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Chiral magnetic effect out of equilibrium
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We consider relativistic fermionic systems in lattice regularization out of equilibrium. The chiral magnetic
conductivity ooy is calculated in a spatially infinite system for the case when the chiral chemical potential
depends on time, while the system initially was in thermal equilibrium at a small but nonzero temperature.
We find that the frequency-dependent ooy (@) for any nonzero w both in the limits w < T and @ > T is
equal to its conventional value 1 when the lattice model approaches the continuum limit. Notice that
ocme = O for the case when the chiral chemical potential does not depend on time at all. We therefore
confirm that the limit of vanishing @ is not regular for the spatially infinite systems of massless fermions.
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I. INTRODUCTION

It is widely believed that the chiral magnetic effect
(CME) [1-5] appears out of equilibrium in the presence
of an external magnetic field and a chiral imbalance. The
latter may be driven by chiral anomaly due to the parallel
magnetic and electric fields [6] or introduced directly by a
(time-dependent) chiral chemical potential. Experimental
observation of the CME in the first mentioned above case
has been reported via measurements of magnetoresistance
of Dirac and Weyl semimetals [7]. In the present paper, we
discuss the second possibility, i.e., the appearance of electric
current in the presence of an external magnetic field driven
by the time-dependent chiral chemical potential.

It is worth mentioning that the CME belongs to a class
of nondissipative transport effects, which attracted recent
attention of many theoreticians and experimentalists
both in condensed matter physics and in high energy
physics [8—15]. Several effects of this type were observed
in topological Dirac and Weyl semimetals [16-22].
Indications of CME have been reported in the study of
relativistic heavy-ion collisions [3,23,24]. Lattice simu-
lations suggest the appearance of the CME inside vacuum
fluctuations [25].

Although the calculation of CME conductivity [6,7]
obviously requires the use of kinetic theory, the majority
of related publications typically refer to other methods.
Relatively recently the analysis within the framework of the
Keldysh technique has been undertaken in [26]. This
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technique has been used for continuum fermion systems
in Pauli-Villars regularization. It was argued that in the
presence of a time-dependent chiral chemical potential the
CME effect acquires its conventional expression originally
proposed for the equilibrium theory.

It is known presently that this latter equilibrium version
of the CME is actually absent.' Therefore, the supposition
that it reappears for a time-dependent chiral chemical
potential is intriguing. More specifically, [26] reports that
the electric current along a constant external magnetic field
is equal to the standard coefficient ﬁ multiplied by the
magnetic field and chiral chemical potential. The latter
depends on frequency, and the frequency is supposed to
tend to zero. At the same time, it is assumed that the spatial
inhomogeneity is taken off before the limit of vanishing
frequency is calculated. In the present paper, we analyze
this intriguing possibility using the same Keldysh tech-
nique as [26] but for the fermion systems defined in lattice
regularization.

Technically, we rely on the version of Wigner-Weyl
formalism developed for the quantum field theory (QFT)
in [32-34] and its unification with Keldysh formalism of
quantum kinetic theory. The latter is taken in its path
integral form based on [35]. The final version of the
formalism to be used in the present paper is close to the
one of [36-40].

n [12,13,13-15], a proof has been given using lattice
simulations. In [10], the question was considered using analytical
methods for the specific boundary conditions. In [27], Weyl
semimetals were considered, where the absence of equilibrium
CME has been reported. In [28], it was argued that equilibrium
CME contradicts the Bloch theorem. In [29], the proof was given
based on the representation of the CME conductivity through the
momentum space topological invariant. These results were
extended to finite temperatures in [30] and to the spatially
nonhomogeneous interacting systems in [31].
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More specifically, we use Wigner-transformed Green
functions for the calculation of the response of the electric
current to the chiral chemical potential and to the external
magnetic field. It can be shown using this technique that in
equilibrium the response of the electric current (integrated
over the system volume) to the magnetic field and the chiral
chemical potential is a topological invariant, including the
case of the nonhomogeneous systems at finite temperature
and in the presence of interactions [31]. This topological
invariant actually equals to zero identically. Out of equi-
librium, the mentioned above response loses its topological
nature, and therefore, the CME is back.

Historically, the development of Wigner-Weyl calculus
was initiated with the purpose of reformulation of quantum
mechanics in the language of functions defined in phase
space instead of the language of operators defined in Hilbert
space [41]. The new chapter of mathematics called now
“deformation quantization” appeared based on the Wigner-
Weyl calculus (for a review, see Refs. [42,43] and references
therein). The initial form of the Wigner-Weyl formalism
refers to the so-called Wigner function W(q, p), which is a
generalization of quantum mechanical probability distribu-
tion [44]. Although the Wigner function cannot be treated
directly as a probability distribution [45], it appears to be
possible to formulate the fluid analog of quantum entropy
flux with the aid of the Weyl-Wigner formalism [46].
Certain quantities of quantum information theory (like
von Neumann entropy) have been defined within
Wigner-Weyl calculus [46—49]. Practical applications of
the Wigner-Weyl formalism to quantum mechanics were
developed [46,50-52]. Besides, Wigner-Weyl calculus has
been applied to the anomalous transport, already within
quantum field theory [53-58].

The Keldysh formalism [59] has been proposed as the
way to construct perturbation theory (similar to that of
equilibrium QFT) in the framework of quantum kinetic
theory. It has been applied widely both in condensed matter
physics and in high energy physics [60—65]. In the limit of
thermal equilibrium, the Keldysh formalism is naturally
reduced to conventional formalism of equilibrium statistical
physics [66—-69]. The path integral approach to the Keldysh
technique [35] has been developed as an alternative to a
more widely used operator formalism [70-76]. The differ-
ence between the Keldysh formalism and the conventional
QFT is the appearance of the so-called Keldysh contour.
This is a closed contour in the complex plane of time. In the
real time equilibrium QFT, the integration occurs only along
the real axis of this plane, while in the Matsubara formalism
the integration is along the imaginary axis. Except for this,
the formalisms are similar. However, certain silent features
are present on the Keldysh side related to the turning points
of the Keldysh contour. The naive approach to path integral
formulation fails to reproduce the correct expressions for the
Green functions even for the simplest noninteracting mod-
els. The rigorous lattice regularization is to be used to

restore the correct answers [35,77]. At the same time, the
operator approach to the nonequilibrium diagram technique
[78,79] gives the correct answers immediately without
lattice regularization (for the noninteracting stationary
systems).

Perturbation expansion of quantum kinetic theory has
been applied successfully to investigation of various physi-
cal systems [60-62]. The Schwinger-Dyson equations [80—
82] are used within the Keldysh technique widely [64] and
allow one to reproduce the Bogoliubov-Born-Green-
Kirkwood-Yvons sequence of equations [83]. Being trun-
cated, this sequence gives kinetic equations to be used for
the investigation of transport phenomena [84], including
superconductivity [60-62,70-76,85,86]. On the high energy
physics side, the Keldysh formalism was applied to high
energy scattering in QCD [87] and relativistic hydrody-
namics [88], as well as to various problems in cosmol-
ogy [89].

From the very first days of the Keldysh technique, the
notion of a Wigner distribution has been used widely in its
framework [70-76,90]. In the present paper, we use a
specific version of the Wigner-Weyl formalism developed
for quantum field theory (see, for example, Ref. [91] and
references therein). Using this formalism, the Hall con-
ductivity has been represented as the topological quantity
composed of Wigner-transformed Green functions [92].
Besides, it appears to be possible using this formalism to
prove that the QHE conductivity is robust to interaction
corrections [93,94]. Within the Keldysh technique, a
similar approach has been developed earlier in [36-40].
In [95,96], the essentially nonhomogeneous systems were
discussed in this framework.

II. BASICS OF KELDYSH TECHNIQUE

Let us discuss the quantum field system in the presence
of an external magnetic field. The field Hamiltonian is
denoted by H. The average value of a physical quantity
represented by an operator Oly, | (depending on fer-
mionic fields i,y taken at time 7) is given by

~ i ["H ~ [t 4 [ 4,
(0) = w(R()e ™ opg e 1 T Ly
Here, R(1;) is the density matrix at the initial time moment

t; < t. We also fix the final time moment 7, > 7. In the

functional integral Keldysh formalism, we have (see text-
book [35])

(©) = [ PiDyOly. 3]

X exp {i/cdt/d’)xlil(t,x)@y/(t,x)}.

By D, we denote dimension of space, and y and  are the
independent Grassmann variables. For the noninteracting
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system, O is given by O = id, — H with the single particle
Hamiltonian 4. Time integration goes along the Keldysh
contour C. It begins at ¢;, goes until 7 = 7, turns back, and
returns to #;. Dynamical variables defined on the forward
part of the contour w_(¢, x) and w_(t, x) differ from those
of the backward part @, (7,x) and v (¢, x).

Boundary conditions relate fields defined on the opposite
parts of the Keldysh contour: y_(ts,x) = W (ts, x) and
w_(t;.x) =y, (t7,x). The integration measure DyDy
includes ¥ (#;,x), w, (t;,x), and y_(t;, x), w_(t;,x) and
contains the initial distribution represented by R,

Dy Dy
Det(1+ p)

p(/ it [ sy

i 00w 1) - | deu-/_o,»,x)pw(n,m).
)

Here, p is the density operator defined on one particle
Hilbert space. Probability that the one-particle state |4;) is

occupied is given by % Let us introduce the Keldysh

v=(,7)

and we represent the average of O as follows:

(0) =

Oly .y

_(t.x)Qy_(1.x)

spinor,

(2)

(0) = - / DFDYO[Y, V]

Det

X exp{

A o 0
°=(o” o)
O 0Oiy

The correct expressions for the components of this matrix
may be obtained either as the continuum limit of the lattice-
regularized expressions or using operator formalism. The
result is

de‘I’(t x)Q¥(s, x)} (3)

Here,

4)

. 1—=p
= 0,—H - ,
Oy = (1, 1€1+p>

N 1
Q__=id,—H +ie

Here, p is a matrix that gives rise to the initial one-particle
distribution f = p(1 + p)~!. In the case of the distribution
depending only on energy (and, in particular, for thermal
distribution of noninteracting particles), p = p(H) is a
function of the one-particle Hamiltonian. The infinitely
small contributions proportional to parameter ¢ — 0 sym-
bolize the way those functions are understood as the so-
called generalized functions (tempered distributions). For
details, see Sec. 5.1 of [77].
The Keldysh Green function G is defined as

GalaZ(t’x|t/’x/)
B / DYDY
~J iDet(1 +p)

X exp {i / " / de‘i’(t,x)Q‘P(t,x)}. (©6)

Here, the index « corresponds to components of the

Keldysh spinor (2). The Green function obeys QG =1.
Sometimes a new representation of Keldysh spinors is used
that is related to the spinors defined above as follows:

(-5 )
(o o) #)(5 )

The Green function in the new representation acquires the
triangle form,

on-()o (s o))-( 2

In our paper, we use yet another representation,

N 1 1\ /GR G\ /1 -1 GR 2G+

G = = . (8)
01 0 G*)\0 1 0 GA

It is related to the Green function defined by Eq. (6) as

follows G~ = UGV, where U = L (1 )(1 ') =L (2 2)

=3l01 AT
and V = L\/-( LG = \%(71 ). In addition, we have

W, (1), (7,2

N R QR 2Q<
(<) — y-1 -1 _ ‘ 9
Q v QU < 0 QA > ( )
Here, we denote QR = 0=~ + 0+, QA = -0~ — O+,
Q<=-0"". As a result, G* = (QA) GR = (QR)"!

and G = —GRQ=<G* with
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GR = (i0, — He™%)™! = (i9, — H +ie)™",
G* = (i0, — He™%)™" = (i0, — H —ie)™",
P

G< = (GA—GR)/m. (10)

The elements of Q= (which is inverse to G=) are

< A Ry P .
= - — = 2ie————,
0==(0*-0 )p+1 P
OR =19, — H + ie,
Q* =10, — H —ie. (11)

For more details on the basics of the Keldysh technique
briefly reviewed above, the reader is advised to con-
sult [35,77].

III. BASICS OF WIGNER-WEYL CALCULUS
IN KELDYSH TECHNIQUE

Here, we recall basic notions of Wigner-Weyl calculus
[37,92]. In the following, the D 4 1 dimensional vectors
(with space and time components) are denoted by large
latin letters. For an operator A, we denote its matrix
elements by A(X,,X,) = (X,]A|X,). The Weyl symbol
of an operator A is then defined as

Aw(X|P) = / dPHY e PA(X 4+ Y/2,X - Y/2),  (12)

withy = 0,1, ..., D. D + 1 momentum is denoted by P# =
(P° p) and P, = (P°,—p). Here, p is the spatial momen-
tum with D components. Below, the Weyl symbol of the
Keldysh Green function G is denoted by G, while the Weyl
symbol of the Keldysh Q is Q. We omit the subscript W for
brevity. Weyl symbols G and Q obey the Groenewold
equation,

0xG=1. (13)

Here, the Moyal product * is defined as
(A% B)(X|P) = A(X|P)e O n=0n0)2p(x|P).  (14)

In the present paper, we consider the situation when
electromagnetic potential A corresponds to a constant
magnetic field and constant spatial components of field
strength F#*. Expansion in powers of F** will be used up
to the leading order proportional to the magnetic field.
Introduction of the external gauge potential results in
Peierls substitution P - 7 = P —A. Here, z# is D + 1, a
dimensional vector similar to P¥. When the index is
lowered, its spatial components change sign. The Moyal
product may be decomposed as

* = *e_i]:w‘;n"arr"/z’ (15)
with
(AxB)(X|r) = A(X|x)e o 0u 000 2B (X |z). (16)

Next, we use expansion of Q and G in powers of F** and
keep the terms up to the linear one,

=00 4 L rwg NPV S P
0=00+ 7m0y, G=G6" 1 FmG). (1)

In the following, we omit for simplicity the superscript (0)
of the zeroth order contribution to both G and Q. For the
noninteracting particles with static Hamiltonian and initial
distribution f(7), we have

GR = (my — H(7, x) +ie)7",
GA = (my — H(7,x) —ie)™",
G* = (G* = G)f(m) = 2id(mo — H(7))f (my). ~ (18)

The elements of Q< (which is * inverse to G<) are

0 = (0% = 0")f(my) = —2ief (m).

OR = 7y — H(Z, x) + ie,
Q* = my — H(7, x) —ie. (19)

The Groenewold equation acquires the form

S B N U
<Q+§fﬂ”Q},‘)> wee i T O /2 <G+§}"””G,SL)> —1.
(20)

In the zeroth order in F, we have Q*G =1, and Q*G(l) +
0«6 —i0%0,.0,.G = 0 in the first order. We obtain

(A;}(JL) = —G*Qﬁi)*é—i(f}*aﬂﬂ QxG#0, Q%G —(u<v))/2.
(21)

Below, we follow closely the derivation of [37]. In the
noninteracting theory, the operator of the electric current

density is given by j' = 722y i =1.2,...D. Spatial
components of momentum are p' = p; = P' = —P,. The
averaged current density as a function of time is given by

((1.0)) = =30l 22)

The velocity operator is given by ¥/ = 9, ("¢~ ,%.). Let us

express the velocity operator and current density through
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the Keldysh Green function written in the triangle repre-
sentation of Eq. (8),

=a3(0 (% o)l )
Vi =%\ o o+ )\1 =2

-0 0
=0y, ( —Q“2+Q++ —Q++ ) ‘ (23)
We use that 0~ =0R+0-, O " =-0°,

Ot =—0R+ QA - Q<, and 0+ = 0= — QA and we

represent the current density as

1 A i
= —itr[Gv’] = Etr(GR()I,I_QR - G%0, 0%)

i
+51(GR9,,0 + G=0,,0")

()
i
+ Etr(GAdpiQ< +G=0, 0%).
The second term in this expression is given by

1t(Go, Q)=. At the same time, the third term is its
complex conjugate. We obtain

() = %tr(éap,.())“ + %tr(éa,,i(j)< fec  (24)

Using Wigner-Weyl calculus, we represent the electric
current as

JH(X) = (ji(t,x))
. / (;’T;ﬁtr(éw,,,.@))l‘
. D+1 ., R N
= / (‘zlﬂ)iDHtr(G(an,Q))A
i dD+1ﬂ.
-2/ G

: dD+l R
-3 [ G0, 06)°

(6(0,,0))°

The small imaginary contribution =+ie in (18) means that
the poles of GR (G*) are moved from the real axis of @
slightly down (up). The integration line may always be
closed at infinity. For that, we need to use lattice regulari-
zation, which adds to our expression factors that suppress
expressions standing inside the integral over (complex-
valued) w at |w| — 0. As a result, the first two terms in the
above expression vanish. We obtain

A

Ji(X) = —%/éTlfltr«aﬂ[@GF

dD—Hn.

‘5/ ampr (000D (29)

Applying Egs. (17)-(21), we calculate the contribution to
the electric current proportional to the external field
strength FH,

. 1 dPtx N ~” A A
1 < v
Ji = _Z/—(zﬂ)DH (G %0y QxGxd,u OxGa, 0)< F*

1 dP*t'n A a A A P
< v
—Z/Wtr(()ﬂ[QG*aﬂyQ*G*a,[bQ*G) FH,
The field strength JF gives rise to a constant external

magnetic field: F;; = —eijkBk. We express the electric
current as

Ji=3URF = ke B = X (B
By 2; cme We denote here

€kl dD+1 T

4 (2”)D+1 (26)

tr(a,,iQ[(A}wa,rjQavrd,,kf}])< +c.c.

The component of electric current along the magnetic field
is given by J' = ZcypB’ with Zcyg given by

dDJrlﬂ.

€ijk . . e
312 / Wtr(amQ[G*an,Q*aﬂkG]) tee  (27)

Now, let us discuss briefly the limiting case of an
equilibrium system at zero temperature. In this case, the
one particle Hamiltonian A does not depend on time. Let us
denote by G the following expression: G(xi,x,,w)=
(x;|(w = H)™'x,). It has true singularities when
tends to one of the energy levels. The time-ordered
Green receives the form GT(x, X, o) = lim,
G(x, X', w + insignw). The retarded Green function is given
by GR(x,x',w) =lim,_oG(x,x @ +in), and advanced
Green function is G*(x,x',w) = lim,_, G(x,x', @ — in).
The Matsubara Green’s function GM is defined as
GM(x, ¥, ,) = G(x,x',iw) or in terms of imaginary time
. GM(x, ¥, 7) :é ®© e G(x,x,iw). Here, the
Matsubara frequency @ is continuous since we discuss
the zero temperature limit. These relations between
the retarded (advanced) and Matsubara Green functions
may be extended easily also to their Weyl symbols. Then,
for example, G} (x,p,T,w)= [dPye™"PG(x+y/2,
x—y/2,iw). One can rewrite Xy defined above in terms
of GM as

n=—0o
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€ijk dD+1ﬂ.
3' /()Tﬂtr(am Q%[G%*aﬂ/ Q%*aﬂLG%]) (28)

Here, O is inverse to GM: Q¥*GM =1 and Q) =
iw — Hy. In our previous paper [31], we have shown,
using the Wigner-Weyl calculus, that in equilibrium the
response of Zcyg to the chiral chemical potential vanishes
for a wide range of physical models. Below, we consider
corrections due to a time-dependent chiral chemical poten-
tial for the particular lattice regularization.

IV. LATTICE MODEL WITH TIME-DEPENDENT
CHIRAL CHEMICAL POTENTIAL

Here and below, we consider the system regularized
using a rectangular lattice. More specifically, we consider
discretization of spatial coordinates while time remains
continuous. However, we see that the Euclidean version of
our model has the structure of lattice regularization with
Wilson fermions, in which both imaginary time and spatial
coordinates are regularized. It is supposed that external
fields do not vary strongly at the distance of the order of
lattice spacing. We define our model in such a way that in
thermal equilibrium it is reduced to the system with a
matrix inverse to the Matsubara Green function equal to

Z 79, (m

with T, = Pi —A,-(x), 1= 1, 2, 3, and Ty — w + lA()(x)
Here, y* =y, = =iy}, (u = 1, 2, 3) are Euclidean gamma
matrices expressed through the Minkowski gamma matri-
ces vy (7 = —73):

() 4+ 7% ga(my).

00 0 —i 0 00 -1
| 00 —i 0 ) 0 01 0
r= .= ,
0 i 0 0 10 0
i 00 0 -1 00 0
0 0 —i 0 0 0 -1 0
. 0 0 i . 0 0 0 -1
0 0 0] -1 0 0 0
0 —i 0 0 0 -1 0 0
g; =sin(z;) with i=1, 2, 3, 4 and m(z) =mO+

4, (1 = cos(x;)). In the massless case, we have explic-
itly m®) = 0. Let us denote also Q(x,, %) by

0 Z i(Z(l ~ cos(m)

i=1

+(1 —ch(zro))> — iy*sh(m). (29)

In the presence of time-dependent fields, we cannot use the
Matsubara formalism. Instead, we use the Keldysh formal-

ism with expressions for Q = (Q-- 2:-) that in the static

case with an initial distribution f (erO)Q+ p(mo)/ (1 + p(mp))
depending only on energy is given by

0. = ~Qlm. ) +ie0s Q. 7) T4,

0. = Q. ) + +ied, Ol 7) T4,

0, = ~2ied,, Qm.7) .

0., = diedy Qg 7) 1 (30)

Here, 7 = P — A(X). The infinitely small terms propor-
tional to € are chosen in such a way that in the static case the
advanced and retarded Green functions are given by the
conventional expressions, while the lesser Green function is

equal to G= = (G* - G¥) ;17 (”)") In the limit of small 7,
the above expressions give rise to the ones that follow from

Eq. (5) after substitution 7, — ijpy*. Namely, at e — 0, we
obtain

N
iy4Q++:—(i0,—H—ie p),

I+p
1=
iy4Q__:iat—H+iel+z,
. o1
irQ,._ = —2161 s
irto_, =2ie’ . (31)
with
ﬂ:—w“zw‘gﬂ +rtm(m).

Thus, we chose the lattice model in such a way that in its
continuum limit the standard expressions for the compo-
nents of the Keldysh Green function are reproduced.

In order to introduce the time-dependent chiral chemical
potential, we shift 7, by pus(¢)y’ in the terms that do not
contain €. Recall that the latter terms are introduced instead
of boundary conditions and, therefore, are not affected by
modification of the one-particle Hamiltonian localized in
the finite region of time. This gives
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3
S o . p(m
Q. = —(Z 7 9u(x) — im (%, —imy — ius(1)r°) + v* ga(=izg — ips(1)y*) — y*ee™m"" Eﬂi;)
pu=1
= 23:7”9 () = im(%, —izg — ips(1)r°) + v*ga(—imo — ius(0)y®) + y*ee "' 1=olm)
ST L —imy = iis 4(=img — ips 1+p(ﬂ0),
1
0. = -2tee ™l — —
" 1+ p(mo)
_ — 2 466_”074 M’ 32
O =% 1+ p(m) G2)
|
with  m(7,—img—ius(t)y’) =m© +3°3  (1-cos(z;))+  We can write =8 = I+ 11 + (wy <> —w,) where

(1—cos(—imy—ius(t)y’)). Notice that we do not modify
the initial distribution f(z) = p(mo)(1 + p(my))~" intro-
ducing nonzero us. In the absence of the external magnetic
field and chiral chemical potential, the given system has
one Dirac point. Close to it, the dependence of energy on
momenta has the form of a Dirac cone. This is the region of
the Brillouin zone, where we approach the continuum limit.
The remaining part of the Brillouin zone is irrelevant at low
energies.

Here, we consider the linear response to the time-
dependent chiral chemical potential and constant magnetic
field. Because of the time dependence of the system, we use
the Keldysh formulation of matrix Green’s functions. In the
lesser representation, we have 0= Q(O) + 80, where

. (O)R 2Q(0)<
o_ (2

and  QOR=Q(n,+ie,7),0VA = Q(ny—ie.7), 00 =
(QA — QORY £(z4), while 5O = dus(t )(ano 09)) 5 In the

oo
above, we assume the sinusoidal time dependence of

Sus(t) = 6,ug0) cosmgt. In a general case, we have the
expression for the conductivity tensor ¥, given by

e 1 'z "
P - (271')7D+1t (6 Q[G*d,,

dD+1 R R R
—Z/WU([G*@T<Q*G*0zk]Q*G]5mQ)<~
Since cos is an even function, we can write

sk — L [ 0, 0160, DsGxoy, OO
=73 (2”)71)““( 1, Q[G*0, OxGx0,, O C])

dD+1 n A A A
<
-5 [ G620, 0460, 04610,0)

+ (wy < —ay).

1 dD+l

oL [ 00,0160, 03600, 0461

and

(0)

while inside up to the terms linear in dug’ we can write

- _ 9
QR - QR = Q(ﬂ'o + e, 77,') + 5[[,{2())3“"0[0_97/5’

o

- _ 90
QA - QA = Q(ﬂo — l€, 77,') + 5/420)31“’0[077/5' (34)

o

The “lesser” component is the same,

0 = ~2'¢f(x;). (35)

and QOxG = 1. For
AY = Z(éﬂgo)) —X(0), we have the following contribution
to I denoted by AZi/k:

3/
D

5/ e
+/ @

where AG = —GoxAQxGy, G, is the Green function with
us =0, and

the variation of conductivity,

1(0,, QO[AG*a Qo*Go*a QO*GOD
(aﬂ,QO[GO*a Qo"‘AG"‘a QO*GO])

1(05,Q0[Go* 0, QoxGox0,, Qox AG]) ™,

29
A_ 5 (0) iwot 70 0 5
Q——/A e o 2|7
ormy

We also denote by QO the matrix Q with s = 0 inserted.
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V. CALCULATION IN SPATIALLY
HOMOGENEOUS CASE

Let us restrict ourselves to the case with spatial
homogeneity. First, we derive a useful identity for the
star product containing e'": exp(iwyt)xh(w) = exp
(iwyt)e™ %%/ h(w) = exp(iwyt)e™%/>h(w) = exp(iwyt)h
(0 + @g/2). Therefore,

(36)

Here, ® = 7y, and we omit for simplicity the dependence of
G on 7. Let us define K*! = K(w + wy/2). K% = K(w).
This gives the following expression for AIZ/:

(0) imor D+1
L Ous e d"'r ~0] | an
Alzljk: 5 / trl o (0] (-] _ ~diag
8 o T\ %o |Go 5
xﬁGE%MQWGEmeWGEq (37)
0) i
oug et [ dPtix Wodles
8 (271')D+1 0
20" )
x 0, 05 Gy ad:‘g G0, 007Gy D (38)
|
(0) 1(1) t D+l
ou 0 d 0 lea
Azt — s / ol | gl Eodine s 1+
8 (2 )D+1 o

27)

co+i0
iwyt

6,ue

27)

(00/2)

co—i0
5/1 elwot dD—H
(27[)D+1

X tr(d,, Q R[(G

Here, by G, we denote the Green function that has true
singularities at the values of 7 coinciding with the energy
levels [the analogue of Eq. (III)]. Advanced and retarded
Green functions are expressed through G according to
Eq. (34), while the Matsubara Green function is given by

5Mg0) el / dP+x

+2 2o tr(d RS [ 510,006y

219Q4iag s 4 <
F ) (39)

Here, ng]ag is the diagonal part of the Keldysh matrix. The

off-diagonal component is absent here because the intro-
duction of us does not affect the initial distribution. As a
result, function f () entering G= in the above expression
appears without a derivative. In the above expression, the
second row vanishes identically because it contains the
complete derivative over z;. The third row may be
considered in a way similar to that of the second one.
Therefore, let us consider the first row of the last
expression. We insert into it the rows containing

O, ( Ag)‘i]A - ng’i]R) =0, which are equal to zero iden-

tically If there would be the nondiagonal element in
anlag, the terms proportional to df(xy)/dr, would

appear. As it was mentioned above, these terms are absent
because introduction of the chiral chemical potential in
our model does not affect the initial distribution according
to our conventions. Physically, this corresponds to the
time-dependent ps(¢) that is vanishing at t — ¢;, and we
consider here the response to the harmonics of this signal
with frequency @, One can see that in the resulting
expression most of the terms cancel each other and we are
left with

A

2,,006,",

)

1mot oo+10 D"
/ / T Pl + @0/2)t0(0,, QG5 0,, QY35 0, QG o, Ol GH)
00—i0 D_) _
/ d”O/ O F (o + o/ 2)0(0,, Q1) (G519, OG0, 0l IGa,, Qb6

f(mo + @wo/2))

)%QAm“ag)% 0, 007 o).

[

Gy, in which we substitute 7, by iz, Besides, Q = G'.
We can add to the above integrals over z, the integrals
over ny = *in, which cancel each other identically due to
the periodicity of the Green function G(my,7) =
G(mo + 2xi, ). At this point, we also require that the initial
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distribution is a Fermi distribution with temperature equal to 7 = 1/N in lattice units (N is an integer). As a result,
f(zo + 27i) = f(np). In addition, we add the integrals over [2%7 and [~ =i~ Both of them vanish because of the function
of 7, in denominator of G that grows exponentially with Rez,,. N ow, in the integration over 7 in the last row, the integration
contour may be closed in the upper half of the complex plane, while in the previous row the integration contour may be closed

in the lower half of the complex plane. Fermi distribution has poles at the values 7, = iw,, where w, is the Matsubara

) 0
AP =

frequency. We come to
@Q{

5Hg0) eloot / dPH g
) (27[)D+l

B 277:T5ﬂg0) el

_dPa HEMIG

4=

(0) it D+1
Ops” e d°'n
] / ( )D+1 (f(ﬂ()

x 7’ G([)HA 0

+

—wy/2) =

Ob G Mo, OLGEH).

Here, we use notations K™l =K(w—w,), KFtl=
K(w + @y). The sum is over the Matsubara frequencies
w, =27xT(n+1/2) with n € Z and w, € (—z, +x]. Due
to periodicity, we can also calculate this sum for n =
0,1,...,N —1 (here, inverse temperature in lattice units is
equal to 1 /T = N). The similar expressions are valid for the
other two rows of Eq. (37). One can see that for the model
with Wilson fermions, we have
oMl =—y[o )y, G =[Gy,
Now, we can drop the square parenthesis in the above
expression of AIZU¥ In order to calculate the electric
current along the magnetic field, we perform antisymmet-
rization with respect to indexes i, j,and k. We also calculate
the term A’XY k [corresponding to the third term in Eq. (38)]
in the way similar to the above calculation of A’Z/*,
Besides,
AHzijk + [Alzijk +

(wy < —wy) = (wy <> —aw)]".

We are left with
AS — L S (0) —iwyt _
CME = 3 oome(@o)dus e + (wp < —wy).

We introduce here complex-valued frequency-dependent
chiral magnetic conductivity ocyg(@g). Notice that the
total value of Xqyg should remain real. Therefore,
ocme(—wg) = 6eme(@wp), and we have

1 0)
AXevg = RGCME(CUO)&“; oot (c.c.)

5,Lt(0) .
= —>5Reocyg (w) el ™.
2n

F(mo + w0/2)) (0, 05 [(Gl

aﬁu@%m%%wlb<
o

01

Mo, 0V EIMa, 0PV EIMa,, 0P GM))

-1A Gg_]R) aﬂoQ[O]A

(40)

Let us represent the CME conductivity as the sum of the
two terms,

1 11
oeme(@o) = oone(@0) + oong(@),  (41)

(Gene(@o) + [Boy(—a0)[).  (42)

Here, in the limit of zero temperature, the first term may
be calculated within Euclidean space-time using the
Matsubara Green function,

-0 B elik dP+
Gome(@0) = T3n W

x G, O5IGH 20" >

671'4
et [ dlm [ salily allEo
_E/Wtr(}/SGO a”’_QO GO

x 07,0 Gy'0,, 05 Gy = —

( sGYa, QO]GO 9,, 0%

while the second term is to be calculated using the original
advanced and retarded Green functions,

(1) l/k /2 dPr
5 =
CMEL®0) = 731 /—wo/z (27:)” 1
x tr(0, Qo [( Gyt = G5F)a,, 005G

x 0, 041G, Ma,, 00 G™) (44)
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chh for2 [ dOR OR IRy =R G
3;2/ /2 / 277.'D1 QO [GO alerO G0
-
x 0, 05 "Gy 0,0y (G é] -G @)
Notice that the expression for 5(c11>\45(w0) at wy =0

is formally divergent. It may be regularized, for
example, introducing finite temperature. Then, the limit

lim,, _ 581)\,113(0)0) becomes regular. One can see that the
above expression standing inside the integral becomes a
total derivative with respect to momentum. As a result, the
integral vanishes at @, = 0. For this reason, we refer to
0(c11)\41~: as to the topological contribution to CME conduc-

tivity. The details of the calculation of U(CII>\4E(0)O) at finite

temperature are represented in Appendix A. We notice
here two opposite limits. In the limit 7 > @, at @, — 0,

the value of o(cll)le(wO) tends to zero according to the
above-mentioned analytical results. However, in the
opposite limit 7 < @, the value of Ggl)le(a)o> approaches
—1/3 when the lattice spacing tends to zero.

Contrary to oo (@), the expression for ag&E(wo)
remains regular at @, — 0, and we do not need here the

regularization by finite temperature. The expression for

U(CIIIJIE(a)O) at any w, and T — 0 may be calculated directly.

We calculate the integral in expression for ‘7811\2115 (wg) using

Wolfram Mathematica. In order to calculate G(CIBIE(wO), we

consider the case w, < 27/a, in which in the integral over
momenta we can substitute the lattice Green function by its
continuum limit. The corresponding calculations are
described in more details in Appendix B. We obtain that
for wg > T the second contribution to the CME conduc-

tivity ag\ZIE(wO) is equal to 4/3. At the same time, in the

opposite limit wy < T, we obtain G(C]J[E 1.

To summarize, both in the limit 7 << @, and in the
opposite limit 7 < @y, the value of ocyg(w@g) approaches
conventional value 1 when the lattice spacing tends to zero.

VI. CONCLUSIONS

In the present paper, we consider the system of massless
Dirac fermions in the presence of a constant external
magnetic field and time-dependent chiral chemical poten-
tial. Lattice regularization is used, and the responses of an
electric current both to the magnetic field and chiral
chemical potential are calculated. For the direct calculation,
we use the Keldysh technique unified with lattice Wigner-
Weyl calculus. The latter is applicable to the lattice systems
provided that the inhomogeneity is sufficiently weak; i.e.,
variations of external fields at the distance of the order of
lattice spacing are negligible. This condition is satisfied
always as long as we deal with the lattice regularization of
continuum theory.

We consider the case when the system originally was in
thermal equilibrium. In the absence of the dependence of
the chiral chemical potential on time, the Keldysh formal-
ism is reduced to the Matsubara technique. The latter is
defined in Euclidean space-time with imaginary time as a
fourth coordinate. For practical calculations, we use the
lattice fermion action, which becomes equal to the standard
Wilson fermion action after Wick rotation (in the case when
the time dependence of the chiral chemical potential is off).

We consider the chiral chemical potential depending on
time as ps = ,14(50> cos wyt and calculate the CME conduc-
tivity ocvg (i-€., the coefficient in relation j = 62%5 usB) as
a function of frequency @, We separate the obtained
expression for ocyp into two contributions. In the first
one, Ggl)le may be calculated using the Matsubara Green
functions. This contribution is not well defined at a strictly
vanishing temperature for wy, = 0. Therefore, we need
regularization by finite temperature in order to investigate
its behavior at wy — 0. We observe that it tends to zero
when w, approaches zero for any finite value of temper-
ature 7' > w,. However, in the opposite limit 7 < @, this
value approaches —1/3 when the system approaches the

continuum limit, while the ratio x = w,/T is increased. The

second contribution 0<c111\215 is essentially nonequilibrium. It

is expressed through the Advanced/Retarded Green func-
tions. When the lattice system approaches its continuum
limit, only the small region in momentum space around
zero contributes the corresponding expression. In this
region of momentum space, the continuum limit of the

Advanced/Retarded Green functions may be used. We

observe that G(CIB[E does not depend on w, and is equal

to4/3 for T = 0. At the same time in the limit 7 < wy, the
first contribution a(c?vm — —1/3. Therefore, we arrive at the
conventional value 1 of the CME conductivity in this limit.
In the opposite limit 7 > w,, we obtain G(CIB[E ~ 1, and
thus, the CME conductivity also approaches the conven-
tional value.

We illustrate the above-mentioned results in Figs. 1 and
2. In Fig. 1, the dependence of the total CME conductivity
on @ is represented for three different values of temper-
ature. One can see that for these values of temperature the
conductivity approaches its conventional value when w, is
decreased. Moreover, there is almost no dependence on
temperature for the considered values of 7. In Fig. 2, we
represent the dependence of the CME conductivity on
lattice spacing for different values of the ratio x = wy/T
ranging from x = 0.5 to x = 80. We also obtain the data on
x = 0.1, the corresponding points on the given plot
coincide with those of x = 0.5. One can see that irrespec-
tive of the considered values of x the CME conductivity
approaches its conventional value in continuum limit.

We interpret these numerical results as the presence of
the CME at any finite value of @y, > 0 and finite temper-
ature 7. In agreement with the results of [26] obtained in
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FIG. 1. We represent here the dependence of ooy (wg) on w
for the case of the model with Wilson fermions (the imaginary
part vanishes). Values of w are represented in lattice units, i.e., in
units of 1/a, where a is the lattice spacing. The system is
considered in the initial equilibrium state with temperatures 7' =
75= (solid line), 53~ (dashed line), - (dashed-dotted line). Error

bars are of the order of the line widths.

Pauli-Villars regularization, we obtain the conventional
value 1 of the CME conductivity in the continuum limit
both for T < @, and for T > w,. Besides, we obtain
indications that in continuum limit the same value of the
CME conductivity is approached irrespective of the values
of the ratio wy/T (see Fig. 2).

Recall that in [26] a similar result was obtained for a
strictly vanishing temperature in the limit when the spatial
nonhomogeneity is taken off before the dependence in time
of us. In our consideration, the system is spatially infinite,
which means the limit, when the spatial nonhomogeneity is
taken off from the very beginning. In the opposite limit
(when spatial inhomogeneity in the chiral chemical poten-
tial is taken off first, and the zero frequency limit is taken
after this), [26] predicts vanishing ocyg at zero temperature.

1.12
1101
-0 1.08f
1.06
©° 1.04¢

1.02¢

1.00

0.006 0.008

T

0.002 0.004 0.010

FIG. 2. We represent here the dependence of ocyg(wg, T) on
temperature expressed in lattice units, i.e., on Ta for the fixed
ratio x = 0.5 (dotted line), x = wy/T = 30 (dashed-dotted line),
x = 60 (dashed line), x = 80 (solid line). The imaginary part of
ocMme vanishes. Here, a is the lattice spacing. One can see that in
the continuum limit a — O the value of 6oy (@, T) approaches 1
for all considered values of x.

This is in agreement with our previous result obtained in
true equilibrium at finite temperature [31]. The important
difference of our setup from that of [26] is that in order to
calculate the limit of small @, for the spatially infinite
systems we need to consider finite temperature.

Here, an analogy to the physics of graphene is worth
mentioning. In particular, the value of ordinary electric
conductivity in graphene depends strongly on the order of
limits used for its calculation. The standard value is
obtained using a rather unorthodox procedure when the
dc limit @ — 0 of the dc conductivity is made before the
zero disorder strength limit is taken. If the order of limits is
reversed, one obtains a different value [97].

To conclude, we observe that, although the CME effect
does not exist in true thermal equilibrium, it is back at
any nonzero frequency w,, even extremely small, at any
nonzero temperature 7. Provided that 0 < T < w, or
0 < wy < T, the conventional value 1 of the CME con-
ductivity is reproduced in the continuum limit. Besides, we
obtain indications that the same value of CME conductivity
appears in the continuum limit for any ratio wg/T.
However, to make the definite conclusion on the CME
conductivity for an arbitrary ratio w,/T, a more detailed
numerical analysis is needed, which is out of the scope of
the present paper.

Our consideration was limited by the noninteracting
systems. It would be important to extend it to the interact-
ing ones. We do not exclude at the moment that the
interactions will give corrections to the CME conductivity
at finite @,. It would be also interesting to extend the
present study to another kind of out of equilibrium CME,
i.e., to the appearance of electric current caused by parallel
electric and magnetic fields. We expect certain difficulties
in the direct application of Keldysh/Wigner-Weyl tech-
niques to this case. In particular, electron-hole annihilation
and dissipation are to be taken into account. The corre-
sponding study is postponed to future publications.

APPENDIX A: CALCULATION OF 6, (wg)
AT FINITE TEMPERATURE

Explicitly, we have at finite temperature the following
expression for 581)\,[]3(@0):

a 2nTe* [0
G(CI)VIE T Z drtr| p G([]]
74=27T(n+1/2)

o e 1A 100N\ M
<0, 060,060, 071672

2Tk / . 4] A0
_ Brtr SG[‘H']a QH’]G[ |
2 Z r"Go 0o Yo
487 m4=2xT(n+1/2)
o o aQ[Jr] M
x 0, 00)Gy0,, 00 Gy o) (A1)
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FIG. 3. We represent here the dependence of —a(cll)v[E(a)O) on wy
for the case of the model with Wilson fermions (the imaginary
part vanishes). Values of  are represented in lattice units, i.e., in
units of 1/a, where a is the lattice spacing. The system is
considered in the initial equilibrium state with temperatures 7 =
10“ (circles), 20a (triangles), 50a (squares). Error bars are of the
order of the sizes of these symbols.

Here, T = -, where a is the lattice spacing (in lattice units,
it is equal to 1), while N is the number of lattice points in
the imaginary time direction. The sum over n is for
n=0,1,....N—1.

This expression does not contain singularities at finite 7.
One can see that for @, = 0 it vanishes identically because
the integral contains the complete derivative with respect to

momentum. We calculate numerically the dependence of

ocMme On @y. In Fig. 3, we represent the dependence of o(CII)\AE

on @, for the model, which was initially in thermal
equilibrium with temperatures 7 = 10a 2(1)a »505» Where a
is the lattice spacing (we adopt equal lattice spacings in
spatial and imaginary time directions). @ is represented in
the units of 1/a.

For wy > 1/a and T > 1/a, the system should “forget”
about discretization, and we would deal effectively with the
continuum theory. In this theory, there are two dimensional

parameters 7 and w,. Any dimensionless quantity is a

function of their ratio. In particular, we have G(CII)\/IE =

f(@/T). To observe this dependence we should take the
case of small Ta. First of all, one can see from Fig. 3 that
for T > w, the value of G(CII)\,IE remains close to zero. It
grows when @, is increased.

We observe that for the fixed value of the ratio
/T = x the value of G(CII)\AE depends on Tygice = 1/N =
T physical@physical» 1-€., depends on the lattice spacing @ppysical
expressed in physical units (when we fix the value of 7" in
physical units). Extrapolation to @ppysicar — O gives values

of O'(CIRAE that depend on the ratio @w,/7T = x. In Fig. 4, we
represent the data for x = 30, 60, 80. Our numerical results
demonstrate that limy_,, v, /7 U(CIi\/iE (x) approaches —1/3

when x grows.

0.10

0.004 0.006 0.008

T

0.002 0.010

FIG. 4. We represent here the dependence of —G(C?\,[E(wo, T) on

temperature expressed in lattice units, i.e., on Ta, for the fixed
ratio x = wy/T = 30 (solid line), x = 60 (dashed line), x = 80

(dashed-dotted line). The imaginary part of G(CII)\/IE vanishes. Here,
a is the lattice spacing. One can see that in the continuum limit

a — 0 the value of a(cll)v[E(a)o, T) approaches —1/3 when the value
of x is increased.

APPENDIX B: CALCULATION OF 6"V ()

Let us represent ag\Z[E(a)o) =1, + I, with

elik dPz
11:—33/d”o(f(”o—wo/z)—f(ﬂ0+wo/2))/(2”)ﬁ
xtr(0, 04 [(Gy " = G )0, 004G
x 0, 041G 10, 06 G) (B1)
and
ijk
L= +372/ dry(f(mo — @o/2) = f(mo + @wo/2))
dz 0K 45 R AR
X / (271) — (a,,,Q [ 0 Qo G, a,rk
x 05 G 0, 01y (G — G))). (B2)
Here,
Gy = Gy = 27i(0,,00)7'5(Q0(0,,00) 7). (B3
0 0 7i(07,Q0) ™ 0(Q0(0,,Q0)~").  (B3)

iy*Q and G = —-Giy*, we
=1 (in the limit of 7y — 0 and wy; — 0),

After the transformation Q =
have (6”0Q0)_1
and consequently, we have G([)_]A - Gg_]R = 27i5( Q([)‘]),

3
Qi—i = Zy"gﬂ(ﬁ) - im(ﬂg - wo/z, 7?) - i}’490(”0 - a)0/2)
p=1

4 4
ﬂzl n=1

(B4)
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where —igy(my) = ga(=imy), Go = —igo(my — @o/2), Gp =

9r» and m = m(my — wy/2, 7). We have

3

o == 7
=1

+ go(mo — @y /2).

Prhign(@) = 1°m(mo — wo/2, 7)

Here, —iy* = —yh, forp = 1,2, 3 and y* = —y*. We write
I; as

e / dro(f (g — 0/2) = f (7o + w0/2))

dPz
x / # 1(3(05)0,, 08 PG e, 05

x Gia, OLAG P4, %), (BS)

We represent the eigenbasis for Q([)_] as Q([)_] —,n) =
qu_) (7_1:, JTO)|7_7.:, Ty, —» n>, Wlth <7_Z'), Ty, —, I’L|7_T), Ty, —, n> =1
forn=1, 2, 3, 4,

elik

3Tz/d”0(f(”0 —w/2) = f(m+wy/2))

d°rz
X/<2 25 q;l ﬂ ﬂ0>)<7[ Ty, — n|a”0Q

x Gy Mo, 0y

Il =2

Mo, OLAGLTA9, OF)

|ﬁ:’”07_1n>5

where qS:> (7,mo) =£7/ > 3_, G2 +m? + g4(my—wy/2) and

(— Zizl Y()V]zbf]k(ﬁ) - Vom(ﬂo —wy/2, 5))|7T’ o, —» ”> =

(/>3 7 + m?) |7, my, —, n). We then write the last

expression as

elik 1 P
L= —2mi- / (f(
! 31223” (7,7 (n)?

Ty —@y/2)

n o dn
> 0]A 5~ +]A
—f(”0+0)0/2))<” 7o, — aﬂQQO Gy "0y,
A A
XQo H %Qo H On Qo =) |y, ()
(B6)
where E,(@) is given by solution of equation

,, (7: E,(7)) = 0. We approach the continuum limit when
T in lattice units approaches zero. In this limit, we
substitute the Green function by its continuum limit.

Then, expression qw (7, 7o) = £|7| + (mg — wo/2) gives

0,0\ (7, 70) = 1. Now, 0, OV ~ 1, 0, 0L = /7,

On, Q([)+ ~ —y%7},, and dﬂkQHA —y7%,. We then have
Ijk
Y [ s = 00/2) = f(m0 + 00/2)
x (7, 70, = nlr> Gy Y 74, G Y7,
x G547 -, n)
and
ljk
b= e 2 [ R0 = 00/2) = o+ 00/2)
G[ IR 0-J GHR 05k
x (7, o, +, 1’7 Gy 7 Go M

X G([)_] V|7, mo, +.n).

Here, O = —y77y +my. This gives QI = —y077,+
(7o + @0 /2), O = — 77y + (0 — o /2), and
0% = —y%7,, + my, while Gl :—”O;Z%%”O, Gt =
_Y ”7M+(”0+w0/2) G-l = _ 7m0 /2)
P —(mg+awo/2)* 7 —(mg—wo/2)?
Direct calculation gives
2 [+ 4p -3
11212:/ p2dp > (p CU()). 3
3/ 0 wi(—2p + oy — i0)
1 1
X (e—Pﬂ +1 B e=pPto)f 1) ’ (B7)

We calculate this expression in two opposite cases: when
T < @y and T > . In the former case, we set T = 0, and
then, Eq. (B7) is invariant under rescaling wg — Awy,
7 — Az. As a result, both these integrals do not depend
on w, for T =0. The direct integration gives 5811\3113 =
Il +12 :4/3 for T <« .

In the opposite limit 7' > @y, we define p/T = z and
obtain

I [+ 1 h 2z sinh
Il—Izz—/ d + coshz + zs21n 221/2‘
0 (1 + coshz)

6

As a result, G(CIB[E =Re(l; + ;) = 1 at T > w,. Besides,

we illustrate the behavior of G(CIIIJ[E in Figs. 5 and 6.
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FIG. 5. We represent here the dependence of o(CIII\ZE(a)O) on

for the case of the model with Wilson fermions (the imaginary
part vanishes). Values of w are represented in lattice units, i.e., in
units of 1/a, where a is the lattice spacing. The system is
considered in the initial equilibrium state with temperatures 7' =

5= (solid line), 53~ (dashed line), - (dashed-dotted line). For
these values of temperature, the system effectively approaches

continuum limit. Error bars are of the order of the line widths.
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FIG. 6. 'We represent here the dependence of 6811\3[]3(600, T) on

temperature expressed in lattice units, i.e., on Ta, for the fixed
ratio x = wy/T = 30 (solid line), x = 60 (dashed line), x = 80

(dashed-dotted line). The imaginary part of ag&E vanishes. Here,

a is the lattice spacing. One can see that in the continuum limit

a — 0 the value of o(clll\j[E(wo, T) approaches 4/3 when the value

of x is increased.
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