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We study the cosmological evolution of a nonflat Friedmann-Robertson-Walker Universe filled by
pressureless dark matter and Barrow holographic dark energy (BHDE). The latter is a dark energy model
based on the holographic principle with Barrow entropy instead of the standard Bekenstein-Hawking one.
By assuming the apparent horizon of the Universe as IR cutoff, we explore both the cases where a mutual
interaction between the dark components of the cosmos is absent/present. We analyze the behavior of
various model parameters, such as the BHDE density parameter, the equation of state parameter, the
deceleration parameter, the jerk parameter, and the square of sound speed. We also comment on the
observational consistency of our predictions, showing that the interacting model turns out to be favored by
recent experimental constraints from PlanckþWPþ BAO, SNIaþ CMBþ LSS and Union2 SNIa joint
analysis over the noninteracting one. The thermal stability of our framework is finally discussed by
demanding the positivity of the heat capacities and compressibilities of the cosmic fluid.
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I. INTRODUCTION

Despite the recent progress at both the theoretical and
experimental level, there are still several open problems in
modern cosmology [1]. Among these, the issue of the
observed accelerating expansion of the Universe has been
getting greater attention in the last decades [2–6], providing
one of the most exciting challenges to the Standard Model
of particle physics and cosmology. A widely accepted
paradigm to explain this phenomenon is the existence of a
mysterious form of energy with negative pressure—the
dark energy (DE)—which would dominate the energy-
matter budget of the present Universe.
An interesting scenario for the quantitative description

of DE is holographic dark energy (HDE) [7–20], which
proves to be in good agreement with observations [21–24].
A crucial ingredient of this framework is the application
of the holographic principle at cosmological scales.
According to this recipe, the total entropy content of the
Universe should be proportional to the area of its two-
dimensional boundary, similarly to the Bekenstein-
Hawking entropy-area law for black holes. Recently,
however, it has been argued that quantum-gravitational
effects may induce nontrivial fractal features on the black
hole structure, leading to a deformed horizon entropy in the
form [25]

SΔ ∝ A1þΔ=2; ð1Þ

where A is the area enclosed by the horizon surface.
Corrections to the standard entropy-area law are para-
metrized by the exponent 0 ≤ Δ ≤ 1, where Δ ¼ 0 recov-
ers the Bekenstein-Hawking limit, whileΔ¼ 1 corresponds
to the maximal entropy deformation. It is worth noting that
upper bounds on Δ have been derived in different contexts
in [26–33].
Based on the gravity-thermodynamic conjecture [34],

Eq. (1) is commonly adopted also in cosmology [35–40] to
derive modified Friedmann equations from the first law of
thermodynamics on the apparent horizon of a Friedmann-
Robertson-Walker (FRW) universe. The ensuing frame-
work is referred to as Barrow holographic dark energy
(BHDE) and exhibits a richer phenomenology compared to
HDE, allowing us to predict effects beyond the domain of
the Standard Model of cosmology for certain values of Δ
(see, for instance, [32]).
In line with the above studies, the properties of some

DE models have been largely investigated in [41–46] at
thermodynamic level. Specifically, in [45] the limits
imposed by thermodynamics on a DE fluid have been
analyzed by considering the heat capacities and compress-
ibilities. On the other hand, in [46] the thermal stability
criteria have been explored for interacting DE. A similar
analysis has been carried out in [47] for the case of Tsallis
holographic dark energy [48–52], which is a generalization*gluciano@sa.infn.it
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of HDE based on the use of nonextensive Tsallis entropy
for the horizon degrees of freedom of Universe [53]. All
these studies suggest the existence of an intimate relation
between the cosmic expansion of the Universe, the thermo-
dynamic stability conditions and DE candidates, which
deserves careful attention.
Starting from the above premises, in this work we

examine the cosmic evolution of a nonflat FRW universe
filled by pressureless dark matter and BHDE. By consid-
ering the apparent horizon as IR cutoff and assuming a
mutual interaction between the dark sectors of the cosmos,
we analyze the behavior of various model parameters, such
as the BHDE density parameter, the equation of state
parameter, the deceleration parameter, the jerk parameter
and the square of sound speed. We then discuss the thermal
stability of our model by demanding the positivity of the
heat capacities and compressibilities of the cosmic fluid.
Some comments are in order here to motivate our study:

first, we emphasize that in the absence of a fully consistent
theory of quantum gravity, BHDE represents a first, naive
approach to accommodate quantum-gravity corrections
within the HDE framework based on simple physical
principles [35]. Furthermore, the usage of the apparent
horizon as IR cutoff is substantiated by the fact that, unlike
the event horizon, this boundary is consistent with the
generalized second law of thermodynamics [54,55]. Last
but not least, although it is commonly believed that
inflation washed out curvature inhomogeneities in the
early Universe, observational evidences suggest that there
is still room for a small but non-negligible spatial curvature
[56–59]. This is why we consider a nonflat FRW Universe
as background for our analysis.
The remainder of the work is organized as follows: in

the next section we briefly review the theoretical frame-
work of BHDE. The evolution of the characteristic model
parameters is studied in Sec. III for both the noninteracting
and interacting cases. In Sec. IV we discuss the thermal
stability of BHDE, while conclusions and outlook are
finally summarized in Sec. V. Throughout the work, we
use natural units ℏ ¼ c ¼ kB ¼ G ¼ 1.

II. BARROW HOLOGRAPHIC DARK ENERGY:
A REVIEW

Let us start by briefly reviewing the main features of
BHDE. It is well known that the standard HDE is given by
the inequality [19]

ρDL4 ≤ S; ð2Þ

with the further assumption S ∝ A ∝ L2, where ρD denotes
the dark energy density, while L and S are the horizon
length and entropy, respectively.
On the other hand, the usage of Barrow entropy (1) leads

to [35]

ρD ¼ CLΔ−2; ð3Þ

where C is an unknown parameter with dimensions
½L�−2−Δ. Notice that, for Δ ¼ 0, the above relation reduces
to the usual HDE, provided that C ¼ 3c2m2

p, where mp is
the reduced Planck mass and c the model parameter.
Now, in a nonflat FRW Universe containing pressureless

dark matter and BHDE, the first Friedmann equation takes
the form

H2 þ k
a2

¼ 8π

3
ðρM þ ρDÞ; ð4Þ

where a is the scale factor, H ≡ _a=a is the Hubble
parameter and the dot denotes derivative with respect to
the cosmic time t.
We also assume that the apparent horizon of radius

r̃A ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 þ k=a2

p ð5Þ

acts as IR cutoff1 [60,61], so that Eq. (3) can be cast as

ρD ¼ Cr̃Δ−2A : ð6Þ

The spatial curvature k takes valueþ1, 0 or−1, depending on
whether the shape of the Universe is a closed 3-sphere, flat
space or an open 3-hyperboloid, respectively. Consistently
with recent observations [56–59], henceforth we consider a
closed Universe with a small positive curvature.
By introducing the fractional energy densities

ΩD ¼ 8πρD
3H2

; ð7aÞ

ΩM ¼ 8πρM
3H2

; ð7bÞ

Ωk ¼
k

H2a2
; ð7cÞ

for BHDE, DM and curvature terms, respectively, Eq. (4)
can be rearranged as

1 ¼ ΩD þ ΩM −Ωk; ð8Þ

which can be further manipulated with the definition of the
parameter r ¼ ρM=ρD ¼ ΩM=ΩD to give

1There is no universal consensus on the choice of the IR cutoff.
Following [48,60,61], here we resort to Eq. (5). However, other
possible choices are the particle horizon, the future event horizon,
the GO cutoff [62] or combination thereof. Given the degree of
arbitrariness in the selection of the most reliable description of
dark energy, we leave the analysis of BHDE with different IR
cutoffs for future work.
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r ¼ −1þ 1

ΩD
ð1þ ΩkÞ: ð9Þ

If now assume the existence of a mutual interaction Q
between the dark sectors of the cosmos, the conservation
equations for BHDE and DM can be coupled as

_ρD þ 3HρDð1þ ωDÞ ¼ −Q; ð10Þ

_ρM þ 3HρM ¼ Q; ð11Þ

where ωD ≡ pD=ρD is the equation of state (EoS) param-
eter of BHDE and pD its pressure.
Following [63], we consider the rate Q of energy

exchange between BHDE and DM in the form

Q ¼ 3b2HðρD þ ρMÞ; ð12Þ

where b2 is a dimensionless constant that quantifies the
coupling between the dark sectors. Hence, we have Q > 0,
which implies that a net flux of energy flows from BHDE to
DM. This is consistent with the second law of thermody-
namics and Le Chatelier-Braun principle [64].

III. COSMOLOGICAL EVOLUTION OF
BARROW HOLOGRAPHIC DARK ENERGY

IN NONFLAT UNIVERSE

Let us now examine the time evolution of the above
model. To this aim, we insert the time derivative of
Friedmann equation (4) into Eq. (10) and combine the
resulting expression with Eqs. (8) and (11). After some
algebra, we get

_H
H2

¼ Ωk −
3ΩD

2
ð1þ rþ ωDÞ: ð13Þ

From this equation, we can straightforwardly derive the
deceleration parameter as

q ¼ −
ä

aH2
¼ −1 −

_H
H2

¼ −1 −Ωk þ
3ΩD

2
ð1þ rþ ωDÞ: ð14Þ

It is easy to see that positive values of q indicate a
decelerated expansion of the Universe (ä < 0), while
negative values correspond to an accelerated phase (ä > 0).
In a similar fashion, by combining the time derivative of

Eq. (6) with (5) and (13), we obtain

_ρD ¼ ð2 − ΔÞρDH
�
Ωk −

3ΩD

2
ð1þ rþ ωDÞ

�
; ð15Þ

while the use of Eqs. (7) and (13) leads to

Ω0
D ¼ −ΩD

�
1

2
ð2 − ΔÞð3þ Ωk þ 3ΩDωDÞ

þ 2Ωk − 3ΩDð1þ rþ ωDÞ
�
: ð16Þ

Here we have used the standard notation Ω0
D ≡ dΩD

dðlog aÞ.
A relevant quantity to establish whether the model is

classically stable against small perturbations is the square
of sound speed, which is defined by

v2s ¼
dpD

dρD
¼ ωD þ _ωD

ρD
_ρD

: ð17Þ

We remark that classical stability requirement is satisfied,
provided that v2s > 0. Indeed, for a density perturbation,
positive values of the squared sound speed correspond to a
regular propagation mode. Vice versa, negative values
imply that the perturbation equation becomes an irregular
wave equation [65,66]. As a consequence, with a density
perturbation, the negative squared speed indicates an
escalating mode. In other terms, when the density pertur-
bation increases, the pressure decreases, favoring the
development of an instability [65,66].
In what follows we study the evolution trajectories of

the model parameters introduced above. We analyze the
noninteracting (b2 ¼ 0) and interacting (b2 ≠ 0) cases
separately, discussing their consistency with observations.

A. Noninteracting model

In the case where there is no interaction between the dark
sectors of the cosmos, insertion of Eq. (15) into (10) allows
us to infer the following expression for the BHDE EoS
parameter

ωD ¼ −
3þ ðΔ

2
− 1ÞðΩk þ 3Þ

3½1þ ðΔ
2
− 1ÞΩD�

: ð18Þ

In turn, from Eq. (16) we get

Ω0
D ¼ ΩDΔ

2

3þΩk − 3ΩD

1þ ðΔ
2
− 1ÞΩD

: ð19Þ

To determine the behavior of BHDE, we solve this
equation numerically. The evolution of ΩD and ΩM versus
the redshift z ¼ ð1 − aÞ=a is plotted in Figs. 1 and 2 for
different values of Δ, respectively. From Fig. 1 it is evident
that ΩD increases monotonically going from early times to
the far future. This indicates the evolution of the present
model from an initial dark matter dominated phase toward a
completely dark energy dominated epoch. The comple-
mentary behavior is exhibited by ΩM (see Fig. 2).
The dynamics of EoS parameter is shown in Fig. 3.

As we can see, ωD lies in the quintessence regime (−1 <
ωD < −1=3) at present (i.e., z ¼ 0) and tends to the
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cosmological constant behavior ωD ¼ −1 in the far future
(z → −1), regardless of Δ.2 Specifically, for the current
value of the EoS parameter the present model predicts
ω0
D ∈ ½−0.72;−0.47� for the considered values ofΔ. Notice

that this range is consistent with neither the recent
observational constraints obtained from PlanckþWPþ
Union 2.1 (−1.26<ω0<−0.92) and PlanckþWPþBAO
(−1.38 < ω0 < −0.89) data, nor with WMAPþ eCMBþ
BAOþ H0 (−1.162 < ω0 < −0.983) measurements [67],
thus requiring some proper amendment to this model.
For completeness, let us analyze the evolution of the

deceleration parameter. By plugging Eqs. (18) and (19) into
(14), this takes the form

q ¼ 1þΩk − ð1þ ΔÞΩD

2þ ðΔ − 2ÞΩD
: ð20Þ

The behavior of q is plotted in Fig. 4 for different values of
Δ. As explained above, our model predicts the successive
sequence of an early matter dominated era with a decel-
erated expansion (q > 0), followed by a late time DE
dominated epoch with an accelerated phase (q < 0), In
particular, the present framework is capable of explaining
the observed accelerated phase of the Universe today
(z ¼ 0), in contrast to the standard holographic dark
energy model. However, quantitatively speaking the red-
shift zt at which the transition from the decelerated to
accelerated Universe occurs, i.e., qðztÞ ¼ 0, lies within
the interval zt ∈ ½0.02; 0.46� for the considered values of
the model parameters. This range does not overlap with the
observational constraint obtained via SNIaþ BAO=CMB
(zt ¼ 0.72� 0.05) [68], SNIaþ CMB (zt ¼ 0.57� 0.07)
[69] and SNIaþ CMBþ LSS joint analysis (zt ¼ 0.61)
[70]. Also, the value of the deceleration parameter for the
current epoch is estimated as q0 ∈ ½−0.26;−0.01�, to be

FIG. 1. The evolution of ΩD versus z for different values of Δ.
We have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.

FIG. 2. The evolution of ΩM versus z for different values of Δ.
We have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.

FIG. 3. The evolution of ωD versus z for different values of Δ.
We have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.

FIG. 4. The evolution of q versus z for different values ofΔ. We
have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.

2Notice that any comparison with the results of [37] is
prevented by the fact that a different IR cutoff is used in that case.
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compared with the experimental outcome q0 ¼ −0.64�
0.22 from Union2 SNIa data [71]. These results provide
further evidence of the observational inconsistency of the
noninteracting model.
From Eq. (17), we can finally derive the square of sound

speed as

v2s ¼
½3Δ
2
þ ðΔ

2
− 1ÞΩk�ðΩD − 1Þ

3½1 − ð1 − Δ
2
ÞΩD�2

: ð21Þ

This is plotted as a function of the redshift z in Fig. 5.
Interestingly enough, we see that v2s takes negative values at
early and present times, while it tends to positive values in
the far future. In other terms, the present model evolves
toward a classically stable configuration. A similar result
has been exhibited in [72] for the case of BHDE with
hybrid expansion law.
Figure 6 finally shows the behavior of the jerk parameter,

which is given by the third derivative of the scale factor
respect to the cosmic time, i.e., [73]

j ¼ 1

aH3

d3a
dt3

¼ qð2qþ 1Þ þ ð1þ zÞ dq
dz

: ð22Þ

This quantity allows us to quantify departures from ΛCDM
model, which is characterized by j ¼ 1. From Fig. 6,
we find that j > 0 for any redshift and approaches unity
in the far future (i.e., z → −1), where our model fits with
ΛCDM. Also, we have j0 ∈ ½0.36; 0.62� in the present
epoch for the considered values of model parameters.
Notice that deviations of j0 from the ΛCDM value need
attention as the real cause behind the cosmic acceleration is
still unknown [74].

B. Interacting model

We now extend the above analysis to the case where the
interaction (12) between the dark sectors of the cosmos is
taken into account. By repeating the same computations as

above, we derive the following generalized expression for
the EoS parameter

ωD ¼ −
3þ ðΔ

2
− 1ÞðΩk þ 3Þ þ 3b2ð1þ rÞ
3½1þ ðΔ

2
− 1ÞΩD�

: ð23Þ

FIG. 5. The evolution of v2s versus z for different values of Δ.
We have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.
FIG. 6. The evolution of j versus z for different values of Δ. We
have set Ωk ¼ 0.01 and Ω0

D ¼ 0.73 as initial condition.

FIG. 7. The evolution of ΩD versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.
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Similarly, we get

Ω0
D ¼ ΩDΔ

2

3þ Ωk − 3ΩD − 3b2ð1þΩkÞ
1þ ðΔ

2
− 1ÞΩD

; ð24Þ

q ¼ 1þ Ωk − ð1þ ΔÞΩD − 3b2ð1þΩkÞ
2þ ðΔ − 2ÞΩD

; ð25Þ

v2s ¼
½3Δ
2
þ ðΔ

2
− 1ÞΩk�ðΩD − 1Þ

3½1 − ð1 − Δ
2
ÞΩD�2

þ
b2ð1þ ΩkÞ½1þ Δ

2
þ 2

ðΔ−2ÞΩD
�

½1 − ð1 − Δ
2
ÞΩD�2

; ð26Þ

for the BHDE density, the deceleration parameter and the
squared sound speed, respectively. It is straightforward to
check that these relations correctly reduce to Eqs. (18)–(21)
for b2 ¼ 0.
Figure 7 shows the evolution of ΩD versus z for different

values of b2 (upper panel) and Δ (lower panel). On the
other hand, in Fig. 8 we plot the behavior of ΩM. We can

see that both these two densities exhibit the same profile as
for the noninteracting case (see Fig. 1 and 2 for com-
parison). Remarkable differences can instead be high-
lighted from the analysis of the EoS parameter in Fig. 9.
Indeed, in the present study the phantom line ωD ¼ −1 is
crossed in the far future. In particular, the higher the
coupling, the more evident such a behavior (see upper
panel of Fig. 9). This feature is peculiar to this model
and has no correspondence in the noninteracting descrip-
tion (see Fig. 3). To check the observational consistency
of the present model, let us compute the current value
of the EoS parameter. From the lower panel of Fig. 9, we
find ω0

D ∈ ½−0.96;−0.74�, which is in agreement with
constraints from PlanckþWPþ BAO and Planckþ
WPþ Union 2.1 measurements [see the discussion above
Eq. (20)].
In Fig. 10 we show the evolution of the deceleration

parameter q. We see that the interacting BHDE model still
predicts a smooth transition of the Universe from an initial
decelerated phase to a late-time accelerated expansion.
However, the advantage of this framework over the
noninteracting one is that the transition redshift is now

FIG. 8. The evolution of ΩM versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.

FIG. 9. The evolution of ωD versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.
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estimated as zt ∈ ½0.30; 0.64�, which is in good agreement
with SNIaþ CMBþ LSS joint analysis. Also, the decel-
eration parameter for the current epoch is found to lie in the
range q0 ∈ ½−0.33;−0.03� (see the lower panel in Fig. 10),
the lower bound of which is closer to the experimental
value exhibited in [71]. Thus, the present model turns out to
be favored by observations.
The behavior of the squared sound speed is plotted

in Fig. 11. By comparison with Fig. 5, we see that v2s
is now always negative, which implies that interacting
BHDE is unstable at classical level against small
perturbations.
Figure 12 shows the jerk parameter (22) versus the

redshift. As in the absence of interactions, we find that
j > 0 for any redshift, j0 ∈ ½0.35; 0.64� (see the lower panel
in Fig. 12) and j → 1 in the far future (i.e., z → −1), thus
reproducing ΛCDM in this limit.
To further investigate the experimental relevance of the

present model and constrain the free parameters Δ, b
and H0, let us consider the evolution of HðzÞ from
Eqs. (14) and (24) for fixed Ωk ¼ 0.01 and Ω0

D ¼ 0.73,
and compare it with the data points obtained from

the latest compilation of 57 Hubble’s parameter measure-
ments in the range 0.07 ≤ z ≤ 2.36. Such points have been
derived via differential age (31 points), BAO and other
methods (the remaining 26 points) and are listed in Table I
(see [75] and references therein for more details on the
dataset).
Following [75], we use the statistical R2-test to find the

best fit values of model parameters. This is defined by

R2 ¼ 1 −
P

57
i¼1 ½ðHiÞob − ðHiÞth�2P

57
i¼1 ½ðHiÞob − ðHiÞmean�2

; ð27Þ

where ðHiÞob and ðHiÞth are the observed and predicted
values of Hubble’s parameter, respectively. Minimization
of deviation of R2 from unity gives the best-fit values
b ¼ 0.12 and Δ ¼ 0.08 at 95% confidence level. We notice
that the obtained estimation of Barrow parameter fits with
the result Δ ¼ 0.094þ0.093

−0.101 derived in [26] and is very close
to the constraint Δ ¼ 0.075þ0.001

−0.002 of [76], but it lies outside
the intervals 0.005 ≤ Δ ≤ 0.008 [32] and Δ≲ 1.4 × 10−4

[28] found via baryogenesis and big bang nucleosynthesis

FIG. 10. The evolution of q versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.

FIG. 11. The evolution of v2s versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.
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measurements, respectively. This discrepancy might be
understood by assuming a HDE description of the
Universe with a running Barrow entropy, as discussed
in [77].
From the fit in Fig. 13, we can also infer the current value

of Hubble’s parameter predicted by the present model as
H0 ¼ ð63.3� 4.3Þ km s−1Mpc−1. This is consistent with
the recent observation from Planck Collaboration H0 ¼
ð67.27� 0.60Þ km s−1Mpc−1 [67], but still deviates from
the value H0 ¼ ð74.03� 1.42Þ km s−1 Mpc−1 based on the
analysis of 2019 SH0ES collaboration [78]. More discus-
sion on this point can be found in the concluding section.

IV. THERMAL STABILITY OF BARROW
HOLOGRAPHIC DARK ENERGY

Let us now study our model from the thermodynamic
point of view. Toward this end, we follow the analysis of
[46,47]. In particular, we are going to investigate whether
the thermal stability criteria are satisfied.
We start by defining the internal energy of the cosmic

fluid (dark energyþ darkmatter) in the Universe as

FIG. 12. The evolution of j versus z for different values of b2

(upper panel) and Δ (lower panel). We have set Ωk ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. For the upper plot, we have
considered Δ ¼ 0.4, while for the lower one b2 ¼ 0.01.

FIG. 13. Best fit curve of Hubble’s parameter H versus
redshift z. Dots represent observed values, while the red curve
is the theoretical fit.

TABLE I. 57 experimental points ofHðzÞ: the first 31 have been
obtained from themethod of differential age, while the last 26 from
BAO and other approaches (H is expressed in km s−1 Mpc−1 and
σH represents the uncertainty for each data point.).

z HðzÞ σH z HðzÞ σH

0.070 69.0 19.6 0.4783 80 99
0.90 69 12 0.480 97 62
0.120 68.6 26.2 0.593 104 13
0.170 83 8 0.6797 92 8
0.1791 75 4 0.7812 105 12
0.1993 75 5 0.8754 125 17
0.200 72.9 29.6 0.880 90 40
0.270 77 14 0.900 117 23
0.280 88.8 36.6 1.037 154 20
0.3519 83 14 1.300 168 17
0.3802 83.0 13.5 1.363 160.0 33.6
0.400 95 17 1.430 177 18
0.4004 77.0 10.2 1.530 140 14
0.4247 87.1 11.2 1.750 202 40
0.4497 92.8 12.9 1.965 186.5 50.4
0.470 89 34

z HðzÞ σH z HðzÞ σH

0.24 79.69 2.99 0.52 94.35 2.64
0.30 81.70 6.22 0.56 93.34 2.30
0.31 78.18 4.74 0.57 87.6 7.8
0.34 83.80 3.66 0.57 96.8 3.4
0.35 82.7 9.1 0.59 98.48 3.18
0.36 79.94 3.38 0.60 87.9 6.1
0.38 81.5 1.9 0.61 97.3 2.1
0.40 82.04 2.03 0.64 98.82 2.98
0.43 86.45 3.97 0.73 97.3 7.0
0.44 82.6 7.8 2.30 224.0 8.6
0.44 84.81 1.83 2.33 224 8
0.48 87.90 2.03 2.34 222.0 8.5
0.51 90.4 1.9 2.36 226.0 9.3
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E ¼ VðρD þ ρMÞ≡ VρT; ð28Þ

where V and ρT are the volume and total energy density
of the cosmic system, respectively. We can then write the
thermodynamic relation [79]

TS ¼ Eþ pDV; ð29Þ

where T denotes the temperature of the cosmic system and
we have implicitly taken into account that DM is pressure-
less (i.e., pM ¼ 0).
Inverting Eq. (29) respect to E and using Eq. (28), we get

E ¼ ST
1þ ωT

; ð30Þ

where ωT ≡ pD=ρT is the total EoS parameter of the
cosmic fluid. The behavior of ωT versus z is plotted in
Figs. 14 and 16–17 for noninteracting and interacting
BHDE models, respectively. It can be seen that the
evolution trajectories of this parameter are not considerably

affected by either the curvature Ωk or the interaction
term b2.
Let us now consider a reversible adiabatic expansion

(dS ¼ 0). By using the first law of thermodyanmic com-
bined with Eq. (30), we are led to [46]

E ¼ E0

�
1þ ω0

1þ ωT

�
T
T0

; ð31Þ

where E0 and T0 are the present values of the cosmic
fluid energy and temperature, respectively, while ω0 is the
present value of the total EoS parameter. Hence, compari-
son of Eqs. (30) and (31) gives

S ¼ ð1þ ω0ÞE0

T0

¼ const: ð32Þ

Additionally, using the heat capacities and the total
energy-momentum conservation law, we obtain [45,46]

Cv ¼
�
∂E
∂T

�
V
¼ Cpd logV

ð1þ ωTÞd logV − d log jωT j
; ð33Þ

FIG. 15. Thermal stability condition (TSC) for noninteracting
BHDE. We have setΩ0

D ¼ 0.73 as initial condition andΩk¼0.01
in the upper panel, while Ωk ¼ 0 in the lower one.

FIG. 14. The evolution of ωT versus z for noninteracting BHDE
model and different values of Δ. We have setΩ0

D ¼ 0.73 as initial
condition and Ωk ¼ 0.01 in the upper panel, while Ωk ¼ 0 in the
lower one.
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Cp ¼
�
∂h
∂T

�
p
¼ ð1þ ωTÞE

T
¼ ð1þ ω0ÞE0

T0

¼ S; ð34Þ

where we have resorted to Eq. (31) in the third step of the
second relation. Here, Cv and Cp are the heat capacities at
constant volume and pressure, respectively, and

h ¼ Eþ pV; ð35Þ

is the enthalpy of the cosmic fluid.
By combining Eqs. (33) and (34), one can show that

Cp ¼
�
1þ ωT −

d log jωT j
d logV

�
Cv: ð36Þ

Let us also introduce the definitions of thermal expansivity,
isothermal compressibility and adiabatic compressibility.
They are given by

α ¼ 1

V

�
∂V
∂T

�
p
; ð37Þ

κT ¼ −
1

V

�
∂V
∂p

�
T
; ð38Þ

κS ¼ −
1

V

�
∂V
∂p

�
S
; ð39Þ

respectively. By use of Eqs. (33)–(37), we then have [47]

α ¼ Cv

VρTωT

�
ωT −

d log jωT j
d logV

�
: ð40Þ

Moreover, the following relations between the heat
capacities κT and κS hold

κT ¼ αV
Cp

; κS ¼
αVCv

C2
p

; ð41Þ

κT
κS

¼ Cp

Cv
: ð42Þ

We now analyze the thermal stability of the present
system assuming that work is done due to the volume

FIG. 17. The evolution of ωT versus z for interacting BHDE
model and different values of Δ. We have set b2 ¼ 0.01 and
Ω0

D ¼ 0.73 as initial condition. In the upper panel we have
considered Ωk ¼ 0.01, while in the lower one Ωk ¼ 0.

FIG. 16. The evolution of ωT versus z for interacting BHDE
model and different values of b2. We have set Δ ¼ 0.4 and Ω0

D ¼
0.73 as initial condition. In the upper panel we have considered
Ωk ¼ 0.01, while in the lower one Ωk ¼ 0.
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variation of the thermal system only. For stable equilibrium,
it has been shown that the second order variation of the
internal energy

δ2E ¼ δTδS − δpδV; ð43Þ

must satisfy the condition δ2E ≥ 0 [79].
Notice that, by using Eqs. (33), (34), (38), and (39), we

can equivalently cast Eq. (43) as

δ2E ¼ VκSδp2 þ T
Cp

δS2; ð44Þ

or

δ2E ¼ 1

VκT
δV2 þ Cv

T
δT2: ð45Þ

Thus, for the stability of the system, the heat capacities and
compressibilities should obey

Cp; Cv; κS; κT ≥ 0; ð46Þ

which, combined with Eqs. (41) and (42), leads to [47]

Cp ≥ Cv; κT ≥ κS: ð47Þ

From Eq. (34), it is straightforward to see that Cp is
constant and positive-definite. Moreover, Eqs. (36) and
(40) imply that the constraints (47) and, thus, (46) are met
only if the total EoS parameter ωT obeys the thermal
stability condition (TSC)

ωT −
d log jωT j
d logV

≥ 0: ð48Þ

In Figs. 15 and 18 the TSC has been plotted for
the noninteracting and interacting cases, respectively.
One can see that such criterion is not satisfied, indicating
that the cosmic fluid is not thermodynamically stable in
BHDE model.

V. CONCLUSIONS AND OUTLOOK

We have analyzed the cosmic evolution of a nonflat FRW
Universe filled by pressureless dark matter and BHDE. By
considering the apparent horizon as IR cutoff, we have
examined the evolutionary trajectories of various model
parameters, such as the BHDE density parameter, the EoS
parameter, the deceleration parameter, the jerk parameter
and the squared sound speed. In the absence of interaction,
we have found that ωD never crosses the phantom line.
Furthermore, the model successfully predicts the sequence
of an early matter dominated era with a decelerated
expansion, followed by a late time DE dominated
epoch with an accelerated phase. Nevertheless, the values
of the current EoS parameter, transition redshift and

FIG. 18. Thermal stability condition (TSC) for interacting
BHDE and different values of b2. We have setΔ ¼ 0.4 andΩ0

D ¼
0.73 as initial condition. In the upper panel we have considered
Ωk ¼ 0.01, while in the lower one Ωk ¼ 0.

TABLE II. Theoretical and observational values of EoS parameter, transition redshift, deceleration parameter, jerk parameter and
Hubble parameter in the current epoch (for the jerk parameter we have considered the ΛCDM prediction as reference value).

Noninteracting model Interacting model Observational value

ω0 ½−0.72;−0.47� ½−0.96;−0.74� ½−1.38;−0.89� (PlanckþWPþ BAO)
zt [0.02, 0.46] [0.30, 0.64] 0.61 (SNIa þ CMBþ LSS)
q0 ½−0.26;−0.01� ½−0.33;−0.03� ½−0.86;−0.42� (Union2 SNIa)
j0 [0.36, 0.62] [0.35, 0.64] j ¼ 1 (ΛCDM)
H0 – ð63.3� 4.3Þ km s−1 Mpc−1 ð67.27� 0.60Þ km s−1 Mpc−1 (Planck)
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deceleration parameter are inconsistent with recent results
in the literature (see Table II).
On the other hand, assuming a mutual interaction

between the dark sectors of the cosmos, we have obtained
that BHDE enters the phantom regime in the future, with
such a behavior being driven by the coupling b2. The model
still predicts the usual thermal history of the Universe and is
consistent with observations for what concerns the values
of the EoS parameter, transition redshift and deceleration
parameter in the current epoch.
Furthermore, for the interacting model we have studied

the evolution of HðzÞ and compared it with the data points
obtained from the latest compilation of 57 Hubble’s
parameter measurements from the differential age, BAO
and other approaches. By using the R2-test, we have
found the best fit of HðzÞ for the model parameters
b ¼ 0.12 and Δ ¼ 0.08 (with 95% confidence bounds).
Also, the current value of Hubble parameter turns out to be
H0 ¼ ð63.3� 4.3Þ km s−1Mpc−1, which is consistent with
the recent constraint from the Planck Collaboration [67],
but is in tension with the observation from 2019 SH0ES
Collaboration [78]. Along this line, it could be interesting
to explore whether BHDE (or, more general, HDE based on
deformed entropies) can play some role in solving the H0

tension [80]. However, a detailed investigation of this issue
would require the additional incorporation of CMB data
and the development of a joint analysis. This aspect goes
beyond the scope of our analysis and will be addressed in
future works.
We have finally studied the thermal stability of our

model by considering the heat capacities and compress-
ibilities. We have shown that both the noninteracting
and interacting frameworks suffer from the satisfaction
of the thermal stability condition (48). This result is in
line with the achievement of [47] for the case of
Tsallis holographic dark energy and, more general, with

the outcome of [45], where it has been found that DE fluids
with a time-dependent EoS parameter are in conflict with
the physical constraints imposed by thermodynamics.
Further aspects are still to be considered: first, one could

investigate how the present study interfaces with the results
of [81], where it has been shown that some DE models,
such as Chevallier-Polarski-Linder model, generalized
Chaplygin gas and modified Chaplygin gas are thermody-
namically stable for certain values of the model parameters.
A potential path to explore is to seewhether thermal stability
for BHDE is achieved by considering different IR cutoffs
and/or generalized interactions between the dark sectors of
the cosmos. Of course, it is possible that even after such
modifications the TSC is violated, indicating that BHDE
may not be the answer to the question of the unknown DE.
Additionally, since our framework provides a prelimi-

nary attempt to study quantum gravity effects on the cosmic
history of the Universe, it is worth analyzing to what extent
it is consistent with predictions of more fundamental
candidate theories of quantum gravity. Finally, we aim
to examine in more detail the connection between BHDE
and other models proposed to explain the origin of dark
energy [82], and possibly fix more stringent constraints on
the deformation parameter Δ. These lines of research are
under active investigation and are left for future projects.
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