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One of the leading mechanisms powering relativistic black hole jets is the Blandford-Znajek process.
Inspired by its success we construct energy extracting models for black holes in five spacetime dimensions.
Here, we find solutions to the force-free electrodynamic equations representing plasma magnetospheres for
slowly rotating Myers-Perry black holes. Both energy and angular momentum fluxes are computed for these
solutions realizing power extraction from black holes in higher dimensions. Comparisons of themain features
of the five-dimensional Blandford-Znajek models with lower four-dimensional counterparts are discussed.

DOI: 10.1103/PhysRevD.106.084052

I. INTRODUCTION

Several types of powerful high-energy events illuminate
the Universe. Most have been observationally associated
with central black holes of some active galaxies, quasars,
and also by galactic stellar black holes, neutron stars or
pulsars. For black holes, it is widely believed that these are
spinning and threaded by large scale astrophysical mag-
netic fields which helps convert binding and rotational
energy in a highly efficient outflow process. Our under-
standing of these systems benefits hugely from progress
on the observation front [1–3], the sophisticated general
relativistic magnetohydrodynamics simulation [4,5] and
new insights from theoretical efforts [6–9] that seek to
unravel these fascinating phenomena.
In the 1970s Blandford and Znajek layed out a successful

model for energy and angular momentum extraction from
rotating Kerr black holes surrounded by magnetospheres
[10]. These magnetospheres are described by the highly
nonlinear equations of force-free electrodynamics (FFE).
Over the past three decades, the Blandford-Znajek (BZ)
process has been extensively studied in general relativity
(GR). One of the basic predictions of the BZ model is that
for slowly rotating black holes the total electromagnetic
energy flux extracted from the black hole scales as the spin
α squared

P ∼ α2 ð1Þ
Numerical [11,12] and analytical work (see e.g., [13] and
references therein) hints that a much steeper dependence of
power onα occurs as the black hole spin increases.While it is
clear that the power from the black holes does depend on the
spin parameter, other effects such as collimation introduce an
even steeper behavior on α in the power spectrum.
The astrophysical problem is therefore slightly different

than the plain BZ model, since what we actually observe
are jets and not an isotropic outflow. A collimating agent is
required for the black hole jet models. For the collimated
morphology, the agent translates into specific boundary
conditions instead of the bare black hole geometry.
Examples include paraboloidal boundaries along the wind
from the surrounding accretion disks [14], or in the form of
a background vertical magnetic field held in place by a disk
far from the black hole [15–17].
The proliferation of sensitive telescopes such Event

Horizon Telescope, are providing a wealth of information
to reveal the launching and initial collimation region of
extragalactic radio jets in for example Messier 87 [18] and
CentaurusA [3]—the closest radio-loud source toEarth. This
ever-increasing number of observations so far have shown to
be consistentwith the predictions fromGR. In the era to come
there will be growing interest in attempting to show, or to
exclude, the possibility that the results of observations may
be better described by some alternative theory of gravity. As
we divert from GR we need to consider alternative theories,
including higher dimensions [19–22].
Here, we address the following main questions: What

is the effect in black hole jet models of the number of
spacetime dimensions? In particular, can a black hole in
five spacetime dimensions (5D) support energy extracting
magnetospheres? Can higher dimensions introduce in the
jet power an even steeper scaling on the spin parameter?

*a.chanson@usu.edu
†majo.rodriguez.b@gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 106, 084052 (2022)

2470-0010=2022=106(8)=084052(11) 084052-1 Published by the American Physical Society

https://orcid.org/0000-0003-2422-292X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.084052&domain=pdf&date_stamp=2022-10-27
https://doi.org/10.1103/PhysRevD.106.084052
https://doi.org/10.1103/PhysRevD.106.084052
https://doi.org/10.1103/PhysRevD.106.084052
https://doi.org/10.1103/PhysRevD.106.084052
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


In this context, we construct energy extracting models
for black holes jets in 5D spacetimes. These are solutions of
the force-free electrodynamic equations in a slowly rotating
5D Myers-Perry black hole [23]. Even though they do not
realize in nature, they are worth exploring, since they have
interesting features in the vast landscape of alternative
theories of GR. One of the remarkable properties of higher-
dimensional gravity is its connection with other areas of
physics. While the physics of higher-dimensional BZ
models that we develop is a matter of interest per se, these
may play a central role in holography, the microscopic
interpretation of the Bekenstein-Hawking entropy [24], and
direct contact with experiments such as heavy-ion colli-
sions performed at the LHC [25] and EIC [26]. Moreover,
upon dimensional reduction, such black hole jet models can
also be relevant in astrophysics and also understanding how
special our 4D world is in the space of all possible values.
This paper is organized as follows: basic equations

governing stationary force-free fields around five-
dimensional Myer-Perry black holes with one spin are
introduced, and for the first time we set up the BZ model
in higher dimensions in Sec. II. We present new exact
solutions of the FFE equation in 5D flat spacetimes and
static black holes in Sec. III. In Sec. IV we describe a
perturbative approach to obtain a self-consistent highly
collimated jet solutions. Physical properties, such as energy
extraction rate are also discussed and compared with the 4D
solution. Discussions are given in Sec. V.

II. FFE FOR 5D BLACK HOLES

In this section we review conventions and equations
for an extension of the BZ model by promoting the FFE
equations to 5D spacetimes. We also collect some results on
rotating Myer-Perry 5D black holes in order to make the
paper more self-contained.
Force-free electrodynamics describes systems in which

most of the energy resides in the electromagnetic (EM)
sector of the theory where the energy-stress tensor
Tμν ∼ TEM

μν . This approximation is known as the “force-
free” condition. Here we argue that these are generalized
straightforwardly to higher dimensional spacetimes. We
hence want to find stationary and axisymmetric solutions of
the following FFE equations

FμνJν ¼ 0; ð2Þ

supplemented by Maxwell’s equations

FμνJν ¼ 0; ð3Þ

∇νFμν ¼ Jμ: ð4Þ

where μ; ν ¼ ft;ϕ;ψ ; r; θg. We motivate our 5D FFE
model from observation that standard (four-dimensional)

Einstein gravity can straightforwardly be generalized to
higher dimensions. 5D FFE is similar in spirit to BZ [10]
but differs in the way the indices μ; ν ∈ D and on the choice
of black hole background. Higher-dimensional gravity
exhibits a much richer dynamics due to the existence of
extended black objects with a same mass and angular
momentum but with different horizon topologies such as
black string, black rings and overspinning spherical black
holes [27]. The setup for our computation will focus only
on a 5D rotating black hole background solution, supported
by an appropriate set of boundary conditions follows next.
We shall explicitly work in the single spinning 5D-

Myers-Perry black hole [23] solution for the background
metric where certain calculations are simplified. The
Myers-Perry metric, parametrized by the mass m and
(one) rotation a, takes the form

ds2 ¼ −dt2 þm
Σ
ðdt − a sin2 θdϕÞ2 þ Σ

Δ
dr2 þ Σdθ2

þ ðr2 þ a2Þ sin2 θdϕ2 þ r2 cos2 θdψ2; ð5Þ

where

Σ ¼ r2 þ a2cos2θ; Δ ¼ r2 þ a2 −m: ð6Þ

The event horizon is r≡ rH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m − a2

p
and the angular

velocities ΩH
ϕ ¼ a=ðr2H þ a2Þ and ΩH

ψ ¼ 0. Unlike Kerr
black holes, the Myers-Perry black hole with a single spin
is not bounded. In this black hole 5D space, the extremal
value m ¼ a2 corresponds to an irregular solution where
the horizon is destroyed, leading to naked singularity
solution. In this Boyer-Lindquist type coordinates, this
metric is square diagonal, and we can identify

ds2 ¼ ðg1Þabdxadxb þ ðg2Þαβdxαdxβ; ð7Þ

where fxa;b ¼ t;ϕ;ψg and fxα;β ¼ r; θg. In such back-
grounds it can be easily shown that all stationary and
axisymmetric field strengths, solutions to (2)–(4), are of the
form1

1Note that the most general stationary and axisymmetric gauge
field is

A ¼ Aaðx1; x2Þdxa þ Aαðx1; x2Þdxα; ð8Þ
hence defining the fluxes by Ψϕ ≡ 1 − Aϕ and Ψψ ≡ 1 − Aψ , the
electromagnetic field angular velocities ωϕ;ψ taking −∂xαAt ¼
ωϕ∂xαAϕ þ ωψ∂xαAψ and current I¼ð

ffiffiffiffiffiffiffiffiffiffi
detg2
−detg1

q
Þ−1ð∂x1Ax2−∂x2Ax1Þ

one finds via F≡ dA the corresponding the general expression
for the field strength (9).
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F ¼ dΨϕ ∧ ½dϕ − ωϕdt� þ dΨψ ∧ ½dψ − ωψdt�

þ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det g2
− det g1

s
dr ∧ dθ; ð9Þ

where the fluxes Ψϕ;ψ , the electromagnetic field angular
velocities ωϕ;ψ and current I are functionals of an arbitrary
function fðr; θÞ. We therefore argue that the BZ process in
5D has five free parameters. These functions encode the
energy and angular momentum fluxes. For a stationary and
axisymmetric FFE field (9) the corresponding total energy
flux can be defined by

P≡
Z

Trν
EMðξtÞνdV¼−2ð2πÞ2

Z
ðωϕ∂θΨϕþωψ∂θΨψÞIdθ;

ð10Þ

and the angular momentum fluxes

Lϕ ≡ −
Z

Trν
EMðξϕÞνdV ¼ −2ð2πÞ2

Z
I∂θΨϕdθ; ð11Þ

Lψ ≡ −
Z

Trν
EMðξψÞνdV ¼ −2ð2πÞ2

Z
I∂θΨψdθ: ð12Þ

We work in the southern hemisphere 0 ≤ θ ≤ π=2 and
assume a reflection-symmetric magnetosphere along the
equator. The factor of 2 accounts for the contributions from
both hemispheres, and the ð2πÞ2 contribution arises form
the integration along the azimuthal ðϕ;ψÞ directions. Here
Tμν
EM ¼ FμαFν

α − ð1=6ÞgμνFαβFαβ is the electromagnetic
energy momentum tensor, dV is the total spacetime
volume form and the timeline and two axial Killing
vectors are ξνt ¼ ð1; 0; 0; 0; 0Þ, ξνϕ ¼ ð0; 0; 0; 1; 0Þ and
ξνψ ¼ ð0; 0; 0; 0; 1Þ, respectively. While there is no sharp
distinction between the azimuthal directions ϕ and ψ ,
working explicitly in 5D black hole space (5) can simplify
solutions and integrals over the spacetime. In this paper, for
simplicity we will further reduce the problem were the EM
variables on ψ direction are turned off. This will guarantee
that there is no angular momentum flux Lψ ¼ 0.
Plugging the expression for the stationary electromag-

netic field (9) into (2) leads to a basic reduced system of
two fundamental nonlinear FFE equations. These, respec-
tively, two fundamental equations are

FrνJν ¼ 0; FθνJν ¼ 0: ð13Þ

Before diving into solving these equations, we now con-
sider the location of two of the relevant black hole surfaces
(the event horizon and ergosurface) where (13) may
become irregular. This leads us to establish boundary
conditions to guarantee regularity for FFE equations that
coincide with the smoothness requirement of the Poynting

vector F2 on these same surfaces. The discussion on the
other two surfaces in the problem, the so-called light
surface is postponed to Sec. IV B.

A. Event horizon and ergoregion

Given the Myers-Perry (MP) black hole we can define
the event horizon radius for the background by equating
the zeros of the equation grr ¼ 0. The resulting value of
location of the event horizon yields r≡ rH ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m − a2

p
.

For slowly rotating black holes, where the spin parameter is
small a ≪ 1,

rH
r0

¼ 1 −
1

2
α2 þOðα3Þ; ð14Þ

where r0 ¼
ffiffiffiffi
m

p
and reduced spin parameter α ¼ a=

ffiffiffiffi
m

p
.

The boundary of the ergoregion, or ergosurface, can
simply be defined as the locus of spacetime points where
the asymptotic timelike Killing field ∂t becomes null, i.e.,
where gtt ¼ 0. In the Myers-Perry black hole (5) the
ergospheres reðθÞ are found at

re ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m − a2 cos2 θ − b2 sin2 θ

p
: ð15Þ

In the small spin regime a ≪ 1 the radius of the horizon

re
r0

¼ 1 −
1

2
α2 cos2 θ þOðα3Þ: ð16Þ

Our analysis here focuses mainly on the event horizon
and the ergosurface. While both surfaces play a central role
in the BZ model, exploiting the analogy with pulsar
magnetospheres, we will further consider the physical
significance of the so-called light surfaces (see below).
These are surfaces where magnetic field lines as a geo-
metric construct “rotate” at the speed of light in the same or
the opposite direction with respect to an observer corotating
with the magnetosphere.

B. Boundary conditions

We now examine the boundary conditions for the 5D
FFE model that we propose. Introducing the black hole
background a set of functions Ψϕ;ψ , ωϕ;ψ and I satisfying
Eq. (13) will characterize a consistent model of a force-free
magnetosphere given a choice of appropriate boundary.
Following the original work by Blandford and Znajek [10]
at the equator ðθ ¼ π=2Þ the fluxes dΨϕ;ψ are considered to
be discontinuous and determined by surface currents in the
disc. At the same time, on the surface of the black hole
the so-called Znajek smoothness conditions will apply. For
the 5D singly rotating black hole the relevant conditions
for the fluxes Ψϕ;ψ on the black hole event horizon yield a
relation between the field functions
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IHðΨHÞ¼ ðωH
ϕ −ΩH

ϕ Þ
ðr2Hþa2ÞrH sinθcosθ

r2Hþa2 cos2 θ
∂θΨH

ϕ ; ð17Þ

where −ωH
ϕ ≡ ∂rAH

t =∂rAH
ϕ ¼ ∂θAH

t =∂θAH
ϕ . This smooth-

ness condition can be derived either from requiring
regularity of the FFE equations on the vent horizon or,
equivalently, from regularity of F2. Since we are working
with Eq. (13) in single spinning MP black hole back-
grounds, we see no contribution at the event horizon ΨH

ψ in
the equations. Therefore, without loss of generality we pick
ωH
ψ ¼ 0. Notably the smoothness condition obey a similar

structure to its 4D analog in Kerr.
At infinity r → ∞ setting boundary conditions is more

subtle, but as argued in [10], we resort to match the fields
to solutions of flat space. The regularity condition in the
region far from the black hole is

I∞ðΨ∞Þ ¼ �ω∞
ϕ r sin θ cos θ∂θΨ∞

ϕ : ð18Þ

To our knowledge solutions of FFE equation in flat vacuum
five space-time dimensions are not known. Hence we now
establish some relevant equations and derive a tower of
solutions for the FFE equations. These will include not only
solutions of the FFE equations in D ¼ 5 flat spacetime
backgrounds, but also static black hole backgrounds.

III. FFE SOLUTIONS IN FLAT
AND STATIC 5D BACKGROUNDS

In this section we compute exact solutions to the FFE
equations in D ¼ 5 flat spacetime and static black holes
backgrounds. We work with black hole backgrounds con-
taining a spherical event horizon. For static black holes
metric, one can simply set the spin parameter to zeroa ¼ 0 in
(5). This corresponds to the 5D metric found by Tangherlini
[28]. The black hole resembles Schwarzschild’s solution
not only due to the spherical event horizon topology but
also on realizing the unique regular static solution of five-
dimensional GR in vacuum. Static black holes will exhibit
no energy extraction; however, the new exact solutions to
vacuum Maxwell equations in a Tangherlini metric that we
now construct will be key for the FFE solutions for rotating
5D black hole that we present in a later section.

A. Flat spacetimes solutions

As in four spacetime dimensions for Schwarzschild
metric, in five spacetime dimensions there is a similar
“no hair theorem” that we can formulate [29].

Theorem: Nonrotating higher-dimensional black holes
cannot have magnetic fields themselves; the electric
field in the exterior of a nonrotating black hole must
coincide with the field at a point located in the center.

It is not in the scope of this paper to prove this theorem,
but we will simply assume its validity since by solving the
Maxwell’s equations (3) and (4) we now find for (9), with
I ¼ ωϕ ¼ ωψ ¼ 0, that the equations reduce to

LϕΨϕ ≡ r∂r

��
r2 −m

r

�
∂rΨϕ

�
þ tan θ∂θ

�
1

tan θ
∂θΨϕ

�
¼ 0;

ð19Þ

LψΨψ ≡ r∂r

��
r2 −m

r

�
∂rΨψ

�
þ cot θ∂θ

�
1

cot θ
∂θΨψ

�
¼ 0

ð20Þ

and the electric and magnetic equations are separated.
Besides, one can regard the field is degenerateF ∧ F ¼ 0

when

∂rΨϕ

∂θΨϕ
¼ ∂rΨϕ

∂θΨϕ
: ð21Þ

This condition, which in four spacetime dimensions is
necessary to solve the FFE equations, in five dimensions
it is not.
In turn, Eqs. (19) and (20) imply that the black hole

magnetospheres can occur only in the presence of external
electric currents. We can seek for solutions to these
equations assuming

Ψϕ¼1−
X∞
l¼0

clRlðrÞTϕ
l ðθÞ; Ψψ ¼1−

X∞
n¼0

dnRnðrÞTψ
n ðθÞ

ð22Þ

and arbitrary constants cl, dn. Note that these operators
differ slightly from flat space—with no black holem ¼ 0—
by a factor ðr2 −mÞ=r in the radial derivatives2 and
therefore Tϕ

l ðθÞ and Tψ
n ðθÞ will remain unchanged. Let

us consider the eigenfunctions to the problem next.

1. Eigenfunctions

The operators Lϕ and Lψ are second order; therefore
there is a set of two eigenfunctions that solve (19)–(20). Via
the separation of ðr; θÞ variables one can find the explicit
solutions, each with separation constants k ¼ l, n.
In more detail these are

RkðrÞ ¼ Fkðr2=mÞ; for k ¼ l; n > 0 ð23Þ

for the radial functions in (22) and for the spherical
solutions

2The radial eigenfunctions in 5D spacetime become
Rflat
k ðrÞ ¼ r�k.
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Tϕ
l ðθÞ ¼Flðsin2θÞ; Tϕ

nðθÞ ¼Fnðcos2θÞ; for l; n > 0;

ð24Þ

where

FkðxÞ ¼

8>><
>>:

x2F1

h
1 − k

2
; 1þ k

2
; 2; x

i

G2;0
2;2

�
1 − k=2; 1þ k=2

0; 1

����x
� : ð25Þ

Each value of the separation constants gives different
profiles for the flux functions. For instance, the first three
harmonics (l ¼ 0, 1, 2) generate linearly independent flux
solutions

Ψϕ ¼

8>>>>><
>>>>>:

1 − c0 logðcos2θÞ
1 − c0 logðr2 −mÞ logðcos2θÞ
1 − c0E½1 − r2=m�ðE½sin2θ� − K½sin2θ�Þ
1 − c0r2sin2θ

: ð26Þ

These solutions are defined outside the event horizon, and
the range of these solutions is r > m and π=2 ≥ θ ≥ 0.
Here we have only included the open field line solutions.
In fact, the first two cases above correspond to the l ¼ 0
harmonic value. One can represent in cylindrical coordi-
nates3 the constant flux lines in a two-dimensional plane
(see Fig. 1). Similar profiles can be found for Ψψ.

B. Static 5D black hole solutions

An exact solution to force-free equations in the static
Tangherlini 5D black hole spacetime is

Ψϕ¼1−c1 logðcosθÞ; ωϕ¼c2ðsinθÞ−2; Iϕ¼c3; ð27Þ

Ψψ ¼ 0; ωψ ¼ 0; Iψ ¼ 0; ð28Þ

where ci, i ¼ 1, 2, 3 are constants. In all, these functions
lead to the field strength

F¼dθ∧
�
c1 tanθdϕ−

1

sinθcosθ

�
c3r

r2−m
dr�c1c2dt

��
:

ð29Þ

The expression also includes the exact solution in 5D flat
spacetime for m → 0.
Further imposing Znajek’s smoothness condition (18) on

the horizon constrains

c3 ¼ −c1c2
ffiffiffiffi
m

p
: ð30Þ

In all, these functions lead to the field strength

F ¼ c1dθ ∧
�
tan θdϕ −

c2
sin θ cos θ

�
r

ffiffiffiffi
m

p
r2 −m

dr� dt

��
:

ð31Þ

In this section we found all solutions to vacuum Maxwell
equations for static black holes in five spacetime dimen-
sions. In the following section we present new solutions to
the FFE equations in 5D for slowly rotating black holes
employing a perturbation technique.

IV. FFE CONFIGURATIONS FOR
THE ROTATING 5D BLACK HOLES

In this section we find for the first time solutions of FFE
for rotation Myers-Perry black hole. To solve these equa-
tions we resort to perturbation theory. More concretely, we
construct energy extracting solutions for slowly rotating
black holes perturbative in powers of the reduced spin
parameter α. The perturbation method that we will imple-
ment was first developed in four dimensions by Blandford-
Znajek [10]. The main purpose of this section is to build
upon the work done in [29–32]. Starting with the solutions

FIG. 1. Field lines of families of exact force-free magnetospheres in five-dimensional static black hole backgrounds. Our new
solutions include the vertical, radial, parabolic, hyperbolic field geometries.

3Here the cylindrical coordinates we employed to represent the
flux lines are r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z2

p
and tan θ ¼ ρ=z.

SIGNATURES OF EXTRA DIMENSIONS IN BLACK HOLE JETS PHYS. REV. D 106, 084052 (2022)

084052-5



for the static black hole that we found in the previous
section we will now consider perturbations in the small-
spin regime α ≪ 1 for the slowly single rotating Myer-
Perry black holes.

A. Vertical field

Among the exact solutions we derived in the previous
section, in the nonrotating five-dimensional black hole
background there exists a collimated, uniform, vertical
magnetic field solution:

Ψð0Þ
ϕ ðr; θÞ ¼ r2 sin2 θ: ð32Þ

Here and below, we work in the northern hemisphere 0 ≤
θ ≤ π=2 with the southern fields determined by reflection.
The field line is of a highly collimated cylindrical shape and
the geometry dependence of this solutions is displayed in
Fig. 1. If the black hole is spinning, toroidal magnetic fields
will be generated, and the magnetic cylinder will become
twisted into a helically twisted structure. The FFE equa-
tions (2)–(4) are highly nonlinear, hence our strategy to find
a collimated cylindrical shape twisted field solutions is to
perturb the nonrotating black holes (32) by allowing small
spin black hole perturbation. To leading orders in rotational
parameter α namely, the corresponding solution can be
expressed

Ψϕ ¼ Ψð0Þ
ϕ ðr; θÞ þ α2Ψð2Þ

ϕ ðr; θÞ þOðα3Þ; ð33Þ

r0ωϕ ¼ αωð1Þðr; θÞ þOðα2Þ; ð34Þ

I ¼ αIð1Þðr; θÞ þOðα2Þ; ð35Þ

where ωð1Þðr; θÞ and Ið1Þðr; θÞ are both functions of the

gauge field Ψð0Þ
ϕ ðr; θÞ and should be of the form

ωð1Þ ¼ ωð1ÞðΨð0Þ
ϕ Þ Ið1Þ ¼ Ið1ÞðΨð0Þ

ϕ Þ: ð36Þ
Note that other different zeroth-order solutions, i.e., the
radial, parabolic and hyperbolic field solutions could also
be considered in 5D space-times. As a first study of the BZ
energy extraction models in higher dimensions our analysis
in this section will focus only on the vertical filed line
configurations.
According to the field regularity equation on the black

hole horizon (18) for the current I to be well behaved on the
horizon r ¼ rH ¼ r0 then

Ið1Þðr20 sin2 θÞ ¼ −2r20 sin2 θ cos2 θð1 − ωð1ÞÞ: ð37Þ
This equation can also be written in a simpler form as
r20I

ð1ÞðxÞ ¼ −2xðr20 − xÞð1 − ωð1ÞðxÞÞ, where x ¼ r20 sin
2 θ.

Likewise, since Ið1ÞðΨð0Þ
ϕ Þ the equation for the current can

be regarded as

r20I
ð1ÞðΨð0Þ

ϕ Þ ¼ −2Ψð0Þ
ϕ ðr20 −Ψð0Þ

ϕ Þð1 − ωð1ÞðΨð0Þ
ϕ ÞÞ: ð38Þ

The solution for the current I is only one step in find the full
solution for the 5D model. To specify the collimated jet we
still need to determine the behavior of angular velocity of
the magnetic field ωϕ. As an alternative to solving the FFE
equations, fortunately, we find that the convergence con-
dition can be applied to get the further details about this
function.
Before solving the FFE equations one can analyze the

fluxes defined in (10) and (11).

P; Lϕ ∝ I: ð39Þ

On the surface r20 − Ψð0Þ
ϕ ¼ 0 both energy and angular

momentum fluxes vanish. On this boundary, at r sin θ ¼ r0,
the fluxes cannot penetrate. The boundary of the jet is the
last field line within the cylinder defined by this boundary.
The energy-momentum equations can be divided into two
constraint equations.
In this way we aim to construct a highly collimated

and magnetically dominated jet solution in the vicinity of
spinning 5D (singly spinning) black hole. An interior
region r sin θ < r0 with a current and field angular velocity

I ≠ 0 and Ω ≠ 0 ðr sin θ < r0Þ ð40Þ

and exterior region where we choose

I ¼ 0 and Ω ¼ 0 ðr sin θ > r0Þ: ð41Þ

The global solution across the interface at r sin θ ¼ r0 will
be required to be continuous. In the following we will see
that our choice naturally imposes this smoothness con-
dition. We to order can now dive into the FFE equations,
which to Oðα2Þ order can be reduced

LϕΨ
ð2Þ
ϕ ¼

�
Sout; if r sin θ > r0
Sin; otherwise

: ð42Þ

Here the source term in the outer region (r sin θ > r0)
yields

Sout ¼
4r20 sin

2 θðr4 þ ðr40 − 3r2r20Þ cos2 θÞ
r2ðr2 − r20Þ

; ð43Þ

and in the inner region (r sin θ < r0) is
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Sin ¼
r2ðIð1ÞÞðIð1ÞÞ0
ðr2 − r20Þ cos2 θ

þ 4r2 sin4 θðr2 − r20 sin
2 θÞðr40 − r4ωð1ÞÞðωð1ÞÞ0

r20ðr2 − r20Þ
−
4r4 sin2 θðr2 − 2r20 sin

2 θÞðωð1ÞÞ2
r20ðr2 − r20Þ

þ 8r2r20 sin
2 θ cos 2θωð1Þ

ðr2 − r20Þ
þ 4r20 sin

2 θðr4 þ ðr40 − 3r2r20Þ cos2 θÞ
r2ðr2 − r20Þ

: ð44Þ

The prime denotes differentiation with respect to Ψð0Þ
ϕ .

Discussion of the solution of Eq. (42) now follows. If we
assume that the convergence condition is true, then we
can specify a second relation between ωð1Þ and Ið1Þ, thus
determining the outgoing energy flux.
As in [10], given a Green’s function solution of the

differential equationLϕG ¼ δðr − riÞδðθ − θiÞ, this tells us
that we can write down the solution to (42)

Ψð1Þ
ϕ ¼

Z
ri

Z
dθiGðr; θ; ri; θiÞSðri; θiÞ ð45Þ

if and only if

Z
∞

r0

dr
Z

π−δ

δ
dθ

Sin=out
r

ð46Þ

converges, where we have defined δ ¼ arcsinðr0=rÞ. The
contribution from all terms in (43) and (44) are convergent,
assuming ωð1Þ ∼Oð1Þ, except the ones listed here

r2r20ðIð1ÞÞðIð1ÞÞ0
cos2 θ

− 4r8 sin4 θωð1Þðωð1ÞÞ0

− 4r6 sin2 θðωð1ÞÞ2 ¼ 0; ð47Þ

which are now required to vanish for convergence. This
equation can alternatively be written as

ððIð1ÞÞ2 − 4ðωð1ÞÞ2ðΨð0Þ
ϕ Þ2Þ0 ¼ 0; ð48Þ

and integrated to satisfy

ðIð1ÞÞ2 − 4ðωð1ÞÞ2ðΨð0Þ
ϕ Þ2 ¼ constant: ð49Þ

The integration constant vanishes if we further impose

Ψð0Þ
ϕ ¼ 0 at the polar axis. Combining with the equation for

the current (42) one can solve explicitly the angular field
velocity

ωð1Þ ¼ r20 − x
2r20 − x

; ð50Þ

where x ¼ r2 sin2 θ. This second relation effectively fixes
the current flowing through the hole. Alternative electro-
magnetic conditions at infinity would yield an alternative
relation. We have obtained all quantities that are of physical
interest about the energy flux. We may explicitly write

down the solution for Ψð2Þ
ϕ , but we do not plan to do so

because this would only provide us with information about
the distortion of magnetic the details about we may
explicitly write.
In Fig. 2, we show the variation the angular field velocity

ωϕðΨϕÞ and total electric current IðΨϕÞ on the horizon.
The behavior of these functions resembles that of 4D
spacetimes.

FIG. 2. Comparison of the variation in the angular velocity ωϕ and current I on the black hole horizon for 5D black holes (black) and
4D Kerr black hole (red).
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B. PHYSICAL PROPERTIES OF COLLIMATED
JETS IN 5D

We have obtained the explicit analytical expressions of
the angular velocity ωϕ and current I for a collimated jet
solution in 5D black holes. This leads for the BZ model in
5D black holes to the basic prediction that the power scales
as the spin squared as we now explicitly show.

1. Energy flux

The total energy flux is defined as (10) and the angular
momentum fluxes as (11). Equivalently a direct integration
leads to

P ¼ −2ð2πÞ2
Z

r2
0

0

IωϕdΨψ ∼ 0.137ð2πÞ2r40α2; ð51Þ

Lϕ ¼ −2ð2πÞ2
Z

r2
0

0

IdΨψ ∼ 0.455ð2πÞ2r50α: ð52Þ

The energy extraction efficiency can be employed for the
comparison between analytic solutions for the collimated
jet in 5D black holes that we derived and the 4D Kerr black
hole. To keep the amount of magnetic flux crossing the
horizon identical we defined the energy extraction effi-
ciency as in [10] via

ϵ̄ ¼
R
IωϕdΨψR
IΩH

ϕ dΨψ
: ð53Þ

In 4D the BZ models for collimated jets [30] display an
energy extraction efficiency

ϵ̄ ∼ 0.36 ð54Þ

in 4D black holes.
For the collimated jet solution in Sec. IV we obtain

ϵ̄ ∼ 0.30 ð55Þ

in 5D black holes.
A direct comparison shows that the collimated jet power

is reduced by a factor about 17% compared to the 4D
collimated jet BZ model.

2. Light surface

Without knowing the precise functional expression of
ωϕ;ωψ the position of the light surfaces cannot be
determined a priori. In the previous section we found
the leading order contribution to the angular field velocity,
so we will take this solution to depict the positions of the
light surfaces for the collimated jet in 5D black holes. We
summarize all these finding of the different regions in the
spacetime in Fig. 3.

There are four critical surfaces characterizing force-free
magnetospheres around Myers-Perry black holes: the event
horizon, the ergosphere and two light surfaces—see Sec. II A
for details on the first two surfaces. The spacetime location
of the light surfaces can be determined by looking at those
surfaces where the velocity vector field χ ¼ ∂t þ ωϕ∂ϕ þ
ωψ∂ψ of an observer corotating with the magnetosphere
becomes null:

χ2 ¼ gttþ 2ωϕgtϕþ 2ωψgtψ þω2
ϕgϕϕþω2

ψgψψ ¼ 0: ð56Þ

Note that the vertical field configuration of our model only
crosses the inner light surface. This is a nontrivial interesting
case in which there is only one light surface is the uniform
vertical configuration, where outside the cylindrical separa-
trix the field lines are assumed not to rotate. Other more
general configurations are expected to cross both light
surface (e.g., the radial monopole magnetic field). Since
each of these light surfaces is a singular surface of the FFE
equations, one can then impose corresponding regularity
conditions on these two surfaces, and, employing the
matched asymptotic expansion, build new FFE solutions
for rotating black holes.

V. DISCUSSION

We have shown that one can construct 5D black hole
magnetospheres within the FFE approach. To this end we
gave analytic solutions of the force-free equations for several
model cases. These include explicit 5D solutions in flat
spacetime, static black holes and slowly rotating black holes.
As an example, we explicitly construct a highly colli-

mated and magnetically dominated jet solution in the

FIG. 3. Regions in MP black hole: the central black shaded disk
represent the single spinningMP black hole (BH), the dotted lines
correspond to the outer (OLS), the dashed curve represents the
inner light surfaces (ILS), and the ergosphere (Erg) solid curve for
the mass m ¼ 1 and the spin parameter α ¼ 0.7.

ALEXANDRA CHANSON and MARIA J. RODRIGUEZ PHYS. REV. D 106, 084052 (2022)

084052-8



vicinity of slowly (single) spinning 5D black holes. We
propose a general method for perturbative solutions to five-
dimensional BZ mechanism with a vertical electromagnetic
field configuration. Instead of solving the nonlinear FFE
equations directly, we rely on the horizon regularity
boundary condition, and the convergence requirement to
determine relevant physical quantities. This jet solution
distinguishes itself from prior known analytic solutions in
that it is highly collimated and asymptotically approaches a
magnetic cylinder in higher spacetime dimensions. Our
solutions confirm and generalize the pioneering results of
BZ to higher-dimensional spacetimes.
We gave a general argument and then illustrated the

power extraction from rotating 5D black hole magneto-
spheres. The power of energy extraction from the 5D black
hole, compared to the predictions of four-dimensional FFE,
holds the same scaling with the spin parameter. One sees
directly that for the vertical field configurations in higher
dimensions does not introduce in the jet power an even
steeper scaling on the spin parameter. Whether steeper
behaviors in other field configurations are possible (such as
in the monopole, parabolic and hyperbolic configurations)
remains an open question.
Key to enabling energy extracting magnetospheres was

the existence of exact electromagnetic field solutions in
static black holes that we unveil. In fact, we find an infinite
tower of FFE configurations in static black hole back-
grounds. A possible strategy to build energy extracting
magnetospheres for these new field configurations in 5D
includes implementing a matched asymptotic expansion
(MAE) [7,32,33]. Preliminary attempts in this direction
have shown that one has to consider magnetic field lines
that extend from the event horizon out to infinity and now
have to cross two light surfaces (the inner and the outer
light surfaces) in five spacetime dimensions. Thus, we
propose that one should be able to devise an iterative scheme
that uses regularity on the light surfaces to determine the two
free functions—the current I and angular field velocityωϕ. It
is worth emphasizing that there is a problem for a vertical
field configuration within the MAE approach. All magnetic
field lines cross the inner light surface, but none cross both
light surfaces. Therefore, we cannot implement the MAE
method in which one determines solutions to the FFE
equations through the condition of smooth crossing of both
light surfaces. Thus here we resort to set regularity on the
horizon and the location of zero power surfaces.
The interaction of black holes with ambient magnetic

fields is important for a variety of highly energetic
astrophysical phenomena. Previous studies of the FFE
black hole magnetospheres mechanism outside traditional
BZ model in GR include [34–36]. Our goal in 5D space-
times is a deeper understanding of the structure of the
rotating black hole magnetosphere.
We emphasize that all the above examples are certainly

simplified. Nevertheless, the solutions obtained are capable

of creating several key features that allow one to judge the
basic properties of the central engine. In Kerr black holes
the so-called Meissner effect could potentially quench jet
power at the highest black hole spins values [37,38]. We
believe that in a force-free plasma filled environment in
higher dimensions no Meissner effect will ever occur for
any black hole with one vanishing spin. On the one hand,
the 5D the extremal black hole solution is singular and the
BZ model at the highest spin value m ¼ a2 will be plagued
with singularities. On the other hand, in D > 5 black
objects can overspin and hence never become extremal.
An interesting by product is that magnetospheres in D > 5
overspinning black holes may possibly tap infinite energy
from the system.
As an extension of our work we would like to investigate

FFE solutions in 5D black hole backgrounds with two
angular momenta, in contrast to one nontrivial spin black
hole background presented here. We expect a rich field
structure for the FFE models in these generic Myers-Perry
black holes. It is yet to be determined whether the problem
contains FFE solutions that lead to power extraction.
GR in 5D contains also nonspherical black hole sol-

utions, namely black rings with event horizon topology
S1 × S2 [39,40]. This is not the only example of non-
spherical horizon topology that also turned out to be a
counterexample to black hole uniqueness. Examples
include bicycling black rings [41] and other more elaborate
black hole configurations—see [42] for a review—are also
known analytically in closed form. Therefore, another
interesting scenario is the extension of the BZ models in
black ringlike backgrounds. We argue that configurations
of this sort will not support monopole fields, but instead
magnetic dipole electromagnetic fields.
Finally, let us comment on the FFE in the enlarged

regions in 5D black holes. The near horizon extremal black
hole geometries display symmetry enhancement, and so
does its dynamics [6,43,44]. We therefore expect that 5D
BZ model in the near horizon extremal black holes
geometries to emulate the lower-dimensional settings
and carry infinite towers of FFE solutions.
To summarize, we showed herein, for the first time, a

consistent FFE model for black hole jets in 5D, and we
were able to establish some of the effects of the number of
spacetime dimensions. In particular, we revealed that a
black hole in five spacetime dimensions can support energy
extracting magnetospheres in form of vertical collimated
jets. These 5D models are not expected to be realized in
nature; however, these represent new insights of rotating
black hole magnetosphere, the strong-gravity regime in GR
and signatures of extra dimension in black hole jets.
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APPENDIX: FFE SOLUTIONS FOR 5D FLAT
SPACETIMES

Whenm ¼ 0 and a ¼ 0 the solution (5) corresponds to a
5D flat solution. In this section we find solutions to FFE
equations in flat spacetime.

1. Radial solution

The following field strength satisfies the force-free
equations in flat 5D spacetime

F¼dθ∧
�
c1 tanθdϕ−

1

sinθcosθ

�
c3
r
dr�c2dt

��
ðA1Þ

for arbitrary values of the constants ci with i ¼ 1, 2, 3. The
solution has dF ¼ 0 and also is degenerate F ∧ F ¼ 0.

2. Nonclosed radial solution

The simplest solution to the FFE equations in 4D
corresponds to a configuration with radial magnetic flux
lines. In 5D one can also construct the radial solution by
making the same assumptions for the angular velocity ω of
the field and current I. A solution of the form (9) that has
radial fluxes Ψϕ;ψ independent of r is

Ψϕ¼1−c1 logðcosθÞ; Ψψ ¼1−c2 logðsinθÞ; ðA2Þ

ωϕ¼
�IðθÞ
2ð∂θΨϕÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detg2
−detg1

s
; ωψ ¼

�IðθÞ
2ð∂θΨψÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detg2
−detg1

s
ðA3Þ

for an arbitrary function of IðθÞ and c1, c2 constants whereffiffiffiffiffiffiffiffiffiffiffi
det g2
− det g1

q
¼ ðr sin θ cos θÞ−1. This solution is however dis-

continuous at the pole θ ¼ 0 thereby c2 ¼ 0 (and c1 ¼ 1)
which leads to

F ¼ dθ ∧
�
tan θdϕ −

IðθÞ
r sin θ cos θ

ðdr� dtÞ
�
: ðA4Þ

In this way, the effective solution that we will consider has
fluxes (discontinuous at the equator θ ¼ π=2) and electro-
magnetic angular momenta only in the ϕ direction and
takes the form

Ψϕ ¼ 1 − c1 logðcos θÞ; Ψψ ¼ 0; ðA5Þ

ωϕ ¼ �IðθÞ
r sin θ cos θð∂θΨϕÞ

; ωψ ¼ 0 ðA6Þ

for an arbitrary function of IðθÞ with c1 constants.
This solution is a generalization to 5D of Michel’s
solution which also is a radial solution. Moreover, the
relation for ωϕ in (A6) is the extension of the four-

dimensional boundary condition for the fields ω4D ¼

�I4D
ffiffiffiffiffiffiffiffiffiffiffiffiffi
det g4D

2

− det g4D
1

r
ð∂θΨ4DÞ where

ffiffiffiffiffiffiffiffiffiffiffiffiffi
det g4D

2

− det g4D
1

r
¼ ðsin θÞ−1. See

e.g., Eq. (2.18) in [32]. The� signs in the solution represent
ingoing/outgoing flux.
Under similar assumptions to 4D, the force-free equations

can be satisfied in 5D flat spacetime. Notice however that in
5D the field strength solution does not close dF ≠ 0 (but is
degenerateF ∧ F ¼ 0) for an arbitrary current function IðθÞ.
We therefore consider the solution not physical and regard
it as a reminder that energy extraction process in 5D will
include new features when comparing to the 4D BZ model.
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