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We obtain a coordinate independent algorithm to determine the class of conformal Killing vectors of a
locally conformally flat n-metric y of signature (r, s) modulo conformal transformations of y. This is done
in terms of endomorphisms in the pseudo-orthogonal Lie algebra o(r + 1, s + 1) up to conjugation of the
group O(r + 1, s + 1). The explicit classification is worked out in full for the Riemannian y case (r = 0,
s =n). As an application of this result, we prove that the set of five-dimensional, (A > 0)-vacuum,
algebraically special metrics with nondegenerate optical matrix, analyzed in [G. Bernardi de Freitas et al.,
Commun. Math. Phys. 340, 291 (2015).] is in one-to-one correspondence with the metrics in the Kerr—
de Sitter-like class. This class [M. Mars et al., Classical Quantum Gravity 34, 095010 (2017).; M. Mars and
C. Pedén-Nieto, Phys. Rev. D 105, 044027 (2022).] exists in all dimensions, and its defining properties
involve only properties at Z. The equivalence between two seemingly unrelated classes of metrics points
towards interesting connections between the algebraically special type of the bulk spacetime and the

conformal geometry at null infinity.
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I. INTRODUCTION

Conformal invariance plays a fundamental role in many
physical theories that include critical phenomena, con-
formal field theories, or electromagnetism, among many
others. Conformal Killing vectors (CKV) in (a locally
conformally) flat space, being the infinitesimal generators
of (local) conformal transformations, are therefore also of
great importance. The conformal group induces a natural
equivalence relation between CKVs in flat space. Two such
CKVs are said to be equivalent if there is a (local)
conformal transformation that maps one to another.
Conformal invariance in a theory means that the relevant
object is the conformal class of CKVs instead of individual
CKYV representatives in the class.

As summarized in more detail below [1] (also [2—4]), the
classification of conformal classes of CKVs in a flat
n-dimensional space [of signature (r,s)] is equivalent to
the algebraic classification of skew-symmetric endomor-
phisms in an (n 4 2)-dimensional flat space of signature
(r+1,s+1) [ie, elements of the Lie algebra
o(r+ 1,5+ 1)] up to pseudo-orthogonal O(r+ 1,5+ 1)
transformations. The latter classification is worked out in
detail in [4] by means of only elementary linear algebra
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methods, although it is worth to remark that, in a more
algebraic language, this is a particular case of classification
of semisimple adjoint orbits, which is a well-known
problem in Lie theory for which there actually exists a
general framework (e.g., [5,6]).

For any classification result of the adjoint orbits of
o(r+ 1,5+ 1) to become of practical use to our case at
hand, one first needs to find a map between the algebras of
CKVs and o(r+ 1,5+ 1). Such a map is easily con-
structed in Cartesian coordinates [1] (also [2-4]), but a
general coordinate independent approach appears to be
missing in the literature. This is specially relevant in
physical contexts where general covariance is a key
ingredient (e.g., general relativity), as it is often the case
that the quantities are expressed in coordinate systems that
are convenient for the problem at hand, and hence, a priori
unrelated to any Cartesian description. The main objective
of this paper is to provide a simple, algorithmic, and
coordinate independent classification scheme for con-
formal classes of CKVs in locally conformally flat mani-
folds of arbitrary signature. Our main result is given in
Theorem 2.5.

As already said, this result can be of interest in any
physical problem (in a locally conformally flat space)
where conformal invariance and diffeormorphism invari-
ance play a crucial role. An example of paramount
importance is the study of the asymptotic properties of

© 2022 American Physical Society
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spacetimes. A precise definition of the asymptotic region of
a spacetime (M, j) can be given in terms of conformal
scalings, as long as the metric satisfies the property of being
conformally extendable. We say that a metric § is con-
formally extendable if there exists a metric g = Q?§ for a
(sufficiently) smooth positive function Q on M, such that g
admits a (sufficiently) smooth extension to M := M U oM,
where oM = {Q = 0} is usually called null infinity and
denoted Z. A milestone result in general relativity by H.
Friedrich [7,8] proves, using the conformal properties of
the spacetime, that there exists a well-posed Cauchy
problem with data on Z for the (A > 0)-vacuum case in
four dimensions [9]. Similar results also hold in higher
dimensions [10-13], based on a different formalism. More
details on these asymptotic Cauchy problems are given in
Sec. III. Just like in the ordinary initial value problem of the
Einstein equations [14], the presence of Killing vectors
(KV) in the spacetime constraint the initial data of the
asymptotic Cauchy problem with A > 0 [15,16]. For a KV
X of g, it is a general fact that X extends to 7 as a tangent
vector &, which is necessarily a conformal Killing vector of
the induced metric y at Z. In four spacetime dimensions, a
Killing initial data (KID) equation was obtained in [16] for
the asymptotic Cauchy problem of the (A > 0)-vacuum
equations. This gives a necessary and sufficient condition
that £ and the initial data must satisfy in order for the
spacetime metric to admit a KV X, which coincides with &
at Z. The KID equation was extended to higher dimensions
in [15], where it was also proved that, when the data are
restricted to be analytic, it gives necessary and sufficient
conditions for &£ to extend to a spacetime KV.

The fact that the asymptotic Cauchy problem for the
(A > 0)-vacuum equations is formulated in terms of
conformal metrics, leaves a conformal gauge freedom in
the initial data (cf. Sec. III). Moreover, as a covariant
theory, the data are also equivalent under diffeomorphisms
of Z. This has the interesting consequence that the set of
conformal diffeomorphisms (or conformal isometries) of 7
is a symmetry at Z in the sense above. More specifically,
the conformal group Conf(Z) is the set of diffeomorphisms
¢TI — T satisfying ¢* (y) = w?y for some smooth positive
function w of Z. We show in Sec. III that if & satisfies the
KID equation for certain data, then the vector fields of the
form ¢, (&) for each ¢ € Conf(Z) also satisfy the KID
equation and correspond to the same symmetry of g. Thus,
the symmetries of § are in correspondence with the
conformal classes of CKVs [£] instead of with specific
representatives in the class. As a consequence, whenever
the geometry at Z is locally conformally flat, the algo-
rithmic classification result achieved in Theorem 2.5 is of
direct applicability.

In the second part of the paper, we apply this theorem to
establish the equivalence between two a priori unrelated
families of (A > 0)-vacuum solutions of the Einstein field
equations in five dimensions. The first class consists of the

algebraically special spacetimes with nondegenerate opti-
cal matrix, classified in [17]. The second is the class of so-
called Kerr—de Sitter-like class of metrics with conformally
flat Z. This class is a natural generalization of Kerr—
de Sitter, first defined in four dimensions in [2,18] and
later generalized to arbitrary dimensions in [19] in the
locally conformally flat Z case. The characterizing property
of this class is that its asymptotic data are constructed
canonically from a CKV at 7. In fact, there is exactly one
Kerr—de Sitter-like metric associated to each conformal
class of CKVs of the metric at Z. Therefore, the space of
conformal classes [£] provides a good representation of the
moduli space of metrics in the class. The explicit form of
the metrics is the Kerr—de Sitter class in all dimensions was
obtained in [19] via a rather unexpected equivalence (in all
dimensions) between this class and the family of general
(A > 0)-vacuum spacetimes of Kerr-Schild type and sat-
isfying a natural fall-off condition at infinity. The fact that
this family (in five dimensions) is also equivalent to the
family obtained in [17] indicates that there might be
interesting and unexpected connections for (A > 0)-
vacuum spacetimes (in arbitrary dimension higher than
four) between being algebraically special and being con-
formally extendable and having very special properties at
null infinity. We emphasize that the family studied in [17]
made no a priori assumption on the asymptotic properties
of the spacetime.

Moreover, it is worth to emphasize that the metrics in
[17] were heuristically found to be either Kerr—de Sitter or a
limit thereof. This same fact holds for the Kerr—de Sitter-
like class [19], but it can be seen as a natural consequence
of the topological structure of the space of conformal
classes of CKVs ¢, as well as the well-posedness of the
asymptotic Cauchy problem. This perspective strengthens
the uniqueness result of Kerr—de Sitter as understood in
[17], in the sense that it proves that no further limits can be
obtained from Kerr—de Sitter without, at least, substantially
modifying the asymptotic properties.

The plan of the paper is as follows. In Sec. II, we prove
our main result, Theorem 2.5, which provides a method for
a coordinate independent classification of conformal
classes of CKVs of any locally conformally flat n-manifold
(X,7) of signature (r,s). We do this in terms of the
(simpler) algebraic classification of skew-symmetric endo-
morphisms of an (n + 2)-dimensional flat manifold
(R34 1) up to isometries of #, where 7 is a flat metric
of signature (r+ 1,s+1). The latter amounts to the
classification of the Lie algebra o(r+ 1,5+ 1) up to
adjoint action of the Lie group O(r+1,s+1), ie.,
the equivalence classes [F]={F €o(r+1,s+1)|F =
A-F-A"', VA€ O(r+1,s+ 1)}, where the dot stands
for the usual matrix multiplication. A key result for
Theorem 2.5 is (cf. Proposition 2.1) that we find a way
to assign an element F € o(r + 1,5 + 1) to any CKV £of y
based solely on pointwise properties of & (and its
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derivatives). In addition, for later use, we give in Sec. Il A
the explicit definition of a set of quantities which uniquely
determines a class [F] in the Riemannian y case (i.e.,
r=0,s=n).

In Sec. III, we first review (in Sec. III A) some general
facts on the asymptotic Cauchy problem of the (A > 0)-
vacuum field equations in all dimensions. We then establish
the equivalence of a class of CK'Vs at 7 satisfying the KID
equation with a unique KV of the physical spacetime §.
This result had already been proven for asymptotic data in
the Kerr—de Sitter-like class in [2,15], and here we show it
holds in general. Section III is concluded with Sec. III B,
where we revisit the definition of the Kerr—de Sitter-like
class of spacetimes in all dimensions and their main
properties.

In Sec. IV, we apply Theorem 2.5 to establish the
equivalence between the set of five dimensional algebrai-
cally special spacetimes with nondegenerate optical matrix,
classified in [17], with the Kerr—de Sitter-like class of
spacetimes. We start by calculating the asymptotic initial
data of the metrics in [17]. This easily proves that such
spacetimes are contained in the Kerr—de Sitter-like class.
The nontrivial part is to verify that the metrics given in [17]
exhaust the whole space of conformal classes of locally
conformally flat four dimensional Riemannian metrics. The
proof relies strongly on the results of Sec. II, because the
coordinates in which the metrics in [17] are given are
adapted to spacetime null congruences, and have therefore
nothing to do with (conformally) Cartesian coordinates at
infinity. In fact, it is hard to find an explicitly flat
representative of the metric at 7.

We finish this paper with some observations in Sec. V.
We emphasize that the application in Sec. IV goes beyond
simply providing an explicit example where our main
theorem can be applied. The application is useful to gain
insight in the classification higher dimensional algebrai-
cally special spacetimes and point out several possible
future results.

II. COVARIANT CLASSIFICATION OF CKVS OF
LOCALLY CONFORMALLY FLAT METRICS

We start with a well-known result in conformal geom-
etry, which we prove for completeness. Recall that the
Schouten tensor of a metric g of dimension n >3 is

defined as
1 Scal
L,= Ric, - ——
g n—2< o 2(n—1)9>’

and we denote the gradient, the Hessian, and its trace (the
rough Laplacian) by grad,, Hess,, and A, respectively.
Scalar product with g is denoted either by g(-,-) or (-,-),.

Lemma 2.1. Let (M, g) be a semi-Riemannian manifold
of dimension n and Q a smooth positive function in M.

Define g = é g. Then the respective Schouten tensors are
related by

1

1
Ly =L,+—~Hess Q- 2

1=Lit+g erad, QP (1)
Proof.—The relationship between the Ricci tensors of
g and g is well-known be (e.g., [20])

) . n=2 1 n-1
Ric; =Ric, +?Hessg§2+ (QAQQ e |gfadg9|§> g

Taking trace with respect to g and inserting in the
expression for Ly the result follows at once. [

The following result relates the Hessians of scalar
functions with respect to g and with respect to g. The
Levi-Civita covariant derivatives of ¢, g are denoted V, v,
respectively. Indices in objects constructed using geometric
quantities associated to g or to g and raised and lowered
with its corresponding metric. Capital latin indices take
values in 1, ..., n.

Lemma 2.2. Let f be a smooth function on M and g, §
and Q as before Then,

1
Hess; (é) =3 <Hessgf + f(L,—Ly)

flgrad,Q[7 1
<#—§(gradgﬁ grad,Q), g ).

Proof —The difference tensor V — V is

g Ve@ | Ve

V,Q
A :_5AD
Shep P o T o

€ Q

dcp- (2)

For a covector s4, we therefore have
- 1
Vasg = Vysp + 9 (54VEQ + 55V4Q = 5cV Q).

Applying this to sz = Vg(Q'f) =Vg(Q'f) and
expanding the products in the right-hand side yields
- = (f 1
AABEA
1 1 ¢
+ f —§VAVBQ + @v QVCQQAB
1
e VCfVcQQAB> .

Replacing the Hessian of Q with Eq. (1), the result
follows. [

Consider a metric g; of signature (r, s),which is locally
flat on a manifold M and let D be the corresponding Levi-
Civita derivative. Let p € M and U, a neighborhood of p
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where gg is flat. Since the general solution of equation
DyDpf =0, f(p) =0 on U, is a linear combination of
Cartesian coordinates centered at p, there exist precisely
n:=r+ s linearly independent functions {Y} satisfying

DADBYC — O, YA|p - 0 (3)
We do not restrict { ¥4} to be orthogonal. More specifically,
let

hAB == D YADCYE, (4)
It is immediate from (3) that ~*# are constant on U,. {Y*}
being linearly independent and vanishing at p, it is
immediate that they define a coordinate system on U,,.
It follows that 42 is invertible and has signature (7, s). We
let hyp be its inverse and introduce the functions,
1
YO = 1, Yn+1 = EhABYAYB. (5)
The following lemma provides a number of properties of
the set {Y?} := {Y°, y4 y"+i}
Lemma 2.3. With the setup and definitions above, the
following properties hold in U ,:

(i) The functions {Y“} are linearly independent and
satisfy

Hess,, Y* = &%, gk. (6)
Moreover, the matrix,

Qa/)’ = DCYU[DCY/} _ 5(’)lz+1 Y[)’ _ 5ﬁ+lya’
is constant on U, nondegenerate and of signature
(r+1,s+1).

(i1) The general solution of

Hess,, [ = cgg, c€eR,

is a linear combination f = ¢,Y* with ¢,.; = ¢ and
¢, for a #n + 1 arbitrary.
(iii) For each a, p, the vector field,

¢ = Y°grad, Y — YPgrad, Y, a<p (7

is a conformal Killing vector of g satisfying
5
fgaﬂgE = Z(Ya(S/nJrl - Y/3571+1)9E-

(iv) The set B:= {{% a < B} is linearly independent
and spans the conformal Killing algebra of (U, gg).
Proof—Firstly, it is trivial that Hess, Y’ =0 and
HesngYA =0 holds. From definition (5) and since
Hess, Y4 =0, we get

DCDDYVH-l - hABDCyADDYB.

Fix any point g € U, and define the square matrix
Ay == DgY*|,. Using matrix notation (A)*, = A% where
the upper index denotes row and the lower index column,
we may write (4) as (¢ is the transpose)

(h*) = (A)'(*],)(A).

where (gh) and (k") are the symmetric matrices with

coefficients (¢*)*% = g#8|, and (h*)*# = h*B. Since (h*)
is invertible, so it is (A) and

(h) = (A) 7 (gl,)((A)™))" & (A)(h)(A)" = (g],).

where (g|,) is the matrix with components (g|,)p =
(9£)aply- In index notation, hygDeYADpY? = (gg)cp at
all points in U,. Thus, Hess,, Y = gp as claimed. The
constancy of Q% follows from (6) because

DDQOCﬁ: (DDDCY(’)DCYﬁ—FDCY‘XDDDCYﬂ

~82,,DpYP =8\ DpYe=0.

Evaluating at p and using that Y
as (4) yields

|, =Y, =0as well

-1 ifa=0,pf=n+]1
0% ={ -1 fa=n+1,=0
WB if a=A,f=B

and zero otherwise because

QAn+l — DCYADCYn+1 —yA
- DCYA(hBDYBDCYD) - YA
- ]’lADhBDYB - YA - 0,

and the cases @ = A, # = 0 also vanish trivially. Since A%
is of signature (r,s), it follows at once that Q% is of
signature (r + 1,5 + 1) (at p and hence, everywhere) and,
in particular, nondegenerate. This proves item (i).

For item (ii), let f be a function satisfying Hess,f = cgg
with ¢ a constant. Define the constant f, := f(p) and the
function fy = f — f,Y° — cY" "1 Itis clear that fo(p) = 0
and Hess,, f, = 0. Thus, f; is a linear combination of
{Y4}. Therefore, f = c,Y* with ¢g = f, and ¢, = c.
Note that the constant ¢, can be arbitrarily chosen since
for any constant ¢’ the function f+ ¢’ also solves
Hess,f = cgg.
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For item (iii), the covector associated to (% is

&P = yeDLYF — YPDpY®
= Dcﬁ%ﬂ = DcY*DpYF + Y(15€+1 (98)cp
—DcYPDpY* - Y/}(SZ-H(QE)CD (8)

SO
chgﬂ + DDgZﬂ - 2(Y05€+1 - YﬂéZJrl)(gE)CD

which establishes (iii).

For the last item, let F,4, for @ < f, be any set of
constants and define Fy, := —F,;. The most general linear
combination of elements in B is

1
é’ = ZF(I/}Z:H/} = EF{I/}K:{I/} = F,,ﬂY"gradgE Y’H.

a<p

From item (iii), this vector satisfies

£egE = 2FaﬁYa55+1gE
= 2Fan+1YagE
=2(Fou1Y? + 2F 4,11 Y*)gg.

The functions {Y°, Y4} are linearly independent, so ¢ = 0
implies F,,,; = 0 and then { = 0 reduces to

gD = FOBDDYB + FABYADDYB == O

Evaluating at p (where Y“ vanishes) and using that
(A)*, = DpY?|, is invertible, we find Fop = 0. Finally,
from (8)

DCCD|p = FABAACABD =0

from which F 45 = 0 and the only vanishing linear combi-
nation in B is the zero vector. Finally, the number of
independent constants F,; equals to ZZI} Zﬁ;é 1=
S B = (n+1)(n+2)/2, which is the dimension of
the conformal Killing algebra of locally conformally flat
n-metrics (e.g., [1]). ]

Let now g be a locally conformally flat metric and £ a
conformal Killing vector of g. This means that at any point
p € M, there exists a neighborhood U, of p and a flat
metric g on U, conformal to g. We restrict ourselves to U,
in everything that follows and denote the covariant deriva-
tive with respect to ¢ as V and the covariant derivative with
respect to gg as D.

Let Q:U, — R be the smooth positive function satisty-
ing gr = Q72g. By Lemma 2.1 and L,, =0, this function
satisfies the equation,

1
Hess,Q = 55 |grad Q|29 — QL. 9)

We next show that we may assume that the function Q
satisfies, in addition, Q, = 1 and V,Q| » = 0. The under-
lying reason is the freedom to conformally rescale a flat
metric in such a way that it remains flat. We seek for a
smooth function w:U, — R, positive near p such that
Jr = w2gg is also flat. Since the curvature of g is zero,
the curvature of gz will be zero if and only if L;, =0
(indeed, this is immediate in dimension n = 3 and as a
consequence of the conformal invariance of the Weyl tensor
in higher dimension). From Lemma 2.1, the metric gy has
Lg, =0 if and only if @ satisfies the partial differential
equation,

1
Hess,, o = 0 |grad,, o[} gp. (10)

As a consequence of the flatness of g, the divergence of
the above equation gives

1
DAV, Dyw = DyDDyw = Dy <% |grad,, |’ >

9E
1
= D'Dyw = %0 |grad,, o[} + K (11)
for a constant K. On the other hand, the trace of (10) is
n
DADyw = 5 |grad,, o .

which comparing with (11) yields that (2w)~"|grad, o|? is
constant on U,. Denoting this constant by c, the set of
equations to be solved is

Hess, o = cyg, (lgrad,, w|? — 2co)|, =0. (12)

Let {Y*} be defined as before, i.e., YO =1,

1
DcDpYA =0, YA, =0, Yl = EhABYAYB
with &5 the inverse of 448 defined in (4). By item (ii) in
Lemma 2.3, the general solution of the first equation in (12)
is @ =ay+ a, YA + cY™! where ay,a, are arbitrary
constants. Since Y4|, = Y"*!| = D,y"*!| =0, we get

0 = (DcwD w - 2cw)|,
= (aAaBDCYADCYB - C)|])
= aagh® —2c.

Thus, the general solution of (12) is

084045-5
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1
o =ayY’ +a, Y4+ EaAthABY”“.

Given any values wg, w4 € R,
solution @ satisfying

there exists a unique

C0|p = Wy, Dcwlp = Wc,

because the algebraic problem,

ol, = (aY’ + as¥*)|, = ap = wy,

_ Al A _
Dcw|p_aADCY |p_aAA c=0c

always admits a unique solution {ag,a,}. Now, define

Q := Q with
1
Wy = — EVAQ

It is immediate that Q|, =1, VcQ|, =0 and that gy =

29 = 072Q2g = Q2g is flat (in a suitable connected
neighborhood of p where @ remains positive). Clearly Q
also satisfies (9). Dropping the overlines, we have shown:

Lemma 2.4. For any locally conformally flat manifold
(M, g) and point p € M, there exists a unique choice of
conformal factor  which satisfies that g = Q¢ is a flat
metric in a neighborhood of p and

wo = (Qf,)™!

p

Q, =1, VaQ[, =0. (13)

From now on, we make the choice of conformal factor as

in Lemma 2.4. Since gi? [the inverse of (gz) 5] is given by

9B = Q2B the (n + 1)(n + 2)/2 vector fields {* intro-

duced in (7) can also be written in the form,
{% = Q*(Y“grad,Y? — YPgrad, Y*), a<p.

We have shown in Lemma 2.3 that these vector fields span

the conformal Killing algebra of g in U, and hence, also

the conformal Killing algebra of g on the same domain. We
intend to compute coefficients of the decomposition,

E=) Ful? =

a<p

Faﬁgz Y“gradeﬁ, F/f(x = _Faﬁ'

The strategy to do that is the well-known fact (see, e.g.,
[21]) that two local conformal Killing vectors &; and &, on a
semi-Riemannian manifold (M,g), i.e., vector fields
defined on a common open nonempty connected neighbor-
hood U C M and satisfying
£r9="2%g, £e,9=2%9
are the same on U if and only if, at some point p € U, it
holds

(EDalp = (&2)al,
(Vag)l, = (V[A(fz) )N ps
lIJ1|p =
V¥, = Va¥s,, (14)

where the indices between brackets are antisymmetrized.
Assume that we are given a conformal Killing vector £ on
(M, g), so we can compute the function ¥ defined by
£:9 = 2¥;g. We therefore may regard the following quan-
tities as known (p is, as before, any chosen point in M),

(Vap -

Dpp = (df)AB ‘p

lPA = VA

EA = éA p

where € := g(&,). Let {r be defined by

1

‘h = - Fop b — Faﬂgz Y“gradeﬁ = FayY%grad,, Y?,

where F 3 = Fop are arbitrary constants. By item (iii) in

Lemma 2.3, we have
¢
< F© )gE + £, 9

:Qz< QF( ) g +2F Y 5€+19E>

£r,9= £, (Qgp)) =

(gF( ) + F(,,,.YaéfjH)g:: 2%,.g, (15)

with the last equality defining W,. Let us compute the
differential of this function,

VCTF_VC<1 VDQ> +F{lﬁch 6

= _§€IQVDQVCQ +§C?vaDQ

1
+5(VelR)VpQ+ FyDeY s

V,QVAQ

1
= _§€QVDQVCQ +¢R <WQCD - (Lg)CD>

1
+§(VCCIF))VDQ +FoDcYd), .,
where in the third equality, we inserted (9). We elaborate
the third term using the difference tensor S =D -V,
explicitly given in (2),

Vel? = Dol — SPpcly
V-Q \V2fe)
=DclP 4¢P gcz + 62 é'?VAQ TQACC?"’

084045-6
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and insert above to get

1 V,QVAQ
Vc¥r + C?Lga) = @CIFDVDQVCQ - AzTéch

1
t5 (DeCR)VpQ + F DY s, .
(16)

We may now determine the coefficients Fg in terms
of (14).

Proposition 2.1. Let (M, g) be a locally conformally
flat semi-Riemannian manifold of arbitrary signature (r, s)
and dimension n > 3. Fix any point p in M and a
sufficiently small simply connected neighborhood of p.
Define Q in U, as the unique solution of (9) satisfying (13)
and let g; :== Q~2¢. This metric is flat in U »» and we may
introduce the functions {Y“} and the conformal Killing
vectors (% on U p» as described above.

Let & be any conformal Killing vector on (U ,, g). Define
W¥: by £:9 = 2¥:g and introduce the quantities,

. . 1 §
Sc=¢&clp, @cp =5 (d€)cpl, W=l

We = Ve +EP(Ly)ep

P’

where L, is the Schouten tensor of g. Then & admits the
decomposition,

1
&= EFaﬂgaﬁ = FaﬁQY“gradeﬁ,
with Foy = F|ap given by

Fog = BCgéc.
Fpui1 = WeBCy,

_ ~  pC pD
Fap = &cpB~4B"p,

F0n+1 = lilv
where B4 is the inverse of A% := VY4, ie.,
AAcBCB - 5AB.
Proof—Since {py = Q°F apY VY’ #. we need to impose
(recall that DcY" ™| = DcQJ, = 0)
Ec = Crelp = Fapd§DcY?|, = FopAPe,

20cp = (dCF)CD|p - 2v[C<QzFa/iYavD]Yﬂ)|p

= 2F{1/3V[CY(IVD] Yﬁ|p = 2F(1/3,D[CY{ZDD] Yﬂlp

= 2FABABCABD1

= FOnJrl’

o 1
V=", = (QfF(Q) + F(1/3Y(16£+1>
P

A B
We= FaﬂDCYa51r1+1|p = FA11+1AAC7

where in the third equality we used W as given in (15), and
in the last equality, we applied (16). The result follows at
once from these expressions. m
Remark 2.1. The definition of {¥4} allows one to
choose any invertible matrix A% for its construction.
However, if one wants {Y"} to define a Cartesian coor-
dinate system on U ,, then A% must be chosen so that

gCD|pAACABD =", (17)
where 718 =diag{-1,...,—1,1,---1}. Note that the left-

hand side of (17) is by definition #4?|, and that ~**, which

gives the entries of ¢*® in coordinates {Y4} [see (4)], is
constant on U ,.

With this proposition at hand, we can relate the coef-
ficients F,; with the determination of the conformal class
to which £ belongs. For simplicity of presentation, let us
assume that (M, g) is compact and simply connected and let
Conf(M, g) be the conformal group, i.e., the collection of
all conformal diffeomorphism of (M, g), namely trans-
formations @:M — M satisfying ¢*(g) = 6*g, for some
smooth positive function #:M — R. The vector field
@71 (&) defines a conformal Killing vector of (M, g), and
by definition, the conformal class is the collection of all
such conformal vector fields. It is known (see [1,22]) that
the conformal Killing algebra of (M, g) is isomorphic (as a
vector space) to the set of skew-symmetric endomorphisms
(V,n), where V~R"2? and 5 is a metric of signature
(r+ 1,5 4 1). The map is also an anti-isomorphism of Lie
algebras. Note that the skew symmetry here is defined with
respect to the interior product (-, -) defined by #, namely, an
endomorphism F is skew symmetric if for every pair of
vectors u, v € R it satisfies (F(u),v) = —(u, F(v)).

Let us call the conformal Killing algebra of (M, g) by
CKill(M, g), the vector space (V,5) as RU*Ls+D ] the
set of skew-symmetric endomorphisms of RU+1s+1) by
SkewEnd(R(+1-s+1)) and denote the isomorphism above by

¥: CKill(M, g) - SkewEnd(RU+1s+1)),
It turns out that the conformal class of & is

for all
AeO(r+1,s+1)},

[ = {¥'(Fa)
Fr = A"W(Q)A,

where the orthogonal group O(r+1,s+ 1) acts on
R(+1s+1) in a natural way.

The construction of the map ¥ can be done in several
ways and is a consequence of the fact that (M, g) can be
isometrically embedded in the null cone of the origin in
R7+1s+1 The explicit representation of W relies on a choice
of a flat representative g in the conformal class [g] of gin a
sufficiently small neighborhood U, of p and a choice of
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Cartesian coordinates X4 in U,. To gy and {X*}, one
associates an orthonormal basis B := {e,} of R™1*1 with
e timelike. The most general conformal Killing vector & €
CKill(M, g) restricted to U, can be written in terms of
constants {by,v,a,, wsp = @pp} as

1
6 = (bA +I/XA + (aBXB)XA —E(XBXB)aA —Cl)ABXB> aXA,

(18)

where indices are raised and lowered with #8
(cf. remark 2.1) and its inverse. Then, the endomorphism
¥(£) € SkewEnd(R’!+1)) expressed in the basis B, i.e.,
(Fe)peq = W(E)(ep) is given by Fe; = n*Fe,;

w = % — dia. —1,1,—1,...,_1,1,---71 s
Ny =11 g{ Lo obL 1)

r N

and the matrix (Fy),,; is given by (the first index is row and
the second column)

0 v a'—b'/2
Fe = -v 0 —a'—b'/2 |,
—a+b/2 a+b/2 -

where a,b € R" are column vectors with components a,,
by, respectively, t denotes the transpose and  is the n x m
skewsymmetric matrix with components @w,z. We can now
make connection to the previous decomposition. Assume
for the moment that we take A“ 5 such that (17) holds. Then
{YA} defines a Cartesian coordinate system of the flat
metric gz in U,. Moreover, since Y" ™' = I,z YAY® it is
straightforward to check that setting X4 = Y4, the con-
formal Killing vector (18) can also be written as

E= FaﬂY“DAYﬂayA = FaﬁY“gradgEYﬂ,
with

Fos =by, Fep=ac.

Fop1 =v, Fap=wpp
In order to match the two constructions, we need to
introduce a vector space of dimension n + 2 and a metric
of signature (r+ 1,5+ 1). Define V :=span{Y®} and
endow this space with the scalar product Q defined by

Q(Y”, Yﬂ) = Q(lﬁ’

where the constants Q% are defined in item (i) of Lemma
2.3. This metric is well-defined (i.e., independent of the

choice of functions Y”) because under a GL(n) trans-
formation' M ,

Y/A — MABYB,

we have Y = Y? (obvious) and Y"?*! = Y"*! because

1 1
YU = S g YYE = H MO MEYCYP
= %hCDYAYD =y,

and the last equality follows from definition (4) (and its
corresponding prime) together with

A/g = DBY/A|p = MAcACB.
Hence, from the definition of Q“ﬂ , we have
Q/a/} — Q”UMaﬂM/}y’

with MO = M1, | =1, M = M fora = A, f = B,
and the rest are zero.

In the case that {Y#} are Cartesian coordinates (i.e.,
when 42 = »AB), then we can construct an orthonormal
basis of V by introducing

EO::Yo_i_lYIhLl’ El ::Yo_lynﬂ’

EMTi= YA,
2 2

The endomorphism of V defined by
Fé(ya) = Qa//’Fﬁ” YH

is identical to the endomorphism W(¢) if we identify V = V
and the basis vectors e, = 77,5E".

The classification of the endomorphism ¥(&) up to the
conjugacy class is obviously independent of the choice of
basis. Thus, once we have established the equivalence of
¥(¢) and F;, we may use any basis {Y*}, not necessary
orthogonal. From the point of view of the original space
(M,g), a natural choice is the (nonorthogonal) basis
defined by

,DAYB“D - (SBA.

In such a basis, the expression of F4 is simplest, while the
expression of Q% is just

'Recall that {Y} spans the solution space of (3). Thus, any
other set of linearly independent solutions { ¥’} must necessarily
differ from {Y4} by a GL(n) transformation.
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QOJH—I — Qn+1,0 — _1, QAB — QAB|p-
We summarize this result in the following theorem:
Theorem 2.5. Let (M, g) be a locally conformally flat
semi-Riemannian space of arbitrary signature (r,s) and
dimension n > 3. Fix a point p € M and a local conformal
Killing vector ¢ defined in a sufficiently small open
neighborhood U, of p. Let ¥;:U, - R be defined
Then the conformal class of & is determined by the
conjugacy class under O(r + 1,5 + 1) of the skew-sym-
metric endomorphism F: on (R™™'*! Q) defined by
F:(v*) = QFg,v* where v is a basis of R™™*! with
nonzero scalar products,

0% = Qv )
-1 ifa=0,p=n+lora=n+1,=0
= gAB|p ifa=A,fp=B8B ,

0 rest of terms

and the coefficients Fjy, = Fyy, are given by

Foa = &alpe Fap = Viaép
Fanit = (Va¥e +E8(Ly)ag)l,

P Font :T§|p’

where L, is the Schouten tensor of g and V its covariant
derivative.

A. The Riemannian case (r=0, s=n)

The method of classification of CVKs employed in
[15,19] requires to find explicitly a flat representative g in
the class of locally conformally flat metrics and also
Cartesian coordinates for g;. However, this may be a very
hard task. Theorem 2.5 improves the classification method
in [15,19] as it allows one to obtain the conformal class of a
CKV with independence on the coordinates and the
representative of the class of conformally flat metrics.
We shall provide an interesting application of this result in
Sec. IV. For that, we now introduce the explicit classi-
fication of CKVs in conformally flat Riemannian metrics.

From the discussion above it follows that, for locally
conformally flat Riemannian r-metrics, the classification
of conformal classes of CKVs is equivalent to the classi-
fication of SkewEnd(RU-"*D) up to O(1,n + 1) trans-
formations. In order to uniquely characterize the conjugacy
class [F] = {F, € SkewEnd(R(""+D)|Fy = AFA™!,
A € O(1,n+ 1)}, one needs to find a sufficient number
of O(1,n + 1)-invariant quantities. A possibility [4] is to
give the eigenvalues’ of F2? together with the causal

It is preferable to use the eigenvalues of F? because they
are real, and they are in one-to-one correspondence with the
(complex) eigenvalues of F.

character of ker F' (see also [2] for an alternative classi-
fication in terms of the traces of even powers of F and its
matrix rank). Observe [4] that, as a consequence of the
skew symmetry of F, all eigenvalues of F? are at least of
double multiplicity, and there is always a vanishing
eigenvalue if n is odd. Hence, it turns out [4] to be
sufficient to determine the roots of the following poly-
nomial:

Qpa(x) = (Pr(-x))"/?
QFZ (x) = <M> 2 <lf n Odd), (19)

(if n even),

X

where P2 (—x) refers to the characteristic polynomial of
—F?. Counting multiplicity, Q= (x) has p roots, where p is
the natural number related to the dimension n by

._ n+1 1
p = > )

being |x| € Z the floor function for all x € R, i.e., the
largest integer which is equal or less than x. Then, the
classification result of equivalence classes of F is given by
the following Proposition:

Proposition 2.2. ([4]). Let Roots(Q2) denote the set of
roots of Q2 (x) repeated as many times as their multiplicity
and arranged as follows:

(a) If n odd, {o;ui, ..., 45} := Roots(Qy2) sorted by ¢ >
pi > -+ > pg if ker F is timelike, where in this case,
necessarily ¢ > 0. Otherwise, pi > -+ > u3 >0 > 0.

(b) If n even, {—u? ;3. ..., u3} = Roots(Q2) sorted
by /A%Z---Zﬂ%,ny:—ytz:O if ker F is null.
Otherwise, u? > pi > --- > p% > 0 > —u7, where either

U2 or y? are nonzero.

Then the parameters {c;7,....u5} for n odd and
{=ui.pu3p3.....u3} for n even determine uniquely the
class of Fupto O(1,n + 1) transformations and hence, also
the class of & := W~!(F) up to conformal transformations.

Remark 2.2. Itholds in general that Q- has at most one
negative root [4]. When n is even and ker F is null, then Q-
has a root at least double at zero and no negative roots [4].
These are necessary facts that follow from Proposition 2.2.

Note that endomorphisms with equal roots of Qg
(hence, equal eigenvalues with same multiplicities) can
belong to different conformal classes. The idea in [4] is to
introduce an additional invariant, namely the causal char-
acter of ker F, to remove this ambiguity by defining
Roots(Qy2), whose elements are sorted depending on
ker F. This gives a well-defined parametrization of the
space of conformal classes, which will be key in Sec. IV.
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III. THE ASYMPTOTIC CAUCHY PROBLEM
AND THE KERR-DE SITTER-LIKE CLASS

In this section, we review the basics on the asymptotic
Cauchy problem for (A > 0)-vacuum, (n + 1)-dimensional
spacetimes and introduce the definition and properties of
the Kerr—de Sitter-like class of spacetimes, in four dimen-
sions [2,18] as well as its extension to higher dimensions
[15,19]. The results in this section are not new, but they will
be needed in Sec. IV. The following discussion is meant to
summarize these results in order to make the paper self-
contained.

A. Asymptotic Cauchy problem with A > 0

As we already mentioned in the introduction, in some
situations, (n + 1)-dimensional, (A > 0)-vacuum space-
times (M, ) admitting a conformal extension (M,g:=
Q23) can be characterized in a neighborhood of Z by
asymptotic initial data (i.e., data prescribed at 7). This is
true in general for n =3 by the classical results by
Friedrich [7-9]. In higher dimensions, the asymptotic
characterization results stem from the Fefferman and
Graham formalism [23,24], and hold in general for
(n + 1) even dimensions [10-12] or when the asymptotic
initial data are analytic [13].

In what follows, we restrict to (n + 1)-dimensional (with
n >3), (A > 0)-vacuum metrics, which admit a locally
conformally flat Z. In this case, the asymptotic initial data
[15] are a conformally flat Riemannian n-manifold (Z,y),
which prescribes the geometry of 7 via an isometric
embedding :: X < 7 C M, together with a transverse and
traceless tensor, or TT tensor, D which prescribes the
electric part of the rescaled Weyl tensor. Namely,

D = 1*(|grad Q| 2Q* " C(grad Q. -, grad Q. -)),  (20)

where C is the 4-covariant Weyl tensor of (M,g).
The conformal flatness of Z is not required in the
n = 3 case for (20) to hold true, but it is indeed needed
for n > 3 [15]. Actually, the (smooth) extendability of
Qz‘”C(grade, -, grad Q, ) to Z is a nontrivial result
(cf. [15,25]) for n > 3, which relies strongly on the
assumption of local conformal flatness of Z. For n = 3,
the extendability of Q' C to a generic 7 is a consequence of
the Weyl tensor vanishing identically in three dimensions.

In addition, the characterization of spacetimes in terms of
asymptotic initial data is independent of the conformal
factor Q. As a consequence the data have the following
conformal equivalence:
(Z,7,D) = (T, w*y,®*™D), Yo e C®(Z,RY), (21)
in the sense that any pair of data correspond to the same
physical spacetime (M, §) if and only if they are related
by (21).

Now, let (Z,7, D) be asymptotic data for (M, §). Then,
for a CKV £ of y, the following KID equation:

LD+ "T_Z (div,&)D =0 (22)

is proven to be a necessary and sufficient condition for § to
admita KV X such that £ = X|;, in general if n = 3 [16] and
assuming that (y, D) are analytic for n > 3 [15] [there is no
proof yet for the general n > 3 case, but we believe that (22)
asymptotically characterizes symmetries in general.] It is a
matter of direct computation to show that if (X,y, D;¢)
satisfies the KID equation, so does (2, @*y, ®*"D; €). Then,
for any element ¢ € Conf(Z, y), the following equivalences
are ready:

(Z.7.D;¢8) = (Z,0*(7). 0" (D); 93 (£))
= (T, 0%, 0> D; 97" (&)
~ (Z,7.D; 97 (£)). (23)

the first one arising from the fact that ¢ is a diffeomorphism
and the last one from (21). Therefore, a particular KV of the
bulk spacetime is not associated to a single CKV ¢ satisfying
(22), but its whole conformal class [£] of CKVs satisfying
(22) [here it is crucial that each representative of [£] is a
solution of (22)].

B. The Kerr—de Sitter-like class

In four spacetime dimensions (i.e., n = 3), the vanishing
of the Mars-Simon tensor for a particular KV [26,27]
characterizes Kerr—de Sitter and related spacetimes [28].
The class of four-dimensional spacetimes, which are
(A > 0)-vacuum, conformally extendable and admitting
a KV X whose Mars-Simon tensor vanishes defines the so-
called Kerr—de Sitter-like class of spacetimes. In the locally
conformally flat 7 case” [2], the asymptotic data character-
izing this class is a conformally flat Riemannian 3-manifold
(X,7) and a TT tensor D of the form,

1

15
D = kD;, where D; := W <§ ®§_TJ’7,)’
v

K is areal constant, & is a CKV of y satisfying X|; = & [thus
also (22)] and € := y(¢&, -). Using the results discussed above
on asymptotic characterization of (n + 1)-dimensional
spacetimes, one can extend, by means of asymptotic data,
the definition of the Kerr—de Sitter-like class in the
conformally flat 7 case to all dimensions [19]. Namely:
Definition 3.1. The (n 4 1)-dimensional Kerr—de Sitter-
like class with conformally flat 7 is defined as the set of

3The nonconformally flat Z cases were also studied in [18], but
the results are not needed for our purposes here.
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(A > 0)-vacuum spacetimes, which admit a conformally
flat Z and such that

1 2
D = K'Dé:, where D§ = |§|T+2 <§ ® § - %7) 5 (24)
v

K is a real constant and £ is a CKV of the (conformally flat)
metric y at Z.

We remark that this is not an ad hoc definition, but it
naturally follows after checking [15] that the asymptotic
data of the Gibbons er al. definition of the Kerr—de Sitter
metrics [29] consist of a conformally flat manifold (X, y)
and a tensor D of the form (24), for a particular choice
of £ Allowing & to be an arbitrary CKV keeps the
traceless and transverse property of Dy, and thus, provides
a natural generalization of the data, which in turn general-
izes the definition of Kerr—de Sitter-like class to higher
dimensions. Moreover, in all cases, ¢ satisfies the KID
equation (22).

From the data equivalence (21), it follows [19] that the
datasets in the Kerr—de Sitter-like class satisfy the following
equivalence property:

(Z.7.kD¢) = (X, 7,kDg) & & = ¢(8),
for some ¢ € Conf(Z,y). (25)

This has more serious consequences than simply the fact
that the conformal class [£] characterizes a unique KV
[cf. (23)]. Due to the role that [£] plays in the construction
of the data in the Kerr—de Sitter-like class, equivalence (25)
actually means that the metrics in the Kerr—de Sitter-like
class (with conformally flat 7) are in one-to-one corre-
spondence with the conformal classes of CKVs of locally
conformally flat metrics. Hence, the moduli space of
metrics in this class is represented by the space of
parameters in Proposition 2.2. Moreover, the quotient
topology naturally defined in the space of conformal
classes is inherited by the space of metrics in the Kerr—
de Sitter-like class. The main result in [19] exploits this fact
to provide an explicit reconstruction of all the metrics in the
Kerr—de Sitter-like class as limits of Kerr—de Sitter or an
analytic extension thereof. Moreover, they are proven to
exhaust the set of Kerr-Schild metrics on a locally de Sitter
background with an additional decay condition:
Theorem 3.1. [19] Let (M, ) be a (A > 0)-vacuum
(n + 1)-dimensional spacetime, such that § admits the Kerr-
Schild form on a locally de Sitter background, namely,

G=gas + Hk @ k, (26)

where g, is locally isometric to de Sitter, H is a smooth
function on M and k a null one-form (with respect to both
g and §,). Additionally, assume that § admits a smooth
conformal extension such that Q*Hk ® k = O(Q). Then

and only then g belongs to the Kerr—de Sitter-like class with
locally conformally flat 7.

IV. AN APPLICATION: CLASSIFICATION OF
ALGEBRAICALLY SPECIAL (A > 0)-VACUUM
SOLUTION IN FIVE DIMENSIONS

In [17], the problem of determining the most general
algebraically special spacetime in five dimensions that
solves the vacuum Einstein field equations,

Raﬂ = 4/190:/}7 AE R,
is addressed.” Algebraically special means that the space-
time (M, g) admits a multiple Weyl aligned null direction

(WAND) 7. A multiple WAND is a nonidentically vanish-
ing null vector field satisfying [31]

fbf[eCa]b[cdff] - 0,

where C,;,., is the Weyl tensor of (M, g). Multiple WANDs
are always geodesic, V,¢ « . Admitting a multiple
WAND is equivalent to the algebraic classification of the
Weyl tensor, as extended by Coley et al. at d-dimensions
[32], being of type II or more special.

The problem in [17] is solved under the additional
hypothesis that the so-called optical matrix of ¢ is non-
degenerate.” The optical matrix p encodes the kinematical
properties of the congruence of null geodesics defined by .
Geometrically, it is a (0, 2)-tensor defined on the quotient
vector space at each point p € M of equivalence classes
¢+ /~, where two vectors X, Y € T ,M orthogonal to ¢ are
related by ~ if and only if X — Y is proportional to Z. Its
definition is

p(X,Y) = g(X,Vy?), XeX,Yey,
and one checks at once that p is well-defined, i.e.,
independent of the choice of representative X € X, Y € Y.

Since our interest here lies in the case 4 > 0, we quote
the results in [17] restricted to this situation. Specifically,
the main result in [17] states that under the above
conditions and A > 0 the most general solution of the
Einstein field equations belongs to one of three families of
metrics, classified according to the eigenvalues of p.
Namely, the eigenvalues of p can be written in terms of
r and y, being the former the affine parameter along the null
geodesics of £ and the latter a constant function along the
same congruence of geodesics. The three cases arise
depending on whether y is not everywhere constant or,
if constant, whether this constant is zero or not.

‘In [30], A = 44 is used instead. We prefer A, which matches
directly the notation used [15,19].

>The problem is also solved in the degenerate case in [30] and
references therein. We restrict to the nondegenerate case.
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Case 1 (y #0,dy # 0). The functions {r,y} are com-
pleted to local coordinates {r, u, y, x,y} and in terms
of real constants Ay, yg, Co, Ey such that

EZ
P(y) = Co— ){—3 —2A0% - 1t

is positive in some interval / C R\{0} and with y
taking values on [ the metric is

2

(;()

where the one-forms o' are o' :=du+ y*dy,
=dx — %dy, 6’ := dy and hy; is the matrix,

= _26'dr+ dy* + h;jo'o’,

—2H(r) E, —P(y)
hi; = | Ey 0 )
-P(x) 0 (r* +x*)P(x)
H(r) :=A0—%(r2—;(2)—ﬁ.

Case 2 (y # 0,dy = 0). Here y acts as a parameter, and
there exist local coordinates {r,u,x,0, ¢} and real

constants E, po such that, with 7 := du + %cos 0ddg,

the metric reads
E 2 2
r? <dx —|——? <1 —I—)(—2> r)
Ve r

I (d@2 + sin?0dg?),
Fo

G = —2zdr — G(r)7?

Ey( 1 Ho
G(r)==2 l—l-—)—/lrz—i-z— ,
(r) )(4< 2 (r+x°) 2ty
E2
FO:=4<1)(2+—4?).
X
Case 3 (y = 0,dy = 0). The metric is
= (K B e )du2 — 2dudr + r*h,
r?

where uy € R and & is a Riemannian three-dimen-
sional metric of constant curvature k € {—1,0, 1}.
In all cases, the metrics admit a smooth conformal
compactification. Indeed, the metric ¢; = %gi i=1,2,3
followed by the change of variable Q = 1/r yields a metric
that is smooth in € and extends as a Lorentzian metric to
T := {Q = 0}. The corresponding metrics at Z, denoted by
y; take the form,

dy? E,  \2
7= +A(du+y2dy)? + y? (dx——dy) +P(y)dy?,
TP 7
2 EO 2 1 2 ) 2
Vo= + | dx+—571| +—(db” +sin“0dep°)
X Fo
¥3 =Adu® + h.

By direct computation, one can check that the Weyl tensor
of each one of these metrics is identically zero, so y; are
locally conformally flat. As discussed in Sec. III, in the
locally conformally flat Z case the rescaled Weyl tensor is
smoothly extendable to Z and prescribes the TT tensor D in
the asymptotic initial data [cf. (20)], after a suitable
identification via the isometric embedding ::(%,y) &
(M, g) such that (X)) =Z.

In the present case, Z is simply {Q =0} and the
embedding is trivial in these adapted coordinates, so it is
a matter of direct computation to determine the tensor D via
formula (20). It turns out that in all three cases, this tensor
takes the following form:

4poA? 2
Dyp = % (fAfB |§| 7AB>
7

and the vector £ are given in each case by the following
expressions:

(Case 1): & =9,

E
(Case 2): & = 0, — — —5 Oy,
)(

(Case 2): & = 0,.

Moreover it is also a matter of direct computation to check
that each vector field &; is a conformal Killing vector of the
corresponding metric y;. In other words: all the three cases
belong to the Kerr—de Sitter-like class (cf. Definition 3.1).
Now a natural question is to ask whether they are a subset
within or they span the whole Kerr—de Sitter-like class. To
address this question, we use the fact that the metrics in this
class are in one-to-one correspondence [cf. (21)] with the
conformal classes of the CKVs determining D. Hence, we
must check that all possible conformal classes {[;]} for the
admissible values of the parameters in §; cover the space of
conformal classes given in Proposition 2.2.

Observe that the parameter y, always appears as a
scaling constant in D4p. This means that it can be set
to® ¢ = sign(ug) by suitably absorbing its norm into &
Namely, by defining & := |u|~"/2¢, it follows

e 2
Dyp = % (51453 |§| 7AB>
v

4e)? &2
- |;/|6 <§A§B u AB)- (27)
Y

This scale freedom will be relevant to prove that {[£]}
covers all possible conformal classes of four-dimensional
conformally flat metrics.

6By considering sign(0) = 0, we may include the case uy = 0,
which corresponds to de Sitter-spacetime.
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In order to determine the conformal class of &;, we use the results of Sec. II. One simply needs to fix any point p € Z,
compute the quantities associated to &; that appear in Theorem 2.5 and construct the endomorphism. The result, expressed in

the basis v* of Theorem 2.5 is

0 0 —MAg +4525)  Eoh AMAoxs — Co +510) 0
0 0 0 0 xoP(x0) 0
-1 AP 0 0 0 —Ay+2
Case 1: Fs = 0P (o) o +5X0 ’
_A)(()P(ZO) 0 0 0 —ﬂ
0 0 -1 0 —A73 0
0 g 0 12y cos 0, 0
-1 0 0 - cotand, 0 L2 -5
Ey EFy
Case 2: Fg, = | © 0 0 0 0 8 ,
0 0 0 0 —Jy sin 6, 0
o4
0 0 0 sin 6, 0
2y cos 6,
0 -4 0 0 — Pty 0
0 -2 0 00 0
-1 0 00 0 -
0 0 0O 0 0 O
Case 3: Fe = s
; 0 0 0O 0 0 O
0 0 0O 0 0 O
0 -4 0 0 0 O

where the point p has coordinates {yq, ug, Xo, yo} in case 1
and coordinates {ug, x9, 0y, ¢po} in case 2. (It is not
necessary to give values to the coordinates of p in case
3 as they do not explicitly appear in the matrix.)

In order to simplify the notation we denote Q; := Qp,
the polynomials (19) corresponding to the three cases. They
are given (up to an irrelevant global sign) by

Case 1: Q = 73 + 240472 — CoA’z + E3°,
AE}
Case 2: Q, = <z + 1—40) (z = A2%)2,

Case 3: Q3 = 22(z + KkA).

Observe that these polynomials are independent of the
point p. This is a necessary fact because the conformal
class of the Killing vector is independent of the point, and
hence the algebraic classification of F; up to conjugation
must also be independent of the point. This provides a
nontrivial test both to the validity of Theorem 2.5 and for
the calculations in this section.

We know from Proposition 2.2 (cf. [4]) that the classi-
fication of F, is given by the set of parameters
Roots(Q;) = {—uZ, u2, 4>}, which are the roots of Q,
sorted in a way determined by the causal character of
ker(F,). Thus, it is necessary to establish case by case the
connection between the parameters defining the metrics g;
and Roots(Q;).

Case 1.

First, observe that

() = —FPP( 7). (28)
Hence, the roots of Q; are determined by the roots of the
polynomial y?P(y). The parameters {A,, Cy, Ey} defining
P(y) are restricted by the condition of P(y) being positive
in some interval I € R\{0}, which is clearly equivalent to
imposing this same condition on the polynomial y*P(y).
Moreover, y*P(y) is an even polynomial, which has
negative dominant term, i.e., y*P(y) — oo as y — +oo.
If E; = 0, then %P (y) has a root at y = 0 which is at least
double. So if y?P(y) is to be positive on /, it either has one
positive root (and its corresponding negative root) if {0} is
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@ (i)

FIG. 1.
(iii) Eo # 0.

in the closure of I, or two positive roots (and their
corresponding negative roots) otherwise (cf. Fig. 1). If
E, # 0, then y*P(y) is negative at the origin, so if y>P(y) is
to be positive on /, it must have exactly two positive
different roots (and their corresponding negative roots)
(cf. Fig. 1).

All the above cases are covered by the polynomial
decomposition,

PG) = =40 = a®)(r* = b*) (¢ + ),

where a?, b?, ¢? are real constants satisfying

A C
a2+b2—c2:270, —a2b2+a2c2+b22:70,
E2
a*b*c? = 70, (29)

with a? # b? [as otherwise the positivity of y*P(y) cannot
hold]. After swapping a and b if necessary we may assume
a* > b*> > 0. The argument can be read in the opposite
direction: only by choosing any constants a, b, ¢ such that
a#b and a*>>b*>>0 and defining the parameters
{Ao, Cy, Ey} via (29), one obtains a function P(y) which
is positive in some interval I € R\{0}.

Therefore, by (28), the roots of Q; are always
{1a?,Ab*, —Ac?}. According to Proposition 2.2, to deter-
mine their correspondence with {—u?, u2, 4}, we must sort
{1a?,Ab* —)c?} depending on the causal character of
ker F¢ . By Proposition 2.2, the sorting is such that =
2 = 0 and p? = Aa?, whenever ker(FY, ) is null (in which
case, by Remark 2.2, Q; has an at least double root at zero
and no negative roots) and —u? =—Ac? 2 =2Aa’,u* =1b*
when ker(F, ) is non-null.

If Ey # 0, then zero is not a root of Q;. Being Q, the
square root of the characteristic polynomial of F? [see
(19)], this implies that F; has no zero eigenvalues. Thus,
ker F: = {0} and by Proposition 2.2, the conformal class
of £, is given by

(la) —u? = —Ac?, pu? = Aa® and p = Ab> covering the
region {u? > u> > 0 > —u?}.

When E, = 0 it is straightforward to compute the kernel

of F¢ . The result is

(iii)

Possible profiles of the polynomial y?P(y): (i) E, = 0 with one real positive root, (ii) E, = 0 with two real positive roots,

ker(Fy,)

1 A
:span{ul =t ul =0l 40?2 F—03 - <A0 +)(%> 1)6},
X0 2

so the kernel is two-dimensional in this case. The pull-back
of the scalar product Q on this space is

1 C
Q' u'y==.  Qu'.u?)=0, Q(utu?)=-].
X0 X0

This is timelike if Cy < 0, null if Cy = 0 and spacelike if
Co > 0. By (29), E, = 0 requires the vanishing of 5% and/
or ¢Z, and by Proposition 2.2, the conformal class of &; is
given by
(1b) If ¢2=0,b>#0, then Cy <0 and —p? = 0, u? = la?,
u = Ab* cover the region {u?>u>>0=—u?}.
(Ic) If ¢2#0,b> =0, then Cy >0 and —p? = —1c?,
w2 =Ja*, u=0 cover the region {2 > p> =0>—p?}.
(1d) If 2=0,b2=0, then Cy = 0 and —p2 = 0, 42 = 0,
u = Aa* cover the region {u? > 0 = p? = —pu?}.

Case 2.

In this case, the roots of Q, are immediately found to be
—AE}/y* together with the double root A%2. If Ey # 0, it
again follows that ker F;, = {0}; thus, the conformal class
of & is given by the parameters —u? = —AE3/y*, p? =
u = A%y? covering the region {u? = y?> > 0 > —u?}. When
Ey = 0 the kernel of F;, is

/1 2
ker(Fg) = span{ul = 03, u? = 0! +)2(v6},

so the kernel is again two dimensional and Q restricted to
this space is

Ol =1, Qi) =0.  Q(.w)= .
A

Thus, ker(F, ) is timelike, and the conformal class of &, is
given by

() —ui =0, ui=p=ry

{us = 1* >0 =—u7}.

Case 3.

In this case, the roots of Q3 are also trivial. There is a
double root at zero and another one at —Ak. Note that from
the scaling freedom of & [cf. (27)], F, is also defined up to

covering the region
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a scaling factor |uy|'/* and FZ up to |uy|. Then the root —ix

can be scaled by a nonzero positive factor —1|ug|x, which

will be relevant to cover the maximal space of parameters in

the space of conformal classes. Observe that (in any of the

three cases) there is no restriction on the value of y.
The kernel of the endomorphism is

K
ker(ng) :span{ul =yl —51)6,u2 = 1)3,1,[3 = 1}4,144 = 1;5};

hence, four dimensional and Q restricted to this space is
O(u',u') = «, o(u*,u?) =1,
- (Xsin?0)|

and the rest zero, and where we have written the constant
curvature metric as

h = dy? + 2 (y)(d6> + sin 0d¢?).

The kernel is now spacelike if « > 0, degenerate if k = 0
and timelike if « < 0. Thus, for each case, the conformal
class of &5 is
(3a) For x = 1, —u? = —A|ug|, 4> = u = 0 covering the
region {4 = p*> =0 > —7}.
(3b) For k =0, —u? = pu2 =pu =0 covering a single
point.
(3c) For kx = —1, u? = A|uo|, —u? = u = 0 covering the
region {yj > p* = 0= —u7}.
Summarizing, the cases 1,2 and 3 correspond to CKVs
&y, & and &3 whose respective conformal classes cover the
space of parameters,

A={(=p7.p5.0%) ER? |ug > > > 0> —pif, with u or i #0}
U{(=p7. 15 17) ERP|p? 2 0=pf = —pi7 }.

By Proposition (2.2), A corresponds to the entire space
parameterizing the conformal classes of CKVs of con-
formally flat 4-metrics. Thus, we have proven that these
metrics correspond exactly to all metrics in the five-
dimensional Kerr—de Sitter-like class. This, combined with
Theorem 3.1, yields the following result:
Theorem 4.1. In five spacetime dimensions, the follow-
ing classes of (A > 0)-vacuum metrics are equivalent:
(1) The Kerr—de Sitter-like class (cf. Definition 3.1).
(2) The Kerr-Schild type metrics on a locally de Sitter
background [cf. (26)] admitting a smooth conformal
extension such that Q*Hk ® k = O(Q).
(3) The algebraically special metrics with nondegener-
ate optical matrix.

V. DISCUSSION

We have obtained a method to determine the conformal
class of an arbitrary CKV ¢& of a locally conformally
flat metric y of any dimension and signature. Such
method is based on pointwise properties of the CKVs,
and it is independent on the coordinates and the repre-
sentative of the class of metrics conformal to y. This
improves previously existing results (cf. [15,19]), which
require to find an explicitly flat representative in Cartesian
coordinates.

Our result is stated as a computationally neat algorithm
in Theorem 2.5, which allows for a straightforward
application in Sec. IV. Namely, we classify the asymptotic
data of all five-dimensional, algebraically special, (A > 0)-
vacuum spacetimes, whose optical matrix is nondegenerate
(cf. [17]). Such asymptotic data are determined by the
conformal class of a CKV of a conformally flat 7.
Furthermore, we prove equivalence of this collection of
spacetimes with the Kerr—de Sitter-like class as well as with
the (A > 0)-vacuum Kerr-Schild spacetimes satisfying a
natural asymptotic condition (cf. Theorem 3.1).

It is worth commenting that the results of Sec. IV, besides
providing an application of Theorem 2.5, outline the way
for potential future results. As pointed out in [17], in
dimensions higher than four, there exist several results
(cf. [33,34]) supporting the idea that the class of algebrai-
cally special solutions is more rigid than in four dimen-
sions. One then wonders whether Theorem 3.1 also holds in
any dimension higher than five. Surprisingly, the results in
[17] do not rely on any asymptotic property of the
spacetime, while in [19] it is central. Yet, the class of
spacetimes studied [17] and in [19] (in five spacetime
dimensions) happen to be equivalent, as we have shown in
this paper. This hints a possible connection between
asymptotic properties of spacetimes and the algebraic
classification of the Weyl tensor. More precisely, the
algebraically special condition with non-degenerate optical
matrix implies conformal extendability with locally con-
formally flat Z. A better understanding of this aspect would
be of substantial intrinsic interest and key for extending
Theorem 3.1 to arbitrary dimensions.

It is also interesting to observe that the Weyl tensor C of
the spacetime determines, in any dimension, the Weyl
tensor’ ¢ of the metric y induced at Z. Indeed, an
asymptotic expansion of C, shows that its components
fully tangent to Z coincide with ¢ to the leading order.
The Weyl tensor contains a lot of information about the
conformal class of metrics of dimension equal or
higher than four,® so it would not be surprising that the

"Note that ¢ and D as defined in (20), are indeed independent
objects at Z, however both obtainable from the spacetime Weyl
tensor C at 7.

%The conformal class determines the Weyl tensor, but the
opposite is not always true, cf. [35].
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algebraically special condition on C imposes strong con-
ditions on the conformal class of (four or higher dimen-
sional) y. However, in four spacetime dimensions, y is three
dimensional and thus, ¢ vanishes identically, so it is not
clear in this case how the algebraic type of C affects the
conformal class of y. The difference between the four and
higher dimensional cases may be responsible for the lack of
rigidity of algebraically special metrics in four dimensions,
because recall (cf. Sec. III) that the conformal class of y is
one of the freely speciable data in the asymptotic
Cauchy problem. This, however, does not rule out other
possible relations between the algebraic type of the four-
dimensional spacetime metrics and their asymptotic proper-
ties. One connection may arise from the fact that the other
component of the asymptotic data is, in four dimensions,
the electric part of the rescaled Weyl tensor (cf. Sec. III).

In addition, constraints on the conformal class of y may also
appear as a consequence of the relation between C and
Cotton tensor of y, which plays a similar role than the Weyl
tensor for three-dimensional metrics. These potential con-
nections are worth to investigate in the future.

ACKNOWLEDGMENTS

The authors wish to thank Igor Khavkine for comments
on the manuscript and for providing useful references. M.
M. acknowledges financial support under the Projects
No. PGC2018-096038-B-100, No. PID2021-122938NB-
100 (Spanish Ministerio de Ciencia, Innovacién y
Universidades and FEDER), SAQ96P20 (Junta de
Castilla y Leon) and C.P.N is supported by the Grant
No. 22-14791S of the Czech Science Foundation.

[1] M. Schottenloher, A Mathematical Introduction to Con-
formal Field Theory, Lecture Notes in Physics Vol. 43
(Springer, Berlin-Heidelberg, 2008).

[2] M. Mars, T.T. Paetz, and J. M. M. Senovilla, Classification
of Kerr-de Sitter-like spacetimes with conformally flat 7,
Classical Quantum Gravity 34, 095010 (2017).

[3] M. Mars and C. Peén-Nieto, Skew-symmetric endomor-
phisms in M'3: A unified canonical form with applications
to conformal geometry, Classical Quantum Gravity 38,
035005 (2020).

[4] M. Mars and C. Pedén-Nieto, Skew-symmetric endomor-
phisms in M'": A unified canonical form with applications
to conformal geometry, Classical Quantum Gravity 38,
125009 (2021).

[5] D. H. Collingwood and W. L. McGovern, Nilpotent Orbits
in Semisimple Lie Algebras (Van Nostrand Reinhold,
New York, 1993).

[6] A. W. Knapp, Lie Groups Beyond an Introduction, Progress
in Mathematics (Birkhduser, Boston, 2002).

[7] H. Friedrich, On the regular and asymptotic characteristic
initial value problem for Einstein’s vacuum field equations,
Proc. R. Soc. A 375, 169 (1981).

[8] H. Friedrich, The asymptotic characteristic initial value
problem for Einstein’s vacuum field equations as an initial
value problem for a first-order quasilinear symmetric hyper-
bolic system, Proc. R. Soc. A 378, 401 (1981).

[9] H. Friedrich, On the existence of n-geodesically complete or
future complete solutions of Einstein’s field equations with
smooth asymptotic structure, Commun. Math. Phys. 107,
587 (1986).

[10] M. T. Anderson, Existence and stability of even-dimensional
asymptotically de Sitter spaces, Ann. Henri Poincaré 6, 801
(2005).

[11] M. T. Anderson and P. T. Chrusciel, Asymptotically simple
solutions of the vacuum Einstein equations in even dimen-
sions, Commun. Math. Phys. 260, 557 (2005).

[12] W. Kaminiski, Well-posedness of the ambient metric equa-
tions and stability of even dimensional asymptotically
de Sitter spacetimes, arXiv:2108.08085.

[13] S. Kichenassamy, On a conjecture of Fefferman and
Graham, Adv. Math. 184, 268 (2004).

[14] R. Beig and P. T. Chrusciel, Killing initial data, Classical
Quantum Gravity 14, A83 (1997).

[15] M. Mars and C. Pe6n-Nieto, Free data at spacelike Z and
characterization of Kerr-de Sitter in all dimensions, Eur.
Phys. J. C 81, 914 (2021).

[16] T.T. Paetz, Killing Initial Data on spacelike conformal
boundaries, J. Geom. Phys. 106, 51 (2016).

[17] G. Bernardi de Freitas, M. Godazgar, and H.S. Reall,
Uniqueness of the Kerr-de Sitter spacetime as an algebrai-
cally special solution in five dimensions, Commun. Math.
Phys. 340, 291 (2015).

[18] M. Mars, T.T. Paetz, J. M. M. Senovilla, and W. Simon,
Characterization of (asymptotically) Kerr-de Sitter-like
spacetimes at null infinity, Classical Quantum Gravity 33,
155001 (2016).

[19] M. Mars and C. Peén-Nieto, Classification of Kerr-de Sitter-
like spacetimes with conformally flat Z in all dimensions,
Phys. Rev. D 105, 044027 (2022).

[20] J. A. Valiente-Kroon, Conformal Methods in General
Relativity (Cambridge University Press, Cambridge, 2016).

[21] A. Derdzinski, Two-jets of conformal fields along their zero
sets, Cent. Eur. J. Math. 10, 1698 (2012).

[22] D.E. Blair, Inversion Theory and Conformal Mapping,
Student Mathematical Library (American Mathematical
Society, Providence, Rhode Island, 2000).

[23] C. Fefferman and C. R. Graham, Conformal invariants., Elie
Cartan et les mathématiques d’aujourd’hui, S131: 95-116
(Société mathématique de France, France, 1985).

[24] C. Fefferman and C.R. Graham, The Ambient Metric,
Annals of Mathematics Studies (Princeton University Press,
Princeton, NJ, 2012).

084045-16


https://doi.org/10.1088/1361-6382/aa5dc2
https://doi.org/10.1088/1361-6382/abc18a
https://doi.org/10.1088/1361-6382/abc18a
https://doi.org/10.1088/1361-6382/abf413
https://doi.org/10.1088/1361-6382/abf413
https://doi.org/10.1098/rspa.1981.0045
https://doi.org/10.1098/rspa.1981.0159
https://doi.org/10.1007/BF01205488
https://doi.org/10.1007/BF01205488
https://doi.org/10.1007/s00023-005-0224-x
https://doi.org/10.1007/s00023-005-0224-x
https://doi.org/10.1007/s00023-005-0224-x
https://doi.org/10.1007/s00220-005-1424-4
https://arXiv.org/abs/2108.08085
https://doi.org/10.1016/S0001-8708(03)00145-2
https://doi.org/10.1088/0264-9381/14/1A/007
https://doi.org/10.1088/0264-9381/14/1A/007
https://doi.org/10.1140/epjc/s10052-021-09704-6
https://doi.org/10.1140/epjc/s10052-021-09704-6
https://doi.org/10.1016/j.geomphys.2016.03.005
https://doi.org/10.1007/s00220-015-2447-0
https://doi.org/10.1007/s00220-015-2447-0
https://doi.org/10.1088/0264-9381/33/15/155001
https://doi.org/10.1088/0264-9381/33/15/155001
https://doi.org/10.1103/PhysRevD.105.044027
https://doi.org/10.2478/s11533-012-0049-z

COVARIANT CLASSIFICATION OF CONFORMAL KILLING ...

PHYS. REV. D 106, 084045 (2022)

[25] S. Hollands, A. Ishibashi, and D. Marolf, Comparison
between various notions of conserved charges in asymp-
totically AdS spacetimes, Classical Quantum Gravity 22,
2881 (2005).

[26] M. Mars, A spacetime characterization of the Kerr metric,
Classical Quantum Gravity 16, 2507 (1999).

[27] W. Simon, Characterizations of the Kerr metric, Gen.
Relativ. Gravit. 16, 465 (1984).

[28] M. Mars and J. M. M. Senovilla, A spacetime characteri-
zation of the Kerr-NUT-(A)de Sitter and related metrics,
Ann. Henri Poincaré 16, 1509 (2015).

[29] G. W. Gibbons, H. Lii, D. N. Page, and C.N. Pope, The
general Kerr-de Sitter metrics in all dimensions, J. Geom.
Phys. 53, 49 (2005).

[30] G. Bernardi de Freitas, M. Godazgar, and H.S. Reall,
Twisting algebraically special solutions in five dimensions,
Classical Quantum Gravity 33, 095002 (2016).

[31] M. Ortaggio, V. Pravda, and A. Pravdovd, Algebraic
classification of higher dimensional spacetimes based on
null alignment, Classical Quantum Gravity 30, 013001
(2012).

[32] A. Coley, R. Milson, V. Pravda, and A. Pravdovd, Classi-
fication of the Weyl tensor in higher dimensions, Classical
Quantum Gravity 21, L35 (2004).

[33] O.J.C. Dias and H.S. Reall, Algebraically special
perturbations of the Schwarzschild solution in higher
dimensions, Classical Quantum Gravity 30, 095003
(2013).

[34] M. Ortaggio, V. Pravda, A. Pravdov4, and H. S. Reall, On a
five-dimensional version of the Goldberg—Sachs theorem,
Classical Quantum Gravity 29, 205002 (2012).

[35] G. Hall, Some remarks on the converse of Weyl’s conformal
theorem, J. Geom. Phys. 60, 1 (2010).

084045-17


https://doi.org/10.1088/0264-9381/22/14/004
https://doi.org/10.1088/0264-9381/22/14/004
https://doi.org/10.1088/0264-9381/16/7/323
https://doi.org/10.1007/BF00762339
https://doi.org/10.1007/BF00762339
https://doi.org/10.1007/s00023-014-0343-3
https://doi.org/10.1007/s00023-014-0343-3
https://doi.org/10.1016/j.geomphys.2004.05.001
https://doi.org/10.1016/j.geomphys.2004.05.001
https://doi.org/10.1088/0264-9381/33/9/095002
https://doi.org/10.1088/0264-9381/30/1/013001
https://doi.org/10.1088/0264-9381/30/1/013001
https://doi.org/10.1088/0264-9381/21/7/L01
https://doi.org/10.1088/0264-9381/21/7/L01
https://doi.org/10.1088/0264-9381/30/9/095003
https://doi.org/10.1088/0264-9381/30/9/095003
https://doi.org/10.1088/0264-9381/29/20/205002
https://doi.org/10.1016/j.geomphys.2009.08.002

