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We study the cosmological evolution of a nonflat Friedmann-Robertson-Walker Universe filled by
pressureless dark matter and Barrow holographic dark energy (BHDE). The latter is a dark energy model
based on the holographic principle with Barrow entropy instead of the standard Bekenstein-Hawking one.
By assuming the apparent horizon of the Universe as IR cutoff, we explore both the cases where a mutual
interaction between the dark components of the cosmos is absent/present. We analyze the behavior of
various model parameters, such as the BHDE density parameter, the equation of state parameter, the
deceleration parameter, the jerk parameter, and the square of sound speed. We also comment on the
observational consistency of our predictions, showing that the interacting model turns out to be favored by
recent experimental constraints from Planck + WP + BAO, SNIa + CMB + LSS and Union2 SNIa joint
analysis over the noninteracting one. The thermal stability of our framework is finally discussed by

demanding the positivity of the heat capacities and compressibilities of the cosmic fluid.
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I. INTRODUCTION

Despite the recent progress at both the theoretical and
experimental level, there are still several open problems in
modern cosmology [1]. Among these, the issue of the
observed accelerating expansion of the Universe has been
getting greater attention in the last decades [2—6], providing
one of the most exciting challenges to the Standard Model
of particle physics and cosmology. A widely accepted
paradigm to explain this phenomenon is the existence of a
mysterious form of energy with negative pressure—the
dark energy (DE)—which would dominate the energy-
matter budget of the present Universe.

An interesting scenario for the quantitative description
of DE is holographic dark energy (HDE) [7-20], which
proves to be in good agreement with observations [21-24].
A crucial ingredient of this framework is the application
of the holographic principle at cosmological scales.
According to this recipe, the total entropy content of the
Universe should be proportional to the area of its two-
dimensional boundary, similarly to the Bekenstein-
Hawking entropy-area law for black holes. Recently,
however, it has been argued that quantum-gravitational
effects may induce nontrivial fractal features on the black
hole structure, leading to a deformed horizon entropy in the
form [25]
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where A is the area enclosed by the horizon surface.
Corrections to the standard entropy-area law are para-
metrized by the exponent 0 < A < 1, where A = 0 recov-
ers the Bekenstein-Hawking limit, while A = 1 corresponds
to the maximal entropy deformation. It is worth noting that
upper bounds on A have been derived in different contexts
in [26-33].

Based on the gravity-thermodynamic conjecture [34],
Eq. (1) is commonly adopted also in cosmology [35-40] to
derive modified Friedmann equations from the first law of
thermodynamics on the apparent horizon of a Friedmann-
Robertson-Walker (FRW) universe. The ensuing frame-
work is referred to as Barrow holographic dark energy
(BHDE) and exhibits a richer phenomenology compared to
HDE, allowing us to predict effects beyond the domain of
the Standard Model of cosmology for certain values of A
(see, for instance, [32]).

In line with the above studies, the properties of some
DE models have been largely investigated in [41-46] at
thermodynamic level. Specifically, in [45] the limits
imposed by thermodynamics on a DE fluid have been
analyzed by considering the heat capacities and compress-
ibilities. On the other hand, in [46] the thermal stability
criteria have been explored for interacting DE. A similar
analysis has been carried out in [47] for the case of Tsallis
holographic dark energy [48—52], which is a generalization

© 2022 American Physical Society
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of HDE based on the use of nonextensive Tsallis entropy
for the horizon degrees of freedom of Universe [53]. All
these studies suggest the existence of an intimate relation
between the cosmic expansion of the Universe, the thermo-
dynamic stability conditions and DE candidates, which
deserves careful attention.

Starting from the above premises, in this work we
examine the cosmic evolution of a nonflat FRW universe
filled by pressureless dark matter and BHDE. By consid-
ering the apparent horizon as IR cutoff and assuming a
mutual interaction between the dark sectors of the cosmos,
we analyze the behavior of various model parameters, such
as the BHDE density parameter, the equation of state
parameter, the deceleration parameter, the jerk parameter
and the square of sound speed. We then discuss the thermal
stability of our model by demanding the positivity of the
heat capacities and compressibilities of the cosmic fluid.

Some comments are in order here to motivate our study:
first, we emphasize that in the absence of a fully consistent
theory of quantum gravity, BHDE represents a first, naive
approach to accommodate quantum-gravity corrections
within the HDE framework based on simple physical
principles [35]. Furthermore, the usage of the apparent
horizon as IR cutoff is substantiated by the fact that, unlike
the event horizon, this boundary is consistent with the
generalized second law of thermodynamics [54,55]. Last
but not least, although it is commonly believed that
inflation washed out curvature inhomogeneities in the
early Universe, observational evidences suggest that there
is still room for a small but non-negligible spatial curvature
[56-59]. This is why we consider a nonflat FRW Universe
as background for our analysis.

The remainder of the work is organized as follows: in
the next section we briefly review the theoretical frame-
work of BHDE. The evolution of the characteristic model
parameters is studied in Sec. III for both the noninteracting
and interacting cases. In Sec. IV we discuss the thermal
stability of BHDE, while conclusions and outlook are
finally summarized in Sec. V. Throughout the work, we
use natural units A =c =kz =G = 1.

II. BARROW HOLOGRAPHIC DARK ENERGY:
A REVIEW

Let us start by briefly reviewing the main features of
BHDE. It is well known that the standard HDE is given by
the inequality [19]

pDL4 < S’ (2)

with the further assumption S o« A o L2, where p, denotes
the dark energy density, while L and S are the horizon
length and entropy, respectively.

On the other hand, the usage of Barrow entropy (1) leads
to [35]

Pp = CLA_Z? (3)

where C is an unknown parameter with dimensions
[L]72~2. Notice that, for A = 0, the above relation reduces
to the usual HDE, provided that C = 3¢?m3, where m,, is
the reduced Planck mass and ¢ the model parameter.

Now, in a nonflat FRW Universe containing pressureless
dark matter and BHDE, the first Friedmann equation takes
the form

K _sr

H2+; 3 (Pw + pp), (4)

where a is the scale factor, H=a/a is the Hubble
parameter and the dot denotes derivative with respect to
the cosmic time f.

We also assume that the apparent horizon of radius

. 1
r =
A JHI k&

acts as IR cutoff! [60,61], so that Eq. (3) can be cast as

(5)

Pp — C?ﬁ_z . (6)

The spatial curvature k takes value +1, 0 or —1, depending on
whether the shape of the Universe is a closed 3-sphere, flat
space or an open 3-hyperboloid, respectively. Consistently
with recent observations [56-59], henceforth we consider a
closed Universe with a small positive curvature.

By introducing the fractional energy densities

87pp
D = 3 (7a)
87pm
Qy =——, 7b
M 3H2 ( )
k
Y= pg (7¢)

for BHDE, DM and curvature terms, respectively, Eq. (4)
can be rearranged as

which can be further manipulated with the definition of the
parameter r = py/pp = 4/ Qp to give

'There is no universal consensus on the choice of the IR cutoff.
Following [48,60,61], here we resort to Eq. (5). However, other
possible choices are the particle horizon, the future event horizon,
the GO cutoff [62] or combination thereof. Given the degree of
arbitrariness in the selection of the most reliable description of
dark energy, we leave the analysis of BHDE with different IR
cutoffs for future work.

083530-2



COSMIC EVOLUTION AND THERMAL STABILITY OF BARROW ...

PHYS. REV. D 106, 083530 (2022)

r:—1+QiD(1+gk). 9)

If now assume the existence of a mutual interaction Q
between the dark sectors of the cosmos, the conservation
equations for BHDE and DM can be coupled as

pp +3Hpp(l +wp) = -0, (10)

pm + 3Hpy = 0, (11)

where wp = pp/pp is the equation of state (EoS) param-
eter of BHDE and p its pressure.

Following [63], we consider the rate Q of energy
exchange between BHDE and DM in the form

Q = 3b*H(pp + pu) (12)

where b? is a dimensionless constant that quantifies the
coupling between the dark sectors. Hence, we have O > 0,
which implies that a net flux of energy flows from BHDE to
DM. This is consistent with the second law of thermody-
namics and Le Chatelier-Braun principle [64].

III. COSMOLOGICAL EVOLUTION OF
BARROW HOLOGRAPHIC DARK ENERGY
IN NONFLAT UNIVERSE

Let us now examine the time evolution of the above
model. To this aim, we insert the time derivative of
Friedmann equation (4) into Eq. (10) and combine the
resulting expression with Eqs. (8) and (11). After some
algebra, we get

H 3Q
w Qk——D(l—i—r—i—a)D) (13)

From this equation, we can straightforwardly derive the
deceleration parameter as

a _ | _H
= T T’
3Qp

It is easy to see that positive values of ¢ indicate a
decelerated expansion of the Universe (d < 0), while
negative values correspond to an accelerated phase (d > 0).

In a similar fashion, by combining the time derivative of
Eq. (6) with (5) and (13), we obtain

. 3Q,
pp=(2—-A)ppH k_T(1+r+wD) (15)

while the use of Egs. (7) and (13) leads to

1
5(2-28)(3+ 9 +3Qpwp)

Q) =-Qp >
+2Q, —3Qp(1 +r+wp)]|. (16)
Here we have used the standard notation ), = d(‘f?

A relevant quantity to establish whether the model is
classically stable against small perturbations is the square
of sound speed, which is defined by

d
U%:ﬂ:w0+d)DQ- (17)
dpp Pp

We remark that classical stability requirement is satisfied,
provided that »? > 0. Indeed, for a density perturbation,
positive values of the squared sound speed correspond to a
regular propagation mode. Vice versa, negative values
imply that the perturbation equation becomes an irregular
wave equation [65,66]. As a consequence, with a density
perturbation, the negative squared speed indicates an
escalating mode. In other terms, when the density pertur-
bation increases, the pressure decreases, favoring the
development of an instability [65,66].

In what follows we study the evolution trajectories of
the model parameters introduced above. We analyze the
noninteracting (b> = 0) and interacting (b*> # 0) cases
separately, discussing their consistency with observations.

A. Noninteracting model

In the case where there is no interaction between the dark
sectors of the cosmos, insertion of Eq. (15) into (10) allows
us to infer the following expression for the BHDE EoS
parameter

34+ (5-1)(Q+3)

wp = — 18
R (AT e
In turn, from Eq. (16) we get
QpA 3+ Q; —3Q
Q=D 14y D (19)

2 1+(5-1)9Qp

To determine the behavior of BHDE, we solve this
equation numerically. The evolution of Qp and Q,, versus
the redshift z = (1 — a)/a is plotted in Figs. 1 and 2 for
different values of A, respectively. From Fig. 1 it is evident
that Q, increases monotonically going from early times to
the far future. This indicates the evolution of the present
model from an initial dark matter dominated phase toward a
completely dark energy dominated epoch. The comple-
mentary behavior is exhibited by Q,, (see Fig. 2).

The dynamics of EoS parameter is shown in Fig. 3.
As we can see, wp lies in the quintessence regime (—1 <
wp < —1/3) at present (i.e., z=0) and tends to the

083530-3



G.G. LUCIANO

PHYS. REV. D 106, 083530 (2022)

1.0

0.8

GQ 0.6
0.4
0.2
z
FIG. 1. The evolution of Qj, versus z for different values of A.

We have set ©;, = 0.01 and Q% = (.73 as initial condition.

z

FIG. 2. The evolution of Q,, versus z for different values of A.

We have set Q; = 0.01 and QY = 0.73 as initial condition.

FIG. 3.
We have set Q; = 0.01 and QY = 0.73 as initial condition.

The evolution of wp versus z for different values of A.

z

FIG. 4. The evolution of g versus z for different values of A. We
have set Q;, = 0.01 and Q), = 0.73 as initial condition.

cosmological constant behavior @wp = —1 in the far future
(z —» —1), regardless of A.> Specifically, for the current
value of the EoS parameter the present model predicts
Y, € [—0.72, —0.47] for the considered values of A. Notice
that this range is consistent with neither the recent
observational constraints obtained from Planck + WP +
Union 2.1 (—1.26 < wy < —0.92) and Planck + WP +BAO
(—1.38 < wy < —0.89) data, nor with WMAP + eCMB +
BAO + HO (-1.162 < wy < —0.983) measurements [67],
thus requiring some proper amendment to this model.

For completeness, let us analyze the evolution of the
deceleration parameter. By plugging Egs. (18) and (19) into
(14), this takes the form

14+ - (1+A)Q),
2+ (A-2)Qp

(20)

The behavior of ¢ is plotted in Fig. 4 for different values of
A. As explained above, our model predicts the successive
sequence of an early matter dominated era with a decel-
erated expansion (g > 0), followed by a late time DE
dominated epoch with an accelerated phase (¢ < 0), In
particular, the present framework is capable of explaining
the observed accelerated phase of the Universe today
(z=0), in contrast to the standard holographic dark
energy model. However, quantitatively speaking the red-
shift z, at which the transition from the decelerated to
accelerated Universe occurs, i.e., g(z,) =0, lies within
the interval z, € [0.02,0.46] for the considered values of
the model parameters. This range does not overlap with the
observational constraint obtained via SNIa + BAO/CMB
(z; = 0.72 £ 0.05) [68], SNIa+ CMB (z;, = 0.57 +0.07)
[69] and SNIa 4+ CMB + LSS joint analysis (z, = 0.61)
[70]. Also, the value of the deceleration parameter for the
current epoch is estimated as g, € [-0.26, —0.01], to be

*Notice that any comparison with the results of [37] is
prevented by the fact that a different IR cutoff is used in that case.
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FIG. 5. The evolution of »? versus z for different values of A.
We have set Q; = 0.01 and QY = 0.73 as initial condition.

compared with the experimental outcome g, = —0.64 &+
0.22 from Union2 SNIa data [71]. These results provide
further evidence of the observational inconsistency of the
noninteracting model.

From Eq. (17), we can finally derive the square of sound
speed as

o _Brd-nal@ -1
T - (1-3)0P

(21)

This is plotted as a function of the redshift z in Fig. 5.
Interestingly enough, we see that v2 takes negative values at
early and present times, while it tends to positive values in
the far future. In other terms, the present model evolves
toward a classically stable configuration. A similar result
has been exhibited in [72] for the case of BHDE with
hybrid expansion law.

Figure 6 finally shows the behavior of the jerk parameter,
which is given by the third derivative of the scale factor
respect to the cosmic time, i.e., [73]

1 d’a dq
=——=9¢q(2 1 1 —. 22
s~ 4t +( +Z)dz (22)

J
This quantity allows us to quantify departures from ACDM
model, which is characterized by j = 1. From Fig. 6,
we find that j > O for any redshift and approaches unity
in the far future (i.e., z & —1), where our model fits with
ACDM. Also, we have j, € [0.36,0.62] in the present
epoch for the considered values of model parameters.
Notice that deviations of j, from the ACDM value need
attention as the real cause behind the cosmic acceleration is
still unknown [74].

B. Interacting model

We now extend the above analysis to the case where the
interaction (12) between the dark sectors of the cosmos is
taken into account. By repeating the same computations as

1.0

0.8

0.6

'~

0.4

0.2

0.0

z

FIG. 6. The evolution of j versus z for different values of A. We
have set ; = 0.01 and Q) = 0.73 as initial condition.

above, we derive the following generalized expression for
the EoS parameter

34 (G- (@ +3) +30°(1 + 1)
3[1+ (3 - D]

wp =

(23)

FIG. 7. The evolution of Q,, versus z for different values of b>
(upper panel) and A (lower panel). We have set ; = 0.01 and
Q% =0.73 as initial condition. For the upper plot, we have
considered A = 0.4, while for the lower one b = 0.01.
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Qur

Qur

z
FIG. 8. The evolution of Q,, versus z for different values of >
(upper panel) and A (lower panel). We have set €, = 0.01 and

QY =0.73 as initial condition. For the upper plot, we have
considered A = 0.4, while for the lower one b* = 0.01.

Similarly, we get

QpA3+Q, —3Q), — 3b3(1 + Q)

& == ENEIETTeN B
.- 1+Q — (Zli—(AA)g—ZDZ)_Qib (1 +Qk), (25)
B G-Deg@ -1
3= (1-99p)
PP (1 + Q)1+ 5 + zoya;) 26)

I-(1=-27

for the BHDE density, the deceleration parameter and the
squared sound speed, respectively. It is straightforward to
check that these relations correctly reduce to Eqgs. (18)—(21)
for b> = 0.

Figure 7 shows the evolution of Q, versus z for different
values of b? (upper panel) and A (lower panel). On the
other hand, in Fig. 8 we plot the behavior of Q,,. We can

z

FIG. 9. The evolution of @, versus z for different values of b>
(upper panel) and A (lower panel). We have set Q; = 0.01 and
QY =0.73 as initial condition. For the upper plot, we have
considered A = 0.4, while for the lower one b = 0.01.

see that both these two densities exhibit the same profile as
for the noninteracting case (see Fig. 1 and 2 for com-
parison). Remarkable differences can instead be high-
lighted from the analysis of the EoS parameter in Fig. 9.
Indeed, in the present study the phantom line wp = —1 is
crossed in the far future. In particular, the higher the
coupling, the more evident such a behavior (see upper
panel of Fig. 9). This feature is peculiar to this model
and has no correspondence in the noninteracting descrip-
tion (see Fig. 3). To check the observational consistency
of the present model, let us compute the current value
of the EoS parameter. From the lower panel of Fig. 9, we
find Y € [-0.96,—0.74], which is in agreement with
constraints from Planck + WP +BAO and Planck +
WP + Union 2.1 measurements [see the discussion above
Eq. (20)].

In Fig. 10 we show the evolution of the deceleration
parameter g. We see that the interacting BHDE model still
predicts a smooth transition of the Universe from an initial
decelerated phase to a late-time accelerated expansion.
However, the advantage of this framework over the
noninteracting one is that the transition redshift is now
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z

FIG. 10. The evolution of ¢ versus z for different values of b?
(upper panel) and A (lower panel). We have set €; = 0.01 and
QY =0.73 as initial condition. For the upper plot, we have
considered A = 0.4, while for the lower one 5% = 0.01.

estimated as z, € [0.30,0.64], which is in good agreement
with SNIa + CMB + LSS joint analysis. Also, the decel-
eration parameter for the current epoch is found to lie in the
range g, € [—0.33, —0.03] (see the lower panel in Fig. 10),
the lower bound of which is closer to the experimental
value exhibited in [71]. Thus, the present model turns out to
be favored by observations.

The behavior of the squared sound speed is plotted
in Fig. 11. By comparison with Fig. 5, we see that v2
is now always negative, which implies that interacting
BHDE is unstable at classical level against small
perturbations.

Figure 12 shows the jerk parameter (22) versus the
redshift. As in the absence of interactions, we find that
J > 0 for any redshift, j, € [0.35,0.64] (see the lower panel
in Fig. 12) and j — 1 in the far future (i.e., z — —1), thus
reproducing ACDM in this limit.

To further investigate the experimental relevance of the
present model and constrain the free parameters A, b
and H, let us consider the evolution of H(z) from
Egs. (14) and (24) for fixed €, = 0.01 and Q% =0.73,
and compare it with the data points obtained from

0.0

-0.1

—02} _

[
>

\

\

\
-0.3 \
. \

-0.4

FIG. 11. The evolution of v2 versus z for different values of b>
(upper panel) and A (lower panel). We have set ©; = 0.01 and
Q% =0.73 as initial condition. For the upper plot, we have
considered A = 0.4, while for the lower one b* = 0.01.

the latest compilation of 57 Hubble’s parameter measure-
ments in the range 0.07 < z < 2.36. Such points have been
derived via differential age (31 points), BAO and other
methods (the remaining 26 points) and are listed in Table I
(see [75] and references therein for more details on the
dataset).

Following [75], we use the statistical R>-test to find the
best fit values of model parameters. This is defined by

2 1 ?ll [(Hi)ob - (Hi>th]2
K : 15l1 [(Hi)ob - ([—Ii)mean]2 ’ (27)

where (H;)., and (H;), are the observed and predicted
values of Hubble’s parameter, respectively. Minimization
of deviation of R?> from unity gives the best-fit values
b =0.12and A = 0.08 at 95% confidence level. We notice
that the obtained estimation of Barrow parameter fits with
the result A = 0.09470003 derived in [26] and is very close
to the constraint A = 0.0757001 of [76], but it lies outside
the intervals 0.005 < A <0.008 [32] and A < 1.4 x 107™*
[28] found via baryogenesis and big bang nucleosynthesis
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1.0 TABLEL 57 experimental points of H(z): the first 31 have been
obtained from the method of differential age, while the last 26 from
0.8 BAO and other approaches (H is expressed in kms~! Mpc~! and
oy represents the uncertainty for each data point.).
e : H)  on z Hz) oy
0.4 0.070 69.0 19.6 0.4783 80 99
0.90 69 12 0.480 97 62
02 0.120 63.6 26.2 0.593 104 13
' 0.170 83 8 0.6797 92 8
0.1791 75 4 0.7812 105 12
0.0 5 0.1993 75 5 0.8754 125 17
0.200 72.9 29.6 0.880 90 40
z 0.270 77 14 0.900 117 23
0.280 88.8 36.6 1.037 154 20
0.3519 83 14 1.300 168 17
0.3802 83.0 13.5 1.363 160.0 33.6
0.400 95 17 1.430 177 18
0.4004 77.0 10.2 1.530 140 14
0.4247 87.1 11.2 1.750 202 40
0.4497 92.8 12.9 1.965 186.5 50.4
0.470 89 34
z HE) oy : H(z) o
0.24 79.69 2.99 0.52 94.35 2.64
0.0 0.30 81.70 6.22 0.56 93.34 2.30
-1 0 1 3 4 5 0.31 78.18 474 0.57 87.6 7.8
2 0.34 83.80 3.66 0.57 96.8 34
0.35 82.7 9.1 0.59 98.48 3.18
FIG. 12. The evolution of j versus z for different values of b>  0.36 79.94 3.38 0.60 87.9 6.1
(upper panel) and A (lower panel). We have set Q; = 0.01 and ~ 0.38 81.5 1.9 0.61 97.3 2.1
QY =0.73 as initial condition. For the upper plot, we have 0.40 82.04 2.03 0.64 98.82 298
considered A = 0.4, while for the lower one b = 0.01. 0.43 86.45 3.97 0.73 97.3 7.0
0.44 82.6 7.8 2.30 224.0 8.6
0.44 84.81 1.83 2.33 224 8
. . . . 0.48 87.90 2.03 2.34 222.0 8.5
measurements, respectively. This discrepancy might be 051 90.4 19 736 226.0 9.3
understood by assuming a HDE description of the : : : : : :
Universe with a running Barrow entropy, as discussed
in [77].
From the fit in Fig. 13, we can also infer the current value
of Hubble’s parameter predicted by the present model as 250
Hy = (63.34+4.3) kms~! Mpc~'. This is consistent with
the recent observation from Planck Collaboration Hy = 200
(67.27 4+ 0.60) kms~! Mpc~! [67], but still deviates from + +
the value H, = (74.03 4 1.42) kms~! Mpc~! based on the 150 +
analysis of 2019 SHOES collaboration [78]. More discus- D +
sion on this point can be found in the concluding section. =100 %
IV. THERMAL STABILITY OF BARROW %0
HOLOGRAPHIC DARK ENERGY 0
Let us now study our.model from the thermodyngmw 00 05 10 T3 20 25
point of view. Toward this end, we follow the analysis of .
[46,47]. In particular, we are going to investigate whether
the thermal stability criteria are satisfied. FIG. 13. Best fit curve of Hubble’s parameter H versus

We start by defining the internal energy of the cosmic
fluid (dark energy + dark matter) in the Universe as

redshift z. Dots represent observed values, while the red curve
is the theoretical fit.
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FIG. 14. The evolution of w; versus z for noninteracting BHDE
model and different values of A. We have set QY = 0.73 as initial
condition and €, = 0.01 in the upper panel, while ©; = 0 in the
lower one.

E=V(pp +pu) = Vpr, (28)

where V and p; are the volume and total energy density
of the cosmic system, respectively. We can then write the
thermodynamic relation [79]

TS =E+ ppV, (29)

where T denotes the temperature of the cosmic system and
we have implicitly taken into account that DM is pressure-
less (i.e., py = 0).

Inverting Eq. (29) respect to E and using Eq. (28), we get

, (30)

where w; = pp/pr is the total EoS parameter of the
cosmic fluid. The behavior of w; versus z is plotted in
Figs. 14 and 16-17 for noninteracting and interacting
BHDE models, respectively. It can be seen that the
evolution trajectories of this parameter are not considerably

0.0

TSC

z

FIG. 15. Thermal stability condition (TSC) for noninteracting
BHDE. We have set QY = 0.73 as initial condition and ; =0.01
in the upper panel, while €; = 0 in the lower one.

affected by either the curvature €, or the interaction
term b

Let us now consider a reversible adiabatic expansion
(dS = 0). By using the first law of thermodyanmic com-
bined with Eq. (30), we are led to [46]

1 T
E—E (%) L (31)
1"‘(07‘ TO

where E, and T are the present values of the cosmic
fluid energy and temperature, respectively, while oy is the
present value of the total EoS parameter. Hence, compari-
son of Egs. (30) and (31) gives

(1 + @y)Eo

S = T,

= const. (32)

Additionally, using the heat capacities and the total
energy-momentum conservation law, we obtain [45,46]

c — oE\ CpdlogV
" \dT), (1+wr)dlogV —dlog|wy

. (33)
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-0.2

-0.4

&~
3
-0.6

-0.8

-1.0

z

FIG. 16. The evolution of w; versus z for interacting BHDE
model and different values of 5%. We have set A = 0.4 and Q) =
0.73 as initial condition. In the upper panel we have considered
Q; = 0.01, while in the lower one €; = 0.

o), T T,

where we have resorted to Eq. (31) in the third step of the
second relation. Here, C,, and C,, are the heat capacities at
constant volume and pressure, respectively, and

h=E+pV. (35)

is the enthalpy of the cosmic fluid.
By combining Egs. (33) and (34), one can show that

dlog |wy]
C, = (1 +wr — ngr) C,. (36)

Let us also introduce the definitions of thermal expansivity,
isothermal compressibility and adiabatic compressibility.

They are given by
1 [0V
a=——] . (37)
v\lr/,

z

FIG. 17. The evolution of wy versus z for interacting BHDE
model and different values of A. We have set 5> = 0.01 and
Q% =0.73 as initial condition. In the upper panel we have
considered €2; = 0.01, while in the lower one Q; = 0.

1 /o
Kp = —— (—V> , (38)
V\or/r

1 /0
Ksz—(v) , (39)
V \ap s

respectively. By use of Egs. (33)—(37), we then have [47]

C, ( dlog |60T|>
= w7 — .
Vpror

dlogV
Moreover, the following relations between the heat
capacities k7 and kg hold

a (40)

\% vC
KTZ(é—, Ks:aczv, (41)
P P
KT Cp
—_— = 42
C. (42)

We now analyze the thermal stability of the present
system assuming that work is done due to the volume
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0.0

T5C

0.0

z

FIG. 18. Thermal stability condition (TSC) for interacting
BHDE and different values of b>. We have set A = 0.4 and Q(I)) =
0.73 as initial condition. In the upper panel we have considered
Q; = 0.01, while in the lower one ; = 0.

variation of the thermal system only. For stable equilibrium,
it has been shown that the second order variation of the
internal energy

&E = 8T5S — 6pdV, (43)
must satisfy the condition 6>E > 0 [79].

Notice that, by using Egs. (33), (34), (38), and (39), we
can equivalently cast Eq. (43) as

T
62E = VK56p2 + C—5S2, (44)
P

TABLE II.

or

1 C

Thus, for the stability of the system, the heat capacities and
compressibilities should obey

C,.Cy.ks,k7 20, (46)
which, combined with Egs. (41) and (42), leads to [47]

c,>C,,

» > K1 > Kg. (47)

From Eq. (34), it is straightforward to see that C, is
constant and positive-definite. Moreover, Eqs. (36) and
(40) imply that the constraints (47) and, thus, (46) are met
only if the total EoS parameter w; obeys the thermal
stability condition (TSC)

dlog ||
“r dlogV = (48)
In Figs. 15 and 18 the TSC has been plotted for
the noninteracting and interacting cases, respectively.
One can see that such criterion is not satisfied, indicating
that the cosmic fluid is not thermodynamically stable in
BHDE model.

V. CONCLUSIONS AND OUTLOOK

We have analyzed the cosmic evolution of a nonflat FRW
Universe filled by pressureless dark matter and BHDE. By
considering the apparent horizon as IR cutoff, we have
examined the evolutionary trajectories of various model
parameters, such as the BHDE density parameter, the EoS
parameter, the deceleration parameter, the jerk parameter
and the squared sound speed. In the absence of interaction,
we have found that wj never crosses the phantom line.
Furthermore, the model successfully predicts the sequence
of an early matter dominated era with a decelerated
expansion, followed by a late time DE dominated
epoch with an accelerated phase. Nevertheless, the values
of the current EoS parameter, transition redshift and

Theoretical and observational values of EoS parameter, transition redshift, deceleration parameter, jerk parameter and

Hubble parameter in the current epoch (for the jerk parameter we have considered the ACDM prediction as reference value).

Noninteracting model

Interacting model

Observational value

@ [~0.72, ~0.47] (~0.96, —0.74] [~1.38,—0.89] (Planck + WP + BAO)
Z; [0.02, 0.46] [0.30, 0.64] 0.61 (SNIa + CMB + LSS)

o [~0.26, -0.01] [~0.33,-0.03] [~0.86, —0.42] (Union2 SNIa)

i [0.36, 0.62] [0.35, 0.64] j =1 (ACDM)

H, - (63.3 £4.3) kms~! Mpc™! (67.27 +0.60) kms~' Mpc~! (Planck)
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deceleration parameter are inconsistent with recent results
in the literature (see Table II).

On the other hand, assuming a mutual interaction
between the dark sectors of the cosmos, we have obtained
that BHDE enters the phantom regime in the future, with
such a behavior being driven by the coupling %. The model
still predicts the usual thermal history of the Universe and is
consistent with observations for what concerns the values
of the EoS parameter, transition redshift and deceleration
parameter in the current epoch.

Furthermore, for the interacting model we have studied
the evolution of H(z) and compared it with the data points
obtained from the latest compilation of 57 Hubble’s
parameter measurements from the differential age, BAO
and other approaches. By using the R>-test, we have
found the best fit of H(z) for the model parameters
b=0.12 and A =0.08 (with 95% confidence bounds).
Also, the current value of Hubble parameter turns out to be
Hy = (63.3 +4.3) kms~! Mpc~', which is consistent with
the recent constraint from the Planck Collaboration [67],
but is in tension with the observation from 2019 SHOES
Collaboration [78]. Along this line, it could be interesting
to explore whether BHDE (or, more general, HDE based on
deformed entropies) can play some role in solving the H,,
tension [80]. However, a detailed investigation of this issue
would require the additional incorporation of CMB data
and the development of a joint analysis. This aspect goes
beyond the scope of our analysis and will be addressed in
future works.

We have finally studied the thermal stability of our
model by considering the heat capacities and compress-
ibilities. We have shown that both the noninteracting
and interacting frameworks suffer from the satisfaction
of the thermal stability condition (48). This result is in
line with the achievement of [47] for the case of
Tsallis holographic dark energy and, more general, with

the outcome of [45], where it has been found that DE fluids
with a time-dependent EoS parameter are in conflict with
the physical constraints imposed by thermodynamics.
Further aspects are still to be considered: first, one could
investigate how the present study interfaces with the results
of [81], where it has been shown that some DE models,
such as Chevallier-Polarski-Linder model, generalized
Chaplygin gas and modified Chaplygin gas are thermody-
namically stable for certain values of the model parameters.
A potential path to explore is to see whether thermal stability
for BHDE is achieved by considering different IR cutoffs
and/or generalized interactions between the dark sectors of
the cosmos. Of course, it is possible that even after such
modifications the TSC is violated, indicating that BHDE
may not be the answer to the question of the unknown DE.
Additionally, since our framework provides a prelimi-
nary attempt to study quantum gravity effects on the cosmic
history of the Universe, it is worth analyzing to what extent
it is consistent with predictions of more fundamental
candidate theories of quantum gravity. Finally, we aim
to examine in more detail the connection between BHDE
and other models proposed to explain the origin of dark
energy [82], and possibly fix more stringent constraints on
the deformation parameter A. These lines of research are
under active investigation and are left for future projects.
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