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We consider a black hole mimicker given by an exact solution of the stationary and axially-symmetric
field equations in vacuum known as the δ-Kerr metric. We study its optical properties based on a ray-tracing
code for photon motion and characterize the apparent shape of the shadow of the compact object and
compare it with the Kerr black hole. For the purpose of obtaining qualitative estimates related to the
observed shadow of the supermassive compact object in the galaxy M87 we focus on values of the object’s
spin a and inclination angle of observation θ0 close to the measured values. We then apply the model to the
shadow of the δ-Kerr metric to obtain constraints on the allowed values of the deformation parameter. We
show that based uniquely on one set of observations of the shadow’s boundary it is not possible to exclude
the δ-Kerr solution as a viable source for the geometry in the exterior of the compact object.
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I. INTRODUCTION

The recent observations of shadow images of the
gravitationally collapsed objects at the center of the
elliptical galaxy M87 (denoted by M87*) and at the center
of the Milky Way galaxy (known as Sagittarius-A*, or in
brief SgrA*) by the Event Horizon Telescope (EHT)
Collaboration [1,2] has opened a new trend of research
aimed to develop tests of gravity theories and correspond-
ing black hole solutions near a regime of the gravitational
field for which the validity General Relativity (GR) has
never been tested [3–5]. Consequently, for the first time we
are on the verge of being able to probe the nature of the

geometry in the vicinity of an astrophysical black hole
candidate and test the validity of the Kerr hypothesis [6–8].
What the EHT Collaboration has observed is the

relativistic image of the accretion disk surrounding the
object, appearing due to light bending in the gravitational
field of the source. The phenomenon has been thoroughly
studied in GR and theoretical explanations of the relativistic
images can be found for example in Refs. [9–12]. The black
hole shadow is related to the photon sphere around the
central object and the conceptual study of the photon
spheres is described for example in Ref. [13], while
theoretical studies of the shadow of rotating black holes
have been carried out in Refs. [14–32]. Also, observable
quantities related to the black hole shadow have been
investigated in detail in Refs. [32–50].
Current observational data such as the observation of the

shadow by EHTand the waveforms of detected gravitational
waves by the LIGO-Virgo Collaborations [51–54], cannot
yet provide certainty that the observed astrophysical black
hole candidates are exactly described by the Kerr metric.
When considering other possibilities one may encounter a
degeneracy when the same values for observational
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quantities may be obtained from different and distinct
scenarios which may therefore mimic the Kerr space-time
[55,56]. Nevertheless one may devise other methods to
obtain data from the proposed solutions for compact objects
within GR and/or modified theories of gravity to constrain
the physical validity of such models and possibly restrict or
break the aforementioned degeneracies [57–66].
The data from EHT observations can be used to get

constraints on the parameters of the mathematical solutions
that could describe the geometry surrounding the objects
M87* and SgrA*. These solutions range from black hole
space-times in modified and alternative theories of gravity
[67–71], to black hole mimickers and exotic compact
object in GR [56,72–76] and classical GR black hole with
hair or immersed in matter fields [77–84]. In fact it is
indeed possible, as we shall show in this paper, that the
geometry is described by an exact solution of the vacuum
Einstein’s equations which is not a black hole.
In the present article we study the shadow of a rotating

black hole mimicker described by the line element proposed
in [85] and subsequently studied in [86], known as δ-Kerr
metric. This is an exact solution of thevacuum field equations
that extends the Kerr solution to include higher mass multi-
pole moments. The Kerr space-time, which describes the
gravitational field of an axially-symmetric rotatingblackhole,
is fully characterized by two parameters, i.e., the massm and
the specific angular momentum a. The δ-Kerr space-time is a
generalization of the Kerr space-time which belongs to the
class of Ricci-flat vacuum solutions of general relativity
discussed in Ref. [85] and is obtained from the Zipoy-
Voorhees static solution [87–89] by means of a solution
generating technique known as HKX transformation [90],
due to Hoenselaers, Kinnersley, and Xanthopoulos.
The Zipoy-Voorhees space-time, sometimes called

δ-metric, γ-metric, or q-metric, has been extensively
studied over the past several years [91–98], however it is
not ideal to describe an astrophysical source due to its static
nature. The nonlinear superposition of the Zipoy-Voorhees
metric and the Kerr metric results in δ-Kerr metric that
represents a deformed Kerr solution which is characterized
by three parameters, namely the mass m, the spin a and the
deformation parameter δ, and it generically possesses
naked singularities. The δ-Kerr space-time and its relativ-
istic multipole moments have been recently explored in
Refs. [99,100]. The parameter δ describes the departure
from the black hole solution with q ¼ 1 − δ related to the
nonrelativistic mass quadrupole moment of the source.
In this article we study the image of the shadow of the

δ-Kerr metric and investigate whether the results of the
EHT Collaboration for M87* may be used to constrain
the value of the deformation parameter. We find that for
oblate sources (i.e., q > 0), for any given value of the
deformation parameter close to Kerr, there is always a value
of the object’s spin that produces the same boundary of
the shadow within the experimental bounds obtained by

the EHT Collaboration. Therefore, it may not be possible to
distinguish the δ-Kerr space-time from its black hole
counterpart if one relies uniquely on one kind of observa-
tions, such as the shadow’s image.
The paper is organized in the following way. In Sec. II

the properties of δ-Kerr space-time are briefly described.
Section III is devoted to description of the ray-tracing code
for photons while the apparent shape of the shadow of the
compact object and its relation with the observed border of
the shadow of M87* are discussed in Sec. IV. In Sec. V we
obtain the image of the thin accretion disk in the δ-Kerr
space-time and finally, Sec. VI summarizes the main results
obtained and the conclusions that can be drawn in view of
future observations.

II. THE δ-KERR SPACE-TIME

Our aim is to consider a geometry that is continuously
linked to the Kerr space-time and is also an exact solution
of the vacuum field equations. Therefore, the most natural
choice is to consider a member of the class of stationary and
vacuum exact solutions, known as Weyl class. The exten-
sion of black hole solutions by the inclusion of higher mass
multipole moments takes into account possible deforma-
tions from the black hole geometry and, in the simplest
case, it amounts to a single additional parameter related to
the mass quadrupole. In our analysis we shall consider the
so called δ-Kerr space-time. Following [86] the δ-Kerr
metric in Boyer-Lindquist coordinates ft; r; θ;ϕg takes
the form,

ds2 ¼ −Fdt2 þ 2Fωdtdϕþ e2γ

F
B
A
dr2 þ r2

e2γ

F
Bdθ2

þ
�
r2

F
Asin2θ − Fω2

�
dϕ2; ð1Þ

where

A ¼ 1 −
2m
r

þ a2�
r2

; B ¼ Aþ σ2sin2θ
r2

; ð2Þ

F ¼ A
B
; ω ¼ 2

�
a� − σ

C
A

�
;

e2γ ¼ 1

4

�
1þm

σ

�
2 A
ðx2 − 1Þδ

�
x2 − 1

x2 − y2

�
δ2

: ð3Þ

With

A¼ aþa−þbþb−;

B¼ a2þþb2þ;

C¼ðxþ1Þq½xð1−y2ÞðλþηÞaþþyðx2−1Þð1−ληÞbþ�;
ð4Þ
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and we have defined

a� ¼ ðx� 1Þq½xð1 − ληÞ � ð1þ ληÞ�; ð5Þ

b� ¼ ðx� 1Þq½yðλþ ηÞ ∓ ðλ − ηÞ�; ð6Þ

λ ¼ αðx2 − 1Þ−qðxþ yÞ2q; ð7Þ

η ¼ αðx2 − 1Þ−qðx − yÞ2q; ð8Þ

and for simplicity used prolate spheroidal coordinates
fx; yg that relate to fr; θg via

x ¼ r −m
σ

; y ¼ cos θ: ð9Þ

The δ-Kerr space-time depends on three free parameters,
that are related to mass, angular momentum, and deforma-
tion. The mass parameter m is related to the total gravi-
tational mass of the source. The angular momentum
parameter a� is analogous to Kerr’s angular momentum
and subject to the condition ja�j ≤ m. In the following it
will be convenient to use the a-dimensional parameter
a ¼ a�=m that has range a ∈ ð−1; 1Þ. The deformation
parameter δ is analogous to the deformation parameter in
the static Zipoy-Voorhees metric.
The other constants used above, namely σ > 0, q, and α

can all be related to the three parameters as follows:

σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2�

q
¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
; ð10Þ

q ¼ δ − 1; ð11Þ

α ¼ m − σ

a�
¼ a�

mþ σ
¼ a

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p : ð12Þ

Sowe can interpret q as related to the quadrupole parameter
and α as a new definition of the rotation parameter.
The δ-Kerr is asymptotically flat and has the following

limits:
(i) For δ ¼ 1 one obtains the Kerr solution.
(ii) For a ¼ 0 one obtains the Zipoy-Voorhees metric.
(iii) For both δ ¼ 1 and a ¼ 0 one obtains the Schwarzs-

child space-time.
Furthermore, the mass monopole and mass quadrupole are
given by

M0 ¼ mþ σq ¼ m
�
1þ q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p �
; ð13Þ

M2 ¼
σ3q
3

ð7 − q2Þ þmσ2ð1 − q2Þ −m2ðmþ 3σqÞ; ð14Þ

which reduce to the known values for the Zipoy-Voorhees
metric when a ¼ 0 and the known values for Kerr when
q ¼ 0. Also, the angular monopole and angular quadrupole
are given by (see Ref. [99])

J1 ¼ ma� þ 2a�σq ¼ m2a
�
1þ 2q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p �
; ð15Þ

J3 ¼ −
a�
3
½3a2�mþ 3mσqð3σqþ 4mÞ þ 2σ3qðq2 − 4Þ�;

ð16Þ

which vanish for a ¼ 0 and reduce to the known values for
Kerr when q ¼ 0, i.e., when δ ¼ 1.
The geometry of the δ-Kerr space-time is particularly

interesting because it is continuously linked to the widely
studied black hole solutions and because, unlike black
holes, it does not posses an event horizon. In fact it can be
shown that the δ-Kerr metric generically exhibits strong
curvature singularities at various locations for r ≤ rs, with

rs ¼ mþ σ; ð17Þ
corresponding to the location of the outer horizon in the
Kerr case. For this reason, in order to consider the line
element as describing the geometry outside a viable
rotating compact object, we will restrict the range of the
radial coordinate to r > rs.
If we consider the possibility that the classical relativistic

description breaks down at the horizon level and the final
fate of complete gravitational collapse can be an exotic
compact object which retains some of the higher-order
non-Kerr multipole moments of its progenitor, then we
might consider the δ-Kerr solution as the exterior of such an
exotic massive source.
In this regard the δ-Kerr solution may be considered as a

black hole mimicker and it important to study its obser-
vational properties in view of the possibility of testing the
geometry in the vicinity of astrophysical black hole
candidates in the future.

III. RAY-TRACING AND SHADOW’S BOUNDARY

Observational information of many astrophysical com-
pact sources such as the supermassive black hole candidate
in M87 comes from the study and analysis of the light
emitted by the accretion disk surrounding the source and
reaching the observer. Therefore, to study the observational
properties of the sources of the δ-Kerr space-time we need
to model the light emission of the accretion disk. In the
following, we study the trajectories of photons in the δ-Kerr
space-time applying the ray-tracing code described in
Ref. [101].
The stationary and axisymmetric δ-Kerr metric is inde-

pendent of the coordinates t and ϕ, so there exist two
Killing vectors—one timelike and one spacelike—
associated with time and rotation invariance about the
symmetry axis z. Consequently, these two Killing vectors
correspond to two conserved quantities, namely the energy
E and the z-component of the angular momentum Lz ¼ L
of the particle, in our case a photon. The two conserved
quantities can be expressed as
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−E ¼ gtt_tþ gtϕ _ϕ; ð18Þ

L ¼ gϕt_tþ gϕϕ _ϕ; ð19Þ

where the overhead dot represents the derivative with
respect to the affine parameter of the trajectory λ.
To determine the evolution of the photon’s trajectory we

need the four equations of motion for xμðλÞ. Using the
conserved quantities we obtain two first-order differential
equations for the t and ϕ components from Eqs. (18)–(19).
These can be rewritten in terms of the normalized affine
parameter λ0 ¼ Eλ as

dt
dλ0

¼ −gϕϕ − bgtϕ
gϕϕgtt − g2tϕ

; ð20Þ

dϕ
dλ0

¼ bgtt þ bgtϕ
gϕϕgtt − g2tϕ

; ð21Þ

where b is the photon’s impact parameter which is defined
as b≡ jL=Ej.
We can use the usual second-order geodesic equations

with the normalized affine parameter λ0 and the Christoffel
symbols Γσ

μν to get remaining two equations for the r and θ
components of the photon’s trajectory in the δ-Kerr space-
time. This waywe obtain the full equations ofmotion that the
ray-tracing code uses to determine the photon’s trajectory.
We suppose that the source of the δ-Kerr space-time is

located at the center of the coordinate system. For conven-
ience, we choose the mass parameter of the central object as
m ¼ 1, since it just scales the size of the shadow and it does
not affect its shape. We assume the screen to be at a large
distance r0 from the source (in the code we set r0 ¼ 1000),
perpendicular to the line of sight with the location of
the source and inclined by an angle θ0 with respect to
the rotation axis (see Fig. 1). The celestial coordinates
fα0; β0g on the observer’s sky are related to polar coor-
dinates rscr and ϕscr on the screen by α0 ¼ rscr cosðϕscrÞ and
β0 ¼ rscr sinðϕscrÞ. Becausewe only know the positions and
momenta of the photon on the screen, we should solve the
geodesic equations backwards from the observer’s screen
to the source. The photon departs from the screen with a
four-momentum perpendicular to it and initial conditions
ðα0; β0Þ. Using the equation uαuα ¼ 0 of the photon’s four-
velocity one can find the component ðdt=dλ0Þi. The initial
conditions of the photon on the screen are then converted to
the initial position in the δ-Kerrmetric ðri; θi;ϕiÞ. The initial
position and four-momentum of each photon in the δ-Kerr
space-time are given as [102]

ri ¼ ðr20 þ α20 þ β20Þ1=2; ð22Þ

θi ¼ arccos

�
r0 cos θ0 þ β0 sin θ0

ri

�
; ð23Þ

ϕi ¼ arctan

�
α0

r0 sin θ0 − β0 cos θ0

�
; ð24Þ

and �
dr
dλ0

�
i
¼ r0

ri
; ð25Þ

�
dθ
dλ0

�
i
¼ r0ðr0 cos θ0 þ β0 sin θ0Þ − r2i cos θ0

r2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2i − ðr0 cos θ0 þ β0 sin θ0Þ2

p ; ð26Þ

�
dϕ
dλ0

�
i
¼ −α0 sin θ0

α20 þ ðr0 cos θ0 þ β0 sin θ0Þ2
: ð27Þ

The initial conditions of the code on the screen are
defined in the following way. The image of the compact
source is confined inside 0 ≤ rscr ≤ 20 and 0 ≤ ϕscr ≤ 2π
with a step of π=180. On the screen we can define the
boundary between the photons that can be captured by the
compact source and the photons that can escape to infinity.
The photons are captured by the compact source if they
cross inside the surface r ¼ rs þ ΔrwithΔr ¼ 10−3 and rs
being the radius of the infinitely-redshifted null surface
given by Eq. (17). The confine is defined to an accuracy of
Δrscr ¼ 10−3 which is enough to accurately determine the
shadow’s boundary with the value of rscr and ϕscr. This
method allows one to calculate the border of the shadow
produced by light rays in the δ-Kerr as it appears on the
observer’s screen within the accuracy defined.
The object’s shadow is the observable consequence of

the photon’s capture by the massive compact source. In
black hole space-times this is related to the photon sphere
which is the surface formed from the combination of all
unstable spherical photon orbits, namely the surface that

FIG. 1. Schematic illustration of the celestial coordinates used
for the ray tracing code in the δ-Kerr space-time.
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separates between photon geodesics that are able to escape
to spatial infinity and those that fall towards the compact
object. To describe the shadow one may also consider the
celestial coordinates α and β (see Ref. [39] for reference)
which are defined as

α ¼ lim
r0→∞

�
−r20 sin θ0

dϕ
dr

�
; ð28Þ

β ¼ lim
r0→∞

�
r20
dθ
dr

�
; ð29Þ

where r0 is the distance between the observer and massive
source and θ0 is the inclination angle between the normal of
observer’s screen plane and the symmetry axis (see Fig. 1).
Through this method we can get the boundary of the

shadow as shown in Fig. 2. As expected, the boundary of

FIG. 2. The boundary of the shadow in the δ-Kerr space-time with different values of spin a and deformation δ for different inclination
angle of observation θ0. Each panel shows the shadow’s boundary for θ0 ¼ 15°; 45°; 75°; 90°. For smaller values of a the effect of δ on
the shadow’s boundary is more noticeable.
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the shadow depends on the deformation parameter q, the
spin parameter a and the observer’s inclination angle θ0.
Notice that for larger values of a the effects of the
deformation parameter become less pronounced and are
most visible for q < 0 in the static case. This can be
understood by looking at Eqs. (13) and (15) which show
how the leading mass and angular multipoles M0 and J1
depend on q via

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. Notice that for astrophysical

rotating sources one would expect the rotation to induce
some oblateness in the source thus causing a deformation
with q > 0. Fig. 2 allows us to estimate the influence of the
mass quadrupole, via the deformation parameter q, on the
shadow’s border. In the sequel, we will focus on how we
may constrain the value of the deformation parameter in the
δ-Kerr metric from observations.

IV. CONSTRAINING THE VALUE OF THE
DEFORMATION PARAMETER

Can we estimate the deformation parameter of the δ-Kerr
space-time from observations? In particular, considering
the image of the BH candidate in the galaxy M87, would it
be possible to put constraints on the value of the deforma-
tion parameter? In order to address this question we need to
describe the dependence of the shape of the shadow on q
and relate it to the shadow’s contour obtained experimen-
tally. To this aim we will use the independent coordinate
formalism proposed in [32]. The shape of the shadow is
parametrized in terms of the average radius of the sphere
hRi, and the asymmetry parameter A. We can safely ignore
the shiftDc off the center of the shadow because, in the case
of the δ-Kerr metric Dc is always identically equal to zero.
There are some other ways to describe the shape of the
shadow (see e.g., [12,37,103]), however, the results are
similar with any chosen parametrization. The average
radius hRi is the average distance of the boundary of the
shadow from its center, which is defined as

hRi≡ 1

2π

Z
2π

0

RðϑÞdϑ; ð30Þ

where RðϑÞ≡ ½ðα −DcÞ2 þ βðαÞ2�1=2, with Dc ¼ 0

and ϑ≡ tan−1½βðαÞ=α�. The asymmetry parameter A rep-
resents the distortion of the shadow from a circle and it is
defined by

A≡ 2

�
1

2π

Z
2π

0

ðR − hRiÞ2dϑ
�
1=2

: ð31Þ

There are two methods that we can follow to estimate the
value of the deformation parameter:
(1) We can define another parameterΔC, which is called

the deviation from circularity, as ΔC ¼ A=ð2hRiÞ.
The EHT Collaboration gives the deviation from
circularity in the first image of M87* is ΔC ≲ 10%
[1,8]. We can get the shadows with different δ and

spin a in the δ-Kerr space-time, then we can
calculate the deviation from circularity ΔC for each
shadow to constrain the allowed values of the
deformation parameter.

(2) From the areal radius Ra ¼
ffiffiffiffiffiffiffiffiffi
A=π

p
of the object’s

shadow we can infer the angular diameter θd on the
observer’s celestial sky,

θd ¼ 2
Ra

d
; ð32Þ

where d is the distance between M87* and Earth.
The ring diameter for the M87* black hole shadow
is θd ¼ 42� 3μas. Through Eq. (32), we can get a
constraint on the areal radius which can be used to
constrain the deformation parameter.

When considering the black hole candidate M87* we
need to define the values of itsmass and distance fromEarth.
The mass is usually estimated as MBH≃6.2×109M⊙, with
M⊙ being one solar mass, while its distance from Earth is
usually estimated as d ¼ 16.8� 0.8 Mpc [104,105] and
thus the value of ring diameter is θd ¼ 42� 3μas [1]. In
addition we need an estimate of the value of the spin and the
inclination angle of the disk with respect to Earth. The
inclination angle is taken to be θ0 ¼ 17°� 2° according to
[106]. Then assuming the Kerr geometry the value of the
spin has been evaluated as a ¼ 0.90� 0.05 [106]. Of course
a nonvanishing deformation parameter will affect the mea-
sured value of the spin for a given image of the shadow.
However, we may expect the departure from the Kerr
geometry to be small and therefore the value of the spin
to be close to the estimate given in [106]. We then wish to
investigate how a nonvanishing δ may affect the value of a
while keeping θd and θ0 within the observed ranges.
Firstly, we can notice that for any given value of δ

increasing the value of inclination angle θ0 (with the
spin fixed in the range a ∈ ð0.85; 0.95Þ), the area of the
shadow increases. Additionally, by increasing the value of
the spin a, with the inclination angle fixed in the range
θ0 ∈ ð15°; 19°Þ, the area of the shadow decreases. So we
can conclude that, for the Kerr geometry, the minimum
radius of the shadow’s boundary will be obtained for
θ0 ¼ 19°, a ¼ 0.85, while the maximum value for shad-
ow’s boundary will be obtained for θ0 ¼ 15°, a ¼ 0.95, as
can be seen in Fig. 3. A similar boundary may be obtained
for a fixed inclination angle, by changing the value of
the deformation parameter, as can be seen in Fig. 4. The
shadow’s size increases as δ and a decrease. Therefore,
within the range of allowed values for the observed angular
diameter of the object we may fit different pairs of fa; δg.
In order to study the effect of the quadrupole parameter

on the measurements of the spin of the compact object we
considered the constraints on the shadow’s boundary hRi
under the assumption of the Kerr geometry, i.e., Fig. 3. To
this aim we determined for each value of δ which range of
values of a would give the same constraints on hRi. This is
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shown for three values of the inclination angle θ0 in the
allowed range in Fig. 5. The solid black and red lines in the
figures represent the shadow’s boundary radius values of
hRi ¼ 4.8824 and hRi ¼ 4.9636, which correspond to the
solid and dashed lines in Fig. 3. The purple vertical line

corresponds the case of the Kerr metric. Through these
figures one may come to the following conclusions:

(i) A slightly oblate (δ > 1) black hole mimicker would
produce the same shadow with a slightly lower
angular momentum with respect to the Kerr case.

(ii) For angular momentum close to the observed range
a ≃ 0.9 the influence of the quadrupole parameter is
small, as can be seen from Eqs. (13) and (15). Even
when the value of δ becomes large, i.e., δ ≃ 2, the
difference of shadow’s radius hRi between Kerr and
δ-Kerr remains small.

(iii) The shadow’s radius for a fixed δ increases as the
spin a decreases, consistently with what happens in
the Kerr case. However, the influence of the quadru-
pole parameter δ > 1 is not monotonic and the
shadow’s radius, for a given spin a, will reach its
maximum value for δ < 1.2.

V. THIN ACCRETION DISK IN δ-KERR METRIC

We now turn the attention to the simulation of a
geometrically thin infinite accretion disk in the δ-Kerr
metric following the framework developed for black
holes in [107]. To this purpose we used the open source
ray-tracing code Gyoto [108], which through the ray
tracing of photons emitted by matter accreting onto a
central object in a given geometry allows to simulate the
disk’s image.
The original Gyoto code for geometrically thin infinite

accretion disks was developed in order to produce images
of the shadow of a Kerr black hole. Therefore we had to
modify the code in order to apply it to the δ-Kerr metric.
The two major changes involve of course the metric
functions and the equations of motion. Changing the metric
functions in the code is straightforward, while the equations

FIG. 3. The boundary of the shadow in the Kerr metric within
experimental bounds from the EHT observations. The two
boundaries are obtained for the limiting values of inclination
angle and spin of θ0 ¼ 19°, a ¼ 0.85, and θ0 ¼ 15°, a ¼ 0.95.

FIG. 4. The boundary of the shadow in the δ-Kerr metric with
fixed inclination angle θ0 ¼ 17° and different values for spin a
and deformation δ. The two boundaries are obtained for the
limiting values of a ¼ 0.80, δ ¼ 0.8, and a ¼ 0.99, δ ¼ 1.1.

FIG. 5. The average radius of the shadow hRi for different
values of spin a and quadrupole parameter δ with fixed value of
observation angle θ0 ¼ 17°. The solid lines correspond to hRi for
the minimum and maximum values obtained in Fig. 3. The purple
vertical line corresponds the case of Kerr metric.
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of motion required a little more care. From the Lagrangian
for test particles

L ¼ 1

2
gαβ _qα _qβ; ð33Þ

we get the conjugate momenta as

pα ≡ _qα; pα ≡ ∂L
∂ _qα

¼ gαβ _qβ ¼ gαβpβ: ð34Þ

Notice that the line element is stationary and exhibits
invariance under rotations about the symmetry axis.
Therefore, as we mentioned earlier, there are two conserved
quantities related to those symmetries, namely the energy
per unit mass of the test particle, E ¼ −pt, and the
component of the angular momentum along the symmetry
axis, L ¼ −pϕ. We can then define the Hamiltonian from
the usual Legendre transformation

H ¼ pα _qα − L ¼ 1

2
gαβpαpβ; ð35Þ

and write the equations of motion in the form of Hamilton’s
equations,

_qα ¼
∂H
∂pα

; _pα ¼ −
∂H
∂qα

: ð36Þ

Of the above set of equations two (for t and ϕ) retrieve
the conserved quantities while two (for r and θ) are the
relevant ones. They are

_pr ¼ −
1

2
ðgttÞ0E2 −

1

2
ðgrrÞ0pr

2 −
1

2
ðgθθÞ0pθ

2

þ 1

2
ðgϕϕÞ0L2 − ðgtϕÞ0EL;

_pθ ¼ −
1

2
ðgttÞ;θE2 −

1

2
ðgrrÞ;θpr

2 −
1

2
ðgθθÞ;θpθ

2

þ 1

2
ðgϕϕÞ;θL2 − ðgtϕÞ;θEL; ð37Þ

where the superscript x0 denotes differentiation with respect
to r and now we use the notation _x to denote differentiation
with respect to t. Also the subscript x;θ denotes differ-
entiation with respect to θ.
An important element in constructing the thin disk’s

image is the profile of the emitted flux of radiation, such as
it was described for example in [109], that needs to be
implemented in the code. For a massive test particle
orbiting the δ-Kerr metric on a circular orbit in the
equatorial plane θ ¼ π=2 the equation of motion (37)
vanishes and the particle’s effective potential can be
written as

VeffðrÞ ¼ −1þ E2gϕϕ þ 2ELgtϕ þ L2gtt
g2tϕ − gttgϕϕ

: ð38Þ

Where the conserved quantities E and L can be
expressed as

E ¼ −
gtt þ Ωgtϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gtt − 2Ωgtϕ −Ω2gϕϕ
q ; ð39Þ

L ¼ Ωgϕϕ þ gtϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gtt − 2Ωgtϕ −Ω2gϕϕ

q ; ð40Þ

with the angular velocity Ω given by

Ω ¼ dϕ
dt

¼
−gtϕ;r �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðg2tϕ;r þ gϕϕ;rgtt;rÞ

q
gϕϕ;r

: ð41Þ

The inner edge of the thin accretion disk in the δ-Kerr
space-time is given by the innermost stable circular orbit
(ISCO). The position of the ISCO is obtained from the
conditions,

FIG. 6. The radius of the innermost stable circular orbit (ISCO)
in units of M0 as a function of the deformation parameter δ for
different values of the spin parameter a. The solid line corre-
sponds to the Zipoy-Voorhees metric. The vertical line for δ ¼ 1
corresponds to the Kerr case.
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VeffðrÞ ¼ V 0
effðrÞ ¼ V 00

effðrÞ ¼ 0; ð42Þ

which determine the energy E, angular momentum L and
location rISCO of the particle on the innermost stable
circular orbit. In Fig. 6 we show the dependence of the
ISCO on the deformation parameter δ for various values
of a in units of the object’s mass M0. Assuming that the
accretion disk emits electromagnetic radiation, the total
radiative flux can be defined as

FðrÞ ¼ −
_M0c2

4πM2
0

Ω;rffiffiffiffiffiffi−gp ðE − ΩLÞ2
Z

r

rISCO

ðE −ΩLÞL;rdr;

ð43Þ

where _M0 is the mass accretion rate, which can be
approximated as constant and g is the determinant of
the three dimensional subspace metric with θ ¼ π=2 of
the δ-Kerr metric.
In Figs. 7–10 we show the image of the thin accretion

disk in the δ-Kerr space-time for different values of a and δ

FIG. 7. The thin accretion disk in the δ-Kerr space-time with the observation angle θ0 ¼ 15°, for the different values of a and δ. Image
sizes are normalized with M0 while the energy flux of each rows (fixed a) is normalized with the maximum value in the Kerr case
(δ ¼ 1). The top row corresponds to the Zipoy-Voorhees metric, while the middle column corresponds to the Kerr case.
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at inclination angles θ0 of 15°, 45°, 70°, and 90°. The
middle column of the figures shows the thin accretion
disk in the Kerr case, i.e., δ ¼ 1, and it is clear that the
most significant departures are obtained for prolate
sources (δ < 1) with small values of a. Therefore for
the range of values constrained by the image of M87* it
may not be possible to distinguish whether the image
is due to a Kerr black hole or to a δ-Kerr metric with
slightly different values of the parameters, see Fig. 7 with
a ¼ 0.9, for example. In fact, as suggested by the analysis

of Fig. 5, for large angular momentum even larger values
of δ may produce the same image of the disk. It is then
clear that the fact that M87* may be a black hole
mimicker described by the δ-Kerr metric can not be
excluded based solely on the properties of the shadow as
inferred from a unique set of observations. Therefore,
independent measurements of the deformation and spin
of the object may be necessary in order to break the
degeneracy and determine the nature of the geometry
outside the compact object.

FIG. 8. The thin accretion disk in the δ-Kerr space-time with the observation angle θ0 ¼ 15°, for the different values of a and δ. Image
sizes are normalized with M0 while the energy flux of each rows (fixed a) is normalized with the maximum value in the Kerr case
(δ ¼ 1). The top row corresponds to the Zipoy-Voorhees metric, while the middle column corresponds to the Kerr case.
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VI. CONCLUSION

We investigated the possibility to test the Kerr hypothesis
via the image of the shadow of supermassive black holes.
To this aim we considered a black hole mimicker whose
exterior geometry is given by the δ-Kerr metric, an exact
solution of the field equations in vacuum which is
continuously linked to the Kerr metric via the value of
one parameter. The δ-Kerr space-time is a generalization
of the Kerr space-time which belongs to the class of Ricci-
flat exact solutions of gravitational field equations. It is

obtained from the nonlinear superposition of the Zipoy-
Voorhees metric and the Kerr metric and it can be thought
of as describing a deformed Kerr black hole mimicker
with the deformation parameter given by δ ¼ 1þ q, where
q ≠ 0 is related to the nonrelativistic mass quadrupole
moment of the source. The presence of the additional
parameter turns the Kerr horizon into a curvature singu-
larity thus suggesting the interpretation that the line
element describes the exterior of an exotic compact object
with boundary slightly larger that the infinitely redshifted
surface.

FIG. 9. The thin accretion disk in the δ-Kerr space-time with the observation angle θ0 ¼ 15°, for the different values of a and δ. Image
sizes are normalized with M0 while the energy flux of each rows (fixed a) is normalized with the maximum value in the Kerr case
(δ ¼ 1). The top row corresponds to the Zipoy-Voorhees metric, while the middle column corresponds to the Kerr case.
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We studied the optical properties of δ-Kerr space-time
with a ray-tracing code for photons and simulated the
apparent shape of the shadow of the compact object with
the aid of the Gyoto code [108]. We showed that the
shadow of the black hole candidate M87* obtained by the
EHT Collaboration [105] could be produced also by an
accretion disk in the δ-Kerr space-time with nonvanishing
deformation q and values for the angular momentum and
inclination angle within the measured range. Therefore a
separate set of measurements of those quantities with an
independent method is necessary in order to break the
degeneracy and determine the nature of the geometry.
We conclude that the image of the shadow alone,

however accurate, is not enough to exclude this class
of black hole mimickers since within the error bars of the

measurements it will always be possible to find sets
of fa; δg that produces the same image. However, the
degeneracy may be broken by an independent set of
measurements of the same parameters, for example by
measuring the orbits of test particles, such as stars
orbiting the supermassive black hole candidate, in the
vicinity of the object’s ISCO. As of now the shadow of
supermassive BH candidates has been imaged for M87*
and SgrA*. In the case of SgrA* we already know the
orbits of some nearby stars and its relative vicinity to
Earth may one day lead to the discovery of neutron stars
orbiting close enough to the ISCO to allow us to break
the degeneracy in the measurement of the deformation
parameter and determine if the geometry is indeed given
by the Kerr metric.

FIG. 10. The thin accretion disk in the δ-Kerr space-time with the observation angle θ0 ¼ 15°, for the different values of a and δ. Image
sizes are normalized with M0 while the energy flux of each rows (fixed a) is normalized with the maximum value in the Kerr case
(δ ¼ 1). The top row corresponds to the Zipoy-Voorhees metric, while the middle column corresponds to the Kerr case.
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Another way to obtain an independent constraint of the
deformation parameter of the δ-Kerr metric may be through
the observation of gravitational wave signals. This may be
impossible at present for M87* and SgrA*, as we do not
expect to be able to detect gravitational waves from the
inspiral of stars and neutron stars onto the central object.
However it may be possible to numerically study the
merger of a binary stellar mass system described by two
δ-Kerr compact objects and compare the results with the
available data from LIGO and Virgo. Additionally con-
straints on the allowed values of the deformation parameter
may come from the study of the emission spectra produced
by the disks surrounding supermassive black hole candi-
dates in the Universe.
In the last few years the number and variety of available

observations of the near horizon region of black hole
candidates has grown significantly. To the point that
soon we will have sufficient constraints on the exterior
geometry of such compact objects to test the validity of

the Kerr hypothesis. Until that time it is important to study
the properties of black hole mimickers such as the
δ-Kerr metric.
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