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Entanglement generation by Newtonian gravitational potential between objects has been widely
discussed to reveal the quantum nature of gravity. In this paper, we perform a quantum field theoretical
analysis of a slightly modified version of the gedanken experiment by Mari and co-workers [A. Mari et al.,
Sci. Rep. 6, 22777 (2016).]. We show that decoherence due to the presence of a detector propagates with the
speed of light in terms of a retarded Green’s function, as it should be consistent with causality of relativistic
field theories. The quantum nature of fields, such as quantum fluctuations or emission of gravitons expressed
in terms of the Keldysh Green’s function also play important roles in the mechanism of decoherence due to
on-shell particle creation. We also discuss the trade-off relation between the visibility of the interference and

the distinguishability of the measurement, known as the particle-wave duality, in our setup.
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I. INTRODUCTION

Direct detections of gravitational waves from mergers of
black holes [1] provide us with solid evidence that the
gravitational interaction is indeed mediated by a gravita-
tional field. However, it is not yet experimentally proved
that the gravitational field should be quantized. Even
theoretically, there remains a possibility that gravity is
something like an entropic force [2,3] and not necessarily
quantized. So it is becoming more and more important to
get any hint of the quantum nature of gravity [4]. The
complementarity of quantum mechanics demands that, if
gravity is quantized, it must show both the particle and
wave behaviors such as the photoelectric effect of light or
the double-slit experiment of an electron. In the double-slit
experiment of an electron, the interference pattern of the
electron field is destroyed if the electron is observed to be
localized at one side of the double slit. Thus, if we can
make a coherently superposed state of the gravitational
field and then destroy its interference by measurement, it
becomes a proof of the quantum nature of the gravitational
field. Bose et al.-Marletto-Vedral (BMV) experiment was
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proposed in Refs. [5,6] and many theoretical studies of the
experiment are given [7—13]. In particular, the authors in
Refs. [14—16] argued how the complementarity of quantum
mechanics is consistent with causality in the relativistic
theory by discussing how the coherence is casually
destroyed by measurement.

In this paper, we explicitly investigate a slightly modified
version of the gedanken experiment by Mari and co-
workers [17] within relativistic quantum field theories as
a toy model of the BMV experiment. Before explicit
calculations, let us recall the basic properties of Green’s
functions in relativistic quantum field theories. Relativistic
quantum field theories describe local interactions between
sources J(x) of the field ¢(x), and various types of Green’s
functions play different important roles. As in classical
field theories, the retarded Green’s function Gg(x,y) :=
i0(t, — 1,)([¢(x),p(y)]) describes causal influence of a
source at y = (t,y) on the field ¢(z,,x) in future. Since the
field operators ¢(x) and ¢(y) commute if they are
separated in the spacelike region, the retarded Green’s
function vanishes there. The advanced Green’s function
Galx,y) = —i0(t, — 1,)([¢(x). ¢(y)]) is also important as
well, since the theory itself does not distinguish the past
and the future. The classical electromagnetic (EM)
field is usually given by the retarded Liénard-Wiechert
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potential generated by sources of the EM field as
Ag(x) = [d*yGg(x,y)J(y). The advanced potential is
also a solution, and selecting Ay requires a specific
boundary condition for the homogeneous part of solutions.
Indeed, the retarded potential is selected by imposing a
condition that there are no incoming flux from the past to
the volume of our interest (see, e.g., [18], Chap. 5).

A Green’s function specific to quantum field theories is
the Keldysh Green’s function [19], Gk (x,y):= ((¢(x)p(y) +
¢(y)p(x))/2). Its Fourier transform is proportional to
the on-shell § function §(k* + m?), as the field operator
¢(x) creates on-shell states. Thus, this Green’s function
appears when we calculate, e.g., an emission rate of
radiation. The Feynman Green’s function is written as a
sum Gg(x, y) = (T$(x)$(y)) = Gx —i(Gr + G4)/2. Each
Green’s function plays a different role. In a nutshell, Gy
reflects classical causality and Gg expresses quantum or
vacuum fluctuations.

In this paper, we discuss two effects of decoherence on
the visibility of interference, one by the Keldysh Green’s
function and the other by the retarded Green’s function in
the gedanken experiment as an example. We show that
decoherence by measurement is described by the retarded
Green’s function and propagates with the speed of light,
while decoherence by emission of on-shell particles is
described by the Keldysh Green’s function. We also discuss
the trade-off relation between the visibility and the dis-
tinguishability of the measurement, known as wave particle
duality, in our setup. We use the natural units 7 = ¢ = 1.

The paper is organized as follows. In Sec. II, we explain
our setup and summarize the results through three ques-
tions and answers. In Sec. III, we introduce our method to
calculate various quantities. Reduced density operators of
the system are introduced in Sec. III A and then we explain
our method of closed time path integral formalism in
Sec. III B. Our results are given in Secs. IV and V is
devoted to conclusions. In Appendix A, we prove that the
dissipation factor I'y is proportional to the created particle
number by Alice. In Appendix B, we show the inequality of
distinguishabilities Dg < Dy 4.

II. GEDANKEN EXPERIMENT

The setup of the gedanken experiment [14—16] shown in
Fig. 1 is as follows. A gravitational field is replaced by a
massive scalar field ¢(x) with mass m. We emphasize that
this replacement does not lose important characteristics of
the gravitational fields such as entanglement generation
mediated by the fields or emission of radiation caused by
nonadiabatic processes. We then introduce Alice and Bob
at fixed positions x, and xg, respectively. Suppose Alice
has a spin 6, = +£1, which is coupled to the quantum field

p(x) as

Hy = —2a(t)o:p(1,x,). (1)

4
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FIG. 1. Setup of the gedanken experiment. The positions of

Alice and Bob are fixed at x, and xg. The blue and red-dashed
lines schematically represent trajectories of 1, (#)o, for o, = +1
and —1, respectively. Bob is equipped with a meter that can
measure a value of the field.

The time-dependent coupling (protocol) 44 (¢) corresponds
to the separation of o, = *1 states in the Stern-Gerlach
type experiment of BMV [5,6]. Suppose that the initial spin
state is given by (|+)s + |—)a)/V2, where |+), corre-
spond to o, = £1 states. The interference of |+) , is probed
by measuring o, or o,. We choose the protocol 1, (7) as

An (1) = (O(=1)(1=1/15) +0(1)0(ta —1)(1 = 1/12))2%.  (2)

where 6(1) is a step function, 43 is a constant, and we take
the initial time 7y - —oo at which the vacuum boundary
condition is imposed. Alice generates a different field
configuration corresponding to either o, = 1 or —1. Bob
observes the value of the field at xg by using his quantum
mechanical variable yp and its conjugate 7 satisfying
[xB,7g] =i. The coupling of Bob to the field ¢(x) is
given by

Hy = Ag(t)7pp(t,xp). 3)

The coupling is assumed to be nonzero Az(f) = a during
t =0 and t = tg > 0. Bob’s variable yp is shifted by

290 = / "4t 1 (1) (1 x). (4)

In this sense, yg(¢) is a meter variable that measures the

field configuration at xg. Notice that the shifted value )(1(34’)

is not a classical number but an operator given in terms of
the quantum field ¢(x).

Suppose that the ¢ field is initially in the ground state.
Because of the coupling H », a different field configuration
is generated corresponding to 6, = %1. Thus, the total state
of Alice, the field ¢, and Bob is given by an entangled state,
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V) = %(IHAI‘PQ(/),B +1al¥)pn) )

At t =0, Bob is not yet coupled to the field and we can
write

|lPﬂ:>¢,B = |Q:I:>¢|BO>B’ (6)

where |By)p is the initial state of the meter of Bob, whose
wave function f(y) = (y|By)g is assumed to have the form

f(0) = (me2) e 7)

Here, € represents the variance. For ¢ > 0, the coupling
Ag(?) is turned on and the meter variable yg () is involved
in an entangled state with |V, ),p = |Q,,B.),5. Note
that it is not a tensor product of |Q. ), and B, )g."
Under the above setup, we are interested in calculating the
interference of spin o, = £1 states called the visibility,
which is given by v := [(¥_[¥,),p| [20-22]. When the
meter of Bob is off, 6, = %1 states must be almost identical
[(P_|¥,),pl <1 as far as the protocol of Alice is suffi-
ciently adiabatic (z, > 1/m). Because of complementarity,
if Bob measures to distinguish the states [V, ) ; 5, one might
expect that the interference disappears [(¥_[¥,), 5|~ 0
since Bob observes different meter values for o, = 1.
However, it apparently contradicts the causality if the space-
time point of observing (¥_[¥ ), 5 at (75, x,) and that of
the measurement at (0,xg) are separated in the spacelike
region. The resolution of the paradox is investigated in
Refs. [14-16]. Focusing on the quantum fluctuations of
fields, the authors show that the nonadiabaticity of Alice’s
protocol emits on-shell radiation to destroy coherence and
this is correlated with an uncertainty of the meter variable of
Bob when 7, < |x, —xg|. If the protocol of Alice is
adiabatic v ~ 1, Bob cannot gain sufficient which-path
information. In the following, we will investigate the model
by an explicit field-theoretic calculation of (‘¥_|%¥,), 5 and
answer the following questions:
QI: How much decoherence is generated by nonadia-
baticity associated with the Alice protocol A4 (7)?
Q2: What meter value does Bob observe? And how
much information can Bob get to distinguish Alice’s
spin?
Q3: How fast does the decoherence by Bob’s measure-
ment propagate to Alice?
Different properties of Green’s functions, Gy, G, and
Gy, can answer these questions in a consistent way. We use

'If Alice at tp and Bob at r = 0 are spatially separated, both
spin states can be transformed to a tensor product state by the
same unitary transformation [16] since the time slice of 7, is
deformed to cross ¢t <0 point at Bob without using the
Hamiltonian H ,, which is responsible for vanishing of 6.(M).

the abbreviations G<’"’)(t, 1) = G((t,xp),(t’,xq)), where
p, q are either A, B, or x. Let us summarize our answers to
the above questions. If the field is strongly self-interacting,
decoherence by Alice and Bob becomes mixed and more
complicated. In a weak coupling limit, our calculation
shows the following:
Al: If the measurement of Bob is spatially separated,
decoherence is given by A4 (1) as (P_|¥, ), = e,
where

szz/dﬂ/mugﬂGgM@ﬂﬂﬂﬂ. (8)

It is due to the emission of on-shell radiation from
Alice [23]. The number of particles generated by the
protocol A, (7) of Alice is given as 'y /2.

A2: Bob measures the meter value as (W.|yg|¥W.) =
+yp for given Alice’s spin, where

ﬁ:/m/whmﬂwmmhm.(m

As it is written in terms of the retarded Green’s
function from Alice to Bob, it is not directly respon-
sible for the decoherence by Bob’s measurement
shown in A3. Nevertheless, it is indirectly related.
The distinguishability of Bob Dg, defined later in
Eq. (47), has a trade-off relation with the visibility of
Alice v = [(¥_|¥,),p| through the wave particle
duality relation v> + D3 < 1 [22]. Thus, in the adia-
batic limit of » — 1, Bob cannot get any which-path
information for Alice. On the other hand, if Bob can
distinguish the which-path of Alice, the interference of
Alice’s spin is decohered v — 0 by an inevitable
emission of radiation [16]. We explicitly calculate »
and Dg.

A3: If Bob’s measurement is not spatially separated from
Alice, interference observed by Alice at time #(>1,) is
given by (Y_[¥,),p = ¢ 6.(M), where

3c(x) = exp(—y*/4€?) (10)

is an overlap of the wave function of meter, and

Mi=-2 / dr / A ()G (1, g (F).  (11)

Interference is decohered by the causal interaction from
Ag(t) to A, (), and described by the retarded Green’s
function from Bob to Alice. Thus, if 7, < |x, — x|,
we have M = 0 and 5.(M) = 1. On the other hand, if
ta > |xa —xg|, additional decoherence 5.(M) is in-
duced by Bob’s measurement.
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III. METHODS

Interference of o, = +1 states can be probed by
Alice by measuring (o,) = Re(¥Y_[¥,),p and (o,) =
—Im(¥_|¥. ), - On the other hand, when Bob reads his
meter, it gives either (¥, [yg[¥,);p or (P_|ys|P_),p In
order to calculate these quantities, we can use the closed
time path (CTP) formalism for the field ¢. The spin
variables of Alice and the variable of Bob can be treated
in a simpler manner, since the Hamiltonians H 4 and Hy are
diagonalized in terms of ¢, and Ilp.

A. Density operator of Alice and Bob

First, since 6, commutes with the Hamiltonian, the time
evolution is block diagonalized in the ¢, = =1 basis and
the state |W(¢)) is given by

W(1) = \%(|+>A|‘I’+(t)>¢.g +2al¥-())yp)  (12)

where each of the o, = £1 states evolves by a unitary
operator as

¥i(t))pp = U(t)o‘z=:|:1|lP:|:>q'),B' (13)

Here, the unitary operator is given by U(r), _., =
(£|U(t)|£), with the time-evolution operator in the
interaction picture,

0() = Texp(=i ['as(i1z(5) + Ha(s))). (14

where T is the time ordering operator.
Furthermore, zg also commutes with the Hamiltonian,
|'¥.(1))4p can be written in the form

W, (1)) = / AT () M) (1)), (15)
where

Q4 11(1) g = Us =t y=r1(1)|Q) (16)

is the state of field ¢ for fixed Alice’s spin and Bob’s
momentum, and f(IT) = (I1|By)p is the wave function of
Bob in the momentum space,

_ / ;—g_ﬂe‘i“)(f(x) - (é)ie—%ﬂz. (17)

In many cases, we are interested in the degrees of
freedom of Alice and Bob, and it is convenient to trace
out the field degrees of freedom. For this purpose, we
introduce the reduced density operator,

pas = | P(1) (¥(1)

)
= > /dl‘[l/dl'h H1 /()

S1,82=

X (Qq, 1, ()|, 1, (1)) [51) AT ) g (T [ (52]4- (18)

Similarly, the reduced density operators of Alice or Bob
are obtained by taking further traces over Bob or Alice,
given by

pa = tryp (1 )><‘1’(f)|

Z/dH

(Q, (D)1, n(1))]51) A (52as

(19)
and
po = tea ¥ (¥()| = 35 4355 (20)
In the last line, we decompose pg by introducing
pi =ty |¥o (1)) (W (1)]
= [an, [ a7 ()@ n, (012, (0)
x|} (I g (21)

each of which corresponds to o, = +1. For explicit
calculations, we need the computation of the inner product
of the field, (Q,, ,(#)|€, i, (¢)). This can be done in the
next section using the closed time path formalism often
used in nonequilibrium quantum field theories [19,24,25].
By using the density operators, we can obtain (o, ) =

trppcyy of (Wilyg|Pi)yp = trpEAp-
B. Closed time path formalism
The inner product (Q;, 11, (¢)[€2;, 11, (¢)) can be calculated
by using the technique of the CTP formalism. Since
Us,.—s, ny—n, Tepresents the time evolution of fields at fixed

o, and g, (P|U,—;, z,—m1,(¢)|Q) can be written in the
Feynman path integral form as

WUomsmn (019 = [ D 22
where the action is
Sl i = [ 0% (3 07 = 3 (90
1
S BWP B ).
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Here, the Hamiltonians of Alice and Bob are treated as the
source term, J; = J& + JB, with

TA) = 26(0)5:80)(x = x,), (24)

TR (x) = =25 (N6 (x — xp). (25)

Using this path integral formula, we can also express the
inner product (Q, 1, (#)|€, 11, (¢)) as the path integral with
both the forward and backward time paths,

(Qs, 11, (1), 1, (1))

=/w®mwwﬂwwmmﬁ%mwm

= / Dep Dpo e S191:711=8l2.12]) (26)

Here, the integral of ¢ at the final state is included in the
path integral, and the boundary condition ¢;(t,x) =
¢,(t,x) is imposed. On the other hand, the vacuum
boundary condition is imposed for the initial state, which
corresponds to no incoming flux condition from the past for
the retarded Liénard-Wiechert potential in the classical
EM field.

Equation (26) is a Gaussian integration, so that the path
integral can be evaluated by using Green’s functions as
(Qg, m, (1), 1, (1)) = exp(iW[J;. J5]) [25], where

W3] = = [ @I WG, n6) @)

is the generating functional. Here, currents with upper
indices are defined as (J',J?) := (J, =J,), which reflect
the negative sign of the backward path in Eq. (26). Green’s
functions G;; are given by G ;(x.y) =Gg(x.y), G12(x,y) =
(@(y)d(x)), and Gy (x.y) = (p(x)$(y)), and Gy (x, y) =
Gg(x,y) is the antitime ordered product.

It is useful to recombine fields and currents as

h=y i) b= - )
Pdi=3( D), T =l=(h=d) (28)

In this new basis, the Green’s functions are given as
follows: First, G, (x,y)=Gg(x,y) is the Keldysh Green’s
function, which describes quantum fluctuations and emis-
sion of on-shell particles. Second, G,(x,y) = —iGg(x,y)
is the retarded Green’s function. G, (x,y) = —iGA(x,y) =
—iGg(y, x) is similar. They describe causal processes since
they vanish in the spacelike region. Finally, G,,(x, y) = 0.
It follows from the unitarity that Eq. (26) becomes one if
S =8 and H] = Hz.

To summarize, W is written as
: 434 1
W = d*xd y _E'Ia(x)GK(x’ y)']a(y)
Fi 0G0 (29)

and the sources by Alice and Bob are given by

It =2a(1)5:0%) (x —x,),
JP = =2 (018 (x —xp),

I8 = 2a(1)5,8) (x —x,),
JB = =25 (01,65 (x —xp),
(30)

where s, = (51 + 52)/2, 5, = s — 8o, I, = (I} +11,) /2,
and I1, = I1; —I1,. In Ref. [12], the authors discuss causal
entanglement generation based on the second term in
Eq. (29), which they call on-shell action. As far as the
propagation of entanglement generation or decoherence is
concerned, it gives a correct answer. For discussing
quantum emission of particles like I', the first term is
necessary in addition to the on-shell action. For later use, it
may be convenient to express iW as the following explicit
form,

2 112 I1
W = =T = T = D + iTLILOR — iMls z
IT,
+i r;a M, (31)

where we define

Iy =2 / dr / A (NGED (1.9)Ag(F),  (32)
Tap = —2 / dr / dfan (G (1. 0) A (7). (33)

©BB — / dr / Al (DG (1.0) g (7). (34)

I's, ¥8, and M are defined in Egs. (8), (9), and (11),
respectively. As will be shown, yg is the meter’s expect-
ation value when the spin of Alice is given by ¢, = +1. For
o, = —1, the meter value is given by its opposite —yg.

IV. RESULTS
A. Observables of Alice and Bob

Now we are ready to calculate various quantities such
as (Y_|¥,),p = trapa(o, —ioy) = (+|pa|—) or a meter
value (¥, |ys|¥,),p = trgpzys. For calculating the
interference (W_[¥,),p, we set s; =+, s, = —, and
[T, =II, =II,. By integrating I1., we have
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(P, = / dIT, [F(IT,) 2

\/—/dn —eX 2T 5\ +HILM

= eThs,(M (35)

where 'y, M, and 6.(M) are defined before in Egs. (8) and
(10). T'"p contains the Keldysh Green’s function connecting
the protocol A4 (#) of Alice. It can be estimated as

&k 2(1)?
FA:/(2H)3 o (1 —cos(tamy)),

(36)

where /Ig is the magnitude of 4, defined in Eq. (2). Since it
contains the Keldysh Green’s function, it represents
decoherence caused by the emission of on-shell radiation
from Alice together with quantum fluctuation of fields in
the vacuum. The quantity I'y /2 is nothing but the number
of created particles in the weak coupling limit, whose
derivation is shown in Appendix A. In the adiabatic limit of
tn — o0, 'y — 0 and the decoherence by Alice disappears,
as far as M =0 in the spacelike separated case dis-
cussed below.

Alice observes o, , to probe the interference at (7,x,),
and Bob sets his meter on at (+ = 0,xg). Since M contains
the retarded Green’s function from Bob to Alice, the
decoherence due to M is generated by causal interaction®
from Ag(7) to Ax(f). Thus, if 7, < |x5 — x|, the retarded
Green’s function vanishes and M = 0. As seen below, the
interference of Alice’s spin is not affected by the meas-
urement by Bob due to causality. The property 6.(M) = 1
does hold even when Alice observes o, at a sufficiently far
future when it is causally connected to Ag(7). It is because
Alice’s spin system is already decoupled from the field
¢(x) after t = t, when it is not yet causally connected to
Bob’s measurement. On the other hand, if the information
of the measurement by Bob arrives earlier than #,, §,(M)
can be smaller than 1 so that Bob decoheres the interference
of Alice’s spin. M can be large if Bob is near Alice and sets
his meter on much earlier than ¢,. Simultaneously, we can
take an adiabatic limit of large f, so that e™'4 ~ 1. Thus,
decoherence e™"» caused by the nonadiabaticity of Alice
and 6.(M) by the presence of the meter at Bob are
independent as far as the self-interaction of fields is
neglected.

Let us consider Bob’s measurement when Alice observes
o, = £1. Suppose that Alice and Bob are spatially sepa-
rated. The conditional probability that Bob observes his
meter value as yp =y for a given Alice’s observable
0, = £ is defined by

2Causality is reflected in commutators of separated operators
in the Hamiltonian formalism. See, e.g., Ref. [26].

tra BPABIE)AlX) B (1R (£

P* A — trgpt .
() o= BEAL PV AR S0 — i (1))
(37)
which is calculated as
+ ~ ~s eiX(H]_H2> W
PE(y) = /dH1dH2f<H1)f (Hz)Tel
= \/7 / dIT.dIT,
_SZHZ < +FBH2+1()(:F)(B) e+iHaHr(§gB (38)

Again, this is a Gaussian integral, and we can easily
perform the integration to obtain

1 1 _
P = e~ F ). (9)
where
&BB 2 1
52 2‘22) +5 (s +€). (40)

The conditional probability is peaked around the value
x = txp with variance X2,

Let us explicitly calculate the meter value trgpiyg. It is
given by

trgPpAE = / dyyP*(y) = +7s

—:I:/dt/dt’/l

Thus, the expectation value is determined by the source at
Alice in the causal past of Bob. Similarly, the variance is
given by

(1 1)aa(r).  (41)

o (s F 75)° = / Al F 78)PEG) =32 (42)

The variance represents the uncertainty of the measure-
ment. From Eq. (40), we can see that there are three
contributions to the variance, €?/2, I'g/2, and (G5B)?/2¢2.
€?/2 represents the variance of the meter’s wave function
that determines the sensitivity of the meter. I'g /2 represents
the number of created particles by Bob’s protocol Ag(7),
which causes the additional uncertainty of the measure-
ment. 5B represents the self-correlation through the field.
Obviously, there is the optimal value of 2. which is
obtained from d¥?/de?> = 0

€ =

(43)
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and the optimal value is

1
52 = [6F%) + ST, (44)

Within our measurement model, this result implies that
there are unavoidable uncertainties of measurement due to
the interaction with the field. A large uncertainty prevents
Bob from distinguishing Alice’s spin. In the next sub-
section, we discuss the distinguishability of Bob Dy and the
relation between it and the visibility of Alice v, which is
given by the inequality v*> + D3 < 1.

B. Visibility of Alice and distinguishability of Bob

An inequality can be proved among the various quan-
tities of Alice and Bob, such as the visibility (related to
expectation values of Alice’s spin o, and o,) and the
distinguishability (related to the magnitude of Bob’s meter
value). For this, we introduce the following reduced density
operator:

P§,¢ = [WL(1)) 5 {(P=(D)]yp (45)

describing the state of Bob and field, in addition to Eq. (21).
The off-diagonal element (W_(7)[¥_(¢)) , p is measured by
observing o, , and related to the interference of spin-up and
spin-down wave functions of Alice. On the other hand,
each diagonal element of spin-up (¥, (#)|yg|¥.(?)),p or
spin-down (¥_(7)|rg|P_(1)),p gives the meter value of
Bob when Alice measures spin-up or spin-down.

An inequality known as the wave particle duality gives a
trade-off relation of Alice’s visibility and distinguishability
of Bob’s measurement. We first review the proof of the
inequality from a general argument. Our system is com-
posed of the states of Alice, Bob, and the field ¢, and the
state of the total system is given as in Eq. (5). Visibility of
Alice is defined by [20-22]

v? = (0,)” + (0,)? = [(P_(0)[¥1.(1) g > (46)

On the other hand, the distinguishability of Bob is defined
by the trace distance between pj and pg,

1
Dy = EUBV’E - PBl- (47)

Bob can distinguish Alice’s spin from the difference of
density operators pj and pg. Some of the information of
Alice’s spin is lost in configurations of the fields. Suppose
that we can perform a complete measurement by using
the reduced density operator p§’ - Then defining the trace

distance of p§’ »

1
Dy g =5t P85 = PB4l (48)
the equality holds
v’ +Dg, =1, (49)

since the density operator pi » describes a pure state. Indeed,

we can restrict the Hilbert space of Bob and the field into a
two-dimensional subspace spanned by [V, (t)),p and
|¥_(#)),45- Then the nonzero eigenvalues of the operator

(P = Pip) e given by =, /1 = [(¥_(1)|¥, (1)) 5% and
Eq. (49) does hold. A proof is given in Appendix B.

If we abandon the information of the field and use the
limited information of Bob, described by distinguishability
Dy instead of Dg 4, we have

Dy < Dy 4, (50)
as shown in Appendix B. Thus, we have an inequality
v? + D3 <1, (51)

which gives a trade-off relation between the visibility of
Alice and the distinguishability of Bob’s measurement.
The equality holds when the effect of the field does not
further mix the density operators pi. This inequality is
used to show the complementarity of Alice’s interference
and Bob’s measurement by Ref. [22] in a case where Bob
is also described by a spin 1/2 system. In the following,
we apply this inequality to our system where Bob is
described by a continuous variable yg. In order to
evaluate Dy, we use the following property of the trace
distance [27]:

Dy = max||trg P(py; —p5)|| =max,Dy =Dy, (52)

where a maximum value is taken over all possible
projection operators P. The projector maximizing D](3P> is
given by the projection operator P. on the vector space
spanned by all the eigenstates with a positive eigenvalue
of (pg — pg) or, equivalently, on the states with negative

eigenvalues P_. For a general projector, the inequality
2 + (D)2 < 1 is satisfied. The visibility of Alice, the
first term of Eq. (59), can take one in the adiabatic limit.
In the limit, Bob cannot distinguish Alice’s spin since the
second term must vanish. On the other hand, if Bob can
distinguish Alice’s spin, the difference of field values at
Bob generated by Alice’s spin-up or spin-down becomes
sufficiently large. Then the second term approaches one
and the visibility vanishes. Physically, the vanishing of
visibility is associated with the emission of on-shell
particles. Namely, in order to transmit the information
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from Alice to Bob, Alice must emit a sufficient amount of
on-shell particles into the open space.

C. Complementarity

Let us now apply the wave particle duality to our case.
The visibility is given by

0? = [eTrs, (M) (53)

The distinguishability is obtained by calculating the eigen-
values of the operator

1 1

rApABO; = Eﬂg - EPE- (54)

The trace distance between these two density operators can
be obtained by diagonalizing the operator (pg — pg) in the
Hilbert space of Bob. Here we evaluate the trace distance by
choosing an appropriate projector P, as follows. The
projector we choose is

Py = / arh()le) () (55)

where [y) is an eigenstate of yg representing the meter
value of Bob, and h(y) is a variational function with the
property of a projector A(y) = 0 or 1. Namely, the function
h(y) is a step function taking value 1 in specific regions,

and 0 otherwise. Then the trace distance D]gP")

this variational projector is given by

evaluated by

DY = \ [t -ri). 6o

Since P*(y) are Gaussian given in Eq. (39) with the center

(Pn)

X =7F xg. the maximum value of Dg" is given by

h(y) = 6(y). Thus, we have the maximum value of Dgph)

among the above projectors

Dy =| ["are -0y -

erf <%> ‘ (57)

where the error function is given by

erf(x) = 2 A X%e—ﬂ. (58)

The error function is monotonically increasing and is
bounded in —1 < erf(x) < 1.

From the wave particle duality of Alice’s and Bob’s
measurements, we have the inequality

<l (59)

e Tas, (M) + {erf (%) ’

Note that M is proportional to the classical solution of
field at Alice sourced by Bob, while yg is the classical
solution of field at Bob sourced by Alice. The first term in
Eq. (59) represents the visibility of Bob and becomes
one in the adiabatic limit. In this case, the second term
must vanish and Bob cannot distinguish Alice’s spin. It
occurs since Alice cannot generate a sufficient amount of
field configurations by which Bob distinguishes Alice’s
spin. On the other hand, if Bob can get sufficient
information to distinguish Alice’s spin, the visibility of
Alice must vanish by emitting a large number of on-shell
particles.

V. CONCLUSIONS

Quantum mechanics has complementarity: in some
situations, a system is in a coherent superposition of
states and, in another, interference is decohered by
measurement, and the state is localized. In relativistic
quantum theories, complementarity coexists in a consis-
tent way with relativistic causality. In this paper, we
explicitly investigated the gedanken experiment [14-16]
by using CTP formalism in relativistic quantum field
theories. A key ingredient is the different roles of various
Green’s functions. Causality is associated with a retarded
Green’s function, while quantum fluctuations or emission
of radiation are associated with the Keldysh one. Both of
them play similarly important roles in the analysis, as
seen in Eq. (29). Our result in Eq. (35) shows that an
expectation value (o,) = Re(¥_|¥,),p, which repre-
sents decoherence of a coherently superposed state, is
given by two independent effects of particle emission
e~T» and measurement §,.(M). Each of them is expressed
by Gk and Gg, respectively. The advanced Green’s
function also implicitly played an important role in the
calculation. The visibility » in Eq. (35) has a trade-off
relation (51) with the distinguishability of Bob Dg. Thus,
in order for Bob to sufficiently distinguish Alice’s spin,
Alice must emit on-shell particles and the visibility must
be lost.

The same logic argued in the paper can be applied to any
relativistic quantum field theories, including gravity as far
as linearized approximation is valid. The only differences
are concrete forms of Green’s functions and couplings
between fields and matter.

In our calculation, decoherence is induced by two
effects e+ and §,(M), one by Alice’s nonadiabaticity
and the other by Bob’s measurement, and the quantum
nature of fields is responsible for both effects.
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The emission of radiation occurs even classically but the
randomness of phase evolution is associated with the
quantum fluctuations of fields in the vacuum. Indeed, '
is of order O(h) compared to the classical action. On the
other hand, the decoherence caused by Bob 6,.(M) reflects
the fact that the field itself is in an entangled state
correlated with spin and is essentially quantum. Thus,
if we can measure similar effects of decoherence in the
gravitational case, it is evidence of the quantum nature of
gravity.
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APPENDIX A: PARTICLE PRODUCTION

We will show the number of created particles (n)
produced by Alice’s protocol 1,() is equal to I'y/2 in
Eq. (8). In general, the number of created particles in the
presence of an external field J is given as [28,29]°

P 2y (=2 2
<n>——/d4x/d4x/ZG12(x,x')( x+m )( X +m )
V4 Z
oW W SiW
, Al
* [611 @or) e @), Y

where Z represents the wave function renormalization
factor. The term following G, (x,x") is the probability
producing two particles at x and x" due to the Lehmann-
Symanzik-Zimmermann formula. The integration with the
Wightman Green’s function Gy, is nothing but the inte-
gration over all the final states with an appropriate
normalization of wave functions, as is clear in the momen-
tum space. For free theory, the formula is drastically
simplified. First, Z = 1. When it is coupled with an
external field, noting from Eq. (27), we have

oW
8J(x)

= (=&t m?) / E2G () () = (0. (A2)

(=02 + m?)

The expression might look slightly different from that in
Refs. [28,29]. There is (—) on the right-hand side of Eq. (Al),
which comes from our convention J, = —J?%. Therefore, both
expressions are equivalent.

and
(8 4 ) s = =(=% + 1)) = )
(A3)
we obtain
(n) = / dhx / AT (1) Gra (x, ) ()
= /d4x/d4x’J(x)GK(x, x)J(xX). (A4)

In the second line, we symmetrized the propagator and
used the relation (G, (x,x") + Gy (x,x'))/2 = Gg(x,x').
Therefore, setting J(x) = A5 ()6®) (x —x,), we find
(n) =T'o/2. We note that this relation is a special case
of no self-interaction of fields. If the interaction exists, the
factor of the decoherence and the number of created
particles will not be proportional.

APPENDIX B: EFFECT OF THE FIELD ON THE
DISTINGUISHABILITY

The inequality Dg < Dg 4 is generated when the emis-
sion of radiation of the field ¢ makes Bob’s measurement
obscure. The density operators p; " describe pure states
|¥.), respectively. Since they are not orthogonal, we can
write

|W_) = e cos Q¥ ) +sin@|P_), (B1)
where (¥, |¥_) = 0. Then
.01;45 — PRy = (1w,)[9-))
< sin%0 —el? cos@sin@)
X 4
—e % cos@sin @ —sin20
¥
x <<f|>. (B2)
(¥_|

Eigenvalues of the matrix are given by =sind. Thus,
Dg 4 = |sin@|. As visibility is given by v* = cos?6, we
have an equality v + D]23, o= 1. Writing the eigenstates as
|) and |f3), the distinguishability of Bob is given by taking
the partial trace over the field before taking the absolute
value as

1
Dy = [sin ] x S trg|(try|a){a] — try|5) (B])] < | sin6)].
(B3)

The equality holds only if trg[(tr,|a)(a|)(tr,|){p])] = 0.
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