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The role of slow out-of-equilibrium modes (OEMs), introduced to extend the validity of hydrodynamics
near the QCD critical point on the power spectrum of dynamical density fluctuations has been studied. We
have used the equation of motion of slow modes for the situation when the extensive nature of
thermodynamics is not altered due to the introduction of the OEM. We find that the extensivity condition
puts an extra constraint on the coupling of OEM with the 4-divergence of velocity. The dynamic structure
factor [Snnðk;ωÞ] in the presence of the OEM shows four Lorentzian peaks asymmetrically positioned
about ωðfrequencyÞ ¼ 0, whereas it shows three well-known Lorentzian peaks in the absence of the OEM.
We find that the asymmetric peaks originate due to the coupling of the OEMwith the hydrodynamic modes.
It is also shown that the OEM has smaller effects on Snnðk;ωÞ evaluated within the scope of the first-order
hydrodynamics (relativistic Navier-Stokes). The width of the Rayleigh peak is reduced in the presence of
OEM, indicating the reduction of the decay rate of the fluctuations connected to the slowing down, a well-
known characteristic of the critical end point.
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I. INTRODUCTION

One of the outstanding issues in Relativistic Heavy Ion
Collision experiments (RHIC-E) is to detect the critical end
point (CEP) located at some critical baryonic chemical
potential (μc) and critical temperature (Tc) in the QCD
phase diagram. The existence of the CEP in QCD was
suggested in Refs. [1–5] based on the effective field
theoretic models and by lattice QCD simulations [6,7].
The experimental search for the CEP has been taken up
through the beam energy scan program at the Relativistic
Heavy Ion Collider [8]. The search for the CEP will
continue in future experiments at the Facility for Anti-
Proton and Ion Research and Nuclotron-Based Ion Collider
Facility [9]. The exact location of the CEP is not known
from the first principle because of the difficulties associated
with the sign problem of the spin-half Dirac particle (quark)
in lattice QCD calculations [10]. Some of the QCD based
effective models such as Nambu-Jona-Lasinio and
Polyakov loop extended Nambu-Jona-Lasinio predict the
location of the CEP [2,5,11,12], but the results are
dependent on the parameters of the models. However,
the prediction of the location of the CEP is not the only

problem. Even if the location of the CEP is predicted
accurately, its experimental detection is extremely chal-
lenging because the measured quantities are affected by all
the temperatures and densities through which the system
passes: from the initial to the thermal freeze-out states, not
only from the single point at (μc, Tc) of the phase diagram.
The space-time evolution of the fireball is studied by

solving relativistic hydrodynamic equations controlling the
conservation of the density of conserved quantities (energy,
momentum, and net-baryon number). The hydrodynamics
is used to describe the slowly evolving modes of the
macroscopic system, while the faster nonhydrodynamic
modes are set by the collision dynamics at the microscopic
level. The time required to achieve local equilibrium is
much shorter than the time required to attain global
equilibrium. This separation of timescale is required for
the applicability of hydrodynamics. The hydrodynamic
modeling has been used to study the evolution of the
fireball created in relativistic nuclear collisions with the
inclusion of the CEP [13–16], although strictly speaking, it
breaks down near the CEP [17] due to the divergence of the
correlation length and enhanced fluctuations [18–20]. At
the CEP, the correlation length diverges, resulting in the
divergence of the timescale for local equilibration, which
leads to the break down of the hydrodynamics. In other
words, if the system encounters the CEP, then the corre-
lation length (ξ) diverges, and the relaxation time which
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evolves as ∼ξ3 also diverges, leading to critical slowing
down [21–23]. Consequently, the system stays away from
local thermal equilibrium, and the first-order (Navier-
Stokes [24]) or the second-order [25] hydrodynamical
model may become inapplicable. However, hydrodynamics
can still be applied for systems far away from equilibrium
by including the higher-order gradients of hydrodynamic
fields. This is a very active field of contemporary research
but beyond the scope of present work (we refer to Ref. [26]
and references therein for details). The evolution of the
order parameters for chiral (σ field) and deconfinement
(Polyakov loop) phase transitions have been investigated
by using the Langevin equation in the thermal background
of quark and antiquark fluid near the CEP observing large
wave length fluctuations and slowing down [27,28].
It has been shown in Ref. [17] that the validity of the

hydrodynamics can be extended near CEP by introducing
a slowly evolving scalar nonhydrodynamic field or the
slow OEM, ϕ, which is subsequently incorporated in the
definition of the entropy along with other hydrodynamical
variables. The slow OEMs are not treated separately
[17,29], as they are coupled with hydrodynamic modes.
It is important to point out here that the description of

far-from-equilibrium conformal systems may converge to
hydrodynamic evolution [30–34]. However, this may not
be possible for general nonconformal systems [35,36] as
the gradient expansion is not always convergent [37]. The
above-mentioned gradient expansion of the hydrodynamic
field may not be suitable for systems with large fluctuations
near the CEP where the OEMs relax slowly. Instead, a
separate treatment of these modes will allow us to avoid the
problem of convergence of gradient expansion of hydro-
dynamic fields. The presence of slow modes and its
coupling with different hydrodynamic fields allow the
study of the fluctuations of large magnitudes near the
CEP. In the present work, the role of ϕ on Snnðk;ωÞ will be
studied using relativistic causal dissipative hydrodynamics
proposed by Israel and Stewart (IS) [25]. The dispersion
relations for the hydrodynamic modes are governed by
the set of hydrodynamic equations, and the extensivity of
thermodynamics restricts the coupling of slow modes with
gradients of other hydrodynamic fields.
The fluctuations near the CEP in condensed matter

system has been studied extensively. Specifically, the
dynamic spectral structure [Snnðk;ωÞ] has been investi-
gated both experimentally and theoretically and found to be
crucially dependent on the values of the various transport
coefficients of the fluid [22,38,39]. According to the
Onsager’s hypothesis [40], the progression of thermally
excited fluctuations is governed by the transport coeffi-
cients of the medium. The light and neutron scatterings
experiments have been performed to investigate the proper-
ties of fluctuations experimentally in condensed matter
physics. The spectrum of scattered light contains three
identifiable peaks of Lorentzian distribution, a Rayleigh (R)

peak [41], at angular frequency, ω ¼ 0, and two Brillouin
(B) peaks located symmetrically in the opposite side of the
R peak, experimentally detected by Fleury and Boon [42].
The R peak arises due to the entropy or temperature
fluctuations at constant pressure, whereas B peaks arise
from the pressure fluctuations at constant entropy. The
width of the R peak is connected to the thermal conduc-
tivity (κ), isobaric specific heat (CP), and the mass density
of the fluid (ρ) as κ=ðρCPÞ [22]. Therefore, if the order of
divergence for κ is weaker than CP, then a narrow R peak
appears. Since the width represents the decay rate of the
fluctuation, a narrow width will indicate the slower decay
of fluctuation. The two B peaks are positioned at ω ¼ �csk
with respect to the frequency of the incident light, where cs
is the speed of sound and k is the wave vector. The finite
width of the B peak provides information about the
values of transport coefficients such as shear and bulk
viscosities. The ratio of intensities of R peak to B peak is
IR=2IB ¼ CP=CV − 1 ¼ KT=KS − 1, called the Landau-
Placzek ratio, where KT and KS are isothermal and
adiabatic compressibilities, respectively. As some of the
transport coefficients and response functions change dras-
tically, the study of the structure factor is very useful to
understand the behavior of the fluid near the CEP where the
B peaks tend to vanish, giving rise to severe modification
in Snnðk;ωÞ.
In QCD, however, no external probe exists to measure

such a drastic change in Snnðk;ωÞ. Nevertheless, it is a
well-known feature of the critical phenomena that the
behavior of a large class of systems near the CEP are
independent of the dynamical details. Since the CEP in
QCD belongs to same universality class,Oð4Þ [1,4], as that
of liquid-gas critical point, the role of such slow modes can
be tested in liquid-gas system, and the knowledge gained
can be very helpful to guide the theoretical modelling
relevant to the CEP of QCD. In this context, the qualitative
and quantitative effects of the slow modes on various
physical quantities should be studied. In the present work,
the effects of the slow modes on the spectral structure of the
density fluctuations near the CEP [43,44] or more specifi-
cally the role of the slow modes on the Rayleigh and
Brillouin peaks of Snnðk;ωÞ have been investigated. The
static and dynamic structure factors have been estimated for
QCD matter near CEP with stochastic diffusion dynamics
of net baryon number in Refs. [45–47].
By definition of the critical point the quantity,

ð∂P=∂VÞcritical point approaches zero, leading to the diver-
gence of the isothermal compressibility [κT ∼ ð∂V=∂PÞT]
and hence resulting in a large fluctuation in density, as

ðδnÞ2 ∝ κT). This large fluctuation may reflect on exper-
imental observables. Thermal fluctuations can cause
entropy production, leading to fluctuation in multiplicity;
however, their ensemble average is unaffected [48]. These
fluctuations may not influence the lower flow harmonics
but affect their correlation. Recently, CMS collaborations
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have measured higher flow harmonics, which again carry a
strong signature of thermal fluctuations [49], indicating that
the measurement of fluctuations in multiplicity and higher
harmonics as a function of collision energy at various
rapidity bins may provide signal of CEP (see Ref. [50] for a
recent review). An enhancement of event-by-event fluc-
tuation in net proton due to the CEP has been observed in
Ref. [51]. The explicit dependence of the correlation of the
multiplicity fluctuation on the hydrodynamic properties
(speed of sound and shear viscosity) of the fluid in rapidity
space has been shown in Ref. [52] within the scope of
longitudinally expanding system with boost invariance
[53]. It will be interesting to study the same correlation
with the inclusion of the CEP (as both the viscosity and
speed of sound get affected by the CEP) by using full
(3þ 1)-dimensional expansion within the ambit of relativ-
istic second-order viscous hydrodynamics. The effects of
out-of-equilibrium dynamics and space-time inhomogene-
ity on the kurtosis of net baryon and σ field containing the
signal of CEP have been studied in Refs. [54].
The present paper is organized as follows. In the next

section, i.e., in Sec. II, the expression for Snnðk;ωÞ will be
derived by including the variable, ϕ, representing the
nonhydrodynamic mode. In Sec. III, the results are pre-
sented, and Sec. IV is devoted to a summary and discussion.

II. HYDRODYNAMICS WITH
OUT-OF-EQUILIBRIUM MODES

The evolution of fluid near the CEP within the scope of
fluid dynamics can be extended by introducing an extra
slow degree of freedom representing the soft mode [17].
For this purpose, we use the IS hydrodynamical model [25]
in Eckart frame [55] to study the effects of this slow degree
of freedom. The signature metric for the Minkowski space
time is taken as gμν ¼ ð−1; 1; 1; 1Þ. The fluid velocity
field, uμ, is normalized as uμuμ ¼ −1.
The energy-momentum and charge (net baryon number

here) conservation equations are, respectively,

∂μTμν ¼ 0 ð1Þ

and

∂μJμ ¼ 0; ð2Þ
where

Tμν ¼ ϵuμuν þ ðPþ ΠÞΔμν þ hμuν þ uμhν þ πμν ð3Þ

is the energy-momentum tensor and

Jμ ¼ nuμ þ nμ ð4Þ
is the baryonic current. In Eq. (3), qμ ¼ hμ − nμðϵþ PÞ=n
is the heat flux; hμ is the vector dissipation or dis-
sipative energy flow; uμ is the flow velocity, with

uμhμ ¼ uμπμν ¼ 0; n is the conserved charge number
density (net baryon density for RHIC-E); nμ is dissipative
current density; ϵ is energy density; P is the pressure; Π is
the scalar dissipation or the bulk stress; πμν is the tensor
dissipation or shear stress tensor; and Δμν ¼ gμν þ uμuν is
the projection operator, such that Δμνuν ¼ 0. In the Eckart
frame, nμ ¼ 0, which leads to qμ ¼ hμ.
The evolution can be studied by solving the hydro-

dynamic equations [Eqs. (1) and (2)] with the appropriate
initial conditions and equation of state. However, the
solution of these equations become invalid near the CEP.
To extend the validity of the hydrodynamics near the CEP, a
scalar field, ϕ, is introduced in the following way, and the
resulting model is referred as hydroþ [17]. In hydroþ
formalism, the partial equilibrium entropy gets separate
contribution from the slow mode ϕ. The change in entropy
density due to the introduction of the scalar field, ϕ, is
given by

dsþ ¼ βþdϵ − αþdn − πdϕ; ð5Þ
where π is the “energy cost” for the addition of ϕ to the
system and hence π can be called as the chemical potential
corresponding to ϕ. Here, αþ ¼ μþ=T, where T is the
temperature and μþ is the chemical potential. The relax-
ation equation for additional scalar soft mode, ϕ, is
introduced as [17]

Dϕ ¼ −Fϕ þ Aϕθ; ð6Þ

where θ ¼ ∂μuμ and D ¼ uμ∂μ. Forms of Fϕ and Aϕ can be
obtained by imposing the second law of thermodynamics,
which states

∂μsμ ≥ 0; ð7Þ

where sμ is the entropy four current and is defined as

sμ ¼ suμ þ Δsμ: ð8Þ

The role of the nonhydrodynamic mode on the extensivity
condition has not been considered earlier to the best of our
knowledge. In the present work, we find that the extensivity
condition is important for determining the form of Aϕ. For
notational simplicity, we drop the subscript “þ” from here
onward and write the following relations as obtained from
the extensivity condition discussed in Appendix A, in the
presence of ϕ as

βdP ¼ −ðϵþ PÞdβ þ ndαþ ϕdπ; ð9Þ

s ¼ βðϵþ P − μnÞ − πϕ: ð10Þ

The equation for the soft mode, Eq. (6), is already of
relaxation type in its form; therefore, the coupling of
slowly evolving soft modes at first order is adequate to
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maintain causality. The coupling with the soft mode in first
order can be achieved as

∂μsμ ¼ ðFϕ − b∂μqμÞπ − qμ∂μðβ þ bπÞ − βð∂μuνÞΔTμν

þ ∂μðΔsμ þ βqμ þ bπqμÞ þ Snθ; ð11Þ

where b represents the coupling strength between the slow
mode and the heat flux, which is expected to modify the
spectral function. The Sn is given by

Sn ¼ s − βðϵþ PÞ þ μβnþ πAϕ: ð12Þ

∂μsμ ≥ 0 can be satisfied with redefinition of π, qμ, ΔTμν,
and sμ; therefore, we have

Δsμ ¼ −βqμ − bπqμ ð13Þ

and

qμ ¼ −κT
�
Duμ −

1

β
Δμν

∂νðβ þ bπÞ
�
; ð14Þ

Fϕ ¼ γπ − b∂μ

�
κTDuμ −

κ

β
Δμν

∂νðβ þ bπÞ
�
; ð15Þ

where the proportionality constants κ ≥ 0 and γ ≥ 0 are,
respectively, thermal conductivity and the relaxation rate of
slow modes. Along with the above expression of fluxes,
one also needs Sn ¼ cθ, with c ≥ 0 being a constant to
satisfy the relation ∂μsμ ≥ 0. However, since Sn contains
local thermodynamic quantities at zeroth order in the
derivative, it cannot be a function of the four divergence
of fluid velocity, θ. In other words, the relation Sn ¼ cθ
with nonzero c will make the local equilibrium entropy
density in the fluid rest frame a function of the dissipative
gradient of the fluid velocity which is frame dependent.
In that case, the local equilibrium entropy will be frame
dependent, but the frame dependence of entropy is contra-
dictory to its definition as a frame-independent quantity.
So c should be zero, implying Sn ¼ 0.
Comparison of Eqs. (10) and (12) gives Aϕ ¼ ϕ for

Sn ¼ 0. Therefore, the modified expressions of fluxes in
the second-order IS theory with the coupling to soft modes
read as

Π ¼ −
1

3
ζ½∂μuμ þ β0DΠ − α̃0∂μqμ�;

qμ ¼ −κTΔμν½β∂νðT þ bπÞ þDuν

þ β1Dqν − α̃0∂νΠ − α̃1∂λπ
λ
ν�;

πμν ¼ −2η½Δμνρλ
∂ρuλ þ β2Dπμν − α̃1Δμνρλ

∂ρqλ�; ð16Þ

with constants of proportionality η ≥ 0, ζ ≥ 0, where η and
ζ are the shear and bulk viscous coefficients, respectively,

and Δμνρλ¼ 1
2
½ΔμρΔνλþΔνρΔμλ− 2

3
gμνΔρλ�. The quantities

α̃0 and α̃1 are coupling coefficients, and β0, β̃1, and β2 are
relaxation coefficients. The relations of β0, β1, and β2 with
the relaxation time scales are given by (see Refs. [56,57]
for details):

τΠ ¼ ζβ0; τq ¼ κTβ1; τπ ¼ 2ηβ2: ð17Þ
The coupling coefficients, which couple the heat flux to
the bulk pressure ðlqΠ; lΠqÞ and the heat flux to the shear
tensor ðlqπ; lπqÞ, are related to the relaxation lengths by the
following relations:

lΠq ¼ ζα0; lqΠ ¼ κTα0; lqπ ¼ κTα1; lπq ¼ 2ηα1:

ð18Þ
The expressions for relaxation and coupling coefficients are
taken from Ref. [44].

A. Linearized equations and the dynamic
structure factor

Next, we linearize the hydrodynamic equations for
small deviations from equilibrium field quantities and solve
in frequency (ω)-wave vector (k) space to obtain the
Snnðk;ωÞ. We assume Q ¼ Q0 þ δQ, where Q, Q0,
and δQ represent general hydrodynamic variables, their
average values, and fluctuations, respectively (for pedagogi-
cal approach on hydrodynamic fluctuation, we refer to
Ref. [58]).Q0 ¼ 0 is its average value for dissipative degrees
of freedom and uμ0 ¼ ð−1; 0; 0; 0Þ and δuμ ¼ ð0; δuÞ. The
expressions for Π, qμ and πμν given in Eq. (16) have been
substituted in Eq. (3) to obtained Tμν and subsequently
Eqs. (1) and (2) have been solved under linear approximation
in ðω; kÞ space. In the linearized domain, the equations of
motion for different space-time components of the energy-
momentum tensor and baryonic charge current obtained
from Eqs. (1) and (4) read as

0 ¼ −
∂δϵ

∂t
− ðϵ0 þ P0Þ∇ · δu − ∇ · δq; ð19aÞ

0 ¼ −ðϵ0 þ P0Þ
∂

∂t
δui − ∂

iðδPþ δΠÞ þ ∂

∂t
δqi − ∂jΠij;

ð19bÞ

0 ¼ −
∂

∂t
δn − n0∇ · δu; ð19cÞ

0 ¼ δΠþ 1

3
ζ½∇ · δuþ β0

∂

∂t
δΠ − α̃0∇ · δq�; ð19dÞ

0 ¼ δqi þ κT0∇iδT þ κT0

∂

∂t
δui þ κT0β1

∂

∂t
δqi

− κT0α̃0∇iδΠ − κT0α̃1∇jπ
ij; ð19eÞ

0¼δπijþ2ηδijlmð∂lδum− α̃1∂lδqmÞþ2ηβ2
∂

∂t
δπij; ð19fÞ
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0 ¼ −
∂

∂t
δϕ −

�
γ þ T2

0

K2
qπ

κ
∇2

�
Cϕπδϕ

−
�
γ þ

�
T2
0

K2
qπ

κ
−
Kqπ

CTπ

�
∇2

�
CTπδT

−
�
γ þ T2

0

Kqπ

κ
∇2

�
Cπnδn − T0Kqπ

∂

∂t
ð∇iδuiÞ

þ ϕ∇iδui; ð19gÞ

where Kqπ ¼ bκ and

CAπ ¼
∂π

∂A
; with A≡ ðT; n;ϕÞ: ð20Þ

We get a system of linear equations in ω − k space
(Appendix B) by taking the Fourier transformation of the
above sets of equations. The Fourier transform of δQðr; tÞ
denoted by δQ̃ðk;ωÞ is defined as

δQ̃ðk;ωÞ ¼
Z

∞

−∞
d3r

Z
∞

0

dte−iðk·rþωtÞδQðr; tÞ; ð21Þ

and the Fourier transform of δQðr; tÞ at t ¼ 0 is given by

δQ̃ðk; t ¼ 0Þ ¼
Z

∞

−∞
d3r

Z
∞

0

e−ik·rδQðr; t ¼ 0Þ: ð22Þ

The set of relevant equations, Eqs. (B3)–(B13), is
given in Appendix B and can be written in the matrix
form as

MδQ ¼ A; ð23Þ

where M is an 11 × 11 matrix representing the coefficients
of the column vector comprising the quantities
δn; δT; δujj; δu⊥; δΠ; δqjj,δq⊥; δπjjjj; δπjj⊥; δπ⊥⊥, and δϕ.
For notational simplicity, the tilde sign on the functions
will be ignored from here onward for all the Fourier
transformed quantities, but this will not cause any con-
fusion as the ω and k explicitly appear as the arguments of
the relevant quantities.
The solution of the set of linear equations can be

written as

δQ ¼ M−1A: ð24Þ

In the present work, we are interested in evaluating
the two-point correlation of density fluctuation. The
solution of the set of equations represented by
Eq. (24) leads to the following expression for density
fluctuation (δn):

δnðk;ωÞ ¼ ð−ϵnM−1
12 −M−1

11 Þδnðk; t ¼ 0Þ þ ϵTð−M−1
12 ÞδTðk; t ¼ 0Þ þ ð−ϵϕM−1

12 −M−1
13 Þδϕðk; t ¼ 0Þ

þ ðϵ0M−1
14 − ikT0M−1

13 κqπ þM−1
14P0 − T0χM−1

15 Þδujjðk; t ¼ 0Þ

þ ð−β1T0χM−1
15 −M−1

14 Þδqjjðk; t ¼ 0Þ þ 1

3
ζM−1

16 β0δπðk; t ¼ 0Þ − 2ηM−1
17 β2δπjjjjðk; t ¼ 0Þ

− 2ηM−1
18 β2π⊥⊥ðk; t ¼ 0Þ þ ðϵ0M−1

19 þM−1
19P0 − T0χM−1

110Þδu⊥ðk; t ¼ 0Þ
þ ð−β1T0χM−1

110 −M−1
19 Þδq⊥ðk; t ¼ 0Þ − 2ηM−1

111β2δπjj⊥ðk; t ¼ 0Þ; ð25Þ

where ϵx ¼ ∂ϵ
∂x and x ¼ n,T, ϕ.

Now, we define the correlation of density fluctuations
[22], S0

nnðk;ωÞ as follows:

S0
nnðk;ωÞ ¼ hδnðk;ωÞδnðk; 0Þi: ð26Þ

S0
nnðk;ωÞ can be calculated by substituting the expression

for δn given by Eq. (25) in Eq. (26).
The correlation between two independent thermody-

namic variables, say, Qi and Qj, vanishes; i.e., we have

hδQiðk;ωÞδQjðk; t ¼ 0Þi ¼ 0; i ≠ j: ð27Þ

Therefore, the terms like < δujjδqjj >, etc., will not
contribute to S0

nnðk;ωÞ,

S0
nnðk;ωÞ ¼ −

��
∂ϵ

∂n

�
M−1

12 −M−1
11

�
× hδnðk; t ¼ 0Þδnðk; t ¼ 0Þi: ð28Þ

It may be noted that the elements M12 and M11 provide
nonzero contributions to S0

nn and contributions for all other
elements are zero because of the condition imposed by
Eq. (27). The final expression for the Snnðk;ωÞ can be
obtained as

Snnðk;ωÞ ¼
S0
nnðk;ωÞ

hδnðk; t ¼ 0Þδnðk; t ¼ 0Þi

¼ −
��

∂ϵ

∂n

�
M−1

12 −M−1
11

�
: ð29Þ
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This is the correlation in density fluctuation or the
power spectrum with the inclusion of the extra degree of
freedom, ϕ.

III. RESULTS AND DISCUSSION

The aim of this work is to find out the spectral structure
of density fluctuation within the scope of relativistic causal
hydrodynamics with its validity extended near the CEP by
introducing a scalar field as discussed above. The effect of
the CEP is taken into consideration through an equation
of state (EOS), containing the critical point. The EOS is
constructed from the universality hypothesis, which sug-
gests that the CEP of the QCD belongs to same universality
class as the three-dimensional (3D) Ising model. We do not
repeat the discussion on the construction of the EOS here
but refer to the appropriate literature [16,44,59,60] for
details. The behavior of various transport coefficients and
response functions plays a crucial role in determining the
structure factor in the presence of the CEP. The scaling
behavior of various transport coefficients and thermody-
namic functions near the CEP has been taken into account
by using the following relations [61–63]:

κT ¼ κ0T jrj−γ0 ; CV ¼C0jrj−α; CP ¼
κ0T0

n0

�
∂P
∂T

�
2

n
jrj−γ0 ;

c2s ¼
T0

n0h0C0

�
∂P
∂T

�
2

n
jrjα; αp¼ κ0

�
∂P
∂T

�
n
jrj−γ0

η ¼ η0jrj1þaκ=2−γ0 ; ζ ¼ ζ0jrj−αζ ; κ ¼ κ0jrj−aκ ; ð30Þ

where r ¼ ðT − TcÞ=Tc is the reduced temperature and α,
γ0, aζ, and aκ are the critical exponents. Here, α ¼ 0.11 and
γ0 ¼ 1.2. We take the values aζ ¼ νd − α ¼ 1.78 (here,
d ¼ 3, ν ¼ 0.63), and aκ ¼ 0.63. The partial derivative,
ð∂P
∂TÞn, has been evaluated by using the EOS for consistency.

The critical behaviors of the second-order coupling and
relaxation coefficients of the IS hydrodynamics have also
been taken into account here (see Ref. [44] for details). To
discern the effect of the scalar field ϕ on Snnðk;ωÞ, first we
discuss the profile of Snnðk;ωÞ in the absence of ϕ for two
scenarios: when the system is (i) away from the CEP and
(ii) near the CEP. For the first, it is well known that in the
absence of ϕ the Snnðk;ωÞ has three well-known peaks.
These are the R peak located at ω ¼ 0 (due to entropy
fluctuation at constant pressure) and the B peaks located
symmetrically on either side of the R peak (due to pressure
fluctuation at constant entropy). For the second, the
Snnðk;ωÞ shows a single peak at ω ¼ 0, and the B peaks
vanish due to vanishing of sound speed in systems near
the CEP [44].
This profile of Snnðk;ωÞ is different from the one

discussed above when the field ϕ is introduced. The
locations of the four peaks of Snnðk;ωÞ for different values
of ω are obtained from the dispersion relation provided in
the Appendix C. In Fig. 1(a), the variation of Snnðk;ωÞwith
ω for nonzero ϕ is shown for k ¼ 0.1 fm−1 when the
system is away from the CEP. The Snnðk;ωÞ admits four
peaks in the presence of ϕ. It is interesting to note that there
is no elastic peak (R peak) at ω ¼ 0. The two away side
peaks are identified as the B peaks corresponding to the
Stokes (left side) and the anti-Stokes components (right
side) located asymmetrically on either side of the origin
with unequal peak heights. The asymmetry in the B peaks
may arise due to the local inhomogeneity present in the
system. The B peaks arise from propagating sound modes
associated with pressure fluctuations at constant entropy. In
condensed matter physics, the asymmetry of the B peaks is
understood from the fact that two sound modes with
different ω values, �csk, originate from different temper-
ature zones [64,65]. The other two peaks (closer to ω ¼ 0)
are present even with vanishing speed of sound in the

(a) (b)

FIG. 1. (a) Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and η=s ¼ ζ=s ¼ κT=s ¼ 1=4π, when the system is away from CEP
(r ¼ 0.2). The peaks are appearing as very narrow due to the scale chosen along x axis, and the change in the x-axis scale makes the
width visible (see the inset for the R peak). (b) The system is close to the CEP (r ¼ 0.01). The results are obtained with the equation of
state containing the CEP and the transport coefficients, and the thermodynamic response function and the relaxation coefficients are
estimated from the scaling behavior.
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neighborhood of the CEP [as shown in Fig. 1(b)], arising
due to the coupling of ϕwith qμ. The coupling of ϕwith the
hydrodynamical fields has resulted in one extra peak and
the shifting of the R peak from ω ¼ 0. The peak appears at
ω ¼ 0 for static thermal fluctuations (without time varia-
tion) on the magnitude of the fluctuations. Their appear-
ance at nonzero ω represents the variation in the magnitude
of the fluctuation with time. So, the appearance of these
peaks at ω ≠ 0 (instead of at ω ¼ 0) is due to the time
varying thermal fluctuations. The time variation in thermal
fluctuation is due to the coupling of the heat flux to slow
nonequilibrium modes. The slow nonequilibrium modes
have much slower dynamic evolution rate, so thermal
fluctuations become time dependent instead of being time
independent. A nonrelativistic fluid system placed in a
stationary temperature gradient showed asymmetry
between Stokes and anti-Stokes components, and the
asymmetry is maximum when kjj∇T and vanishes with
k⊥∇T. The asymmetry present in Rayleigh component is
exactly opposite to the Brillouin components. In the
vicinity of the CEP (right panel), the Snnðk;ωÞ shows

two peaks closer to ω ¼ 0 as the B peaks disappear due to
the absorption of sound at the CEP.
In Fig. 2, the structure factor in the ω-k plane is plotted

when the system is away from CEP. The structure of
Snnðk;ωÞ with nonzero ϕ is quite different from the case
when ϕ ¼ 0. In case of ϕ ¼ 0, there will be a R peak and
two B peaks with diminishing heights with the increase of k
values. However, with ϕ ≠ 0, there are peaks appear at
nonzero ω and k values due to the coupling of ϕ with other
hydrodynamic fields. The structure of Snnðk;ωÞwith R and
B peaks can be reproduced when the coupling of π (the
chemical potential corresponding to the variable ϕ) with
flux q is set to zero (Fig. 3).
The quantity, ∂P=∂ϕ, is connected to the fluctuation

of ϕ as ðΔϕÞ2 ∝ ϕ−1ð∂P=∂ϕÞ−1 in analogy with ðΔnÞ2 ∝
n−1ð∂P=∂nÞ−1 where n−1ð∂P=∂nÞ−1 is the isothermal
compressibility. The quantity, ð∂P=∂ϕÞ, represents the
effect of slow modes on the local pressure, which accounts
for the effect of slow modes in the speed of sound in the
system (Appendix C). The asymmetry in Snnðk;ωÞ with
respect to ω increases with increase in ð∂P=∂ϕÞ. This is
distinctly visible in Fig. 4 in comparison to results
displayed in Fig. 1(a).
Figure 5 displays the structure factor with increased ϕ

value. The height of the peaks get enhanced significantly
for higher values of ϕ. The introduction of slow modes is
intended to account for the higher-order gradients (required
for system far away from equilibrium) which become
relevant at hydrodynamic scales. On the other the hand,
nonequilibrium fluxes at lower order are also present. The
nonequilibrium modes of different orders should be taken
into account through slow modes for onset of large
fluctuations. For relatively higher fluctuations, even sec-
ond-order gradients would be accounted through the slow
mode, leaving only first-order gradients relevant for fast
nonequilibrium modes. On the other hand, for relatively
lower fluctuations, the nonhydrodynamic modes at second

FIG. 2. Variation of Snnðk;ωÞ with ω and k for r ¼ 0.2, i.e.,
when the system is away from CEP.

FIG. 3. Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and
r ¼ 0.2, i.e., when the system is away from CEP for Kqπ ¼ 0.

FIG. 4. Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and
r ¼ 0.2, i.e., the system is away from CEP but with higher value
of ð∂P

∂ϕÞ. The asymmetry in the B peaks is clearly visible.
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order will be of fast modes, and the interplay of these
nonhydrodynamic modes with the slow modes may be
understood through the comparison of results with slow
modes for first-order theory (where contribution from
higher-order derivatives to fast dissipative modes are
negligible) and a second-order theory. Moreover, for (non-
relativistic) condensed matter systems where contribution
from second-order gradients and couplings can be negli-
gible, it is interesting to know what effect will be there for
the slow modes.
In Fig. 6, the structure factor for second-order hydro-

dynamics has been compared with first-order hydrody-
namics (relativistic Navier-Stokes). Interestingly, the
structure factor for first-order hydrodynamics admits an
R peak at the origin and two symmetric B peaks located on
the opposite sides of the R peak. The effects of ϕ seems to
be inconsequential in terms of the arising of extra peaks in
the first-order theory. The extra peaks do not appear
because of the vanishing of the coupling and relaxation
coefficients in the first-order hydrodynamics. However, the

effect of slow modes in first-order theory is seen in the
difference of B-peak heights.
Equations (3) (expression of the energy-momentum

tensor) and (16) indicate that the coupling of ϕ enters
the system through qμ. The first-order theory can be
obtained from second-order theory by setting the coupling
coefficients (α̃0 and α̃1) and relaxation coefficients (β0, β̃1,
and β2) to zero in Eq. (16). Therefore, the only term
through which the coupling of ϕ enters the first-order
hydrodynamics (Navier-Stokes) is given by the first term
of qμ in Eq. (16), that is, qμ ¼ −κTΔμν½β∂νðT þ bπÞ�. It is
interesting to note that the incorporation of ϕ has just
shifted the temperature from T to T þ bπ through its
chemical potential π. This term does not introduce any
ω dependence; therefore, the presence of ϕ in first-order
hydrodynamics will not introduce an extra peak.
Until now, it is evident that the extra peaks are origi-

nating from coupling of heat flux with the scalar field in
second-order theory. However, it is not clear whether the
coupling with the longitudinal or transverse modes or both
is responsible for these peaks in second-order theory. We
verify it by taking only longitudinal modes of second-order
theory. The ω dependence of Snnðk;ωÞ derived from the
longitudinal dispersion relation with and without ϕ has
been depicted in Fig. 7. We find that the elastic (ω ¼ 0) R
peak is recovered. Thewidths of the R peak and B peaks are
small due to the introduction of the ϕ field (blue dashed
line) and closer to the R peak compared to the case when
ϕ ¼ 0. The rate of decay of the thermal fluctuation
reflected through the width of the R peak becomes smaller
due to the introduction of the field ϕ; that is, the decay of
the fluctuation becomes slower in the presence of ϕ.
The comparison of this result with that displayed in

Fig. 1(a) indicates that the extra peak appearing in Fig. 1(a)
is due to the coupling of the transverse modes with ϕ. It is
interesting to note that the extra peak in the dynamic
structure factor is caused by the transverse mode in the

FIG. 6. Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and
r ¼ 0.2. The results for second-order and first-order theories of
hydrodynamics are compared here.

FIG. 7. Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and
r ¼ 0.2 with (dotted line) and without (solid) the ϕ mode, when
the longitudinal modes are only considered.

FIG. 5. Variation of Snnðk;ωÞ with ω for k ¼ 0.1 fm−1 and
r ¼ 0.2; i.e., the system is away from CEP with increased ϕ
modes in the system, which increases the thermal fluctuation.
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second-order causal hydrodynamics. However, it may
create confusion whether the absence of extra peaks at
ϕ ≠ 0 is due to the longitudinal modes only or because of
first-order hydrodynamics. This can be resolved from the
observation that the height asymmetry is different for these
two scenarios.

IV. SUMMARY AND DISCUSSIONS

It has been shown in Ref. [17] that the validity of second-
order hydrodynamics can be extended near the CEP by
introducing an extra slow degree of freedom. Here, we
have derived the equation of slow modes for the situa-
tion when the extensive nature of thermodynamics is not
altered due to the introduction of slow modes. We find that
the extensivity condition puts an extra constraint on the
coupling of scalar slow modes with the four divergence of
velocity. The role of this extra out-of-equilibrium mode on
the spectral properties of dynamical density fluctuations
near the QCD critical point has been investigated. The
dynamical spectral structure [Snnðk;ωÞ] in the presence of
the out-of equilibrium modes admits four Lorentzian peaks,
whereas the dynamic structure factor without slow modes
admits three Lorentzian peaks. We find that the asymmetric
extra peaks originate due to the coupling of the out-of-
equilibrium modes with the hydrodynamic modes. It is also
shown that the first-order hydrodynamics is marginally
affected by the extra variable introduced to broaden the
scope of hydrodynamics. The presence of scalar field
introduces the extra peaks in the dynamic structure factor
due to the presence of the transverse modes in the causal
theory of hydrodynamics. These effects of slow modes on
the dynamic structure factor may help in the experimental
investigation of the role of slow modes near the Oð4Þ
critical points in condensed matter systems. Consequently,
by virtue of universality class, the acquired knowledge on
the role of slow modes from experiments on the critical
point may be useful in estimating the effect of the CEP
through modeling the hydrodynamic evolution of system
formed in heavy ion collisions near the QCD critical point.
The field representing the OEM, ϕ, plays a crucial role.
It reduces the width of the distribution representing the
thermal fluctuation, which increases the decay time of the
fluctuation.
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APPENDIX A: EXTENSIVITY CONDITION

The infinitesimal change in the total entropy for revers-
ible process of a system of volume V, conserved number
Nð¼ nVÞ, slow mode Φð¼ ϕVÞ, and Eð¼ ϵVÞ at temper-
ature T and chemical potential μ is

dS ¼ ðEþ PdV − μNÞ=T − πdΦ: ðA1Þ

This will give

∂S
∂E

����
N;V;Φ

¼ 1

T
;

∂S
∂V

����
N;E;Φ

¼ P
T
;

∂S
∂N

����
E;V;Φ

¼ −
μ

T
;

∂S
∂Φ

����
E;V;N

¼ −
π

T
: ðA2Þ

The total entropy S satisfies the following relation:

SðλE; λV; λN; λΦÞ ¼ λSðE; V;N;ΦÞ: ðA3Þ
Differentiation with respect to λ yields

S ¼ E
∂S
∂λE

����
λN;λV;λΦ

þ N
∂S
∂λN

����
λE;λV;λΦ

þ V
∂S
∂λV

����
λN;λE;λΦ

þΦ
∂S
∂λΦ

����
λN;λV;λE

: ðA4Þ

Putting λ ¼ 1 and dividing by V, we get

s ¼ βðϵþ P − μnÞ − πϕ; ðA5Þ

where S¼ sV is the entropy density. Equations (A5) and (5)
give

dP ¼ sdT þ ndμþ ϕdðTπÞ: ðA6Þ

APPENDIX B: THE SYSTEM OF LINEAR
EQUATIONS DERIVED FOR THE
PERTURBATIONS IN ω− k SPACE

The linearized system of equations obtained by using the
Fourier-Laplace transformation of the perturbative quan-
tities (generically denoted by δQ) as

δQ̃ðk;ωÞ ¼
Z

∞

−∞
d3r

Z
∞

0

dte−iðk·rþωtÞδQðr; tÞ ðB1Þ

and

δQ̃ðk; t ¼ 0Þ ¼
Z

∞

−∞
d3re−iðk·rÞδQðr; t ¼ 0Þ: ðB2Þ
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The system of equations for the perturbations in hydrodynamic and nonhydrodynamic (ϕ) field in ω − k space is given
below:

iωδϵðk;ωÞ þ ikδqjjðk;ωÞ þ ikðϵ0 þ P0Þδujjðk;ωÞ ¼ −δϵðk; t ¼ 0Þ; ðB3Þ

iωðϵ0 þ P0Þδujjðk;ωÞ − ikδPðk;ωÞ − ikδΠðk;ωÞ þ iωδqjjðk;ωÞ − ikδπjjjjðk;ωÞ
¼ ðϵ0 þ P0Þδujjðk; t ¼ 0Þ − δqjjðk; t ¼ 0Þ; ðB4Þ

−iωðϵ0 þ P0Þδu⊥ðk;ωÞ − iωδq⊥ðk;ωÞ − ikδπ⊥jjðk;ωÞ ¼ ðϵ0 þ P0Þδu⊥ðk; t ¼ 0Þ − δq⊥ðk; t ¼ 0Þ; ðB5Þ

iωδnðk;ωÞ þ ikn0δujjðk;ωÞ ¼ −δnðk; t ¼ 0Þ; ðB6Þ
�
1þ iω

1

3
ζβ0

�
δΠðk;ωÞ þ ik

1

3
ζδujjðk;ωÞ − ik

1

3
ζα0δqjjðk;ωÞ ¼ −

1

3
ζβ0δΠðk; t ¼ 0Þ; ðB7Þ

ð1þ iωκT0β1Þδqjjðk;ωÞ þ ikκT0δujjðk;ωÞ þ ik½κ − CTπKqπT2
0�δTðk;ωÞ − ikT2

0KqπCϕπδϕðk;ωÞ
− ikκT0α0δΠðk;ωÞ − ikT2

0KqπCnπδnðk;ωÞ − ikκT0α1δπjjjjðk;ωÞ
¼ −κT0δujjðk; t ¼ 0Þ − β1κT0δqjjðk; t ¼ 0Þ; ðB8Þ

ð1þ iωβ1kT0Þδq⊥ðk;ωÞ þ iκT0ðωδu⊥ðk;ωÞ − kα̃1δπ⊥jjðk;ωÞÞ ¼ −κT0½δu⊥ðk; 0Þ − β1δq⊥ðk; t ¼ 0Þ� ðB9Þ

ð1þ 2iωηβ2Þδπjjjjðk;ωÞ þ ik
4

3
ηδujjðk;ωÞ −

4

3
δqjjðk;ωÞ ¼ −2ηβ2δπjjjjðk; t ¼ 0Þ; ðB10Þ

ð1þ 2iωηβ2Þδπ⊥⊥ðk;ωÞ − ik
4

3
ηδujjðk;ωÞ þ ik

4

3
ηα̃1δqjjðk;ωÞ ¼ −2ηβ2δπ⊥⊥ðk; t ¼ 0Þ; ðB11Þ

ð1þ 2iωηβ2Þδπ⊥⊥ðk;ωÞ þ ikηδu⊥ðk;ωÞ − ikδq⊥ðk;ωÞ ¼ −2ηβ2δπ⊥jjðk; t ¼ 0Þ; ðB12Þ
�
iωþ Cϕπ

�
γ − T2

0

Kqπ

κ
k2
��

δϕðk;ωÞ þ
�
γ − Kqπ

�
T2
0

Kqπ

κ
−

1

CTπ

�
k2
�
CTπδTðk;ωÞ

þ
�
γ − T2

0

K2
qπ

κ
k2
�
Cnπδnðk;ωÞ − ikðϕ − iωT0KqπÞδujjðk;ωÞ

¼ −
�
1þ ik

K2
qπ

κ
T0Cϕπ

�
δϕðk; t ¼ 0Þ − ikT0Kqπδujjðk; t ¼ 0Þ; ðB13Þ

where subscripts “jj” and “⊥” stand for projection along and perpendicular to k, respectively. After expressing δϵ and δp as

δϵ ¼
�
∂ϵ

∂n

�
δnþ

�
∂ϵ

∂T

�
δT þ

�
∂ϵ

∂ϕ

�
δϕ; ðB14Þ

δP ¼
�
∂P
∂n

�
δnþ

�
∂P
∂T

�
δT þ

�
∂P
∂ϕ

�
δϕ; ðB15Þ

the equations can be arranged to have the matrix from with matrix

MδQ ¼ A ðB16Þ

with
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δQ ¼

0
BBBBBBBBBBBBBBBBBBBBB@

δn

δT

δϕ

δujj
δqjj
δπ

δπjjjj
δπ⊥⊥
δu⊥
δq⊥
δπjj⊥

1
CCCCCCCCCCCCCCCCCCCCCA

; A ¼

0
BBBBBBBBBBBBBBBBBBBBB@

−δnðk; t ¼ 0Þ
−ϵnδnðk; t ¼ 0Þ − ϵϕδϕðk; t ¼ 0Þ − eTδTðk; t ¼ 0Þ

−δϕðk; t ¼ 0Þ − ikT0δujjðk; t ¼ 0Þκqπ
ðϵ0 þ P0Þδujjðk; t ¼ 0Þ − δqjjðk; t ¼ 0Þ
−χβ1T0δqjjðk; t ¼ 0Þ − T0χδujjðk; t ¼ 0Þ

− 1
3
β0ζδπðk; t ¼ 0Þ

−2β2ηδπjjjjðk; t ¼ 0Þ
−2β2ηδπ⊥⊥ðk; t ¼ 0Þ

ðϵ0 þ P0Þδu⊥ðk; t ¼ 0Þ − δq⊥ðk; t ¼ 0Þ
−χβ1T0δq⊥ðk; t ¼ 0Þ − T0χδu⊥ðk; t ¼ 0Þ

−2β2ηδπjj⊥ðk; t ¼ 0Þ

1
CCCCCCCCCCCCCCCCCCCCCA

ðB17Þ

and

M ¼
�
Lm 0

0 T m

�
; ðB18Þ

where

Lm¼

0
BBBBBBBBBBBBBBB@

iω 0 0 ikn0 0 0 0 0

iωϵn iωϵT iωϵϕ ikw0 −ik 0 0 0

CnπBðkÞ CTπBðkÞþk2κqπ CϕπBðkÞþ iω ikDϕðωÞ 0 0 0 0

−ikPn −ikPT −ikPϕ −iωw0 iω −ik −ik 0

−ikT2
0Cnπκqπ ikðχ−T2

0CTπκqπÞ −ikT2
0Cϕπκqπ iT0χω 1þ iβ1T0χω −χT α̃0 −χT α̃1 0

0 0 0 iζk
3

−1
3
iζkα̃0 1þ 1

3
iβ0ζω 0 0

0 0 0 4iηk
3

−4
3
iηkα̃1 0 KðωÞ 0

0 0 0 −4
3
iηk 4

3
iηkα̃1 0 0 KðωÞ

1
CCCCCCCCCCCCCCCA

; ðB19Þ

where BðkÞ ¼ ðγ − k2T2
0
κ2qπ

χ Þ, KðωÞ ¼ 1þ 2iβ2ηω, w0 ¼ ðϵ0 þ P0Þ, DϕðωÞ ¼ −ðϕ̄ − iT0ωκqπÞ; χT ¼ ikT0χ, and T m is
given by

T m ¼

0
B@

−iωðϵ0 þ P0Þ iω −ik
iT0χω 1þ iβ1T0χω −ikT0χα̃1

iηk −iηkα̃1 1þ 2iβ2ηω

1
CA: ðB20Þ

The solution can be written as

δQ ¼ M−1A: ðB21Þ
The solution for fluctuations in net charge (baryon) density is given by

δnðk;ωÞ ¼ ð−ϵnM−1
12 −M−1

11 Þδnðk; t ¼ 0Þ þ ϵTð−M−1
12 ÞδTðk; t ¼ 0Þ þ ð−ϵϕM−1

12 −M−1
13 Þδϕðk; t ¼ 0Þ

þ ðϵ0M−1
14 − ikT0M−1

13 κqπ þM−1
14P0 − T0χM−1

15 Þδujjðk; t ¼ 0Þ

þ ð−β1T0χM−1
15 −M−1

14 Þδqjjðk; t ¼ 0Þ þ 1

3
ζM−1

16 β0δπðk; t ¼ 0Þ − 2ηM−1
17 β2δπjjjjðk; t ¼ 0Þ

− 2ηM−1
18 β2π⊥⊥ðk; t ¼ 0Þ þ ðϵ0M−1

19 þM−1
19P0 − T0χM−1

110Þδu⊥ðk; t ¼ 0Þ
þ ð−β1T0χM−1

110 −M−1
19 Þδq⊥ðk; t ¼ 0Þ − 2ηM−1

111β2δπjj⊥ðk; t ¼ 0Þ: ðB22Þ
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The elements M12 and M11 can be expressed explicitly as
function of frequency and wave vector; thermodynamic
quantities temperature, pressure, etc.; and coupling between
various hydrodynamic quantities and ϕ. The expressions for
½−ϵnM−1

12 −M−1
11 � (both for Kqπ ≠ 0 and Kqπ ¼ 0) are given

in the supplemental material [66].

APPENDIX C: SPEED OF SOUND
AND THE ROOTS OF ωðkÞ

In this appendix, we provide the expressions for the speed
of sound and the roots of ωðkÞ with the inclusion of out-of-
equilibrium mode ϕ. The speed of sound (cs) is given by

c2s ¼
�
∂p
∂ϵ

�
s=n

¼ sdT þ ndμþ ϕdπ
Tdsþ μdnþ πdϕ

¼ A=B; ðC1Þ

where A and B are given by

A ¼ sþ nF þ ϕG; ðC2Þ

B ¼ T

�
∂s
∂T

�
μ;π

þ TF
�
∂s
∂μ

�
T;π

þ TG
�
∂s
∂π

�
T;μ

þ μ

�
∂n
∂T

�
μ;π

þ μF
�
∂n
∂μ

�
T;π

þ μG
�
∂n
∂π

�
T;μ

þ T

�
∂s
∂T

�
μ;π

þ TF
�
∂s
∂μ

�
T;π

þ TG
�
∂s
∂π

�
T;μ

; ðC3Þ

where

F ¼ ½ð∂s
∂TÞ − s

n ð∂n∂TÞ� þ ð∂π
∂TÞ½ð∂s∂πÞ − s

n ð∂n∂πÞ�
s
n ð∂n∂μÞT − ð∂s

∂μÞT
; ðC4Þ

G ¼
½ð∂s
∂TÞ − s

n ð∂n∂TÞ� þ ð∂μ
∂TÞ½ð∂s∂μÞ − s

n ð∂n∂μÞ�
s
n ð∂n∂μÞT − ð∂s

∂μÞT
: ðC5Þ

The four roots of ω (ω1, ω2, and ω3, and ω4) indicating the location of peaks in the structure factor obtained from the
dispersion relation are given below:

ω1 ¼
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðϵ0 þ P0Þ2

p
þ iϵ0 þ iP0

2T0χ
þ ηk2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðϵ0 þ P0Þ2

p
ðϵ0 þ P0Þ2

þOðk3Þ; ðC6Þ

ω2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðϵ0 þ P0Þ2

p
þ iϵ0 þ iP0

2T0χ
−
ηk2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðϵ0 þ P0Þ2

p
ðϵ0 þ P0Þ2

þOðk3Þ; ðC7Þ

ω3 ¼
iγðCϕπϵT − CTπϵϕÞ

3ϵT
þ ik2

9ϵTðϵ0 þ P0Þ
½3T2

0ϕ̄CϕπϵTκqπ − 3T2
0ϕ̄CTπϵϕκqπ þ 3χϕ̄ϵϕ

− 3T2
0CnπϵTn0κqπ þ 3T2

0CTπϵnn0κqπ − 3χϵnn0 − 3ϵϕP0κqπ − 3ϵ0ϵϕκqπ − 3T0ϵϕPTκqπ

þ 3T0ϵTPϕκqπ þ ζϵT þ 4ηϵT þ 3T0χPT � þOðk3Þ; ðC8Þ

ω4 ¼
iγðCϕπϵT − CTπeϕÞ

3ϵT
þ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ̄ϵϕPT − ϕ̄ϵTPϕ þ ϵTn0Pn − ϵnn0PT þ ϵ0PT þ P0PT

ϵTðϵ0 þ P0Þ

s

þ ik2

9ϵTðϵ0 þ P0Þ
½ð3T2

0ϕ̄CϕπϵTκqπ − 3T2
0ϕ̄CTπϵϕκqπ þ 3χϕ̄ϵϕ − 3T2

0CnπϵTn0κqπ

þ 3T2
0CTπϵnn0κqπ − 3χϵnn0 − 3ϵϕP0κqπ − 3ϵ0ϵϕκqπ − 3T0ϵϕPTκqπ þ 3T0ϵTPϕκqπ

þ ζϵT þ 4ηϵT þ 3T0χPT � þOðk3Þ: ðC9Þ
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The width of the Brillouin peaks can be identified as

ΓB ¼ −9ϵTðϵ0 þ P0Þ½3T2
0ϕ̄CϕπϵTκqπ − 3T2

0ϕ̄CTπϵϕκqπ þ 3χϕ̄ϵϕ − 3T2
0CnπϵTn0κqπ

þ 3T2
0CTπϵnn0κqπ − 3χϵnn0 − 3ϵϕP0κqπ − 3ϵ0ϵϕκqπ − 3T0ϵϕPTκqπ þ 3T0ϵTPϕκqπ

þ ζϵT þ 4ηϵT þ 3T0χPT �: ðC10Þ

The speed of sound obtained from the dispersion relation is given by

c2s ¼
ϵTn0Pn − ϵnn0PT þ ϵ0PT þ P0PT þ ϕ̄ϵϕPT − ϕ̄ϵTPϕ

ϵTðϵ0 þ P0Þ
: ðC11Þ

We have used the following notation in Eqs. (C8)–(C11):

XY ¼
�
∂X
∂Y

�
: ðC12Þ
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