverse given by

νGρ ¼
�
λ2ðgmmgnng − 1Þ −λgmmgc

−λbgmmg bgc

�
; ð71Þ

Our next task is to construct the square of the super-
projective Riemann curvature tensor, which has 12 parity
terms. Shifting the metrics to the left will result in many
more parity terms:
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Kα
βγδKα

βγδ ¼ ð−1ÞρðμþνþσþαþβÞþσðμþνþαþβþγÞþνðμþαÞ

×Kα
βγδKμ

νρσμGαGνβGργGσδ: ð72Þ

The next summand we need is the square of the super-
projective Ricci tensor, given by

KβδKβδ ¼ ð−1ÞðνþβÞδKβδKνσGσδGνβ; ð73Þ

which can be written in terms of its ancestor, the super-
projective Riemann curvature tensor, as

KβδKβδ ¼ ð−1ÞγðνþσþβþγÞþαðνþσÞþρðνþρÞþσðνþβÞ

×Kα
βγδKμ

νρσδ
ρ
μδ

γ
αGνβGσδ: ð74Þ

Finally, we need the square of the superprojective Ricci
scalar

K2 ¼ ð−1ÞγðβþγÞþρðνþρÞþðνþσÞðαþγÞKα
βγδKμ

νρσδ
ρ
μδ

γ
αGσνGδβ:

ð75Þ

If we change the order of the tensors in this expression
more parity factors will arise, so our convention in
expressing candidates for L will begin with products of
K, followed by δ and then G. Bringing everything together,
we have the superprojective Einstein-Hilbert Lagrangian
and the superprojective Gauss-Bonnet Lagrangian:

LSPEH ¼ K; ð76Þ

LSPGB ¼ Kα
βγδKα

βγδ − 4KβδKβδ þK2

¼ Kα
βγδKμ

νρσCσδργνβμα; ð77Þ

where C is the superprojective Gauss-Bonnet tensor on VM

Cσδργνβμα ¼ ðð−1ÞδðμþνþρþαþβþγÞþγðμþνþαþβÞþβðμþαÞþμGσδGργGνβGμα − 4ð−1ÞγðνþσþβþγÞþαðνþσÞþρðνþρÞþσðνþβÞδρμδγαGνβGσδ

þ ð−1ÞγðβþγÞþρðνþρÞþðνþσÞðαþγÞδρμδγαGσνGδβÞ: ð78Þ

The motivation for the projective Einstein-Hilbert action arises directly from general relativity. The projective Gauss-
Bonnet term is added as it contains second-order derivatives on D, thus rendering D dynamical, while maintaining second-
order differential equations for the metric, which recovers the Einstein field equations in a certain limit. The possible
relation between the projective Gauss-Bonnet term and topological properties of supermanifolds is under investigation.
We define the super-Gauss-Bonnet symbol G on M and the super-Gauss-Bonnet tensor B on M as

Ghdgcfb
ea ≡ ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþeghdggcgfbðgea − gegaÞ

− 4ð−1ÞcðfþhþbþcÞþaðfþhÞþgðfþgÞþhðfþbÞδgeδcagfbghd

þ ð−1ÞcðbþcÞþgðfþgÞþðfþhÞðaþcÞδgeδcaghfgdb; ð79Þ

Bhdgcfb
ea ≡ Ghdgcfb

ea ð80Þ

¼ B1ghdggcgfbgea − B2δ
g
eδ

c
agfbghd þ B3δ

g
eδ

c
aghfgdb;

ð81Þ

where we have introduced

B1 ≡ ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþe; ð82Þ

B2 ≡ 4ð−1ÞcðfþhþbþcÞþaðfþhÞþgðfþgÞþhðfþbÞ; ð83Þ

B3 ≡ ð−1ÞcðbþcÞþgðfþgÞþðfþhÞðaþcÞ: ð84Þ

We are now ready to expand the superprojective Gauss-
Bonnet Lagrangian as

LSPCGB ¼ Kα
βγδKμ

νρσCσδργνβμα

¼ Ka
bcdKe

fghGhdgcfb
ea þKλ

bcdKλ
fghChdgcfbλλ þKλ

bcdKe
fghChdgcfbeλ þKa

bcdKλ
fghChdgcfbλa: ð85Þ

We tackle this Lagrangian one term at a time:

L1 ¼ Ka
bcdKe

fghðBhdgcfb
ea − ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþeghdggcgfbgegaÞ; ð86Þ

L2 ¼ −K̆bcdK̆fghð−1ÞdðfþgþbþcÞþcðfþbÞghdggcgfb; ð87Þ
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L3 ¼ −K̆bcdKe
fghð−1ÞdðeþfþgþbþcÞþcðeþfþbÞþeðbþeÞghdggcgfbge; ð88Þ

L4 ¼ −Ka
bcdK̆fghð−1ÞdðfþgþaþbþcÞþcðfþaþbÞþbaghdggcgfbga: ð89Þ

Let us rearrange L3 to share the same index structure as L4, and vice versa:

L3 ¼ −Ka
bcdK̆fghghdggcgfbgað−1ÞaþfðcþdÞþgðdþfÞþhðfþgÞ ¼ L̃4; ð90Þ

L̃4 þ L4 ¼ −Ka
bcdK̆fghghdggcgfbgað−1ÞaþfðcþdÞþgðdþfÞþhðfþgÞðð−1ÞaðaþbþcþdÞþbðcþdÞþcdþfðgþhÞþgh þ 1Þ; ð91Þ

L4 ¼ Ka
bcdK̆fghð−1ÞdðfþgþaþbþcÞþcðfþaþbÞþbaghdggcgfbð−gaÞ ¼ L̃3; ð92Þ

L̃3 þ L3 ¼ −K̆bcdKe
fghghdggcgfbgeð−1ÞdðeþfþgþbþcÞþcðeþfþbÞþeðbþeÞðð−1ÞeðeþfþgþhÞþbðcþdÞþcdþfðgþhÞþgh þ 1Þ: ð93Þ

A short calculation shows that ðL̃3 þ L3Þ ¼ ðL̃4 þ L4Þ. As
they are equivalent we pick ðL̃4 þ L4Þ to participate in our
action because there are fewer parity factors. For what
follows, we define four parity factors that will be useful:

P0 ≡ ð−1ÞcðbþcÞ; ð94Þ

P1 ≡ ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþe; ð95Þ

P2 ≡ ð−1ÞdðfþgþbþcÞþcðfþbÞ; ð96Þ

P3 ≡ ð−1ÞaþfðcþdÞþgðdþfÞþhðfþgÞ

× ðð−1ÞaðaþbþcþdÞþbðcþdÞþcdþfðgþhÞþgh þ 1Þ: ð97Þ

Reintroducing the scale λ0 and introducing two coupling
constants, α0 and β0, the final form of the super TW gravity
action is

SSTW ¼ α0

Z
Ka

bcdδ
c
agdbP0G

1
2dλdm;nxþ β0

Z
Ka

bcdKe
fghðBhdgcfb

ea − λ20g
hdggcgfbgegaP1ÞG1

2dλdm;nx

− β0λ
2
0

Z
K̆bcdK̆fghghdggcgfbP2G

1
2dλdm;nx − β0λ

2
0

Z
Ka

bcdK̆fghghdggcgfbgaP3G
1
2dλdm;nx: ð98Þ

As stated earlier, setting P to zero recovers the Einstein-
Hilbert action from the superprojective Riemann curvature
tensor since

Ka
bcd ¼ Ra

bcd; and ð99Þ
K̆bcd ¼ −αaRa

bcd: ð100Þ

Define the constant C as

C ¼
Z

λ2

λ1

λ0
λ
dλ ¼ λ0 log

�
λ2
λ1

�
; ð101Þ

where 0 < λ1 < λ2 < ∞. Recalling the relationship
between G and g, we have the simplificationZ

λ2

λ1

G
1
2dλ ¼ Cg

1
2: ð102Þ

Setting n to zero and m to four, and letting P → 0, the
super-TW action reduces to

STW ¼ α0C
Z

Rg
1
2d4xþ β0C

×
Z

ðRa
bcdRa

bcd − 4RbdRbd þ R2Þg1
2d4x:

The first term is the Einstein-Hilbert action, while the
second term is the Gauss-Bonnet action, which does not
contribute to the Einstein field equations in four dimen-
sions [40].

VII. THE FIELD EQUATIONS

The variation of the canonical measure function is
given by

δg
1
2 ¼ 1

2
g−

1
2δg ¼ 1

2
g
1
2ð−1Þiigjδjgi: ð103Þ

The variation of the inverse metric arises from

0 ¼ δðaδcÞ; ð104Þ
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δgad ¼ δgabbgcgcd ¼ −gabδbgcgcd

¼ −ð−1ÞðbþcÞðcþdÞgabgcdδbgc: ð105Þ

Let M be a Riemannian supermanifold. If M is compact,
then [24]Z
M
ð−1Þiðg1

2XiÞ;idm;nx ¼
Z
M
ð−1Þig1

2Xi
;idm;nx ¼ 0; ð106Þ

implying

ðδΓj
jigkiÞ;k ¼ ð−1ÞkðiþkÞδΓj

ji;kgki; ð107Þ

− g
1
2ð−1ÞjδΓj

ji;kgki ¼ −g1
2ð−1ÞjþkðiþkÞðδΓj

jigkiÞ;k
¼ −g1

2ð−1Þkðð−1ÞjδΓj
jigikÞ;k ¼ −g1

2ð−1ÞkXk
;k; ð108Þ

Xk ¼ ð−1ÞjδΓj
jigik; ð109Þ

ðδΓj
ikgkiÞ;j ¼ ð−1ÞjðiþkÞδΓj

ik;jgki; ð110Þ

g
1
2ð−1ÞjðiþjþkÞδΓj

ik;jgki¼ g
1
2ð−1ÞjðδΓj

ikgkiÞ;j¼ g
1
2ð−1ÞjYj

;j;

ð111Þ

Yj ¼ δΓj
ikgki: ð112Þ

We are now in a position to find field equations of the
dynamical fields Π, D, and g in the action. We express the
action in terms of the superprojective Cotton-York symbol,
reducing the action to a functional that is on M, viz,

SSTW ¼
X5
i¼1

Si; ð113Þ

S1 ¼ α0C
Z

Ka
bcdδ

c
agdbP0g

1
2dm;nx; ð114Þ

S2 ¼ β0C
Z

Ka
bcdKe

fghBhdgcfb
eag

1
2dm;nx; ð115Þ

S3 ¼ −β0Cλ20

Z
Ka

bcdKe
fghghdggcgfbgegaP1g

1
2dm;nx;

ð116Þ

S4 ¼ −β0Cλ20

Z
K̆bcdK̆fghghdggcgfbP2g

1
2dm;nx; ð117Þ

S5 ¼ −β0Cλ20

Z
Ka

bcdK̆fghghdggcgfbgaP3g
1
2dm;nx; ð118Þ

Bhdgcfb
ea ¼ B1ghdggcgfbgea − B2δ

g
eδ

c
agfbghd

þ B3δ
g
eδ

c
aghfgdb: ð119Þ

Observe that the dependence on Π and D resides in the
superprojective Cotton-York symbol and the superprojec-
tive Riemann curvature tensor, while the metric dependence
resides only in the superdeterminant of the metric, the
inverse metric, and the super-Gauss-Bonnet tensor. Before
we proceed, we note that SSTW can be expressed differently
with a particular combination [14,15] of the nontrivial
coefficients of the superprojective Riemann curvature
tensor on VM. This combination happens to be a tensor
over M, known as the projective Cotton-York tensor. The
ungraded version is

gaKa
bcd þ K̆bcd: ð120Þ

In every variation below, we hide the constants, α0, β0, λ0,
and C.

A. Field equations for Π
Varying S1 with respect to the superfundamental pro-

jective invariant gives

δS1¼
Z

δΠx
yzðδaxδybδzcF 1

c
a
db

;dð−1ÞdðaþbþcþdÞþc−δaxδ
y
bδ

z
dF 1

c
a
db

;cð−1ÞcðaþbÞ þδaxδ
y
fδ

z
cΠf

bdF 1
c
a
dbð−1ÞcðbþcþfÞ

þΠa
fcδ

f
xδ

y
bδ

z
dF 1

c
a
dbð−1ÞcðbþcþfÞþðxþyþzÞðaþcþfÞ−δaxδ

y
fδ

z
dΠf

bcF 1
c
a
dbð−1ÞdðbþcþfÞþc

−Πa
fdδ

f
xδ

y
bδ

z
cF 1

c
a
dbð−1ÞdðbþcþfÞþcþðxþyþzÞðaþdþfÞÞ;

F 1
c
a
db¼ð−1Þbcδcagdbg1

2; ð121Þ

The variation of S2 with respect to Π is

δS2 ¼
Z

δΠx
yzðδaxδybδzcF 2

dcb
a;dð−1ÞdðaþbþcþdÞ − δaxδ

y
bδ

z
dF 2

dcb
a;cð−1ÞcðaþbþcÞ þ δaxδ

y
fδ

z
cΠf

bdF 2
dcb

að−1ÞcðfþbÞ

þ δfxδ
y
bδ

z
dΠa

fcF 2
dcb

að−1ÞcðfþbÞþðfþbþdÞðaþfþcÞ − δaxδ
y
fδ

z
dΠf

bcF 2
dcb

að−1ÞdðbþcþfÞ

− δfxδ
y
bδ

z
cΠa

fdF 2
dcb

að−1ÞdðbþcþfÞþðaþfþdÞðfþbþcÞÞ; ð122Þ
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F 2
dcb

a ¼ Ke
fghðBhdgcfb

ea þ Bdhcgbf
aeP7Þg1

2; ð123Þ

P7 ¼ ð−1ÞðaþbþcþdÞðeþfþgþhÞ: ð124Þ

The variation of S3 with respect to Π is

δS3 ¼ −
Z

δΠx
yzðδaxδybδzcF 3

dcb
a;dð−1ÞdðaþbþcþdÞ − δaxδ

y
bδ

z
dF 3

dcb
a;cð−1ÞcðaþbþcÞ þ δaxδ

y
fδ

z
cΠf

bdF 3
dcb

að−1ÞcðfþbÞ

þ δfxδ
y
bδ

z
dΠa

fcF 3
dcb

að−1ÞcðfþbÞþðfþbþdÞðaþfþcÞ − δaxδ
y
fδ

z
dΠf

bcF 3
dcb

að−1ÞdðbþcþfÞ

− δfxδ
y
bδ

z
cΠa

fdF 3
dcb

að−1ÞdðbþcþfÞþðaþfþdÞðfþbþcÞÞ: ð125Þ

The variation of S4 with respect to Π is

δS4 ¼ −
Z

δΠx
yzðδexδybδzdDecð−1ÞðeþcÞðeþbþdÞþcðbþeÞ − δexδ

y
bδ

z
cDedð−1ÞdðbþcþeÞþðeþdÞðeþbþcÞÞF 4

dcb
a; ð126Þ

F 4
dcb

a ¼ KfghðghdggcgfbP2 þ gdhgcggbfP̃2P8Þg1
2; ð127Þ

P̃2 ¼ ð−1ÞhðfþgþbþcÞþgðfþbÞ; ð128Þ

P8 ¼ ð−1ÞðbþcþdÞðfþgþhÞ: ð129Þ

Finally, the variation of S5 with respect to Π is

δS5 ¼ −
Z

δΠx
yzðδaxδybδzcF 5

dcb
a;dð−1ÞdðaþbþcþdÞ − δaxδ

y
bδ

z
dF 5

dcb
a;cð−1ÞcðaþbþcÞ þ δaxδ

y
fδ

z
cΠf

bdF 5
dcb

að−1ÞcðfþbÞ

þ δfxδ
y
bδ

z
dΠa

fcF 5
dcb

að−1ÞcðfþbÞþðfþbþdÞðaþfþcÞ − δaxδ
y
fδ

z
dΠf

bcF 5
dcb

að−1ÞdðbþcþfÞ

− δfxδ
y
bδ

z
cΠa

fdF 5
dcb

að−1ÞdðbþcþfÞþðaþfþdÞðfþbþcÞ þ δexδ
y
fδ

z
hDegF 6

hgfð−1ÞðeþgÞðeþfþhÞþgðfþeÞ

− δexδ
y
fδ

z
gDehF 6

hgfð−1ÞhðfþgþeÞþðeþhÞðeþfþgÞÞ; ð130Þ

F 5
dcb

a ¼ KfghghdggcgfbgaP3g
1
2; ð131Þ

F 6
hgf ¼ Ka

bcdghdggcgfbgaP3P9g
1
2; ð132Þ

P9 ¼ ð−1ÞðaþbþcþdÞðfþgþhÞ: ð133Þ

Adding up the variations gives the field equations for Π.
The full field equations can be found in Appendix B [see
Eq. (B1)].

B. Field equations for Dbd

Again we start with S1:

δS1 ¼
Z

δDxyðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ

− δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞF 7

c
a
db;

F 7
c
a
db ¼ δcagdbP0g

1
2: ð134Þ

The variation of S2 is

δS2 ¼
Z

δDxyðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ

− δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞF 2

dcb
a:

The variation of S3 is

δS3 ¼ −
Z

δDxyðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ

− δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞF 3

dcb
a:

The variation of S4 is

δS4 ¼ −
Z

δDxyð−δxbδydF 4
dcb

a;cð−1ÞdcþcðaþbþcþdÞ

þ δxbδ
y
cF 4

dcb
a;dð−1ÞdðaþbþcþdÞ

þ δxeδ
y
cΠe

bdF 4
dcb

að−1ÞcðbþeÞ

− δxeδ
y
dΠe

bcF 4
dcb

að−1ÞdðbþcþeÞÞ; ð135Þ

and lastly the variation of S5 is
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δS5 ¼ −
Z

δDxyðδxbδydδacF 5
dcb

að−1ÞbcþðaþcÞðbþdÞ − δxbδ
y
cδ

a
dF 5

dcb
að−1ÞdðbþcÞþðbþcÞðaþdÞ

− δxfδ
y
hF 6

hgf
;gð−1ÞhgþgðfþgþhÞ þ δxfδ

y
gF 6

hgf
;hð−1ÞhðfþgþhÞ

þ δxeδ
y
gΠe

fhF 6
hgfð−1ÞgðfþeÞ − δxeδ

y
hΠe

fgF 6
hgfð−1ÞhðfþgþeÞÞ: ð136Þ

The full field equations are again in Appendix B [see
Eq. (B2)].

C. The field equations for gab
Let us begin by rearranging and relabeling the action to

make the metric dependence explicit, while also keeping in
mind the connection and metric are independent. We start
by breaking up the action to give

S1 ¼
Z ffiffiffi

g
p

gdbF 8bd; ð137Þ

F 8bd ¼ Ka
bcdδ

c
aP0ð−1Þbþd; ð138Þ

S2 ¼
Z ffiffiffi

g
p

Bhdgcfb
eaF 9

a
bcd

e
fgh; ð139Þ

F 9
a
bcd

e
fgh ¼ Ka

bcdKe
fghP10; ð140Þ

P10 ¼ ð−1Þaþbþcþdþeþfþgþh; ð141Þ

S3 ¼
Z ffiffiffi

g
p

ghdggcgfbgegaF 10
a
bcd

e
fgh; ð142Þ

F 10
a
bcd

e
fgh ¼ −Ka

bcdKe
fghP1P10; ð143Þ

S4 ¼
Z ffiffiffi

g
p

ghdggcgfbF 11bcdfgh; ð144Þ

F 11bcdfgh ¼ −KbcdKfghP2ð−1Þbþcþdþfþgþh; ð145Þ

S5 ¼
Z ffiffiffi

g
p

ghdggcgfbgaF 12
a
bcdfgh; ð146Þ

F 12
a
bcdfgh ¼ −Ka

bcdKfghP3ð−1Þaþbþcþdþfþgþh: ð147Þ

We will vary with respect to gab. The family of variations
that will be needed are

δgc ¼ δgabV1bac þ δgab;cV2ba;

V1bac ¼
1

2D
gba;cð−1Þaþb; ð148Þ

V2ba ¼
1

2D
gbað−1ÞcðaþbÞþaþb; ð149Þ

B̃2 ¼ −ð−1ÞðfþbþhþdÞðgþeþcþaÞB2; ð150Þ

B̃3 ¼ ð−1ÞðhþfþdþbÞðgþeþcþaÞB3; ð151Þ

δBhdgcfb
ea ¼ δgxy½B1ðδhxδdyggcgfbgea þ δgxδ

c
yghdgfbgeað−1ÞðhþdÞðgþcÞ þ δfxδ

b
yghdggcgeað−1ÞðhþdþgþcÞðfþbÞ

þ V0exyaghdggcgfbð−1ÞðhþdþgþcþfþbÞðeþaÞÞ þ B̃2ðδfxδbyghdδgeδca þ δhxδ
d
ygfbδgeδcað−1ÞðfþbÞðhþdÞÞ

þ B̃3ðδhxδfygdbδgeδca þ δdxδ
b
yghfδgeδcað−1ÞðhþfÞðdþbÞÞ�;

δga ¼ δgxyV1yxa þ δgxy;aV2yx: ð152Þ

Using the above identities, the variation of S1 with respect to the metric yields

δS1 ¼
Z

δgxy
��

−
1

2

ffiffiffi
g

p
ygxð−1Þx

�
gdbF 8bd þ δdxδ

b
y
ffiffiffi
g

p
F 8bd

�
: ð153Þ

Similarly, the variation of S2 with respect to the metric is
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δS2 ¼
Z

δgxy
��

−
1

2

ffiffiffi
g

p
ygxð−1Þx

�
Bhdgcfb

eaF 9
a
bcd

e
fgh þ ðB1ðδhxδdyggcgfbgea þ δgxδ

c
yghdgfbgeað−1ÞðhþdÞðgþcÞ

þ δfxδ
b
yghdggcgeað−1ÞðhþdþgþcÞðfþbÞ þ V0exyaghdggcgfbð−1ÞðhþdþgþcþfþbÞðeþaÞÞ þ B̃2ðδfxδbyghdδgeδca

þ δhxδ
d
ygfbδgeδcað−1ÞðfþbÞðhþdÞÞ þ B̃3ðδhxδfygdbδgeδca þ δdxδ

b
yghfδgeδcað−1ÞðhþfÞðdþbÞÞÞ ffiffiffi

g
p

F 9
a
bcd

e
fgh

�
: ð154Þ

First, we define F 13 and F 14 to clean up the variation below:

F 13
ae ¼ ffiffiffi

g
p

ghdggcgfbF 10
a
bcd

e
fghð−1ÞðeþaÞðhþdþgþcþfþbÞ; ð155Þ

F 14bcdfgh ¼ gegaF 10
a
bcd

e
fgh: ð156Þ

The variation of S3 with respect to the metric is

δS3 ¼
Z

δgxy
�
V1yxegaF 13

ae − ðV2yxgaF 13
aeÞ;e þ V1yxageF 13

aeð−1Þae − ðV2yxgeF 13
aeð−1ÞaeÞ;a

þ
��

−
1

2

ffiffiffi
g

p
ygxð−1Þx

�
ghdggcgfb þ δhxδ

d
y
ffiffiffi
g

p
ggcgfb þ δgxδ

c
y
ffiffiffi
g

p
ghdgfbð−1ÞðhþdÞðgþcÞ

þ δfxδ
b
y
ffiffiffi
g

p
ghdggcð−1ÞðfþbÞðhþdþgþcÞ

�
F 14bcdfgh

�
: ð157Þ

The variation of S4 with respect to the metric is

δS4 ¼
Z

δgxy
��

−
1

2

ffiffiffi
g

p
ygxð−1Þx

�
ghdggcgfb þ δhxδ

d
y
ffiffiffi
g

p
ggcgfb þ δgxδ

c
y
ffiffiffi
g

p
ghdgfbð−1ÞðhþdÞðgþcÞ

þ δfxδ
b
y
ffiffiffi
g

p
ghdggcð−1ÞðfþbÞðhþdþgþcÞ

�
F 11bcdfgh: ð158Þ

We define F 15 and F 16 in order to clean up the variation below:

F 15bcdfgh ¼ gaF 12
a
bcdfgh ð159Þ

F 16
a ¼ ffiffiffi

g
p

ghdggcgfbF 12
a
bcdfghð−1ÞaðhþdþgþcþfþcÞ: ð160Þ

The variation of S5 with respect to the metric is

δS5 ¼
Z

δgxy
���

−
1

2

ffiffiffi
g

p
ygxð−1Þx

�
ghdggcgfb þ δhxδ

d
y
ffiffiffi
g

p
ggcgfb þ δgxδ

c
y
ffiffiffi
g

p
ghdgfbð−1ÞðhþdÞðgþcÞ

þ δfxδ
b
y
ffiffiffi
g

p
ghdggcð−1ÞðfþbÞðhþdþgþcÞ

�
F 15bcdfgh þ V1yxaF 16

a − ðV2yxF 16
aÞ;að−1ÞaðaþxþyÞ

�
: ð161Þ

As before, the equations of motion for gab are found in
Appendix B [see Eq. (B3)]. From here one may define an
energy-momentum tensor. In order to write the usual
Einstein equations, one would be obliged to decompose
the fundamental projective invariant into an affine con-
nection and a traceless Palatini tensor. Then one could have
the usual Riemannian geometric objects on the left-hand
side of these field equations, while the Palatini field
equations and the contributions from the diffeomorphism

field would move to the right-hand side forming projective
geometric sources.

VIII. SIMPLE COSMOLOGICAL MODEL

As a practical example we present the field equations in
one of the simplest possible limits and recover de Sitter
space as a solution. Assume that Π contains in its
equivalence class the metric compatible connection, so

GRADED EXTENSION OF THOMAS-WHITEHEAD GRAVITY PHYS. REV. D 106, 084065 (2022)

084065-13



that Π and g are no longer independent degrees of freedom.
TheΠ field equation will be trivially satisfied in the spirit of
Palatini formalism [36], so there are only two independent
fields in the theory, D and g. Motivated by cosmo-

logical implications, we will also impose the condition
Dbc ¼ Λgbc where Λ is some constant, so D is playing the
role of a cosmological constant. The field equation for Dbc
reduces to

α0ðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ − δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞδcagdbP0

þ β0ðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ − δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞ

× ðð−1ÞfgδegΛgfh − ð−1ÞhðfþgÞδehΛgfgÞðBhdgcfb
ea þ Bdhcgbf

aeP7Þ ¼ 0; ð162Þ

which is satisfied whenever Dbc ¼ Λgbc, while the metric field equations become

α0

�
−
m−n−1

2
ygxgdbΛgbdð−1Þxþδdxδ

b
yðm−n−1ÞΛgbd

�
þβ0

�
−
1

2
ygxBhdgcfb

eaðð−1ÞbcδacΛgbd−ð−1ÞdðbþcÞδadΛgbcÞ

×ðð−1ÞfgδegΛgfh−ð−1ÞhðfþgÞδehΛgfgÞP10ð−1ÞxþðB1ðδhxδdyggcgfbgeaþδgxδ
c
yghdgfbgeað−1ÞðhþdÞðgþcÞ

þδfxδ
b
yghdggcgeað−1ÞðhþdþgþcÞðfþbÞ−gexgyaghdggcgfbð−1ÞðhþdþgþcþfþbÞðeþaÞþðxþyÞðeþxÞþyÞ

þB̃2δ
f
xδ

b
yghdδgeδcaþB̃2δ

h
xδ

d
ygfbδgeδcað−1ÞðfþbÞðhþdÞþB̃3δ

h
xδ

f
ygdbδgeδca

þB̃3δ
d
xδ

b
yghfδgeδcað−1ÞðhþfÞðdþbÞÞðð−1ÞbcδacΛgbd−ð−1ÞdðbþcÞδadΛgbcÞðð−1ÞfgδegΛgfh−ð−1ÞhðfþgÞδehΛgfgÞP10

�
¼0;

which are proportional to the energy-momentum tensor.
We recognize this latter equation as the graded extension
[15,16] of the differential equation for (anti-)de Sitter
space, so taking the aforementioned limits we are able
to recover graded (anti-)de Sitter space as a solution to the
graded TW field equations.

IX. CONCLUSION

In this paper, we have generalized TW gravity to a
graded setting in the framework of a DeWitt supermanifold.
The super-TW gravity action is invariant under super-
projective transformations, yields second-order partial dif-
ferential equations for the metric, the superfundamental
projective invariant, and the superdiffeomorphism field.
Our construction generated an infinitesimal coordinate
transformation law for the superdiffeomorphism field,
which recovered the coadjoint action on a coadjoint
Virasoro element in a particular limit. Additionally, setting
the number of fermionic coordinates to zero, the number of
bosonic coordinates to four, and the tensorial relative to the
superdiffeomorphism field to zero, the super-TW action
simplified to the Einstein-Hilbert action. The super-TW
action is the natural precursor to understanding a theory of
projective supergravity with dynamical projective connec-
tions intimately connected to the super-Virasoro algebra.
For instance, setting one of indices of the super
Diffeomorphism field to a bosonic index and the other
to a fermionic index, one would expect the appearance
of a spin-3=2 Rarita-Schwinger field. Also, we expect a

supersymmetric version of the super-TW action to make
contact with the supersymmetric extension of the 2D
Polyakov action [6,9,19,20]. The super-TW action
described in this paper is not restricted to supersymmetric
coordinates and can be used to investigate other superspace
phenomena. Also, our analysis focused completely on
tensors and does not address the study of spinors in
superspaces and their coupling to the TW connection.
Details on the investigation of fermions in TW gravity in
the ungraded setting were discussed in detail in [15].
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APPENDIX A: SUMMARY OF CONVENTIONS

Parity factors:

P0 ≡ ð−1ÞcðbþcÞ; ðA1Þ

P1 ≡ ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþe; ðA2Þ

P̃1 ≡ ð−1ÞhðeþfþgþaþbþcÞþgðeþfþaþbÞþfðeþaÞþa; ðA3Þ

P2 ≡ ð−1ÞdðfþgþbþcÞþcðfþbÞ; ðA4Þ
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P̃2 ≡ ð−1ÞhðfþgþbþcÞþgðfþbÞ; ðA5Þ

P3 ≡ ð−1ÞaþfðcþdÞþgðdþfÞþhðfþgÞ

× ðð−1ÞaðaþbþcþdÞþbðcþdÞþcdþfðgþhÞþgh þ 1Þ; ðA6Þ

P4 ≡ ð−1ÞaþeðbþcþdþeÞþfðcþdÞþgðdþfÞþhðfþgÞ

× ð1 − ð−1ÞbðcþdÞþcdþfðgþhÞþghÞ; ðA7Þ

P5 ≡ ð−1ÞfðcþdÞþgðdþfÞþhðfþgÞ; ðA8Þ

P6 ≡ ð−1ÞbðcþdÞþcdþfðgþhÞþgh; ðA9Þ

P7 ≡ ð−1ÞðaþbþcþdÞðeþfþgþhÞ; ðA10Þ

P8 ≡ ð−1ÞðbþcþdÞðfþgþhÞ; ðA11Þ

P9 ≡ ð−1ÞðaþbþcþdÞðfþgþhÞ; ðA12Þ

P10 ≡ ð−1Þaþbþcþdþeþfþgþh; ðA13Þ

B1 ≡ ð−1ÞdðeþfþgþaþbþcÞþcðeþfþaþbÞþbðeþaÞþe; ðA14Þ

B2 ≡ 4ð−1ÞcðfþhþbþcÞþaðfþhÞþgðfþgÞþhðfþbÞ; ðA15Þ

B̃2 ≡ −ð−1ÞðfþbþhþdÞðgþeþcþaÞB2; ðA16Þ

B3 ≡ ð−1ÞcðbþcÞþgðfþgÞþðfþhÞðaþcÞ; ðA17Þ

B̃3 ≡ ð−1ÞðhþfþdþbÞðgþeþcþaÞB3: ðA18Þ

Tensors and symbols:

F 1
c
a
db ¼ ð−1Þbcδcagdbg1

2; ðA19Þ

F 2
dcb

a ¼ Ke
fghðBhdgcfb

ea þ Bdhcgfb
aeP7Þg1

2; ðA20Þ

F 3
dcb

a ¼ Ke
fghðghdggcgfbgegaP1 þ gdhgcggbfgageP̃1P7Þg1

2;

ðA21Þ

F 4
dcb

a ¼ KfghðghdggcgfbP2 þ gdhgcggbfP̃2P8Þg1
2; ðA22Þ

F 5
dcb

a ¼ KfghghdggcgfbgaP3g
1
2; ðA23Þ

F 6
hgf ¼ Ka

bcdghdggcgfbgaP3P9g
1
2; ðA24Þ

F 7
c
a
db ¼ δcagdbP0g

1
2; ðA25Þ

F 8bd ¼ Ka
bcdδ

c
aP0ð−1Þbþd; ðA26Þ

F 9
a
bcd

e
fgh ¼ Ka

bcdKe
fghP10; ðA27Þ

F 10
a
bcd

e
fgh ¼ −Ka

bcdKe
fghP1P10; ðA28Þ

F 11bcdfgh ¼ −KbcdKfghP2ð−1Þbþcþdþfþgþh; ðA29Þ

F 12
a
bcdfgh ¼ −Ka

bcdKfghP3ð−1Þaþbþcþdþfþgþh; ðA30Þ

F 13
ae ¼ ffiffiffi

g
p

ghdggcgfbF 10
a
bcd

e
fghð−1ÞðeþaÞðhþdþgþcþfþbÞ;

ðA31Þ

F 14bcdfgh ¼ gegaF 10
a
bcd

e
fgh; ðA32Þ

F 15bcdfgh ¼ gaF 12
a
bcdfgh; ðA33Þ

F 16
a ¼ ffiffiffi

g
p

ghdggcgfbF 12
a
bcdfghð−1ÞaðhþdþgþcþfþcÞ; ðA34Þ

V0dabc ¼ −gdagbcð−1ÞðaþbÞðaþdÞþb; ðA35Þ

V1bac ¼
1

2D
gba;cð−1Þaþb; ðA36Þ

V2ba ¼
1

2D
gbað−1ÞcðaþbÞþaþb: ðA37Þ
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APPENDIX B: FIELD EQUATIONS

1. Field equations for Π

α0CðδaxδybδzcF 1
c
a
db

;dð−1ÞdðaþbþcþdÞþc − δaxδ
y
bδ

z
dF 1

c
a
db

;cð−1ÞcðaþbÞ þ δaxδ
y
fδ

z
cΠf

bdF 1
c
a
dbð−1ÞcðbþcþfÞ

þ Πa
fcδ

f
xδ

y
bδ

z
dF 1

c
a
dbð−1ÞcðbþcþfÞþðxþyþzÞðaþcþfÞ − δaxδ

y
fδ

z
dΠf

bcF 1
c
a
dbð−1ÞdðbþcþfÞþc

− Πa
fdδ

f
xδ

y
bδ

z
cF 1

c
a
dbð−1ÞdðbþcþfÞþcþðxþyþzÞðaþdþfÞÞ þ β0CðδaxδybδzcF 2

dcb
a;dð−1ÞdðaþbþcþdÞ

− δaxδ
y
bδ

z
dF 2

dcb
a;cð−1ÞcðaþbþcÞ þ δaxδ

y
fδ

z
cΠf

bdF 2
dcb

að−1ÞcðfþbÞ þ δfxδ
y
bδ

z
dΠa

fcF 2
dcb
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hgfð−1ÞhðfþgþeÞþðeþhÞðeþfþgÞÞ ¼ 0: ðB1Þ

2. Field equations for D

α0Cðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ − δxbδ
y
cδ

a
dð−1ÞdðbþcÞþðbþcÞðaþdÞÞF 7

c
a
db þ β0Cðδxbδydδacð−1ÞbcþðaþcÞðbþdÞ

− δxbδ
y
cδ
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dð−1ÞdðbþcÞþðbþcÞðaþdÞÞF 2
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hgfð−1ÞhðfþgþeÞÞ ¼ 0: ðB2Þ

3. Field equations for g
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c
yghdgfbgeað−1ÞðhþdÞðgþcÞ þ δfxδ

b
yghdggcgeað−1ÞðhþdþgþcÞðfþbÞ

þ V0exyaghdggcgfbð−1ÞðhþdþgþcþfþbÞðeþaÞÞ þ B̃2δ
f
xδ
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xδ
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xδ
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xδ

b
yghfδgeδcað−1ÞðhþfÞðdþbÞÞ ffiffiffi

g
p

F 9
a
bcd
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fgh

�
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− β0Cλ20

�
V1yxegaF 13

ae − ðV2yxgaF 13
aeÞ;e þ V1yxageF 13

aeð−1Þae − ðV2yxgeF 13
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y
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�
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a − ðV2yx
F 16

aÞ;að−1ÞaðaþxþyÞ
�
¼ 0: ðB3Þ
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