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It is believed that relic gravitons are squeezed during inflation. If so, quantum noise induced by them can
be significantly enhanced in current interferometers. However, decoherence of the gravitons during cosmic
history may change the degree of squeezing. As a first step for analyzing the decoherence of the gravitons,
we assume the presence of a sizable magnetic field at the beginning of inflation and study conversion
processes of the squeezed gravitons into photons during inflation in the case of minimal coupling between
gravitons and photons. We solve the dynamical evolution of a coupled system of gravitons and photons
perturbatively and obtain squeezing parameters for the system numerically and analytically. It turns out that
the gravitons are robust against the decoherence caused by the cosmological magnetic fields. We also find
that the conversion rate of gravitons into photons is at a few percent at most.
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I. INTRODUCTION

Inflation theory has claimed that the origin of the large-
scale structure of the universe and temperature fluctuations
in the cosmic microwave background radiations is quantum
fluctuations. Remarkably, the inflation theory also predicts
the existence of primordial gravitational waves stemming
from the quantum fluctuations of the spacetime (relic
gravitons). After the discovery of gravitational waves from
a black hole binary system [1], the detection of primordial
gravitational waves has been the most important research
objective [2,3].
The notable nature of primordial gravitational waves is

their quantum origin. If the relic gravitons were found, it
would strongly support the inflationary universe. The
finding of the relic gravitons would also give a hint of
quantum gravity. Hence, it is extremely important to
explore the quantum nature of the primordial gravitational
waves.
It is well known that the generation of relic gravitons can

be interpreted as the squeezing process of a quantum state
during inflation [4–7]. Since the degree of squeezing is
extremely high, the quantum state is highly entangled
between two modes with opposite wave number vectors
due to conservation of momentum. The squeezed state of
the relic gravitons is a key for proving the nonclassicality of
primordial gravitational waves. In fact, the squeezed

gravitons can significantly enhance the quantum noise in
interferometers [8–12]. Hence, we need to show the degree
of the squeezing generated during inflation survives under
the decoherence processes in the evolution of the universe.
So far, the decoherence process due to short wavelength
modes of a field has been investigated [13–16]. However, it
is argued that the decoherence obtained by tracing out the
short wavelength modes is false decoherence [17]. Thus, it
is worth studying different decoherence processes.
In this paper, as a source of the decoherence, we assume

the presence of a sizable magnetic field at the beginning of
inflation. We then consider conversion process of the
squeezed gravitons into photons during inflation in the
case of minimal coupling between gravitons and photons
[18–21]. The squeezed state of gravitons may turn into the
squeezed state of photons due to the graviton-photon
conversion. Hence, it is important to clarify to what extent
the squeezing of the relic gravitons survives at present. The
purpose of this paper is to compute the degree of squeezing
parameters of graviton and photon and cross squeezing
parameter between gravitons and photons during inflation.
The paper is organized as follows: In Sec. II, we derive

basic equations for analyzing the conversion process of
gravitons into photons during inflation. In Sec. III, we
explain the perturbative formalism for solving a coupled
system between gravitons and photons in order to obtain
the time evolution of mode functions. In Sec. IV, we derive
Bogoliubov transformations due to the squeezing process
in the presence of primordial magnetic fields. In Sec. V, we
deduce formulas for the squeezing parameters and reveal
the time evolution of the squeezing parameters numerically
and analytically. We also discuss the implications of our
results. The final section is devoted to the conclusion.
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II. GRAVITON-PHOTON CONVERSION DURING
INFLATION

We represent the graviton in a spatially flat expanding
background by the tensor mode perturbation in the three-
dimensional metric,

ds2 ¼ a2ðηÞ½−dη2 þ ðδij þ hijÞdxidxj�; ð2:1Þ

where η is the conformal time and themetric perturbation hij
satisfies the transverse traceless conditions hij;j ¼ hii ¼ 0.
The spatial indices i; j; k; � � � are raised and lowered by δij

and δkl.
The Einstein-Hilbert action and the action for the

electromagnetic field is given by

S ¼ Sg þ SA ¼ M2
pl

2

Z
d4x

ffiffiffiffiffiffi
−g

p
R −

1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
FμνFμν;

ð2:2Þ

where Mpl ¼ 1=
ffiffiffiffiffiffiffiffiffi
8πG

p
is the Planck mass. The gauge field

Aμ represents the photon and the field strength is defined by
Fμν ¼ ∂μAν − ∂νAμ. Expanding the Einstein-Hilbert action
up to the second order in perturbations hij, we find

δSg ¼
M2

pl

8

Z
d4xa2½hij0h0ij − hij;khij;k�: ð2:3Þ

Here, a prime denotes the derivative with respect to the
conformal time. The action for the photon up to second
order in perturbations Ai reads

δSA ¼ 1

2

Z
d4x½A02

i − A2
k;i�; ð2:4Þ

where the photon field satisfies the Coulomb gauge A0 ¼ 0

and Ai
;i ¼ 0. The action for the interaction between the

graviton and the photon up to second order in perturbations
hij; Ai is found to be

δSI ¼
Z

d4x½εilmBmhijð∂jAl − ∂lAjÞ�: ð2:5Þ

Note that Bm ¼ εmjl∂jAl is a constant background mag-
netic field that we assumed the presence at the beginning of
inflation.
At quadratic order, it is convenient to expand hijðη; xiÞ

and Aiðη; xiÞ in the Fourier modes,

hijðη; xiÞ ¼
2

Mpl

X
P

1

ð2πÞ3=2
Z

d3khPk ðηÞePijðkÞeik·x; ð2:6Þ

Aiðη; xiÞ ¼
X
P

�i

ð2πÞ3=2
Z

d3kAP
k ðηÞePi ðkÞeik·x; ð2:7Þ

where three-vectors are denoted by bold math type and
ePijðkÞ and ePi ðkÞ are the polarization tensors and vectors for
the k mode respectively normalized as eijPðkÞeQijðkÞ ¼ δPQ

and eiPðkÞeQi ðkÞ ¼ δPQ with P;Q ¼ þ;×. Using the
canonical variable yPk ðηÞ ¼ aðηÞhPk ðηÞ, we can rewrite
the quadratic actions (2.3), (2.4), and (2.5) as

δSg ¼
1

2

X
P

Z
d3kdη

�
jyP0k j2 − k2jyPk j2 −

a0

a
yPk y

P0
−k

−
a0

a
yP−ky

P0
k þ

�
a0

a

�
2

jyPk j2
�
; ð2:8Þ

δSA ¼ 1

2

X
P

Z
d3kdη½jAP0

k j2 − k2jAP
k j2�; ð2:9Þ

δSI ¼
2

Mpl

X
P;Q

Z
d3kdη

1

a
½εilmBmyPkA

Q
−ke

P
ijðkÞfikleQj ð−kÞ

− ikje
Q
l ð−kÞg�; ð2:10Þ

where k ¼ jkj. Polarization vectors eiþ; ei× and a vector
ki=k constitute an orthnormal basis. Without loss
of generality, we assume the constant background magnetic
field is in the (ki; ki×)-plane, as is shown in Fig. 1. The
polarization tensors can be written in terms of polarization
vectors eiþ and ei× as

eþijðkÞ ¼
1ffiffiffi
2

p feþi ðkÞeþj ðkÞ − e×i ðkÞe×j ðkÞg; ð2:11Þ

e×ijðkÞ ¼
1ffiffiffi
2

p feþi ðkÞe×j ðkÞ þ e×i ðkÞeþj ðkÞg: ð2:12Þ

In the following, we assume

e×i ð−kÞ ¼ −e×i ðkÞ: ð2:13Þ

The action (2.10) is then reduced into

FIG. 1. Configuration of the polarization vector ePðkÞ, wave
number k, and background magnetic field B.
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δSI¼
ffiffiffi
2

p

Mpl

Z
d3kdη

1

a
½λðkÞyþk ðηÞAþ

−kðηÞþλðkÞy×k ðηÞA×
−kðηÞ�;

ð2:14Þ

where we defined the coupling between graviton and
photon as

λðkÞ≡
ffiffiffi
2

p

Mpl
εilmeþi klBm: ð2:15Þ

Here, the conditions for the graviton and photon to be real
read, hþ;×

−k ðηÞ ¼ h�þ;×
k ðηÞ and Aþ;×

−k ðηÞ ¼ −A�þ;×
k ðηÞ.

Below, we focus on the plus polarization and omit the
index P unless there may be any confusion.
In the case of de Sitter space, the scale factor is given by

aðηÞ ¼ −1=ðHηÞ where −∞ < η < 0. The variation of the
actions (2.8), (2.9), and (2.14) with respect to the graviton
and the photon fields gives

y00k þ
�
k2 −

2

η2

�
yk ¼ λHηAk; ð2:16Þ

A00
k þ k2Ak ¼ λHηyk: ð2:17Þ

If we define the Lagrangian in the actions (2.8) and (2.9) by
δSg ¼

R
dηLg and δSA ¼ R dηLA, the conjugate momenta

of graviton pk and photon πk are respectively given by

pkðηÞ ¼
∂Lg

∂y0−k
¼ y0kðηÞ þ

1

η
ykðηÞ; ð2:18Þ

πkðηÞ ¼
∂LA

∂A0
−k

¼ A0
kðηÞ: ð2:19Þ

Now we promote variables ykðηÞ; AkðηÞ and their momenta
pkðηÞ; πkðηÞ into operators. The annihilation operator for
the graviton is expressed by canonical variables as

âyðη; kÞ ¼
ffiffiffi
k
2

r
ŷkðηÞ þ

iffiffiffiffiffi
2k

p p̂kðηÞ: ð2:20Þ

In the same way, the annihilation operator for photon is
given by

âAðη; kÞ ¼
ffiffiffi
k
2

r
ÂkðηÞ þ

iffiffiffiffiffi
2k

p π̂kðηÞ: ð2:21Þ

The commutation relations ½âyðη;kÞ;â†yðη;−k0Þ�¼δðkþk0Þ
and ½âAðη;kÞ;â†Aðη;−k0Þ�¼δðkþk0Þ guarantee the canoni-
cal commutation relations ½ykðηÞ;pk0 ðηÞ�¼ iδðk−k0Þ and
½AkðηÞ; πk0 ðηÞ� ¼ iδðk − k0Þ. Notice that the annihilation
operator becomes time dependent through the time depend-
ence of canonical variables. Thus, the vacuum defined by
âðη; kÞj0i ¼ 0 is time dependent as well and the vacuum in
this formalism turns out to be defined at every moment.

In this paper, we suppose Bm=Mpl ≪ 1 so that the
coupling between graviton and photon (2.15) is weak.
Then we solve the Eqs. (2.16) and (2.17) iteratively up to
the second order in yk and Ak in the next section.

III. TIME EVOLUTION OF MODE FUNCTIONS

Using the basic equations presented in the previous section,
we perturbatively derive mode functions in this section.

A. Zeroth order

By letting λ ¼ 0 in Eqs. (2.16) and (2.17), the equations
of the zeroth order approximation become

ŷð0Þ00k þ
�
k2 −

2

η2

�
ŷð0Þk ¼ 0; ð3:1Þ

Âð0Þ00
k þ k2Âð0Þ

k ¼ 0; ð3:2Þ
where the superscript (0) denotes the zeroth order. The
solutions of the above equations are

ŷð0Þk ðηÞ ¼ uð0Þk ðηÞĉþ uð0Þ�k ðηÞĉ†; ð3:3Þ

Âð0Þ
k ðηÞ ¼ vð0Þk ðηÞd̂þ vð0Þ�k ðηÞd̂†; ð3:4Þ

where ĉðd̂Þ and its conjugate ĉ†ðd̂†Þ are constant operators
of integration. We choose the properly normalized positive
frequency mode in the remote past as a basis, which is
expressed as

uð0Þk ðηÞ¼ 1ffiffiffiffiffi
2k

p
�
1−

i
kη

�
e−ikη; vð0Þk ðηÞ¼ 1ffiffiffiffiffi

2k
p e−ikη: ð3:5Þ

B. First order

Inserting the solutions of zeroth order approximation
(3.3) and (3.4) into the right-hand side (rhs) of Eqs. (2.16)
and (2.17) as the source terms, the equations of the first
order approximation are written as

ŷð1Þ00k þ
�
k2 −

2

η2

�
ŷð1Þk ¼ λHηÂð0Þ

k ; ð3:6Þ

Âð1Þ00
k þ k2Âð1Þ

k ¼ λHηŷð0Þk : ð3:7Þ

The effect of photon comes in Eq. (3.6). Using Green’s
function

GdSðη; η0Þ ¼
1

2ik

�
1þ i

kη0

��
1 −

i
kη

�
e−ikðη−η0Þ

−
1

2ik

�
1 −

i
kη0

��
1þ i

kη

�
eikðη−η0Þ; ð3:8Þ

we obtain the solution as
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ŷð1Þk ðηÞ ¼ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0Âð0Þ
k ðη0Þ

¼ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð0Þk ðη0Þd̂

−
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð0Þ�k ðη0Þd̂†

≡ uð1Þk ðηÞd̂þ uð1Þ�k ðηÞd̂†; ð3:9Þ

where ηi is an initial time. From the first line to the second
line we used Eq. (3.4). In the last line, we defined the first
order correction due to the source of photon to the positive
frequency mode of graviton by

uð1Þk ðηÞ≡ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð0Þk ðη0Þ: ð3:10Þ

After integration, we have

uð1Þk ðηÞ¼ λH

8
ffiffiffi
2

p
ηk9=2

½e−ikηf2iη3k3þηkð2ηikð2− iηikÞþ3iÞ

−2ηikðηikþ2iÞþ3g
−eikðη−2ηiÞðηkþ iÞð2ηik−3iÞ�: ð3:11Þ

Similarly, the effect of graviton comes in Eq. (3.7).
By using Green’s function

GMðη; η0Þ ¼ −
1

k
sin kðη − η0Þ; ð3:12Þ

we have

Âð1Þ
k ðηÞ ¼ −

Z
η

ηi

dη0GMðη; η0ÞλHη0ŷð0Þk ðη0Þ

¼ −
Z

η

ηi

dη0GMðη; η0ÞλHη0uð0Þk ðηÞĉ

−
Z

η

ηi

dη0GMðη; η0ÞλHη0uð0Þ�k ðηÞĉ†

≡ vð1Þk ðηÞĉþ vð1Þ�k ðηÞĉ†; ð3:13Þ

where we used Eq. (3.3) from the first line to the second
line. We also defined the first order correction due to the
source of graviton to the positive frequency mode of photon
in the third line by

vð1Þk ðηÞ≡ −
Z

η

ηi

dη0GMðη; η0ÞλHη0uð0Þk ðη0Þ: ð3:14Þ

More explicitly, the above is written as

vð1Þk ðηÞ ¼ λH

8
ffiffiffi
2

p
k7=2

½e−ikηf2ik2ðη2 − η2i Þ þ kð6η− 4ηiÞ− 3ig

þ eikðη−2ηiÞð−2ηikþ 3iÞ�: ð3:15Þ

C. Second order

By plugging the solution of the first order approximation
(3.9) and (3.13) into the rhs of Eqs. (2.16) and (2.17) as the
source terms, the equations of the second order approxi-
mation are

yð2Þ00k þ
�
k2 −

2

η2

�
yð2Þk ¼ λHηAð1Þ

k ; ð3:16Þ

Að2Þ00
k þ k2Að2Þ

k ¼ λHηyð1Þk : ð3:17Þ

At this order, the effect of graviton itself comes in
Eq. (3.16). The solution is written by Green’s function
GdS such as

ŷð2Þk ðηÞ ¼ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0Âð1Þ
k ðη0Þ

¼ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð1Þk ðη0Þĉ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð1Þ�k ðη0Þĉ†

¼ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0
�
−
Z

η0

ηi

dη00GMðη0; η00ÞλHη00uð0Þk ðη00Þ
�
ĉ

−
Z

η

ηi

dη0GdSðη; η0ÞλHη0
�
−
Z

η0

ηi

dη00GMðη0; η00ÞλHη00uð0Þ�k ðη00Þ
�
ĉ†

≡ uð2Þk ðηÞĉþ uð2Þ�k ðηÞĉ†; ð3:18Þ
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where we used Eqs. (3.13) and (3.14) in the second and the third lines, respectively. In the last line, we defined

uð2Þk ðηÞ≡ −
Z

η

ηi

dη0GdSðη; η0ÞλHη0vð1Þk ðη0Þ

¼
Z

η

ηi

dη0GdSðη; η0ÞλHη0
Z

η0

ηi

dη00GMðη0; η00ÞλHη00uð0Þk ðη00Þ: ð3:19Þ

By performing the integration, the explicit form of the uð2Þk ðηÞ is found to be

uð2Þk ðηÞ ¼ −
λ2H2

192
ffiffiffi
2

p
ηk15=2

½3eikðη−2ηiÞf2η3k3ð−3 − 2iηikÞ þ ηkð−35þ 2ηikðηikð11þ 2iηikÞ − 23iÞÞ

þ 2ηikð23þ ηikð−2ηikþ 11iÞÞ − 35ig þ e−ikηfkð−105ηþ 72ηi þ 6ηk4ðη2 − η2i Þ2
− 2ik3ð17η4 − 12η3ηi − 8ηη3i þ 3η4i Þ þ k2ð16η3i − 52η3Þ þ 72iηηikÞ þ 105ig�: ð3:20Þ

Similarly, the effect of photon itself comes in Eq. (3.17) and the solution is given by

Âð2Þ
k ðηÞ ¼ −

Z
η

ηi

dη0GMðη; η0ÞλHη0ŷð1Þk ðη0Þ

¼ −
Z

η

ηi

dη0GMðη; η0ÞλHη0uð1Þk ðη0Þd̂ −
Z

η

ηi

dη0GMðη; η0ÞλHη0uð1Þ�k ðη0Þd̂†

¼ −
Z

η

ηi

dη0GMðη; η0ÞλHη0
�
−
Z

η0

ηi

dη00GdSðη0; η00ÞλHη00vð0Þk ðη00Þ
�
d̂

−
Z

η

ηi

dη0GMðη; η0ÞλHη0
�
−
Z

η0

ηi

dη00GdSðη0; η00ÞλHη00vð0Þ�k ðη00Þ
�
d̂†

¼ vð2Þk ðηÞd̂þ vð2Þ�k ðηÞd̂†; ð3:21Þ

where we used Eqs. (3.9) in the second line and (3.10) in the third line and in the last line. We defined

vð2Þk ðηÞ≡ −
Z

η

ηi

dη0GMðη; η0ÞλHη0uð1Þk ðη0Þ

¼
Z

η

ηi

dη0GMðη; η0ÞλHη0
Z

η0

ηi

dη00GdSðη0; η00ÞλHη00vð0Þk ðη00Þ: ð3:22Þ

The integral of the above reduces to

vð2Þk ðηÞ ¼ −
λ2H2

64
ffiffiffi
2

p
k13=2

½e−ikηð2k4ðη2 − η2i Þ2 − 4iηk3ðη − ηiÞðηþ 3ηiÞ þ 12ηik2ðηi − 2ηÞ − 12ikðη − 2ηiÞ − 15Þ

þ eikðη−2ηiÞð2kð3þ 2iηikÞðη2i k − ηðηkþ 3iÞÞ þ 6iηikþ 15Þ�: ð3:23Þ

IV. BOGOLIUBOV TRANSFORMATIONS

By solving Eqs. (2.16) and (2.17) iteratively up to the
second order, we can take into account the backreaction of
graviton and photon, respectively. For the graviton, the
field and its conjugate momentum are now given by

ŷkðηÞ ¼ ðuð0Þk þ uð2Þk Þĉþ uð1Þk d̂þ H:c:; ð4:1Þ

p̂kðηÞ ¼ ðuð0Þ0k þ uð2Þ0k Þĉþ uð1Þ0k d̂

þ 1

η
fðuð0Þk þ uð2Þk Þĉþ uð1Þk d̂g þ H:c:; ð4:2Þ

where we used Eq. (2.18) and H.c. represents Hermitian
conjugate. For the photon, the field and its conjugate
momentum become
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ÂkðηÞ ¼ ðvð0Þk þ vð2Þk Þd̂þ vð1Þk ĉþ H:c:; ð4:3Þ

π̂kðηÞ ¼ ðvð0Þ0k þ vð2Þ0k Þd̂þ vð1Þ0k ĉþ H:c:; ð4:4Þ

where we used Eq. (2.19). Then the annihilation operators
for the graviton and photon are obtained by using
Eqs. (2.20) and (2.21) such as

âyðη; kÞ ¼ ðψ ð0Þ
p þ ψ ð2Þ

p Þĉþ ðψ ð0Þ�
m þ ψ ð2Þ�

m Þĉ† þ ψ ð1Þ
p d̂

þ ψ ð1Þ�
m d̂†; ð4:5Þ

âAðη; kÞ ¼ ðϕð0Þ
p þ ϕð2Þ

p Þd̂þ ðϕð0Þ�
m þ ϕð2Þ�

m Þd̂†

þ ϕð1Þ
p ĉþ ϕð1Þ�

m ĉ†: ð4:6Þ
Here, we defined new variables

ψ ðjÞ
p ¼

ffiffiffi
k
2

r
uðjÞk ðηÞ þ iffiffiffiffiffi

2k
p

�
uðjÞ0k ðηÞ þ 1

η
uðjÞk ðηÞ

�
; ð4:7Þ

ψ ðjÞ
m ¼

ffiffiffi
k
2

r
uðjÞk ðηÞ − iffiffiffiffiffi

2k
p

�
uðjÞ0k ðηÞ þ 1

η
uðjÞk ðηÞ

�
; ð4:8Þ

ϕðjÞ
p ¼

ffiffiffi
k
2

r
vðjÞk ðηÞ þ iffiffiffiffiffi

2k
p vðjÞ0k ðηÞ; ð4:9Þ

ϕðjÞ
m ¼

ffiffiffi
k
2

r
vðjÞk ðηÞ − iffiffiffiffiffi

2k
p vðjÞ0k ðηÞ; ð4:10Þ

where j ¼ 0; 1; 2 denotes the order of perturbations.
We see that all mode functions other than the zeroth

order given in Eqs. (3.10), (3.14), (3.19), and (3.22) vanish
at the initial time ηi. Thus only the zeroth order of the above
Eqs. (4.7) ∼ (4.10) remains at the initial time. This means
that annihilation operators in Eqs. (4.5) and (4.6) at the
initial time are expressed by the zeroth order variables

âyðηi; kÞ ¼
�
1 −

i
2kηi

�
e−ikηi ĉþ i

2kηi
eikηi ĉ†; ð4:11Þ

âAðηi; kÞ ¼ e−ikηi d̂: ð4:12Þ

Combining Eqs. (4.11) and (4.12) with their complex
conjugate, we can express the ĉ and d̂ by the initial
creation and annihilation operators as

ĉ¼
�
1þ i

2kηi

�
eikηi âyðηi;kÞ−

i
2kηi

eikηi â†yðηi;−kÞ; ð4:13Þ

d̂ ¼ eikηi âAðηi; kÞ: ð4:14Þ

Plugging the above back into Eqs. (4.5) and (4.6), the time
evolution of annihilation operator of graviton is described
by the Bogoliubov transformation in the form

âyðη; kÞ ¼
�
ðψ ð0Þ

p þ ψ ð2Þ
p Þ
�
1þ i

2kηi

�
eikηi þ ðψ ð0Þ�

m þ ψ ð2Þ�
m Þ i

2kηi
e−ikηi

�
âyðηi; kÞ

þ
�
ðψ ð0Þ

p þ ψ ð2Þ
p Þ
�
−

i
2kηi

�
eikηi þ ðψ ð0Þ�

m þ ψ ð2Þ�
m Þ

�
1 −

i
2kηi

�
e−ikηi

�
â†yðηi;−kÞ

þ ψ ð1Þ
p eikηi âAðηi; kÞ þ ψ ð1Þ�

m e−ikηi â†Aðηi;−kÞ; ð4:15Þ

and the time evolution of annihilation operator of photon is expressed by the Bogoliubov transformation such as

âAðη; kÞ ¼
�
ϕð1Þ
p

�
1þ i

2kηi

�
eikηi þ ϕð1Þ�

m
i

2kηi
e−ikηi

�
âyðηi; kÞ þ

�
−ϕð1Þ

p
i

2kηi
eikηi þ ϕð1Þ�

m

�
1 −

i
2kηi

�
e−ikηi

�
â†yðηi;−kÞ

þ ðϕð0Þ
p þ ϕð2Þ

p Þeikηi âAðηi; kÞ þ ðϕð0Þ�
m þ ϕð2Þ�

m Þe−ikηi â†Aðηi;−kÞ: ð4:16Þ

These Bogoliubov transformations show the particle production during inflation and the mixing between graviton and
photon.
It is useful to use a matrix form for later calculations. In fact, the Bogoliubov transformation (4.15) and (4.16) and their

conjugate can be accommodated into the simple 4 × 4 matrix form M

0
BBBBB@

ayðηÞ
a†yðηÞ
aAðηÞ
a†AðηÞ

1
CCCCCA ¼ M

0
BBBBB@

ayðηiÞ
a†yðηiÞ
aAðηiÞ
a†AðηiÞ

1
CCCCCA ¼

��
A0 0

0 D0

�
þ
�

0 B1

C1 0

�
þ
�
A2 0

0 D2

��
0
BBBBB@

ayðηiÞ
a†yðηiÞ
aAðηiÞ
a†AðηiÞ

1
CCCCCA: ð4:17Þ
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Here, the zeroth order Bogoliubov transformation consists of 2 × 2 matrices A0 and D0 given by

A0 ¼
�
K� −L�

−L K

�
; D0 ¼

�
eikðη−ηiÞ 0

0 e−ikðη−ηiÞ

�
; ð4:18Þ

where we defined

K ¼
�
1þ i

2kη

��
1 −

i
2kηi

�
eikðη−ηiÞ −

1

4k2ηηi
e−ikðη−ηiÞ; ð4:19Þ

L ¼ −
i

2kηi

�
1þ i

2kη

�
eikðη−ηiÞ þ i

2kη

�
1þ i

2kηi

�
e−ikðη−ηiÞ: ð4:20Þ

The first order Bogoliubov transformation is written by 2 × 2 matrices B1 and C1 such as

B1 ¼
�
eikηiψ ð1Þ

p e−ikηiψ ð1Þ�
m

eikηiψ ð1Þ
m e−ikηiψ ð1Þ�

p

�
ð4:21Þ

and

C1 ¼

0
B@
	
1þ i

2kηi



eikηiϕð1Þ

p þ i
2kηi

e−ikηiϕð1Þ�
m

	
1 − i

2kηi



e−ikηiϕð1Þ�

m − i
2kηi

eikηiϕð1Þ
p	

1þ i
2kηi



eikηiϕð1Þ

m þ i
2kηi

e−ikηiϕð1Þ�
p

	
1 − i

2kηi



e−ikηiϕð1Þ�

p − i
2kηi

eikηiϕð1Þ
m

1
CA: ð4:22Þ

Finally, the second order Bogoliubov transformation A2 and D2 are

A2 ¼

0
B@
	
1þ i

2kηi



eikηiψ ð2Þ

p þ i
2kηi

e−ikηiψ ð2Þ�
m

	
1 − i

2kηi



e−ikηiψ ð2Þ�

m − i
2kηi

eikηiψ ð2Þ
p	

1þ i
2kηi



eikηiψ ð2Þ

m þ i
2kηi

e−ikηiψ ð2Þ�
p

	
1 − i

2kηi



e−ikηiψ ð2Þ�

p − i
2kηi

eikηiψ ð2Þ
m

1
CA ð4:23Þ

and

D2 ¼
�
eikηiϕð2Þ

p e−ikηiϕð2Þ�
m

eikηiϕð2Þ
m e−ikηiϕð2Þ�

p

�
: ð4:24Þ

V. TIME EVOLUTION OF SQUEEZING
PARAMETERS

In the previous section, we obtained the Bogoliubov
transformation that mix the operators âyðηÞ, âAðηÞ and their
Hermitian conjugates â†yðηÞ, â†AðηÞ. Note that the initial
Bunch-Davies state1 is defined by

âyðηi; kÞjBDi ¼ âAðηi; kÞjBDi ¼ 0: ð5:1Þ

In order to impose these conditions, we need to invert the
Bogoliubov transformations (4.15) and (4.16) into the form

âyðηi; kÞ ¼ αyâyðη; kÞ þ βyâ
†
yðη;−kÞ

þ γAâAðη; kÞ þ δAâ
†
Aðη;−kÞ; ð5:2Þ

âAðηi; kÞ ¼ γyâyðη; kÞ þ δyâ
†
yðη;−kÞ þ αAâAðη; kÞ

þ βAâ
†
Aðη;−kÞ; ð5:3Þ

where αy, βy, γA, δA, γy, δy, αA and βA are the Bogoliubov
coefficients and we will find these coefficients in the next
subsection.

A. Inversion of the Bogoliubov transformation

The matrix M in Eq. (4.17) can be expanded perturba-
tively as

M ¼ Mð0Þ þMð1Þ þMð2Þ

¼ Mð0Þ½1þMð0Þ−1Mð1Þ þMð0Þ−1Mð2Þ�; ð5:4Þ

1Note that the initial quantum state could be taken as different
state from the Bunch-Davies vacuum. For instance, we can take
alpha vacua as the initial state, which can be interpreted as excited
states. In this case, we would obtain a different result depending
on the parameters of the alpha vacua.
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where

Mð0Þ ¼
�
A0 0

0 D0

�
; Mð1Þ ¼

�
0 B1

C1 0

�
;

Mð2Þ ¼
�
A2 0

0 D2

�
: ð5:5Þ

Then the inverse of the M is given by

M−1 ¼ ½1 −Mð0Þ−1Mð1Þ −Mð0Þ−1Mð2Þ

þMð0Þ−1Mð1ÞMð0Þ−1Mð1Þ�Mð0Þ−1: ð5:6Þ

Using the above general formula, the inverse of the M is
obtained in the form

M−1 ¼
 
A−1
0 − A−1

0 A2A−1
0 þ A−1

0 B1D−1
0 C1A−1

0 −A−1
0 B1D−1

0

−D−1
0 C1A−1

0 D−1
0 −D−1

0 D2D−1
0 þD−1

0 C1A−1
0 B1D−1

0

!
: ð5:7Þ

We see that A−1
0 and D−1

0 are necessary to calculate the
elements of the M−1. They are given by

A−1
0 ¼

�
K L�

L K�

�
; D−1

0 ¼
�
e−ikðη−ηiÞ 0

0 eikðη−ηiÞ

�
:

ð5:8Þ

From Eqs. (5.2) and (5.3), the M−1 is also written as

M−1 ¼

0
BBBBB@

αy βy γA δA

β�y α�y δ�A γ�A
γy δy αA βA

δ�y γ�y β�A α�A

1
CCCCCA; ð5:9Þ

where

αy ¼ αð0Þy þ αð2Þy ; βy ¼ βð0Þy þ βð2Þy ;

γA ¼ γð1ÞA ; δA ¼ δð1ÞA ; ð5:10Þ

αA ¼ αð0ÞA þ αð2ÞA ; βA ¼ βð2ÞA ; γy ¼ γð1Þy ; δy ¼ δð1Þy :

ð5:11Þ

The zeroth order elements are given by

αð0Þy ¼
�
1þ i

2kη

��
1 −

i
2kηi

�
eikðη−ηiÞ −

1

4k2ηηi
e−ikðη−ηiÞ;

ð5:12Þ

βð0Þy ¼ i
2kηi

�
1 −

i
2kη

�
e−ikðη−ηiÞ −

i
2kη

�
1 −

i
2kηi

�
eikðη−ηiÞ;

ð5:13Þ

αð0ÞA ¼ eikðη−ηiÞ; βð0ÞA ¼ 0: ð5:14Þ

The first order elements are written as

γð1ÞA ¼ −ðKψ ð1Þ
p þ L�ψ ð1Þ

m Þeikη; ð5:15Þ

δð1ÞA ¼ −ðKψ ð1Þ�
m þ L�ψ ð1Þ�

p Þe−ikη; ð5:16Þ

γð1Þy ¼ −K
��

1þ i
2kηi

�
eikηϕð1Þ

p þ i
2kηi

eikðη−2ηiÞϕð1Þ�
m

�

− L

��
1 −

i
2kηi

�
eikðη−2ηiÞϕð1Þ�

m −
i

2kηi
eikηϕð1Þ

p

�
;

ð5:17Þ

δð1Þy ¼ −L�
��

1þ i
2kηi

�
eikηϕð1Þ

p þ i
2kηi

eikðη−2η1Þϕð1Þ�
m

�

− K�
��

1 −
i

2kηi

�
eikðη−2ηiÞϕð1Þ�

m −
i

2kηi
eikηϕð1Þ

p

�
:

ð5:18Þ

The second order are

αð2Þy ¼ −KðKA11 þ L�A21Þ − LðKA12 þ L�A22Þ
þ ðC11K þ C12LÞðKψ ð1Þ

p þ L�ψ ð1Þ
m Þeikη

þ ðC21K þ C22LÞðKψ ð1Þ�
m þ L�ψ ð1Þ�

p Þe−ikη; ð5:19Þ

βð2Þy ¼ −L�ðKA11 þ L�A21Þ − K�ðKA12 þ L�A22Þ
þ ðC11L� þ C12K�ÞðKψ ð1Þ

p þ L�ψ ð1Þ
m Þeikη

þ ðC21L� þ C22K�ÞðKψ ð1Þ�
m þ L�ψ ð1Þ�

p Þe−ikη;
ð5:20Þ

αð2ÞA ¼ −eikð2η−ηiÞϕð2Þ
p þ ðC11K þ C12LÞeikð2η−ηiÞψ ð1Þ

p

þ ðC11L� þ C12K�Þeikð2η−ηiÞψ ð1Þ
m ; ð5:21Þ
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βð2ÞA ¼ −e−ikηiϕð2Þ�
m þ ðC11K þ C12LÞe−ikηiψ ð1Þ�

m

þ ðC11L� þ C12K�Þe−ikηiψ ð1Þ�
p ; ð5:22Þ

where we have defined

A11 ¼ ψ ð2Þ
p

�
1þ i

2kηi

�
eikηi þ ψ ð2Þ�

m
i

2kηi
e−ikηi ; ð5:23Þ

A12 ¼ −ψ ð2Þ
p

i
2kηi

eikηi þ ψ ð2Þ�
m

�
1 −

i
2kηi

�
e−ikηi ; ð5:24Þ

A21 ¼ ψ ð2Þ�
p

i
2kηi

e−ikηi þ ψ ð2Þ
m

�
1þ i

2kηi

�
eikηi ; ð5:25Þ

A22 ¼ ψ ð2Þ�
p

�
1 −

i
2kηi

�
e−ikηi − ψ ð2Þ

m
i

2kηi
eikηi ; ð5:26Þ

and

C11 ¼ ϕð1Þ
p

�
1þ i

2kηi

�
eikηi þ ϕð1Þ�

m
i

2kηi
e−ikηi ; ð5:27Þ

C12 ¼ ϕð1Þ�
m

�
1 −

i
2kηi

�
e−ikηi − ϕð1Þ

p
i

2kηi
eikηi ; ð5:28Þ

C21 ¼ ϕð1Þ�
p

i
2kηi

e−ikηi þ ϕð1Þ
m

�
1þ i

2kηi

�
eikηi ; ð5:29Þ

C22 ¼ ϕð1Þ�
p

�
1 −

i
2kηi

�
e−ikηi − ϕð1Þ

m
i

2kηi
eikηi : ð5:30Þ

B. Squeezing operator

In the previous subsection, we obtained the Bogoliubov
coefficients of Eqs. (5.2) and (5.3) up to the second order. If
we apply the Eqs. (5.2) and (5.3) to the definition of the
Bunch-Davies vacuum (5.1) and use the relations ½âyðη; kÞ;
â†yðη;−k0Þ� ¼ δðkþ k0Þ, ½âAðη; kÞ; â†Aðη;−k0Þ� ¼ δðkþ k0Þ,
and ½âyðη; kÞ; âAðη;−k0Þ� ¼ 0, the Bunch-Davies vacuum
can be written by using squeezing parameters Λ, Ξ, and Ω
such as

jBDi¼
Y∞

k¼−∞
exp
�
Λ
2
â†yðη;kÞâ†yðη;−kÞþΞâ†yðη;kÞâ†Aðη;−kÞþ

Ω
2
â†Aðη;kÞâ†Aðη;−kÞ

�
j0i; ð5:31Þ

where j0i is the instantaneous vacuum defined by

âyðη; kÞj0i ¼ âAðη; kÞj0i ¼ 0: ð5:32Þ

This describes a four mode squeezed state of pairs of graviton y and photon A. In a different context, a four-mode squeezed
state of two free massive scalar fields is discussed in [22,23]. If we expand the exponential function in Taylor series, we find

jBDi ¼
Y
k

X∞
p;q;r¼0

ΛpΞqΩr

2pþrp!q!r!
jpþ qiy;k ⊗ jpiy;−k ⊗ jriA;k ⊗ jqþ riA;−k: ð5:33Þ

This is a four-mode squeezed state which consists of an
infinite number of entangled particles in the Hy;k ⊗
Hy;−k ⊗ HA;k ⊗ HA;−k space. In particular, in the highly
squeezing limit Λ;Ξ;Ω → 1, the Bunch-Davies vacuum
becomes the maximally entangled state from the point of
view of the instantaneous vacuum.
Now we find the squeezing parameters. The condition

âyðηi; kÞjBDi ¼ 0 of Eq. (5.1) yields

αyΛþ βy þ γAΞ ¼ 0; αyΞþ γAΩþ δA ¼ 0; ð5:34Þ

and another condition âAðηi; kÞjBDi ¼ 0 of Eq. (5.1) gives

αAΞþ γyΛþ δy ¼ 0; αAΩþ βA þ γyΞ ¼ 0: ð5:35Þ

Then, we obtain the three squeezing parameters Λ, Ξ andΩ
of the form

Λ¼ γAδy−βyαA
αyαA−γyγA

; Ξ¼ βyγy−αyδy
αyαA−γyγA

; Ω¼ γyδA−βAαy
αyαA−γyγA

:

ð5:36Þ

We have four relations for three parameters Λ, Ξ and Ω.
The remaining relation is turned out to be guaranteed by the
commutation relation:

½âyðη; kÞ; âAðη; kÞ� ¼ −αAδA þ βAγA − γyβy þ αyδy ¼ 0:

ð5:37Þ
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Thus, we find that Eq. (5.36) is the unique solution. Since
the Bogoliubov coefficients are given up to the second
order as in Eqs. (5.10) and (5.11), the squeezing parameters
can be expanded up to the second order such as

Λ ¼ −
βð0Þy

αð0Þy

�
1 −

αð2Þy

αð0Þy

þ βð2Þy

βð0Þy

þ γð1Þy γð1ÞA

αð0Þy αð0ÞA

−
γð1ÞA δð1Þy

βð0Þy αð0ÞA

�
; ð5:38Þ

Ξ ¼ βð0Þy γð1Þy

αð0Þy αð0ÞA

−
δð1Þy

αð0ÞA

; ð5:39Þ

Ω ¼ δð1ÞA γð1Þy

αð0Þy αð0ÞA

−
βð2ÞA

αð0ÞA

: ð5:40Þ

In this way, we obtained the squeezing parameters pertur-
batively up to the second order. We will discuss the
behavior of the squeezing of graviton Λ, the squeezing
of mixing between graviton and photon Ξ, and the
squeezing of photon Ω in the next section.

C. Numerical and analytical results

The results of numerical calculations for the amplitude
and the phase of the squeezing parameters Λ, Ξ, and Ω are
plotted in Figs. 2–7, respectively, where we normalized the
scale factor at the end of inflation as aðηfÞ ¼ 1. The
evolution of the amplitude of Λ in Fig. 2 shows graviton is
squeezed, that is, graviton pair production occurs during
inflation (η < 0). We see that subhorizon modes oscillates
rapidly and no graviton pair production seems to occur
before horizon exit. In the presence of coupling with
magnetic fields (λ ≠ 0), the amplitude of oscillation is
relatively small as represented by blue line. After horizon

exit, the oscillation ceases and graviton pair production
starts to occur and eventually Λ becomes one. This means
that almost maximum entangled pair of graviton are
produced. This behavior does not change even for λ ≠ 0.
The evolution of phase ofΛ is plotted in Fig. 3, in which we
see the phase converges to zero. This is consistent with the
result in [7]. The time evolution of the amplitude of Ξ in
Fig. 4 shows that one of pair of gravitons is converted to a
photon and graviton-photon pair production occurs. We see
that some amount of pair-production occurs when the mode
leaves the horizon but the graviton-photon pair production
decreases rapidly by the end of inflation. The evolution of
the phase of Ξ plotted in Fig. 5 is found to oscillate rapidly

FIG. 2. Squeezing parameter of graviton pair Λ during inflation as a function of the scale factor aðηÞ. We set λ ¼ 5 × 10−13 GeV2

(blue line) and λ ¼ 0 GeV2 (yellow line). Other parameters are set as k ¼ 102 GeV, H ¼ 1014 GeV, ηi ¼ −2 GeV−1,
ηf ¼ −10−14 GeV−1, aðηiÞ ¼ ð2 × 1014Þ−1, and aðηfÞ ¼ 1. The red grid line shows the scale factor a ¼ 1.59… × 10−13 at the time
of horizon exit η ¼ −2π=k.

FIG. 3. The phase of the squeezing parameter of graviton pair
ΛðaÞ during inflation as function of the scale factor aðηÞ. We set
λ ¼ 5 × 10−13 GeV2 (blue line) and λ ¼ 0 GeV2 (yellow line).
Other parameters are set as k ¼ 102 GeV, H ¼ 1014 GeV,
ηi ¼ −2 GeV−1, ηf ¼ −10−14 GeV−1, aðηiÞ ¼ ð2 × 1014Þ−1,
and aðηfÞ ¼ 1.
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but eventually becomes constant after horizon exit. The
similar behavior appears in the evolution of phase of Λ in
Fig. 3. However, the final phase is found to depend on the
initial condition in this case. The time evolution of the
amplitude of Ω in Fig. 6 tells us that photon is squeezed,
that is, graviton pair production is converged to photon pair
production. Interestingly, photon pair production occurs
rapidly only at the initial time and no more production
occurs after that. The behavior of the phase evolution of Ω
in Fig. 7 is similar to that of Ξ.
Now, we investigate the behavior of those squeezing

parameters for kη ≪ 1 and kηi ≫ 1 analytically. The leading
and subleading terms of Λ and Ξ can be calculated as

Λ ¼ 1þO
�
λ2H2η2i

k4

�
; Ξ ¼ 0þO

�
λHη

k2

�
: ð5:41Þ

We find that subleading terms of Λ and Ξ are negligibly
small near the end of inflation and which is consistent with
the numerical results in Figs. 2 and 4. This result tells us that
the conversion from graviton pair production to graviton-
photon pair production is hard to occur. For the squeezing
parameter Ω, we find

Ω ¼ ie2ikηi
5λ2H2η3i
32k3

: ð5:42Þ

If we use the numerical values λ ¼ 5 × 10−13 GeV2,
k ¼ 102 GeV, H ¼ 1014 GeV, and ηi ¼ −2 GeV−1, we
find jΩj ∼ 0.003 and which agrees with the numerical result
in Fig. 6. Thus only small amount of conversion from
graviton pair production to photon pair production occurs at
the end of inflation. These results support the validity of our
iterative method to derive squeezing parameters.
Let us discuss implications of our numerical and

analytical results. If the squeezing of graviton decreases
as time evolves, it implies that the decoherence of graviton
occurs. However, we found that the squeezing parameter of
graviton pair increases and becomes Λ → 1, so it seems
that the decoherence is hard to occur. This behavior can be
understood as follows. Since the effective coupling λHη
between graviton and photon in Eqs. (2.16) and (2.17)
decreases and eventually becomes negligible as η → 0
during inflation, practically graviton-photon conversion
stops. Even after the graviton-photon conversion stops,
the squeezing process of graviton pair continues as time
evolves during inflation, so the squeezing of graviton pair
Λ continues to grow irrespective of the presence of the
magnetic field as shown in Fig. 2. Next, from Fig. 4, we see
the squeezing parameter of graviton-photon pair vanishes
Ξ → 0 as time evolves. This is consistent with Eq. (5.41).
This is because the graviton-photon pair production is
possible only in the presence of magnetic fields due to spin

FIG. 4. Squeezing parameter of graviton-photon pair Ξ during
inflation as a function of the scale factor a. We set λ ¼ 5 ×
10−13 GeV2 (blue line). Other parameters are set as k¼
102 GeV, H¼1014 GeV, ηi¼−2GeV−1, ηf ¼−10−14 GeV−1,
aðηiÞ ¼ ð2 × 1014Þ−1, and aðηfÞ ¼ 1.

FIG. 5. The phase of the squeezing parameter of photon pair ΞðaÞ during inflation as a function of the scale factor aðηÞ. We set
λ ¼ 5 × 10−13 GeV2, k ¼ 102 GeV, H ¼ 1014 GeV, ηi ¼ −2 GeV−1, ηf ¼ −10−14 GeV−1, aðηiÞ ¼ ð2 × 1014Þ−1, and aðηfÞ ¼ 1.
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conservation. In our setup, however, the energy density of
the background magnetic field decreases proportional to
aðηÞ−4 as the universe expands. Hence, the rapid decay of
magnetic fields lead to the rapid decay of Ξ. Finally, we
consider the evolution of the squeezing parameter of
photon pair Ω. By using the coupling constant λ ≃
Bk=Mpl in Eq. (2.15) and the scale factor at the initial
time ai ≡ −1=ðHηiÞ, the Ω reads

Ω ≃
B2

a4i M
2
plH

2

1

kηi
: ð5:43Þ

The first factor is the ratio of the energy density of the
background magnetic field at the time ηi to that of the
inflaton field. The second factor is the ratio of the mode of

graviton to the Hubble radius. In order to have inflation, the
energy density of the magnetic field has to be smaller than
that of inflaton fields, that is, B2=a4i ≪ M2

plH
2. And all

modes of graviton is inside horizon initially, that is,
1=k ≪ ηi. Hence, the Ω never exceeds unity after time
evolution, which is consistent with Fig. 6. Moreover, since
graviton-photon conversion stops, the squeezing of photon
pair Ω converges to a constant value as shown in Fig. 6.

VI. CONCLUSION

The relic gravitons are expected to be squeezed during
inflation. In that case, quantum noise induced by them can
be significantly enhanced in current interferometers.
However, we need to properly take into account the
decoherence of the relic gravitons during cosmic history.
As a first modest step in this direction, we assumed the
presence of a sizable magnetic field at the beginning of
inflation. If the squeezing of graviton decreases as time
evolves, it implies that the decoherence of graviton occurs.
So, we studied the conversion processes of the squeezed
gravitons into photons during inflation in the case of
minimal coupling between gravitons and photons. We
solved the dynamical evolution of a coupled system of
graviton and photon perturbatively. We numerically plotted
the squeezing parameters for the system of graviton and
photon. Figure 2 showed that magnetic fields do not affect
the graviton squeezing parameter. In Fig. 4, we numerically
checked the parameter of squeezed graviton-photon pair Ξ
and found that the Ξ rapidly decays at the end of inflation.
This fact was confirmed analytically in Eq. (5.41). We
found that the rapid decay of the initial presence of
magnetic fields leads to the rapid decay of the Ξ. In
Fig. 6, we depicted the squeezing parameter of the photon.
It turned out that the amount of squeezed photon produced

FIG. 6. Squeezing parameter of photon pair Ω during inflation
as a function of the scale factor aðηÞ. We set λ ¼ 5 × 10−13 GeV2,
k ¼ 102 GeV, H ¼ 1014 GeV, ηi ¼ −2 GeV−1, ηf ¼
−10−14 GeV−1, aðηiÞ ¼ ð2 × 1014Þ−1, and aðηfÞ ¼ 1.

FIG. 7. The phase of the squeezing parameter of photon pair Ω during inflation as a function of the scale factor aðηÞ. We set
λ ¼ 5 × 10−13 GeV2, k ¼ 102 GeV, H ¼ 1014 GeV, ηi ¼ −2 GeV−1, ηf ¼ −10−14 GeV−1, aðηiÞ ¼ ð2 × 1014Þ−1, and aðηfÞ ¼ 1.
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by the conversion was tiny. We derived an analytic formula
for the squeezing parameter of photons Ω and found that
the degree of squeezing is at a few percent at most.
Since we found that gravitons are robust against the

decoherence caused by the cosmological magnetic field, we
could expect to find squeezed relic gravitons through
quantum noise induced by them in interferometers [8–12].
We should note that the analysis in our paper can also be
applicable to the dark magnetic field models [24] based on
the dark photon scenario [25].
There could be classical gravitational waves initially as

in ½26�. Quantum mechanically, the initial condition can be
represented by coherent states jϒi, such as

âyðηi; kÞjϒi ¼ ϒjϒi; âAðηi; kÞjϒi ¼ 0;

where ϒ denotes a complex number. In such cases, we just
replace (5.1) by the above conditions and follow the same
calculation. As is mentioned in Eq. (A5) of the appendix in
½27�, the squeezed state is unchanged even when we replace
the state by the coherent state. Thus, we conclude that the
squeezing parameter is unchanged when we take some
classical initial condition for GWs.
There are several directions to be pursued. It would

be intriguing to follow up the evolution of the squeezed
relic gravitons up to the radiation-dominated and

matter-dominated eras. If we could show the absence of
decoherence of the squeezed relic gravitons, the robustness
of them would be proved. It would also be interesting to
study the case that the primordial magnetic fields persist
against the cosmic no-hair theorem during inflation [26].
On top of gravitons, the squeezing occurs for the light axion
dark matter fields [27,28]. The decoherence of axion fields
due to magnetic fields can be discussed in a similar way. In
addition, even when the photon has a mass, there could be
conversion from gravitons into massive photons. In this
case, graviton-photon conversion can give rise to a new
mechanism for massive photon production. In particular,
the converted massive vector of the extra U(1) sector could
be vector dark matter. The possibility is worth studying
further. We leave these issues for future work.
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