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We show how the recently developed string-inspired, projectively invariant gravitational model Thomas-
Whitehead gravity (TW gravity) naturally gives rise to a field acting as the inflaton. In the formulation of TW
gravity, a field D,,, is introduced into the projective connection components and is related to a rank-two tensor
field P,;,. Through the dynamical action of TW gravity, in terms of projective curvature, the tensor field P,
acquires dynamics. By decomposing P, into its trace and traceless degrees of freedom, and choosing the
connection to be Levi-Civita, we demonstrate that TW gravity contains a nonminimally coupled scalar field
with a specific potential. Considering only the trace degrees of freedom, we demonstrate that the scalar field
acts as an inflaton in the slow-roll approximation. We find a range of values for the parameters introduced by
TW gravity that fit the experimental constraints of the most recent cosmological data.
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I. INTRODUCTION

Since the initial formulation of cosmological inflation in
the late 1970s to early 1980s [1-4], dynamical scalar fields
representing the so-called inflaton field have appeared in
many unique forms. Despite the overwhelming evidence
that the inclusion of scalar fields both alleviates long-
standing cosmological problems and predicts the observed
nearly scale-invariant spectrum of CMB perturbations,
there are few proposals for a fundamental physical origin
of the inflaton. Indeed, as explained by Kolb and Turner

That paradigm [inflation], however, is still without a
standard model for its implementation. Of course, that
shortcoming should be viewed in light of the fact that
our understanding of physics at energy scales well
beyond that of the standard model of particle physics
is still quite incomplete.

-E. Kolb and M. Turner [5]
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Due to the expectation that physics beyond the standard
model should have something to say about inflation,
substantial effort has been focused on teasing out the
emergence of inflation through string theory motivated
models [6]. Attempts have also been made to realize the
inflaton as the standard model Higgs field [7,8]. Here, the
Higgs is only a potentially viable inflaton if it couples
nonminimally to the gravitational sector with a coupling
of the form £¢*R. More general models of nonminimally
coupled inflation consider various other forms for the
potential and coupling [9-13].

Thomas-Whitehead gravity (TW gravity) [14-16] is a
string-inspired model of gravity that emerges from the
projective geometry of Thomas and Whitehead [17-19].
In this paper, we demonstrate this model could be the
aformentioned raison d’etre for inflation, the foundational
principle being projective symmetry. The importance of
projective symmetry arises upon extending a coadjoint
element of the Virasoro algebra to higher dimensions
[14,16,20-26]. That the ultimate foundational piece of
TW gravity is the Virasoro algebra is why TW gravity is
said to be string inspired. We find solutions to TW gravity
that describe an early universe inflationary epoch fitting
current cosmological data [27]. These solutions are para-
metrized by a set of three fundamental constants in TW
gravity. One choice of these parameters would correspond
to a certain combination of scalar field (nonminimally
coupled) inflationary models investigated in [13].

Published by the American Physical Society
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This paper is structured as follows. In Sec. II we review
TW gravity. We demonstrate how projective symmetry is
utilized in the construction of TW gravity and summarize
the connection to the deeper underlying Virasoro algebra.
In Sec. III we demonstrate how a nonminimally coupled
(NMC) model for inflation with a specific potential
naturally emerges from TW gravity. This NMC model
has three free parameters inherited from the full TW gravity
model. In the slow-roll approximation we constrain these
three parameters within a range that matches the current
observational data for the spectral index n;, tensor-to-scalar
ratio r, and scalar amplitude A for e-foldings of N = 50,
60, and 70. In Sec. IV we make concluding remarks. The
Appendixes show our conventions, reviews of background
material, and supporting calculations.

II. REVIEW OF THOMAS-WHITEHEAD GRAVITY

In this section we review TW gravity by defining
projective connections, building from this projective cur-
vature, and from this constructing projective invariants.
We then show how the projectively invariant action of TW
gravity is composed of these projective invariants.

A. Projectively equivalent paths
and projective connections

Here we briefly review the necessary components of
TW gravity, as generalized recently in [16] from the
constant volume form of [14,15]. TW gravity is a theory
of dynamical projective connections. For a detailed review
of the theory of projective connections, we refer the reader
to [28]. A connection V, with coefficients I'“;,. describes a
geodesic path with coordinates x* and parametrization 7.
These satisfy the geodesic equation

a g et
dr Y dr T d?

dr' v _
belar dr

a

0. (2.1)

The same geodesic path with coordinates x¢ can be
described by a different connection V, with coefficients
[, and reparametrization 6 = (7). These also satisfy the

geodesic equation
dxb ~ dx? . d*x* A
do " do ~ do?

dx? dx° -
b do do

0, (2.2)

so long as the connection coefficients and parametrizations
are related as follows

1—‘abc = 1ﬁ‘abc =+ 5abvc =+ 5acvbv

d*c do\ 2 dx®
Co_ (%),
dr? dr) éo

(2.3)

(2.4)

Equation (2.3) is known as a projective transformation,
with v, an arbitrary one-form. That Eqs. (2.1) and (2.2)
take the same form demonstrates the projective equivalence

of the connections V, and @a.

The theory of projective connections seeks to make
this equivalence of paths under reparametrizations into a
manifest symmetry. Given the base spacetime M, where
the spacetime connection V, is defined, projective con-
nections are defined in the space of one higher dimension.
We refer to this d + 1-dimensional space as the Thomas-
Cone N. Like the usual spacetime connection V,, the
projective connection can be used to form curvature
invariants and, through these curvature invariants, one
can write dynamical actions which are invariant under
both projective transformations and general coordinate
transformations.

We now seek to make explicit the construction of
the projective connection. In the following, Latin
indices a,b,c,...=0,1,...,d—1 are reserved for the
d-dimensional spacetime M coordinates x* and Greek
indices a, 3,7, ... = 0,1, ...d, excluding A, are reserved for
the d + 1-dimensional Thomas-Cone N coordinates x.
The index A refers to the extra coordinate x¢ = x* =1
of the Thomas-Cone N. The coefficients of the projective

connection va are defined by requiring that

VX =6/, (2.5)
where Y is the fundamental vector field of the Thomas-
Cone N generating projective transformations. Explicitly,
the projective connection coefficients are defined by

fﬂﬂa = f%al =0
;=0
faﬂy Faﬂb = fwbﬁ = 0%, (2.6)
I’:‘abc = Habc
Iﬁﬁab = TiDab
where
a a a 1 m
. =1 +96 (c%p)> A = _mr am>» (27)
TP =(0.0....0.0).  a,=(a.i"). (28)

In Egs. (2.6)-(2.8), I'*;,. are the connection coefficients on
the d-dimensional spacetime M. The object I1¢,,. appear-
ing with all indices on M is known as the fundamental
projective invariant. This object is invariant under the
projective transformation Eq. (2.3). Thus, I1¢,,. determines
the equivalence classes of projectively related connections.
Note that at this point the spacetime connection I'“;,. is not
necessarily constrained to be the Levi-Civita connection,
though we will later make this assumption. Instead, I'%;,. is
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a representative of the projective equivalence class of
connections [I'*;.], which are equivalent under projective
transformations and reparametrization as in Egs. (2.3)
and (2.4). The one-form « is related to Y by the conditions
that @, Y” = 1 and Lya, = 0, where 8y denotes the Lie
derivative with respect to Y.

The symmetric field D,;,, known as the diffeomorphism
field, is not a tensor due to its appearance as part of the
connection coefficient I* ;. It transforms as follows

ox™ ox" L .
Zlb = WW [Dmn - amJn — Jmn T+ ]cHCmn]’ (29)
, xb |z
with |ng the Jacobian of the transformation. For an

infinitesimal coordinate transformation x’ = x — &(x) in
d = 1-dimension, the transformation Eq. (2.9) becomes

) dé(x) dD(x) 1d’¢(x)
D'(x) = D(x) +2 o D(x) + &(x) R S
(2.11)

to first order in £. The details of this dimensional reduction
are shown in Appendix B. Equation (2.11) is the same
transformation law as a coadjoint element D of the Virasoro
algebra, up to rescalings of D. The diffeomorphism
field D,;, is usually seen as the dynamical extension of a
coadjoint element of the Virasoro algebra to higher dimen-
sions, rather than the dimensional reduction that was
described here. From this vantage point, TW gravity as
the resulting dynamical model for D, is said to be string-
inspired from the core foundational Virasoro algebra in
one dimension. More details can be found in the seminal
works [14,16,20-26].

Once in arbitrary d-dimensions, it is advantageous to
form a tensor by adding various objects to D,,. that remove
the nontensorial pieces from its transformation law. This is
accomplished through the definition of the tensor field P,

Ppe = Dpe — Opae +Tpca, + apa.. (212)
Note that P, is symmetric only if the curl of @, vanishes,
one possible solution being that the spacetime connection is
Levi-Civita with respect to a metric g,;, on M such that

m,, =0d,In \/m This field P,,., related to the diffeo-
morphism field D, via Eq. (2.12), transforms as a tensor
on the spacetime M and will be shown to act as a source of
cosmological inflation under certain assumptions.

Under a general coordinate transformation on M, the
spacetime connection I'“,. transforms as an affine con-
nection

*xP ox'
prq ox'mon axb :

ox'® oxP ox4

e —
T axb gx™ ox'™

(2.13)

The projective connection I'“,, transforms as an affine

connection

122

*xP ox'®

_ox'* ox° ox’ )
ox" ' oxt

l:va — T
woxP oxmox P

(2.14)

under what we refer to as a Thomas-Cone transformation
on N (TCN transformation) [14—-18,29]

x/(l — (x/O(xm),x/l(xm)’

J = |ox™/ox"™|.

,x’d_l(x’"),i’ _ A'Jl/(dJrl))7
(2.15)

The TCN transformation is seen to be a general coordinate
transformation on M with an additional Jacobian scaling of
the A direction. We refer to objects transforming as a tensor
with respect to TCN transformations as TCA tensors.
Now we have the technology to write the manifestly TCA
covariant and manifestly projectively invariant geodesic
equation

dx* = dx® _ d*x* -

n dx* dx¥ B
dr " dr T di?

——=0. 2.16

W odr dr ( )
This equation is manifestly TCN covariant in that dx*/dr
and Vﬂ are both TCN tensors. At the same time, it is also
manifestly projectively invariant in that f“ﬂy is invariant
with respect to projective transformations as in Eq. (2.3).

B. Projective curvature

Since the projective connection coefficients f",w trans-
forms as an affine connection under a TCN transformation,
we can straightforwardly compute its curvature invariants.
Explicitly, on a vector field ¥* and co-vector k, in N, we
define the projective curvature tensor K7,,; through the
usual relations

[V(l? Vﬁ]Ky = Kypa/ij, [va, vﬁ]K}, = _pr(l/pr' (217)

In terms of the connection coefficients, we can write the
projective curvature as

]Cﬂua[)’ = fwu[/}.a] + fpv[ﬂfﬂlx]/)- (2'18)

The extended metric G,; on the (d + 1)-dimensional
manifold N is written succinctly as

Gaﬂ = 5aa5bﬁgab - /1(2)90:9/3'7 (219)

G = g (87, — g, X*) (&), — g, YP) — 452 XoYP,  (2.20)
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where g, = (g, 1/4) and g, =—z79,In V/Igl- This
extension of a d-dimensional metric was detailed in [16],
where the previous restriction of constant-volume coordi-
nates was lifted. The general volume coordinate metric G4
can be written as the sum of the constant volume metric

Gg;j) and finite correction AG .4:

Gup =Gy +AGy.  G¥ =Gl +AGP. (221)
GO (9= O g (90 2.22
@ =0 ) 0=y _p) *?
22000y —hol g,
AG{,,;—< 09a9p L) ) ’
—ﬂol/ﬂ_lgb 0
0 —Ag g,
AGaﬂ:< o fa & > (2.23)
=297 G A°G"" G Gn

where £ = /4.

Note again that if the spacetime connection I'“;,. is the
Levi-Civita connection then g, = a,,, since I'? ;;, = 9, In\/|g.
The determinate of the metric G4 is the same as for

GY) [14.15]

G =det(Gyy) = det(Gg)ﬂ)) = -7y, g = det(gap)-

(2.24)
The only nonvanishing components of K%, are

Kpea = Rpea + 01 “Pap = 6y Plegs  (2.25)

Koap = a/IK:/Inab = Pn[b;a] + a[bPa]n + az1p[ab] = R" %

(2.26)

Kab = ,Cﬂtmb = Rab + dpba - Pab (227)
K=G¥K\y=R+(d=1)P (2.28)

Rab = Rmamb’ R= gabRab’ P= gabpab' (229)
Rpeq =0T qp = 04T cp + T L€ gp =TT . (2.30)

The projective curvature tensor satisfies the following

K (2.31)

apur = ~Kapiy: Kafpy) = 0.
An important object to consider will be the projective

Cotton-York tensor

Kyaﬂ = gﬂ’Cﬂyaﬂ, (232)

which is a TCA -tensor. Its only nonvanishing components
are

Knab = v[an]rz - An,P[ab] + A[apb]n + AmRmnab’ (233)

Aa =YGa — %, (234)
Notice on the Levi-Civita shell, A, = 0 and the Cotton-
York tensor becomes simply

Kyap = VP, with A, =0 (2.35)
and can be thought of as a gravitational analog of an
electromagnetic field strength. The existence of such an
analogy is not surprising. The more general Yang-Mills
theory can be birthed from the Kac-Moody algebra in an
analogous fashion to how TW gravity is birthed from the
Virasoro algebra as summarized in Sec. II A. More details
can be found in the seminal works [14,16,20-26].

C. Projectively invariant action

We now detail the dynamical action describing TW
gravity. This action is built from the projective curvature
invariants described in the previous section and appears as

1
2K0

—Jyc / d? dx/|G|[K? — 4K,z K

+ ’Ca/fﬂulcaﬁ}w]' (236)
This first line of Eq. (2.36) includes a projective Ricci
scalar and cosmological constant, mimicking the usual
Einstein-Hilbert action. The second line is the projective
Gauss-Bonnet action allowing for P, to acquire dynamics.
Specifically, dynamics is given to P, through the knab
components of K%, as seen in Eq. (2.26). The trade off is
the quadratic curvature terms over the manifold M which
we will show how to manage. Let us demonstrate these
features by making the following expansions

IC,,/;IC"/” = ]Cah}Cab, (2373)

Kaﬂﬂvlcaﬂﬂv = gaelcabcdlcebai - ﬂ(%KachabC‘ (237b)
These expansions can be easily derived via use of the
succinct form of the metric in Eq. (2.19) and taking into
account that the only nonvanishing 4 components of either
Keop or K%, are lCiﬁW. Notice the expansion Eq. (2.37b)
contains the projective Cotton-York tensor, Eq. (2.33),
which we see leads to quadratic derivatives on P, in
the action and thus provides dynamics to the field equations
for P,;,. Continuing our electromagnetic analogy, K, is to
Fu as Py, is to A,
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Expanding further the components of K%,.,, Ky, and /|G| from the previous section, the action can be written as

1

Stw =—
™ 2%,

+j0C/dff_1/ddx |g|(,1%Kathabc_fpahff)itb_p(d)fpahrp[ab])

S = /ddx |9|(R* = 4R ,R* + R%}.4R "),

p(d) = 2(4d*> —3d - 2), (2.39)
with the following definitions in a slightly different con-
vention from [15]

7~Dab = (d - I)Pab + 2Rab7 (240)

Pl =(d=1)g»P-2(2d-3)P®*.  (2.41)
Notice the term Plebl = Pab _ Pba in the action above.

Generally, P,, and R,, are not independent as their

antisymmetric parts are proportional to the curl of «,

1

Pl = 01

R[ab] ES —0[aab]. (242)

Up until this point, the connection I'“;,. has been
incompatible with the metric g,,. From here on in this
paper, we set the connection I'“,. to be a Levi-Civita
connection,

1
Iy =59" (gn(a,b) - gab,n>’ (243)

2

compatible with the metric g¢,,. This forces

1l e ___1
Tl ea = =337 0410

reducing the action to

a, =

|g| =9G4 and P[ab] = R[ab] =0,

1
Sty = ——/ddx GIR+ (- 1P +2A0)
21('0

1 e / A/ [gRK e K — Py PV

- J()CSGB, (244)

where now we have from here on in this paper
Kipe = v[hpc]a’

Pab = ,Pha’ Rab = Rba' (245)

We have performed the integrations over #, absorbing the
result into a redefinition of the constants

/dff‘l/ddx\/|g|(R+(d— 1)P+2A0)—70c/dff“SGB

(2.38)

1[4
— [ are =
Ko Je, Ko

n(¢/f) | _ R

0
= — 2.4
= Ko ln(z,ﬂf/z,ﬂl) s ( 63)

~ iz ~ ~
Jo/ dl/ﬂlxﬂ_l :J()ln(ff/fl) :>JOEJ01n(f//f,)
p .

i

(2.46b)

This integration along the projective direction allows for a
natural scaling of both the gravitational coupling constant
Ko and projective angular momentum parameter J,,. Notice
if £y and ¢; are chosen to grow the angular momentum

parameter J, into a larger J, the gravitational constant &,
necessarily shrinks to the smaller x,. This could tie the
weakness of the gravitational force to a large angular
momentum of the Universe. The fact that the Gauss-
Bonnet term is a topological invariant in four dimensions
removes any potential higher-order metric terms from
the equations of motion. At this point it is also clear that
the TW gravity action reduces to Finstein-Hilbert when
Pab - O

III. REALIZATION OF NMC INFLATION

Inflation via nonminimal coupling has been investigated
for at least three decades. In a paper published in 1990 [9],
Fakir and Unruh sought to remedy the issue of generically
large density perturbations inherent to chaotic inflation
scenarios by removing the assumption of minimal coupling
between the inflaton field and the Ricci scalar curvature.
Indeed, inflation via this nonminimal coupling has been
shown to result in acceptable values for the spectral index
n, and tensor-to-scalar ratio r [7,11,12]. Additionally,
NMC inflation has been shown to provide a natural
mechanism for the reheating phase occurring after
inflation [10]. Initially, the form of the nonminimal
coupling was commonly assumed to be ¢>R, while more
recent studies have investigated coupling of the more
general form f(¢)R [11]. Inflationary scenarios based on
the more general nonminimal coupling have since been
shown to also result in viable experimental predictions
for ng and r [11]. This section details the main result of this
paper, which is how TW gravity naturally realizes inflation
with a nonminimal coupling.
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A. Tensor decomposition of P,

From here on out we write the characteristic projective
length scale Ay in units of Planck length such that

Ao = n;\/8xl, = ny\/8xGh/c3, where n; is a dimension-
less scaling. We also write the projective angular momen-
tum parameter in units of 7 such that J, = n;#A, where n; is
a dimensionless scaling. For the remainder of this paper, we
take natural units 2 = ¢ = 1. The only remaining units will
be written in terms of the reduced Planck mass

fic
M, =4/—7 3.1
b 872G (3.1)
All physical constants will now be written as
Ko :nKMI_,z, AO:I’uM;l, JO :l’ljfl:l’lj. (32)

Here we include arbitrary factors n,, n,, and n; noticing
there is no naturalness argument to use to constrain 7, as it
is the scale of the projective direction and we have no
a priori notion of how large this scale should be. In the
following, we seek to constrain n, from experiment to give
us a window into the size of the projective direction that

gives rise to inflation. At the same time, a resulting
|

2

constraint on n; gives us a window into the angular
momentum scale involved in these projective directions
as well. In a similar previous work [15], we saw the angular
momentum scale J, to be of the order of the observable
Universe when the cosmological constant arising from the
vacuum solution of TW gravity was used to constrain J. It
is possible that a constraint on n, and the rescaling of the
parameters %, and J, as shown in Egs. (2.46) could be
related to quantum gravitational effects. Further research
into the quantization of this theory needs to be done to
investigate this possibility.

Using the following tensor decomposition of P, we
may cast the dynamics of TW gravity into its trace and
traceless degrees of freedom

MP ab
Pap = n_iqﬁgah + woWaps W=g"W, =0, (3.3)

where the field dimensions are [P,,]| = M2, [¢] =M,
[9ap) = M®, and [W,,] = M?. The constant w, is dimen-
sionless while the factor of (19)™' = M ,/n; is included on
the ¢ term to provide the correct units for a scalar field
[¢] = L=' = M and to cancel the 43 proportionality factor
on the kinetic term in Eq. (2.44) as shown below. This leads
to the following decomposition of the action,

M
Stw =3 [ dv/IIFBIR + 28] 4wy [ /Iy

K

wata=ny [ @Bl V090 = V)] - docSan (3.4
_ _ a2
Lw = wo 224@1% [vmwnbv[mwn]b + - DEd-3)M, WabWab} +4(2d = 3)n, R, W
)
— 3 —
_dmg g, wer -4y, [Dq’z L @=DMy gy G2 DM, R} + w2 (3.5)
» » 8nynn, 2n,
B 4(d-2)(d=3)n.ny; B dM‘;, ~

The Lagrange multiplier1 A is placed in by hand to enforce
tracelessness of W, at the equations of motion level but
not at the Lagrangian level. This ensures that the equations
of motion are the same whether performing the decom-
position before or after they are derived from variation of
the action. That is, varying the action Eq. (2.44) with
respect to g,,, P, and then performing the decomposition

"Technically, the Lagrange multiplier is A + (d — 1)2won;,. In
the classical theory, this can be reabsorbed with no loss of
generality. In the quantum theory, this may have to be revisited.

Eq. (3.3) yields the same equations of motion as varying the
action Eq. (3.4) with respect to the set of fields g,;,, W, ¢-

We notice a potential V(¢) that is quadratic in ¢ has
developed from the decomposition. This is as expected as
the action Eq. (2.44) was quadratic in P,,. The potential
includes a linear term in ¢ which can be removed via field
redefinition f(¢p) = ¢ leading to a correction to the cos-
mological constant proportional to M?3/n;. In fact, the
opposite was investigated in [15] where a field redefinition
was used to generate an Einstein-Hilbert term with cosmo-
logical constant, setting all other dynamical fields to zero.
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We notice that as the potential’s dependence on f(¢) is
purely second order the minimum of the potential occurs

where f(¢hin) = 0

Voo dm;, .
i T A2 (d—2)(d—3)
nﬂM
¢min = £ (37)

S 4(d=2)(d=3)nyn,

At this potential minimum, the Einstein-Hilbert term
vanishes, as it is proportional to f(¢i,) Which vanishes,
and the theory is that of the rank-two, symmetric traceless
field W, coupled to the metric. An interesting future work
would be to investigate the theory at and around this
potential minimum and possible connections to the cos-
mological constant. Our focus in this paper will instead be
on making connections to slow-roll inflationary cosmol-
ogy, through nonminimally coupled inflation, to which we
turn in the next sections.

B. Canonicalization of the scalar field

We now consider Eq. (3.4), with the assumptions wy = 0
and Ay =0, in d = 4 dimensions. Taking w, = 0, we see
‘P, has only a trace degree of freedom held by the scalar
field ¢. The action in Eq. (3.4) now reduces to

MZ
s==32 [ an/lr@R
1
+ 12nj/ddx 9] [Eva¢va¢—v(¢) . (3.8)
8 M), !
FO) =14y VO =g (1), A=
(3.9)

where we have neglected Sgg as in d = 4 dimensions the
variation 6Sgg is a boundary term and thus adds nothing
to the equations of motion [30]. This action is seen to
be a particular case of a nonminimally coupled inflaton
action in Jordan frame with a potential of the form
V(¢) = Ag?* + Bg. We note that TW gravity has reduced
in Eq. (3.8) to a composite of the linear and quadratic
potential cases studied by [11,13], after setting their
dimensionless coupling parameter éj:% and our n, = 1.
Thus, our inflaton coupling parameter is formed from a
combination of free parameters, as seen in Eq. (3.8), rather
than being an additional free parameter of the model.
Furthermore, TW gravity as reduced to Eq. (3.8) falls into
the categorization of models in [13] as an F-dominant case.

To manipulate this action into a form where we can
easily apply the usual slow-roll analysis, we transform from
Jordan to Einstein frame via the conformal transformation

Yab = e_zwgab’ (310)
where ¢,, and §,, are Jordan and Einstein frame metrics,
respectively. We demonstrate the details in switching from
Jordan to Einstein frame in Appendix C, which follows
closely [31,32]. For d = 4 we have

1)

Ny

(3.11)

o =1In

Under a conformal transformation with this @, the two parts
of the Lagrangian in Eq. (3.8) transform as

M2 M. 2% .
_ZnZV l9lf(d)R = —TP |91 {R‘f’mmfﬁ
_9 <78 >2wv 4;] (3.12)
2\nM ,f () ¢ '

m,m[; VeV, v<¢>}

1 ne oy, M3
= 121,/131 [2 gy L Vb 35,20 —f<¢>-2>]

(3.13)

Substituting into the action Eq. (3.8) and combining like
terms we find

S = / d*x\/|g] (—AZ”MA@);@W%
80300 -V0)) (.14)

with

M) = s (120 @). B0 ==y
(3.15)

oo 3My 1\ 6Myp(M i+ 4g)

VD=3, (1 o) - (M7 +84)
(3.16)

Integrating by parts the B(¢) term and neglecting boundary
terms yields

M2 . .- -
Sz/d“x H <—2”R+C(¢);Va¢v“¢—V(¢)>,

(3.17)
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12
Clp) = 1) 8 + Ain, f ()]
96 nny

:ﬁ[1+—+ﬂ ]
A’ f(¢) 8§ M

P

(3.18)

Defining the canonical field as”

dh
= V@

(3.19)

h(¢) =

The potential minimum V = —co corresponds to the
point h = —oco. In the large ¢ limit, this relationship

becomes
I”\ln}b Mp
h=/6M 1-(1-—= , 3.22
pnlqb[ < 8 ) 2”/145} ( )

which can be inverted to solve for ¢

C. Slow-roll parameters, observables, and the
corresponding range of TW gravity parameters

At this point, we can perform the calculation of slow-roll
parameters and their corresponding observables in terms of
the canonicalized scalar field 4 in the Einstein frame. We
first calculate the slow-roll parameters ¢ and 7 using the
equations for a canonical scalar field

M <a\7/ah>2 0>V /oh?

= =M —F—.
n Py

= (3.24)

As we do not have a closed form solution for V in terms
of h, we cast these in terms of derivatives of ¢ via use of the
chain rule and the relationship in Eq. (3.19)

M; <af//a¢)2 M2 9 [C‘l oV

2Technically the canonical field 2 would be defined as plus or
minus that in Eq. (3.19). This sign does not affect the analysis of
the slow-roll parameters, which ultimately only depend on ¢ and
h?, so we simply choose the plus solution hereafter for simplicity.

VM, |1+ ) = TR )| =8 < ) <0
\@Mp [, /1+ %f(q&) —coth™14/1 4+ %f(«ﬁ)] f(@) > 0.

leads to the canonical scalar field action
w o My le o. o
S= [ d*x+/|3]| —7R+§Vahv h=V(gp(h)) ). (3.20)

The differential equation Eq. (3.19) defining the canonical
field & can be solved piecewise exactly by separation of
variables

(3.21)

Carrying out the derivatives and simplifying yields the
following forms of the slow-roll parameters

32
€= s
3(f2 =128 + imyf)
16 32 + San,f
N=——a— £, (3.26)
3. (2= D8+ anf)
which, in the large field limit become
MS ~4 5M3 ~2
e ~— pn3' (3.27)
3072n,¢° 96n,¢

We see that the necessary conditions ¢ < 1 and || < 1,
for the slow-roll approximation to hold, are satisfied in the
large field limit of Eq. (3.27). Once we have solved for
these slow-roll parameters, we will use them to calculate
the scalar-mode spectral index ng, scalar-mode amplitude
A,, and tensor-to-scalar amplitude ratio r via the equations

1 Vv

nS:1—6€+217|¢*, AYZW;¢*,

r= 16€|¢X,
(3.28)

where ¢, is the field value corresponding to the number
of e-foldings during inflation. In order to evaluate these
expressions we need to obtain ¢,, as a function of e-foldings
N. We calculate this using the standard slow-roll expression

1 (h Vv
Mp hend a‘//ah

as we do not have closed form expressions for V in
terms of 4, we must change variables back to ¢ using

dh = \/C(¢)d¢ from Eq. (3.19),

(3.29)
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1 [o. VC
Integrating this equation yields
[P
N:3—2(nnﬂ(a3 - 1) 2nd +12(e? - 1) gnd
=3in(a@—=1)feq —24Ina) (3.31)
f(9.)
a= ) Send = f(@ena)- 3.32
f(¢end) ¢ ( d) ( )

Since €4, , =~ 1 signals the approximate end of inflation,
we can solve Eq. (3.26) for the product 7in; as a function

of fend

32 8
m)=————-5-— . 3.33
! 3fend (fgnd - 1)2 fend ( )

TW gravity has three free parameters (n;, n;, n,) that
we will fit using data from the Planck, BICEP2, and Keck
array [27]. Our solution proceeds as follows:

(1) Solve Eq. (3.33) for the range of f.,q4 corresponding
to positive 7in,. Recall 71 was defined in terms of the
three free parameters in Eq. (3.6) which are all
positive.

(2) Plug Eq. (3.33) into Eq. (3.31), and solve for f,q4 as
a function of f, for various e-foldings N.

(3) For each of these solutions for f, and corresponding
nny, calculate r and n, from Eq. (3.28).

(4) Fit these solutions to the Planck, BICEP2, and Keck
array data [27]. For the range of solutions for f, that
fits the r and n, data, solve Eq. (3.28) for the
corresponding range for n; that also fits the A, data.

(5) This will give a range of values for the three
parameters (n;, n;, n,) of the TW gravity model
of slow-roll inflation that fits the current inflationary
data [27].

1. Constraining f, and f..q for various e-folds

Figure 1 demonstrates that the valid range of solutions

for Eq. (3.33) are for the range 1 < fonq < \/1+2/V3 %

1.47. The lower limit f.,q > 1 can be seen to arise
from Eq. (3.16) where V must be positive to ensure
the slow-roll approximation V > h*/2 is valid. An asymp-
tote 71n, — oo occurs at this lower limit. The upper limit

fenda < \/1+2/+/3 is enforced by the fact that /in, must

be positive (the free TW gravity parameters all must be
positive).

Next, we insert this range of solutions for 7in; into
Eq. (3.31) and solve for f.,q as a function of the initial
condition f, = f(¢.). Solutions are plotted in Fig. 2 for the
number of e-folds N = 50, 60, and 70. These solutions all

Constraining fe,q with nny
n n,
200

100 -

50 -

—5oend

50

FIG. 1. Solution to Eq. (3.26) when ¢, , = 1. The vertical
asymptote is at precisely f.,q = 1 and the y-axis crossing occurs

at fong = \/1+2/V3~147.

satisfy the necessary condition f, > f..,q, Which ensures
that inflation occurs prior to the condition €, ~1 is
realized, which shuts off inflation. These solutions also
satisfy f.,q > 1 necessary for the validity of the slow-roll
approximation as previously described.

The range of f, corresponding to positive 7in; is to three
significant figures as follows:

1.00 < f, <118 N =50, (3.34a)
1.00 < f, 5129 N =60, (3.34b)
1.00 < £, <139 N =70. (3.34c¢)
Non-minimal coupling f(¢)
fona
14, o
S 1<f 5118 , N=50
/ —— - 1<f 5129 , N=60
1.2 // ----- 1<f, 5139 , N=70
1.4 /
7
1.0 /
2 4 6 & 10 12 ul

FIG. 2. Solutions to Egs. (3.31) and (3.33) for N values of 50,
60, and 70. All satisfy f, > f.,q > 1 thatis a necessary condition
for inflation in the slow-roll approximation.
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Observational Comparison (Plank+BICEP2/Keck Array)

0.08 -

0.06 -

0.04

0.02

0.00

TT,TE,EE+lowE+lensing+BK15

= 95% Confidence Interval

—— 68% Confidence Interval

TW Inflation
........ 1<f 5118 , N=50

—— - 1<f 129 , N=60
----- 1<f 5139 , N=70

I I T
0.94 0.95 0.96 0.97

FIG. 3.

The tensor-to-scalar ratio r and spectral index n, of the TW gravity slow-roll inflation model are plotted over the

valid range of f, in Eq. (3.34). The three arrows on each line are located at f, = 1.30, 2.00, and 6.00 to show the direction of

increasing f, values.

Each upper limit on f, results in the upper limit

for foq = 1/1+2/+/3 for which 7in; — 0 as previously

explained.

2. Fitting the Planck, BICEP2, and Keck array data

Now that we have valid ranges for f, for various
e-folds N, using Eq. (3.28) we can calculate a range of n;
and r predicted by our TW gravitational model. Using the
most recent combination of Planck, BICEP2, and Keck
array data presented in [27] to constrain n, and r, we are
able to place constraints on the product of dimensionless
constants 7n,. In Fig. 3 we display the 68% and 95%
confidence intervals from [27] with predictions from our
TW gravitational model overlayed. Figure 3 is in agree-
ment with the predictions of [13] for the case of chaotic
inflation with power-law F in the metric formulation

for (n,p) = (1,1).

TABLE I. Parameters yielding values of r and n, at the 95%
and 68% confidence level boundaries. Note that for N = 70 there
is no 68% confidence level data as shown in Fig. 3.

95% C.L. boundary 68% C.L. boundary

N f* fend ﬁnl f* fend ﬁnl

50 1.13 1.01 30300 1.62 1.05 1150
60 1.70 1.05 1060 9.84 1.44 0.896
70 11.1 1.45 0.625

Critical values for the parameters that yield values for
r and n; at the confidence level boundaries of Fig. 3 are
listed in Table I. We see that the range of 7iin; values
that fits the currently accepted confidence intervals for
n, and r depends heavily on the number of e-folds N.
Smaller values of N have a larger range of values of
nn, that fit within the confidence intervals than larger
values of N.

The observational constraints [27] for the scalar-mode
amplitude A, are

2 <In10"4, < 4. (3.35)

Inserting Eq. (3.28) into Eq. (3.35), for each bound we
solve for the corresponding bounds on n;. These bounds
are shown in Fig. 4 as a function of the solution of f, versus
nn, that was extracted from Figs. 1 and 2 for N = 60
e-folds. In Fig. 4 we see that n; ~ 10'° leads to the vast
majority of the range of initial conditions f, consistent with
the observational inflationary data plotted in Fig. 3.

An n; ~ 10" points to an angular momentum scale
Jo = ny7 that is much less than angular momentum on
cosmic scales such as the observable Universe. The
constant Jy, would be on the order of the angular
momentum of a few billion fundamental particles in
the standard model with their spins aligned: roughly
the number of electrons, protons, and neutrons in a
SARS-CoV-2 virion [33].
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ny Lower and Upper Limits (N=60)
ny
4x1010
— 95% Confidence Interval

—— 68% Confidence Interval

2x10"0

o f

FIG. 4. The lower and upper limits of n; are plotted versus f,
and nin,; for N = 60 e-folds. The corresponding confidence
interval is also shown, using the boundary value of f, from
Table 1. As f, decreases the range of n; decreases but does not
vanish. For N =60 e-folds, the range of values that fits
completely within the 95% confidence interval (including that
part that is also within the 68% confidence interval) is to three
significant figures 1.15 x 108 < n; < 4.37 x 1010,

3. Cosmological constant considerations

In [15] it was shown how TW gravity (in the n, — o0
limit of this paper) could give rise to corrections to the
cosmological constant on the order of today’s measured
value, A~107'2M2%, if n; ~10'2°, corresponding to
approximately the angular momentum scale for the observ-
able universe. In the general n, case in Eq. (3.20), setting
the canonical scalar field 7 = constant leads to contribu-
tions to the cosmological constant A of the form

A=M;*V. (3.36)
The potential V is plotted in Fig. 5 for the case that fits
the 68% confidence level boundary for N = 60 e-folds as
shown in Fig. 3.

The value n; = 1.74 x 10'° has been chosen to lie
within the range of values in Fig. 4. Note that changing

Potential that Fits the 68% Confidence Level Boundary Data
V

2.x10°M

15x10” 1

1.x1071 4
T S e f.=9.84
..... fond = 1.44

0

-5.x10712

~1.x10"1

FIG. 5. The potential in Eq. (3.16) is plotted with respect to
f(¢) for n; = 1.74 x 10'°. Vertical lines indicate beginning and
ending points of slow-roll inflation that fit the 68% confidence
level boundary for N = 60 e-folds shown in Fig. 3. The potential
V is graphed in units of (\]/Z—ﬁ, which is equivalent to M;‘, in

natural units.

the value of n; merely scales the vertical axis of Fig. 5
according to the inverse relationship in Eqs. (3.16). The
range of the potential at the start, end, and throughout the
entire epoch of inflation for N = 60 which produces
slow-roll parameters that fit entirely within the 95% con-
fidence interval is

8.52 x 10712M% <V <214 x 107°M%  starting range,
(3.37a)

4.59 x 10712M% <V <291 x 1071°M%  ending range,
(3.37b)

459 x 1072M% <V <2.14 x 10-°M% range throughout,
(3.37¢)

where all lower bounds correspond to foq =

V1+2/V3~147(f. = 12.9), n; =437 x 101 and

all upper bounds correspond to f.,q = 1.05(f, = 1.70),
n; = 1.15 x 108 to three significant figures.

In Fig. 5, we have V ~ 107" M at the end of inflation,
thus predicting that A ~ 107" M7, according to Eq. (3.36).
This would be the case if the inflaton field is completely
frozen at the end of inflation. The steepness of the
slope at the end of inflation in Fig. 5 suggests the
possibility that % is not completely frozen at the end of
inflation and that V might yet decrease substantially
for a small change in . Thus perhaps the prediction of
A ~ 107" M3 at the end of inflation is not the end of the
story for TW-gravity born inflatons, but A is actually
much smaller.

4. Validating the slow-roll approximation
and LHC considerations

Assuming inflation occurs at timescale of 10730 s, we
can approximate the time derivative squared of the canoni-

cal scalar field & as h* & ((hepg — b ) /10736 )2, with heng
and &, calculated from Eq. (3.21) evaluated at f,q and f,,
respectively. In this approximation, the following 3D plots
are of h? /2 versus n,; and n, for the upper and lower bounds
of n; associated with the A, constraint Eq. (3.35) at N = 60
e-folds. The potential V(¢,q) = constant for given n,, as
calculated from Eq. (3.16), is used to demonstrate the
validity of the slow-roll approximation as it is the lowest
value of the potential over the slow-roll inflationary epoch.
These plots clearly show that the slow-roll approximation is
valid for N = 60 as the solution n; = n,(n,) for fixed n,,
marked by the red line, is clearly in the range where

V> i? /2. Figure 6 uses the maximum values f, = 12.9

and feq = 1/142/V/3 for N = 60 e-folds as described

in Sec. IITIC 1.
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Validating Slow-Roll, Maximum f, = 12.9 for N = 60

LV (ona)

20

(a) ny = 4.37 x 10%°

8.x107"1

— 1= 477x10°n,

0

1j?
Lo
L V()

— n,=1.76x10>n,

6.x10711
4.x10711

2.x10°1

(b) ny = 5.92 x 10°

FIG. 6. Kinetic energy %i'zz and constant potential V(¢henq) versus n, and n, for maximum f, = 12.9 and fe,q = 1/1 +2/+/3 for
(a) upper bound on n; and (b) lower bound on n;. The red line marks the solution n; = n,(n,) for fixed n;.

Validating Slow-Roll, 68% Confidence Level Boundary Data for N = 60

300000

172
| ] ;h
LV (o)

20

(a) ny = 3.07 x 1010

— 1, =1.66x10%n,

300000

1,2
| ] ;h
V)

— 1, =6.10x10* \/n,

(b) ny = 4.16 x 10°

FIG. 7. Kinetic energy %hz and constant potential V(d)end) versus 1, and n, for f, = 9.84 and f.,q = 1.44 for (a) upper bound on n;
and (b) lower bound on n;. The red line marks the solution n; = n;(n,) for fixed n;.

Figures 7 and 8 use the values for f, and f,q at the 65%
and 95% confidence level boundaries given in Table I,
respectively. Plots for N =50 and N =70 similarly
indicate the validity of the slow-roll approximation for
those values of e-folds.

Changing the scale of Fig. 8(a) as in Fig. 9 allows
for some analysis of LHC measurable effects. Figure 9
demonstrates that n, ~ 10?° for an n;, ~10'® that is

associated with projective length scale effects that
hypothetically could be probed at the LHC. As seen
in Eq. (3.8), in the Jordan frame the gravitational
coupling constant is proportional to n./(M3f(¢)).
As f(¢) ~ 1 over the range of solutions, this indicates
that LHC measurable effects point to a very
large gravitational coupling as viewed in the
Jordan frame.
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Validating Slow-Roll, 95% Confidence Level Boundary Data for N = 60

172
Lo
LV (end)

(a) ny = 8.47 x 108

1

FIG. 8. !

Kinetic energy

— 1y =9.47x10%n,

1] 2
LS
LV dond)

— 1, =348x10°yn,

(b) ny = 1.15 x 10%

h? and constant potential V(d)end) versus 1, and n, for f, = 1.70 and f.,q = 1.05 for (a) upper bound on n;

and (b) lower bound on n;. The red line marks the solution n; = n;(n,) for fixed n;.

LHC Sensitive Values for 95% Confidence Level Boundary Data for N = 60

2.0x1020

1,2
[ ] ;h
LV (Bona)

— ;= 9.47x10° n,

FIG. 9. Kinetic energy %hz and constant potential V(geyq) versus n, and n, for f, = 1.70, fonq = 1.05, and n; = 8.47 x 10%. The red
line marks the solution n; = n,(n,) for fixed ;. This solution has precisely 7, = 1.10 x 10%° for n, = 10'°. This is the smallest value of
n, that corresponds to an LHC-scale 1, = 10, for all values of f, within the 95% confidence level for N = 60. This plot is the same as
Fig. 8(a) with a modified n, and n, range that is within scales that can be probed at the LHC.

IV. CONCLUSION

We have shown that TW gravity provides a raison d’etre
for inflation, the underlying foundational principle being
projective symmetry. This symmetry itself arises from the
dynamical extension of a coadjoint element of the Virasoro
algebra to higher dimensions. By decomposing the tensor
field arising from TW gravity into trace and traceless

degrees of freedom and setting the traceless components to
zero, we have found that the resulting action reproduces
that of (generalized) non-minimally coupled inflation with
a novel inflaton potential. After performing a conformal
transformation to Einstein frame, we recover the canonical
scalar field inflaton action, where the free parameters
of TW gravity ny, n,, and n; (TW parameters) become
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embedded in the canonical field /# and its potential V.
Calculating the slow-roll parameters and applying condi-
tions about the end of inflation allowed us to constrain
relationships to the TW parameters. Finally, using recent
observational data for the scalar-mode spectral index,
scalar-mode amplitude, and tensor-to-scalar amplitude
ratio, we determined the ranges for the TW parameters
that fit recent data for N = 50, 60, and 70 e-foldings. For
N = 70, however, the model does not fit within the most
constraining confidence interval of the Planck +
BICEP2/Keck Array data. Generally, a lower number of
e-foldings paired with a larger value for the inflaton field at
the start of inflation better matches the data. Furthermore,
we confirmed that the range of TW parameters that fits the
data is consistent with the slow-roll approximation of a
potential dominated expansion. The range of parameters
that fits within the 95% confidence level is 1.15 x 108 <
n; <4.37 x 10" and 0 < n?/(nyn,) < 1030 for N = 60.

The TW parameter n; corresponds to an angular
momentum scale for TW gravity, associated with the
TW coupling constant J, = n,;A. We find n, ~ 100 fits
the slow-roll cosmological data and leads to a cosmological
constant contribution A < 107''M7, from the scalar field
settling down at the end of inflation. This correction is still
much larger than the measured result A~ 107'20M2,

however, the shape of the TW potential V at the end of
inflation indicates the possibility that A could continue to
decrease lower than 10~''M? after inflation was over. We
would like to return to this in future works.

The inflationary solutions of TW gravity presented
include a regime where a large Jordan frame gravitational
coupling constant might lead to LHC sensitive TW effects.
Such effects may arise as dark matter portals through the
spin connection of the higher-dimensional projective
space [14-16]. Specifically, the spin connection gives rise

|

to an axial coupling between the trace of P, that is the
scalar field inflaton described here, and fermions [15,16].
The inflationary solutions of TW gravity indicate that if such
a dark matter portal exists at LHC scales, it could shed light
on inflationary cosmology as well. Furthermore, TW gravity
will contribute to the reheating process after inflation,
through direct decay of TW inflatons and possibly through
facilitating decays as portals. Investigations in these direc-
tions will be pursued in the future.

In this paper, we assumed the connection was Levi-Civita.
An interesting future work would be to relax this constraint
and consider the Palatini approach of [16] that leads to a
model with more tensorial degrees of freedom along with
more equations of motion associated with the connection.
We also plan to investigate how adding the traceless
component of the tensor field P, in Eq. (3.3) will affect
the analysis. Due to the addition of the Lagrangian Eq. (3.5),
we will need to solve the field equations directly and make
an Ansatz for the form of the components of W ;. This could
possibly provide a theoretical origin to the anisotropic seeds
needed for galaxy formation in the early universe.

ACKNOWLEDGMENTS

The research of K.S. is supported in part by the
endowment of the Ford Foundation Professorship of
Physics at Brown University. The research of M. A., B. C,,
X.J.,and M. H. K. were all supported by Summer Research
Fellowships provided by Bates College. We thank Kenneth
Heitritter, Vincent G. J. Rodgers, and Yehe Yan for helpful
discussions.

APPENDIX A: UNITS AND CONVENTIONS

The units of the various constants used throughout this
paper for d = 4 are

A=l=L"  Pul=Wal= = Ral=L2 (1) =25
[4o] = L, [¢] = [wo] = dimensionless, (ko] = % [dix] = TL*. (A1)

We may at times set ¢ = 1 but expose factors of ¢ when
calculating numerical values. Latin indices take values
a,b,...=0,1,2,...,d—1 and Greek indices take values
u,v,...=0,1,2,...,d, with the exception of the Greek
letter A, which refers to the projective coordinate
x4 =1 = Ay?. The covariant derivative acts on contra-
variant and covariant vectors as

vV, Vb =0,Vl +T?,.VE, v,V,=09,V,-T¢,V..

(A2)

I
A rank m-contravariant, n-covariant tensor, which we refer
to as an (m,n) tensor, will have m terms involving the
connection I'“;,. as for contravariant vectors and n-terms
involving the connection as for covariant vectors. The
d 4 1-dimensional covariant derivative is defined analo-
gously with l:“ﬂy.

At places in this paper where we have assumed compat-
ibility between I'j, and the metric g,, we have

1
Fmab = Egmn (gn(a,h) - gab.n)’ (A3)

084049-14



INFLATION FROM DYNAMICAL PROJECTIVE CONNECTIONS

PHYS. REV. D 106, 084049 (2022)

but as G, is never compatible with f“ﬂ,,,

the analogous definition for f"w is not correct. Instead, I'“,,, is defined in

Eq. (2.6). The commutator of covariant derivatives on an arbitrary rank m-covariant, rank n-contravariant tensor is

equivalent to the following action of R“.;:

dy..d, _ _ didy...d, _ ... _ did,...d,
[va’vb]Tcl...cm : - ReclabTeCQ...cm 12 Rec,,,achlcz...e 12

d dy 44 R d..
+R Ieachl...cme + +R eathl...c,,, e

Throughout the paper we adopt the convention that
symmetric and antisymmetric permutations of indices do
not have numerical factors, i.e.,

T[ab] =T —Tpa (AS)

T(ab) = Tab + Tba' (A6)

APPENDIX B: REDUCING THE
DIFFEOMORPHISM FIELD TRANSFORMATION
LAW TO ONE DIMENSION

In this Appendix, we demonstrate a detailed proof of the
transformation law for the diffeomorphism field D in one
dimension. As described in Sec. IT A, under a coordinate
transformation from x“ to x’* in d dimensions, the diffeo-
morphism field D,;, transforms as

ox™ ox" .. .
/ah :WW{ mn_amJn_Jm.]n +.]cncmn]’ (Bl)
. oxl |k

In d = 1 dimensions, we have a single field D(x) and the
single connection coefficient IT = 0 because of its traceless
construction as seen in Eq. (2.7). The transformation law in
d = 1 dimensions is

dx\? d? dx\ /2
D/(X/) = (E) |:D(X) — Wlog <E>

d] dx\ 1/2\ 2
(e (@) )]

Considering an infinitesimal coordinate transformation

(B3)

¥ = x - (x), (B4)

the diffeomorphism field’s transformation law in d =1
dimensions becomes

dé(x)
dx

_1d¢(x)

D'(x') =D(x) +2 50

D(x)

+0(&). (BS)

(A4)

|
The last step is to write 7’(x’) in terms of x via a Taylor
series

—p - DD 0@, @)

Plugging this back into the transformation Eq. (B5) and
rearranging we have

dé(x)

D'(x) = Dx) + 2% 2 D)
"(x 3E(x
R G LD

Since D' (x) = D(x) + O(&), we can simply drop the prime
in the third term on the right-hand side, leaving us with

D'(x) = D(x) + 2%(;)1)@) + &%) dgix)
186x) 0. (BY)

T2 axd
To first order in &, this is the same as Eq. (2.11).
APPENDIX C: CONFORMAL

TRANSFORMATIONS OF
CURVATURE TENSORS

Here we follow closely [31,32] to demonstrate how the
Riemann tensor, Ricci tensor, and Ricci scalar transform
under a conformal transformation in d dimensions:

Yab = e_zwgab' (Cl)

This transforms the square root of the determinate as

\/H — e—da)\/m‘

The connection I, for the metric g,;, and I'¢,;, for the
metric g, differ by a tensor C¢,, that has the same form for
both metrics

(€2)

Fcab = INﬂcab - Ccab (CS)
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Ccab_cab_(S Vba) JapVew

= 5(acvb)w - gabV . (C4)
Here V,
connection I'“,;, and ﬁg is the covariant derivative asso-
ciated with the connection I“,,. Indices for the covariant
derivatives are raised and lowered with their associated
metrics:

is the covariant derivative associated with the

Vi = ¢®V,, Ve = bV, (C5)

The relationship between the Riemann curvature tensors
R¢ 4, constructed from I'“,;, and R¢,;, constructed from

fe,, is

Ry = Rcadb - v[décb]a - éea[dacb]r <C6)

Contracting first and third indices gives the relationship
between the Ricci tensors

Contracting with the metric and simplifying gives the
relationship between the Ricci scalars
e 2R=R+2(d—1)Co—(d—1)(d-2)V,0V0. (C8)
Here the Ricci scalars are defined as the Ricci tensor
contracted with the associated metric and the Laplacian is
defined as contracted with the associated metric

R = gabRab’

R = gabkab = gabkcacb (C9)

Ow = V4V 0, COw = V'V, . (C10)
In proving the above, the following calculations are

useful:

G C,, = —(d-2)Vea, (C11)
¢, = dV,m, (C12)
G4C 1y Cl e = —(d = 2) V90V 0. (C13)

For a Lagrangian in d dimensions of the form

Rup = Reucp = Rap = V(L0 = C4C e (CT) ng'\/lglf(¢)R to transform to the Einstein frame
|
n Vgl F (@R = n /|3l (#)e® 9 (R +2(d = 1)Hw — (d = 1)(d = 2)V'0V,0)
17](R 4 2(d = 1)(w — (d — 1)(d = 2) V0V o) (C14)
we must have f(¢)e>9® = n,, the solution for which is
1 f(@)
This results in the following for the Laplacian and square of the divergence of w
N 1 ! f// (f/)Z - -
Uw V4oV, |, Cl16
=t lr o (7 )yt (€16)
e (P o
“ = VoV, ¢, C17
a® (d ) 2 f2 ¢ a¢ ( )

where /' = df/d¢ and f" =
—M?3/2 gives in terms of ¢ now

M2
= VIglf ()R =

M;
__r R+2——21 1O
2 ||<+d 2f

d’f/d¢?. Substituting these results into Eq. (C14) while multiplying the entire equation by

Under this same conformal transformation, a scalar field Lagrangian transforms as follows

VI3 V9.0 - V()| = V|

T e R
s 7900 () vw)] )
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