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We study the chaotic signatures of the geodesic dynamics of a nonspinning test particle in the effective-
one-body (EOB) formalism for the inspiral process of spinning binary black holes. We first show that the
second-order post-Newtonian (2PN) EOB dynamics is nonintegrable by demonstrating that the EOBmetric
does not satisfy the criterion for the existence of the Carter constant. We then employ the numerical study to
find the plateaus of the rotation curve, which are associated with the existence of Birkhoff islands in the
Poincaré surface of section, signifying the chaotic dynamics in the system. Our results show the signatures
of chaos for the EOB dynamics, especially in the regime of interest for which the Kerr bounds of the
component black holes hold. We also find that chaotic behavior is more obvious as the spin parameter a of
the deformed EOB background metric increases. Our results can help to uncover the implications of
dynamical chaos in gravitational wave astronomy. Finally, we also present some preliminary results due to
corrections at 3PN order.
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I. INTRODUCTION

The inspiral binary black holes are the most common
sources of gravitational waves detected by the Laser
Interferometer Gravitational Wave Observatory and
Virgo [1]. To detect such signals, precise theoretical
gravitational waveforms should be prepared to perform
the matched filtering procedure for combating the back-
ground noise in the detector. Therefore, studying the
inspiral dynamics and the subsequent merger is important
to obtain the gravitational waveforms. During the inspiral
phase, the post-Newtonian approximation can be adopted
so that the nonlinear effects of Einstein’s gravity can be
taken into account perturbatively. However, strong gravity
will be involved in the merger phase so that only numerical
relativity can yield precise dynamics and waveforms. After
the merger, the dynamics can be approximated by black
hole perturbation theory to uncover the quasinormal modes
in the ringdown phase. Although numerical relativity can
be used as a first-principle method to calculate the
dynamics and waveforms for the whole coalescence of
binary black holes, it is computationally very costly.
Therefore, some approximate hybrid methods have been
proposed to balance efficiency and accuracy requirements.
Among them, the most synergistic is the effective-one-body
(EOB) method [2–6]. The basic idea of the EOB method is

to map the binary inspiral post-Newtonian dynamics into
the reduced dynamics of a test body moving in some
blackholelike background metric. The EOB map is a
generalization of the Newtonian reduction of the two-body
problem. The advantage of this reduction is to give the
leverage to extrapolate to merger dynamics provided by
numerical relativity, and then connect to the ringdown
phase which is by itself a “one-body” problem. In this way,
the EOB method provides a systematic framework for
studying the dynamics of the whole binary coalescence
process with the minimal usage of numerical relativity for
efficiency.
Because of the nonlinearity of Einstein’s gravity, the post-

Newtonian (PN) Hamiltonian contains non-Coulombic
higher-order interactions.Although theNewtonian two-body
dynamics is integrable, the non-Coulombic potentials of the
nonlinear origin naturally raise the question of the integra-
bility of the PN inspiral dynamics. This issue may signifi-
cantly challenge the matched filtering techniques [7] and has
been addressed in the past decades. However, due to the
complication of the PN potentials and the associated numeri-
cal calculations, the answer and the associated physical
implication to gravitationalwave observations are not always
affirmative [8–17]. Despite that, it is known that up to 1.5PN
order [i.e., up to ðv=cÞ3 terms in PN Hamiltonian], the
inspiral dynamics of binary spinning black holes is inte-
grable [4,18–21]. If thebinary inspiral dynamics at higher PN
orders is nonintegrable, e.g., in the presence of spin-spin
interactions [22–26], then it is natural to ask how to study
and characterize the chaotic behaviors arising from the
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nonintegrability and how they will affect the corresponding
gravitational waveforms.
The formal way of checking the integrability is to

construct the commuting conserved charges in the context
of symplectic dynamics [27]. If the number of such
conserved charges matches the number of the dynamical
degrees of freedom, then the dynamics is integrable. In
practical terms, the construction is involved and may need
intricate treatments, such as introducing appropriate action-
angle variables, to demonstrate the (non)integrability; see
for examples [19,20]. This procedure is in contrast to the
construction of conserved charges of a test body moving
around the background black hole metric, for which more
systematic tools exist, such as the Killing-Yano tensor
[28–30]. On the other hand, if the dynamics turns out to
be nonintegrable, one can study the chaotic behavior by
numerically evaluating the Lyapunov exponent [31], which
measures the asymptotic rate of exponential separation of
nearby trajectories in phase space during the time evolu-
tion. When including black hole spins, the higher number
of dimensions of phase space will sometimes cause
numerical ambiguity in identifying the chaotic behaviors
[8,11–16]; see [32–40] for more recent discussions. This is
again in contrast to the numerical characterization of
chaotic behavior of a test body around a background black
hole, for which the phase space is half so that the numerical
evaluation takes less effort [41–47]. In fact, for the test-
body case, one can reduce the phase space to a three-
dimensional one1 by adopting the energy and angular
momentum conservation so that one can resort to the
Birkhoff islands on Poincaré surfaces of section [48–61]
to identify chaos.
By construction, the EOB dynamics is equivalent to the

PN dynamics at the corresponding PN order. However, as
the name of EOB suggests, it is usually assumed that the
EOB dynamics is effectively a one-body one, i.e., it is a
good approximation to freeze the dynamics of the back-
ground metric such as mass, spin, or position of the
deformed black hole. Under such approximation, the
number of degrees of freedom of the EOB dynamics is
almost half of the PN ones, and the remaining degrees of
freedom are just the ones of the test body. This reduction,
then, will help in either formal discussion or numerical
implementation of checking the integrability or character-
izing the chaotic behaviors. In summary, the study of the
integrability of EOB dynamics will help to reveal the
approximate integrability of the corresponding PN dynam-
ics. This approximate integrability is valid whenever the
EOB dynamics with a frozen background metric is a good

approximation to the original PN ones. Especially, the
phase space of EOB can be reduced to three dimensional so
that one can adopt the Poincaré surfaces of section and the
rotation numbers to identify the chaotic behaviors. As we
will demonstrate in this paper, these methods turn out to be
suitable to identify chaotic behaviors of a weakly non-
integrable dynamical system, such as the dynamics of a
binary system discussed throughout this paper, which can
be treated as a deformed integrable system according to the
Kolmogorov-Arnold-Moser (KAM) theorem [62].
This paper is outlined as follows. In Sec. II, we briefly

review the EOB dynamics for spinning binaries. This
section is supplemented by the Appendix, in which the
EOB mapping is reviewed in more detail. In Sec. III, we
show that the EOB metric does not satisfy the criterion for
the existence of the Carter constant, which may imply that
the geodesic dynamics of the EOB metric is nonintegrable.
In Sec. IV, we identify the signatures of the chaos of the
2PN EOB dynamics by investigating the Poincaré surfaces
of section and the rotation numbers of phase orbits.
Possible signatures of chaos in 3PN EOB dynamics will
also be discussed. We finally conclude in Sec. V.

II. A BRIEF REVIEW OF EOB DYNAMICS

The basic idea of EOB formalism is to map the two-body
PN dynamics into probe dynamics moving in an “effective
metric” by matching their corresponding reduced Hamilton-
Jacobi functionals, which are expressed as a series of
constants of motion. There are several ways to obtain the
EOB dynamics; the canonical one was formulated [2] for
the 2PN order of nonspinning binary black holes and later
generalized to higher PN cases of spinning binaries, e.g.,
[5,6,63]. In particular, the EOB method adopts a particular
way of relating the total energy of the two-body systemEEOB
to the effective-one-body energy Eeff implied by relativistic
kinematics,

Eeff ¼ γμ with γ ¼ E2
EOB −m2

1 −m2
2

2m1m2

; ð1Þ

or equivalently,

EEOB ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2η

μ
ðEeff − 1Þ

s
; ð2Þ

wherem1;2 are themasses of two black holes. The total mass,
reducedmass, and the symmetricmass ratio are, respectively,
given by

M ¼ m1 þm2; μ ¼ m1m2

M
; η ¼ μ

M
; ð3Þ

and γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v⃗2

p
is the Lorentz contraction factor of the

relative velocity v⃗. Note that the symmetric mass ratio η
ranges from 0 to 1=4.

1After imposing the conservation of energy and angular
momentum, the phase space variables contain the radial vari-
able, the polar angle, and their respective conjugate momenta.
With the constraint equation from the geodesic Hamiltonian for
the constant mass of the test body, the phase space is three
dimensional.
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Performing the EOB mapping procedure given in [4–6],
one will obtain the EOB dynamics that describes a test
particle moving in a deformed Kerr-like background. In the
Appendix, we summarize the procedure for building the
EOB mapping. In the Boyer-Lindquist coordinates xμ ¼
ðt; r; y;ϕÞ, the metric of the deformed Kerr-like spacetime
can be formally written as

ds2eff ¼ gttdt2 þ grrdr2 þ gyydy2 þ gϕϕdϕ2 þ 2gtϕdtdϕ:

ð4Þ

For the sake of later convenience, we write down the
inverse metric gμν, whose components can be expressed as

gtt ¼ −
gϕϕ

g2tϕ − gttgϕϕ
; gtϕ ¼ gtϕ

g2tϕ − gttgϕϕ
;

gϕϕ ¼ −
gtt

g2tϕ − gttgϕϕ
; grr ¼ 1

grr
; gyy ¼ 1

gyy
:

The explicit forms of these components of the inverse
metric gμν will be given later, where they are parametrized
by the total mass M, symmetric mass ratio η, and the spin
parameter defined as

a ≔
jS1 þ S2j

M
; ð5Þ

where S1;2 are the component spins of the binary. Note that
a ≤ ð1 − 2ηÞM, in principle, due to jSij ≤ m2

i , i.e., the
fulfillment of the Kerr bound for each binary component. It
reduces to the extremality bound for Kerr black holes, a ≤
M for η ¼ 0.
The binary dynamics is then connected to a probe

dynamics of mass μ ≔ m1m2=M moving in the above
background effective metric. It can be summed up to the
following effective Hamiltonian:

Heff ¼ βipi þ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ γijpipj þ � � �

q
þHS; ð6Þ

where α ≔ 1=
ffiffiffiffiffiffiffiffi
−gtt

p
, βi ≔ gti=gtt, and γij ≔ gij − gtigtj=gtt

are, respectively, the lapse function, shift vector, and the
reduced three-metric constructed from the effective metric;
the � � � denotes contributions from higher than 2PN orders.
We thus see that the first two terms in (6) describe a
nonspinning particle of mass μ moving in the effective
background with metric given by (4). The remaining HS

encodes the spin-orbital interaction and spin-spin self-
interaction of the test body’s spin S�. In [5,6] (see also
the Appendix), it has been shown that S� is related to the
component spins of the binary S1;2 by [5,6]

S� ≔
m2

m1

S1 þ
m1

m2

S2 þ
1

c2
Δσ� ; ð7Þ

where Δσ� is an arbitrary vector function.2

The key ingredient in [2] obtaining the EOB dynamics is
to further map Heff to the so-called EOB-Hamiltonian
HEOB for the EOB dynamics. The map is inherited from (2),
that is,

HEOB ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2η

μ
ðHeff − μÞ

s
: ð8Þ

With this identification, the resulting EOB dynamics is
natural without the need to introduce additional parameters
when performing the EOB mapping. For conservative
dynamics without considering the radiation back reaction,
we will soon see that the EOB dynamics of HEOB is
equivalent to the one of Heff .
In this paper, we would like to focus on the effect of the

deformed Kerr-like background on the (non)integrability of
the inspiral dynamics. Thus, we will impose the dynamical
constraint S� ¼ 0 by choosing an appropriate Δσ� so that
HS ¼ 0. Note that HS in (6) will yield the Mathisson-
Papapetrou-Dixon (MPD) equation DSμν

dτ ¼ Pμuν − Pμuν

with the linear momentum Pμ ¼ μuμ þOððS�Þ2Þ with uμ

the four-velocity of the probe particle. After imposing
supplementary spin conditions (e.g., see [64] for interesting
discussions), the MPD equation can be reduced to DS�

dτ ¼
OððS�Þ2Þ [65]. Therefore, if we choose S� ¼ 0 right from
the beginning by properly tuning (7), we can consistently
turn off the probe’s spin. For simplicity, in this paper, wewill
consider only the case with S� ¼ 0 up to 2PN order. That is,
we will consider the following effective Hamiltonian:

Heff ¼ βipi þ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ γijpipj

q
: ð9Þ

This effective Hamiltonian describes the geodesic motion of
a nonspinning probe of mass μmoving in the deformed Kerr
background metric (4).
We will show that the EOB dynamics based on the

above effective Hamiltonian will yield resonant islands/
Birkhoff islands on the Poincaré surfaces of section even
for the probe without spin. The resonant islands/Birkhoff
islands we will obtain are due to the deformation from the
exact Kerr metric contributed by the nonzero symmetric
mass ratio η. This is in contrast to the chaotic orbits of a
spinning probe moving around a Kerr black hole [44,46].

2The EOB mapping between S� and a (background spin
parameter) and component spins S1;2 is not unique. Different
mappings are related by canonical transformations and redefini-
tions of the Hamilton-Jacobi function [5,6]. However, in either
EOB frame, we can have S� ≔ m2

m1
S1 þ m1

m2
S2 by setting the

arbitrary function Δσ� to some appropriate specific form.
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The investigation of inspiraling dynamics similar to that of
Eq. (9) has also been performed [66,67], in which the
authors considered extreme mass-ratio limit, i.e., η ≪ 1,
and focused on equatorial-eccentric orbits and generic
orbits, respectively. In Refs. [66,67], the probe spin effects
are omitted because of the extreme mass-ratio limit. In
addition, in the same limit, one can define an approxi-
mated Carter constant, and the system becomes approx-
imately integrable. This is not the case in the scenarios
that we will consider here. We will go beyond the extreme
mass-ratio limit and investigate how an arbitrary η gen-
erates chaotic behaviors in the EOB framework.
The effective metric (4) is stationary and axisymmetric,

so thatHEOB and pϕ are constants of motion, which we will
denote as ET and Lz, respectively. In the EOB framework,
the reduced mass μ and the symmetric mass ratio η are also
dynamically constant. Equation (8) thus implies thatHeff is
also a constant of motion, which we denote as E. Thus, ET
and E are related by

ET ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2η

μ
ðE − μÞ

s
: ð10Þ

The Hamilton equations of HEOB are then given by

dqi

dtEOB
¼ ∂HEOB

∂pi
¼ M

ET

∂Heff

∂pi
¼ M

ET

dqi

dt
; ð11Þ

dpi

dtEOB
¼ −

∂HEOB

∂qi
¼ −

M
ET

∂Heff

∂qi
¼ −

M
ET

dpi

dt
; ð12Þ

where we have used (8) and the constraint

HEOB ¼ ET ð13Þ
to arrive at the second equalities. From the above, i.e., the
second equalities in (11) and (12), it is clear that we can
map the Hamiltonian dynamics of HEOB into the one of
Heff by simply rescaling the time coordinate with a factor
ET=M and at the same time replacing the constraint (13) by

Heff ¼ E; ð14Þ

with E relating to ET by (10).
Since the EOB dynamics and effective dynamics are

equivalent for finite fixed energy by a simple rescaling of
the time coordinate, in the following we will analyze the
phase space for the effective dynamics or its associated
geodesic dynamics, and the result should also hold for the
EOB dynamics.

III. (NON)INTEGRABILITY OF EOB DYNAMICS

Before solving the aforementioned nonspinning EOB
dynamics for the binary Kerr black holes or the equivalent
geodesic dynamics in the spacetime described by the
effective metric (4), we would like to examine whether

the corresponding system is integrable or not. The fact that
EOB dynamics can be described as the geodesic motion of
a test particle around an effective metric allows us to check
the integrability of the system by examining the (non)
existence of the Carter constant of the effective metric.
We follow the criterion given in [29,68], which is applied
to a metric with two commuting Killing vectors. If a
metric satisfies the criterion, the geodesic equations can be
separated, and the corresponding dynamics is integrable.
The criterion [29] essentially states that the existence of
the Carter constant requires the (inverse) metric to take the
following Papadopoulos-Kokkotas (PK) form in the Boyer-
Lindquist coordinates:

gtt ¼ A5ðrÞ þ B5ðyÞ
A1ðrÞ þ B1ðyÞ

; gtϕ ¼ A4ðrÞ þ B4ðyÞ
A1ðrÞ þ B1ðyÞ

;

grr ¼ A2ðrÞ
A1ðrÞ þ B1ðyÞ

; gyy ¼ B2ðyÞ
A1ðrÞ þ B1ðyÞ

;

gϕϕ ¼ A3ðrÞ þ B3ðyÞ
A1ðrÞ þ B1ðyÞ

; ð15Þ

where AiðrÞ and BiðyÞ are arbitrary functions of r and y.
The explicit form of the inverse metric associated with

(4) for the 2PN-order EOB dynamics can be found in
[5,69], and we just write down here

gtt ¼ −
Λt

ΔtΣ
; gtϕ ¼ −

ω̃fd

ΔtΣ
; grr ¼ Δr

Σ
;

gyy ¼ 1 − y2

Σ
; gϕϕ ¼ 1

Λt

�
−
ω̃2
fd

ΔtΣ
þ Σ
1 − y2

�
; ð16Þ

where

Δt ¼ Δþ ηFðrÞ; Δr ¼ Δt½1þ ηGðrÞ�;
ω̃fd ¼ aðX − ΔÞ½1þ ηHðrÞ�;
Λt ¼ X2 − a2Δtð1 − y2Þ; ð17Þ

with

Σ¼ r2 þ a2y2; Δ¼ r2 − 2Mrþ a2; X ¼ r2 þ a2;

ð18Þ

and

FðrÞ ¼ 2M3

r
;

GðrÞ ¼ 1

η
ln

�
1þ 6η

M2

r2

�
;

HðrÞ ¼ 1

2r2
ðωfd

1 M2 þ ωfd
2 a2Þ: ð19Þ

The parameters ωfd
1;2 in the last line of (19) are adjustable to

regulate the strength of frame dragging. Note that, at 1PN
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order, the EOB metric (16)–(19) will simply reduce to the
one of the Schwarzschild black hole [4]. Moreover, one can
determine the extremality bound aextðηÞ by requiring
rΔtðrÞ ¼ ðr − r1Þ2ðr − r2Þ for r1 > 0 when η ∈ ½0; 1=4�,
so that aextðηÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 − 2r1r2

p
. Then, it is straightforward

to see that aextðηÞ ≥ ð1 − 2ηÞM. Thus, the metric (19)
always admits an event horizon whenever the Kerr bound
holds for both binary components.
Given the above effective metric of EOB dynamics, we

can check if it can be recast into the PK form. We
immediately can identify

A1ðrÞ ¼ r2; B1ðyÞ ¼ a2y2;

A2ðrÞ ¼ Δr; B2ðyÞ ¼ 1 − y2;

A5ðrÞ ¼ −
X2

Δt
; B5ðyÞ ¼ a2ð1 − y2Þ;

A4ðrÞ ¼ −
aðX − ΔÞ½1þ ηHðrÞ� þ Δt

Δt
; B4ðyÞ ¼ 1:

ð20Þ

This then gives the constraint

A3ðrÞ þ B3ðyÞ ¼
1

1 − y2
−
a2

Δt
−
ηa2ðX − Δt þ ðX − ΔÞ½1þ ηHðrÞ�ÞððX − ΔÞHðrÞ þ FðrÞÞ

Δt½X2 − a2Δtð1 − y2Þ� : ð21Þ

The third term involves nonseparable r, y dependence so that
it is not possible to find appropriate A3ðrÞ and B3ðyÞ to
satisfy the above constraint. However, this term vanishes for
eithera ¼ 0 or η ¼ 0. The η ¼ 0 is the probe limit that can be
treated as a probe moving around the Kerr black hole whose
geodesics are integrable.On the other hand,a ¼ 0 holds only
for the nonspinning binary black holes. The EOB metric
becomes a deformed Schwarzschild metric with modified
harmonic function but remains spherically symmetric so that
the geodesic dynamics is integrable by having an additional
Carter constant. Therefore, the generic 2PN EOB dynamics
does not contain a second-order Killing tensor according
to the PK criterion. This is consistent with the results of
Ref. [67]. It should be emphasized that, although a second-
order Killing tensor does not exist, it does not exclude the
possibility of the existence of higher-order Killing tensors
that make the dynamics integrable. Therefore, in order to
check nonintegrability of the dynamics, we need to resort to
numerical integrations of geodesic equations and find chaotic
signatures. This is what we will carry out in the next section.
There are general discussions on the integrability of PN

inspiral dynamics [8–11,14,16,17,19,20], and it is known
that inspiral dynamics up to 1.5PN is integrable. This is
consistent with the PK criterion for the EOB dynamics at
1PN, for which the EOB metric is a pure Schwarzschild
one, i.e., a ¼ η ¼ 0, and at 1.5PN with vanishing test
particle spin, for which a ≠ 0 but η ¼ 0. This suggests that
one can deal with the integrability issue of PN inspiral
dynamics in the equivalent EOB formalism with the
advantage of reducing the two-body phase space to the
one-body one.

IV. CHAOTIC SIGNATURES
OF THE EOB DYNAMICS

As discussed in Sec. II, the EOB dynamics based on
HEOB of (8) (up to 2PN order with zero probe spin S�) is
equivalent to the dynamics based on Heff of (9). The latter

is nothing but the Hamiltonian formulation of a test particle
of mass μ moving in the background geometry described
by the metric (16). Therefore, in this section, we will focus
on the geodesic dynamics of a test particle moving in the
effective metric (16). Then, we will exhibit the signatures of
chaos in the system using the Poincaré surfaces of section
and the concepts of rotation curves.

A. Theoretical setup: Poincaré surface
of section and Birkhoff islands

The dynamics of a massive test particle moving in the
effective metric (16) can be obtained by solving the
geodesic equations of this metric. Because the effective
metric is stationary and axisymmetric, namely, the metric
functions do not depend explicitly on t and ϕ, one can
define two corresponding constants of motion E and Lz.
These two constants of motion represent the energy and the
azimuthal angular momentum, respectively, and one can
use them to obtain the following two equations of motion:

_t ¼ −gttEþ gtϕLz; ð22Þ

_ϕ ¼ −gtϕEþ gϕϕLz; ð23Þ

where the dot denotes the derivative with respect to the
proper time τ. The evolution of r and y sectors is governed
by two coupled second-order differential equations, subject
to a Hamiltonian constraint, which is associated with the
conservation of the rest mass of the test particle. This
constraint can be written as

_r2 þ grr

gyy
_y2 þ Veff ¼ 0; ð24Þ

where the effective potential reads

Veff ¼ grrð1þ gttE2 þ gϕϕL2
z − 2gtϕELzÞ: ð25Þ
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The values of energy E and azimuthal angular momentum
Lz will be normalized with the reduced mass μ throughout
this paper.
Using the constraint equation (24), one can define the so-

called the curve of zero velocity (CZV) as

Veff ¼ 0; ð26Þ

onwhich both the radial and angular velocities are zero. CZV
determines the boundary of a set of allowed orbits in
spacetime. In Fig. 1, we show some typical CZVs in the
ðr; yÞ plane for η ¼ 0.15 and different values of spin
parameter a, E, and Lz. For simplicity, we also set ωfd

1;2 of
(19) to zero in this paper. For this chosen η, the extremality
bound for the metric (19) is a ≤ aextðη ¼ 0.15Þ ¼ 0.847 M,
and the requirement from the component Kerr bound gives
a ≤ ð1 − 2ηÞM ¼ 0.7 M. Figure 1(a) shows the CZV with
E ¼ 0.942 and Lz ¼ 2.76 M in the effective metric with
a ¼ 0.67 M < 0.7 M, which admits an event horizon at
r ¼ 1.60 M.We see that, in this case, theCZV formsa closed
region in which the bound orbits reside. Near the event
horizon (red dashed line), a second branch of CZVencloses a
small region of plunging orbits. Figure 1(b) shows the CZVs
with E ¼ 0.93671 and Lz ¼ 1.7542M around two corre-
sponding effective metrics that differ only by the spin a, i.e.,
a ¼ 0.69 M and a ¼ 0.86 M. The metric for a ¼ 0.69 M
admits an event horizon, but not for a ¼ 0.86 M; i.e., it
corresponds to a naked singularity. We see that the CZV
around the effective metric with a ¼ 0.86 M forms a closed
curve representing the boundary of a set of bound orbits.

On the other hand, the CZVaround the effective metric with
a ¼ 0.69 M does not form a closed curve but ends on the
horizon. This throatlike CZV connects the region of bound
orbits to the plunging region.
The geodesic equations of test particles moving around a

Kerr spacetime are integrable. The integrability of this
system results from the existence of a hidden symmetry of
the spacetime that allows one to define a Carter constantK.
Technically, this constant can be identified as a decoupling
constant when separating the radial sector of the geodesic
equations from the sector of polar angle. As an integrable
system, the phase orbits of particles moving around the
Kerr spacetime lie on two-dimensional tori in phase space.
Each torus is characterized by specific values of constants
of motion (E, Lz, K, and the mass of the test particle) and,
consequently, by orbital frequencies and their ratio. In
particular, the orbits, in this case, oscillate in both the radial
and latitudinal directions, with characteristic frequencies
given by ωr and ωθ, respectively. The ratio of these
frequencies is called the rotation number νθ ≡ ωr=ωθ. If
the rotation number of an orbit is rational, the orbit is
periodic, forming closed curves on the torus. Orbits of this
type are called resonant orbits. On the other hand, if νθ is
irrational, the orbits can cover the torus densely and are
called quasiperiodic. It turns out that the rotation number
can be used to classify orbits. Most importantly, it can also
identify the signatures of chaos, even if the chaotic
behaviors are very weak.
The integrable geodesic motion bears geometric features

in the reduced phase space by constructing the Poincaré
map, see, e.g., [31]. To proceed, one cuts a surface through

(a) (b)

FIG. 1. The typical CZVs of the 2PN EOB metrics with η ¼ 0.15 and ωfd
1 ¼ ωfd

2 ¼ 0 for different values of spin parameter a, test
particle’s energy E, and azimuthal angular momentum Lz measured in the unit of reduced mass μ. The event horizon, if it exists, is
indicated by the red dashed line. (a) The CZV with E ¼ 0.942, Lz ¼ 2.76 M around the effective metric with a ¼ 0.67 M forms a
closed region, but there appears a second nonclosed branch near the horizon. (b) Two CZVs with E ¼ 0.93671 and Lz ¼ 1.7542 M
around the effective metric spin a ¼ 0.86 M (blue) and a ¼ 0.69 M (magenta). Note that the two CZVs here overlap each other for
larger r but differ significantly at small r. Because of the 2PN correction, the extremality bound for the absence of naked singularity for
the EOB metric is no longer a ≤ M but a ≤ aextðηÞ < M. For η ¼ 0.15, aext ¼ 0.847 M. Thus, the metric with a ¼ 0.86 M does not
admit an event horizon, such that the naked singularity appears, but the CZV is closed in this case. The CZV with a ¼ 0.69 M in (b) has
a throatlike shape and connects to the horizon.
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the foliage of the tori on which the corresponding quasi-
periodic orbits densely cover as time goes on, and then each
of such tori makes a closed curve on the surface. This
surface and the closed curves constructed above are called
Poincaré surfaces of section and invariant curves, respec-
tively. Typical invariant curves for Kerr geodesics of
different values of K but fixed E, Lz, and a are shown
in Fig. 2. The Poincaré surface of section shown here is
chosen to be the equatorial plane, i.e., y ¼ 0. We plot the
intersections of orbits when they pierce through the
equatorial plane with a positive y direction. The black
contour is defined by _y ¼ 0 and shows the boundary of
bound orbits. As shown, the invariant curves are continuous
and different curves corresponding to different values of K
are nested within each other [70].
If the integrable system is perturbed by nonintegrable

deformations, as in the case of EOB dynamics that can be
treated as geodesic dynamics in a deformed Kerr metric, the
system becomes chaotic. Essentially, the behavior of orbits
in the phase space depends on whether the deformations are
large or not. If the deformations are large, strong chaos
may appear, and the whole phase space portrait could be
significantly destroyed. However, if the deformations are
small, according to the KAM theorem [31,62], most of the
tori remain undestroyed except for those corresponding to
the resonant orbits. Correspondingly, the original invariant
curves on the Poincaré surfaces of section become slightly
deformed but remain continuous. They are called KAM
curves.
For resonant orbits, the situations become more com-

plicated. According to the Poincaré-Birkhoff theorem
[31,71], the tori on which resonant orbits are located
may dissolve after nonintegrable deformations enter.
Correspondingly, the resonant points on the Poincaré
surfaces of section would be split into a number of periodic
points, with half of them stable and the other half unstable.
Around the stable periodic points, small islands of nested
KAM curves appear, which are called Birkhoff chains of

islands. For the orbits within the islands, the rotation
numbers should be equal to those of the resonant orbits
in the original integrable system. The rotation number of an
orbit starting with a given initial condition can be opera-
tionally obtained by the limiting formula [31,72]

νθ ¼ lim
N→∞

1

2πN

XN
i¼1

ϑi; ð27Þ

where ϑi is the angle between the position vectors of two
successive piercings of the given orbit on the Poincaré
surface of section. The position vectors are defined with
respect to the central fixed point P, which is defined by the
unique piercing of the orbit that only crosses through the
surface once (we show a central point P in Fig. 2). In
practice, we can obtain a well-approximated value of νθ
for large enough N. The appearance of Birkhoff islands in
Poincaré surfaces of section is a clear signature of chaos in
the system, and it will result in rational plateaus in the
rotation curve. That is, νθ will show plateaus at rational
values such as 1=2, 2=3, etc., when varying the initial
conditions.

B. Birkhoff islands of EOB orbits

In this section, we investigate the breaking up of tori in a
Poincaré section of the phase space, treating the geodesic
motion in the effective metric of (16) as a perturbation to
the integrable Kerr system. As mentioned in Sec. II, the
effective metric (16) is parametrized by mass M, spin
parameter a, and symmetric mass ratio η. Therefore,
different values of these parameters along with the choice
for energy E and angular momentum Lz of the test particle
may affect the degree of chaos exhibited by trajectories of
phase orbits on Poincaré surfaces of section. To identify
chaotic features using this approach, we numerically
integrate the Hamilton equations given by the geodesic
dynamics of the effective metric (16). While solving the
equations, we keep the constraint equation (24) being
satisfied down to 10−8 during the whole integration using
the standard Runge-Kutta eighth-order method. Each
trajectory is integrated until its characteristic patterns
on the Poincaré surface of section robustly appear, e.g.,
continuous KAM curves, clear Birkhoff chains of islands,
etc. The integration time varies among different trajecto-
ries. Normally, the integration lasts for up to 103 ∼ 104

periods for each trajectory.
We first consider the casewhere a < ð1 − 2ηÞM such that

each of the two binaries satisfies the Kerr bound. More
explicitly, we consider the 2PN EOB metric with a ¼
0.67 M and η ¼ 0.15, then we set E ¼ 0.942 and
Lz ¼ 2.76 M. A slight change of E and Lz will not affect
the qualitative behaviors of our results. The results are shown
in Fig. 3. In Fig. 3(a), one sees a closed KAM curve (green),
which is associated with an irrational-νθ quasiperiodic orbit.

FIG. 2. Poincaré surface of section of the integrable geodesic
motion in the Kerr spacetime. Each invariant curve (blue)
corresponds to a specific value of the Carter constant. Here,
we choose E ¼ 0.95, Lz ¼ 3 M, and a ¼ 0.9 M.
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In addition, two sets of chains of Birkhoff islands can be
clearly identified. They correspond to rational-νθ resonant
orbits. In Fig. 3(a), we show the islands that correspond to
1=2- (blue) and 2=3-resonant orbits (orange). The detailed
structure of the left branch of the 1=2-resonant islands is
exhibited in the enlargement, Fig. 3(b). The Birkhoff islands
come from the splitting resonant points with rational νθ, and
chaotic behaviors should be characterized by the disconti-
nuity of νθ when varying the initial conditions, as suggested
by the KAM theorem and Poincaré-Birkhoff theorem.
Using the operational method of (27), we can specifi-

cally consider a collection of orbits whose initial conditions
are parametrized by ðr0; y0; _r0Þ ¼ ðr; 0; 0Þ. The initial

points of these orbits correspond to a set of piercings of
the orbits through the equatorial plane with zero radial
velocities. This set of piercings appears as a horizontal line
on the Poincaré surface of section. We can then draw the
so-called rotation curve, which is defined by the rotation
numbers as a function along with this set of initial
conditions, that is, as a function of r. In Fig. 4(a), we
choose a set of orbits whose initial points correspond to the
magenta dashed line in Fig. 3(b) and calculate their rotation
numbers. As one can see from this figure, when the orbits
are inside the island, their rotation numbers are nearly a
constant, forming a plateau in the rotation curve. More
explicitly, we see that the rotation number monotonically

(a) (b)

FIG. 3. Poincaré surface of section for geodesic motions in the EOB metric (16) for the spin parameter a ¼ 0.67 M, symmetric mass
ratio η ¼ 0.15, energy E ¼ 0.942, and azimuthal angular momentum Lz ¼ 2.76 M. (a) Birkhoff islands (blue, 1=2 resonance; orange,
2=3 resonance) and one KAM curve (green). The vertical magenta line indicates the event horizon. (b) Enlargement of the left branch of
the 1=2-resonant islands.

(a) (b)

FIG. 4. (a) The rotation curve drawn along the magenta dashed line in Fig. 3(b). The plateau has a constant rotation number νθ ¼ 1=2
and corresponds to the 1=2-resonant Birkhoff islands shown in Fig. 3. (b) The rotation curve drawn along a horizontal line in Fig. 3(a)
that crosses the upper-left branch of the 2=3-resonant islands. The plateau appears as shown in both cases because the rotation number
remains a constant when crossing an island.
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increases with r except for a finite range of radii in which νθ
remains unchanged. The constant value of rotation number,
i.e., νθ ¼ 1=2 at the plateau, indicates that the islands in
blue in Fig. 3(a) correspond to the “1=2” resonance of
phase orbits. On the other hand, in Fig. 4(b), we consider a
set of orbits whose initial points form a horizontal line on
Fig. 3(a) that crosses the upper-left branch of the 2=3-
resonant islands. The rotation curve has a clear plateau on
which the rotation number remains at νθ ¼ 2=3. The
existence of Birkhoff islands and plateaus in the rotation
curve are clear signatures of chaos.
While scanning the parameter space, we find that with

higher values of spin parameter a and symmetric mass ratio
η, the chaotic tendency of phase orbits becomes stronger.
The effects would be even more profound when the
extremality bound is violated, i.e., a > aextðηÞ. This moti-
vates us to investigate in more details the phase orbits in
these configurations. Although these configurations may
not be strictly physical due to the existence of naked
singularities, they can provide us with some insights about
how the extremely rapid spins could enhance the chaotic
nature of the system. Therefore, we now consider the 2PN
EOB metric with a ¼ 0.92 M and η ¼ 0.15. We hereafter
will set the fixed values for E ¼ 0.9367 and Lz ¼
1.7542 M for the 2PN cases. Again, a slight change of
these constants of motion does not affect the qualitative
results discussed below. The results are shown in Fig. 5.
In Fig. 5, we can see the features of KAM curves

associated with the irrational-νθ quasiperiodic orbits and
obtained by different initial conditions, i.e., the closed
curves with different colors (orange/green). In addition, in
the enlargement, Fig. 5(b), we can again clearly see the
features of Birkhoff islands associated with rational-νθ

resonant orbits. As the strength of the nonintegrability is
characterized by the combined effect of a and η, we later
will see that, with fixed E and Lz, the strength of chaotic
behaviors of the system would be enhanced when a and η
increase.
In Fig. 6, we choose a set of orbits whose initial conditions

correspond to the magenta dashed line in Fig. 5(b) and
calculate their rotation numbers. As one can see from this
figure, when the orbits are inside the island, i.e., the region
enclosed by the blue curve in Fig. 5(b), the rotation curve
has a plateau. Indeed, the rotation number monotonically
decreases with r except for a finite range of radius around
r ¼ 1.5 M in which νθ remains unchanged. The constant
value of rotation number, i.e., νθ ¼ 2=3, at the plateau

(a) (b)

FIG. 5. Poincaré surface of section for geodesic motions in the EOB metric (16) for the spin parameter a ¼ 0.92 M, symmetric mass
ratio η ¼ 0.15, energy E ¼ 0.9367, and azimuthal angular momentum Lz ¼ 1.7542 M. (a) KAM curves and Birkhoff islands (2=3
resonance) for initial conditions ðr0; y0; _r0Þ ¼ ð1.493 M; 0.1; 0Þ (blue), ð1.55 M; 0; 0Þ (orange), and ð4 M; 0; 0Þ (green). (b) Enlarge-
ment of the 2=3-resonant Birkhoff island (blue) with initial condition ðr0; y0; _r0Þ ¼ ð1.493 M; 0.1; 0Þ. A nearby KAM curve is also
shown (orange).

FIG. 6. The rotation curve drawn along the magenta dashed line
in Fig. 5(b), in which η ¼ 0.15 and a ¼ 0.92 M. The plateau
around r ¼ 1.50 M corresponds to the 2=3-resonant Birkhoff
island shown in Fig. 5(b).
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indicates that the three branches of islands (shown in blue) in
Fig. 5 correspond to the “2=3” resonance of phase orbits.
In addition to plateaus that indicate the existence of

Birkhoff islands, there is another feature in rotation curves
that also indicates chaos in a dynamical system. In Fig. 7,
we consider the same EOB metric and constants of motion
E and Lz as those in Fig. 6, but draw the rotation curve in a

different range of r. As one can see in this figure, instead of
a plateau, the rotation curve could be featured by an abrupt
change. In this case, the abrupt change at νθ ¼ 2=3
corresponds to the region near an unstable point. Near
this region, the tori structure is only deformed, compared
with the original invariant curves, but not yet destroyed.
In fact, rotation curves can be used not only as a tool

to search for chaos in the dynamical system, but also to
locate the Birkhoff islands in the Poincaré surfaces of
section. In particular, the islands that correspond to higher-
order resonances are typically very thin and are difficult to
identify. For example, one can first calculate the rotation
curve along the whole horizontal axis (_r ¼ 0) within CZV
and find the short range of radius r that is associated with a
rational νθ. These radii should correspond to the initial
conditions r0 of the orbits that cross the islands, if islands
exist. This method can substantially assist in finding islands
of high resonances. In Fig. 8 we consider a ¼ 0.86 M and
η ¼ 0.15, then exhibit the Birkhoff islands of 2=3 (blue),
1=2 (orange), 2=5 (red), and 1=3 resonances (green). The
inset shows the enlargement of these islands near the left
edge of the Poincaré surface of section. The rotation curve
along the horizontal magenta line is shown in Fig. 9. The
plateaus appear when the orbits cross the islands, with the

FIG. 7. The abrupt change in the rotation curve at νθ ¼ 2=3
corresponds to the region near an unstable periodic orbit.

FIG. 8. Birkhoff chains of islands for 2PN Hamiltonian for η ¼ 0.15 and a ¼ 0.86 M. Inset: Enlargement of the islands on the left
edge of the Poincaré surface of section, which consists of 2=3 (blue), 1=2 (orange), 2=5 (red), and 1=3 resonances (green).
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rotation numbers being 2=3, 1=2, 2=5, and 1=3, from left to
right, respectively.
Before closing this subsection, we would like to inves-

tigate how the strength of chaos is affected by the interplay
of the metric parameters a and ηwhen fixing E and Lz. This
can be done using the Poincaré surface of section. First,
we fix E ¼ 0.9367 and Lz ¼ 1.7542 M, then we consider
the fa; ηg configuration where the extremality bound is
violated. We choose this configuration because its island
structures are more apparent and easier to identify. We
focus on the leftmost branch of the 2=3-resonant islands,
e.g., the blue islands in Fig. 5. This branch of islands is

always vertically symmetric with respect to the _r ¼ 0 axis.
Therefore, it is convenient to use the width on the _r ¼ 0
axis of this branch of islands as a measure of the strength of
chaos in the system. For a given value of the symmetric
mass ratio η, we define the critical value of spin parameter
acri below which the width δr of the leftmost 2=3-resonant
island is smaller than 0.001M. For fixed values of E and Lz,
the value of acri varies with η, and the results of fixing
E ¼ 0.9367 and Lz ¼ 1.7542 M are shown by the black
points for some chosen η in Fig. 10, which fit very well
with a linear function (blue dashed line). From this figure,
we find that acri decreases with increasing symmetric mass

FIG. 9. The rotation curve drawn along the horizontal magenta line in the inset of Fig. 8. Plateaus that correspond to different orders of
resonances are clearly visible.

FIG. 10. The critical spin acri for some values of the symmetric mass ratio η (black points) upon fixing E ¼ 0.9367 and
Lz ¼ 1.7542 M. The points fit very well with a linear function (blue dashed line). Below the blue dashed line or the gray curve, the
leftmost 2=3-resonant island either disappears or becomes too small to measure. Also, the extremality bound aextðηÞ is shown by the
purple curve. Note that acri as a function of η depends also on the choice of E and Lz. We can also observe that the case with closed CZV
in Fig. 1(b) lies above the blue dashed line and one with open CZV resides below it. For this particular choice of E and Lz, the above
three curves are near to each other, which makes it interesting to explore the role played by the event horizon in formation or destruction
of islands.
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ratio η, meaning that the strength of chaos increases when
the values of a and η increase. In this figure, we also show a
gray curve on which the rotation numbers on the left edge
of CZV are 2=3. Therefore, below the gray curve, the 2=3-
resonant islands do not appear within CZV. In addition, we
show the extremality bound aextðηÞ using the purple curve.
Although in Fig. 10 we only focus on the parameter space
in which the extremality bound is violated, we should
emphasize that the chaotic signatures such as Birkhoff
islands and plateaus in rotation curves also appear when the
extremality bound is satisfied. As we have shown in Figs. 3
and 4, upon another choice of E and Lz, chaotic signatures
also appear when each binary is below the Kerr bound, i.e.,
a < ð1 − 2ηÞM. The islands found there may just be too
thin to be detectable in the real gravitational wave events.
We consider the configuration that violates the extremality
bound in Fig. 10 mainly because the island structures are
easier to identify in this configuration. Furthermore, the
critical spin acri for a given η depends on the values of E
and Lz as well. How acri would be altered when the
parameters η, E, and Lz are all allowed to change is not a
trivial question. The main conclusion we would like to
draw from Fig. 10 is that the chaotic behaviors of the
system, when fixing E and Lz, are enhanced with a and η.
This conclusion is expected to hold also for the configu-
ration where a < ð1 − 2ηÞM and can actually be under-
stood from the observation that the term that breaks the
integrability in Eq. (21) would also be enhanced by a and η.
In addition, we note that for some cases, such as the 1=2
resonance in Fig. 3(a) and 2=3 resonance in Fig. 5(a), the
Birkhoff islands appear near the boundary of CZV.
Especially, the leftmost boundary of CZV and some
Birkhoff islands could be close to the (would-be) event

horizons. By tuning E, Lz, and a, the closed CZV may turn
into the throatlike one as shown in Fig. 1(b). This can lead
to the formation/destruction of the would-be islands by the
retreat/intrusion of the event horizon. We indeed do find
such cases, which show the interesting effect of the event
horizon on the possibility of forming/destroying the reso-
nant islands.
In any case, our results suggest that the chaotic behaviors

of the system would be enhanced by a and η and could be
too small to measure when these parameters are small or
even moderate. A possible implication of these results is
that the attempt to detect chaotic signatures of binary
systems through the gravitational waves emitted by com-
pact binary coalescence (CBC) of comparable masses or
extreme-mass-ratio inspiral (EMRI) and intermediate-
mass-ratio inspiral (IMRI) would be extremely difficult.
Of course, whether this is a no-go, i.e., whether the islands
can generate observable signatures in gravitational waves,
also depends on the dynamical timescale of the system, the
population of the events, and the resolution power of the
detector. Typically, the dynamical timescale of systems
with tiny η such as EMRIs and IMRIs is much longer than
that of CBC with sizable η, so that the passage through
islands is detectable, even though the islands are very thin.
However, in these cases, acri is in the ultraspinning regime,
for which the events are rare. On the other hand, for the
CBC of comparable masses, the dynamical timescale is too
short to resolve the chaotic signature in the observational
data unless for the detectors of high resolution. Because of
the implication of our results, it requires detailed study to
estimate the chance of detecting chaotic signatures in the
gravitational waves of real events. We will come back to
this interesting issue elsewhere.

(a) (b)

FIG. 11. (a) The 2=3 Birkhoff islands for the 3PN effective metric for a ¼ 0.78 M and η ¼ 0.01. The initial conditions for the islands
are E ¼ 0.942, Lz ¼ 2.87 M, and ðr0; y0; _r0Þ ¼ ð12.02M; 0; 0Þ. The magenta line indicates the event horizon. (b) The rotation curve
drawn along a horizontal line that crosses the rightmost branch of the islands. The plateau with νθ ¼ 2=3 can be identified.
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C. Some preliminary 3PN results

In this subsection, we investigate the integrability of the
effective metric of EOB at 3PN order by examining the
phase orbits on Poincaré surfaces of section. At 3PN order,
two more terms are added into functions FðrÞ and GðrÞ
written for up to 2PN in (19). We denote these 3PN-order
functions as F3PNðrÞ and G3PNðrÞ,

F3PNðrÞ ¼
2M3

r
þM4

r2

�
94

3
−
41

32
π2
�
;

G3PNðrÞ ¼
1

η
ln

�
1þ 6η

M2

r2
þ 2ð26 − 3ηÞηM

3

r3

�
: ð28Þ

The remaining structure of the effective metric at 3PN is
same as the one given in (16). In EOB formulation, at 3PN,
the effective Hamiltonian is not the simple freely moving
particle’s Hamiltonian like the one written in (9).
Especially, there is an extra term, quadratic in momenta,
in the square root in Heff of (9) [5,6]. As a preliminary
study, we ignore this extra term and continue with the same
effective Hamiltonian as in (9) but with 3PN order F3PN and
G3PN in the effective metric.
We investigate the phase orbits on the Poincaré surface

of section for the 3PN case with E ¼ 0.942, Lz ¼ 2.87 M,
a ¼ 0.78 M, and η ¼ 0.01 and show the results in Fig. 11.
In this case, the EOB metric has a horizon, which is shown
by the magenta line in Fig. 11(a). We find the 2=3-resonant
islands (blue), even when the symmetric mass ratio is small
(η ¼ 0.01). The rotation curve drawn along a horizontal
line that crosses the right branch of the islands is shown
in Fig. 11(b). The plateau with νθ ¼ 2=3 can be clearly
identified. According to these preliminary results, this
“partial” 3PN dynamics may also be chaotic. In addition,
the 3PN corrections seem to allow us to find Birkhoff
islands even when η is small.

V. CONCLUSION

The inspiral dynamics of the compact binary black holes
is intrinsically nonlinear and nonintegrable due to the
nonlinearity of general relativity, which manifests as the
higher orders of post-Newtonian corrections. Thus, it is
very interesting to study the possibility of detecting such
nonintegrability and the associated chaotic behaviors
through astronomical observations, such as gravitational
wave detection. If such chaotic signatures exist, one will
expect to detect them in the future with more advanced
technology.
In this work, we consider the effective-one-body for-

mulation of the inspiral dynamics and study the phase
orbits to find the Birkhoff chains of islands, which encode
the chaotic signatures. The advantage of the EOB formu-
lation over the usual binary dynamics is the reduction of the
dynamical variables into the ones of the test body moving
in a blackholelike effective metric. The reduction holds

whenever the EOB dynamics is a good approximation to
the original binary dynamics. This makes it easier for the
formal check of the nonintegrability and the numerical
study of the chaotic behavior. As a preliminary study, we
consider EOB dynamics up to 2PN order and some partial
3PN-order terms. This is the lowest PN order for inspiral
dynamics to be nonintegrable. For simplicity, we also turn
off the spin of the test body. As expected, our results show
the clear signatures of nonintegrability in the form of the
Birkhoff islands. Moreover, we also show that the chaotic
behaviors would be enhanced when the spin parameter a
and the symmetric mass ratio η increase. This yields some
implications for the issue of detecting chaos in the real
gravitational wave events.
In summary, this work provides a new methodology to

study the chaotic behaviors of inspiral dynamics of binary
compact objects and exhibits the possible chaotic signa-
tures. It is worthy to extend our method to higher PN EOB
dynamics and include spin of the test body to obtain a more
complete picture of the chaos in such dynamical systems
and examine more closely the issue of their detectability.
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APPENDIX: SUMMARY OF DERIVING EOB
MAPPING AND COMMENT ON THE

INTEGRABILITY

In this appendix, we would like to summarize the
procedure of constructing the EOB mapping given in
[4–6] and also take the chance to comment on the
integrability of the seemingly equivalent PN dynamics
such as the one given in [23].
Following [4], the authors of [5,6] gave a clear procedure

to construct the EOB Hamiltonian for the dynamics of
binary spinning black holes. They can be summarized as
follows:

(i) Start with a PN-expanded Arnowitt-Deser-Misner
(ADM) Hamiltonian and then perform a canonical
transformation (Lie method) to a PN-expanded
Hamiltonian in EOB coordinates.

(ii) Use the results of (i) to compute the corresponding
PN-expanded EOB Hamiltonian.

(iii) PN-expand the deformed Kerr Hamiltonian for a
spinning test particle.

(iv) Compare (ii) and (iii) to obtain the mapping between
the spin variables in the real and effective
descriptions.
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In general, the effective Hamiltonian of the EOB
dynamics should formally be

Heff ¼ HNS þHS; ðA1Þ

where NS denotes the part that does not involve spin of the
test particle S�, and S is the part that involves S�. The PN-

expanded form of HNS ¼ βipiþα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þ γijpipjþQAðpÞ

q
can be summarized as follows3:

HNS ¼ HNS
S¼0 þHNS

SO;1.5PN þHNS
SS;2PN: ðA2Þ

HereHNS
S¼0 is the PNHamiltonian for the nonspinning binary,

and the last two terms involve only the spin of the deformed
Kerr denoted by SKerr, which is different from the spin of the
test particle denoted by S�. TheHNS

SO;1.5PN is the 1.5PN spin-
orbital interaction that is linear in SKerr, andHNS

SS;2PN contains
the spin-spin interactions that are quadratic inSKerr. Note that
HNS is controlled by two metric functions AðrÞ and DðrÞ,
which are the same as the ones for the nonspinning binary up
to 3PN. The terms involving SKerr come from the Kerr terms
and the additional ω̃fd, all of which vanish if SKerr is set
to zero.

On the other hand,HS mainly contains terms that involve
S�, so it vanishes if S� is set to zero. The PN-expanded form
of HS can be summarized as follows:

HS ¼ HS
SO;1.5PN þHS

SO;2.5PN þHS
SS;2PN: ðA3Þ

The HS
SO;1.5PN is the 1.5PN spin-orbital interaction that is

linear in S�. The HS
SO;2.5PN is the 2.5PN spin-orbital

interactions linear in S� but also involved SKerr. The last
term HS

SS;2PN is the spin-spin interaction and is quadratic in
S�. This term is put in by hand, since the Hamiltonian of the
test particle is valid only at the linear order of S�.
Step (iv) is to obtain the map below between SKerr, S� of

the EOB effective Hamiltonian, and S1 and S2 of the ADM
Hamiltonian. Instead of using S1 and S2, one introduces

σ ¼ S1 þ S2; σ� ¼ S1

m2

m1

þ S2

m1

m2

: ðA4Þ

The map obtained in (iv) is the following:

SKerr ¼ σ þ 1

c2
Δσ; S� ¼ σ� þ 1

c2
Δσ� ; ðA5Þ

where

Δσ ¼ −
1

16

�
12Δσ� þ η

�
2M
r

ð4σ − 7σ�Þ þ 6ðp̂ · n̂Þ2ð6σ þ 5σ�Þ − p̂2ð3σ þ 4σ�Þ
��

; ðA6Þ

but Δσ� is an arbitrary function going to zero, at least
linearly in η when η → 0, to get the correct test particle
limit. Here n̂ ¼ r=r and p̂ ¼ p=m. In [5], they chose Δσ� so
that Δσ ¼ 0. In contrast, for our purpose in this work, we
choose Δσ� ¼ −c2σ� so that S� ¼ 0. Since jS1j, jS2j and
Lþ S1 þ S2 are conserved but not σ or σ�, thus, both the
choice of [5] and ours are dynamical constraints. Further-
more, in [6] a new EOB frame is adopted so that the EOB
spins SKerr ¼ σ and S� are independent of dynamical
variables other than S1;2. This new EOB frame is related
to the above one by a canonical transformation and a
redefinition of the Hamilton-Jacobi function, and the
corresponding EOB effective Hamiltonians differ at 3PN
order. Again, in this new frame, we can choose to set S� to
zero as a dynamical constraint.
Finally, we comment on the integrable example consid-

ered in [23] and compare with the above EOB case.
The ADM Hamiltonian adopted in [23] is formally the
following:

HGopa ¼ HNS
S¼0;3PN þHS

SO; ðA7Þ

where HNS
S¼0;3PN is the 3PN Hamiltonian of nonspinning

binary, which should correspond to EOB effective
Hamiltonian of a deformed Schwarzschild background,
and HS

SO is the spin-orbital Hamiltonian linear in the
following effective spin:

Seff ¼ g1S1 þ g2S2; ðA8Þ

where the gyromagnetic factors are

g1 ¼ 2η

�
1þ 3m2

4m1

�
; ðA9Þ

g2 ¼ 2η

�
1þ 3m1

4m2

�
: ðA10Þ

The authors of [23] found integrable solutions for two
special cases: (1)m1 ¼ m2 and (2) either S1 or S2 vanishes.
The Hamiltonian used in [23] differs from the ADM
Hamiltonian adopted in [5,6] where gyromagnetic factors
gi of the latter involve dynamical variables p̂02, p̂0 · n̂0, and

3QAðpÞ contains the nongeometric terms starting from 3PN
order. Therefore, there is no such term in the 2PN order
considered in Secs. II and IV B, and in the preliminary study
of the 3PN order in Sec. IV C this term is neglected for simplicity.
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M=r, in addition to the symmetric mass ratio η and the mass
ratio m1=m2. Note that the prime is used to remind the
reader that the corresponding quantity is associated with the
ADM coordinate, to distinguish from those in the nonprime
EOB coordinate. Also, in [5,6] they also include the 2PN
spin-spin Hamiltonian

HADM
SS ¼ 1

c4
η

2r3
½3ðn̂0 · σ0Þ2 − σ20�; ðA11Þ

with σ0 ¼ σ þ σ�. This term could be responsible for the
quadratic terms of SKerr. Thus, even if we do not work out
the EOB Hamiltonian from HGopa of (A7) by canonical
transformation, we know that the resultant EOB effective
Hamiltonian will be different from the one obtained in
[5,6]. Thus, the integrable solutions in [23] are not in
contradiction to the nonintegrability and chaotic features
found in this work because the adopted ADMHamiltonians
are different.
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