
Second-order energy-momentum tensor of a scalar field

Inyong Cho *

School of Natural Sciences, College of Liberal Arts, Seoul National University of Science and Technology,
Seoul 01811, Korea

Jinn-Ouk Gong†

Department of Science Education, Ewha Womans University, Seoul 03760, Korea;
Asia Pacific Center for Theoretical Physics, Pohang 37673, Korea

Seung Hun Oh‡

Department of Consilience, Tech University of Korea, Siheung 15073, Korea

(Received 27 June 2022; accepted 3 October 2022; published 18 October 2022)

We investigate the second-order effective energy-momentum tensor (2EMT) constructed by the
quadratic terms of the linear scalar cosmological perturbations while the universe is dominated by a
scalar field. We show that 2EMT is gauge dependent. We then study 2EMT in three (longitudinal, spatially
flat, and comoving) gauge conditions in the slow-roll stage of inflation. We find that 2EMT exhibits an
effective fluid of w ¼ −1=3 on superhorizon scales in all of those gauge conditions.
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I. INTRODUCTION

An inflationary universe is a successful scenario so far,
according to the observation of the cosmic microwave
background (CMB). Cosmological perturbations produced
during the inflationary period explain the CMB data
successfully. As the precision of the observational tech-
nique improves, the higher-order perturbations beyond the
linear order have attracted more attention. Thus, it is
increasingly more important to understand the higher-order
nature of cosmological perturbations to test the paradigm of
inflation and to discriminate among different models of
inflation. The second-order cosmological perturbations
during inflation were investigated in Refs. [1,2], in par-
ticular, the second-order effective energy-momentum ten-
sor (2EMT) constructed by the quadratic terms of the linear
perturbations was considered. This has been studied as a
way of a backreaction of perturbations on the background.
The gauge invariance of 2EMT was also discussed.
Recently 2EMT of cosmological perturbations produced

by a perfect fluid was investigated in the Friedmann
universe [3]. The gauge dependence of 2EMT was pre-
sented in general. The 2EMT in three gauge conditions
(longitudinal, spatially flat, and comoving gauges) was
investigated in the matter- and radiation-dominated epochs.
No convergence of 2EMT was observed, i.e., each gauge
condition gives a different 2EMT in the given epoch.

The story of the gauge invariance of the Einstein’s
equation can be discussed as below. One can expand the
Einstein’s equation by order as (let 8πG ¼ 1 in this section)

Gμν ¼Tμν

⇒Gð0Þ
μν þGð1Þ

μν þGð2Þ
μν þ�� � ¼Tð0Þ

μν þTð1Þ
μν þTð2Þ

μν þ�� � : ð1Þ

The equality is satisfied order by order, GðnÞ
μν ¼ TðnÞ

μν . Let us

consider the first-order equation, Gð1Þ
μν ¼ Tð1Þ

μν . The Einstein

tensor Gð1Þ
μν and the energy-momentum tensor Tð1Þ

μν are not
gauge invariant by themselves. By adding terms on both
sides of the first-order equation, one can construct the
equation in a gauge-invariant form,

Ḡð1Þ
μν ¼ T̄ð1Þ

μν ; ð2Þ

where the gauge-invariant quantities are given by

Ḡð1Þ
μν ¼ Gð1Þ

μν þ δGð1Þ
μν ; T̄ð1Þ

μν ¼ Tð1Þ
μν þ δTð1Þ

μν : ð3Þ

Here, δGð1Þ
μν and δTð1Þ

μν are the terms added to make gauge-
invariant quantities.
Similarly, the second-order equation can be put into the

gauge-invariant form, Ḡð2Þ
μν ¼ T̄ð2Þ

μν . However, each quantity
is composed in a more complicated way,
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Ḡð2Þ
μν ¼Gð2Þ

μν þδGð2Þ
μν

¼Gð1Þ
μν ½gð2Þ�þGð2Þ

μν ½gð1Þ�þδGð1Þ
μν ½gð2Þ�þδGð2Þ

μν ½gð1Þ�; ð4Þ

T̄ð2Þ
μν ¼ Tð2Þ

μν þ δTð2Þ
μν

¼ Tð1Þ
μν ½gð2Þ;ψ ð2Þ� þ Tð2Þ

μν ½gð1Þ;ψ ð1Þ�
þ δTð1Þ

μν ½gð2Þ;ψ ð2Þ� þ δTð2Þ
μν ½gð1Þ;ψ ð1Þ�; ð5Þ

where gðnÞ and ψ ðnÞ represent the metric and the matter
perturbations of nth order. The second-order quantity
consists of two parts; one is linear order of the second-

order perturbations (e.g., Gð1Þ
μν ½gð2Þ�), and the other is

quadratic order of the linear perturbations (e.g., Gð2Þ
μν ½gð1Þ�).

2EMT is constructed by the underlined terms in Eqs. (4)
and (5),

Tð2;effÞ
μν ≡ Tð2Þ

μν ½gð1Þ;ψ ð1Þ� −Gð2Þ
μν ½gð1Þ�: ð6Þ

Considering Ḡð2Þ
μν and T̄ð2Þ

μν are gauge invariant individually,

it is difficult to expect Tð2;effÞ
μν in which only a collection of

parts of them are gauge invariant.
In Ref. [3], we derived 2EMT of a barotropic fluid and

showed that it is indeed gauge dependent. In this work, we
study 2EMT of a minimally coupled canonical scalar field.
We will derive 2EMT and show its gauge dependence. We
shall try to impose three gauge conditions (longitudinal,
spatially flat, and comoving gauges), and investigate the
convergence of 2EMT in the slow-roll background during
inflation. Very interestingly, we find that 2EMT in all gauge
choices converges to an effective fluid in the long-wave-
length limit. This convergence is absent in the barotropic
fluid in the Friemann universe studied in our previous
work [3].

II. EINSTEIN’S EQUATION AND 2EMT OF
SCALAR FIELD

In this section, we derive 2EMT starting from linear
perturbations. We consider the general metric

ds2¼a2ðηÞ½−ð1þ2AÞdη2−2Bidηdxiþðδijþ2CijÞdxidxj�;
ð7Þ

where the metric perturbations A, Bi, and Cij are to be
expanded in all orders. The Einstein tensor Gμν up to
second order was presented in our previous work [3], which
we will not duplicate here. In this section, we present the
energy-momentum tensor of a minimally coupled canoni-
cal scalar field ϕ.

A. Energy-momentum tensor

The energy-momentum tensor of a minimally coupled
scalar field ϕ is given by the perturbed matter action Sϕ
with respect to the metric gμν,

Tμν ¼−
2ffiffiffiffiffiffi−gp δSϕ

δgμν
¼ϕ;μϕ;ν−gμν

�
1

2
gρσϕ;ρϕ;σ −VðϕÞ

�
; ð8Þ

where VðϕÞ is the potential of ϕ. We split ϕ into the
unperturbed background ϕ0 and the perturbation δϕ,

ϕ ¼ ϕ0 þ δϕ: ð9Þ

Then each component of the energy-momentum tensor is
readily found as, up to second order in perturbations,

T00 ¼
1

2
ðϕ0

0Þ2 þ a2Vðϕ0Þ þ ϕ0
0δϕ

0 þ 2AVðϕ0Þ

þ a2Vϕðϕ0Þδϕþ 1

2
ðδϕ0Þ2 þ 1

2
ð∇δϕÞ2

þ 1

2
a2Vϕϕðϕ0Þδϕ2 þ 2a2AVϕðϕ0Þδϕ

þ 1

2
BkBkðϕ0

0Þ2 − ϕ0
0Bkδϕ;k; ð10Þ

T0i ¼ ϕ0
0δϕ;i −

1

2
Biðϕ0

0Þ2 þ a2BiVðϕ0Þ
þ δϕ0δϕ;i − Biϕ

0
0δϕ

0 þ ABiðϕ0
0Þ2

þ a2BiVϕðϕ0Þδϕ; ð11Þ

Tij ¼ δij

�
1

2
ðϕ0

0Þ2 − a2Vðϕ0Þ
�
þ δij½ϕ0

0δϕ
0 − Aðϕ0

0Þ2

− a2V 0ðϕ0Þδϕ� þ Cij½ðϕ0
0Þ2 − 2a2Vðϕ0Þ�

þ δϕ;iδϕ;j þ 2Cij½ϕ0
0δϕ

0 − Aðϕ0
0Þ2 − a2Vϕðϕ0Þδϕ�

þ δij

�
1

2
ðδϕ0Þ2 − 1

2
ð∇δϕÞ2 þ

�
2A2 −

1

2
BkBk

�
ðϕ0

0Þ2

− 2Aϕ0
0δϕ

0 þ Bkϕ
0
0δϕ;k −

1

2
a2Vϕϕðϕ0Þδϕ2

�
; ð12Þ

where a prime denotes a derivative with respect to the
conformal time η, Vϕ ¼ ∂V=∂ϕj0 and Vϕϕ ¼ ∂

2V=∂ϕ2j0.
From now on, the potential is always evaluated with respect
to the background value, i.e., V ¼ Vðϕ0Þ and so on.

B. Einstein’s equation

We can construct order by order the Einstein’s equation
by equating each component of the Einstein tensor and the
corresponding component of the energy-momentum tensor
(10)–(12).
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1. Background equations

The background equations, which contain no perturba-
tions but only background variables, are given by the 00
and ij components,

H2 ¼ 8πG
3

�
1

2
ðϕ0

0Þ2 þ a2V

�
; ð13Þ

2H0 þH2 ¼ 8πG

�
−
1

2
ðϕ0

0Þ2 þ a2V

�
; ð14Þ

where H≡ ðda=dηÞ=a, and for later use, H ≡ ðda=dtÞ=a
with dt ¼ adη. The equation for ϕ0 can be found from the
energy-momentum tensor conservation,

ϕ00
0 þ 2Hϕ0

0 þ a2Vϕ ¼ 0: ð15Þ

2. Linearized equations

Using the background equations (13)–(15), we find the
most convenient form of the first-order equations,

2ðH0 þ 2H2ÞA − 2HBk;k − 2HC0
kk þ ΔCkk − Ckl;kl

¼ 8πG½ðϕ0
0δϕÞ0 þ 2Hϕ0

0δϕ − 2ϕ0
0δϕ

0�; ð16Þ

2HA;i þ B½i;k�k þ C0
ik;k − C0

kk;i ¼ 8πGϕ0
0δϕ;i; ð17Þ

δij½2HA0 þ 2ðH0 þ 2H2ÞAþ ΔA − B0
k;k − 2HBk;k

− C00
kk − 2HC0

kk þ ΔCkk − Ckl;kl�
− A;ij þ B0

ði;jÞ þ 2HBði;jÞ þ C00
ij þ 2HC0

ij

− ΔCij þ 2Ckði;jÞk − Ckk;ij

¼ 8πGδij½ðϕ0
0δϕÞ0 þ 2Hϕ0

0δϕ�: ð18Þ

The equation of motion for the scalar-field perturbation δϕ
is given by

δϕ00 þ 2Hδϕ0 − Δδϕþ a2Vϕϕδϕ − ðA0 − Bk;k − C0
kkÞϕ0

0

þ 2a2VϕA ¼ 0: ð19Þ

3. Gauge-invariant variables

Now, we consider only scalar components of the metric
perturbations such that they are written in terms of four
functions,

A ¼ α; Bi ¼ β;i; Cij ¼ −ψδij þ E;ij: ð20Þ

These functions transform under the infinitesimal coordi-
nate transformation xμ → xμ þ ξμ as

α → α − ξ00 −Hξ0; ð21Þ

β → β − ξ0 þ ξ0; ð22Þ

ψ → ψ þHξ0; ð23Þ

E → E − ξ: ð24Þ

Then, it can be readily shown that the following variables
are gauge invariant up to first order,

δϕ ¼ δϕ − ϕ0
0Q; ð25Þ

Φ ¼ α −Q0 −HQ; ð26Þ

Ψ ¼ ψ þHQ; ð27Þ

where Q represents a time translation defined by

Q ¼ β þ E0: ð28Þ

Now, Eqs. (16)–(18) enable us to express δϕ and δϕ0 in
terms of the gauge-invariant variable Ψ ¼ Φ,

δϕ ¼ Ψ0 þHΨ
4πGϕ0

0

; ð29Þ

δϕ0 ¼ ΔΨ − KΨ0 − LΨ
4πGϕ0

0

; ð30Þ

where K and L depend only on the background variables,

K ¼ 3Hþ a2
Vϕ

ϕ0
0

; ð31Þ

L ¼ H0 þ 2H2 þ a2H
Vϕ

ϕ0
0

: ð32Þ

Then, the linear equations (16)–(18) can be written solely in
terms of Ψ as

Ψ00 − ΔΨþ 2KΨ0 þ 2LΨ ¼ 0: ð33Þ

C. 2EMT

Since we have obtained the Einstein and the energy-
momentum tensors up to second order, and the Einstein’s
equation up to linear order, we now can construct the
2EMT in a similar manner as we did in our previous work
[3]. As we discussed in the Introduction, the second-order
Einstein’s equation is rearranged as

Gð1Þ
μν ½gð2Þ� ¼ 8πGTð1Þ

μν ½gð2Þ; δϕð2Þ� þ 8πGTð2;effÞ
μν with

Tð2;effÞ
μν ≡ Tð2Þ

μν ½gð1Þ; δϕð1Þ� −Gð2Þ
μν ½gð1Þ�
8πG

; ð34Þ

where the two quadratic terms make the 2EMT that
describes the backreaction of the linear perturbations.

SECOND-ORDER ENERGY-MOMENTUM TENSOR OF A SCALAR … PHYS. REV. D 106, 084027 (2022)

084027-3



Using the results in the previous section, we can write Tð2;effÞ
μν in terms of the gauge-invariant variable Ψ and the gauge-

dependent variables Q and E. After taking the spatial average denoted by bra-ket notations, τμν ≡ hTð2;effÞ
μν i, we obtain

8πGτ00 ¼
1

H0 −H2

�
−hð∇Ψ0Þ2i− hðΔΨÞ2i − 2ðK þHÞh∇Ψ0 ·∇Ψi− ½3ðH0 −H2Þ þK2 þ a2Vϕϕ�hðΨ0Þ2i

þ ð9H0 − 10H2 − 2LÞhð∇ΨÞ2i þ 2

�
6HðH0 −H2Þ−KLþ 2ðH0 −H2Þa2 Vϕ

ϕ0
0

− a2HVϕϕ

�
hΨΨ0i

−
�
L2 − 4HðH0 −H2Þa2 Vϕ

ϕ0
0

þ a2H2Vϕϕ

�
hΨ2i

�

þ 2

	�
a2

Vϕ

ϕ0
0

Q0 þ
�
3H0 þ ð4HþKÞa2 Vϕ

ϕ0
0

þ a2Vϕϕ

�
Q−ΔQþΔE0 − 2HΔE

�
Ψ0



þ 2

	�
−
�
Lþ 6H2 − 2a2H

Vϕ

ϕ0
0

�
Q0 þ

�
2HðL− 3H0Þ þ ðL− 2H0 þ 4H2Þa2 Vϕ

ϕ0
0

þHa2Vϕϕ

�
Q

−ΔQ0 − ðK −HÞΔQþ 2HΔE0 þΔ2E

�
Ψ


− ðH0 þ 2H2ÞhQ02i − 2

�
HðH0 − 4H2Þ þ ðH0 −H2Þa2 Vϕ

ϕ0
0

�
hQ0Qi

−
�
ðH0 −H2Þ

�
4H2 þ 8Ha2

Vϕ

ϕ0
0

þ a4
�
Vϕ

ϕ0
0

�
2

þ a2Vϕϕ

�
þ 3H0ðH0 − 4H2Þ

�
hQ2i

− 2Hh∇Q0 ·∇Qi þ h½4H2Qþ 2HΔE− ðH0 þ 2H2ÞE0�ΔE0i þ 4HhðHQ0 þH0QÞΔEi; ð35Þ

8πGτ0i ¼ 0; ð36Þ

8πGτij ¼ δij

�
1

H0 −H2

�
1

3
hð∇Ψ0Þ2i − hðΔΨÞ2i þ 2

�
H
3
− K

�
h∇Ψ0 · ∇Ψi þ ðH0 −H2 − K2 þ a2VϕϕÞhðΨ0Þ2i

þ
�
1

3
ð11H0 − 10H2Þ − 2L

�
hð∇ΨÞ2i þ 2½Ha2Vϕϕ − KLþ 2ðH0 −H2ÞðK þ 2HÞ�hΨΨ0i

þ ½4ðH0 −H2ÞðH0 þ 2H2 þ LÞ − L2 þH2a2Vϕϕ�hΨ2i
�

þ 2

	�
Q00 þ 3ð3H − KÞQ0 þ ðH0 þ 12H2 þ K2 − 7HK − a2VϕϕÞQþ 1

3
ΔE0 −

4

3
ðK −HÞΔE

�
Ψ0



þ 2

	�
4HQ00 þ ð6H0 þ 10H2 − 3LÞQ0 þ ΔQ0 − ðK − 3HÞΔQ

− ½2H00 þ a2HVϕϕ −HK2 þ ð5H0 þ 2H2ÞK − 11H0H − 9H3�Q −
1

3
ΔE00 −

2

3
HΔE0 −

4

3
LΔEþ 2

3
Δ2E

�
Ψ



þ 2

3
h∇Q00 ·∇Qi þ 2

3
hð∇Q0Þ2i þ 4H

3
h∇Q0 ·∇Qi þ 2HhQ00Q0i − 2H0hQ00Qi − ðH0 − 2H2ÞhQ02i

− 2½2H00 þ 3H0Hþ ðH0 −H2ÞðK þHÞ�hQ0Qi

−
�
4HH00 þ 3H02 þ 4H0H2 þ ðH0 −H2Þ

�
4H2 þ a2Vϕϕ þ a4

�
Vϕ

ϕ0
0

�
2
��

hQ2i

−
2

3
hð2HQ − 3HE0 þ ΔEÞΔE00i − 1

3
h½8HQ0 þ 8ðH0 þH2ÞQ − 3ðH0 þ 2H2ÞE0 þ 2ΔE0 þ 4HΔE�ΔE0i

−
4

3
hfHQ00 þ 2ðH0 þH2ÞQ0 þ 2½3HH0 −H3 − ðH0 −H2ÞK�QgΔEi

�
: ð37Þ

As we can see, 2EMT does not depend only on the gauge-invariant variable Ψ but also on the gauge-dependent variablesQ
and E. Therefore, we conclude that the 2EMT for a scalar field is gauge dependent like for a perfect fluid in Ref. [3].
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III. 2EMT IN DIFFERENT GAUGES

In the previous section, we have seen that τμν for a scalar
field is gauge dependent. Still, we may expect that even
under different gauge conditions τμν behaves similarly in
certain wavelength limits so that τμν describes effectively a
well-behaved fluid independent of gauge choices. In this
section, we examine this possibility under three gauge
conditions: longitudinal, spatially flat, and comoving
gauges. We consider the long- and short-wavelength limits
of τμν in each gauge. Here, the long-wavelength limit
means the physical wavelengths λphys of the perturbation
modes are much larger than the Hubble scale H−1,
λphys ≫ H−1, or in terms of the (comoving) momentum,

k ≪ H: ð38Þ

In the short-wavelength limit, conversely k ≫ H.

Since we are interested in a universe dominated by a
scalar field, i.e., the inflationary epoch representatively, we
expand τμν in the power of the slow-roll parameters,

ϵ≡ −
_H
H2

¼ 4πG
_ϕ2
0

H2
; ð39Þ

δ≡ −
ϕ̈0

H _ϕ0

¼ ϵ −
_ϵ

2Hϵ
: ð40Þ

With the Fourier-mode expansion

Ψðη; xÞ ¼
X
k

ΨkðηÞeik·x; ð41Þ

solving Eq. (33) in the long- and short-wavelength limits
gives the following solutions:

ΨkðηÞ ¼
�
A1ϵ ðlong wavelengthÞ
4πG _ϕ0½c1 sinðkηÞ þ c2 cosðkηÞ� ðshort wavelengthÞ ; ð42Þ

where A1 and ci are complex constants. Notice that since
Ψk is approximately constant on long-wavelength scales
and is rapidly oscillating on short-wavelength scales, their
cross terms in computing τμν from Eqs. (35), (36), and (37)
vanish. We thus only consider the cases when two Ψk’s are
both in the long- and short-wavelength limits separately.
Also, we mention that when the scalar field ϕ is oscillating,
it is completely equivalent to a pressureless matter com-
ponent [4]. Then the analysis of the corresponding 2EMT
can follow straightly our previous study [3].

A. Longitudinal gauge

Let us take the longitudinal gauge by imposing

β ¼ E ¼ 0: ð43Þ

This in turn gives Q ¼ 0. τμν in this gauge is found to be
described solely by the gauge-invariant variable Ψ,

τ00 ¼
1

8πGðH0 −H2Þ
�
−hð∇Ψ0Þ2i − hðΔΨÞ2i − 2ðK þHÞh∇Ψ0 · ∇Ψi − ½3ðH0 −H2Þ þ K2 þ a2Vϕϕ�hðΨ0Þ2i

þ ð9H0 − 10H2 − 2LÞhð∇ΨÞ2i þ 2

�
6HðH0 −H2Þ − KLþ 2ðH0 −H2Þa2 Vϕ

ϕ0
0

− a2HVϕϕ

�
hΨΨ0i

−
�
L2 − 4HðH0 −H2Þa2 Vϕ

ϕ0
0

þ a2H2Vϕϕ

�
hΨ2i

�
; ð44Þ

τij ¼
δij

8πGðH0 −H2Þ
�
1

3
hð∇Ψ0Þ2i − hðΔΨÞ2i þ 2

�
H
3
− K

�
h∇Ψ0 · ∇Ψi þ ðH0 −H2 − K2 þ a2VϕϕÞhðΨ0Þ2i

þ
�
1

3
ð11H0 − 10H2Þ − 2L

�
hð∇ΨÞ2i þ 2½Ha2Vϕϕ − KLþ 2ðH0 −H2ÞðK þ 2HÞ�hΨΨ0i

þ ½4ðH0 −H2ÞðH0 þ 2H2 þ LÞ − L2 þH2a2Vϕϕ�hΨ2i
�
: ð45Þ
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1. Long-wavelength limit

In the long-wavelength limit k ≪ H, we find τμν in the
longitudinal gauge as

τ00 ≈
jA1j2k2
8πG

�
2ϵþ 3

H2

k2
ð−3ϵ2 þ ϵδÞ

�
; ð46Þ

τij ≈
jA1j2k2
8πG

�
−
2

3
ϵþ 3

H2

k2
ð3ϵ2 − ϵδÞ

�
: ð47Þ

We note that the long-wavelength limit can be divided into
two sublimits, depending on which term inside the square
brackets dominates: (i) the ultralong-wavelength limit for
which the second term dominates so thatH=k≳ 1=

ffiffiffi
ϵ

p
, and

(ii) the infralong-wavelength limit for which the first term
dominates so that H=k≲ 1=

ffiffiffi
ϵ

p
.

(i) Ultralong-wavelength limit: in this limit, k≲ ffiffiffi
ϵ

p
H

so that the second term, i.e., the Oðϵ2Þ term, in the
2EMT is dominant. The value of the equation-of-
state parameter w in this limit is given by

w≡ p
ϱ
≈ −1; ð48Þ

ϱ ≈ −
3H2jA1j2ð3ϵ2 − ϵδÞ

8πG
; ð49Þ

where the effective energy density and pressure of
the 2EMT are given by ϱ ¼ τ00=a2 and p ¼ τii=a2.
Note that this result agrees with that in Ref. [2] in
which the authors showed that w ≈ −1 with ϱ < 0.

(ii) Infralong-wavelength limit: in this limit, k≳ ffiffiffi
ϵ

p
H

so that the first term, i.e., theOðϵÞ term, in the 2EMT
is dominant. The value of w in this limit is given by

w ≈ −
1

3
; ð50Þ

ϱ ≈
k2jA1j2ϵ
4πGa2

> 0: ð51Þ

It is interesting to note that the scale dividing the ultra-
and infralong-wavelength limits coincides with the so-
called decoupling limit, where we can neglect the pertur-
bations in the metric and may only consider those in the
matter sector. That is, the gravitational background is
considered to be completely classical, and the Goldstone
boson picture for the curvature perturbation becomes
manifest [5]—only the scalar field is quantum mechanical
in the classical gravitational background. Interestingly, in
such a limit the equation of state of 2EMT is w ≈ −1=3 in
all gauge choices we examine in this section.

2. Short-wavelength limit

In the short-wavelength limit k ≫ H, we find τμν as

τ00 ≈ ðjc1j2 þ jc2j2Þ
k4

4a2

�
6þH2

k2
ð14ϵ − δÞ

�
; ð52Þ

τij ≈ ðjc1j2 þ jc2j2Þ
k4

4a2

�
10

3
þH2

k2

�
4ϵ

3
−
5δ

3

��
: ð53Þ

The value of w in this limit is given by

w ≈
5

9
; ð54Þ

ϱ ≈
3k4ðjc1j2 þ jc2j2Þ

2a4
: ð55Þ

B. Spatially flat gauge

Let us take the spatially flat gauge,

ψ ¼ E ¼ 0; ð56Þ
so that the spatial metric is unperturbed. It is equivalent
to set

Q ¼ Ψ
H

: ð57Þ

τμν in this gauge is then found to be described solely by Ψ,

τ00 ¼
1

8πGðH0 −H2Þ
�
−hð∇Ψ0Þ2i − hðΔΨÞ2i þ 2ðL −MÞh∇Ψ0 ·∇Ψi

−
��

K þ 3ðH0 −H2Þ
H

�
2

−
4

H2
ðH0 −H2Þð2H0 þH2Þ þ a2Vϕϕ

�
hðΨ0Þ2i

−
1

H2
½ðH0 − 2H2ÞðH0 − 2H2 − 2LÞ þ ðH0 − 4H2ÞðH0 −H2Þ�hð∇ΨÞ2i

−
�
2LðH0 −H2Þ

H2

�
3K −

H0 þ 11H2

H

�
−
2ðH0 − 2H2Þ

H
a2Vϕϕ

�
hΨ0Ψi

−
ðH0 − 2H2Þ2

H2

�
ðL −

2ðH0 −H2Þ
H

Þ2 þ 12ðH0 −H2Þ þ a2Vϕϕ

�
hΨ2i

�
; ð58Þ
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τij ¼
δij

8πGH2ðH0 −H2Þ
�
1

3
ð2H0 −H2Þhð∇Ψ0Þ2i − 1

3
ðH0 þ 2H2ÞhðΔΨÞ2i

−
2

3H
½4H02 þ 3H0H2 − 8H4 þ ð2H0 þH2ÞHK�h∇Ψ0 ·∇Ψi

− ½3ðH0 −H2Þð3H0 − 7H2Þ þ 14HðH0 −H2ÞK þH2K2 −H2a2Vϕϕ�hðΨ0Þ2i

þ 1

3H2
ðH0 − 2H2Þ½2H02 þ 10H0H2 − 13H4 þ 2ð2H0 þH2ÞL�hð∇ΨÞ2i

þ
�
2

H
ðH0 − 2H2ÞðL2 þ 12ðH0 −H2ÞL − 4ðH0 þ 2H2ÞðH0 −H2ÞÞ − 2HðH0 −H2Þa2Vϕϕ

�
hΨ0Ψi

−
ðH0 − 2H2Þ

H2
½L2 þ 12ðH0 −H2ÞL −H2a2Vϕϕ − 4ðH0 þ 2H2ÞðH0 −H2Þ�hΨ2i

�
: ð59Þ

1. Long-wavelength limit

In the long-wavelength limit k ≪ H, we find τμν in the
spatially flat gauge as

τ00 ≈
jA1j2k2
8πG

�
ϵþ 3

H2

k2
ð−3ϵ2 þ ϵδÞ

�
; ð60Þ

τij ≈
jA1j2k2
8πG

�
−
1

3
ϵþ 3

H2

k2
ð3ϵ2 − ϵδÞ

�
: ð61Þ

Again, the long-wavelength limit is divided into the ultra-
and infralong-wavelength limits.

(i) Ultralong-wavelength limit: in this limit, the result is
exactly the same as that of the longitudinal gauge.

(ii) Infra long-wavelength limit: in this limit, the value
of w is the same as that in the longitudinal gauge, but
the energy density is smaller by factor 2,

w ≈ −
1

3
; ð62Þ

ϱ ≈
k2jA1j2ϵ
8πGa2

: ð63Þ

2. Short-wavelength limit

In the short-wavelength limit k ≫ H, we find

τ00 ≈ ðjc1j2 þ jc2j2Þ
k4

4a2

�
2þH2

k2
ð−4ϵþ δÞ

�
; ð64Þ

τij ≈ ðjc1j2 þ jc2j2Þ
k4

4a2

�
2

3
þH2

k2

�
2ϵ −

7δ

3

��
: ð65Þ

And the value of w in this limit is given by

w ≈
1

3
; ð66Þ

ϱ ≈
k4ðjc1j2 þ jc2j2Þ

2a4
: ð67Þ

C. Comoving gauge

Let us impose the comoving gauge condition in the
scalar mode,

δϕ ¼ E ¼ 0; ð68Þ

for which the gauge-invariant variable Ψ and the gauge-
dependent variable Q are given by

Ψ ¼ ψ þHβ; ð69Þ

Q ¼ Ψ0 þHΨ
H0 −H2

: ð70Þ

τμν in this gauge is found to be

τ00 ¼
1

8πGðH0 −H2Þ2
�
−2HhΔΨ0ΔΨi − ð4H0 − 3H2ÞhðΔΨÞ2i

þ F1

H0 −H2
hð∇Ψ0Þ2i þ 2F2

H0 −H2
h∇Ψ0 · ∇Ψi þ F3

H0 −H2
hð∇ΨÞ2i

−
F4

ðH0 −H2Þ2 hðΨ
0Þ2i − 2F5

ðH0 −H2Þ2 hΨ
0Ψi − F6

ðH0 −H2Þ2 hΨ
2i
�
; ð71Þ
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τij ¼
δij

8πGðH0 −H2Þ2
�
−
2

3
hðΔΨ0Þ2i − 2

3
hΔ2ΨΔΨi þ 2P1

3ðH0 −H2Þ hΔΨ
0ΔΨi − P2

3ðH0 −H2Þ hðΔΨÞ
2i

þ P3

3ðH0 −H2Þ2 hð∇Ψ0Þ2i − 2P4

3ðH0 −H2Þ2 h∇Ψ0 ·∇Ψi þ P5

3ðH0 −H2Þ2 hð∇ΨÞ
2i

−
P6

3ðH0 −H2Þ3 hðΨ
0Þ2i þ 2P7

ðH0 −H2Þ3 hΨ
0Ψi − P8

3ðH0 −H2Þ3 hΨ
2i
�
: ð72Þ

The time-dependent coefficients Fi and Pi are given in the Appendix.

1. Long-wavelength limit

In the long-wavelength limit k ≪ H, we find in the
comoving gauge

τ00 ≈
jA1j2H2

8πG
½9þ ð49ϵ − 36δÞ þ 4ð16ϵ2 − 25ϵδþ 9δ2Þ�;

ð73Þ

τij≈
jA1j2H2

8πG
½−3þð5ϵþ12δÞþ4ð13ϵ2−8ϵδ−3δ2Þ�: ð74Þ

In the comoving gauge, unlike the other gauges we have
examined previously, the long-wavelength limit is not
subdivided into ultra- and infralong-wavelength limits.
The value of w in the long-wavelength limit is the same
as the infralong-wavelength limit of the previous gauge
choices, but with a different energy density,

w ≈ −
1

3
; ð75Þ

ϱ ≈
9H2jA1j2
8πGa2

¼ 9H2jA1j2
8πG

: ð76Þ

Notice that this comoving gauge condition coincides with
the uniform energy density condition δρ ¼ 0 in the limit of
k → 0, see e.g., [6]. However, here we work out only up to
second order in perturbations, thus when higher-order
contributions are taken into account our results may well
change.

2. Short-wavelength limit

In the short-wavelength limit k ≫ H, we find

τ00≈ ðjc1j2þjc2j2Þ
k4

4a2

�
−
1

ϵ
þ
�
3−

2δ

ϵ

�
þH2

k2
ð5ϵþ2δÞ

�
;

ð77Þ

τij ≈ −ðjc1j2 þ jc2j2Þ
k4

4a2

�
11

3ϵ
þ
�
1þ 2δ

3ϵ

�
þ 2δ2

ϵ

�
: ð78Þ

The value of w in this limit is given by

w ≈
11

3
; ð79Þ

ϱ ≈ −
k4ðjc1j2 þ jc2j2Þ

4a4ϵ
: ð80Þ

IV. CONCLUSIONS

We considered the cosmological perturbations in the
universe dominated by a scalar field. Introducing the scalar
modes of the metric perturbations and the matter field
perturbation, we derived the Einstein’s equation up to the
second order, and constructed a 2EMT, which is composed
of the quadratic terms of the linear perturbations, and is
responsible for the so-called gravitational backreaction.
Like the first order, the second-order Einstein’s equation

may be put into a gauge-invariant form after adding terms
on both sides of the equation. However, a 2EMT which is
the collection of only quadratic terms of the equation is not
guaranteed to have gauge invariance. Some works have
been done in this context, e.g., in Refs. [7–11]. However,
the gauge invariance of a 2EMT was doubted in
Refs. [12–14].
In this work, we derived a 2EMT directly and considered

its gauge dependence. As we observed in the Friedmann
universe driven by perfect fluid [3], the 2EMT in the
inflation period driven by a scalar field also exhibits gauge
dependence; the 2EMT does not depend only on the gauge-
invariant variable but also on the gauge-dependent
variables.
Although the 2EMT is gauge dependent, we investigated

it in certain wavelength limits under different gauge
conditions in order to examine if its behavior converges.
We examined in three conditions (longitudinal, spatially
flat, and comoving gauges) in the slow-roll regime of
inflation. The result showed that the 2EMT behaves as an
effective fluid of w ¼ −1=3 in all gauges in the long-
wavelength limit. Specifically, it was observed in the
infralong-wavelength limit,

ffiffiffi
ϵ

p
H≲ k ≪ H. This behavior

was not observed in the Friedmann universe dominated by
fluid in Ref. [3].
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APPENDIX: TIME-DEPENDENT COEFFICIENTS IN THE COMOVING GAUGE

Here, we list the time-dependent coefficients Fi and Pi of the 2EMT in the comoving gauge in Eqs. (71) and (72):

F1 ¼ 2HH00 þ ðH0Þ2 þ 4HðK − 2HÞH0 −H3ð4K − 3HÞ; ðA1Þ

F2 ¼ −ð2H0 −H2ÞH00 − ð4K − 5HÞðH0Þ2 þ 2Hð2KHþ L − 3H2ÞH0 −H3ð2L − 3H2Þ; ðA2Þ

F3 ¼ −4HH0H00 þ 13ðH0Þ3 −
�
8L − 2

�
K −

a2Vϕ

ϕ0
0

�
Hþ 12H2

�
ðH0Þ2

−H2

�
4HK − 8LþH2 − 4H

a2Vϕ

ϕ0
0

�
H0 þ 2H5

�
K þ 4H −

a2Vϕ

ϕ0
0

�
; ðA3Þ

F4 ¼ ðH0 þ 2H2ÞðH00Þ2 − 4½2HðH0Þ2 − KðH0Þ2 − KH2H0 þH4ð2K þHÞ�H00

þ
�
5K2 − 16KHþ 7H2 − 2Ka2V 0ðϕ0Þ=ϕ0

0 þ
�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ3

−
�
3K2 − 16HK þ 5H2 − 6Ka2V 0ðϕ0Þ=ϕ0

0 þ 3

�
a2Vϕ

ϕ0
0

�
2
�
H2ðH0Þ2

−
�
9K2 þ 8HK − 17H2 þ 6Ka2V 0ðϕ0Þ=ϕ0

0 − 3

�
a2Vϕ

ϕ0
0

�
2
�
H4ðH0Þ

þ
�
7K2 þ 8HK − 7H2 þ 2Ka2V 0ðϕ0Þ=ϕ0

0 −
�
a2Vϕ

ϕ0
0

�
2
�
H6; ðA4Þ

F5 ¼ ðH0 þ 2H2ÞHðH00Þ2 −
�
ðH0Þ3 −

�
2HK þ L − 14H2 þH

a2Vϕ

ϕ0
0

�
ðH0Þ2

−
�
2HK þ 4Lþ 15H2 − 2H

a2Vϕ

ϕ0
0

�
H2H0 þ

�
4HK þ 5Lþ 12H2 −H

a2Vϕ

ϕ0
0

�
H4

�
H00

− 2ðK − 2HÞðH0Þ4 þ
�
3KL − 18H2K − 7HLþ ðHK − L −H2Þ a

2Vϕ

ϕ0
0

þH
�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ3

þ
�
−H2

a2Vϕ

ϕ0
0

�
3HK − 3L −H2 þ 3H

a2Vϕ

ϕ0
0

�
þH2ð3KLþ 50H2K þ 7HL − 68H3Þ

�
ðH0Þ2

þ
�
H4

a2Vϕ

ϕ0
0

�
3HK − 3LþH2 þ 3H

a2Vϕ

ϕ0
0

�
− 5H4ð3KLþ 10H2K þHL − 14H3Þ

�
H0

þ
�
−
a2Vϕ

ϕ0
0

�
HK − LþH2 þH

a2Vϕ

ϕ0
0

�
þ 9KLþ 20H2K þ 5HL − 20H3

�
H6; ðA5Þ
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F6¼ðH0 þ2H2ÞH2ðH00Þ2

þ2H
�
−ðH0Þ3þ

�
L−10H2þH

a2Vϕ

ϕ0
0

�
ðH0Þ2þ

�
4Lþ15H2−2H

a2Vϕ

ϕ0
0

�
H2H0−H4

�
5Lþ10H2−H

a2Vϕ

ϕ0
0

��
H00

þðH0Þ5−
�
2L−33H2þ2H

a2Vϕ

ϕ0
0

�
ðH0Þ4þ

�
H
a2Vϕ

ϕ0
0

�
2Lþ6H2þH

a2Vϕ

ϕ0
0

�
þL2−H2ð42Lþ65H2Þ

�
ðH0Þ3

þ
�
−H

a2Vϕ

ϕ0
0

�
6Lþ10H2þ3H

a2Vϕ

ϕ0
0

�
þ9L2þ110LH2þ39H4

�
H2ðH0Þ2

þ
�
H
a2Vϕ

ϕ0
0

�
6Lþ10H2þ3H

a2Vϕ

ϕ0
0

�
−21L2−110LH2þ8H4

�
H4H0

þ
�
−H

a2Vϕ

ϕ0
0

�
2Lþ4H2þH

a2Vϕ

ϕ0
0

�
þ11L2þ44H2L−4H4

�
H6; ðA6Þ

P1 ¼ 4H00 þ ð6K − 11HÞH0 − 3H2ð2K −HÞ; ðA7Þ

P2 ¼ 4HH00 þ 4ðH0Þ2 þ ð8HK − 8L − 15H2ÞH0 −H2ð8HK − 8L − 3H2Þ ðA8Þ

P3 ¼ −2ðH0 −H2ÞH000 þ 6ðH00Þ2 þ 2½ð8K − 13HÞH0 −H2ð8K −HÞ�H00 þ 9ðH0Þ3
þ ½8Kð2K − 5HÞ − 4Lþ 27H2�ðH0Þ2 − ½16Kð2K − 3HÞ − 8Lþ 17H2�H2H0

þ ½8Kð2K −HÞ − 4Lþ 5H2�H4; ðA9Þ

P4 ¼ −HðH0 −H2ÞH000 þ 6HðH00Þ2 − ½3ðH0Þ2 − ð22HK − 8L − 19H2ÞH0 þ 2H2ð11HK − 4LþH2Þ�H00

− ð8K − 29HÞðH0Þ3 þ ½4Kð5KH − 3L − 7H2Þ þHð16L − 69H2Þ�ðH0Þ2
−H2½4HKð10K − 9HÞ − 8Lð3K − 2HÞ − 107H3�H0 þH4½4Kð5HK − 3LÞ − 43H3�; ðA10Þ

P5 ¼ 4H2ðH0 −H2ÞH000 − 18H2ðH00Þ2 þH½60ðH0Þ2 − 4ð3HK þ 8Lþ 11H2ÞH0

þ 4H2ð3HK þ 8Lþ 14H2Þ�H00 − 23ðH0Þ4 þ ð60HK þ 4L − 131H2ÞðH0Þ3
− ½4HKð10Lþ 39H2Þ − 4Lð2Lþ 17H2Þ − 333H4�ðH0Þ2
þH2½4HKð20Lþ 39H2Þ − 4Lð4Lþ 21H2Þ − 357H4�H0

− 2H4½10HKð2Lþ 3H2Þ − 2Lð2Lþ 3H2Þ − 53H4�; ðA11Þ

P6¼−6HðH0−H2Þ½H00 þ2ðK−HÞH0−2H2K�H000 þ12HðH00Þ3− ½9ðH0Þ2−Hð48K−57HÞH0 þ6H3ð8KþHÞ�ðH00Þ2
þ12½−ð3K−7HÞðH0Þ3þHð6K2−9HK−L−3H2ÞðH0Þ2
−H3ð12K2−11HK−2L−13H2ÞH0 þH5ð6K2þHK−L−5H2Þ�H00

þ3

�
−13K2þ62HK−49H2þ

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ4

þ12H
�
4K3−2HK2−32H2K−2KLþ2HLþ29H3−H

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ3

−6H3

�
24K3−27HK2−90H2K−12KLþ8HLþ105H3−3H

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ2

þ12H5

�
12K3−8HK2−40H2K−6KLþ2HLþ36H3−H

�
a2Vϕ

ϕ0
0

�
2
�
H0

−3H7

�
16K3þHK2−46H2K−8KLþ33H3−H

�
a2Vϕ

ϕ0
0

�
2
�
; ðA12Þ
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P7¼ ½2H2ðH0−H2ÞH00−4HðH0Þ3þ2HðHKþLþ4H2ÞðH0Þ2−4H3ðHKþLþ2H2ÞH0 þ2H5ðHKþLþ2H2Þ�H000

−4H2ðH00Þ3þ½12HðH0Þ2−Hð8HKþ8L−H2ÞH0 þH3ð8HKþ8Lþ11H2Þ�ðH00Þ2
þ½−9ðH0Þ4þð25HKþ5L−36H2ÞðH0Þ3−Hð4HK2þ39H2Kþ20KL−23HL−54H3ÞðH0Þ2
þH3ð8HK2þ35H2Kþ40KL−29HL−76H3ÞH0−H5ð4HK2þ21H2Kþ20KL−HL−19H3Þ�H00

þ
�
−19Kþ55Hþ2

a2Vϕ

ϕ0
0

�
ðH0Þ5þ

�
20HK2−6H2Kþ9KL−29HL−112H3−10H2

a2Vϕ

ϕ0
0

−H
�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ4

−2H
�
36H2K2−58H3K−2L2þ8K2L−27H2L−8HKL−45H4−10H3

a2Vϕ

ϕ0
0

−2H2

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ3

þ2H3

�
52H2K2−103H3K−6L2þ24K2L−38H2L−31HKLþ22H4−10H3

a2Vϕ

ϕ0
0

−3H2

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ2

−H5

�
72H2K2−151H3K−12L2þ48K2L−74H2L−40HKLþ61H4−10H3

a2Vϕ

ϕ0
0

−4H2

�
a2Vϕ

ϕ0
0

�
2
�
H0

þH7

�
20H2K2−36H3K−4L2þ16K2L−23H2L−3HKLþ16H4−2H3

a2Vϕ

ϕ0
0

−H2

�
a2Vϕ

ϕ0
0

�
2
�
; ðA13Þ

P8 ¼ −6H2ðH0 −H2Þ½HH00 − 4ðH0Þ2 þ 2ðLþ 3H2ÞH0 − 2H2ðLþ 2H2Þ�H000 þ 12H3ðH00Þ3
− 3H2½21ðH0Þ2 − ð16Lþ 17H2ÞH0 þ 4H2ð4Lþ 5H2Þ�ðH00Þ2
þ 6H½13ðH0Þ4 − ðHK þ 23L − 6H2ÞðH0Þ3 þ ð8L2 þ 3H3K þ 4HKLþ 33H2L − 24H4ÞðH0Þ2
−H2ð16L2 þ 3H3K þ 8HKLþ 29H2L − 34H4ÞH0 þH4ð8L2 þH3K þ 4HKLþ 19H2L − 5H4Þ�H00

− 45ðH0Þ6 þ 6½6HK þ 11L − 22H2�ðH0Þ5

− 3

�
7L2 þ 2H2K2 þ 40H3K þ 36HKL − 52H2L − 152H4 −H2

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ4

þ 12H
�
4KL2 þ 2H3K2 − 4HL2 − 60H3Lþ 32H2KLþ 11H4K − 43H5 −H3

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ3

− 3H3

�
48KL2 þ 12H3K2 − 58HL2 − 356H3Lþ 184H2KLþ 12H4K − 41H5 − 6H3

�
a2Vϕ

ϕ0
0

�
2
�
ðH0Þ2

þ 6H5

�
24KL2 þ 4H3K2 − 20HL2 − 123H3Lþ 64H2KL − 4H4K þ 6H5 − 2H3

�
a2Vϕ

ϕ0
0

�
2
�
H0

− 3H7

�
16KL2 þ 2H3K2 − 5HL2 − 56H3Lþ 36H2KL − 4H4K þ 6H5 −H3

�
a2Vϕ

ϕ0
0

�
2
�
: ðA14Þ

[1] V. F. Mukhanov, L. R.W. Abramo, and R. H. Brandenberger,
Phys. Rev. Lett. 78, 1624 (1997).

[2] L. R.W. Abramo, R. H. Brandenberger, and V. F. Mukhanov,
Phys. Rev. D 56, 3248 (1997).

[3] I. Cho, J. O. Gong, and S. H. Oh, Phys. Rev. D 102, 043531
(2020).

[4] H. Noh, J. c. Hwang, and C. G. Park, Astrophys. J. 846, 1
(2017).

[5] C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and
L. Senatore, J. High Energy Phys. 03 (2008) 014.

[6] T. Harada, C. M. Yoo, T. Nakama, and Y. Koga, Phys. Rev.
D 91, 084057 (2015).

SECOND-ORDER ENERGY-MOMENTUM TENSOR OF A SCALAR … PHYS. REV. D 106, 084027 (2022)

084027-11

https://doi.org/10.1103/PhysRevLett.78.1624
https://doi.org/10.1103/PhysRevD.56.3248
https://doi.org/10.1103/PhysRevD.102.043531
https://doi.org/10.1103/PhysRevD.102.043531
https://doi.org/10.3847/1538-4357/aa8366
https://doi.org/10.3847/1538-4357/aa8366
https://doi.org/10.1088/1126-6708/2008/03/014
https://doi.org/10.1103/PhysRevD.91.084057
https://doi.org/10.1103/PhysRevD.91.084057


[7] G. Geshnizjani and R. Brandenberger, Phys. Rev. D 66,
123507 (2002).

[8] R. H. Brandenberger, arXiv:hep-th/0210165.
[9] G. Geshnizjani and R. Brandenberger, J. Cosmol. Astropart.

Phys. 04 (2005) 006.
[10] P. Martineau and R. H. Brandenberger, Phys. Rev. D 72,

023507 (2005).

[11] P. Martineau and R. Brandenberger, arXiv:astro-ph/
0510523.

[12] W. Unruh, arXiv:astro-ph/9802323.
[13] A. Ishibashi and R. M.Wald, Classical Quantum Gravity 23,

235 (2006).
[14] S. R. Green and R. M. Wald, Phys. Rev. D 83, 084020

(2011).

INYONG CHO, JINN-OUK GONG, and SEUNG HUN OH PHYS. REV. D 106, 084027 (2022)

084027-12

https://doi.org/10.1103/PhysRevD.66.123507
https://doi.org/10.1103/PhysRevD.66.123507
https://arXiv.org/abs/hep-th/0210165
https://doi.org/10.1088/1475-7516/2005/04/006
https://doi.org/10.1088/1475-7516/2005/04/006
https://doi.org/10.1103/PhysRevD.72.023507
https://doi.org/10.1103/PhysRevD.72.023507
https://arXiv.org/abs/astro-ph/0510523
https://arXiv.org/abs/astro-ph/0510523
https://arXiv.org/abs/astro-ph/9802323
https://doi.org/10.1088/0264-9381/23/1/012
https://doi.org/10.1088/0264-9381/23/1/012
https://doi.org/10.1103/PhysRevD.83.084020
https://doi.org/10.1103/PhysRevD.83.084020

