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TianQin is a proposed geocentric space-based gravitational wave observatory mission, which requires
time-delay interferometry (TDI) to cancel laser frequency noise. With high demands for precision, the
solar-wind plasma environment at ∼105 km above the Earth may constitute a non-negligible noise source
to laser interferometric measurements between satellites, as charged particles perturb the refractivity along
light paths. In this paper, we first assess the plasma noises along single links from space-weather models
and numerical orbits, and analyze the time and frequency domain characteristics. Particularly, to capture the
plasma noise in the entire measurement band of 10−4–1 Hz, we performe additional space-weather
magnetohydrodynamic simulations in finer spatial and temporal resolutions and utilize Kolmogorov
spectra in high-frequency data generation. Then, we evaluate the residual plasma noises of the first- and
second-generation TDI combinations. Both analytical and numerical estimations have shown that under
normal solar conditions, the plasma noise after TDI is less than the secondary noise requirement. Moreover,
TDI is shown to exhibit moderate suppression on the plasma noise below ∼10−2 Hz due to noise
correlation between different arms, when compared with the secondary noise before and after TDI.
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I. INTRODUCTION

Till now, more than 90 gravitational wave (GW) events
have been detected by ground-based GW detectors [1–6].
However, due to relatively short arm lengths and seismic
noises, ground-based detectors so far are limited to
detecting GW signals at high frequencies f ≳ 10 Hz.
Complementary to ground-based detectors, space-based
GW detectors, such as LISA [7], TianQin [8], Taiji [9],
B-DECIGO [10], etc., will allow GW detection in the
millihertz frequency band.
TianQin is a proposed space-based GW observatory

mission consisting of three identical satellites in drag-free
motion around the Earth. The orbital radius of TianQin is
∼1 × 105 km, and the normal of the orbital plane points to
the reference source RX J0806.3þ 1527 [8]. The working
principle of TianQin is to measure the relative distance
changes caused by GWs between free-falling test masses
inside different satellites using intersatellite laser hetero-
dyne interferometry.

Unlike ground-based detectors, orbital perturbations to
the satellites will cause unequal and time-varying arm
lengths in space-based detectors (e.g., Ref. [11]). The
unequal arm lengths couple with fluctuations of laser
frequencies and result in a troublesome laser frequency
noise in science measurements. This noise is normally 6–9
orders of magnitude greater than the sensitivity require-
ments. The problem can be solved by the time-delay
interferometry (TDI) technique [12–14]. TDI allows the
suppression of laser frequency noise by linear combina-
tions of instantaneous and time-delayed one-way phase
measurements. The underlying principle is to reduce the
unequal arm lengths by composing a virtual nearly equal
arm-length interferometer in data processing to achieve
common-mode rejection of laser frequency noise. The first-
generation TDI combinations were initially proposed for a
static detector configuration [14]. But if one considers
actual TianQin orbits, the first-generation TDI combina-
tions may not satisfy the requirement at certain frequencies.
Hence, we also need to take into account the second-
generation TDI combinations to further reduce the unequal
arm lengths [15,16]. Apart from laser frequency noise,
the extended TDI combinations can also suppress clock
noise [17–19] and optical bench displacement noise [17].
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Since TDI forms a crucial part in current designs of space-
based GW detection, it would be beneficial to discuss
various environmental noises in the context of TDI so as to
identify their end effects on data output. Some recent
studies on TDI can be found, e.g., in Refs. [20–24].
Recently, Ref. [25] has calculated the optical path length

fluctuations caused by the solar-wind plasma along single
arms. The results indicate that the impact is close to the
displacement noise requirement of TianQin and constitutes
a noticeable noise source. Moreover, the effect becomes
larger when a strong magnetic storm occurs. In the
following discussions, we refer to this type of noise as
plasma noise. Subsequently, the work of Ref. [26] has
further evaluated the residual plasma noise in TDI combi-
nations. However, the amplitude spectral density (ASD)
of plasma noise is restricted to < 8 mHz due to temporal
and spatial resolution limitations. Furthermore, only linear
interpolation of plasma noise was considered in the first-
generation TDI simulations. In addition, in Refs. [27]
and [28], the effects of the space environment on the
wavefront distortion of intersatellite laser beams and the
acceleration noise of test masses were investigated, respec-
tively, and both are manageable for TianQin.
For LISA, Refs. [29,30] have assessed the impact of

solar-wind plasma on LISA intersatellite scientific mea-
surements using a statistical model of turbulence and real
solar-wind observations. The results have shown that
normal solar activities does not affect LISA in the meas-
urement frequency band. The expected spectral index of
the electron number density fluctuation has a value of
α ¼ −1.75� 0.5, which is close to the Kolmogorov f−5=3

spectrum [31,32]. This means that both the fluctuations of
the electron number density and the plasma noise of a
single link become smaller as the Fourier frequency
increases. Besides this, the ASD of the magnetic field
fluctuations measured by the LISA Pathfinder’s magne-
tometers agrees with the results from the Advanced
Compton Explorer (ACE) in the frequency band below
3 mHz. The spectral index is consistent with the
Kolmogorov turbulence spectrum [33].
Similar to the solar-wind plasma is the ionosphere, which

consists of the Earth’s upper atmosphere ionized by solar
radiation. Since both are dispersive media, the electromag-
netic wave signal propagating in this medium will cause
frequency-dependent signal group delay and carrier phase
advance with the same magnitude and opposite signs. Using
this property, ionospheric effects can be calculated or
corrected using multiple operating frequencies. For example,
each GPS satellite uses three frequencies to correct the
ionospheric effect so as to improve positioning accuracy
[34]. The GRACE mission uses a dual-frequency (K and Ka
bands) microwave ranging system to correct ionospheric
delays to achieve micrometer precision [35].
In future space-based GW detection missions with

increasing accuracy requirements, plasma noise will

become a non-negligible factor. For example, the sec-
ond-generation space GW detection mission BBO is
planned to measure the solar-wind plasma noise by adding
auxiliary microwave intersatellite links [36,37]. For other
methods, we previously analyzed a two-color TDI tech-
nique [38]. The core procedure is the addition of a 532 nm
laser by the frequency doubling technique. However, this
increases the system complexity, and the technical feasibil-
ity needs further assessment. In this paper, we instead focus
on how the plasma noise is propagated though TDI data
processing, and we evaluate the suppressing effect.
As discussed above, high-frequency data were not

available to fully analyze the impact of the solar-wind
plasma on the intersatellite measurements of TianQin.
Also note that the simulation results in Ref. [26] were
not explained thoroughly by theory, and preferably, more
realistic simulations would be needed to verify these
results. Thereby, this work first analyzes the time-domain
and frequency-domain characteristics of the plasma noise
of a single link, and then calculates the TDI combined
plasma noise and compares the theoretical results with the
numerical simulations.
The remainder of this paper is arranged as follows:

In Secs. II and III, we describe how to calculate the
optical path length fluctuations caused by the solar-wind
plasma on a single arm, including the plasma refractive
index, magnetohydrodynamics simulation, and the
Kolmogorov spectrum. In Sec. IVA, the residual plasma
noises after the first- and second-generation TDI combi-
nations are presented analytically, and the simulation
results are displayed in Sec. IV B. The conclusions are
given in Sec. V.

II. REFRACTIVE INDEX OF
SOLAR-WIND PLASMA

As is well known, the phase refractive index n of
space plasma media is given by the Appleton-Hartree (AH)
equation. In most practical cases, the AH equation can be
simplified to [39]

n ¼ 1 −
X
2
−
XY
2

cos θ −
X2

8
; ð1Þ

in which the quantities X and Y are read off as X ¼ ω2
p

ω2 ,

Y ¼ ωh
ω , respectively, and ωp ¼

ffiffiffiffiffiffiffiffi
Nee2

ε0m

q
, ωh ¼ B0jej

m , θ is the

angle between the propagation direction of the electromag-
netic wave and the magnetic field, Ne is the electron
number density of solar-wind plasma, e andm represent the
charge and mass of the electron, B0 is the space magnetic
field, ε0 is the vacuum electric permittivity, ω is the angular
frequency of the electromagnetic wave, and ωp and ωh are
the plasma frequency and the electron gyrofrequency.
The solar-wind plasma is mainly composed of electrons,

protons, and energetic particles from the Sun. Since
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electrons are much lighter than protons, they respond much
faster than the oscillating fields. As a result, we only
consider the electrons’ contributions. Therefore, Eq. (1) can
be written equivalently as [39]

n ¼ 1 −
1

2

ApNe

f2
−
ApNeAgB0 cos θ

2f3
−
1

8

A2
pN2

e

f4
; ð2Þ

where Ap ¼ e2

4π2ε0m
¼ 80.62 m3 s−2 and Ag ¼ 2.80×

1010 sA=kg. In this simplified expression, the term propor-
tional to f−2 becomes the first-order term. The second- and
third-order terms are inversely proportional to the third and
fourth powers of f.
For TianQin, the frequency of the laser is f ≈ 2.8 ×

1014 Hz (λ ¼ 1064 nm), so the main contribution to the
phase refractive index comes from the first-order term (X

2
)

[26], and we only consider the lowest-order term in the
following discussions. Substituting these values into
Eq. (1), we further obtain

n ≈ 1 −
X
2
¼ 1 −

1

2

ApNe

f2
¼ 1 − 40.3

Ne

f2
: ð3Þ

Consequently, the signal delay caused by the solar-wind
plasma can be expressed as

sijðtÞ ¼
40.3
f2

Z
j

i
Nedl ¼

40.3
f2

DTEC; ð4Þ

where DTEC stands for the total electron content (TEC)
along the laser path from spacecraft i to spacecraft j.
Equation (4) shows that the effect of plasma on laser

interferometric measurement depends on the integral elec-
tron number density fluctuations along the laser propaga-
tion path. For typical values of the involved quantities—
i.e., Ne ∼ 10 cm−3 at an altitude of ∼105 km and the arm
length 1.7 × 105 km—we arrive at sij ≈ 1 pm [25]. This
motivates us to look further into the frequency domain
behavior, and the single-link displacement noise require-
ment (preliminary) for plasma is given by

S1=2pla ≤ 0.3
pmffiffiffiffiffiffi
Hz

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
7 mHz

f

�
4

s
; 0.1 mHz ≤ f ≤ 1 Hz;

ð5Þ

which is allocated from the total noise requirement [8,40].
Here, 7 mHz is the corner frequency where the acceleration
noise and the interferometer measurement noise intersect in
the sensitivity curve. In the following, we will discuss the
plasma displacement noise along a single arm.

III. SINGLE-LINK PLASMA NOISE

A. MHD simulations

The starting point to properly simulate plasma noise is
the generation of real-time plasma density data. Here we
use the Space Weather Modeling Framework (SWMF)
model, which comes from the NASA Community
Coordinated Modeling Center (CCMC), to generate elec-
tron number density data with a time resolution of 60 s [41].
Taking the real space plasma observation data of the ACE
satellite as inputs, we use the SWMF model to obtain the
simulation data by solving the magnetohydrodynamics
(MHD) equations. By combining the orbital data in
Appendix A, the plasma noise of each link is illustrated
in Fig. 1, which includes a magnetic storm (KP ¼ 5) and in
this way gives a noise level higher than normal. Here, KP is
an index to describe the intensity of magnetic disturbances
in near-Earth space [42,43]. Details on the simulation
procedure can be found in Refs. [25,27]. Due to the
short light travel time between two satellites (∼0.5 s),
the difference between sijðtÞ and sjiðtÞ is very small
(cf. Fig. 1). Equation (4) shows that this difference is
about 1 × 10−5 pm, attributed to the fact that the velocity of
TianQin satellites is about 2 km=s. As shown in Fig. 1, the
dotted and solid lines are overlapped. Therefore, we can
treat the plasma noises along different propagation direc-
tions between a pair of spacecraft as equal. The noise ASD
curves of the three arms are shown in Fig. 2.
It is important to emphasize that the spectral density can

only reach 8 mHz due to the limitation of temporal and
spatial resolution (the finest spatial resolution of the SWMF
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FIG. 1. Upper plot: Optical path-length variations along the six
links with a time resolution of 60 s. The plot shows that the noises
along the same arm are almost equal, despite opposite laser
propagation directions. Lower plot: The difference between the
plasma noises with opposite propagation directions along the
same arm.
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model is 0.25 RE, where RE stands for the Earth’s radius).
However, for TianQin, we are interested in the behavior of
plasma noise in the range of 10−4–1 Hz. Therefore, in this
study we further generate data with a time resolution of 5 s
using the PPMLR-MHD model developed by Hu et al.
[44]. Adopting the same methodology as in Ref. [25], we
have obtained the results shown in Fig. 3. The ASD of the
plasma noise of the three arms is shown in Fig. 4. The
PPMLR-MHDmodel has the finest spatial resolution of 0.1
Earth radii in the near-Earth region of −10 RE ≤ x; y; z ≤
10 RE in the GSE (geocentric solar ecliptic) coordinate
system, and this model has been widely used to study
solar wind–magnetosphere–ionosphere–system–related
phenomena [45–47]. Note that, unfortunately, due to the
high cost of such MHD simulations, the 5 s step size and
the 900 s data length set the current limits that are available
to us. Nevertheless, we deem it sufficient to demonstrate a
general trend in the plasma noise spectra.

Overall, in the time domain, we can see that the plasma-
induced optical path length variation along a single link can
reach the 1 pm level. In addition, as shown in Figs. 2 and 4,
we notice that the ASD of the plasma noise decreases with
increasing Fourier frequency. In the Sec. III B, we show
that this conclusion is valid in general for plasma noise in
the millihertz band. Moreover, the patterns in Figs. 1 and 3
suggest correlation among the plasma noises along differ-
ent arms. Indeed, Table I below gives the correlation
coefficients calculated for the two figures, and the numeri-
cal values indicate significant positive correlation among
different arms.

B. Kolmogorov spectrum

Solar-wind plasma is usually in a turbulent state, and it is
hard to describe its properties in time and space accurately.
However, a theory that is widely accepted and consistent
with observations is Kolmogorov’s statistical theory of
turbulence [31,32]. The theory suggests that large eddies
in a turbulent flow constantly split into smaller ones and
transfer energy in the process. Based on Kolmogorov’s
theory, the three-dimensional spectral density of the
refractive index coefficient can be derived as [32]

ΦK
n ðkÞ ¼ 0.033C2

nk−11=3; ð6Þ
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FIG. 3. Optical path-length variations along the three arms with
a time resolution of 5 s.

TABLE I. The correlation coefficients calculated from the
plasma noise data of Fig. 1 (SWMF model) and Fig. 3 (PPMLR-
MHD model). Here, SC12 stands for the arm between the
satellites SC1 and SC2, and likewise for SC23 and SC13.

SC12–SC23 SC12–SC13 SC23–SC13
SWMF 0.9786 0.8760 0.9348
PPMLR 0.9828 0.9234 0.9695

10-4 10-3 10-2

Frequency [Hz]

10-14

10-13

10-12

10-11

10-10

10-9

10-8

D
is

p
la

ce
m

en
t 

A
S

D
 [

m
/H

z1/
2
]

SC1-SC2
SC2-SC3
SC3-SC1
Plasma noise req.

FIG. 2. The plasma noise ASD curves calculated from the data
shown in Fig. 1. The plasma noise requirement is given by Eq. (5).
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FIG. 4. The plasma noise ASD curves calculated from the data
shown in Fig. 3. The plasma noise requirement is given by Eq. (5).
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where k is the wave number, and C2
n is the refractive

index structure parameter. Similarly, the electron
number density variation also follows the power spectral
density (PSD) with a − 5

3
spectral index in one

dimension [29,30].
Recently, in Ref. [30], the influence of solar-wind

plasma on LISA science measurements has been analyzed
based on Kolmogorov’s theory. The variation of optical
path length on a single link caused by electron number
density fluctuation has been obtained [30]. The electron
density spectrum is given by

SNeðfÞ ¼
4π

ð2πÞ5=3
3

5
P0k

11=3
0 V2=3f−5=3; ð7Þ

where P0 and f are the amplitude and frequency of the
electron number density fluctuations, k0 is the wave
number corresponding to the amplitude P0, and V is the
velocity of the solar wind. This model of electron density
fluctuations in Eq. (7) has been verified with observation
data coming from the WIND/SWE instrument. The results
have shown that the spectral density in the 10−4 − 10−2 Hz
range agrees well with the Kolmogorov power-law spec-
trum of Eq. (6). Further results are shown in Fig. 5 of
Ref. [30], which presents the plasma noise of single links,
and they all indicate that each of the 572 daily spectra
becomes smaller with increasing Fourier frequency in the
range of 10−4–10−1 Hz.
In Ref. [48], two different electron number density

spectra were observed in the 10−3–1 Hz range based on
real observations from the ISEE 1–2 spacecraft. In the
range of 10−3–6 × 10−2 Hz, the spectral index is
−1.67� 0.05, which satisfies the Kolmogorov spectrum.
Above 6 × 10−2 Hz, the spectral index is −0.9� 0.2 [49].
In Ref. [50], based on the data from the Magnetospheric
MultiScale mission (MMS), a spectral index of −0.86�
0.03 was observed in the range 0.039–0.97 Hz. In addition,
there is extensive literature showing that other parameters
of solar-wind turbulence follow the Kolmogorov spectrum
below 0.1 Hz [51–53]. These observations are consistent
with our MHD simulation results in Sec. III A.
From the above discussion, it can be seen that the

spectrum of electron density fluctuations in the solar
wind is roughly composed of two different power-
law spectra within 10−4–1 Hz. At the MHD scale
(also referred to as the inertial range)—i.e., in the range
of ∼10−4–10−1 Hz—density fluctuations follow a
Kolmogorov spectrum. At the ion scale corresponding
to ∼10−1–1 Hz, the density spectrum becomes slightly
flatter, but it still decreases with increasing Fourier
frequency [48–53]. In Sec. IV B, we will use these
properties of plasma noise, together with MHD simu-
lation data, to generate simulated data in the entire
observational frequency band of 10−4–1 Hz.

IV. PLASMA NOISE IN TDI

A. Analytical estimation

In the previous section, we have analyzed the plasma
noises of single laser links through MHD simulations and
turbulence theory, and the results have shown that the effect
has a non-negligible contribution to the noise budget of
TianQin. However, in the current design of space-based GW
detectors, it is necessary to combine multiple measurements
from different arms to reduce laser frequency noise in data
postprocessing—i.e., the TDI technique [16,17,54,55].
Therefore, we would like to study how the plasma noises
of single links are transferred through TDI combinations,
and to derive the corresponding analytical expressions for
the residual plasma noises. In the following, for the sake of
simplicity, we assume that the laser frequency noise, optical
bench displacement noise, etc., can be suppressed below the
secondary noise level by TDI combinations.
As shown in Fig. 5, the TianQin constellation is formed

by three identical drag-free spacecraft orbiting around the
Earth. Each satellite has two test masses, two optical
benches, and two lasers. The distance between each pair
of satellites is about 1.7 × 105 km [8,56]. The following
notation is employed, according to the TianQin detector
configuration as shown in Fig. 5 [17,54,55]: The three
spacecraft are marked as S/C i, and each satellite carries
two identical optical benches (i, i0) connected by optical
fibers. The arm lengths of the opposite sides of each
satellite i are denoted by Li; Li0, corresponding to the light
travel time ti; t0i, where the unprimed number indicates
that the laser beam travels in a clockwise direction, and
the primed number a counterclockwise direction. The unit
vectors n⃗i, n⃗i0 are along each arm of the triangular
configuration, respectively, and n⃗i ¼ −n⃗i0 for each i.
The first-generation TDI has different data combinations.

We use α and X as examples to calculate the residual

FIG. 5. Schematic TianQin detector configuration. Three sat-
ellites are labeled 1, 2, 3, each with two optical benches, denoted
by 1, 10, 2, 20, 3, 30.
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plasma noise. The schematic optical paths of the two
combinations can be found in, e.g., Ref. [54].
Accordingly, the plasma noise in the first-generation
TDI α combination can be written as follows [26]:

δsα1ðtÞ ¼ ½D10D20s12ðtÞ þD20s23ðtÞ þ s31ðtÞ�
− ½D1D3s13ðtÞ þD3s32ðtÞ þ s21ðtÞ�; ð8Þ

with the time-delay operators DifðtÞ ≔ fðt − Li=cÞ and
the light speed c. Similarly, the X combination is given by

δsX1ðtÞ ¼ D3D2D20s12ðtÞ þD2D20s21ðtÞ
þD20s13ðtÞ þ s31ðtÞ −D20D30D3s13ðtÞ
−D30D3s31ðtÞ −D3s12ðtÞ − s21ðtÞ: ð9Þ

Let us now calculate the residual plasma noise for these
combinations [15]. First, we transform these expressions
from the time domain to the frequency domain through
Fourier transform. Then, by calculating the expectation
value, we obtain the spectral density of the noise.
Therefore, the spectral densities of the residual plasma
noises corresponding to α and X are given by

δS̃α1ðfÞ ¼ 8 sin2ð2πfLÞSðfÞ; ð10Þ

δS̃X1ðfÞ ¼ ½16 sin2ð2πfLÞ þ 8 sinð2πfLÞ sinð4πfLÞ�SðfÞ;
ð11Þ

where SðfÞ is the spectral density of the plasma noise of a
single link. Here, we assume that the arm length does not
change with time and is equal to L. Additionally, in the
calculations of Eqs. (10) and (11), the following expression
is used:

hsijðfÞs̄klðf0Þi ¼ δðf − f0Þδðij − klÞSðfÞ; ð12Þ

where hi denotes expectation values [57]. This means that
the plasma noises of different arms are uncorrelated. Also
recall that the plasma noises of the same arm with different
propagation directions are nearly equal (cf. Fig. 1), and
hereby we neglect the differences. In addition, the other
extreme situation corresponds to when the plasma noises of
different arms are perfectly correlated with one another. In
this case, TDI would cancel the plasma noise in the same
manner as it does to the laser frequency noise.
The results obtained from Eqs. (10) and (11) are

illustrated in Fig. 6. A fitted plasma noise spectral density
SðfÞ is plugged into the residual plasma noise expression,
and the former is obtained by extrapolating the spectrum
of the MHD data in Fig. 2 to the entire frequency band.
Figure 6 shows that below ∼0.1 Hz, the TDI-combined
plasma noise is smaller than the noise of a single link,
while above ∼0.1 Hz, the former is larger than the latter.

However, since the high-frequency plasma noise itself is
quite small, the TDI-combined noise is still smaller than the
secondary noise in the frequency band of 10−4–1 Hz. As a
comparison, we also draw the secondary noise for both the
TDI α and X combinations. The secondary noises are given
by the following formulas [15,58,59]:

Sα1ðfÞ ¼ ½4 sin2ð3πfLÞ þ 24 sin2ðπfLÞ�Saccy þ 6Sopty ; ð13Þ

SX1ðfÞ ¼ ½4 sin2ð4πfLÞ þ 32 sin2ð2πfLÞ�Saccy

þ 16 sin2ð2πfLÞSopty ; ð14Þ

in which Saccy ¼ ð1×10−15 ms−2 Hz−1=2Þ2
ð2πfcÞ2 ¼ 2.8 × 10−49 ðf=

1 HzÞ−2Hz−1 and Sopty ¼ ð1×10−12 mHz−1=2Þ2×ð2πfÞ2
c2 ¼

4.4 × 10−40 ðf=1 HzÞ2Hz−1 are the acceleration and dis-
placement noises of a single link, respectively [8,15].
Reference [15] found that the first-generation TDI

combinations cannot meet the noise requirement in some
frequency bands after considering the numerically opti-
mized orbits. In order to further suppress laser phase noise,
TianQin may need second-generation TDI combinations.
Therefore, it is desirable for us to analyze how the plasma
noise of a single link is transferred in the second-generation
TDI combinations to determine whether it affects the
overall performance. According to Ref. [16], the math-
ematical expressions of the second-generation TDI α and X
combinations are given by the following formulas:
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FIG. 6. Residual plasma noise after the first- and second-
generation TDI X, α combinations. The solid red and yellow lines
represent the plasma noise after the first- and second-generation α
combinations, whereas the solid blue and green lines denote the X
combinations. The dashed lines denote the secondary noises
(both the acceleration and displacement noises included) after
different TDI combinations, with which the solid lines of the
same colors should be compared. Additionally, a black line is
added to mark the plasma noise of a single link for ease of
reference.
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δsα2ðtÞ ¼ s31 þ s23;20 þ s12;1020 þ s21;301020 þ s32;3301020

þ s13;13301020 − s21 − s32;3 − s13;13 − s31;213

− s23;20213 − s12;1020213; ð15Þ

δsX2ðtÞ ¼ s31 þ s13;20 þ s21;220 þ s12;3220 þ s21;303220

þ s12;3303220 þ s31;303303220 þ s13;20303303220

− s21 − s12;3 − s31;303 − s13;20303 − s31;220303

− s13;20220303 − s21;220220303 − s12;3220220303; ð16Þ

where the semicolon indicates a time delay that is time
dependent—i.e., fðtÞ;j ¼ fðt − LjðtÞ=cÞ.
According to Refs. [15,60], the spectral density of the

residual plasma noises for second-generation TDI α and X
combinations are read off as

δS̃α2ðfÞ ¼ 4 sin2ð3πfLÞδS̃α1ðfÞ; ð17Þ

δS̃X2ðfÞ ¼ 4 sin2ð4πfLÞδS̃X1ðfÞ: ð18Þ

Equations (17) and (18) have the same mathematical form
as the secondary noises after the second-generation TDI α
and X combinations, since we have treated the plasma noise
in a similar way to shot noise and test mass acceleration
noise. Inserting the expressions (13) and (14) into the above
two equations gives the final residual noise, and the results
are shown in Fig. 6. We can see that the residual noise
after the second-generation combinations is lower than the
secondary noise requirements. These analytic results are
confirmed by numerical simulations, which will be
described in detail in the following subsection.

B. TDI simulation results

To verify the analytical studies described above, we
further numerically calculate the residual plasma noise after

different TDI combinations. We use MHD simulations and
the Kolmogorov spectrum introduced in Sec. III to generate
simulated data up to 1 Hz in the frequency band, and the
frequency domain results are shown in Fig. 7. The specific
procedure is to perform a spectral fit of the MHD
simulation data in Figs. 2 and 4, followed by an extrapo-
lation to higher frequencies based on the Kolmogorov
spectrum. In this way, we do not alter the trend of the MHD
simulation data on a relatively long timescale (f < 8 mHz),
but we add some fluctuations that satisfy the Kolmogorov
spectrum on a relatively short timescale (f > 8 mHz).
The time and frequency domain results after different

TDI combinations with data at 60 s time resolution (see
Fig. 1) are given in Figs. 8–10. It can be seen from Fig. 8
that the residual plasma noise after the first- and second-
generation TDI α combinations is within �6 × 10−15 m.
From Fig. 9, we see that the residual plasma noise after the
first-generation TDI X combination is approximately twice
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FIG. 7. Full-band simulation data generated based on the
Kolmogorov spectrum and the MHD data of Fig. 1.
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FIG. 8. Residual plasma noise in time domain for first- and
second-generation TDI α combinations.
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FIG. 9. Residual plasma noise in time domain for first-
generation TDI α and X combinations.
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as high as the first-generation α combination, which is
consistent with our analytical results, and also with the
results in Ref. [26].
Furthermore, the frequency domain results indicate that

the above numerical simulation results agree with the
analytical results of Sec. IV—i.e., the residual noise after
the TDI combinations is smaller than the secondary noise in
the range of 10−4–1 Hz. For each TDI combination, the
residual plasma noise after the TDI combinations is larger
than the plasma noise of a single link in the high-frequency
band of 10−1–1 Hz. However, since the plasma noise of a
single link is relatively small at high frequencies, this
amplification will not affect scientific measurements. It
should also be remarked that a GW signal with fGW ¼
1 mHz is included for testing purposes in Fig. 10.
Figure 10 also shows that the numerical results are slightly

smaller than the analytical results after TDI combinations.
This is due to the fact that in the analytical formulas we
assume no correlation between the plasma noises of different
arms. To assess the suppressing effect of TDI for the plasma
noise owing to noise correlation, we further calculate the
ratio of the plasma noise and the secondary noise require-
ment before and after TDI X combination, and the results are
shown in Fig. 11. The results demonstrate that the TDI
combination can moderately suppress the plasma noise at the
low-frequency band below ∼10−2 Hz. Another way to see
this suppressing effect is to look at the equivalent GW noise
levels in the sensitivity diagram (see Fig. 12), where it shows
that the plasma noise level below ∼10−2 Hz indeed becomes
lower after TDI combination.
In the above simulation, we have obtained simulation

data over the entire frequency band (10−4–1 Hz) based on

Kolmogorov’s turbulent statistical theory by extending
the spectrum of the MHD simulation data from 8 mHz
(time resolution 60 s) up to 1 Hz. However, there may be a
difference between the high-frequency information of the
data obtained by this method and the real plasma noise. To
be on the safe side, we further multiply the high-frequency
data in Fig. 10 by a factor of 5, and then the results after
various TDI combinations are presented in Fig. 13. As is
apparent from the plot, the plasma noise after the combi-
nation is still smaller than the secondary noise in the
frequency band from 10−4–1 Hz shown in Fig. 6.
To further verify our results above ∼10−2 Hz, we repeat

the simulation process using the data from Fig. 3—i.e.,
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FIG. 11. The ratios between the plasma noises and the noise
requirements for single links (red and blue lines) and TDI X
combination (black dashed line).

FIG. 10. ASD of residual plasma noise after first- and second-
generation TDI α and X combinations. The corresponding plasma
noise of a single arm is shown in Fig. 1. The data above 10−2 Hz
are obtained according to the Kolmogorov spectrum by up-
sampling the MHD data of low frequencies. The dashed line
denotes the analytical results. AGW signal with fGW ¼ 1 mHz is
also included for testing purposes.
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FIG. 12. Comparison of the plasma noise levels before and after
TDI X1, and TianQin’s sensitivity requirement (TDI X). The blue
and red lines stand for the plasma noises converted to equivalent
GW noises, using the data of Fig. 10. The black and magenta
dashed lines represent TianQin’s sensitivity goal [40] and the
preliminary plasma noise requirement [30% of the former,
cf. Eq. (5)], respectively.
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using a time resolution of 5 s. The results are displayed
in Figs. 14 and 15. The residual plasma noise after the first-
generation TDI combinations is below 4 × 10−14 m, as
shown in Fig. 14. The results in the frequency domain are
consistent with the results in Fig. 10.
It should be emphasized that in the second-

generation TDI simulations, we have used the following
approximation:

fðtÞ;jk ¼ DjDkfðtÞ ¼ f

�
t −

Lj

c
−
Lk

c

�
; ð19Þ

wherewe have ignored higher-order corrections. Considering
that the high-frequency component of the plasma noise is
quite small, the approximation inEq. (19) is reasonable. In the
simulations, we have used a 31st-order Lagrange fractional
delay filter [61].

V. CONCLUSION

In this paper, we first obtain two sets of plasma noise
data with the time resolutions of 60 s and 5 s using the
SWMF model [25–28] and the PPMLR-MHD model [44],
respectively. Then the frequency-domain characteristics
of the plasma noise along single links are analyzed, and
it is shown that the noise behavior can be approximated
by a Kolmogorov spectrum in the frequency range of
10−4–1 Hz. According to Figs. 2 and 4, the plasma noise
level decreases as the Fourier frequency increases.
Especially above 1 × 10−2 Hz, it becomes negligible com-
pared with the noise requirement.
Since TDI plays a key role in GW data processing, we

further evaluate the plasma noise in TDI combinations
both analytically and numerically, and the results agree
with each other. The evaluations show that the effect is
below the secondary noise except for strong magnetic
storms, and hence does not constitute a showstopper to
the mission. In addition, we have calculated the ratio of
the plasma noise to the secondary noise requirement
before and after TDI combinations and found the ratio
becomes smaller after the TDI X combination, indicating
that TDI has a moderate suppressing effect for the plasma
noise in terms of GW strain sensitivity (cf. Fig. 12), due
to the correlation of the plasma noises among different
arms of TianQin (cf. Fig. 1). Our conclusion is consistent
with the results in Ref. [26].
In the TDI simulations, we have used the Kolmogorov

spectrum to extend the fitted spectrum of single-link
plasma noises from low frequencies up to high frequencies
and obtained the simulated data in the entire measurement
band. By cross-checking with the new MHD simulation
with the time resolution of 5 s, we deem that the simulation
results below 0.1 Hz are reasonable. Above 0.1 Hz, real
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FIG. 14. Residual plasma noise in the time domain for first-
generation TDI α and X combinations using the data of Fig. 3.

FIG. 13. ASD after amplifying the high-frequency (f>8mHz)
component of the plasma noise of a single arm in Fig. 10 by a
factor of 5.
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FIG. 15. ASD of the residual plasma noise after first- and
second-generation TDI α and X combinations. The correspond-
ing plasma noise of a single arm is shown in Fig. 3. Up-sampling
of the data above 10−1 Hz is obtained from the Kolmogorov
spectrum.
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solar-wind observations show that the plasma noise con-
tinues to decrease in amplitude as the Fourier frequency
increases [48,49]. In addition, a minor magnetic storm
(KP ¼ 5) is included in all of the above MHD simulation
data. When the solar activity is at extreme levels, the
plasma noise after TDI combinations may become greater
than the secondary noise, primarily near 4 mHz. In this
event, the data quality is degraded, and extra attention
would be needed in GW data processing on the ground.
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APPENDIX A: NUMERICAL ORBITS

In addition to requiring the variation of electron number
density in space with time, we also need the orbital data of
three satellites. Here, we use the NASA-developed open
source software General Mission Analysis Tool (GMAT) to
generate orbital data with a 1 s step size [62]. This software
has been previously used to study the problems associated
with the orbit of TianQin [11,63–65]. The starting time of
the satellite orbit is 10 Aug 2034 00∶00 UTC, which is
within the detection period of a 3þ 3 month observation
window [8]. To maintain compatibility with the MHD
simulation data in Sec. IV B, we adopt the geocentric solar
magnetospheric (GSM) coordinates. In this coordinate
system, the origin at the center of the Earth has its x axis
pointing to the Sun. The y axis is perpendicular to the
Earth’s magnetic dipole axis. The positive z axis is aligned
with the Earth’s northern magnetic dipole axis.
On the other hand, we use the spline interpolation

method to obtain the intersatellite light propagation time

and the satellite’s position at the moment the light is emitted
and received.

APPENDIX B: COMPARING NOISE
CORRELATION WITH LISA

Our demonstration of significant plasma noise correla-
tion between different arms for TianQin may initially
appear to deviate from LISA’s study in Ref. [30], where
it claims that such correlation is negligible for LISA based
on the analysis in Appendix A2 therein. To help in
understanding this apparent difference, here we provide
the following possible explanations.
First, the more precise statement of LISA’s recent esti-

mation [see Ref. [30], and also cf. Eq. (A24)] is that the
magnitude of the cross-correlation terms (i.e., between arms)
is smaller than the autocorrelation terms (i.e., single arms)
“by a factor of orderω0=ω”. Here, one has the key parameter
ω0 ¼ 2πV=L, with V being the velocity of the solar wind
(∼400 km=s) and L the arm length. For LISA, the threshold
cycle frequency is given by f0 ¼ ω0

2π ¼ 400 km=s
2.5×106 km

¼
1.6 × 10−4 Hz, above which the cross-correlation is
neglected in Ref. [30]. This frequency is quite low and
may have covered the frequency region “of most interest”
for LISA. But for TianQin, if ignoring the Earth, one
has f0 ¼ 400 km=s

1.7×105 km
¼ 2.4 × 10−3 Hz, which overlaps much

more with TianQin’s measurement band of 0.1 mHz–1 Hz
due to the shorter arm length. Hence, this indicates that one
may not neglect the cross-correlation for TianQin.
Second, global MHD simulations allow one to directly

evaluate the noise correlation for TianQin from electron-
density distribution. But unfortunately, nonlocal observa-
tion/simulation data might not have been available for
Ref. [30]. Instead, analytical modeling relying mostly on
the Taylor hypothesis, and in situ single-point measurement
data were used.
Third, from the overall physical picture, because the

electron-density fluctuations near the detectors are origi-
nated from the same source—i.e., the solar activities (e.g.,
solar storms)—and, in TianQin’s case, affected by the same
Earth’s magnetic field, one may expect at least some level
of correlation among the three arms, though the level may
vary at different frequencies and dynamical scales. Further
modeling of plasma noise correlation is worth investigating
in future works.
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