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Does circumventing the curvature singularity of the Kerr black hole affect the timescale of the scalar
cloud formation around it? By definition, the scalar cloud, forms a gravitational atom with hydrogen-like
bound states, lying on the threshold of a massive scalar field’s superradiant instability regime (time-
growing quasibound states) and beyond (time-decaying quasibound states). By taking a novel type of
rotating hollow regular black hole proposed by Simpson and Visser which unlike its standard rivals has an
asymptotically Minkowski core, we address this question. The metric has a minimal extension relative to
the standard Kerr, originating from a single regularization parameter ¢, with length dimension. We show
with the inclusion of the regularization length scale ¢ into the Kerr spacetime, without affecting the
standard superradiant instability regime, the timescale of scalar cloud formation gets shorter. Since the
scalar cloud after its formation, via energy dissipation, can play the role of a continuum source for
gravitational waves, such a reduction in the instability growth time improves the phenomenological
detection prospects of new physics because the shorter the time, the more astrophysically important.
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I. INTRODUCTION

A reasonable query in connection with the black hole
solutions as robust productions of the general theory of
relativity (GTR) is whether those solutions would be stable
long enough to be found in nature. In other words, it is
nonsense to look for such entities in nature if they are not
stable enough. There are leading studies to support the
stability of nonrotating and rotating black hole solutions
against gravitational perturbations by massless fields. It has
been proven that the Schwarzschild metric is stable against
all massless fields [1-3]. The Kerr solution has been shown
to be stable as it gets exposed to massless scalar and
gravitational perturbations as well [4,5]. In the context of
studies on black holes’ perturbations, there is a phenome-
non known as superradiance [6—8] which complicates the
situation somewhat. Concerning this phenomenon, certain
perturbations are enhanced by the rotation of a black hole
such that the energy radiated away to infinity may exceed
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the energy of the initial perturbations. Actually, through
perturbations vicinity of a Kerr black hole, one can extract
its rotational energy.1 It is shown that superradiance
occurs for a perturbed Kerr black hole if the oscillation
frequency of the perturbation which is real oy, satisfies the
inequality wp < m€, . Namely, the oscillation frequency of
the perturbations should be smaller than the product of the
azimuthal number of the perturbation m and the angular
velocity on the event horizon Q. By referring to seminal
paper [31], one will face the postulation stating that if the
superradiance arising from a perturbed black hole becomes
reflected toward the event horizon of the black hole
repeatedly; then, due to an initial small perturbation, an

"It is worth mentioning it is not the only way for energy
extraction from a black hole; there are other theoretical mech-
anisms such as the Penrose process [9] and magnetic reconnec-
tion [10,11]. The fact that the superradiance effect, the contrary
Hawking radiation [12], is justifiable in the context of classic
physics without any origination in quantum mechanics has
caused a lot of renewed interest in studying it via employing
various classes of black hole solutions admitted by extended
theories of gravity (e.g., see [13-30]).

© 2022 American Physical Society
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FIG. 1. A schema of the effective gravitational potential with
trapping well outside the black hole in which the scalar field with
the mass u, is caught within it and subsequently grows exponen-
tially with time for creating the instability.

exponential growth without any bound arises which results
in a new phenomenon known as black hole bomb [32]. The
mentioned effect is one of the most considered processes
around black holes, whose key characteristic is trapping the
radiation between the event horizon and a reflecting surface
outside the black hole. The mechanism of reflection
towards a black hole is commonly created by the rest
mass of the perturbing field naturally, and either artifi-
cially by a reflector surface such as a mirror or cavity, see
Refs. [33-42]. The asymptotically anti—de Sitter (AdS)
spacetime is also a natural bed to make the reflecting
boundary for waves since the spatial infinity is at a finite
distance causally, resulting in the formation of a timelike
boundary [43-48]. In this way, a spectrum of quasibound
states (QBS) forms in the potential well outside the black
hole so that it disappears at spatial infinity [49,50]. To
better visualize the black hole bomb phenomenon, the
above mentioned explanations are summarized in Fig. 1
schematically.

The terminology of QBS comes from the fact that
the bound states formed within the black hole’s potential
well have complex frequencies wg + iw; so that its
imaginary part denotes the decay and either growth
rate of the perturbation with time. So, we deal with
two types of configurations; time-decaying QBSs and
time-growing QBSs. The former is the general behavior
expected for the matter surrounding a black hole (par-
ticularly Schwarzschild) due to the purely ingoing boun-
dary condition at the event horizon. The latter is devoted
to the rotating black hole in the superradiant regime
wp < m&,, which yields an instability in the spinning
black hole in the presence of any field which lets QBS
form in the superradiant regime. In the literature the use
of the term superradiant bound state (SBS) for the time-
growing QBSs is common, too [51]. Note that the
superradiant scattering singly does not guarantee the
superradiant instability, rather the presence of QBSs in
the superradiant regime (time-growing modes) is an
essential condition. Actually, the superradiant scattering
may occur but the superradiant instability may not, see
Refs. [52-54] (also [33]). Inasmuch as the superradiance

effect occurs only for the bosonic fields with integer spin
[55], typically, people are interested in superradiant
instability triggered by the massive scalar fields.” As
an interesting point, the recent studies indicate the
shadow recorded by the Event Horizon Telescope [62]
can be served to shed light on the superradiant instability
phenomenon, see Refs. [63,64] (see also [65,66]).

Altogether, perturbating the Kerr black hole by the
massive scalar field, in the case of satisfying the super-
radiance regime, results in transferring the energy and the
angular momentum of the black hole to the scalar field
until reaching to the saturation point wp ~m€, ~ p.
Because of the energy extraction, it is expected to form
an equilibrium configuration of a complex massive scalar
field in the Kerr background; so-called scalar clouds.
More technically, scalar clouds are bound states that exist
at the threshold of two regimes; SBSs (time-growing
QBSs) and beyond (time-decaying QBSs) [56]. Indeed,
superradiant instability in the background of a black hole
results effectively in the formation of a gravitational atom,
featuring hydrogen-like states between the black hole and
the scalar bosonic cloud. A significant point in connection
with scalar cloud formation (SCF) is the characteristic
timescale to reach the saturation point, 7,;,, = 1/w;. In
other words, 7,,,, is the time required for a scalar cloud to
reach to its maximum mass, i.e., the final stage of the
formation. The rotating scalar bosonic cloud is of phe-
nomenological importance in the sense that after its
formation, on very long timescales, it dissipates its energy
through the emission of monochromatic gravitational
waves within a very narrow range of frequencies around
wg/7w~pu/x [67]. This lets us probe the imprint of the
scalar bosonic field via gravitational waves since the
scalar cloud’s configuration acts similar to a continuous
gravitational wave source (e.g., see [68—72]).

By taking the astrophysical considerations for the
no-hair theorem, the unique solution for a steady black
hole in the four-dimensional vacuum of the GTR is the

’In the meantime some interesting studies can be found on
higher-spin massive fields, as well [56—61]. The reason for such
much attention to the scalar field is multifaceted. First of all, the
scalar fields are ubiquitous in theoretical physics (Higgs boson
is the most famous case), and may represent a fundamental
degree of freedom. It is well known, due to the capability of
these entities to give rise to long-range gravitational fields, they
are suitable candidates for building up extended theories of
gravity. Scalar fields are of undeniable importance in a
fundamental theory such as string theory. Scalar field dark
matter models with the assumption of a very tiny mass
corresponding to the scalar field are among the favorite
candidates to solve one of the biggest challenges in explaining
the mechanism governing the Universe. It is also essential to
mention one of the cornerstones for the development of modern
cosmology is the so-called scalar field inflation which is a
successful theory in predicting descriptions compatible with
observations from the early Universe (without addressing the
initial singularity issue).
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Kerr black hole.” However, the existence of singularities
in the form of a ring in the center of the Kerr spacetime has
no meaning but the failure of the GTR, since they denote a
region at which the causal connection of geodesics
disrupts suddenly. Namely, the spacetime singularities,
in essence, result in losing the predictive power of theory
in very small scales. So, the principal motivation behind
constructing nonsingular alternatives to Kerr black holes
(regardless of their type) comes from the widespread
belief that singularities are merely nonphysical objects
imposed by the classical theories of gravity [76] and
should not exist in nature. Theoretically, we have to see
the Kerr black hole merely as an effective representation
of a more comprehensive metric. Although it is believed
that taking quantum gravity considerations into account
can fix the issue, such a definite theory is still out of reach.
Nevertheless, the efforts did not stop and instead have
been conducted remarkably in the direction of construct-
ing the regular models (also named nonsingular black
holes); namely, models representing black holes with a
nonsingular core effectively. Historically, the idea of
regular black holes dates back to the seminal papers
[77,78]. The key idea stated that if the interior of a black
hole fills with some matter with the equation of state
p = —p, i.e., corresponding to a de Sitter (dS) core,
then the singularity in the center is circumvented. In
other words, the negative pressure arising from the dS
core prevents geodesics from reaching the singularity
point. Most of the regular black holes were originated
from the original Bardeen model [79] until other models,
e.g., [80—-83], were built by the inspiration of this idea.
The price paid to bypass the singularity in these models
with dS core (usually named standard regular black holes)
is the violation of the weak/strong energy conditions.
Studies indicate the physical source of the standard
regular black holes should be found in the nonlinear
electromagnetic [84]. Although the development of the
standard electromagnetic to a nonlinear one is theoreti-
cally well motivated, so far, the observations have not
given us a signal for the existence of such a magnetic
charge in nature.

In this paper, we desire to investigate the role of the
avoidance from the central singularity of Kerr black hole on
the lifetime of SBSs triggered by a massive scalar field.
Even though the singularity is hidden within the event
horizon, we are interested to see whether removing the
singularity of the Kerr black hole affects the growth time of

This is also known as the Kerr hypothesis, meaning all
astrophysical black holes are well described by Kerr geometry.
Although in the light of the two images recorded by the Event
Horizon Telescope, we expect the galaxies Messier 87 [73] and
Milk Way [74] to host the supermassive Kerr black holes M87*
and Sgr A*, respectively; concerning the universality of this
hypothesis, there are some theoretical conflicts, see [75] for more
details.

QBSs (the timescale of SCF around the black hole). Given
the phenomenological prospect of SCF, this study is
astrophysically well motivated, since we see by imposing
a natural and inevitable assumption (avoiding curvature
singularity) into the standard Kerr metric, it results in a
shorter timescale of SCF. To do so, we adopt a composite
system including a massive scalar field propagating
on a novel type of rotating hollow regularized black hole
which unlike standard regular models has an asymptoti-
cally Minkowski core. This metric is known as Simpson-
Visser (SV), and its static spherically symmetric solution,
first, has been released in [85]; and its rotating version can
be found in [86,87] as well. The notable point distinguish-
ing the SV metric from other standard regular models is the
fact that it was built based on a set of theoretical and
observational motivated criteria. In this regard, of the
salient features which can be mentioned is the SV metric
models a spinning black hole which is regular everywhere;
it recovers Kerr at large distances and has integrable
geodesics. Besides, within the range of theoretical and
observational verification, fulfills all of the energy con-
ditions admitted by GTR. Due to the existence of an
asymptotically Minkowski core in the SV metric, it indeed
is a hollow black hole with an interior region’s physics
being much simpler in comparison with the standard ones
[88]. This metric is rich geometrically, in the sense that it
potentially is prone to address compact objects other than a
black hole, too [89]. Besides, in the light of the separability
of the Klein-Gordon (KG) equation as well as Maxwell’s
equations on the SV spacetime, it can be considered as a
well behaving background to analyze the quasinormal
modes associated with the spin-zero and spin-one pertur-
bations [90,91]. These tempting features have caused the
hollow rotating regular black hole at hand, to become a
more ideal black hole astrophysically relative to standard
regular models. This has led to a lot of attention being paid
to its various physical aspects (see e.g., Refs. [92-104]).

In this regard, by taking the SV rotating regular black
hole as a framework, we organized this paper as follows.
After a short review of the underlying metric in Sec. II, we
go to Sec. Il for the derivation of the superradiant
instability regime triggered by massive scalar perturbation
around SV rotating regular black hole. In Sec. IV, by
analyzing the SBSs, we investigate the effect of regulari-
zation of the central singularity in Kerr black hole (as
proposed by SV) on the lifetime of SCF. A summary of the
results can be found in Sec. V. Throughout this paper, we
use the signature convention (—, +, +, +) and for simplic-
ity, we work with the units c = Gy =h = 1.

II. ROTATING REGULAR SV BLACK HOLE

Recently, by aiming to cancel out singularity, SV have
proposed a static and spherically symmetric metric with a
nonsingular modification to Schwarzschild [88]
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where M and ¢ are respectively, the ADM mass and a
positive suppression parameter with the dimension of
length to control the central singularity at r = 0. The
parameter 7, is also named the regularization length scale.
By serving the Newman-Janis algorithm, the rotating
version of the metric (1), in the standard Boyer-
Lindquist coordinates (z,r,0, ¢), is written as* [86,87]

Ay — a?sin2 0 s
ds? :—<%>dﬂ+A—dﬂ+2d92

sV
N <sin2 O((r* + a*)? — Agya® sin? 9)> i
z
(e sy

where

Y = r?+ a*cos? 0, Agy = 1> +a*> = 2Mre~?/". (3)
By relaxing the single suppression parameter £ in the
metric above, the standard Kerr spacetime is restored; i.e.,
in the above metric, Ak, = 1* + a®> — 2Mr instead of Agy.
As another consistency check with Kerr metric, it can be
seen as r — o0, asymptotic flatness is preserved. Despite
the fact that similar to the standard Kerr, the domains for the
temporal and angular coordinates are unaffected, the
discontinuity at r = 0, is limited just to » > 0. This makes
the SV metric rich in the sense that the closed timelike
curves no longer appear in the surrounding maximally
extended Kerr. The metric enjoys a special feature: the ring
singularity is replaced by a region of spacetime that is
asymptotically Minkowski. It is special because in the
standard regular black holes, the ring singularity is replaced
by a region of spacetime which is asymptotically dS.

To consider the regularity problem of the metric at hand,
it is just sufficient for us to investigate the behavior of
curvature invariants R,sR* and Rz, R**, as r — 0. By
taking the equatorial plane (6§ = z/2), these two invariant
read as

32M?*e*=

RyRY = ——

(B — 283 4 252), (4)
,

*A notable point is that metric (2) is nothing but the same
geometry introduced by Ghosh [105], with a difference that SV
have presented remarkably more detailed physical discussions
and arguments to explain why it is of our interest.

R, R = . B - B4 8EP 4B+ 1

r 3 3

afuv

48M2e~4E (4_ 16 )

(5)

where E = £/2r. As it is clear, both curvature invariants
are regular everywhere, including at » = 0. In this manner,
the SV spacetime models a tractable rotating regular black
hole with an asymptotically Minkowski core whose geom-
etry is nonsingular globally.

Concerning each one of the horizons’ exact locations
(inner r_ and outer r,) corresponding to the underlying
spacetime, we have to solve the roots of g,, = 0 or Agy(r)
analytically. Despite the fact that Agy(r) =0 is not
analytically solvable, by adopting a realistic approxima-
tion, it becomes possible. By introducing a dimensionless
regularization parameter ¢ = /M, one of the possible
approximated solutions is to write Taylor series expansion
about small €. As an outcome, up to the second-order
O(e?), we find

P+ _ 2 2
M_li\/l 12— 26— O(e), (6)

where y = a/M is the dimensionless spin parameter. To
obtain another relevant approximation instead of expanding

around e = 0, one can look for the approximated horizons’
location by expanding about the Kerr horizon located at

fekor — 14 4/1 — 4% By keeping the terms up to the
second-order O(e?), we have the following expressions

ri >
—=1x4/1-
M X

- 2/ 1= £(2-2)
(V1= £D)(V1=2£(1-2%))
for the location of outer r, and inner r_ horizons,
respectively. In this regard, by taking the above approx-

imations into the account of g, = 0, the ergosurface is
characterized by the following expressions respectively,

e+0(€e?), (7)

Terg _ 20020 — 0 2
M_1+\/1 Feos2f—2¢—0(2),  (8)

and
27 ore Kerr ) 2
Terg Terg Kerr e—l& = — X COS 0 3
= - Terg Kerr (Terg Kerr 2 2 € + O(e )’ (9)
M M R (SR — y7c0s70)

T erg Kerr

where <Xt — ] + /1 — y* cos? §. Considering the fact
that the given approximate procedures used for deriving the

solutions (6)—(9), i.e., the expansions around small values
of ¢ and/or around the standard Kerr, are equivalent in
essence; thus, one has to carefully set the values small
enough for e. Otherwise, the solutions (6) with (7) and (8)
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with (9), may no longer match, and subsequently address
distinct locations for r.. and re.

Given the important role of the suppression parameter £
throughout the analysis, it is interesting to note from
Ref. [86] remember that one has the freedom to determine
its scale. More precisely, Simpson and Visser based on the
current belief of relativists, categorized the domain of
validation for the GTR into the following three domains:

(i) Everywhere except for small scales where a phenom-

enological theory of quantum gravity is essential.

(i) Everywhere outside any Cauchy horizon(s).

(iii) Outside any horizon but has a full stop.
While the first restricts the scale of £ to small ones, namely
the Planck length /,, the remaining two allow us to go
beyond the Planck scale.

A profoundly desirable property of the SV spacetime is
its connection with the classical energy conditions admitted
in GTR. In this respect, the stress-energy components of
SV metric takes the following forms

Me2E
4732

B Me 2=
P = 4732

p=-p = (1-8).  (10)
At first sight, globally it satisfies p >0, if > 0.
Considering p + p, = 0 being valid globally, the radial
null energy condition would be satisfied then. Concerning
the transverse null energy condition p 4+ p, > 0, one can
easily show in the equatorial plane, the violated region is
pushed into r < f. Moreover, for the strong energy con-
dition p+ p,+2p, > 0, in the equatorial plane, the
violated region is absorbed into r < g. If we take the
suppression parameter £ to be of the order of magnitude
of a tiny scale,” then the above results indicate all of the
violations of energy conditions in physics can be pushed
into an extremely small region in the deep core of
spacetime which is beyond the reach of the observer.

To find out more details about the analysis of the
metric at hand, see Ref. [86] (we also refer the reader to
Refs. [87-89]).

III. ANALYZING THE SUPERRADIANT
INSTABILITY REGIME OF MASSIVE SCALAR
FIELDS USING TRAPPING WELL

In this section, by taking the black hole bomb mecha-
nism [31] into the account of the rotating regular black hole
metric (2), we desire to investigate the role of the circum-
vention of singularity on superradiant instability regime.

’As an example, by adopting the above-mentioned first
category if we set £ ~[,, the regions whose energy condition
violates physics will theoretically be pushed into a forbidden
region since Planck length /,, is the smallest scale in nature. So,
the existence of such forbidden regions r < [,/4 and r < [,/2
for energy condition’s violation are not logically and practically a
threat to spacetime.

The existence of a potential well outside the black hole in
addition to the existence of the ergoregion is required [35].
In other words, when the massive modes corresponding to a
composited system of the rotating regular background (2)
and massive scalar perturbations y, get stuck in the
effective potential well outside the black hole, it may result
in creating instability in the system; as schematically shown
in Fig. 1. As noted already, these massive modes play the
role of a reflecting surface, like a mirror, which causes the
wave to be enclosed between itself and the black hole. As a
result of the resonance arising from forward and backward
movements of the enclosed wave around the black hole, it
induces a superradiant instability known as the black
hole bomb.

Beginning from the KG equation for the scalar field y
with the mass y, we have

(V V% +12)¥(t,r,0,¢) = 0. (11)

By means of introducing the following ansatz in the Boyer-
Lindquist coordinates

W(1,7,0.$) = Ry (r)Y, (0) e e,
120, I<m<l, (12)

the function of the scalar field can be decomposed in terms
of the radial function R, (r), and the spherical wave
function Y, (@). The subscripts [, m, respectively are the
angular quantum number, the azimuthal wave number, and
w represents the frequency of the scattering scalar field
which is positive (w > 0). By carrying the components of
the metric (2) into the differential equation (11) along with
inserting the ansatz (12), the radial KG equation, after
separation, reads as

d dR;, _
ASVE (Asv dr ) +UR,;, =0, (13)

where

Usy = ((r* + a®)w — ma)?

+ Agy(2maw — a*0? = 1(1+ 1) — p?r?).  (14)

To address the black hole bomb phenomena via the radial
KG equation (13), we should set the following solution

eV ;42—m2r*

r

e~i@=mQ)r as r — 1 (r, » —c0)

as r - oo(r, = ),

where Q, = is angular velocity of a rotating

a J— a
2Mr, r2++a2’
black hole. Note in the above solution 7, is tortoise radial

. . .. 2 2
coordinate, coming from the definition ”f;; = %-

(15) asserts the fact that the scalar wave on the horizon is

Solution
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purely ingoing; while, in case of @?> < y?, it is a bounded
solution at spatial infinity, i.e., decaying exponentially.

Now, by suggesting a new radial function as y,=
v/AgyR;,, into the radial equation (13), we come to the
following equation known as Regge-Wheeler

d?
(drz‘i'wz—v)ll/zm =0, (16)
with
U
V= 2—f12 S (17)
sV
|
-1

- ((a*x* +1)e’™ — 2Mx)?

where
f=a**Mr3e /" — a?
+ Mr2e 7 (€2 = 2¢7)(refl" — M) + M72).  (18)

It is not difficult to show by putting £ = 0 in the above
expression, Eq. (17) recovers its standard form

M? — @ + Uger
A2 ’

Kerr

V=w?-

(19)

By choosing the change of variable r— x~!, the
effective potential (17), rewrites as

(Mxt™* (a2 + 0*(6a%x?> + 4) — dmawx® + 2x* = 26x> + 21(1 + 1)x> + 2u4%)

=211+ 1) (a®x* + x2) + X2 (1 + 0* + x2(1 = m?)) + a*0*x* + p?) — (MPx* (252 = 26x — 1) + 4M*w?x?)).

By expanding around x = 0, and keeping the terms up to
O(x?), we can show the asymptotic form of the effective
potential V [i.e. V(r — o0)], takes the following form

W+ (2 M =AM )x + (a* (0 — )
+(4Ma? = 2> M) — 12M*0* + 1(1+ 1) + 4> M?) x>
+O(x?). (21)

One immediately realizes if we keep the terms up to O(x?)
in (21), we are dealing with exactly the same thing we
expect for the standard Kerr. Given the fact that in the black
hole bomb phenomenon, the existence of a trapping
potential well is essential to have instability; thus, we
demand the asymptotic derivative of the effective potential
to be positive, ie., dV/dr— 0" as r > o [35]. By
bringing dV/dr out for the expansion (21), we have

Ma?* —Mu?)(r=2¢) a*(@* —p?) = 12M** +1(1+1)

3 3

(22)

Considering the fact that we are interested in the asymptotic
derivative of the effective potential, such that r> ¢
(r —2¢ = r); it causes the first expression to be prevailed
in (22). As a consequence, if

e
03 < w? < u?, (23)
the condition dV /dr> 0 satisfies. Mixing the above insta-
bility regime with the superradiant condition @ < m€Q,,
one yields the superradiant instability regime

(20)

p<V2mQ,, (24)

which has nothing new but the same instability regime related
to a composed system of the massive scalar field and the
standard Kerr BH. Likewise, we can see by keeping the
terms up to O(x?), including the suppression parameter Z,
the standard superradiant instability regime, still holds. So,
fixing the core singularity by an asymptotically Minkowski
core characterized by the single suppression parameter £, has
no effect on the standard superradiant instability regime.

IV. EFFECT OF REGULARIZATION PARAMETER
¢ ON THE LIFETIME OF SBS

The aim in this section is to find the role of the
regularization parameter ¢ on the lifetime of SBS (or
time-growing QBSs). For the first time, the lifetime of SBS
around the standard Kerr black hole using the semianalyt-
ical method introduced in the seminal paper [8], was
derived in Ref. [106]. The meaning of the semianalytical
method is analytical asymptotic matching, here. In this
method, instead of extracting a direct solution from
KG, one indeed obtains a matched solution of the given
solution close to the event horizon (r — r, < ") and the
one far away from the event horizon (r — r, > M). As a
result, this solution just is valid in the overlapping
range M < r—r, <w~!. So, the analytical asymptotic
matching method performs by hiring two approximations:
Myu < 1 and Mw < 1, i.e., the product of the mass of the
field u and the perturbation frequency @ with the black hole
mass M separately, are much less than the unity. The former
requires the scalar boson’s Compton wavelength to be
bigger than the black hole’s gravitational radius; while the
latter comes from a low-energy regime for perturbation.
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FIG. 2. The timescale of SBS for the fundamental (n = 0),/ = 1 = m and [ = 2 = m modes (from left to middle) as a function of the
gravitational coupling My and for the regular rotating SV black hole with the dimensionless spin parameter y = 0.94. The solid curve
represents the standard Kerr black hole, while the blue-dashed and red-dashed curves drawn for the cases related to the dimensionless
regularization parameter ¢ = 0.02, with considering the idea that the event horizon radius r, come from Eqs. (6) and (7), respectively.
The left and the middle panels are integrated in the right panel so that the curves; black-solid, blue-dashed, and red-dashed address
My — 71, while gray-solid, blue-dotted, and red-dotted are for Mu — 7,,.

Multiplication by My, in essence, is a criterion for the
measurement of the gravitational coupling between the
perturbations and the black hole, so that if My < 1, it gives
us the exciting phenomenological message stating that in
the light of superradiant instability, the black holes with
masses M/Mg in the range O(1)—O(10'°) may be
utilized to probe the ultralight scalar bosons with masses
u/eV in the range O(10722)-O(10719).

By adopting the boundary conditions (15), namely an
ingoing wave and an exponentially decaying respectively at
the event horizon, and at infinity, one will solve the KG
equation semianalytically (13). Actually, the solution derived
in the light of the mentioned boundary conditions can address
QBS with the complex frequency @ = wp + iw;. If w; > 0,
then, the amplitude of the perturbation (here the scalar field)
grows exponentially with time and subsequently the back-
ground turns unstable. Otherwise (w; < 0), the amplitude of
the perturbation dies off exponentially and disappears. The
former case has phenomenological worth, in the sense that its
inverse reveals the timescale of SCF, as discussed already in
the Introduction.

The solutions acquired from the KG equation (13),
within the validity range of the two approximations,
Mpu <1 and Mw <« 1, are equivalent to a hydrogenic
spectrum [106] (see also [34]) with a complex frequency

1/ Mu 2

Moy = Mﬂ(l ~3 (l"‘—1> >, (25)

242214+ 1 4 n)!

Moy = (uM)*+5 (my —2ur.) (I+ 1+ n)" )
I 2 , i
s (1 — 5 |
x <(21)!(21+1)!> g( (L=x7) + (my —2ur,)*)
(26)
It is clear in case of wp~pu < m, :ﬁ’ for m > 0

(modes corotating with the black hole), these modes

become unstable (w; > 0) with an instability timescale
given by the e-folding time 7;,, = 1/w;. The gravitational
coupling My, the spin of the black hole a, quantum
numbers (I, m), and the location of the event horizon r.
are parameters involved in determining the instability
timescale. By taking the fundamental modes with overtone
number n = 0, which address eigenfunctions with zero
nodes, for the rotating SV black hole perturbed by the
massive scalar field, the results are displayed in the Fig. 2,
plots My — 7;; and My — 75,. The main reason that the
modes [ = m are favored commonly, originates from the
astrophysical phenomenology in the sense that the time-
scale of these modes always is shorter than the modes
m < [. The right panel in Fig. 2 confirms the fact that the
fastest growth happens for the SBS [ = 1 = m. Given that
SCF, due to superradiant instability, stops in the saturation
points wr = m&, and w; — 0; hence the inverse of the

TABLE I. Numerical values of z,,;, in terms of ¢ for modes:
[ =1 = m (upper table) and [ = 2 = m (lower table). Symbols
and =* denote the approximation solutions of (6), and (7),
respectively.

€ Muy* Thin Muy** T

0 0.3096 6.52 x 107 0.3096 6.52 x 107
0.01 0.3168 5.30 x 107 0.3165 5.35 x 107
0.02 0.3253 4.18 x 107 0.3237 4.36 x 107
0.03 0.3355 3.16 x 107 0.3313 3.54 x 107
0.04 0.3487 2.23 x 107 0.3392 2.86 x 107
0.05 0.3681 1.37 x 107 0.3475 2.30 x 107
€ Mﬂ* Tfnin Mﬂ** Trrfin

0 0.6134 1.5238 x 10° 0.6134 1.5238 x 10°
0.01 0.6277 1.1277 x 10° 0.6271 1.1433 x 10°
0.02 0.6445 8.0070 x 108 0.6414 8.5231 x 108
0.03 0.6648 5.3536 x 108 0.6564 6.3107 x 108
0.04 0.6908 3.2468 x 108 0.6721 4.6394 x 108
0.05 0.7293 1.6067 x 108 0.6886 3.3854 x 108
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A contour plot of the parameter space My — ¢, for / = 1 = m, and [ = 2 = m modes (from left to right) showing the critical

dimensionless spin parameter y,. in which the superradiant instability stops.

maximum of @; > 0, represents the SCF timescale. The
minimum of these curves show the values of the gravita-
tional coupling My in which the superradiant instability is
the most efficient. To show the effect of € in the interplay
with My on the timescale of SCF as clear as possible, in
terms of different perturbative values of €, we additionally
released in Table. I some numerical values of z,,,;, and Mu
in which the superradiant instability is the most efficient.
To provide these values, we indeed used the approximated
solutions (6), and (7) to solve equation % =0. As a
consistency check, for the case of ¢ = 0.02 one can see a
perfect matching between 7., and Mu reported in
Table. I, with the relevant curves in Fig. 2. The curves
in Fig. 2 along with the numerical values in Table. I give
us two intriguing messages about the role of the rotating
regular SV black hole. First, in the presence of perturba-
tive value of dimensionless regularization parameter €
which, in essence, comes from regularization length scale
¢; the instability’s e-folding time reduces almost up to one
order of magnitude, O(10). Second, embedding the
regularization length scale £ into standard Kerr causes
the value of the gravitational coupling Mu in which the
superradiant instability turns efficient, to shift to slightly
larger values. One may interpret these outcomes to mean
that if the origination of the regularization length scale #
comes from the Planck length (as has already been noted,
one of the domains in which GTR is not valid), it leaves
imprints separable from the Kerr. It is potentially inter-
esting, because it can be considered as a smoking gun
which may carry some signals from quantum gravity.
However, this interpretation may seem crude, and needs to
be discussed in more detail. In this regard, let us reexpress
dimensionless regularization parameter € in the SI unit as
follows:

¢ Lt (¢ (Mg 1038 (2 (Mo
€ = — = —_ R ~ J— — |,
M  MyGy \l, M L, M
(27)

where ¢, Gy, and My are speed of light, gravitational
constant and Sun’s mass, respectively. Now, by fixing the
value of # around Planck length [, to achieve e ~ 1072,
one is required to choose M ~ 1073 M which does not
lie within the physically/astrophysically viable range.
This shows within a realistic framework the above-
mentioned interpretation is not acceptable. Although
the story does not end here and there are two other
domains for ¢ (see the categories quoted from Ref. [86]
and listed already) which permit us to set values beyond
Planck length. For instance, fixing # = 10*1, to obtain
e~1072, we yield M ~10* My which is acceptable
astrophysically.

By reading w; from Eq. (26), and taking positive
modes m > 0, for instance by putting Eq. (6) as the event
horizon radius6; then, one finds the following critical value
for y. to saturate the superradiant condition

_ 2Mu(m + Vm? (1 = 2¢) — 8M?ue)
¢ = m? + AM22 ‘

(28)

More precisely, beyond the critical value of the dimension-
less spin parameter (y > y.), we would have superradiant
instability. Contour plot drawn in Fig. 3, displays the
critical values of y. for saturating the superradiant

®As noted before, in the case of setting values small enough for
€, it has no difference which equation addresses the location of
the event horizon, (6) or (7).
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FIG. 4. The behavior of the critical value of the dimensionless spin parameter y.. in terms of the dimensionless regularization scale €
for different values of the gravitational coupling M. In the left panel, by taking the mode [ = 1 = m, we set values Mu = 0.2, 0.25, 0.3,
0.35 for black until green, while in the right panel used the values My = 0.4, 0.45, 0.5, 0.55, for the mode [ =2 = m.

condition, in interplay with the gravitational coupling My
as well as the regularization length scale #. Equation (26)
indicates clearly the more the difference between y — y,
i.e., the more the black hole loses rotational energy, the
faster the scalar cloud forms. This is exactly the same thing
that occurs due to embedding a regularization length scale
¢ into the geometry of the Kerr black hole. Actually, by
turning on £ in the Kerr geometry, y. drops with the
increment of the suppression parameter’s value, as it is
evident from Fig. 4. Namely, in the underlying nonsingular
background, the energy loss via the superradiant instability
stops in lower spins, showing more spin-down relative to its
singular counterpart. In other words, £ causes more rota-
tional energy to be transferred to the scalar cloud, which
accelerates its formation. Indeed, this occurs because
embedding a natural regularization length scale £ into
the black hole’s geometry causes the superradiant insta-
bility to become stronger. Interestingly, it also can be
confirmed via the correlation between the strength of the
superradiant instability and the measure of the size of the
ergoregion, as proposed in [107]. There, by introducing a

A .
T M2+ , so called ergosize,

indicating the difference between the area of the ergosur-
face A, and the area of the event horizon A ; the idea was
proposed arguing that the bigger the o, the stronger the
strength of superradiant instability and vice versa. By
taking both approximations into account i.e., Eqs. (6)
and (7) for the location of the event horizon and
Egs. (8) and (9) for the location of ergosphere; we are
able to numerically plot § in terms of € in Fig. 5, to reveal
the role of the regularization length scale on the size of
ergoregion region around a Kerr black hole. It is clearly
shown by adding # into standard Kerr geometry, it results in
the increment of the ergosize and subsequently the
enhancement of the strength of superradiant instability.
Additionally, the increase in €, gives rise to a difference
between the curves, as noted earlier. This, in its essence, is

dimensionless criterion 6 =

due to the deviation from a small enough choice of ¢, as
discussed before.

A. Mu - 7;,, for nonperturbative values of €

Here, we are interested in briefly addressing the effect of
nonperturbative values of dimensionless regularization
parameter € (i.e., close to 1) on 7;,,. As one can see, due
to the approximate solutions (6)—(9) obtained from the
perturbative procedure, throughout the analysis governed
above, we were required to set adequately small values for
€. Despite that the modification included in the SV metric
makes it acutely difficult to derive exact solutions, we can
alternatively treat it numerically. By adopting such a
procedure to derive the location of event horizon and
embedding it into Eq. (26), we draw plots Mu — 7;; and

0.44
’/
0.42 7
6 fﬂ””’
0.40 e T 1
--t‘.====:"‘
0.38 ‘_______
0.00 0.01 0.02 0.03 0.04
€
FIG. 5. The behavior of ergosize § in terms of the dimension-

less regularization scale e for both approximations used for
derivation of the locations of event horizon and ergosphere. Blue-
dashed curve represent Egs. (6) and (8), while red-dashed curve
represents Eqs. (7) and (9). Although, the generality of the
behavior of these curves for any value of the dimensionless spin
parameter is the same, here we set y = 0.94, as before.
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FIG. 6. Same as Fig. 2, this time for the nonperturbative values of dimensional regularization parameter e. By taking a rotating black
hole with dimensionless spin parameter y = .85, we set here numerical values: 0,0.2,0.4, and 0.6 (from the black-solid to green-dashed

curves, respectively) for e.

Mu — 75, in Fig. 6. Contrary to what we perceive from
Fig. 2, here 7,,,;, reduces considerably compared to the Kerr
case so that as e increases, the difference becomes more
significant. More precisely, taking nonperturbative values
of € into account can lead the lifetime of SCF to reduce
more than one order of magnitude which astrophysically is
of high value. Particularly, by setting e = 0.6 we see with
clarity from Fig. 6 that 7., for modes / =1 =m and [ =
2 = mrelative to € = 0 is reduced up to two and six orders
of magnitude, respectively. Similar to Fig. 2, here in the
presence of e, the value of the gravitational coupling My in
which the superradiant instability turns efficient, is shifting
to larger values as well but this time is more remarkable,
since we set nonperturbative values for e.

V. CONCLUSION

It is well known the Kerr spacetime, in case of perturbat-
ing by the massive scalar fields, due to black hole bomb
phenomena, is prone to superradiant instability. In this way,
the black hole mimics a gravitational atom, due to the
quasistationary gravitational bound states created by the
scalar clouds arising from exponential amplification of an
initial scalar perturbation around the black hole. Actually,
we deal with hydrogen atomlike bound states between the
black hole and the scalar cloud. The bosonic scalar clouds
around the rotating black hole are of phenomenological
importance, since via gravitational wave emission, they can
be used to probe new physics in the form of ultralight
particles. The key concern in this scenario is related to the
required growth time for superradiant bound states i.e., the
lifetime of time-growing quasibound states. More precisely,
the shorter the timescale of the scalar cloud formation, the
more the astrophysical importance.

In this paper, we have addressed this question even
though the singularity is hidden within the event horizon,
whether bypassing the central singularity of the Kerr black
hole affect the timescale of the scalar cloud formation

around the black hole or not. Bypassing the singularity, in
essence, is an inevitable requirement in the general theory
of relativity which is expected to be successfully performed
by including the quantum gravity considerations. In the
absence of a full theory of quantum gravity, regular models
as frameworks to effectively remove curvature singularity
in the Kerr black hole have received much attention. One of
these regular models which was recently proposed by
Simpson and Visser is a rotating hollowlike regular black
hole with an asymptotically Minkowski core, including
some desirable features which are missing in its standard
counterparts, and made it an astrophysically viable black
hole. This has led us to consider this novel regular model as
a merit framework for addressing the above question.

In the first step, we investigated the superradiant insta-
bility of the regular rotating Simpson-Visser black hole,
which is perturbed by a massive scalar field. In this metric,
there is a parameter, so-called regularization length scale Z,
in addition to mass M and spin a which deviates it from the
singular Kerr metric. Our instability analysis in the form of
the black hole bomb phenomena shows the standard
superradiant instability regime does not get affected by
Z. In the next step, by translating ¢ into a dimensionless
parameter ¢ = £/M, we investigated the effect of regulari-
zation on the lifetime of quasibound states formed within
the relevant superradiant instability regime, which are
known as the superradiant-bound states as well. This is
well motivated, since it lets us know about the role of
regularization of the central singularity in Kerr’s black hole
on the timescale of the scalar cloud formation around the
black hole which, in essence, comes from superradiant
bound states’ formation. By taking the hydrogen-like
approximation, we shown a scalar cloud around the
regularized Simpson-Visser black hole, forms faster than
the standard Kerr case. Adding the regularization length
scale into the Kerr metric causes the timescale of the
formation of a scalar cloud around a rotating black hole to
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become shorter [from one [O(10)] to a few orders of
magnitude, depending on the values set for €]. Likewise we
argued this positive outcome can be applied to astrophysi-
cal black holes when the regularization length scale
embedded in the Kerr spacetime exceeds the Planck length.
It has no contradiction with the framework proposed by
Simpson and Visser because one is free to choose the scale
of the parameter #. We have shown the enhancement of the
superradiant instability’s strength due to the increase in the
ergosize, is the origin of the acceleration of the formation of
scalar clouds around the regular Kerr black hole at hand,
compared to the standard one.

From the perspective of phenomenology in the frame-
work of astrophysics, this may be interesting since the
scalar cloud, after its formation, is able to play the role of a

continuum source of gravitational waves via energy dis-
sipation. By and large, the important message of this study
is that demanding a natural and inevitable requirement such
as bypassing the central singularity of the standard Kerr
metric, results in a shorter timescale of the scalar cloud
formation, which improves the detection prospects of new
physics (particularly ultralight particles).
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