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We study the null and timelike geodesics of light and the neutral particles, respectively, in the exterior
of Kerr-Newman black holes. The geodesic equations are known to be written as a set of first-order
differential equations in Mino time from which the angular and radial potentials can be defined. We
classify the roots for both potentials, and mainly focus on those of the radial potential with an emphasis
on the effect from the charge of the black holes. We then obtain the solutions of the trajectories in terms of
the elliptical integrals and the Jacobian elliptic functions for both null and timelike geodesics, which are
manifestly real functions of the Mino time that the initial conditions can be explicitly specified. We also
describe the details of how to reduce those solutions into the cases of the spherical orbits. The effect of
the black hole’s charge decreases the radii of the spherical motion of the light and the particle for both
direct and retrograde motions. In particular, we focus on the light/particle boomerang of the spherical
orbits due to the frame dragging from the back hole’s spin with the effect from the charge of the black
hole. To sustain the change of the azimuthal angle of the light rays, say for example Δϕ ¼ π during the
whole trip, the presence of the black hole’s charge decreases the radius of the orbit and consequently
reduces the needed values of the black hole’s spin. As for the particle boomerang, the particle’s inertia
renders smaller change of the angle Δϕ as compared with the light boomerang. Moreover, the black
hole’s charge also results in the smaller angle change Δϕ of the particle than that in the Kerr case. The
implications of the obtained results to observations are discussed.
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I. INTRODUCTION

Einstein’s general relativity (GR), since its birth, has
shown multiple profound theoretical predictions [1–3].
Recently, successive observations of gravitational waves
emitted by the merging of binary systems provide one of
the long-awaited confirmations of GR [4–6]. The capture
of the spectacular images of the supermassive black holes
M87* at the center of M87 galaxy [7] and Sgr A* at the
center of our galaxy [8] is also a great achievement that
provides direct evidence of the existence of the black holes,
the solutions of Einstein’s field equations. Thus, the
horizon-scale observations of black holes with the strong
gravitational fields trigger new impetus to the study of null
and timelike geodesics around black holes.
The start of the extensive study of the null and timelike

geodesics near the black holes dates back to a remarkable
discovery from Carter of the so-called Carter constant
C [9]. In particular, in the family of the Kerr black holes
apart from the conservation of the energy E and the
azimuthal angular momentum L of the particle or the light,
the existence of this third conserved quantity renders the
geodesic equations being written as a set of first-order

differential equations. Later, the introduction of the Mino
time [10] further fully decouples the geodesics equations
with the solutions expressed in terms of the elliptical
functions. A review of the known analytical solutions of
the geodesics in the family of the Kerr black holes is given
in [11] and in the reference therein. Here, we would like to
particularly focus on the geodesic dynamics in the case of
Kerr-Newman black holes. The Kerr-Newman metric of the
solution of the Einstein-Maxwell equations represents a
generalization of the Kerr metric, and describes spacetime
in the exterior of a rotating charged black hole where, in
addition to gravitation fields, both electric and magnetic
fields exist intrinsically from the black holes. Although
one might not expect that astrophysical black holes have a
large residue electric charge, some accretion scenarios were
proposed to investigate the possibility of the spinning
charged back holes [12]. Moreover, theoretical consider-
ations, together with recent observations of structures near
Sgr A* by the GRAVITYexperiment [13], indicate possible
presence of a small electric charge of central supermassive
black hole [14,15]. Thus, it is still of great interest to
explore the geodesic dynamics in the Kerr-Newman black
hole. In this work, we plan to work on the null geodesics of
light and the timelike geodesics of the neutral particle in
particular in general nonequatorial plane of the Kerr-
Newman exterior. Many aspects of the geodesic motion
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on the equatorial plane were studied for the neutral particle
[16–18] and for light [19,20] in the Kerr-Newman black
hole, as well as its extension involving the situations of
nonzero cosmological constant [21–23], to cite a few.
Complete description of light orbits in the Kerr-Newman
black holes was studied in [24]. Characterization of the
orbits was also analyzed in [25]. The study extended to the
nonequatorial plane was to show the apparent shapes
of various Kerr-Newman spacetimes due to the light
orbits [26]. As for the timelike geodesics in the Kerr-
Newman spacetime, in [27] the motion of the charged
particle was studied where the types of the different
trajectories were characterized and the analytical solutions
in terms of the elliptical functions were provided.
In the present work, we will study the light trajectories

near the Kerr-Newman black holes in the general non-
equatorial plane by extending the work of [28] where the
Kerr spacetime was considered. However, we only focus on
the motion in the Kerr-Newman exterior and provide the
comprehensive analysis of the roots of the radial and the
angular potentials, which are defined from the geodesic
equations of a set of the first-order differential equations.
The potentials are characterized in terms of the parameters
of the light, namely the Carter constant C=E2 ¼ η and
the azimuthal angular momentum L=E ¼ λ, which permit
solutions in a form of the elliptical integrals and Jacobian
elliptic functions. The relevant trajectories in the black hole
exterior correspond to the unbound motion where the light
rays start from the asymptotic region, moving toward the
black hole, and then meet the turning point outside the
horizon, returning to space infinity. The illustration of
the trajectory will be drawn using the resulting analytical
formulas. We also examine the solutions to the case of the
spherical orbits with the radius of the double root of the
radial potential, which are unstable. This result of the radius
of the circular motion together with the values of λ can be
translated into the observation of the shape of shadow,
which can be ideally visualized using celestial coordinates
[29], an area of great interest and debate. Here, we focus on
the so-called light boomerang, which was investigated
recently in the Kerr black hole [30]. Black hole can bend
escaping light like a boomerang that the light rays from the
inner disk around the black hole are bent by the strong
gravity of the black hole and reflected off the disk surface,
shown in the new reveal of x-ray images [31]. The solutions
of the spherical orbits allow us to analytically study how the
effect from the charge of the black hole affects this
spectacular phenomenon.
As a comparison, we will also study the timelike

trajectories of the neutral particles with mass m in the
similar way as in the study of the null geodesics of the light
with the approach of paper [28]. Classifications of the
various types of motion in the angular and radial parts of
the timelike geodesics in the Kerr-Newman black holes
have been studied comprehensively with the solutions

involving the Weierstrass elliptic functions in [27], which
are slightly less explicit as compared with those in [28], in
the sense of the nontrivial imposition of the initial con-
ditions and the needs of the gluing solutions at some
turning points as emphasized in the work. The solutions we
obtain are also expressed in terms of the elliptical integrals
and the Jacobian elliptic functions, the same types of
functions as in the solutions of the null geodesics, which
are of the manifestly real functions of the Mino time that the
initial conditions are explicitly present. Moreover, the
solutions will be expressed in a way that can reduce to
the motion of its counterpart in the light rays by taking the
limit of m → 0. In this case of the massive particle, apart
from two constants Cm and Lm, the additional parameter
Em joins in to characterize the types of the trajectories, and
all three constants are properly normalized by the mass
of the particle m, namely Cm=m2 ¼ ηm, Lm=m ¼ λm, and
Em=m ¼ γm. In addition to the unbound motion for
Em > m, which bears the similarity to that of light rays,
there exists also the bound motion for Em < m, where both
of their respective solutions are obtained. We exemplify the
solution of the bound motion with Em < m to show the
near-homoclinic trajectory where the particle starts off from
the position of the largest root of the radial potential and
spends tremendous time moving toward the position of
almost the double root of the radial potential of the unstable
point, and then returning to the starting position. A
homoclinic orbit is separatrix between bound and plunging
geodesics and an orbit that asymptotes to an energetically
bound, unstable spherical orbit [32]. The solutions then are
restricted to the case of the spherical orbits of the particle
using a method in [33] on the parameter space given by the
radius of the spherical orbit r and the Carter constant ηm. It
turns out that the radius of the unstable spherical orbits of
the light r�s discussed in the section of the null geodesics
becomes crucial to set the boundaries of the radius of the
spherical orbits of the particle with different constraint of
ηm for a given energy γm. In the case of the bound motion,
there exist two types of the double roots of the radial
potential, which correspond to the stable and unstable
motions, respectively. As two types of the double root
coincide through decreasing the energy γm, the triple root of
the radial potential appears with the associated radius of the
trajectory of the so-called innermost stable spherical orbit
(ISSO) presumably to be measurable [2] by detecting x-ray
emission around the ISSO and within the plunging region
of the black holes in [34] (and references therein).
Classification of the different types of motion are carried
out to find the associated parameter regions of ηm and γm.
Finally, we apply the solutions to study the particle
boomerang in the unbound motion to analytically see
how the finite mass of the particle affects boomerang
phenomenon.
In Sec. II, we give a brief review of the null geodesic

equations from which to define the radial and the angular
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potentials in terms of the parameters of the Carter constant
C and the azimuthal angular momentum L of the light
normalized by the energy E. In Secs. II A and II B, we,
respectively, analyze the roots of the angular and the radial
potentials to determine the boundaries of the parameter
space of the different types of motion, and then find the
associate solutions. Section II C reduces the solutions to the
cases of spherical orbits, focusing on the light boomerang.
In Sec. III, we turn to the case of timelike geodesics of the
neutral particle where the equations now have the addi-
tional parameter Em of the particle, apart from the other two
constants Cm and Lm in unit of the particle mass m. The
parameter space is analyzed giving different types of the
solution in Sec. III A for the angular part and in Sec. III B
for the radial part where the solutions are obtained also
in the Appendixes A and B. Section III C is again for
discussing the potential boomerang of the particle to make
a comparison with the light boomerang. All results will be
summarized in the closing section.

II. NULL GEODESICS

We start from a brief review of the dynamics of the light
rays in the Kerr-Newman spacetime. The exterior of the
Kerr-Newman black hole with the gravitational mass M,
angular momentum J, and angular momentum per unit
mass a ¼ J=M can be described by the metric in the Boyer-
Lindquist coordinates as

ds2 ¼ −
Δ
Σ
ðdt − asin2θdϕÞ2

þ sin2θ
Σ

½ðr2 þ a2Þdϕ − adt�2 þ Σ
Δ
dr2 þ Σdθ2; ð1Þ

where

Σ ¼ r2 þ a2cos2θ; ð2Þ

Δ ¼ r2 − 2Mrþ a2 þQ2: ð3Þ

The outer/inner event horizons rþ=r− can be found by
solving ΔðrÞ ¼ 0, giving

r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − ða2 þQ2Þ

q
; ð4Þ

which requires M2 ≥ a2 þQ2. The Lagrangian of a
particle is

L ¼ 1

2
gμνuμuν ð5Þ

with the 4-velocity uμ ¼ dxμ=dσ defined in terms of
an affine parameter σ. Due to the fact that the metric of
Kerr-Newman black hole is independent of t and ϕ, the

associated Killing vectors ξμðtÞ and ξμðϕÞ are given, respec-

tively, by

ξμðtÞ ¼ δμt ; ξμϕ ¼ δμϕ: ð6Þ

Then, the conserved quantities, namely energy E and
azimuthal angular momentum L, along a geodesic, can
be constructed from the above Killing vectors:

E≡ −ξμðtÞuμ; L≡ ξμðϕÞuμ: ð7Þ

There exists another conserved quantity, namely the Carter
constant explicitly given by

C ¼ Σ2ðuθÞ2 − a2E2cos2θ þ L2cot2θ: ð8Þ

Together with the null world lines of the light rays,
following uμuμ ¼ 0, one gets the equations of motion:

Σ
E
dr
dσ

¼ �r

ffiffiffiffiffiffiffiffiffi
RðrÞ

p
; ð9Þ

Σ
E
dθ
dσ

¼ �θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞ

p
; ð10Þ

Σ
E
dϕ
dσ

¼ a
Δ
ðr2 þ a2 − aλÞ þ λ

sin2θ
− a; ð11Þ

Σ
E
dt
dσ

¼ r2 þ a2

Δ
ðr2 þ a2 − aλÞ þ aðλ − asin2θÞ: ð12Þ

In these equations we have introduced the dimensionless
azimuthal angular momentum λ and Carter constant η
normalized by the energy E:

λ≡ L
E
; η≡ C

E2
: ð13Þ

Also, the symbols �r ¼ signðurÞ and �θ ¼ signðuθÞ are
defined by 4-velocity of photon. Moreover, the functions
RðrÞ in (9) and ΘðθÞ in (10) are, respectively, the radial and
the angular potentials:

RðrÞ ¼ ðr2 þ a2 − aλÞ2 − Δ½ηþ ðλ − aÞ2�; ð14Þ

ΘðθÞ ¼ ηþ a2cos2θ − λ2cot2θ: ð15Þ

So, one can determine the conserved quantities correspond-
ing to energy and the azimuthal angular momentum and
the Carter constant from the initial conditions of uμ

from (9), (10), (11), and (12) evaluated at the initial time.
The work of [28] provided an extensive study of the null

geodesics of the Kerr exterior. In addition, the spherical
photon orbits around a Kerr black hole have been analyzed
in [35], and the light boomerang in a nearly extreme
Kerr metric was also explored recently in the paper [30].
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The present work will focus on the light rays whose journey
stays in the Kerr-Newman black hole exterior. As in [28],
we parametrize the trajectories in terms of the Mino time τ
defined as

dxμ

dτ
≡ Σ

E
dxμ

dσ
; ð16Þ

with which all the equations are decoupled. For the source
point xμi and observer point xμ, the integral forms of the
equations now become

τ − τi ¼ Ir ¼ Gθ; ð17Þ

ϕ − ϕi ¼ Iϕ þ λGϕ; ð18Þ

t − ti ¼ It þ a2Gt; ð19Þ

where

Ir ≡
Z

r

ri

1

�r

ffiffiffiffiffiffiffiffiffi
RðrÞp dr; Gθ ≡

Z
θ

θi

1

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ; ð20Þ

Iϕ ≡
Z

r

ri

að2Mr − aλ −Q2Þ
�rΔ

ffiffiffiffiffiffiffiffiffi
RðrÞp dr;

Gϕ ≡
Z

θ

θi

csc2θ

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ; ð21Þ

It ≡
Z

r

ri

r2Δþ ð2Mr −Q2Þðr2 þ a2 − aλÞ
�rΔ

ffiffiffiffiffiffiffiffiffi
RðrÞp dr;

Gt ≡
Z

θ

θi

cos2θ

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ: ð22Þ

All of the above integrals depend on the angular and radial
potentials, ΘðθÞ and RðrÞ, whose properties will be fully
analyzed next in terms of two parameters λ and η.
Nonetheless, since the angular potential ΘðθÞ in the Kerr-
Newman black holes is exactly the same as in the Kerr black
holes, we just give a brief review on the solutions in [28],
focusing only on the parameter regimes that can give the
whole journey of the light rays in the black hole exterior.
On the contrary, since the radial potential RðrÞ bears the
dependence of the charge of the black holes, we will
examine in detail how the charge affects the parameter
regimes of our interest in the Kerr-Newman black holes.

A. Analysis of the angular potential Θ
Although the angular potential has no dependence of the

charge of the black hole where the conclusion below is the
same as the case of Kerr black hole [28], we give here a
short review for the sake of completeness of the paper. We
begin by rewriting Θ potential in terms of u ¼ cos2 θ as

ð1 − uÞΘðuÞ ¼ −a2u2 þ ða2 − η − λ2Þuþ η: ð23Þ

At this point, we focus on 0 < θ < π for λ ≠ 0 since the
angular potential ΘðθÞ will meet the singularity at u ¼ 1
when λ ≠ 0. Later, by explicitly carrying out the integrals
we will show that the solutions of the light trajectories can
also cover the situation of θ ¼ 0; π when letting λ ¼ 0.
Notice that from the expressions of the integrals, the
existence of the solutions requires the angular potential
being positive. To see the ranges of the parameters of η and
λ given by the positivity of ΘðθÞ ≥ 0, we first find the roots
of ΘðθÞ ¼ 0, which are

u� ¼
Δθ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

θ þ 4a2η
q
2a2

; Δθ ¼ a2 − η − λ2: ð24Þ

There are several lines in the parameter space that set the
boundaries among the different types of the solutions of u�.
One of them, the orange line in the inset of Fig. 1, is the
line of the double roots determined by the condition
η ¼ −ðjλj − aÞ2 with λ2 < a2 that distinguishes the param-
eter regions of two real roots and a pair of the complex
conjugate roots. In addition, there exist the lines of either
uþ ¼ 0 given by η ¼ 0, λ2 > a2 (blue lines in the inset)

FIG. 1. The graphics of the angular potential ΘðuÞ for a few
representative plots classified by the locations of its roots. The
red, dark cyan, magenta, purple, and green plots with the
parameters shown in the upper inset correspond to the cases
of u− < 0 and uþ > 0, u− < 0 and uþ > 0, u− ¼ 0 and uþ > 0,
u− < 0 and uþ ¼ 0, and u− > 0 and uþ > 0, respectively. The
inset shows the boundaries and the positions of these points in the
parameter space of λ and η. See the text for more details.
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or u− ¼ 0 by η ¼ 0, λ2 < a2 (black line in the inset).
In particular, the line u− ¼ 0 separates the positive root
from the negative one. Notice that when λ ¼ 0, uþ reaches
its maximum value, which is unity. Apparently, for η > 0
and nonzero λ, 1 > uþ > 0 is the only positive root that
in turn gives two roots at θþ ¼ cos−1ð− ffiffiffiffiffiffi

uþ
p Þ, θ− ¼

cos−1ð ffiffiffiffiffiffi
uþ

p Þ shown in Fig. 1. The light rays can travel
between the southern and northern hemispheres crossing
the equator at θ ¼ π

2
. In the case of η ¼ 0, there exist one

non-negative root of uþ ¼ 0 when λ2 ≥ a2 and two non-
negative roots of u− ¼ 0 and 1 > uþ ¼ 1 − λ2

a2 ≥ 0 when
λ2 ≤ a2. The uþ ¼ 0 is a relevant root, giving θ ¼ π

2
when

the light rays lie on the equatorial plane for the cases
λ2 ≥ a2. Moreover, uþ ¼ 0 is also the necessary condition,
with which the double roots of the radial potential exist in
spherical orbits. The connection will be discussed in the
next subsection [20]. On the other hand, for 0 > η >
−ðjλj − aÞ2 with λ2 < a2, both u� are relevant, leading
to four real roots of θ, where two of them are less than π

2

restricting the light rays traveling in the northern atmos-
phere, and the other two are greater than π

2
giving light rays

in the southern atmosphere. These types of motion are out
of scope of this study here, since the light rays of the whole
journey traveling outside the horizons requires positive

Carter constant η ≥ 0. Their connection will be explained
later in the analysis of the radial potential RðrÞ.
For a given trajectory, we get the Mino time during

which the trajectory along the θ direction travels from
θi to θ,

τ ¼ Gθ ¼ pðGθþ − Gθ−Þ þ νθi ½ð−1ÞpGθ − Gθi �; ð25Þ

where the trajectory passes through the turning-point p
times and νθi ¼ signðdθidτ Þ. The function Gθ can be obtained
through the incomplete elliptic integral of the first kind
FðφjkÞ as [36]

Gθ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p F

�
sin−1

�
cos θffiffiffiffiffiffi
uþ

p
����� uþu−

�
: ð26Þ

The inversion of (17) gives θðτÞ as [28]

θðτÞ ¼ cos−1
�
−νθi

ffiffiffiffiffiffi
uþ

p
sn
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
q

ðτ þ νθiGθiÞ
���� uþu−

��
;

ð27Þ

involving the Jacobi elliptic sine function snðφjkÞ. Here, we
have set τi ¼ 0. The other relevant integrals are given by

GϕðτÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p Π

�
uþ; am

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

q
ðτ þ νθiGθiÞ

���� uþu−
����� uþu−

�
− νθiGϕi

; ð28Þ

Gϕi
¼ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p Π
�
uþ; sin−1

�
cos θiffiffiffiffiffiffi
uþ

p
����� uþu−

�
; ð29Þ

GtðτÞ ¼ −
2uþffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p E0
�
am

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

q
ðτ þ νθiGθiÞ

���� uþu−
����� uþu−

�
− νθiGti ; ð30Þ

Gti ¼
2uþffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p E0
�
sin−1

�
cos θiffiffiffiffiffiffi
uþ

p
����� uþu−

�
; ð31Þ

where the incomplete elliptic integrals of the second kind
EðφjkÞ and third kindsΠðn;φjkÞ are also involved [36]. We
need also the formula of the derivative,

E0ðφjkÞ ¼ ∂kEðφjkÞ ¼
EðφjkÞ − FðφjkÞ

2k
: ð32Þ

In the parameter regime of η ≥ 0 and λ2 > a2, since k ¼
uþ=u− ≤ 0 (uþ ≥ 0; u− < 0) and 0 ≤ n ¼ uþ < 1, FðφjkÞ,
Πðn;φjkÞ, EðφjkÞ, and amðφjkÞ are all real-valued func-
tions. For η ¼ 0, substituting uþ ¼ 0 into (27) gives θ ¼ π

2

as anticipated and the motion of photon is confined on the
equatorial plane.

In this paper, we particularly apply the obtained evolu-
tion functions to the so-called photon boomerang where the
photon of the spherical orbits starts from the north pole with
zero azimuthal angular momentum (λ ¼ 0), reaches the
south pole, and returns to the north pole in the opposite
direction to its start, giving the change of ϕ solely due to the
frame-dragging effects from the black hole spin. One might
use (25) to figure out the duration of the whole trip in terms
of the Mino time τ, with which to compute the ϕ change
using (18) given by the integrals Gϕ above and Iϕ in the
next subsection. To sort out the other integrals, the radial
potential RðrÞ will be analyzed next.
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B. Analysis of the radial potential RðrÞ
The radial potential has the dependence of the charge Q

of the black holes. In order to find the relevant range of the
constraint of ðλ; ηÞ from the positivity of RðrÞ and for
the light rays of our interest, we first solve for the roots of
the radial potential, where RðrÞ can be rewritten as a quartic
function:

RðrÞ ¼ r4 þUr2 þ VrþW; ð33Þ

with the coefficient functions given by

U ¼ a2 − η − λ2; ð34Þ

V ¼ 2M½ηþ ðλ − aÞ2�; ð35Þ

W ¼ −a2η −Q2½ηþ ðλ − aÞ2�: ð36Þ

There are four roots, namely RðrÞ ¼ ðr − r1Þðr − r2Þðr −
r3Þðr − r4Þ with the property r1 þ r2 þ r3 þ r4 ¼ 0, and
can be written as

r1 ¼ −z −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
U
2
− z2 þ V

4z

r
; ð37Þ

r2 ¼ −zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
U
2
− z2 þ V

4z

r
; ð38Þ

r3 ¼ þz −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
U
2
− z2 −

V
4z

r
; ð39Þ

r4 ¼ þzþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
U
2
− z2 −

V
4z

r
: ð40Þ

The following notation has been used:

z¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωþ þΩ− −U

3

2

s
; Ω� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ϰ

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ϖ

3

�
3

þ
�
ϰ

2

�
2

s
3

vuut ;

ð41Þ

where

ϖ ¼ −
U2

12
−W; ϰ ¼ −

U
3

��
U
6

�
2

−W

�
−
V2

8
: ð42Þ

One can check easily that the roots share the same formulas
as in the Kerr case by taking Q → 0 [28]. Also, in the limit
of η → 0 of the case of the equatorial motion these
solutions can reduce to an alternative expression in
terms of trigonometric function [20]. Since Rðr�Þ > 0
and Rðr → ∞Þ > 0 the number of the roots larger than
r� is even. Here, we focus on the roots of r4 ≥ r3 > rþ >
r− > r2 > r1 where the whole journey of the light rays are

outside the horizon with the values of λ and η in the
region (A) and the line of the double-root (B) in Fig. 2. In
the parameters of the region (A), the light rays under
consideration travel from spatial infinity, reach the turning
point r4, and then fly back to the spatial infinity. However,
there exists some other motion traveling between r3 outside
the horizon and r2 inside the horizon that we will not
consider here. The spherical orbits with a fixed rss can be
examined with the parameters on the line (B) [35]. The
corresponding values of ðη; λÞ can be found on the
boundary determined by the double root of the radial
potential, namely RðrssÞ ¼ R0ðrssÞ ¼ 0. The subscript “ss”
above stands for the spherical motion for s ¼ � to be
explained later. Similarly to the Kerr case [28], the line
(B) is located on the region η ≥ 0. The conditions of the
double root are found to be

λss ¼ aþ rss
a

�
rss −

2ΔðrssÞ
rss −M

�
; ð43Þ

FIG. 2. The graphics of the radial potential RðrÞ for the three
special categories classified by the properties of roots of
equation RðrÞ ¼ 0. The upper inset shows the boundaries in
the λ and η space. The red curve, with λ and η localized in the
regime (A), represents a generic point in the light green region
that has four distinguished real roots, being r1 < r2 < r− <
rþ < r3 < r4. The blue curve, with λ and η localized in the
regime (B), corresponds to the merging of r3 and r4 to a double-
root solution, which also satisfies the conditions of the spherical
orbit. The solutions of RðrÞ ¼ R0ðrÞ ¼ 0 are shown by the
orange line in the upper inset. For the orange region of the
parameter space r3 and r4 are complex, r3 ¼ r�4. The lower inset
shows the details of the roots of the main figure. See the text for
more discussion.
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ηss ¼
r2ss
a2

�
4ðMrss −Q2ÞΔðrssÞ

ðrss −MÞ2 − r2ss

�
: ð44Þ

As for the parameters lying in the region (C), these
correspond to the motion starting from the spatial infinity
and meet the point r2 within the horizon, which are not
considered in this paper either.
When the light rays travel in the spherical orbits with

a fixed rss, the double roots r3 ¼ r4 on the line
(B) correspond to the radius of the spherical motion. It
is useful to rewrite (44) as follows:

rssð2Q2 þ r2ss − 3MrssÞ þ as
ffiffiffiffi
D

p
¼ 0; ð45Þ

where

D ¼ 4r2ssðMrss −Q2Þ − ðM − rssÞ2ηss; ð46Þ

with s ¼ þð−Þ. Notice that the sign of þ (−) does not
necessarily mean to the direct (retrograde) orbit determined
by the sign of the corresponding λss. So, for a given ηss ≥ 0
and black hole parameters, there are in principle two
corresponding radii, namely rþs and r−s, solutions from
(45), with which one can calculate the corresponding λss.
The resulting Fig. 3 illustrates the behavior of line (B) for
varying the black hole parameters a and Q. Thus, the
double-root line in Fig. 3 starts from the solution of the
þ sign with the value λþs that decreases with the increase of
ηss of the direct orbits. The line then crosses the value of

λss ¼ 0 with the sign change of λþs and it becomes the
retrograde orbits. The value of jλþsj then increases with the
increase of ηss. Finally, the value of jλ−sj increases with
the decrease of ηss. The maximum value of ηss to be
achieved can be found by solvingD ¼ 0 in (46). For a fixed
ηss, the charge of the black hole decreases the value of
the radius of r�s as well as jλ�sj for both direct and
retrograde orbits.
In Fig. 4, the radius of the spherical motion is plotted as

a function of ηss. The radius r−s of the retrograde orbit
decreases with ηss. However, the radius rþs of the direct
orbit increases with ηss starting from ηss ¼ 0. As ηss
increases to the value when the line of the double root
in Fig. 3 crosses the value of λss ¼ 0, the associated λss then
changes the sign and the radius rþs corresponds to the
retrograde orbits and still increases with ηss. This result
together with the values of λss can be translated into the
observation of the shape of shadow, which can be ideally
visualized using celestial coordinates [29], a topic of
intense research activities.
In the special case of ηss ¼ 0 when the light rays travel in

the circular orbits with a fixed rsc on the equatorial plane,
Eq. (45) reduces to the known one in [20],

2Q2 þ r2sc − 3Mrsc þ 2as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mrsc −Q2

q
¼ 0: ð47Þ

When Q → 0, the above equation simplifies to the Kerr
case giving the known solutions in [3]. The solution of (47)
has been obtained in [20],

rsc ¼
3M
2

þ 1

2
ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M2 − 8Q2 þUc þ

Pc

Uc

s
−

s

2
ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
18M2 − 16Q2 −

�
Uc þ

Pc

Uc

�
þ 24

ffiffiffi
3

p
Ma2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9M2 − 8Q2 þ Uc þ Pc
Uc

q
vuut ; ð48Þ

where

FIG. 4. The radius of the spherical orbits as a function of
normalized Carter constant η for various combinations of Kerr-
Newman parameters a=M and Q=M.

FIG. 3. The boundary in the ðλ; ηÞ parameter space determined
by the double roots of the RðrÞ potential. For comparison, the
plots show various combinations of Kerr-Newman parameters
a=M and Q=M.
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Pc ¼ ð9M2 − 8Q2Þ2 − 24a2ð3M2 − 2Q2Þ; ð49Þ

Uc ¼
�
ð9M2 − 8Q2Þ3 − 36a2ð9M2 − 8Q2Þð3M2 − 2Q2Þ þ 216M2a4

þ 24
ffiffiffi
3

p
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2 − a2 −Q2Þ½Q2ð9M2 − 8Q2Þ2 − 27M4a2�

q 	1
3

: ð50Þ

The advantage of the above expression is that for the
Reissner-Nordström black holes, a → 0, it is straightfor-
ward to find

Pc ¼ U2
c ¼ ð9M2 − 8Q2Þ2; ð51Þ

with

rc ¼
3M
2

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8Q2

9M2

s !
ð52Þ

as anticipated in [3]. In addition, by combining (43)
and (45) one can derive the following useful relation:

λss ¼ aþ s
2r3ss − ðrss −MÞηss

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ssðMrss −Q2Þ − ðrss−M

2
Þ2ηss

q : ð53Þ

When ηss ¼ 0, it also reduces to the known formula of the
light rays on the equatorial plane,

λsc ¼ bsc ¼ aþ s
r2scffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mrsc −Q2
p ; ð54Þ

where bsc is the impact parameter.
Plugging in the values of parameters, it is found that

the circular orbits exist for smaller value of the radius rsc

with smaller impact parameter jbscj as compared with the
Kerr case for the same a [20]. Also, the radius of the
circular motion of light rays with the associated impact
parameter decreases as charge Q of the black hole
increases for both direct and retrograde motions. This
is due to the fact that charge of black holes gives repulsive
effects to the light rays that prevent them from collapsing
into the black hole given by its effective potential [20].
The same feature appears when η ≠ 0, for a fixed value of
ηss; the charge of the black hole decreases jλssj in Fig. 3 as
well as the corresponding radius rss in Fig. 4 for both
direct and retrograde orbits. This result provides an
important insight on the study of the light boomerang
of the spherical orbits in the next subsection. From
Eq. (54) one finds jbscj > a. Together with the root of
the angular potential it shows that for η ¼ 0, the motion of
the whole journey outside the horizon with jλj ≥ jbscj, is
all on the equatorial plane.
The time evolution of rðτÞ component can follow the

same procedure as in θðτÞ. The inversion of (17) yields
rðτÞ [28],

rðτÞ ¼ r4ðr3 − r1Þ − r3ðr4 − r1Þsn2ðXðτÞjkLÞ
ðr3 − r1Þ − ðr4 − r1Þsn2ðXðτÞjkLÞ

; ð55Þ

where

XðτÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr3 − r1Þðr4 − r2Þ

p
2

τ þ νriF

 
sin−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri − r4Þðr3 − r1Þ
ðri − r3Þðr4 − r1Þ

s !����kL
!
;

kL ¼ ðr3 − r2Þðr4 − r1Þ
ðr3 − r1Þðr4 − r2Þ

ð56Þ

with νri ¼ signðdridτ Þ and sn is the Jacobi elliptic sine function. The other integrals, Iϕ and It in (21) and (22), are obtained as

IϕðτÞ ¼
2Ma

rþ − r−

��
rþ −

aλþQ2

2M

�
IþðτÞ −

�
r− −

aλþQ2

2M

�
I−ðτÞ

�
; ð57Þ

ItðτÞ ¼
ð2MÞ2
rþ − r−

��
rþ −

Q2

2M

��
rþ −

aλþQ2

2M

�
IþðτÞ −

�
r− −

Q2

2M

��
r− −

aλþQ2

2M

�
I−ðτÞ

�
þ ð2MÞI1ðτÞ þ I2ðτÞ þ ½ð2MÞ2 −Q2�τ; ð58Þ
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where

I�ðτÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr3 − r1Þðr4 − r2Þ

p �
XðτÞ

r3 − r�
þ r3 − r4
ðr3 − r�Þðr4 − r�Þ

Πðα�;ϒτjkLÞ
�
− I�i

; ð59Þ

I1ðτÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr3 − r1Þðr4 − r2Þ

p ½r3XðτÞ þ ðr4 − r3ÞΠðα;ϒτjkLÞ� − I1i
; ð60Þ

I2ðτÞ ¼ νr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrðτÞ − r1ÞðrðτÞ − r2ÞðrðτÞ − r3ÞðrðτÞ − r4Þ
p

rðτÞ − r3
−
r1ðr4 − r3Þ − r3ðr4 þ r3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr3 − r1Þðr4 − r2Þ
p XðτÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr3 − r1Þðr4 − r2Þ

p
EðϒτjkLÞ þ

ðr4 − r3Þðr1 þ r2 þ r3 þ r4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr3 − r1Þðr4 − r2Þ
p Πðα;ϒτjkLÞ − I2i

: ð61Þ

The parameters of elliptical integrals given above follow as

ϒτ ¼ amðXðτÞjkLÞ ¼ νrisin
−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrðτÞ − r4Þðr3 − r1Þ
ðrðτÞ − r3Þðr4 − r1Þ

s !
;

ð62Þ

νr¼ sign

�
drðτÞ
dτ

�
; α�¼ðr3−r�Þðr4−r1Þ

ðr4−r�Þðr3−r1Þ
; α¼ r4−r1

r3−r1
:

ð63Þ

Notice that I�i
, I1i

, I2i
are obtained by evaluating I�i

,
I1i

, I2i
at r ¼ ri of the initial condition. The evolution of

the angle ϕ (the time t) as a function of the Mino time τ
in (18) and (19) can be achieved with the integrals Iϕ and
Gϕ (It and Gt) in (57) and (28) [in (58) and (30)]. The
above expressions depend explicitly on the charge of the
black hole and also depend implicitly on it through
the roots of the radial potential, which generalize the
results of paper [28] and can reduce to them in the limit
of Q → 0.
The light rays that travel toward the black hole in the

parameter regime of (A) will meet the turning point r4, and
return to the spatial infinity at some particular Mino time τf
(see Fig. 5). In this case η ≥ 0, the range of kL is
0 < kL < 1, but α > 1 (r4 > r3) in (56) and (63). All
functions are finite and real valued except for the elliptic
function of the third kind Πðα;ϒτjkLÞ, which may diverge
as ϒτ → arcsin 1ffiffi

α
p in the integrals I1ðτÞ and I2ðτÞ, giving

t → ∞ through (19), in particular, when τ ¼ τf. In addi-
tion, since the Jacobi amplitude amðφjkÞ is the inverse
of the elliptic integral of the first kind FðφjkÞ, namely,
FðamðφjkÞjkÞ ¼φ, ϒτf ¼ arcsin 1ffiffi

α
p in (62) can lead to

XðτfÞ¼Fðarcsin 1ffiffi
α

p jkÞ and sn2XðτfÞ¼ 1
α, giving rðτfÞ→∞

through the definition of α in (62) as anticipated. In the next
section, we will more focus on the solutions along θ and ϕ

directions by considering the spherical orbits of the
light rays.

C. Spherical orbits: Light boomerang

Now, we consider the spherical orbits of the light rays.
In this case, the coordinate r is a constant with a value of
the double root of the radial potential RðrÞ, namely r3 ¼
r4 ≡ rss for general nonzero ηss. Then, the evolution of the
motion along the r direction in (55) reduces to a fixed value
r ¼ rss, the radius of the spherical orbit. The corresponding
values of the Carter constant and azimuthal angular
momentum obey the constraints in Eqs. (43) and (44) with
the values of ηss and λss. The evolution of ϕ as a function
of the Mino time τ in (18) can be summarized with the
integrals Gϕ and Iϕ in (28) and (57), respectively. In this
case with a fixed r ¼ r3 ¼ r4 ¼ rss, we have α� ¼ α ¼
kL ¼ 1, ϒτ ¼ νri

π
2
. Although XðτÞ involves Fðπ

2
j1Þ → ∞,

that divergence can be exactly canceled with I�i
by

substituting XðτÞ into the expressions of I�ðτÞ. Again,
in the limits of r3 ¼ r4 for the double root of the
radial potential where the elliptic function of the third
kind Πð1; π

2
j1Þ is not involved, I�ðτÞ reduces then to

I�ðτÞ ¼ τ
rss−r�

. Likewise, the divergences Fðπ
2
j1Þ, Eðπ

2
j1Þ;

FIG. 5. A simple orbit of light that has λ and η of type A in the
parameter space in Fig. 2: the light ray meets the turning point r4,
and then returns to spatial infinite. The plot has employed the
analytical formulas discussed at length in this section. We have
used a=M ¼ 0.7, Q=M ¼ 0.7; λ ¼ −10, η ¼ 20, giving r4=M ¼
9.6 in this case.
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and Πð1; π
2
j1Þ are also canceled in I1ðτÞ and I2ðτÞ; we

find I1ðτÞ ¼ rssτ and I2ðτÞ ¼ r2ssτ using the relation
r1 þ r2 ¼ −2rss. Finally, the change of ϕ as a function
of the Mino time obeys

Δϕ ¼ ϕðτÞ − ϕi

¼ 2Ma
rþ − r−

��
rþ −

aλss þQ2

2M

�
τ

rss − rþ

−
�
r− −

aλss þQ2

2M

�
τ

rss − r−

�
þ λssGϕðτÞ: ð64Þ

The time for the whole journey can be estimated for the
observer in the asymptotic region by

Δt ¼ tðτÞ − ti

¼ ð2MÞ2
rþ − r−

��
rþ −

Q2

2M

��
rþ −

aλss þQ2

2M

�
τ

rss − rþ

−
�
r− −

Q2

2M

��
r− −

aλss þQ2

2M

�
τ

rss − r−

�
þ ð2MÞrssτ þ r2ssτ þ ð4M2 −Q2Þτ þ a2GtðτÞ: ð65Þ

Apparently, the change of ϕ angle during the journey
of the light ray can be presumably due to the light ray’s
azimuthal angular momentum as well as the black hole’s
spin a arising from the frame-dragging effects. However,
for a ≠ 0, in the presence of the black hole’s charge, the
chargeQ can also make contributions to Δϕ explicitly seen
in the above expression and implicitly through the horizons
r� and rss. Here, we consider the light rays with λss ¼ 0;
thus, the change of ϕ is solely due to the black hole spin and
also contribution from the black hole charge. The effect that
the black hole bends escaping light like a boomerang has
been observed in [31]. Here, we extend the work of [30] to
consider the light boomerang in the Kerr-Newman black
holes. We then solve λss ¼ 0 from (43) and obtain this cubic
equation of r0∶

r30 − 3Mr20 þ ða2 þ 2Q2Þr0 þ a2M ¼ 0: ð66Þ

The relevant root is thus the radius of the spherical orbit,

r0 ¼ M þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −

1

3
ða2 þ 2Q2Þ

r

× cos
�
1

3
cos−1

�
MðM2 − ða2 þQ2ÞÞ
ðM2 − 1

3
ða2 þ 2Q2ÞÞ32

�	
: ð67Þ

Plugging r0 into (44) gives the corresponding η∶

η0 ¼
r20
a2

�
4ðMr0 −Q2ÞΔðr0Þ

ðr0 −MÞ2 − r20

�
: ð68Þ

Considering λss ¼ 0, (64) then reduces to

Δϕ ¼ ϕðτ0Þ − ϕi ¼
að2Mr0 −Q2Þ

Δðr0Þ
τ0: ð69Þ

The Mino time τ0 is the time spent for the whole trip
starting from θ ¼ 0, traveling to the south pole at θ ¼ π,
and returning to the north pole θ ¼ 0 with the turning
points at θ¼0;π in the θ direction due to uþðλss → 0Þ ¼ 1.
From (25) and (26) together with u−ðλss → 0Þ ¼ − η0

a2,
we have

τ0 ¼ 2ðGθþ − Gθ−Þ ¼
4ffiffiffiffiffi
η0

p F

�
π

2

���� − a2

η0

�
¼ 4ffiffiffiffiffi

η0
p K

�
−
a2

η0

�
;

ð70Þ

involving the complete elliptic integral of the first kind K.
The corresponding values of a and Q by requiring

Δϕ ¼ π are shown in Fig. 6. It seems that the finite value
of the charge of the black hole can help to sustain Δϕ ¼ π
due to the frame-dragging effect from the rotation of the
black hole with the relatively smaller value of the angular
momentum of the black hole, as compared with the one of
the neutral black hole in [30]. In Fig. 7, we plot the radius of
the spherical orbits of the light with the values of a and Q
using (67). It is found that the effect of the nonzero charge
Q decreases the radius of the spherical orbit, gaining more
relativity effects from the black hole spin. From the study of
the effective potential of the light in the background of the
spinning-charge black hole in [20], the presence of the
charge of the black holes gives additional repulsive forces
to prevent the light collapsing into the horizon and therefore
the radius of the spherical orbits can be relatively smaller
than that in the neutral black holes. In addition, the result of
the shorter radius of the spherical orbits due to the finite-
chargeQ also decreases the travel time t using (65) to reach
Δϕ ¼ π, while τ just slightly changes as a function of Q.
Then, the needed angular momentum of the charge black

FIG. 6. Solution of what we called the light boomerang with
Δϕða=M;Q=MÞ ¼ π. See Fig. 8 also for an example of the
boomerang orbit. Plots show the exact numerical and approxi-
mate analytical solutions, which are nearly identical.
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hole that has enough frame-dragging effect to sustain
Δϕ ¼ π can be smaller than that of the neutral black hole.
On the other hand, due to the requirement of ϵ≡

1 − ð a2M2 þ Q2

M2Þ ≤ 1, there must exist the maximum value
of Q for the lowest possible value of a to sustain the light
boomerang that can be estimated from the analytical
approach. Given Fig. 6, the required values of ϵ and Q
are small, so that one is invited to do the series expansion in
terms of ϵ andQ. We can first expand r0 in (68) in the small
ϵ and then substitute its expansion to (70). Collecting all

expansions into (69) and a further expansion in Q
result in

Δϕðτ0Þ ¼ ϕ0 þ ϕ1ϵþOðϵ2Þ; ð71Þ

where

ϕ0 ¼ ϕ00 þ ϕ0Q
Q2

M2
þO

�
Q4

M4

�
; ð72Þ

ϕ1 ¼ ϕ10 þ ϕ1Q
Q2

M2
þO

�
Q4

M4

�
; ð73Þ

with

ϕ00 ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
2

p
− 1

7

s
K
�
11 − 8

ffiffiffi
2

p

7

�
; ð74Þ

ϕ0Q ¼ ð4 − ffiffiffi
2

p ÞKð11−8
ffiffi
2

p
7

Þ − ð2þ 3
ffiffiffi
2

p ÞEð11−8
ffiffi
2

p
7

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7ð5þ 4

ffiffiffi
2

p Þ
q ; ð75Þ

ϕ10 ¼ −
ð10þ 7

ffiffiffi
2

p ÞKð11−8
ffiffi
2

p
7

Þ þ ð17þ 12
ffiffiffi
2

p ÞEð11−8
ffiffi
2

p
7

Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
379þ 268

ffiffiffi
2

pp ;

ð76Þ

ϕ1Q ¼ −
ð46068þ 32575

ffiffiffi
2

p ÞKð11−8
ffiffi
2

p
7

Þ þ 2ð3602þ 2547
ffiffiffi
2

p ÞEð11−8
ffiffi
2

p
7

Þ
4ð379þ 268

ffiffiffi
2

p Þ32
: ð77Þ

Ignoring Oðϵ2Þ and OðQ4

M4Þ, we obtain the approximate
relation by requiring Δϕ ¼ π,

a
M

≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
π − ϕ0

ϕ1

þ 1 −
Q2

M2

s
; ð78Þ

which perfectly coincides with the numerical result. Fur-

thermore, for Q ¼ 0, a
M ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− π−ϕ00

ϕ10
þ 1

q
≃ 0.994384 con-

sistent with the numerical values in Kerr black hole [30].
Taking the further requirement ϵ ¼ 1 into (78), we obtain
the maximum value of Q and the associated minimum
value of a∶

Qmax

M
≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π − ϕ00

ϕ0Q

s
; ð79Þ

amin

M
≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

π − ϕ00

ϕ0Q;

s
ð80Þ

with the numerical values Qmax
M ≃ 0.224864 and the corre-

sponding amin
M ≃ 0.974390.

III. TIMELIKE GEODESICS

Starting from this section, we move our study to the
timelike geodesics of a particle with massm. The equations
of motion of the geodesics using the mass m as the
normalization parameter are given by

Σ
m
dr
dσ

¼ �r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p
; ð81Þ

Σ
m
dθ
dσ

¼ �θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p
; ð82Þ

Σ
m
dϕ
dσ

¼ a
Δ
½ðr2 þ a2Þγm − aλm� −

1

sin2 θ
ðaγm sin2 θ − λmÞ;

ð83Þ

FIG. 7. The values of the radius r0 and time of the journeyΔt as
functions of charge Q=M for boomerang photons, where Q=M
satisfies the equation Δϕða=M;Q=MÞ ¼ π. The variation is
around 1%.
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Σ
m

dt
dσ

¼ r2 þ a2

Δ
½ðr2 þ a2Þγm − aλm� − aðaγm sin2 θ − λmÞ;

ð84Þ

where

γm ¼ Em

m
; λm ≡ Lm

m
; ηm ≡ Cm

m2
: ð85Þ

The corresponding Carter constant is explicitly given by

Cm ¼ Σ2ðuθÞ2 − a2E2
m cos2 θ þ L2

m cot2 θ þ a2m2 cos2 θ:

ð86Þ

As before, the symbols �r ¼ signðurÞ and �θ ¼ signðuθÞ
are defined by 4-velocity of the particle. Moreover, the
radial and angular potentials RmðrÞ and ΘmðθÞ for the
particle, are, respectively obtained as

RmðrÞ¼ ½ðr2þa2Þγm−aλm�2−Δ½ηmþðaγm−λmÞ2þr2�;
ð87Þ

ΘmðθÞ ¼ ηm þ a2γ2m cos2 θ − λ2m cot2 θ − a2 cos2 θ: ð88Þ

Again, we have parametrized the trajectories in terms of the
Mino time τm,

dxμ

dτm
≡ Σ

m
dxμ

dσ
: ð89Þ

Comparing (16) and (89), we have that the Mino time
between the null and timelike geodesics is given by the
relation

τm ¼ τ

γm
; ð90Þ

where one can restore the solutions of the timelike geo-
desics to those of the null geodesics with the above relation.

A. Analysis of the angular potential ΘmðθÞ
Likewise, the angular potential for the particleΘm shown

in Fig. 9 can be written in terms of u ¼ cos2 θ as

ð1 − uÞΘmðuÞ ¼ −a2ðγ2m − 1Þu2
þ ½a2ðγ2m − 1Þ − ðηm þ λ2mÞ�uþ ηm: ð91Þ

The roots of ΘmðuÞ ¼ 0 are

um� ¼
Δmθ � νm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

mθ þ 4a2ηm
γ2m−1

q
2a2

; Δmθ ¼ a2 −
ηm þ λ2m
γ2m − 1

;

ð92Þ

FIG. 8. Illustration of a light boomerang orbit. A spherical
motion of light departs from the north pole, arrives at the south
pole, and returns to the north pole in the exactly opposite
direction. The insets show the top view and the side view.

FIG. 9. The graphics of the angular potential ΘmðuÞ for a few
representative plots. The upper inset shows the locations of
corresponding parameters of the lines (a)−(e) in the (λm, ηm)
plane. The (a) and (b) curves have one nonzero real root in
1 > umþ > 0 and the particles travel between the north and
south hemisphere crossing the equator. The (c) and (d) curves
have ηm ¼ 0 with umþ ¼ 0 for θ ¼ π

2
and their motions are

necessarily confined in the equatorial plane. The lower inset
shows the (e) curve, ΘmðuÞ < 0 in 1 > u ≥ 0, where the square
root in the equation of motion (82) in 1 > umþ ≥ 0 rules out the
cases for ηm < 0.
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where νm ¼ signðγ2m − 1Þ and as in the null geodesics, we
consider the non-negative ηm. For γ2m > 1, namely E > m,
of the case of unbound trajectories, the roots of the angular
potential are pretty much similar to those of the null
geodesics. For ηm > 0, only one positive root in the interval
1 > umþ > 0 exists, where the trajectories of the particle
travel between θmþ ¼ cos−1 ð− ffiffiffiffiffiffiffiffiffi

umþ
p Þ in the southern

sphere and θm− ¼ cos−1ð ffiffiffiffiffiffiffiffiffi
umþ

p Þ in the northern sphere
crossing the equator. Again, for ηm ¼ 0, together with the
analysis of the radial potential where the undergone
trajectories all lie outside the horizon with the constraint
of λ2m ≥ a2ðγ2m − 1Þ, the relevant root is given by umþ ¼ 0

so the trajectories are on the equatorial plane. As for γ2m < 1
(E < m) of the bound motion, and for ηm > 0, the root
1 > umþ > 0 is the only relevant root ðum− > 1Þ as in the
case of E > m. However, for ηm ¼ 0, the root of umþ ¼ 0
is a relevant root in the parameter regime not only for
λ2m ≥ a2ðγ2m − 1Þ but also λ2m ≤ a2ðγ2m − 1Þ.
The analytical solutions along the θ direction can also be

written as in the null geodesics with the following replace-
ments. The Mino time τ in terms of the elliptic function of
the first kind and the evolution of θ for a given τm can be
obtained in (25) and (27) by letting τ → τm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
with

the function Gθ in (26), where the roots are um� (92)
instead. One can then absorb the factor

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
into the

function Gθ to define a new function Gmθ in (A2) due to the
fact that −um−ðγ2m − 1Þ > 0 for the unbound ðum− < 0Þ and
bound ðum− > 1Þ motion. The resulting formulas can be
applied to both cases. Other relevant solutions to the angular
variable θ can be written down from (28) and (30) by
replacing Gϕ → Gmϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
and Gt → Gmt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
and

τ → τm
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
with the same Gθ, Gϕ, and Gt defined in

(26), (29), and (31), respectively. Again, the factor
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
can be absorbed into the functions Gθ, Gϕ, and Gt to define a
new set of the functions Gmθ, Gmϕ, and Gmt. The detailed
solutions can be seen in the Appendixes. The results reduce
to those of the null geodesics by equating τm ¼ τ

γm
in (90) in

the limit of γm → ∞. Notice that since umþ
um−

< 0 for the

unbound motion and 0 < umþ
um−

< 1 for the bound motion, the
involved elliptic functions are all real valued and finite.

B. Analysis of the radial potential RmðrÞ
As for the radial potential, we first solve for the roots of

the radial potential RmðrÞ to sort out the possible regimes
of physical interest in the parameters space. The radial
potential is the form of a quartic polynomial:

RmðrÞ ¼ Smr4 þ Tmr3 þ Umr2 þ VmrþWm; ð93Þ

with the coefficient functions given by

Sm ¼ γ2m − 1; ð94Þ

Tm ¼ 2M; ð95Þ

Um ¼ a2ðγ2m − 1Þ −Q2 − ηm − λ2m; ð96Þ

Vm ¼ 2M½ðaγm − λmÞ2 þ ηm�; ð97Þ

Wm ¼ −a2ηm −Q2½ðaγm − λmÞ2 þ ηm�: ð98Þ

There are then four roots, namely RmðrÞ ¼
ðγ2m − 1Þðr − rm1Þðr − rm2Þðr − rm3Þðr − rm4Þ, given by

rm1 ¼ −
M

2ðγ2m − 1Þ − zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ð99Þ

rm2 ¼ −
M

2ðγ2m − 1Þ − zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ð100Þ

rm3 ¼ −
M

2ðγ2m − 1Þ þ zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
; ð101Þ

rm4 ¼ −
M

2ðγ2m − 1Þ þ zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
: ð102Þ

We have parametrized the roots above as follows:

zm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmþ þ Ωm− − Xm

3

2

s
;

Ωm� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ϰm
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ϖm

3

�
3

þ
�
ϰm
2

�
2

s
3

vuut ; ð103Þ

ϖm ¼ −
X2
m

12
− Zm; ϰm ¼ −

Xm

3

��
Xm

6

�
2

− Zm

�
−
Y2
m

8
;

ð104Þ

Xm ¼ 8UmSm − 3T2
m

8S2m
; ð105Þ

Ym ¼ T3
m − 4UmTmSm þ 8VmS2m

8S3m
; ð106Þ

Zm ¼ −3T4
m þ 256WmS3m − 64VmTmS2m þ 16UmT2

mSm
256S4m

;

ð107Þ

the sum of the roots satisfies the relation rm1 þ rm2 þ
rm3 þ rm4 ¼ − 2M

γ2m−1
.

The parameter ranges having different types of spherical
trajectories in the case of the timelike geodesics are
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separated with the boundaries from solving the double-root equationsRmðrmssÞ ¼ R0
mðrmssÞ ¼ 0 in (93). After some lengthy

but straightforward algebra we find

λmss ¼
½rmssðMrmss −Q2Þ − a2M�γm − ΔðrmssÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

p
aðrmss −MÞ ; ð108Þ

ηmss ¼
rmss

a2ðrmss −MÞ2
�
rmssðMrmss −Q2Þða2 þQ2 −MrmssÞγ2m þ 2ðMrmss −Q2ÞΔðrmssÞγm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

q

þ ½a2ðMrmss −Q2Þ − ðΔðrmssÞ − a2Þ2�½rmssðγ2m − 1Þ þM�
	
: ð109Þ

In the limit of γm → ∞, the expressions of λmss and ηmss

reduce to λmss=γm→ λss and ηmss=γ2m → ηss in (43) and (44),
respectively. Alternatively, we can rewrite (109) as

ðQ2 − 2Mrmss þ r2mssÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

q
− rmssðMrmss −Q2Þγm þ as

ffiffiffiffiffiffiffi
Dm

p
¼ 0; ð110Þ

where

Dm ¼ rmssðMrmss −Q2Þ
h
2γm

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2mssðγ2m − 1Þ þMrmss

q
þ γmrmss

�
þM − rmss

i
− ðM − rmssÞ2ηmss; ð111Þ

which is the counterpart of Eq. (45) for the case of the null
geodesics.
The boundaries determined from the double roots of the

radial potential in the parameter space λm and ηm can be
plotted, where an exemplary case is shown in Fig. 10. We
plot also in Fig. 11 the double-root solutions with various
combinations of Kerr-Newman parameters a andQ. For the
unbound motion in the case of ηm ≥ 0 with γm > 1, as in
Fig. 2 of the null geodesics, the parameter regimes of our
interest lie on the region (A) as well as the line (B)
determined by the double root with four real-valued roots
satisfying rm4 ¼ rm3 > rm2 > rþ > rm1. The trajectories
can either start from the spatial infinity, move toward the
black hole, meet the turning point rm4, and return to the
spatial infinity or can be the spherical motion when
rm3¼ rm4 with the parameters ηmss and λmss on the line (B).
Again for ηm ¼ 0, the root of the angular potential is solely
given by uþm ¼ 0 when jλmj ≥ jbmscj > a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
; then,

all the trajectories mentioned above are restricted in the
equatorial plane. In the bound motion, the above two
equations (108) and (109) give two lines (B) and (D) in
Fig. 10. The motion with the parameters on the line (B),
given by the double root of rm3 ¼ rm4, corresponds to the
stable spherical motion, whereas that on the line (D), given
by the double root of rm2 ¼ rm3, is also the spherical
motion but unstable.

The interesting trajectories with the parameters on the
line (B) are the homoclinic motion where the particle starts
from the point rm4, moves toward the black hole, and
spends infinite amount of time to reach the point of double
roots rm2 ¼ rm3. In addition, rm2 ¼ rm3 approaches rm4

FIG. 10. The graphics of the radial potential RmðrÞ for the
categories classified by the properties of roots of the equation
RmðrÞ ¼ 0. The upper inset shows the boundaries between the
different domains in the λm and ηm space. The red, green, blue,
purple, and dark cyan plots with the parameters (A)–(E) in the
upper inset correspond, respectively, to the cases: (A) two real
roots rm1 < rm2 and one complex pair rm3 ¼ r�m4, (B) four real
roots rm1 < rm2 < rm3 ¼ rm4, (C) four distinguished real roots
rm1 < rm2 < rm3 < rm4, (D) four real roots rm1 < rm2 ¼ rm3 <
rm4, and (E) two real roots rm1 < rm4 and one complex pair
rm2 ¼ r�m3. The radial potential RmðrÞ hosts two sets of spherical
orbits, a stable and an unstable one exemplified by the cyan and
magenta plots, respectively. The lower inset shows the details of
the roots of the main figure. In this example we have used the
parameter of energy per mass γm ¼ 0.98. See the text for more
discussion.
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when γm decreases, and we end up with a triple root
[17,18,37]. It will be seen that for a given ηm, the radius of
the innermost stable spherical orbit will decrease toward
the value of the triple root. So, let us call it risso given by
ηisso [38]. In the limit of ηisso → 0 on the equatorial plane,
the radius of the circular motion corresponds to the one
denoted by risco in literature [17,18,32]. In the case of
Q=M ¼ a=M ¼ 0.7 in Fig. 10, when γm decreases to, say
γm ≃ 0.954, the triple root appears while two lines (B)
and (D) start to merge at ηisso ¼ 0, giving bisco ≃ −3.84
with the corresponding risco ≃ 7.48. Further decreasing of
γm causes the triple root to shift, giving ηisso > 0, and the
parameter region (C) shrinks [37]. Finally, when γm
reaches, say γm ≃ 0.790, the triple root moves to the point
of ηisso ¼ 0 again, with bisco ≃ 1.77 and risco ≃ 1.64 giving
the vanishing parameter region (C). Further details of the
triple root will be discussed later.
The parameters in the region (C) give the motion along

the radial direction between rm3 and rm4. In the following,
we will thus provide the analytical expression of the
trajectories for bound orbits. It is worthwhile to mention
here that there exist some other trajectories of particles in
which the motion involves the turning point rm1 inside the
horizon, but will not be considered in this paper. The
analytical solutions of the unbound orbit for ðγ2m > 1 and
ri ≥ rm4) can be achieved from adapting the solutions
of the null geodesics and the details are presented in
the Appendixes. The bound solutions, although they
themselves show some similarities with the unbound cases,
deserve to discuss the case here since the initial position
lies between rm3 and rm4, differently from that in the
unbound orbits.
So, the analytical solutions of the bound orbits (γ2m < 1

and rm3 ≤ ri ≤ rm4) are given by

rðτmÞ ¼
rm3ðrm4 − rm2Þ − rm2ðrm4 − rm3Þsn2ðXBðτmÞjkBÞ

ðrm4 − rm2Þ − ðrm4 − rm3Þsn2ðXBðτmÞjkBÞ
;

ð112Þ

where

XBðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrm3 − rm1Þðrm4 − rm2Þ

p
2

τm

þ νriF

 
sin−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri − rm3Þðrm4 − rm2Þ
ðri − rm2Þðrm4 − rm3Þ

s !����kB
!
;

ð113Þ

kB ¼ ðrm2 − rm1Þðrm4 − rm3Þ
ðrm3 − rm1Þðrm4 − rm2Þ;

ð114Þ

where νri ¼ signðdridτm
Þ and sn denotes the Jacobi elliptic sine

function. The other integrals relevant to the equations of
motion IBϕðτmÞ and IBt ðτmÞ are expressed as

FIG. 11. The boundary in the ðλm; ηmÞ parameter space deter-
mined by the double roots of the RmðrÞ potential. For compari-
son, the plots show various combinations of Kerr-Newman
parameters a=M and Q=M. For each case the inner and outer
double-root lines correspond to the unstable and stable orbits,
respectively. See Fig. 10 for more details.

FIG. 12. The graphics of the radial potential RmðrÞ for the
categories classified by the properties of roots of the equation
RmðrÞ ¼ 0. The upper inset shows the boundaries between the
different domains in the λm and ηm space. In addition to the plots
with the parameters (A)–(E) in the upper inset shown in the
previous plot, the triple root of the radial potential with the
parameter located at the (F) gives rm2 ¼ rm3 ¼ rm4 and one real
root rm1; the lower inset shows the details of the roots of the main
figure. In this example we have used the parameter of energy per
mass γm ¼ 0.95. See the text for more discussion.
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IBϕðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 2Ma
rþ − r−

��
rþ −

aðλmγmÞ þQ2

2M

�
IBþðτmÞ −

�
r− −

aðλmγmÞ þQ2

2M

�
IB−ðτmÞ

�
; ð115Þ

IBt ðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p � ð2MÞ2
rþ − r−

��
rþ −

Q2

2M

��
rþ −

aðλmγmÞ þQ2

2M

�
IBþðτmÞ

−
�
r− −

Q2

2M

��
r− −

aðλmγmÞ þQ2

2M

�
IB−ðτmÞ

�
þ 2MIB1 ðτmÞ þ IB2 ðτmÞ

	
þ ð4M2 −Q2Þγmτm; ð116Þ

where

IB�ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p �
XBðτmÞ
rm2 − r�

þ ðrm2 − rm3ÞΠðβB�;ϒB
τm jkBÞ

ðrm2 − r�Þðrm3 − r�Þ
�
− IB

�i
; ð117Þ

IB1 ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p ½rm2XBðτmÞ þ ðrm3 − rm2ÞΠðβB;ϒB
τm jkBÞ� − IB

1i
; ð118Þ

IB2 ðτmÞ ¼ νr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrðτmÞ − rm1ÞðrðτmÞ − rm2ÞðrðτmÞ − rm3Þðrm4 − rðτmÞÞ
p

rðτmÞ − rm2

−
rm4ðrm3 − rm2Þ − rm2ðrm3 þ rm2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p XBðτmÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm2Þ

p
EðϒB

τm jkBÞ

þ ðrm3 − rm2Þðrm1 þ rm2 þ rm3 þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p ΠðβB;ϒB

τm jkBÞ − IB
2i
; ð119Þ

and

ϒB
τm ¼ amðXBðτmÞjkBÞ

¼ νri sin
−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrðτmÞ − rm3Þðrm4 − rm2Þ
ðrðτmÞ − rm2Þðrm4 − rm3Þ

s !
ð120Þ

νr ¼ sign

�
drðτmÞ
dτm

�
; βB� ¼ ðrm2 − r�Þðrm4 − rm3Þ

ðrm3 − r�Þðrm4 − rm2Þ
;

βB ¼ rm4 − rm3

rm4 − rm2

: ð121Þ

Notice again that IB
�i
, IB

1i
, IB

2i
are obtained by evaluating

IB
�i
, IB

1i
, IB

2i
at r ¼ ri of the initial condition; that

is, IB�ð0Þ ¼ IB1 ð0Þ ¼ IB2 ð0Þ ¼ 0.
In the case ηm ≥ 0, the ranges of the parameters are

0 < kB < 1, and βB < 1 (rm3 > rm2) so that the functions
FðφjkÞ; EðφjkÞ; Πðn;φjkÞ; and amðφjkÞ are the finite and
real-valued functions. Here, we provide the graph of the
trajectory using the bound solutions above in the case of
rm3 ≳ rm2 with the parameters in the region (C). In this
case, the particle starts from the turning point rm4, moves
toward the black hole, spends long time in reaching out the
turning point rm3, and then returns to rm4. This is a nearly
homoclinic solution by setting two turning points rm3 and
rm2 as close as possible. We illustrate this type of orbit in

Fig. 13. In the double root of either rm3 ¼ rm4 along the
line (B) or rm2 ¼ rm3 along the line (D), the solution (112)
leads to a fixed value of rðτmÞ ¼ rm3 ¼ rm4 or rðτmÞ ¼
rm2 ¼ rm3 on the double root, which fails to produce the
homoclinic trajectory. The solution of the homoclinic
solution in the general nonequatorial situations will be
given elsewhere. In the next subsection, we will focus on
the spherical orbits for both bound and unbound orbits.

FIG. 13. Illustration of an almost homoclinic solution. A
particle with the parameters near the inner double-root line
(D line in the inset of Fig. 10) departs from a point ri ¼ rm4

and approaches the black hole. The journey takes a tremendous
amount of time to arrive at the turning point rm3 ≳ rm2. After
many revolutions around rm3 the particle finally escapes from the
trap and returns to the turning point rm4.
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C. Spherical orbits: Particle boomerang

Let us start from considering the spherical orbits with the parameters of the double roots of the radial potential for
the Kerr-Newman spacetime [33]. Further revision of (108) and (109) into the expressions of λmss and γmss for the direct and
retrograde orbits with a fixed value of ηmss becomes

γmss ¼
r2mss½rmssðrmss − 2MÞ þQ2� − aðaηmss − s

ffiffiffiffiffiffi
Γm

p Þ
r2mss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mss½rmssðrmss − 3MÞ þ 2Q2� − 2aðaηmss − s

ffiffiffiffiffiffi
Γm

p Þ
p ; ð122Þ

λmss ¼ −
r2mssað2Mrmss −Q2Þ þ ðr2mss þ a2Þðaηmss − s

ffiffiffiffiffiffi
Γm

p Þ
r2mss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mss½rmssðrmss − 3MÞ þ 2Q2� − 2aðaηmss − s

ffiffiffiffiffiffi
Γm

p Þ
p ; ð123Þ

where

Γm ¼ r4mssðMrmss −Q2Þ− ηmss½rmssðrmss − 3MÞ þ 2Q2�r2mss

þ a2η2mss: ð124Þ
Here, we derive the more general expression of azimuthal
angular momentum and energy of the particle required to
have spherical orbits for a ηmss ≠ 0 on the general non-
equatorial trajectories. In the limit of Q → 0 or ηmss → 0,
they reduce to the expressions in [33] or [18]. The existence
of the spherical particle orbits requires the following
quantities to satisfy the two conditions:

Γm ¼ r4mssðMrmss −Q2Þ− ηmss½rmssðrmss − 3MÞ þ 2Q2�r2mss

þ a2η2mss ≥ 0 ð125Þ
and

Λms ¼ r2mss½rmssðrmss − 3MÞ þ 2Q2�
− 2aðaηmss − s

ffiffiffiffiffiffi
Γm

p
Þ > 0: ð126Þ

The constraints in the parameter space will be discussed
later. Plugging (122) and (123) into R00

mðrissoÞ ¼ 0 in (93)
provides the equation of the triple root risso for a fixed ηisso,

Mr5issoð6Mrisso − r2isso − 9Q2 þ 3a2Þ
þ 4r4isso½Q2ðQ2 − a2Þ − a2ηisso�
þ 4a2ηissoð5Mr3isso − 4Q2r2isso þ 2a2ηissoÞ
− 8as½r2issoðMrisso −Q2Þ þ a2ηisso�

ffiffiffiffiffiffi
Γm

p
¼ 0: ð127Þ

Again, taking the limit of Q → 0 reduces it to the
expression in [33]. In addition, in the limit of ηisso → 0
on the equatorial plane, the radius of the circular motion
corresponds to the one denoted by risco with the formula in
terms of the black hole parameters a andQ, consistent with
the expression in [18].
The radius of the innermost spherical motion for a fixed

ηisso is plotted in Fig. 14. Together with Fig. 12, one notices
that when decreasing the energy of the particle γm, the
triple root of the radius risso with the solution of Fig. 14 for
s ¼ − starts to appear from ηisso ¼ 0 with the associated

λisso < 0 of the retrograde orbits. As γm keeps lowering, the
radius risso decreases with higher values of ηisso and smaller
values of jλissoj, as shown in Fig. 14. As for s ¼ þ, the
radius risso with the solution of (127) then increases as ηisso
increases starting from ηisso ¼ 0 with the deceases of jλissoj.
After the value of λisso crosses λm ¼ 0, and changes its sign,
the motion becomes the retrograde orbits, and the value of
risso keeps increasing as ηisso increases with the increases
of jλissoj. After ηisso reaches the value determined by (127)
and Γm ¼ 0, the solutions then become the cases of
s ¼ − described above. The radius of risso presumably
can be measurable [2] by detecting x-ray emission around
that radius and within the plunging region of the black
holes in [34].
The allowed values of ηmss and rmss giving the double

root can be found with the boundary determined by Γm ¼ 0
giving the values of η̃mss as

η̃ms ¼
r2mss

2a2

h
rmssðrmss − 3MÞ þ 2Q2 − s

ffiffiffiffiffiffi
Ξm

p i
; ð128Þ

where

Ξm ¼ r4mss − 6Mr3mss þ ð9M2 þ 4Q2Þr2mss

− 4Mða2 þ 3Q2Þrmss þ 4Q2ða2 þQ2Þ: ð129Þ

FIG. 14. The radius of the spherical orbits risso as a function of
normalized Carter constant ηisso for various sets of Kerr-Newman
parameters.
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Note that the equation of Ξm ¼ 0 is just the same as (47) in
the case of the null geodesics with two roots of (129),
r�c (r−c > rþc) in (48), which are outside the horizon.
This can be understood by the fact that substituting the
expression of η̃ms in (128) with Ξm ¼ 0 together with
Γm ¼ 0 back to Λm� in (126) leads to Λm� ¼ 0, giving
infinite γm that correspond to the limit ofm → 0 in the case
of the null geodesics. As in the Kerr case in [33], the
allowed values of ηmss and rmss giving Γm ≥ 0 andΛm� > 0
are given below. For rmss < rþc (rmss > r−c), the allowed
values of ηmss are restricted to ηmss ≥ η̃m− and ηmss ≤ η̃mþ
where η̃mþ < η̃m− < 0 (η̃m− > η̃mþ > 0). All positive val-
ues of ηmss are allowed within rþc < rmss < r−c. We also
find that for rmss < rþc and rmss > r−c;Λm� > 0 when
ηmss ≤ η̃mþ and Λm� < 0 when ηmss ≥ η̃m−. Also, in
rþc < rmss < r−c, Λmþ > 0 but Λm− < 0. Thus, we sum-
marize that the allowed values are restricted to the regions
where for s ¼ þ, rþc < rmss < r−c for 0 ≤ ηmss < ∞ and
rmss > r−c for 0 ≤ ηmss ≤ η̃mþ and for s ¼ −, rmss > r−c
for 0 ≤ ηmss ≤ η̃mþ shown in Fig. 15.
Notice that the values of γm�s and λm�s are the solutions

of (122) and (123) with s ¼ �. In both Figs. 15 and 16 the
line of the triple root is plotted to show the boundary of the
parameter regions for the stable/unstable motions. Apart
from that, in the case of s ¼ þ in Fig. 15(a), the lines
of γmþs ¼ 1 and λmþs ¼ 0 are also drawn to give the
boundary between the bound/unbound motion and direct/
retrograde orbits, respectively. However, in the case of
s ¼ − in Fig. 15(b), all the motions are for retrograde

orbits and can be bound or unbound in the parameter
regions with the boundary along the line of γm−s ¼ 1. Let
us first explain the line of the triple root, which occurs
only in the case of the bound motion seen from Fig. 12.
For a given a and Q of the black hole parameters, the line
of the triple root starts from ηmss ¼ 0 shown in Fig. 15(b),
with which to find risco from (127) and also give the
negative value of λisco using (123) with s ¼ −. Along the
line of the triple root, as ηisso increases, risso decreases.
When ηisso meets η̃mþ giving Γm ¼ 0, in Fig. 15(a) ηisso
then decreases as risso decreases where the corresponding
λisso is obtained from (123) with s ¼ þ instead. Finally,
ηisso reaches ηmss ¼ 0 again with the positive value of λisco
and the corresponding risco on the equatorial plane. Along
the line described above, the region C in Fig. 12 even-
tually shrinks to zero.
To interpret the line of the double root in Figs. 10 and 12

for a fixed value γm of the bound motion, the line of the
constant γm given by its respective value as in Figs. 10
and 12 is plotted in Figs. 15 and 16. In Figs. 15(a)
and 15(b), there exist two types of the double root for
stable and unstable spherical orbits also shown in Fig. 10.
In Fig. 15(b), they both start from ηmss ¼ 0 and increase
when the value of ηmss ¼ η̃mþ with the negative value of
λmss for retrograde orbits and the corresponding radius
shown in Fig. 15(b). Along the lines of the constant γmss,
in Fig. 15(a) for the unstable spherical motion, ηmss keeps
increasing and starts decreasing toward the vanishing
value during which crossing the line of λmþs ¼ 0 changes

FIG. 15. The graphics of the double-root solutions RmðrmssÞ ¼ R0
mðrmssÞ ¼ 0 in the representation of parameter space ðrmss; ηmssÞ. By

combining the left (right) magenta (cyan) curves of (a) and (b) one recovers the inner/unstable (outer/stable) double root solutions in the
ðλm; ηmÞ representation shown in Fig. 10. The curves of η̃mþ, λmþs ¼ 0, γm�s ¼ 1, R00

mðrissoÞ ¼ 0, and r�c are also shown for
completeness of the presentation [33]. The insets show the different boundaries and the range of the parameters for the solution of the
type s ¼ þ in (a) and s ¼ − in (b). See the text for more discussion.
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the retrograde to direct orbits with the value of risso also
seen in Fig. 15. For the stable spherical motion, ηisso
decreases to zero for direct orbits with the value of risso as
shown in Fig. 15(a). When decreasing the value of γmss to
the value determined by (122) with risco for ηisso ¼ 0 and
s ¼ − from (127), as in Fig. 12 in the bound motion, the
triple root starts to exist. In this case, the lines of the double
roots start from the triple root seen in Fig. 16 for a constant
γmss instead. As for unbound motion of γ2m > 1, the line of

the double root goes also like that of the unstable orbits in
Fig. 16 with different ηmss and the radius rmss.
To compare with the light boomerang, here we consider

the particle boomerang of the spherical orbits of the
unbound motion due to the double root of the radial
potential when rm3 ¼ rm4. The evolution of the coordinate
ϕ and the time spent t for the trip as a function of the
Mino time τm bear similarity with those in the light case as
in (64) and (65). We find

ΔϕU ¼ 2Maγm
rþ − r−

��
rþ −

aðλmss
γm
Þ þQ2

2M

�
τm

rmss − rþ
−
�
r− −

aðλmss
γm
Þ þQ2

2M

�
τm

rmss − r−

�
þ λmssGmϕðτmÞ; ð130Þ

and

ΔtU ¼ γm

� ð2MÞ2
rþ − r−

��
rþ −

Q2

2M

��
rþ −

aðλmss
γm
Þ þQ2

2M

�
τm

rmss − rþ
−
�
r− −

Q2

2M

��
r− −

aðλmss
γm
Þ þQ2

2M

�
τm

rmss − r−

�

þ 2Mrmssτm þ r2mssτm

	
þ ð4M2 −Q2Þγmτm þ a2γmGmtðτmÞ; ð131Þ

where GmϕðτmÞ and GmtðτmÞ are defined in (A5) and (A7). Here, we consider the particles with λmss ¼ 0 so the change
of ϕ is solely due to the black hole spin, giving the boomerang orbit, and also with the effects from the black hole charge.
Now, we solve λmss ¼ 0 from (108) and obtain the equation of rm0∶

rm0ðMrm0 −Q2Þ − a2M − Δðrm0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2m0

�
γ2m − 1

γ2m

�
þMrm0

γ2m

s
¼ 0; ð132Þ

FIG. 16. The graphics of the double-root solutions RmðrmssÞ ¼ R0
mðrmssÞ ¼ 0 in the representation of parameter space ðrmss; ηmssÞ. By

combining the left (right) magenta (cyan) curves of (a) and (b), one recovers the inner/unstable (outer/stable) double-root solutions in the
ðλm; ηmÞ representation shown in Fig. 12. Notice that in (b) the magenta and cyan double roots merges with a triple root of RmðrÞ. This
special trajectory is known as innermost stable spherical orbit (isso) [38] or innermost stable circular orbit (isco) for the case of
equatorial motion [18]. The curves of η̃mþ, λmþs ¼ 0, γm�s ¼ 1, R00

mðriscoÞ ¼ 0, and r�c are also shown for completeness of the
presentation [33]. The insets show the different boundaries and the range of the parameters for the solution of type s ¼ þ in (a) and
s ¼ − in (b). See the text for more discussion.
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which, in the limit of γm → ∞ reduces to (67) in the null-
geodesics case. Although we cannot find the exact solution
of rm0, its approximate one in the limit of γm → ∞ can be
obtained later. Plugging rm0 into (109) gives the corre-
sponding ηm0. The Mino time τm0 is the time spent for the
whole trip starting from θ ¼ 0, traveling to the south pole
at θ ¼ π, and returning to the north pole θ ¼ 0 with the
turning points at θ ¼ 0; π in the θ direction due to
umþðλmss → 0Þ ¼ 1. From (25) and (26) together with
um−ðλmss → 0Þ ¼ ηm0

a2ð1−γ2mÞ, we have

τm0γm ¼ 2ðGθmþ − Gθm−
Þγm ¼ 4ffiffiffiffiffi

ηm0

γ2m

q F

�
π

2

���� a2ð1 − γ2mÞ
ηm0

�
:

ð133Þ

Finally,

ΔϕU ¼ að2Mrm0 −Q2Þ
Δðrm0Þ

γmτm0: ð134Þ

In Fig. 17 the radius rm0 and the time-spent ΔtU for the
whole trip of the spherical orbit are shown with the values
of Q and a to sustain the boomerang of the particle as
function of γm, the normalized energy of the particle by its
mass. As γm increases, rm0 andΔtU decrease as anticipated.
In Fig. 17(a), the change of ϕ is plotted as a function of γm,
which shows that γm → ∞ gives Δϕ ¼ π as in the case
of the null geodesics. For a finite but large value of γm with
the small number δ ¼ 1=γm, the solution of rm0 can be
approximated as

rm0 ≃ r0þ r̃1δ2; r̃1≃
ðr0−MÞΔðr0Þ

2½2Δðr0Þþ r20 −2Mr0−a2� ; ð135Þ

where r0 is the known result in (67) in the null-geodesics
case. As compared with the light boomerang, we choose
the value ofQ together with the associated value of a of the
black hole spin to sustain Δϕ ¼ π in the case of the light. It
is found that the radius of the spherical orbits of the particle
decreases as δ gets smaller (γm becomes larger). Likewise,
in the limit of δ → 0 to compare with the time spent in the
null geodesics, we have

τm0γm ≃ τ0 þ τ̃1δ
2;

τ̃1 ¼
2ffiffiffiffiffi
η0

p
�
K

�
−
a2

η0

�
−
η0 þ η̃1
η0 þ a2

E

�
−
a2

η0

��
; ð136Þ

involving the complete elliptic integrals of the first kind K
and the second kind E. The quantity ηm0 is related with η0
by the mean of the approximation

ηm0

γ2m
≃ η0 þ η̃1δ

2; ð137Þ

FIG. 18. The correction of ΔϕU due to γm with the values of Q
and a to sustain the boomerang.

FIG. 17. Plots of ΔϕU, rm0, ΔtU as a function of γm with the
value of Q and a to sustain the boomerang.

CHEN-YU WANG, DA-SHIN LEE, and CHI-YONG LIN PHYS. REV. D 106, 084048 (2022)

084048-20



where

η̃1 ¼
1

a2ðM − r0Þ3
f4r0r̃1ðr20 − 3Mr0 þ 2Q2Þ½r0ðr20 − 3Mr0 þ 3M2Þ −Mða2 þQ2Þ�

− r0ðr0 −MÞ2½r20ðr20 − 5Mr0 þ 6M2 þ 3Q2Þ −Mr0ð2a2 þ 7Q2Þ þ 2Q2ða2 þQ2Þ�g: ð138Þ

Plugging all the approximate solutions into (130) leads to

ΔϕU ≃ Δϕðτ0Þ þ ϕ̃1δ
2;

ϕ̃1 ¼
a

Δðr0Þ2
½2ða2M − r0ðMr0 −Q2ÞÞr̃1τ0 þ Δðr0Þð2Mr0 −Q2Þτ̃1�; ð139Þ

where Δϕðτ0Þ is the result in the null geodesics in (69). In
particular, the nonzero value of Q renders the radius rm0

smaller than that from the Q ¼ 0 case. The finite Q
slightly increases τm0 as compared with that of the null
geodesics. For a fixed small value of δ (or large value
of γm), it is of interest to show that the smaller radius of
the spherical orbit due to the finite charge of Q gives
relatively large negative value from the δ2 term and thus
induces the smaller ΔϕU as compared with the Q ¼ 0

case. In Fig. 18 we plot ϕ̃1 with the values of Q and a that
sustain the boomerang.

IV. SUMMARY AND OUTLOOK

We study the null and timelike geodesics of light and the
neutral particles, respectively, in Kerr-Newman black holes,
and extend the works of [28,33,35] on Kerr black holes.
However, we only focus on the trajectories lying on the
exterior of the black holes. The geodesic equations are
known to be written as a set of decoupled first-order
differential equations in Mino time from which the angular
and radial potentials can be defined. We classify the roots
for both potentials, and mainly focus on those of the radial
potential with an emphasis on the effect from the charge
of the black holes. The parameter space spanned by the
conserved quantities, C=E2 ¼ η, L=E ¼ λ in the null
geodesics and Cm=m2 ¼ ηm, Lm=m ¼ λm, and the addi-
tional parameter Em=m ¼ γm in the timelike geodesics, is
then analyzed in determining the boundaries of the various
types of the trajectories. We then obtain the solutions of the
trajectories in terms of the elliptical integrals and the Jacobi
elliptic functions for both the null and timelike geodesics,
which are of the manifestly real functions of the Mino time
and, in addition, the initial conditions are explicitly given in
the result. In particular, the solutions we presented for the
timelike geodesics can be taken to those of its counterpart
for the null geodesics by taking the limit of γm → ∞. We
also give the details of how to reduce those solutions into
the cases of the spherical orbits of the boomerang types for
the light and the particle where they help provide the
analytical analysis.

In the cases of the roots of the radial potential for the null
geodesics, due to the fact that the presence of the charge of
black hole induces the additional repulsive effects to the
light rays that prevent them from collapsing into the black
hole, it is found that the circular orbits on the equatorial
plane for η ¼ 0 exist for a smaller value of the radius rsc
with the smaller impact parameter jbscj given by the
azimuthal angular momentum, namely bsc ¼ λsc, as com-
pared with the Kerr case for the same a. Also, the radius of
the circular motion of light rays with the associated impact
parameter decreases as chargeQ of the black hole increases
for both direct and retrograde motions. The same feature
appears on the boundary when η ≠ 0; for a fixed value
of the ηss of the light ray, jλssj and rss become smaller than
that of the Kerr cases for a fixed a of the black hole
while increasing with Q of black holes. This provides an
important insight on the effect of the charge Q to the light
boomerang. Moreover, in Fig. 4 together with Fig. 2 for
fixed Q and a of the black hole, the radius of the spherical
motion rþs (λþs) increases (decreases) with ηss but r−s
(jλ−sj) decreases (increases) with ηss, and both of them
become the same value when ηss reaches its maximum to be
determined by D ¼ 0 in (46). Whether the motion is the
direct or retrograde orbit can be read off from Fig. 2 with
the sign of the corresponding λ. This will be a crucial piece
of information in determining the black hole shadow to
be studied by further following the work of [29]. The
successful reduction of the solutions to the cases of the
spherical orbits allows to study the light boomerang of
much relevance to the observations in [31]. It is evident
from the expression of the solutions in the angle change
of ϕ that the causes can come from the initial azimuthal
angular momentum of the light as well as the spin of the
black hole through the frame-dragging effect. Here, we
consider the boomerang solely due to the black hole’s
spin with λ ¼ 0. Now, in the Kerr-Newman black hole, the
frame-dragging effect has the dependence of the charge of
the black hole as well. Let us consider the most visible case
of the boomerang that the change of ϕ is Δϕ ¼ π. This
happens in the case of the extreme black hole that permits
us to explore this phenomenon using the obtained solutions
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not only numerically but also analytically. It turns out that
the presence of the charge renders the shorter pathway of
the whole trip with the smaller radius of the spherical orbits
and thus the shorter time lapse as compared with the Kerr
cases. As such, the nonzero charge will decrease the needed
value of the black hole’s spin to sustain Δϕ ¼ π. For
Q ¼ 0, a

M ≃ 0.994384, that can be brought down to its
minimum value of amin

M ≃ 0.974390 with the maximum
value of Qmax

M ≃ 0.224864 to provide the sufficient enough
frame-dragging effect to sustain Δϕ ¼ π in the light
boomerang.
In the case of the timelike geodesics of the neutral

particle, the unbound motion for γ2m > 1 bears the similarity
with the motion of its counterpart of the light, whereas the
bound motion for γ2m < 1 reveals very different features to
be summarized below. It is perhaps worth mentioning that
the solutions of the bound motion are parametrized in the
Mino time in a way that they are finite so that only when
τm → ∞, the coordinate time t goes to infinity and the
coordinate r bounces between two turning points. This is
contrary to the unbound motion that the solutions are finite
except for the case when τm reaches some finite value τf
where the elliptic function of the third kind ΠðβU;ϒU

τm jkUÞ
diverges, giving t → ∞ and also r → ∞ to reach the
asymptotic region for the unbound motion. For the bound
motion, there are types of the double roots of the radial
potential for the stable and unstable spherical orbits. The
charge of the black holes shifts the associated radius of the
orbits toward the smaller value for both the stable/unstable
motion and also for direct/retrograde motion by fixing the
value of the Carter constant ηmss. When two double roots
collapse to the one value, becoming the triplet root by
lowering the value of the energy γm but keeping the Carter
constant ηmss fixed, this triple root we obtain corresponds
to the smallest radius of the innermost spherical orbits risso
for a finite ηisso that potentially can be measured from the
observations [34]. In Fig. 14 together with Fig. 12, the
triple root of the radius risco given by (127) starts to appear
from ηisso ¼ 0 with λisco < 0 of the retrograde orbits and γm
of the energy determined by the results of the double root
in (123) and (122), respectively. The radius risso decreases
with the increase of ηisso, giving the smaller value of jλissoj
of the retrograde orbits. After ηisso reaches the value
determined by (127) and Γm ¼ 0 above, the radius risso
starts to decrease as ηisso deceases, giving the smaller value
of jλissoj of retrograde orbits. The value of λisso will cross
λm ¼ 0, and change its sign as decreasing γm, where the
motion becomes the direct orbits the radius risso decreases
as ηisso deceases, giving the larger value of λisso > 0 of
direct orbits. Again, the charge of the black hole will
decrease the risso for a fixed ηisso for both direct and
retrograde motions. Lastly, we consider the particle boo-
merang to compare with the light boomerang using the
obtained solution of the unbound motion both numerically
and analytically. It is expected that as γm goes to infinity by

sending the mass of the particle to zero, the change of the
angle ΔϕU will reduce to that of the light. For a finite value
of γm, the particle inertia causes less angle change as
compared with the light. For a fixed small value of γm of the
energy of the particle, it is of interest to show numerically
and analytically that the smaller radius of the spherical orbit
of the particle due to the finite charge of Q induces the
smaller ΔϕU as compared with the Q ¼ 0 case.
Finally, we comment that the figures and analytic results

presented in this work have direct applications in astrophys-
ics. For example, the obtained solutions of the null geodesics
can be readily extended to the studies of the lensing in the
Kerr-Newman spacetime visualized using celestial coordi-
nates, a direct generalization of paper [29]. We expect to
investigate the effects of charge from the black holes. As for
the timelike geodesics, bound solutions discussed in Sec. III
invite a careful examination of the homoclinic trajectories
and find their solutions on the general nonequatorial plane.
In this connection, the solution in the Kerr case in the
equatorial plane was found in paper [32]. The homoclinic
trajectories are separatrix between bound and plunging
geodesics of much relevance to the observations. Further
details on these points are given elsewhere.
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APPENDIX A: ANALYTICAL SOLUTION OF
TIMELIKE ANGULAR FUNCTION

This appendix summarizes the analytical solution for the
time evolution of θðτmÞ, for the completeness of the paper.
In fact, it is a straightforward extension of Sec. II A. We
begin with the timelike version of (25):

τm ¼ Gmθ ¼ pðGmθþ − Gmθ−Þ þ νθi ½ð−1ÞpGmθ − Gmθi �;
ðA1Þ

where p denotes the number times the particle passes
through the turning point and νθi ¼ signðdθidτm

Þ. Similar
derivation shows that

Gmθ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p F

�
sin−1

�
cos θffiffiffiffiffiffiffiffiffi
umþ

p
����� umþ

um−

�
:

ðA2Þ

Notice that this differs from Eq. (26) by the factor
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
as we have stated previously in Sec. III A. Inversion gives
θðτmÞ as
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θðτmÞ ¼ cos−1
�
−νθi

ffiffiffiffiffiffiffiffiffi
umþ

p
sn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGmθiÞ

���� umþ
um−

��
; ðA3Þ

involving again the Jacobi elliptic sine function. Finally, the other integrals relevant to the solutions of the trajectories are

GmϕðτmÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p Π

�
umþ; am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGθiÞ

���� umþ
um−

����� umþ
um−

�
− νθiGmϕi

; ðA4Þ

Gϕi
¼ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

p Π
�
umþ; sin−1

�
cos θiffiffiffiffiffiffiffiffiffi
umþ

p
����� umþ

um−

�
; ðA5Þ

GmtðτmÞ ¼ −
2umþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p E0

�
am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGmθiÞ

���� umþ
um−

����� umþ
um−

�
− νθiGmti ðA6Þ

Gmti ¼
2uþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2ðγ2m − 1Þ
p E0

�
sin−1

�
cos θiffiffiffiffiffiffi
uþ

p
����� uþu−

�
: ðA7Þ

APPENDIX B: ANALYTICAL SOLUTION OF UNBOUND ORBIT (γ2m > 1 and ri ≥ rm4)

This appendix summarizes the solutions of rðτmÞ component for the cases for unbound trajectories. The solution of rðτmÞ
is the same as (55) and (56) by replacing the roots of the radial potential with rm1, rm2, rm3, and rm4 for the timelike
geodesics and τ → τm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
. The derivation follow the steps of calculation of photon orbits. The analogous equation

of (55) is

rðτmÞ ¼
rm4ðrm3 − rm1Þ − rm3ðrm4 − rm1Þsn2ðXUðτmÞjkUÞ

ðrm3 − rm1Þ − ðrm4 − rm1Þsn2ðXUðτmÞjkUÞ
; ðB1Þ

where

XUðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p
γm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p

2
γmτm þ νriF

�
sin−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri − rm4Þðrm3 − rm1Þ
ðri − rm3Þðrm4 − rm1Þ

s �����kU
�
; ðB2Þ

kU ¼ ðrm3 − rm2Þðrm4 − rm1Þ
ðrm3 − rm1Þðrm4 − rm2Þ;

ðB3Þ

with νri ¼ signðdridτm
Þ. The other integrals relevant for the description of radial motion are summarized below:

IUϕ ðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p 2Ma
rþ − r−

��
rþ −

aðλmγmÞ þQ2

2M

�
IUþðτmÞ −

�
r− −

aðλmγmÞ þQ2

2M

�
IU−ðτmÞ

�
; ðB4Þ

IUt ðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p � ð2MÞ2
rþ − r−

��
rþ −

Q2

2M

��
rþ −

aðλmγmÞ þQ2

2M

�
IUþðτmÞ

−
�
r− −

Q2

2M

��
r− −

aðλmγmÞ þQ2

2M

�
IU−ðτmÞ

�
þ 2MIU1 ðτmÞ þ IU2 ðτmÞ

	
þ ð4M2 −Q2Þγmτm; ðB5Þ

where

IU�ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p �
XUðτmÞ
rm3 − r�

þ ðrm3 − rm4ÞΠðβU�;ϒU
τm jkUÞ

ðrm3 − r�Þðrm4 − r�Þ
�
− IU

�i
; ðB6Þ
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IU
�i

¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p �

FðϒU
ri jkUÞ

rm3 − r�
þ rm3 − rm4

ðrm3 − r�Þðrm4 − r�Þ
ΠðβU�;ϒU

ri jkUÞ
�
; ðB7Þ

IU1 ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p ½rm3XUðτmÞ þ ðrm4 − rm3ÞΠðβU;ϒU
τm jkUÞ� − IU

1i
; ðB8Þ

IU
1i
¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p ½rm3FðϒU

ri jkUÞþðrm4 − rm3ÞΠðβU;ϒU
ri jkUÞ�; ðB9Þ

IU2 ðτmÞ ¼ νr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrðτmÞ − rm1ÞðrðτmÞ − rm2ÞðrðτmÞ − rm3ÞðrðτmÞ − rm4Þ
p

rðτmÞ − rm3

−
rm1ðrm4 − rm3Þ − rm3ðrm4 þ rm3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p XUðτmÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm2Þ

p
EðϒU

τm jkUÞ

þ ðrm4 − rm3Þðrm1 þ rm2 þ rm3 þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p ΠðβU;ϒU

τm jkUÞ−IU
2i
; ðB10Þ

IU
2i
¼ νri

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðri − rm1Þðri − rm2Þðri − rm3Þðri − rm4Þ
p

ri − rm3

−
rm1ðrm4 − rm3Þ − rm3ðrm4 þ rm3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p FðϒU

ri jkUÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm2Þ

p
EðϒU

ri jkUÞ þ
ðrm4 − rm3Þðrm1 þ rm2 þ rm3 þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p ΠðβU;ϒU
ri jkUÞ; ðB11Þ

and

ϒU
ri ¼ νri sin

−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri − rm4Þðrm3 − rm1Þ
ðri − rm3Þðrm4 − rm1Þ

s !

ϒU
τm ¼ amðXUðτmÞjkUÞ ¼ νri sin

−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrðτmÞ − rm4Þðrm3 − rm1Þ
ðrðτmÞ − rm3Þðrm4 − rm1Þ

s !
; ðB12Þ

νr ¼ sign

�
drðτmÞ
dτm

�
; βU� ¼ ðrm3 − r�Þðrm4 − rm1Þ

ðrm4 − r�Þðrm3 − rm1Þ
; βU ¼ rm4 − rm1

rm3 − rm1

; ðB13Þ

where IU�ðτmÞ, IU1 ðτmÞ, and IU2 ðτmÞ have the same form as in (59), (60), and (61) with the appropriate replacements
mentioned above. Note that ΔϕUðτmÞ and ΔtUðτmÞ are given by

ΔϕUðτmÞ ¼ IUϕ ðτmÞ þ λmGmϕðτmÞ; ðB14Þ

ΔtUðτmÞ ¼ IUt ðτmÞ þ a2γmGmtðτmÞ: ðB15Þ
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