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Do we need dense matter equation of state in curved spacetime
for neutron stars?
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Neutron stars are regarded as natural laboratories for the study of dense strong interaction matter.
The equation of state (EoS) of dense matter computed in flat spacetime is used to predict the structure of
neutron stars by solving the Tolman-Oppenheimer-Volkoft (TOV) equation. Recently, it has been reported
that the curved spacetime effect or specifically gravitational time dilation effect on the EoS of dense matter
leads to a significant increase of the maximum mass limit of neutron stars [Phys. Rev. D 104, 123005
(2021) and J. Cosmol. Astropart. Phys. 02 (2021) 026]. However, in this work, we show that to study the
hydrostatic equilibrium of dense matter within the framework of general relativity and relativistic fluid
dynamics, the EoS of dense matter, p(T,u), should be the same as that computed in flat spacetime,
otherwise it is not consistent with local thermodynamic relations and energy-momentum conservation of
the fluid. The gravitation influences the pressure p only through enhancing the temperature 7 and the
chemical potential y, known as Tolman’s law and Klein’s law. We rewrite the TOV equation as an
alternative version so that the EoS computed by using field theoretical methods can be used as a direct

input. This may provide a tool to study the EoS of dense matter via deep learning.

DOI: 10.1103/PhysRevD.106.083021

I. INTRODUCTION

Neutron stars could be one kind of the densest objects in
our universe. Their masses are estimated to be between the
Chandrasekhar limit 1.4 My and 2.16 M, [1-3], with M
the solar mass. The most massive neutron star that has ever
been observed so far is the one in the binary system PSR
J0740 4 6620, consisting of a neutron star and a white
dwarf [4]. The mass of the neutron star in this binary system
is reported to be 2.08 £ 0.07 M, close to the upper mass
limit [5]. Neutron stars have been regarded as natural
laboratories for the study of the many-body physics of
dense strong interaction matter. Neutron stars are usually
thought to be composed of neutron matter at a few times of
the nuclear saturation density, with a small amount of
protons and leptons to ensure charge neutrality and beta
equilibrium. It is also conjectured that with increasing
matter density, deconfined quark matter may emerge in the
core of neutron stars [6]. The strangeness component may
also appear, such as hyperons and even strange quark
matter [7-9].

While numerous observations for neutron stars have
been accumulated, plenty of unclear issues still remain. For
example, the emergence of hyperons seems inevitable if the
matter becomes sufficiently dense. However, this will
soften the equation of state (EoS) and make the largest
mass predicted by theory smaller than the Chandrasekhar
limit. This is the so-called hyperon puzzle [10], which
may originate from the obscurity of the interactions in the
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many-hyperon system [11,12]. It is also debated whether
there exists quark matter in neutron stars [2,13]. This is
related to the theoretical issue of the transition from
hadronic matter to quark matter. To solve these issues,
one of the top priorities is to compute the accurate EoS of
dense strong interaction matter.

On the theoretical side, plenty of phenomenological
models for the nuclear force [14—17] have been used to
predict the EoS of dense nuclear matter. Quantum field
theory is also a powerful tool to calculate the EoS of
relativistic dense matter [18]. On the other hand, to predict
the structure of (static) neutron stars, we solve the Tolman-
Oppenheimer-Volkoff (TOV) equation [19,20], with the
dense matter EoS as an input. However, the EoS of dense
matter are usually computed by using quantum many-body
theory in flat spacetime, and the possible curved spacetime
effect induced by strong gravitation in neutron stars is not
taken into account at all. Therefore, it seems discordant
to put the dense matter EoS computed in flat spacetime
into the TOV equation. A question naturally comes into
being: Can we use the dense matter EoS computed in flat
spacetime to study neutron stars? If curved spacetime effect
really influences the dense matter EoS, it would increase
the complexity of the study of dense matter from neutron
stars.

Recently, some works have reported that the dense
matter EoS computed by using quantum field theory in
curved spacetime would make a big difference [21,22].

© 2022 American Physical Society
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They found that the gravitational time dilation effect leads
to a significant increase of the maximum mass of neutron
stars. In this work, however, we clarify that to study the
hydrostatic equilibrium of dense matter within the frame-
work of general relativity and relativistic fluid dynamics,
the EoS of dense matter, i.e., the pressure p as a function of
the temperature 7 and the chemical potential y, p(T,u),
should be the same as that computed in flat spacetime.
We show that this is a requirement from the local
thermodynamic relations and the conservation of the
energy and momentum of the relativistic fluid. The gravi-
tation influences the pressure p only through enhancing the
temperature 7 and the chemical potential u, known as
Tolman’s law [23,24] and Klein’s law [25]. Hence the
theoretical framework of TOV equation and relativistic
fluid dynamics with an EoS determined from flat spacetime
is self-consistent.

The paper is organized as follows. In Sec. II we prove
that the dense matter EoS used to study the hydrostatic
equilibrium in a static and spherical star should be the same
as that in the flat spacetime. We generalize the proof to
general static spacetime in Sec. III. In Sec. IV, we convert
the TOV equation into a grand canonical version so that the
EoS can be used as a direct input. We demonstrate the
solution and visualize the gravitational effect on the baryon
chemical potential by using the Walecka model. We
summarize in Sec. V. The nature units ¢ = h = kg = 1
are used throughout.

II. THE EOS IN LOCAL THERMAL EQUILIBRIUM

Consider isolated dense matter in hydrostatic equilib-
rium. A curved spacetime is created according to general
relativity and we assume that it is spherically symmetric.
The line element ds? = Gudx*dx” can be written as

ds? = —e2®dr? + ¥ dr? + 2d6? + r?sin” 0dg?. (1)

The spacetime metric reads explicitly

9 = _€2<I>(r)7 9rr = 62\{,(’)’
Joo = r2, g¢¢ = r2 Sin2 9,
G =0 for u#v. (2)

The dense matter can be described by relativistic fluid
dynamics. For a relativistic fluid, the energy-momentum
tensor can be written as

Tﬂl/ = P9w + (P + 8) UyUu + Tuys (3)

with p the isotropic pressure and e the proper energy
density. For hydrostatic equilibrium, the transport
terms in 7, do not contribute and can be neglected from
now on. The velocity four-vector U* is defined so that
g"”Uﬂ U, = —1. Since the fluid is at rest, we take

U= /=gu =€,

The matter profile and the spacetime metric can be deter-
mined by solving Einstein’s field equation G, = 82GT,,
with G the gravitational constant. Computing the Einstein
tensor G,, we obtain a number of equations [26,27]. The

tt-component gives

-1
evo - (1-297)7 5)
,
where
m(r) = /r47rr2£dr (6)
0

can be interpreted as the total mass contained inside radius
r. The rr-component gives

do(r e2¥(r)
df’ ) - G(m +4nrp). (7)

The third equation can be derived from the #8-component
or ¢p¢p-component. However, it is convenient to use continuity
equation of the energy-momentum tensor, V, 7** = 0, which
is guaranteed by Einstein’s field equation. The only nontrivial
equation is given by thev = 1 (orv = r) component. A direct
calculation gives

d
vﬂTﬂl — e—Z‘I’(r) _P + (p + 8)

dr dr

Summarizing the above results, we finally arrive at the
famous Tolman-Oppenheimer-Volkoff equation

G(p +¢)(m+4xnrp)

d
i A 9)

dr

This equation is normally solved by using the dense matter
EoS of the form p = p(e) as an input. However, in this
form, it is not quite clear whether and how the gravitational
effect on the EoS should be taken into account. Actually,
we normally use the dense matter EoS determined in flat
spacetime or on Earth.

On the other hand, theorists are good at computing the
EoS p = p(T, u) by using finite temperature field theory in
flat spacetime [18]. Some recent works have tried to
compute the EoS based on the statistic mechanics of
quantum fields in curved spacetime [21,22]. Within their
approach, the gravitational time dilation effect explicitly
influences the EoS, i.e., p(T,u) is different at different
position in the gravitational field. This leads to a significant
increase of the maximum mass limit of neutron stars, in
contrast to the previous predictions based on the dense
matter EoS determined in flat spacetime. In the following,
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we will discuss how the local thermodynamic relations and
the energy-momentum conservation in fluid dynamics (as
guaranteed by Einstein’s field equation) constrain the EoS
p(T, p), or, what kind of EoS p(T, u) is compatible with
the TOV equation and local thermal equilibrium.

The dense matter described by relativistic fluid dynamics
is composed of many fluid elements sufficiently small.
On the other hand, each small fluid element should con-
tain sufficiently large degrees of freedom so that the
thermodynamic limit and local thermal equilibrium can
be reached. In curved spacetime, each fluid element is
described by local thermodynamic variables in the local
rest frame of the fluid element. According to the equiv-
alence principle, these local thermodynamic variables
should obey the fundamental laws of thermodynamics
[23-25,28-30].

Assuming that the relativistic fluid may carry several
conserved charges, we introduce the corresponding chemi-
cal potentials uy, s, ..., denoted by {y;} for convenience.
The EoS of a fluid element at the position (r, 6, ¢) can be
formally expressed as

p=p(T {ui};r). (10)

Here we first assume that the EoS may be different at
different positions in curved spacetime, i.e., the gravitation
caused a direct influence on the EoS. Because of the
isotropy, the explicit position dependence can be realized
only through the radius r. Note that 7" and y; are the local
temperature and chemical potentials of the fluid element
located at the position (r, 6, ¢), i.e.,

|

dr oT dr

T=T(r),  pi=pr) (11)
If local thermal equilibrium is reached, the local thermo-
dynamic quantities should satisfy the fundamental thermo-
dynamic relation

e=Ts+ Zﬂi”i =D, (12)
i

where the entropy density s and the number density n; can
be evaluated from the EoS,
0 T, i f 0 T’ ifs
p_oTdwdin) op(Twdin)
oT ou;
For a relativistic fluid in hydrostatic equilibrium, the
conservation of the energy and momentum, V,T* = 0,
gives

dp do
5——@4’8)5- (14)

Using the fundamental thermodynamic relation (12), we
arrive at

dp do

Further using the thermodynamic relation (13), we obtain a
functional equation

o, "dr

dp _ op(T {pi}ir) (_T@> y oI ukir) <_,,.d£>>, (16)

which is valid at arbitrary radius r. On the other hand, the standard chain rule gives

dp  op(T.{u;}:r)  op(T.{p;}:r)dT op(T. {p;}sr) du;
dr or * oT + Z

Comparing the above two equations for arbitrary radius r,
we find

op(T,{ui};r)

> =0. (18)

Thus we conclude that the EoS does not depend explicitly
on the position. Meanwhile, we obtain other two relations

ar _ 4o
dr dr’
S 2 19
dr Hiar (19)

. 17
dr ou; dr (17)

i

|
The solution of these two equations can be expressed as

T(r) = Toe ®),
pi(r) = pe=®0), (20)

They are nothing but the Tolman’s law for the temperature
[23,24] and the Klein’s law for the chemical potentials [25]
in a static gravitational field. Here the constants 7', and y{°
are interpreted as the temperature and chemical potentials
measured by an observer at infinity (r — o0). The above
laws also guarantee that the fugacities z; = exp(u,;/T) are
position independent, as required by vanishing heat flow
and diffusion for a system in local thermal equilibrium [31].
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Summarizing the above results, we conclude that the
EoS should be uniform in a curved spacetime created by
dense matter in hydrostatic equilibrium, i.e.,

p = p(T. {ui})- (21)

The gravitation influences the pressure only through the
redshift of the temperature and chemical potentials, i.e., the
Tolman’s law and the Klein’s law. Since the spacetime is
asymptotically flat, we can determine the EoS p(T, {u;}) at
r — oo, that is, the EoS can be essentially determined in flat
spacetime.

In previous works [21,22], the gravitational effect is
attributed to the gravitational potential ®(r), i.e., the
gravitational time dilation. Since ®(r) is a single-valued
function of r, it is equivalent to assume that the EoS may
depend explicitly on @, i.e.,

p=p(T.{u};®). (22)

The conservation of energy and momentum, Eq. (14), can
be rewritten as

dp
o= PE (23)

Using the thermodynamic relations, we obtain

- 1

d op(T,{pu;};® op(T,{u;};®
G __pop(T- ) )_Z”' P

On the other hand, the standard chain rule gives

dp _op(T- {ui}: @) dT | Zap(T, {ui}; @) du;

do oT do £ o do
op(T. {u:}: @)
. 25
+ s (25)
Therefore, we have the following identities
(T Apiki®) _
00 ’
dr dy;
—=-T —— = —p;. 26
d@ ’ d(b ,ul ( )

The first identity indicates that the EoS does not depend
explicitly on ®@. The second and the third equations give the
same results as in Eq. (20). We note that the EoS computed
in previous works [21,22], which shows an explicit
dependence on the gravitational potential ®, is not com-
patible with the TOV equation and local thermodynamic
relations.

III. GENERALIZATION TO ARBITRARY
STATIC SPACETIME

Even though the configuration of dense matter in hydro-
static equilibrium is normally spherically symmetric, the
results in Sec. II can be generalized to arbitrary static
spacetime. Consider a general static curved spacetime. The
line element ds* = g,,dx*dx” can be expressed as (x* = 1)

ds? = goodr® + g;;dx'dxd. (27)

The metric functions gy and g;; are independent of time but

depend in an arbitrary way of the spatial coordinates x*
(k =1, 2, 3). For hydrostatic equilibrium, we take

Uy = v/~ %00 U =U,=U;=0. (28)

We also consider the conservation of the energy and

momentum, V, 7" = 0. The v = k (k =1, 2, 3) compo-
nent gives

dp B
dxk

dIn v/ —3900

(p+e) ok (29)
Here we use d/dx* to denote the derivative with respect to
the spatial coordinates, so that it can be distinguished from
that with respect to the temperature and chemical poten-
tials. The EoS of a fluid element at the position (x!, x?, x*)

can be formally expressed as

p=p(T {u}: {x}). (30)

Using the local thermodynamic relations, we obtain

dp _ op(T {ui}: {x*}) (_len \/—goo> N Zap(T, {wi: ') (_ﬂ‘dln\/‘g(w)_ (31)

dxk oT dxk

On the other hand, the standard chain rule gives

7 aﬂl ! d.xk

dp _ 9p(T {u}: {x*}) N op(T, {ui}; {x'}) dT
k oT

dxk ox

.S op(T, {u:}; {x*}) du; (32)

dxk a/’lz @ '

i
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Again, comparison of the two results gives the following
identities

op(T, {u;}: {x*})

k =0,
ox
dT dlnw/—goo
— =7V T
dx* dx*
dui __, dInv=goo (33)

dx* Hi dx*

The first identity indicates that the EoS should not depend on
the spatial position explicitly in a general static spacetime.
The second and the third identities give the Tolman’s law and
the Klein’s law in a general static spacetime,

T
T({xk =%
(=) v—goo({xk})
({3 }) = ——E— (34)

V —goo({xk}) .

If the spacetime is asymptotically flat as normally satisfied,
this means that the EoS p(T,{u;}) is the same as that
determined in flat spacetime. Otherwise it is not consistent
with local thermodynamic relations.

In fact, applying EoS in flat spacetime as an input is correct
in the view of general relativity. As the process shown in
Sec. I, the TOV equation is a tensor equation derived from
the conservation law of energy-momentum tensor. The
pressure in the TOV equation is the one appearing in the
energy-momentum tensor. The equivalence principle states
that any physical laws expressed in the form of tensor
equations in special relativity holds in the same form in
general relativity [26,27]. Therefore, the EoS imported to the
TOV equation does not need any general-relativistic correc-
tion. Such correction is ought to be inherited by the covariant
derivative terms instead. Although this validity can be
deduced based on general relativity, Eq. (33) can only
derived from equilibrium thermodynamic.

IV. NEUTRON STARS FROM p(u) EOS

The TOV equation (9) is convenient to solve if the EoS of
the form p = p(e) is known. However, as field theoretical
methods normally determine the EoS p = p(T,{u;})
directly, it is more convenient to use Eq. (19) and arrive
at an alternative version of the TOV equation. For a cold
star, we can set 7 = 0 and obtain

dr = _/41'57
do  G(m+ 4nr3p) (35)
dr P -2

If we are not interested in the gravitational potential @, we
can write

du;  Gui(m +4xrp)
dr rA(1 — %m)

(36)

This version can be conveniently solved if the EoS p =
p({p;}) at zero temperature is known. The energy density
in the mass function m(r) can be expressed as

e(tu) = S PN ).
i l

For neutron stars, there is only one chemical potential, the

baryon chemical potential y, serves as the thermodynamic

variable in the EoS.

In the following, we adopt the Walecka model [32] to
describe the dense matter in neutron stars and demonstrate
the solution of the TOV equation (35) with the EoS. As
clarified in Sec. II, we only need to calculate the EoS from
the model in flat spacetime. The Lagrangian density of the
Walecka model is given by

EW = Z l/7N(iJ/"5,4 — myn + 950 — ga)yﬂw/l)l//N
N=n,p

1
+ 3 (0,606 — mZe*) — U(o)

—%F"”FW —l—%mz,a)”wﬂ, (38)
where F,, = 0,0, —d,w, and wy (N =n,p) denote the
nucleon fields with mass my. In the present model, isospin
symmetry is assumed for the sake of simplicity. The scalar
o meson with mass m, and the vector @ meson with mass
m,, are introduced to describe the long-range attraction and
the short-range repulsion of the nuclear force. This is
realized by the two meson-nucleon coupling terms with
coupling constants g, and g,. We add a phenomenological
potential U(o) = bmy(g,0)* + % c(g,0)* to fit the empir-
ically known properties of nuclear matter [18].

To describe the neutron star matter, electrons and even
muons should be introduced to guarantee f-equilibrium
and charge neutrality. We thus add a term for leptons,

‘Clep = lel(iyﬂay - ml)l//l‘ (39)

I=eu

The partition function of the model can be expressed in the
imaginary-time path integral formalism,

z- [ [Jiav o] g
X exp { A de / &x[Ly + Ligp + za:ﬂal//;l//a] }

(40)
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where a denotes the fermion species, i.e., @« = n, p, e, 4, and
p = 1/T. The four chemical potentials yu, are not indepen-
dent. They are constrained by f-equilibrium. It is equivalent
to introduce only the baryon number B = ZN:n,p z//LwN and
electric charge Q = Za=p,e,ﬂ z//zz//a, which are conserved in
the presence of weak interaction. Thus we can express the
four chemical potentials y,, in terms of the baryon chemical
potential g and the electric chemical potential yq as

Po =HB.  Hp=Hp THQ. e =H, = pq. (41)
For neutron stars mainly composed of neutrons, the electric
chemical potential y is negative.

The partition function and the thermodynamic quan-
tities can be conveniently computed within the mean
field approximation [18]. At finite density, the nucleons
act as sources in the equations of motion for the meson
fields, which indicates that finite density generates
nonzero expectation values for the scalar and vector
meson fields. In the mean field approximation, the
effective potential for the static and uniform meson
fields ¢ and w, is given by

Vetr (0, 003 T, pig., i)

1 1
= Emgaz +U(o) — Emiw%

T
- D Indet [Sgl(iky. k) + Z(o.mp)].  (42)
nk a

where Syl = (ik,+p,)y°—y-k—m, is the inverse of the
thermal Green’s function of free nucleons and leptons,
with k, = (2n+ 1)aT (n € Z). The quantities X, are
defined as X, =X, = g,6 — g,7’wy and Z, =X, =0.
The physical values of the classical meson fields &
and @, are determined by minimizing of the effective
potential,

aVeff(av wO) =0, aveff(o-7 0)0) —0. (43)

do dwy

These extreme equations determine ¢ and @, as func-
tions of the temperature and chemical potentials. As this
is done, the thermodynamic quantities can be obtained.
The pressure is given by

P(T, pp. pq) = —Verr (6. @03 T, pg. pq)- (44)

For neutron star matter, electric charge neutrality
requires that the net electric charge density should vanish,
that is

op(T, pg. pg)

=0. 45
o (45)

Hence the electric chemical potential g is not an inde-
pendent thermodynamic variable. We should solve the
above equation to obtain uqg = uq (7, ug). Therefore, only
T and ug are independent thermodynamic variables and the
EoS takes the form p = p(T, ug). In static neutron stars,
they should satisfy the Tolman’ law 7 = T,e™® and the
Klein’s law pg = ufe™®.

The temperature of a stable neutron star is typically
low and we can set T = 0. The zero temperature EoS
p(ug) is evaluated in the Appendix. We use this EoS to
solve the TOV equation (35) and visualize the gravita-
tional effect on the baryon chemical potential ug.
Briefly speaking, starting with a given local baryon
chemical potential puj at the core (r = 0), we obtain the
profiles of the pressure and the baryon chemical
potential from the TOV equation (36). The pressure
decreases to zero at the surface, which determines the
mass M and radius R of the neutron star and hence the
mass-radius relation as displayed in Fig. 1. The gravi-
tational potential at the surface is then known as
®, = ®(R) =1In(1 —2GM/R). The baryon chemical
potential satisfies the Klein’s law pug(r) = pe ),
The constant x can be determined as g = pge®,
where pj is the baryon chemical potential at the surface.
Note that pup is purely determined by the EoS,
p(uy) =0, ie., the critical chemical potential that
separates the vacuum and the matter phase.

With the known profile of the baryon chemical
potential pg(r) computed from the TOV equation (36),
the profile of the gravitational potential ®(r) in the
interior of neutron stars can be determined. The result is
shown in Fig. 2. To visualize how the gravitation
enhances the baryon chemical potential in the interior
of neutron stars, we display the baryon chemical potential

2.1 2.1
14 414
0
S
=
07} o7
(@) (b)
00 L 1 1 1 1 1 1 1 1 0.0
0 2 4 6 8 10 12 00 07 14 21 28 35 42
R (km) ng (fm™)
FIG. 1. The mass-radius relation of neutron stars (a) and the

relation between the neutron star mass and the central baryon
density (b) calculated from the Walecka model.
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-y
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]
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20k -27 (b) -~ 50Gev
B 1 1 1 1 L
0 2 4 6 8 10 12
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FIG. 2. The gravitational potential ® in the interior of neutron
stars computed from the Walecka model. (a) ® at the surface and
at the core as functions of the central baryon density nf. The
colored dashed lines with arrows denote the corresponding
baryon chemical potentials uf at the core. (b) The profile
®(r) (thin dashed lines) in the interior of neutron stars with
different central densities. The thick black line denotes the
potential at the surface.

uy at the core, the baryon chemical potential pj at the
surface, and the redshifted one u¥ in Fig. 3. It is
interesting to see that while a large central baryon density
ng dramatically enhances the gravitational effect at the
core, the gravitational potential at the surface, @, is
almost a constant for sufficiently large central density
(Dg ~—0.5 for ng > 1 fm~3 in this model). As a result,
the redshifted chemical potential uf also reaches a
platform at large central density, regardless of the large
baryon chemical potential uf, at the core. The difference
between uy and up (or between up and ug) can be
understood as an enhancement purely induced by the
gravitational effect.

% ot
&)
m
S 5|
1 E
O 1 1 1 1
0 1 2 3 4
ng, (fim”)
FIG. 3. The baryon chemical potentials uj; at the core, uj; at the

surface, and uf at infinity. (a) The three chemical potentials
corresponding to the neutron stars on the mass-radius curve.
(b) The three chemical potentials as functions of the central
baryon density.

V. SUMMARY

In summary, we have shown that to study the hydrostatic
equilibrium of dense matter within the framework of
general relativity and relativistic fluid dynamics, the EoS
of dense matter should be that determined by many-body
theories or experiments in flat spacetime so that it is
compatible with local thermodynamic relations and con-
servation of energy and momentum. This is also protected
by the equivalence principle as well. We demonstrate this
explicitly for the EoS, which can be computed directly from
field theoretical methods. As a by product, we demonstrate
an alternative way to solve the TOV equation with the EoS.
In this approach, the enhancement of the baryon chemical
potential inside the neutron star can be self-consistently
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regarded as a gravitational effect. This generalization may
provide a way to extract the EoS of dense matter via deep
learning [33,34].
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APPENDIX: EOS IN THE WALECKA MODEL

At zero temperature, the EoS of dense matter in the
Walecka model (without charge neutrality) can be
evaluated as

Z Polug. my) + ZPO (g, my)

p(us, ﬂQ

1 1
——m25* = U(5) +=m2@3, (Al)
2 2
where the function pg(u,m) is defined as
poliem) = 23 |26 = Sm2)y o —
oV 247>
+3m arccosh(| |)] O(|u| — m). (A2)

The effective masses my; and chemical potentials py are
defined as

my = my = 9e0, PN = AN~ Go®o-  (A3)
Note that the radiative correction from the vacuum con-
tribution has been neglected. The meson condensates & and

@, are determined by the following gap equations,
m?, Z Gono(px. mi) =0,

Zgn :uN’mN 70

m2s + U' (6 (A4)

which minimize the effective potential V. (o, @, ). Here the
functions ng(p, m) and ng(u, m) are defined as

— m2)32
ot m) = = 6| mysn()

m H
ns(y,m):ﬁ[M U —mz—mzarccosh<| |>} (AS)

The energy density € can be evaluated as

e(pu. puq) = Z go(puy. my) + Zgo(ﬂhmz)

N=n,p I=eu
[y — L5,
+ Em,,o' +U(G) + Em,,,a)o, (A06)

where the function &y(u, m) reads

1
eo(u,m) = 32 [|/4|(2M2 —m?)\[u* = m?

m4arccosh<|ﬂ|>}®(|y| —m). (A7)

The baryon density ng and the electric charge density ngq
are given by

Z no(py. my),

N=n,p
+ zn() MQ? ml AS)

I=e.u

nB(/‘Bqu) =

For neutron star matter, we should impose electric charge
neutrality,

nq(us, Hq) = 0. (A9)

Thus the electric chemical potential is not an indepen-
dent thermodynamic variable and should be solved as
Hq = pq(up). The EoS of neutron star matter is the relation

8

(=2}
T

p (GeV/fim®)
N

ng (fm™)

O 1 1 1
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FIG. 4. The EoS p(ug) and the corresponding baryon den-
sity ng(ug) of cold neutron star matter computed from the
Walecka model.
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between the pressure and the baryon chemical potential,
p = p(ug). The pressure p(ug) and the baryon density
ng(ug) can be numerically evaluated for given model
parameters, as shown in Fig. 4. In the calculation, the
model parameters are set as follows. The particle masses

are taken as m, = my, = my = 939 MeV, m, = 550 MeV,
m,, =183 MeV, m.=0.511MeV, and m, = 105.66 MeV.
The coupling constants are chosen as g, = 8.685,
Jw = 8.646, b =7.950 x 1073, and ¢ = 6.952 x 107* to
fit the empirically known properties of nuclear matter [18].
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