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Mixing effects on the mass spectrum of light neutral pseudoscalar and vector mesons in the presence of
an external uniform magnetic field B are studied in the framework of a two-flavor Nambu-Jona-Lasinio
(NJL)-like model. The model includes isoscalar and isovector couplings both in the scalar-pseudoscalar
and vector sectors, and also incorporates flavor mixing through a ’t Hooft-like term. Numerical results for
the B dependence of meson masses are compared with present lattice QCD results. In particular, it is shown
that the mixing between pseudoscalar and vector meson states leads to a significant reduction of the mass
of the lightest state. The role of chiral symmetry and the effect of the alignment of quark magnetic moments
in the presence of the magnetic field are discussed.
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I. INTRODUCTION

It is well known that the presence of a large background
magnetic field Bhasa significant impact on the physics of
strongly interacting particles, leading to important effects on
both hadron properties and QCD phase transition features
[1-3]. By a “large” field it is understood here that the order
of magnitude of B competes with the QCD confining
scale Agcp squared, ie., |eB|Z Ajep, B 2107 G.
Such huge magnetic fields can be achieved in matter at
extreme conditions, e.g., at the occurrence of the electro-
weak phase transition in the early Universe [4,5] or in the
deep interior of compact stellar objects like magnetars [6,7].
Moreover, it has been pointed out that values of |eB| ranging
from m2 to 15 m2 (|B| ~0.3 to 5 x 10'° G) can be reached
in noncentral collisions of relativistic heavy ions at RHIC
and LHC experiments [8,9]. Though these large background
fields are short lived, they should be strong enough to affect
the hadronization process, offering the amazing possibility
of recreating a highly magnetized QCD medium in the lab.

From the theoretical point of view, the study of strong
interactions in the presence of a large magnetic field
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includes several interesting phenomena, such as the chiral
magnetic effect [10-12], which entails the generation of an
electric current induced by chirality imbalance, and the
so-called magnetic catalysis [13,14] and inverse magnetic
catalysis [15,16], which refer to the effect of the magnetic
field on the size of chiral quark-antiquark condensates and
on the restoration of chiral symmetry. Yet another interest-
ing issue is the possible existence of a phase transition of
the cold vacuum into an electromagnetic superconducting
state. For a sufficiently large external magnetic field, this
transition would be induced by the emergence of quark-
antiquark vector condensates that carry the quantum
numbers of electrically charged p mesons [17,18]. The
presence of such a superconducting (anisotropic and
inhomogeneous) QCD vacuum state has been discussed
in the past few years and still remains as an open problem
(see discussions in Refs. [19-24]).

It is clear that the study of the properties of light hadrons,
in particular 7 and p mesons, comes up as a crucial
task toward the understanding of the above mentioned
phenomena. This represents a nontrivial problem, since
first-principle theoretical calculations require to deal in
general with QCD in a low energy nonperturbative
regime. Therefore, the corresponding theoretical analyses
have been carried out using a variety of effective models
for strong interactions. The effect of intense external
magnetic fields on z meson properties has been studied
e.g., in the framework of Nambu-Jona-Lasinio (NJL)-like
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models [23,25-40], quark-meson models [41,42], chiral
perturbation theory (ChPT) [43-45], path integral
Hamiltonians [46,47], effective chiral confinement
Lagrangians [48,49] and QCD sum rules [50]. In addition,
several results for the 7 meson spectrum in the presence of
background magnetic fields have been obtained from lattice
QCD (LQCD) calculations [15,51-56]. Regarding the p
meson sector, studies of magnetized p meson masses in the
framework of effective models and LQCD can be found in
Refs. [18,23,30,34,47,57-60] and Refs. [51,52,54,61,62],
respectively.

In this work we study the mass spectrum of light neutral
pseudoscalar and vector mesons in the presence of an
external uniform magnetic field B, considering a two-flavor
NIJL-like model [63-65]. In general, in this type of model
the calculations involving quark loops for nonzero B
include the so-called Schwinger phases [66], which are
responsible for the breakdown of translational invariance
of quark propagators. However, in the particular case of
neutral mesons these phases cancel out, and one is free to
take the usual momentum basis to diagonalize the corre-
sponding polarization functions [25-29]. One also has to
care about the regularization procedure, since the presence
of the external field can lead to spurious results, such as
unphysical oscillations of various observables [67,68]. We
consider here a magnetic field independent regularization
(MFIR) method [27,28,35,69], which has been shown to be
free from these effects and reduces the dependence of the
results on model parameters. In addition, in our work we
consider two mixing effects that have been mostly
neglected in previous analyses. The first one is flavor
mixing in the spin zero sector; while we restrict to a two-
flavor model (keeping a reduced number of free parame-
ters, and assuming that strangeness does not play an
essential role), we consider quark-antiquark interactions
both in / = 1 and / = 0 scalar and pseudoscalar channels,
introducing a ’t Hooft-like effective interaction [70]. The
second one is the mixing between pseudoscalar and vector
mesons, which arises naturally in the context of the NJL
model. These mixing contributions are usually forbidden

|

se= [ d4x{u7<x><—iz> T mw () - g

g (P, ()2 = gy (I () + 2g4(d, + d_>},

where w = (ud)”, 7, = (1,7), 7 being the usual Pauli-
matrix vector, and m, is the current quark mass, which
is assumed to be equal for u and d quarks. The model
includes isoscalar and isovector vector couplings, and also

a 't Hooft-like flavor-mixing term where we have defined

by isospin and angular momentum conservation, but they
arise (and may become important) in the presence of the
external magnetic field. In fact, our analysis shows that
7° —n — p* — w mixing has a substantial effect on the B
dependence of the lowest mass state. As a additional
ingredient, we consider the case of B-dependent effective
coupling constants; this possibility—inspired by the mag-
netic screening of the strong coupling constant occurring
for large B [71]—has been previously explored in effective
models [39,72-75] in order to reproduce the inverse
magnetic catalysis effect observed at finite temperature
in LQCD calculations.

In the case of the neutral vector mesons, we consider
both states with quantum numbers S, =0 and S, = +£1,
where S, is the spin projection in the direction of the
magnetic field (it is worth noticing that only S, = 0 states
can mix with pseudoscalar states). Most LQCD results and
effective model calculations agree in the finding that the
masses of S, = =1 states get monotonically enhanced with
the magnetic field, while results for S, = 0 mesons are still
not conclusive [34,47,51,52,54,60,61]. In our framework,
which lacks a description of confinement, for large mag-
netic fields the masses of some of the S, = O states are
found to grow beyond the gg pair production threshold;
therefore our results in this region should be taken just as
qualitative ones.

The paper is organized as follows. In Sec. II we introduce
the theoretical formalism used to obtain neutral pseudo-
scalar and vector meson masses. Then, in Sec. III we
present and discuss our numerical results, while in Sec. IV
we provide a summary of our work, together with our main
conclusions. We also include Appendices A—C to provide
some technical details of our calculations.

II. THEORETICAL FORMALISM

A. Effective Lagrangian and mean field properties

Let us start by considering the Euclidean action for an
extended NJL two-flavor model in the presence of an
electromagnetic field. We have

3

D 1@ raw () + (F(x)iystaw(x))?]

=0

(1)

[
dy = det[y(x)(1 £+ y5)w(x)]. The interaction between the
fermions and the electromagnetic field A, is driven by the
covariant derivative

D,=0,-i0A, (2)
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where Q =diag(Q,,.0,), with 0, = 2¢/3 and Q, = —¢/3,
e being the proton electric charge. In Euclidean space we
use the conventions y, = iyy, X4 = it, Ay = iAg, hence
d=7y40,+7- V. We consider the particular case in which
one has a homogenous stationary magnetic field B ori-
entated along the 3, or z, axis. Then, choosing the Landau
gauge, we have A, = Bx|6,,.

Since we are interested in studying meson properties, it is
convenient to bosonize the fermionic theory, introducing
scalar, pseudoscalar and vector fields o,(x), 7,(x) and
Pau(x), with @ = 0, 1, 2, 3, and integrating out the fermion
fields. The bosonized Euclidean action can be written as

Stws = =ndet D+ [ oy (x)eo(x) + x) - 7))

1 - -
a1 2a) / d*x[6(x) - 6(x) + mo(x) 7o (x)]

b [ 70 B0+ [ o),

(3)

4g,,

Vo

with

Dx,x’ = 5<4) (X - x/)[_ip + my + Tq (Ga (x)
+ in”a(x) + yﬂpaﬂ(x))]’ (4)

where a direct product to an identity matrix in color space is
understood. Note that for convenience we have introduced
the combinations

9=9s + 9 a=ga/(9s + 9a), (5)

so that the flavor mixing in the scalar-pseudoscalar sector is
regulated by the constant . For o = 0 quark flavors u
and d get decoupled, while for @ = 0.5 one has maximum
flavor mixing, as in the case of the standard version of the
NJL model.

We proceed by expanding the bosonized action in
powers of the fluctuations of the bosonic fields around
the corresponding mean field (MF) values. We assume that
the fields o,(x) have nontrivial translational invariant MF
|

tanh(zB )

§= [ drexp|—c[ M2t p2 4 7
i A rxp[ r( rtptrl B,

where we have used the following definitions. The
perpendicular and parallel gamma matrices are collected
invectors y ;= (y1,7>) and y = (73, 74), and, similarly, we
have defined p, = (py, p») and p| = (ps, p4). Note that

we are working in Euclidean space, where {y,.,7,} = —25,,.

values given by 7,6, = diag(s,, 6,), while vacuum expect-
ation values of other bosonic fields are zero; thus, we write

Dyv = D?C/IE + 0D, . (6)
The MF piece is diagonal in flavor space. One has
DY = diag(DY, DY), )
with
foff = 6W(x = X')(=ig — QpBxyya + My),  (8)

where My = m. + 6 is the quark effective mass for each
flavor f.
The MF action per unit volume is given by

Sho _ (1= a)(53 + 53) — 206,54

v 8¢(1 — 2a)
N,
_VT‘C‘) > / d*xd*x'trpIn (SY5)7(9)
f=ud

where trp, stands for the trace in Dirac space, and S)lt/[};‘f =
(Di/lj’f )~! is the MF quark propagator in the presence of the

magnetic field. As is well known, the explicit form of the
propagators can be written in different ways [2,3]. For

. . . ME,f . .
convenience we take the form in which &/ x,f is given by a

product of a phase factor and a translational invariant
function, namely

S}l:/[f/f —_ eid)_f(x,x’)/eip(x—x’)g.llg’ (10)
p

where @ (x,x") = q;B(x; +x})(x, —x3)/2 is the so-
called Schwinger phase. We have introduced here the

shorthand notation
d*p
/175/(2”)4. (11)

Now S‘; can be expressed in the Schwinger form [2,3]

P1-YL

) ieﬂ {(Mf = 7L+ isgyiza tanh(zBy)] - m}’ "

|
Other definitions in Eq. (12) are s, = sign(Q,B) and
B; = |Q/B|. The limit e — 0 is implicitly understood.

The corresponding gap equations can be obtained from
minimization of the mean field action SMt with respect
to 6¢. One obtains in this way
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M, =m, _49[(1 - a)¢u + a¢d]’
My =m, _49[(1 - a)d)d + a¢u]’ (13)

where

o _ _NMy o e B,
B 0 7 tanh(zBy)’

(14)

Notice that, as anticipated, Eqgs. (13) get decoupled for
a = 0. On the other hand, for a = 0.5 the right-hand sides
of these equations become identical, thus in that case one
gets M, = M,.

The integral in Eq. (14) is divergent and has to be
properly regularized. As stated in the Introduction, we use
here the magnetic field independent regularization (MFIR)
scheme: for a given unregularized quantity, the correspond-
ing (divergent) B — 0 limit is subtracted and then it is
added in a regularized form. Thus, the quantities can be
separated into a (finite) “B = 0” part and a “magnetic”
piece. Notice that, in general, the “B = 0” part still depends
implicitly on B (e.g., through the values of the dressed
quark masses M), hence it should not be confused with
the value of the studied quantity at vanishing external field.
The divergence in the “B = 0” terms are treated here using
a 3D cutoff regularization scheme.

Following this procedure, the expression in Eq. (14) is
regularized as

¢;fg — qjj‘)jreg + ql)?ag’ (15)
where

¢j‘),’reg = _NCMfIIf’ ¢?ag = —Nchlrlr}ag (16)

The form of I, for the 3D cutoff regularization is given
by Eq. (A3) of Appendix A [64], while the function I7*,
which depends explicitly on B, reads [13,67]

—a
Imag:L/“’dTe T
IV 4r2 v |tanh(zB;)
By In27
2

= [mr(xf) - (xf —%) Inx; +x; _T] . (17

where x; = M7/(2By).

It is easy to see that ¢)"® and ¢ are in fact the
regularized expressions for the quark-antiquark conden-
sates, which can be obtained from the mean field action by
partial derivation with respect to the current quark masses

(e, = (wpwy), f=u.d).

B. Neutral meson system

As expected from charge conservation, it is easy to
see that the contributions to the bosonic action that are
quadratic in the fluctuations of charged and neutral mesons
decouple from each other. In this work we concentrate on
the neutral meson sector. For notational convenience
we will denote isospin states by M = o,,7,,p4, With
a =0, 3. Here oy, my and p, correspond to the isoscalar
states o, 17 and w, while o3, 73 and p5 stand for the neutral
components of the isovector triplets d,, 7 and p, respec-
tively. Thus, the corresponding quadratic piece of the
bosonized action can be written as

1
Spuadneutal — 3 / d“xd“x’Z(SM (x)Gprpr (x, XYM’ ().

MM

(18)

The functions Gy (x, x') can be separated in two terms,
namely

1
Gy (x,x') = g5MM'5(4) (x=x) +Tyw(x, %), (19)
M

where 6, 1s an obvious generalization of the Kronecker
0, and the constants g,, are given by

g for M = oy, 73
g(1=2a) for M = 03,7,
9m = _ . (20)
G, for M = P3u
G, for M = Pou

The polarization functions 7 (x,x’) can be separated
into u and d quark pieces,

T (x,x') = Fu (& x) + eye Fé (X, x). (21)

Here &), = 1 for the isoscalars M = oy, 7, p, and &y =

—1 for M = 65, 73, p3,, while the functions F' {‘;,M, (x, x) are

found to be
Fhpp (& x) = Ntrp[SMETM SYEITM) - (22)
with
1 for M = 0(, 03

™ = ¢ iys for M =my, 75 . (23)
Yu for M = Pou> P3u

As stated, since we are dealing with neutral mesons, the
contributions of Schwinger phases associated with the
quark propagators in Eq. (10) cancel out, and the polari-
zation functions depend only on the difference x — X/, i.e.,
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they are translationally invariant. After a Fourier trans-
formation, the conservation of momentum implies that the
polarization functions turn out to be diagonal in the
momentum basis. Thus, in this basis the neutral meson
contribution to the quadratic action can be written as

2

MM

juad,neutral 1
sgudnen _ 152 / SM(=q)Gny (@)5M'(q).  (24)
q
Now we have

Guw(q) = Sum + Iy (q). (25)

29y

and the associated polarization functions are given by

Jum (q) = Fiyypp(q) + 8M5M’F24M/(q)- (26)

The functions F' LM,( ) read
Flurla) =N [ wpfSh0v500, 1)

P

where we have defined p, = p +¢/2, and the quark

propagators S'£ in the presence of the magnetic field have
been given in Eq. (12).

It is relatively easy to see that the functions J,, , (q) are
zero for either a or b equal to O or 3. However, the
remaining polarization functions do not vanish in general.
Since we are interested in the determination of meson
masses, we consider here the particular case in which
mesons are at rest, i.e., we take § = 0, g3 = —m?, where m
stands for the corresponding meson mass. In that situation
the nondiagonal polarization functions that mix the neutral
scalar and vector mesons also vanish, i.e., for a, b =0, 3

one has joapbﬂ = 0, where the notation J indicates that the
|

m s¢M B

I35 (=m?) = fﬂzaf/o dv(v? + 4M2/m? = 1)

ma, ma, m2

mag 2 L/ 2y | (= 1 -
I5;5(—=m ):@ i dv(1 — v?) l//(xf)—l—E—lnxf ,

polarization function is evaluated at the meson rest frame.
In this way, the scalar meson sector gets decoupled at
this level; we will not take into account these mesons in

what follows. It can also be shown that J PP’ with a,
b =0, 3, vanish for u # v, while the functions f,,a Pou with

a, b =20, 3, turn out to be proportional to 6,3

It is found that all nonvanishing polarization functions are
in general divergent. As done at the MF level, we consider
the magnetic field independent regularization scheme, in
which we subtract the corresponding “B = 0” contributions
and then we add them in a regularized form. Thus, for a

generic polarization function Jy;;, we have
sre; 20,re 2ma,

The regularized “B =0 pieces Jor MM/ are given in
Appendix A; it is easy to see that all nondiagonal polari-

zation functions f(}i;,r;,%, M # M, are equal to zero. In the case

of the “magnetic” contributions J""" M,, after a rather long
calculation it is found that they can be expressed in the form
given by Eq. (26), viz.

Toe = Fyoee + E‘MEM/FMM, . (29)
where the functions £/™ M, are given by
FLRE = N[ = P 132 (-m?)),
Frip = ~Fjmy = iNI3y*(~=m?)3,3.
Fpups = NI (=m®) U, + mP I (=m?)3,58,5). (30)

with 1+ = diag(1,1,0,0). The expression for Irlnfzlg has
been given in Eq. (17), whereas the integrals ;7 for
n=2,...,5read

dv(v +y)lnxf—Z/ dv(v? + sv/A+ 1)y (X, + (1 +50)/2) ],

s==£1

(31)

where 2 = m?/(4By), y = 1 +4M3;/m* and X; = [M7 — (1 — v*)m*/4]/(2B;). For m < 2M these integrals are well

defined. In fact, in the case of Imag(

5By

22, /1 —m?*/(4M3)

e () =

arctan

m?) one can even get the analytic result

m

1—-m

oM, 2/(4M?)
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In the case of /,;*(~m?), it is worth noticing that in the

limit m> — 0 the second term on the rhs of the correspond-
ing expression in Egs. (31) is found to be equal to I77*.
Thus, in this limit one has I4m]f‘g — 0, as it is required in
order to avoid a nonzero contribution to the photon mass
coming from the “magnetic piece” of the polarization
function. On the other hand, for m > 2M (i.e., beyond
the ¢gg production threshold) the integrals are divergent.
To obtain finite results we perform in this case analytic
extensions. The corresponding expressions, as well as some
technical details, are given in Appendix B.

The vector fields pgy, and p3, can be written in a

polarization vector basis. Since we assume that the mesons

o s,
are at rest, we can choose polarization vectors e,(, )

associated to spin projections S, = 0, 1, namely

1) 1

e =(0,0,1,0), € =—(1,i,0,0),

N

e =—(1,-i,0,0) (33)

Notice that the fourth components of these vectors, which
are given in Euclidean space, are related to the temporal
components of the polarization vectors in Minkowski
space. We find it convenient to distinguish between vector
states with polarization e,(,il), which have spin projections
S, =41 or S, =-1—ie., the spin is parallel or
|

antiparallel to the magnetic field—from those with polari-
zation e,(,()), which have spin projections S, = 0—spin
perpendicular to the magnetic field. From Egs. (30) it is
seen that for nonzero B pseudoscalar mesons get coupled
only to neutral vector mesons with spin projection S, = 0,
which we call py, and ps3,. In fact, this is expected from
the invariance under rotations around the direction of B.
In this way, taking into account Eq. (25), one can
define a 4 x4 matrix G, with elements Gy, where
M,M' = ny,m3,p0.,p31- The pole masses of S, =0
physical mesons, m(f) (with k =1, ...,4), will be given
by the solutions of

det G, = 0. (34)

For S, = +1 states we call our vector states pg| and p3|. In
this case, we get two identical 2 x 2 matrices G| with
elements Gy, where M, M’ = Po|- P3| The pole masses
of S, = £1 physical mesons, m‘(‘k) (with k =1, 2), will be
given by the solutions of

Once the masses are determined, the spin-isospin com-
position of the physical meson states |k) is given by the

corresponding eigenvectors ¢*). Thus, one has

k) = i 7o) + e |s) + ich, Ipor) + ich Ip3r), k=1,...4 for S. =0 states,

k k
1K) = it lpo) + chu o), k= 1,2

It is also useful to consider the flavor basis Ty Py where
f = u, d. Isospin states can be written in terms of flavor
states using the relations

[70) =5 (|7u) +[7a)). |”3>_%(|”u>_|ﬂd>)7

wmz}wmwM»

Hg‘H
(o)

\)

lPoL) :ﬁ(|puL> +1pas))
(37)

In the S, = %1 sector, where there is no mixing between
pseudoscalar and vector mesons, the states |p,) and |py))
turn out to be the mass eigenstates that diagonalize Gj.
This can be easily understood noticing that the external
magnetic field distinguishes between quarks that carry
different electric charges, and this is what breaks the
u—d flavor degeneracy. In the flavor basis one has
GH = diag(GuH, GdH)’ where

(36)
for S, = £1 states.
[
G(on) = g+ 5[OS )y ()
— 2M31,;(0)] + 2N012ff‘i‘g(—m2), (38)

where the expression for I;(¢?) can be found in
Appendix A, and I,*(—m?) has been given in Egs. 31).
A similar situation occurs in the S, = 0 sector if one has
a = 0. In this particular case there is no flavor mixing either
in the pseudoscalar or vector meson sectors, hence the
4 x 4 matrix G| can be written as a direct sum of 2 x 2
flavor matrices G,,, and G, . Moreover, for a given value
of B, the meson masses of, e.g., u-like mesons (solutions of
the equation det G,; = 0) can be obtained from those of
d-like mesons for B’ =2B, since |Q,|=2|Q, and
detGy, depends on Qf and B only through the combina-
tion By = |Q,B| (this also holds for the implicit depend-
ence on Q and B through the quark effective masses M ).

If one has a # O this relation is no longer valid, and in
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general G| cannot be separated into flavor pieces. In fact,
as we discuss below, in the pseudoscalar sector it is seen
that chiral symmetry largely dominates over flavor sym-
metry; for the range of values of B considered in this work,
we find that even for a <1 the lightest S, =0 mass
eigenstates are very close to isospin states z3 and 7,
instead of approximating to flavor states 7.

III. NUMERICAL RESULTS

A. Model parametrization and mean field results

To obtain numerical results for the dependence of meson
masses on the external magnetic field, one first has to fix
the parameters of the model. Here we take the parameter
set m, = 5.833 MeV, A =587.9 MeV and gA2 =2.44,
which—for vanishing external field—lead to effective
quark masses M, =400 MeV and quark-antiquark con-
densates ¢} = (241 MeV)?, for f =u, d. This para-
metrization properly reproduces the empirical values of
the pion mass and decay constant in vacuum, namely
m, = 138 MeV and f, = 92.4 MeV. Regarding the vector
couplings, we take g,, = 2.651/ A?, which leads to m, =
770 MeV at B = 0, and g, = g,,, which is consistent with
the fact that m, ~ m,, at vanishing external field. For these
constants we use from now on the notation g, = g,, = g,,-
Finally, as stated in Sec. IT A, the amount of flavor mixing
induced by the ’t Hooft-like interaction is controlled by the
parameter «. In this work we choose to take as a reference
value @ = 0.1, since it leads (at B = 0) to an approximate 7
meson mass m, =~ 520 MeV, in reasonable agreement with

the physical value m)™* = 548 MeV. In fact, this mass is
very sensitive to minor changes in a. An alternative
estimate for this parameter can be obtained from the
n —n' mass splitting within the 3-flavor NJL model [76],
which leads to a ~ 0.2 [77]. In any case, to obtain a full
understanding of the effects of flavor mixing we will also
consider the values @ = 0 and a = 0.5, corresponding to
the situation in which flavors are decoupled and in which
there is full flavor mixing, respectively. It is easily seen
that for « =0 the = and n mesons have equal (finite)
masses, while when a approaches 0.5 the mass of the pion
stays finite and that of the n meson becomes increas-
ingly large.

In Fig. 1 we show the numerical results obtained for the
magnetic field dependence of the dynamical quark masses
M, and M ;. Both masses are found to get increased with B,
and it is seen that for M, (M ) the slope becomes larger
(smaller) as a decreases from a = 0.5—where both masses
coincide—to @ = 0. Next, in Fig. 2, we show the depend-
ence of normalized light quark-antiquark condensates on B.
Following Ref. [16], we introduce the definitions

AT, + AT,

AL="Ro BT =AY, AT, (39)

0.9 T T T T
0.8+
0.7
0.6
3 051
S
S 044
M,
. My ]
0.2 ---0=00 -
- a=01
0.1+ — a=05 7
0.0 T T T T
0.0 02 04 0.6 08 1.0
eB [GeV?]
FIG. 1. Effective quark masses M, (red upper band), M, (blue

lower band) as functions of eB. The extremes of the bands
correspond to @ = 0 (dashed lines) and a = 0.5 (full line). The
dotted lines correspond to o = 0.1.

where AT, =-2m.[¢;(B)—-¢Y]/D*, D=(135x86)"*MeV
being a phenomenological normalization constant. In the
left and right panels of Fig. 2 we plot the values of AX
and X, respectively, as functions of eB. The gray bands
correspond to LQCD values taken from Ref. [16], whereas
the red bands cover our results for the range a =0 to
a =0.5. We observe from this figure that the model
reproduces properly the zero-temperature magnetic cata-
lysis found in LQCD calculations. Moreover, it is seen that
the dependence on the flavor mixing parameter a is
rather mild.

B. Pseudoscalar and S, =0 vector meson sector

In this subsection we present and discuss the results
associated with the coupled system composed by neutral

pseudoscalar mesons and S, = 0 neutral vector mesons. As

discussed in Sec. II B, the corresponding masses m(lk),

k=1,...,4, can be obtained from Eq. (34). The depend-
ence of these masses with the magnetic field for the
reference value o = 0.1 are shown in Fig. 3. As discussed
below, the spin-isospin compositions of the associated
states do not coincide in general with those of the usual
B = 0 states 7°, 7, p° and w. For this reason, we use for

these states the notation M, where in each case M is the

state that has the larger weight cf‘f) in the spin-isospin

decomposition given by Eq. (36) (see Table I). In Fig. 3
we also show the ¢g production thresholds m = 2M ; and
m = 2M, (dotted and short-dotted lines, respectively),
beyond which some of the matrix elements of G, get
absorptive parts. The presence of these absorptive parts
implies that for the states p and @ there are certain values of
the magnetic field above which the associated particles are
unstable with respect to an unphysical decay into a gg pair.
In fact, the existence of such decays is a well known feature
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FIG. 2. Normalized average condensate (left) and normalized condensate difference (right) as functions of eB, for values of a from
0 to 1 (see text for definitions). LQCD results from Ref. [16] (gray bands) are added for comparison.

of the NJL model, even in the absence of an external field
[63—65]; it arises as a consequence of the lack of a
confinement mechanism, which is a characteristic of this
type of model. In the presence of the magnetic field, one
also has to deal with new poles that may arise from the
thresholds related to the Landau level decomposition of the
intermediate quark propagators. As customary, we will
assume that the widths associated to these unphysical
decays are small. Then, to determine the values of the
corresponding masses, we consider an extremum condition
for the meson propagators, similar to the method discussed,
e.g., in Ref. [78]. It has to be kept in mind, however,
that these predictions for the meson masses are less reliable
in comparison to those obtained for the states lying below
the quark pair production threshold, and should be taken
just as qualitative results. For this reason, in Fig. 3 we use
dashed lines to plot p and @ masses above the 2M,
threshold. It can be seen that for eB ~0.15 GeV? there
is a small bump in the curve for the p mass. This can be
attributed to the mixing between vector meson states, since
in this region the @ becomes unstable. Some similar
behavior has been found in Ref. [79], related with the
exchange of dominant scalar and pseudoscalar components
of mass eigenstates.

It is interesting at this stage to discuss the spin-isospin
composition of mass states and their variation with the
external field. As mentioned at the end of Sec. IIB,
the magnetic field tends to separate the states according

to the charges of the quark components. In the case o = 0,
although there is no flavor mixing, flavor degeneracy gets
broken due to the magnetic field. Therefore, mass eigen-
states turn out to be separated into particles with pure u or d
quark content. If we use the labels k = 1,3 and k = 2, 4 for
u- and d-like states respectively, we get [see Eqs. (37)]

T T 7 T~ T =
/ - _-
1.2 1 ~ 7 O_-7
P, - T
7/ -7 .
7 -
1.0 -7
/\,t_ ’// ........... 2Mu
] ////’ S 2 Md
%‘ 0.8 -~ —
(O]
= 0.6 -
S -
| A |
0.4 4 E
0.2 1 -~ i
b4
0.0 T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
eB [GeV?]
FIG. 3. Masses of S, =0 mesons as functions of eB,

for « = 0.1. The dotted lines indicate uit and dd production
thresholds.
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(k) (k)

Cr

k
k) = i/ lm) + ich pus) = Z o) + ¥
(k) (k)
(k) ) 4 Cry
k) = cx,|ma) + icp, = —5lm)— 57
) = cnlma) + icjillpar) =5 Vwo) = sl

For definiteness, let us take m< ) < m(f), m(j <m L) Since

fora =0 and B = 0 the Lagranglan shows an approximate
symmetry under SU(2), ® U(1), chiral transformations,
spontaneous symmetry breaking leads to four pseudo-
Goldstone bosons, viz. the three pions and the # meson.
In the presence of the magnetic field, chiral symmetry
is explicitly broken from SU(2),®U(1), down to
U(1)7s 4 ® U(1)4; thus, one still has two neutral mesons—
combinations of the neutral pion and the y—that remain as
pseudo-Goldstone bosons. Moreover, according to the
previous discussion, the latter must be pure u and d-states.
Since they should be approximate mass eigenstates,
one expects to find (¢t ,(DL) R~ (cﬁf,),c;ﬁ) ~ (1,0) and
( 5,3)c§3)l) (cg), ; dl) (0,1). On the other hand, for
a # 0 the presence of the ’t Hooft term introduces flavor
mixing at the level of scalar and pseudoscalar four-quark
interactions, breaking the U(1), symmetry. Thus, the spin-
isospin decomposition gets the more general form given in
Eq. (36), where the lightest state can still be identified as an
approximate Goldstone boson. When a approaches 0.5, the 77
mass goes to infinity and, accordingly, the |z,) component in
Eq. (36) disappears from the remaining states.

In Table I we quote the composition of the mass
eigenstates M described in Fig. 3, for some representative
values of the magnetic field. For completeness, the coef-
ficients corresponding to both spin-isospin and spin-flavor
basis are included. We note that while the mass eigenvalues
do not depend on whether B is positive or negative, the
corresponding eingenvectors do. The relative signs in
Table I correspond to the choice B > 0.

Let us first discuss the composition of the 7 state (k = 1),
which is the one that has the lowest mass. We see that even

TABLE L
signs hold for the choice B > 0.

(k) (k)

.Cp, )
|73) + l%|ﬂ0i>+17|p3L> k=13,

(k) W

)+ ) — \/—|P3L

N
Cpar k=24. 40
\/z |pOJ_ > ( )

|

though a is relatively small, the effect of flavor mixing is
already very strong; the spin-isospin composition is clearly
dominated by the 73 component, which is given by an
antisymmetric equal-weight combination of u and d quark
flavors. Thus, the mass states are far from satisfying the
flavor disentanglement expected for the case a = 0 [see
Egs. (40)], in which one has two approximate Goldstone
bosons. In fact, once a is turned on, explicitly breaking the
U(1), symmetry, 3 is the only state that remains being a
pseudo-Goldstone boson; this forces the lowest-mass state
7 to be dominated by the 73 component. As discussed
above, the presence of the magnetic field distinguishes
between flavor components 7, and z, instead of isospin
states. However, it is found that even for values of o as
small as 0.01 the mass state 7 is still dominated by the 73

component (|c,(,? |> > 0.9) for the full range of values of eB
considered here. In other words, extremely large magnetic
fields would be required in order to rule the composition of
light mass eigenstates, which is otherwise dictated by the
invariance under U(1);s , transformations. Coming back to
the case @ = 0.1, we see that, although relatively small, the
effect of the magnetic field on the composition of the 7 state
can be observed from the values in Table I. When eB gets
increased, it is found that there is a slight decrease of the
component 7> in favor of the others. In addition, a larger
weight is gained by the u-flavor components, as one can see
by looking at the entries corresponding to the spin-flavor
states (last four columns of Table I): one has |c,,u > +

¢SV 12 = 0.50(0.66) for eB = 0.05(1.0) GeV2. This can
be understood noticing that the magnetic field is known to
reduce the mass of the lowest neutral meson state
[51,54,55]. Thus, for large eB it is expected that 7 will

Composition of the S, = 0 meson mass eigenstates for some selected values of eB. Results correspond to a = 0.1. Relative

Spin-isospin composition

Spin-flavor composition

eB[GeV?] Cgr];) c 5[12 ¢ E’ﬁL

(k) (k) (k) C(k) (k)

State Cp31 Cx, Cry Pul Cpas
wk=1) 0.05 0.0037 0.9998 —0.0203 —0.0068 0.7096 —0.7043 —0.0192  —0.0095
0.5 0.1019 0.9910 —0.0822 —0.0285 0.7728 —0.6287 —-0.0783  —-0.038
1.0 0.1566 0.9841 —0.0797 —0.0274 0.8066 —0.5851 —-0.0757  —0.037
ik =2) 0.05 0.9899 —0.0413 —0.0381 —0.1301 0.6708 0.7292 —0.1189 0.0651
0.5 0.8661 —0.3246 0.0582 —0.3757 0.3829 0.8420 —0.2245 0.3068
1.0 0.8353 —0.3445 0.1048 —0.4154 0.3470 0.8342 —0.2196 0.3678
@(k=3) 0.05 -0.1979 0.2693 0.7601 —0.5572 0.0505 —0.3304 0.1435 0.9315
plk=4) 0.05 0.4925 0.3312 0.4685 0.6544 0.5824 0.1141 0.7940 —-0.1315
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have a larger component of the quark flavor that couples
strongly to the magnetic field (i.e., the u quark).
Concerning the vector meson components of the 7 state,
it is seen that they are completely negligible at low values

2~0.01 (ie.,

of eB, reaching a contribution |C§)}‘)¢ |+ |c,()},)L
about 1%) at eB = 1 GeV?2.

Turning now to the composition of the # state (k = 2)
in Table I, we see that, as expected from the above
discussion, it is dominated by the z° (I = 0) component
for values of eB up to 1GeV? Regarding the
flavor composition, in this case the d-quark content is

the one that increases as ¢B does, with ¢ |2 + |c2) 2 =
0.54(0.70) for eB = 0.05(1.0) GeV>. Now the weight
of the vector components is larger than in the case of
the 7 state, |c,§fi|2 + |c,(92|2 ranging from 0.02 at eB =
0.05 GeV? t0 0.17 at eB = 1.0 GeV?. This is probably due
to the fact that for a = 0.1 the # mass is closer to vector
meson masses.

Finally, let us comment on the composition of the @ and
p states (k=3 and k = 4, respectively). As mentioned
above, the masses of these states reach the threshold for gg
decay for rather low values of the magnetic field, hence our
predictions for these quantities should be taken as quali-
tative ones for a major part of the e B range considered here.
It is worth noticing that there is a multiple number of
thresholds, which get successively opened each time the
meson mass is sufficiently large so that the quark and
antiquark meson components can populate a new Landau
level. The first thresholds in the 7iu and the dd sectors are
reached at meson masses equal to 2M,, and 2M ,, respec-
tively. It is important to realize that they do not correspond
to a free quark together with a free antiquark, but
to the quark and antiquark in their lowest Landau levels.
Taking B > 0, if both the quark and the antiquark have
vanishing z component of the momentum, the correspond-
ing spin configurations are u(S, = +3)u(S, = —1) and
d(S, = —1)d(S, = +1). In both cases, the magnetic dipole
moments of the quark and the antiquark are parallel to the
magnetic field; the difference between both configurations
arises from the opposite signs of the quark electric charges.
We only quote in Table I the @ and p compositions in
the presence of a low magnetic field eB = 0.05 GeV?,
for which the masses of both states are below the 2M

threshold and the values of the coefficients cg‘? should be
more reliable. Interestingly, we note that even at this low
value of the magnetic field the composition of the vector
meson mass states is clearly flavor-dominated: from Table I
one has [c2 + |c) |2 =098, [ciV]? + |5 |2 = 0.97.
Thus, whereas for no external field one usually identifies
the (approximately degenerate) mass states as isospin
eigenstates p° and w, in the presence of the magnetic field
the states p and @ are closer to a p,,; and a p,, , rather than a
p31 and a pg | . In fact, given the symmetry of the vectorlike

interactions in the Lagrangian in Eq. (1), the small
deviation of p and @ from pure flavor states can be
attributed to the mixing with the pseudoscalar sector, where
isospin states are dominant. Notice that although the vector
components are larger than the pseudoscalar ones, the
weight of the latter is not negligible, specially for the p state
(which is the one with a larger mass, as shown in Fig. 3),

with |c,<;i)|2 + |c,(,t>|2 ~(.35. This can be understood from
an analysis similar to the one performed for the meson mass
thresholds in terms of the quark spins. A larger content of
the d(S, = —1)d(S, = +1) component has to be expected
in the case of the @, while there should be a larger content
of the u(S,=+3)a(S,=-1) one in the case of
the p. From Table I it is seen that these combinations

correspond to (cg) —cﬁ,?l)/ V2 =-0.89 for the @ and

(c,(;i) + cﬁf)l) /V/2 = 0.97 for the p, under a magnetic field
as low as eB = 0.05 GeV?—and this effect should be more
significant for larger values of eB.

We analyze in what follows the impact of both flavor
mixing and pseudoscalar-vector mixing on the masses of
the lightest states. In fact, this is one of the main issues of
this work. In Fig. 4 we show the B dependence of light
meson masses with (dashed lines) and without (dotted
lines) pseudoscalar-vector mixing, considering three
representative values of the flavor-mixing constant a.
The results without pseudoscalar-vector mixing are
obtained just by setting to zero the off-diagonal polari-
zation functions JA,%%W and f,‘}lﬁ%b in Eq. (28). Let us focus
on m;, considering first the effect of varying a; as can be
seen from Fig. 4, this effect is rather independent of
whether pseudoscalar states mix with vectors or not. We
observe that for @« = 0 (no flavor mixing) there are two
light mesons having similar masses; as stated above,
these are pure flavor states and can be identified as
approximate Goldstone bosons. For a # 0, the mass of the
7 state is still protected owing to its pseudo-Goldstone
boson character, whereas the # state becomes heavier
when a gets increased, and disappears from the spectrum
in the limit a = 0.5.

From Fig. 4 it is also seen that, for all values of «a, the
mixing between pseudoscalar and vector meson states
produces a significant decrease in the mass of the lightest
state. This might be surprising, since—as shown above—
the vector meson components of the 7 state are found to be
very small even for large values of eB. The explanation of
this puzzle is discussed in detail in Appendix C, where it is
shown that these two facts are indeed consistent. Moreover,
for ¢ = 0.5 it is shown that if the pseudoscalar-vector
meson mixing is treated perturbatively, one can derive a
simple formula for the B dependence of the # mass, viz.

My

msz =
\/1 + k(imzeB)* /M

, (41)
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FIG. 4. Masses of the lightest S, = 0 mesons as functions of eB, for various values of a. Dashed (dotted) lines correspond to the case
in which the mixing between pseudoscalar and vector states is (is not) included. The dash-dotted line in the right panel is obtained from

the approximate expression in Eq. (41).

where k = 5N2gg,/(187*m,), f is either u or d, and 7n;
stands for the 7 mass when no mixing is considered. Taking
into account that /m; is very weakly dependent on B (see
dotted lines in Fig. 4), it follows that m; basically depends
on the magnetic field through the ratio (eB)*/M . Notice
that the B dependence of M for a = 0.5 is represented by
the solid line in Fig. 1. The numerical results for m; from
Eq. (41), within the approximation m; = m (B = 0) [see
Eq. (C9)] are indicated by the black dash-dotted line in the
right panel (corresponding to @ = 0.5) of Fig. 4. It can be
seen that they are in excellent agreement with those
obtained from the full calculation.

To conclude this subsection, in Fig. 5 we compare our
results for the mass of the 7 state with those obtained in
LQCD calculations, reported in Ref. [54] (quenched
Wilson fermions), Ref. [55] (improved staggered quarks)
and Refs. [15,54,80] (dynamical staggered quarks). We first
note that in those calculations the authors neglect discon-
nected diagrams as well as the associated mixing, and work
with the individual flavor states instead. In our calculation
this can be achieved by setting « = 0. In any case, as seen
from the above analysis, the mass of the lightest meson is
approximately independent of the value of «; therefore, it is
reasonable to compare the mentioned LQCD results with
those obtained using the reference value a = 0.1 that leads
to an acceptable value for the # meson mass at vanishing
external field. We also note that LQCD results have been
obtained using different methods and values of the pion
mass at B = (. In particular, the most recent ones (i.e.,
those in Ref. [55]) are based on a highly improved

staggered quark action that uses m,(B = 0) = 220 MeV,
while the calculations in Refs. [15,54,80] take the physical
value of m, within a staggered simulation setup. Anyway,
in our model we see that when the pseudoscalar-vector
meson mixing is included, the values for the 7 meson mass

0.8+
o
=
IS
=~ 0.6
m
=
g 0.4 - Mixing with vectors
= No mixing with vectors
®  LQCD (impr. staggered)
024 RXX LQCD (quenched Wilson) 7
[ ] LQCD (dyn. staggered)
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
eB [GeV?]
FIG. 5. Normalized mass of the 7 meson (lightest state of the

S, = 0 sector) as a function of eB, compared with LQCD results
quoted in Ref. [54](quenched Wilson fermions), Ref. [55]
(improved staggered quarks) and Refs. [15,54,80] (dynamical
staggered quarks). Solid and dotted lines correspond to NJL
results with and without pseudoscalar-vector meson mixing,
respectively.
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lie in general below LQCD predictions. We have checked
that this general result is quite insensitive to a reasonable
variation of the model parameters. In addition, we have
verified that the situation does not change significantly if
the B =0 expressions are regularized using the Pauli-
Villars scheme, as proposed, e.g., in Ref. [60].

C. S, = £1 vector meson sector

In this subsection we present the numerical results
associated with the coupled system composed by the
neutral vector mesons with |[S,| = 1. As discussed in
Sec. I B, for any value of a the mass eigenstates can be
identified according to their flavor content, |p,) and [p ).
The corresponding masses can be obtained by solving the
equations Gy (-my ) =0, for f = u, d, with G (-m?)
given by Eq. (38).

The numerical results for the meson masses as functions
of the magnetic field for the case @ = 0.1 are shown in

Fig. 6, where it is seen that both m,, and m,, get increased

with B. The enhancement is larger in the case of the p,
mass; this can be understood from the larger (absolute)
value of the u-quark charge, which measures the coupling
with the magnetic field. As in the case of S, = 0 mesons,
there are multiple mass thresholds for ¢g pair production
[see Egs. (B4) and (B7)]. The lowest one, reached at

m, =my; =M+, /M} + 2By, corresponds now to the

situation in which both the spins of the quark and the
antiquark components of the py are aligned (or antia-
ligned) with the magnetic field. Notice that in this case one
of the fermions lies in its lowest Landau level, while the
other one is in the first excited Landau level; whether both
particle spins are aligned or antialigned with the magnetic
field depends on the signs of S, and B. It can be seen that

1.2

1.1 1 g
S 104 -
[0
(O]
=3
E 09 g
0.8 g
0.7 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
eB [GeV?]

FIG. 6. Masses of the S, = %1 vector meson states as functions
of eB. Dotted and short-dotted lines indicate m; and m; quark-
antiquark production thresholds, respectively.

the values of my for f = u or d are not surpassed by the

corresponding meson masses m,  in the studied region,

Pr
and consequently these masses are found to be smooth real

functions of eB, as shown in Fig. 6. We stress that the mass
values m = 2M,, and m = 2M ; are not actual thresholds in
this case, since—as discussed above—they correspond
to lowest Landau level quark configurations that lead to
S, = 0 meson states. The absence of these thresholds can
be formally shown by looking at the expression in Eq. (38);
it can be seen that although the functions /,;(—m?) and
I¢*(—m?) become complex for m > 2M ;, imaginary parts
cancel each other and one ends up with a vanishing
absorptive contribution.

It should be pointed out that even though there is no
direct flavor mixing in this sector, p, and p,; meson
masses still depend on a. This is due to the fact that the
values of M, and M ; obtained at the MF level get modified
by flavor mixing. We recall that M, (eB) = M 4(2eB) for
a = 0, while for @ = 0.5 one has M, (eB) = M (eB). The
effect of flavor mixing is illustrated in Fig. 7, where we
show the B dependence of p, and p, meson masses for
a =0, 0.1 and 0.5. As expected from the aforementioned
relations between M, and M, it is seen that the curves for
both masses tend to become more similar as a increases.
However, the overall effect is found to be relatively weak.
As a reference we also plot (full black line) the situation
in which the mixing between S, = £1 vector states is
neglected, and, therefore, the masses of both states
coincide. We see that even in the case @ = 0.5 there is a
certain non-negligible mass splitting between states when
the mixing term is turned on.

It is also interesting at this stage to analyze the impact
of the regularization procedure on the predictions of the
model. In Fig. 8 we show our results for the p;| mass
together with those obtained in Ref. [22] and Ref. [60]. To
carry out a proper comparison, in our model we have taken
a=0.5 and have set to zero the py| — p3 mixing con-
tributions, as done in those works (in which the Po state 18
not included). Notice that this case corresponds to the
solid line in the right panel of Fig. 7. In Ref. [22], divergent
integrals are regularized through the introduction of
Lorenztian-like form factors, both for vacuum and B-
dependent contributions. On the other hand, in Ref. [60]
the regularization is carried out using the MFIR method, as
in the present work. However, to deal with vacuumlike
terms the authors of Ref. [60] choose a Pauli-Villars
regularization, instead of the 3D-cutoff scheme considered
here. From Fig. 8 it is seen that our results for m,, - (black

solid line) are quite similar to those found in Ref. [60]
(red dotted line), indicating that they are not too much
sensitive to the prescription used for the regularization of
vacuumlike terms, once the MFIR method is implemented.
Meanwhile, the p3; mass obtained by means of a form
factor regularization (blue dashed line) shows a much
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FIG. 7. Masses of S, = £1 vector mesons as functions of eB, for various values of a. The full black lines correspond to the case in
which the mixing between pseudoscalar and vector meson states is not considered.

stronger dependence on the magnetic field, specially for
large values of eB. These results are consistent with those
found in Ref. [68] for the regularization scheme depend-
ence of the condensates in the presence of the magnetic
field.

Finally, in Fig. 9 we compare our results for the case
a = 0.1 (dashed and dotted lines in the central panel of
Fig. 7) with those quoted in Ref. [54] for the p,| mass using
LQCD calculations. In fact, these lattice results are
obtained for a large vacuum pion mass of about 400 MeV;
the comparison still makes sense, however, since we have
checked that our results are rather robust under changes in

2.0
1.8 4
S
EQ 1.6 1
)
W 144
@'
Q
S
1.2
./ —— MFIR 3D (o= 0.5)
S MFIR PV [56]
104" — — - Lorentzian ff [21] 4
T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
eB [GeV?]
FIG. 8. Mass of the p meson with S, = +1 for the case in which

and a = 0.5 and there is no mixing between pseudoscalar and
vector meson states. Results quoted in the literature using other
regularization methods are also shown.

the current quark masses leading to such a large value of
m,. Considering the large error bars, from the figure one
observes that LQCD results seem to indicate an enhance-
ment of m, ~when the magnetic field is increased, in

agreement with the predictions from the NJL model. This
qualitative behavior has been also found in previous LQCD
studies [47,51,52,61].

D. B-dependent four-fermion couplings

As mentioned in the Introduction, while local NJL-like
models are able to reproduce the magnetic catalysis (MC)
effect at vanishing temperature, they fail to describe the so-
called inverse magnetic catalysis (IMC) observed in lattice

T
1.6
e 144
o
S
=
5
o124 - .
@ 1
S
1.0 - .
= pY(LQCD)
08 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

eB [GeV?]

FIG. 9. Masses of §, = 1 vector meson states for a = 0.1,
compared with LQCD results given in Ref. [54].
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FIG. 10. Left (right) panel: masses of the S, = 0 (S, = £1) meson states as functions of eB, for B-dependent couplings g(eB)/g =
g,(eB)/g, = F(eB) [see Eq. (43)]. The results correspond to the case o = 0.1.

QCD. Among the possible ways to deal with this problem,
one of the simplest approaches is to allow the model
coupling constants to depend on the magnetic field. With
this motivation, we explore in this subsection the possibility
of considering a magnetic field dependent coupling g(eB).
For definiteness, we adopt for this function the form
proposed in Ref. [28], namely

g(eB) = gF(eB), (42)
where
F(eB) =k + (1 - Kl)e"‘Z(‘fB>2, (43)

with k; = 0.321, k, = 1.31 GeV~2. Assuming this form
for g(eB), the effective quark masses are found to be less
affected by the presence of the magnetic field than in the
case of a constant g. In fact, they show a nonmonotonous
behavior for increasing B, resembling the results found in
Refs. [40,75]. It should be stressed that in spite of the rather
different behavior of the dynamical quark masses, a similar
zero-temperature magnetic catalysis effect is obtained both
for a constant g and for a variation with B of the form given
by Eq. (43).

Regarding the vector meson sector, one has to choose
some assumption for the B dependence of the vector
coupling constant. One possibility is to suppose that,
due to their common gluonic origin, the vector couplings
are affected by the magnetic field in the same way as the
scalar and pseudoscalar ones. That is to say, one could take
g,(eB) = g,F ,(eB), with F (eB) = F(eB). Under these

assumptions, we have obtained numerical results for the
behavior of meson masses with the magnetic field. The
curves for the case @ = 0.1 are given in Fig. 10, where we
also show the gg production thresholds (dotted lines).

By comparison with the results in Figs. 3 and 6, it can be
observed that the B dependence of the couplings has a
significant qualitative effect only in the case of the @ state.
It is found that the mass of this state follows quite closely
the position of the lowest gg production threshold, 2M ,
which—as stated—does get affected by the B dependence
of g. The behavior of the masses of the other mesons do not
change qualitatively with respect to the case g = constant,
and something similar happens with their composition and
their dependence on . In particular, the results for the ratio
r, = mz(eB)/m,(0) are almost identical to those obtained
in Sec. III B (solid line in Fig. 5).

Given the fact that g,(eB) is not so well constrained as
in the case of the scalar coupling, one can, in principle,
introduce a new function F,(eB), different from F(eB).
The freedom in the election of this function can be used to
reproduce the results for the ratio r, obtained through
LQCD calculations. It can be seen, however, that in this
case the masses of the S, = %1 vector mesons increase
even faster than in the case in which B-independent
couplings are used.

IV. CONCLUSIONS

In this work we have studied the mass spectrum of light
neutral pseudoscalar and vector mesons in the presence of
an external uniform magnetic field B. For this purpose we

074002-14



NEUTRAL PSEUDOSCALAR AND VECTOR MESON MASSES ...

PHYS. REV. D 106, 074002 (2022)

have considered a two-flavor NJL-like model in the Landau
gauge. This model includes isoscalar and isovector cou-
plings in the scalar-pseudoscalar sector and in the vector
sector. A flavor mixing term in the scalar-pseudoscalar
sector, regulated by a constant @, has also been included.
For a = 0 there is not flavor mixing, but flavor degeneracy
gets broken by the magnetic field and M, # M ,, while for
a = 0.5 one has maximum flavor mixing, as in the case of
the standard version of the NJL model, and in this case
M, = M. To account for the usual divergences of the NJL
model, we have considered here the magnetic field inde-
pendent regularization (MFIR) method, which has been
shown to reduce the dependence of the results on the model
parameters. It should be stressed that for neutral mesons the
contributions to the polarization functions arising from
Schwinger phases in quark propagators get canceled; as a
consequence, the polarization functions turn out to be
diagonal in the usual momentum basis.

It is important to note that the presence of an electro-
magnetic field allows for isospin mixing. In addition, the
axial character of the magnetic field together with the loss
of rotational invariance lead to pseudoscalar-vector mixing.
These mixing contributions are usually forbidden by
isospin and angular momentum conservation. However,
they arise and may become important in the presence of the
external magnetic field. Although full rotational invariance
is broken, invariance under rotations around the magnetic
field direction survives. Therefore, the projection of the
vector meson spin in the field direction, §,, is the
observable that organizes the obtained results. Our analysis
shows that for the determination of the masses (i.e., if
particles are taken at rest), the scalar mesons, which in our
case include the £ (or o) and a) states, mix with each other
but decouple from other mesons. Thus, they can be
disregarded in the analysis of the pseudoscalar and vector
meson masses. The remaining meson space can be sepa-
rated into three subspaces: pseudoscalar and vector mesons
with S. = 0, including 7°, 7, p° and @, which mix with
each other; vector mesons with S, = +1, including p° and
® mesons; same as before, with §, = —1.

Regarding the S, = 0 sector, we observe two different
behaviors for the meson masses. The masses of the two
lightest mesons, which we have called 7 and 7, are
determined by the underlying symmetries and their break-
ing pattern. In the presence of the magnetic field, with
a =0, one has a “residual” U(1);s @ U(1)5s, ® U(1),
chiral symmetry, explicitly broken only by a (small)
current mass term, m,.# 0, which guarantees the
pseudo-Goldstone character of these two states. We have
shown that flavor degeneracy gets broken by the magnetic
field and mass eigenstates are separated into particles with
pure u or d quark content. For @ = 0.1, which leads to a
reasonable value for the # mass in the absence of the
magnetic field, the U(1), symmetry is broken and only one
pseudo-Goldstone boson, 7, survives. From our results,

we can conclude that even for magnetic field values as large
as eB =1 GeV?, the # state is mostly a pseudoscalar
isovector (third component) and 7 is mostly a pseudoscalar
isoscalar. Increasing the magnetic field intensity from a low
value of eB = 0.05 GeV? to eB = 1 GeV? we observe that
the u content of the 7 and the d content of the 77 get
enhanced.

On the other hand, regarding the quark structure
of the two heaviest mesons, which we call @ and p, it is
found that even for a low value of the magnetic field,
e¢B = 0.05 GeV?2, the mass eigenstates turn out to be
clearly dominated by the quark flavor content and spin
orientation. This is what we could expect, since the
magnetic field tends to separate quarks according to their
electric charges, and favors that their magnetic moments be
orientated parallel to the field direction.

The lack of confinement in the NJL model implies that
the polarization functions get absorptive contributions,
related with gg pair production, beyond certain thresholds.
In the presence of the magnetic field, the position of each
threshold is flavor and spin dependent, in such a way that
for S, =0 we have thresholds for meson mass values
my = 2M Iz while for S, = %1 the thresholds rise to higher

values m = Mf + 4 /M% + 2Bf. As a consequence, we

find that @ and p states with S, =0 enter into the
continuum for values of the magnetic field around
eB ~0.1 GeV?, whereas S, = +1 meson masses always
lie under ¢g production thresholds for the considered range
of values of eB. A common result for all these states is that
their masses show an appreciable growth when the mag-
netic field varies from zero to eB = 1 GeV?. In the case of
S, = %1, the model reproduces reasonably well present
LQCD results for pﬁ, taking into account the uncertainties

in LQCD simulations.

We have observed that the mass of the lightest state, 7,
gets reduced as the magnetic field increases. This behavior
reproduces the trend of existing LQCD results. However,
our results overestimate the mass reduction as compared to
the one found in LQCD simulations. It is seen that this
reduction is significantly affected by the mixing between
pseudoscalar and vector components, a fact that turns out to
be independent of the value of the flavor mixing parameter
a. From an analytical perturbative analysis, we have care-
fully studied how a small value of the vector components in
the 7 state can lead to a significant reduction of its mass. It
is seen that both the mixture of the 7 channel with the @ and
p channels contribute to this mass shrinkage.

While local NJL-like models are able to reproduce the
magnetic catalysis effect at vanishing temperature, they fail
to lead to the so-called inverse magnetic catalysis. One of
the simplest ways to deal with this problem is to allow that
the model coupling constants depend on the magnetic field.
With this motivation, we have explored the possibility of
considering magnetic field dependent couplings g(eB) and
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g,(eB). For definiteness we take the same dependence on B
for both couplings; in that case, our results show that, for
any value of a, the mass of the @ state with S, = 0 is the
only one that becomes significantly modified with respect
to the case in which g and g,, do not depend on the magnetic
field. In particular, the B-dependence of the ratio r, =
m;(eB)/m,(0) is almost identical to that obtained when
the couplings g and g, are kept constant. If one allows for
different B dependences for g and g, it is possible to
improve on the agreement with LQCD results for this ratio.
However, this implies a rather strong enhancement in the
masses of S, = %1 vector meson states, leading to a rather
large discrepancy with LQCD results in Ref. [54].

For simplicity, in the present work we have not taken into
account the axial vector interactions. The influence of these
degrees of freedom in the magnetic field dependence of
light neutral meson masses, and, in particular, on the ratio
r,, 18 certainly an issue that deserves further investigation.
It would be also interesting to study the effect of the
inclusion of quark anomalous magnetic moments. We
expect to report on these issues in future publications.

ACKNOWLEDGMENTS

We are grateful to M.F. Izzo Villafafie for helpful
discussions at the early stages of this paper. This work
has been partially funded by CONICET (Argentina) under
Grant No. PIP17-700, by ANPCyT (Argentina) under
Grants No. PICT17-03-0571 and No. PICT19-0792, by
the National University of La Plata (Argentina), Project
No. X284, by Ministerio de Ciencia e Innovacién and
Agencia Estatal de Investigacién (Spain) MCIN/AEI and
European Regional Development Fund Grant No.
PID2019- 105439 GB-C21, by EU Horizon 2020 Grant
No. 824093 (STRONG-2020), and by Conselleria de
Innovacién, Universidades, Ciencia y Sociedad Digital,
Generalitat Valenciana, GVA PROMETEQO/2021/083.
N.N.S. would like to thank the Department of
Theoretical Physics of the University of Valencia, where
part of this work was carried out, for their hospitality within
the visiting professor program of the University of Valencia.

APPENDIX A: REGULARIZED B=0
POLARIZATION FUNCTIONS

In this appendix we give the expressions for the
regularized B = 0 pieces of the polarization functions,
|

f?v‘lr;/lg,(q), defined within the MFIR scheme. As stated, it

can be easily seen that these are zero for M # M’, while for
M = M’ one has

~0,
Sy (q) = _NCZ[Ilf + qzlzf(qz)]’
f

2N
70,1 c
]pg;gg(CI) B Z[(2M} - qz)lzf(qz) - 2M]2f12f(0)]
f
94y
X (514,,— 22 ) (A1)
Here, the integrals /,, and I,,(q?) are defined as
1
Y
P M%‘ +p?
sz(qz) = _2/ 5] B ! 5) 2N (AZ)
p (Mf+p+)<Mf +p2)

with p* = p & ¢/2. Within the 3D-cutoff regularization
scheme used in this work, the first of these integrals is
given by

1 M
I, =— |Nry, + M2In[——L , (A3
V2 { s+ M n(/\(l + r/\f)ﬂ (A3)

where we have defined rpyy = (/1 + M% /A?. In the case of

I,/(g*), we note that in order to determine the meson
masses, the external momentum ¢ has to be extended to
the region g*> < 0. Hence, we find it convenient to write
g*> = —m?, where m is a positive real number. Then, within
the 3D-cutoff regularization scheme, the regularized real
part of I,7(—m?) can be written as

Re[l(—m?)] = -4%2 {arcsinh (MA) - Ff], (A4)

where

nyyn 1 e 2
4M3/m* — 1 arctan <W 4M2f/m2_1> if m= <4M;
- 2 /2 1 ; 2 2 2 2
\/1 —4M7%/m? arccoth <W 1_4M;/mz) if 4M7 <m® <4(M7+ A%).
- 2 I m? I U ; 2 2 2
\/1 —4M7/m?* arctanh (W 1_4M§./m2> if m* > 4(M; + A%)

(AS)
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For the regularized imaginary part we get

Im(l5(~m?)] = {
0

APPENDIX B: INTEGRALS I3 (- m?)
FOR m > 2M;

The expressions for the integrals [,7*(—m?) for
n=2,..5 given in Egs. (31) are only valid when
m < 2Mf. For m > 2M 4, it happens that the corresponding
integrands can become divergent at some points within the
integration domain, leading to divergent integrals.
However, we can get finite results by considering the
analytical extension of the functions in Eqgs. (31). For this
purpose it is worth taking into account that the Feynman
quark propagators originally contain ie terms, which can be
easily recovered in the integrands of Eqgs. (31) through the

|

g/ 1 —4M7/m* if AMG < m? < 4(M7 + A?)

otherwise

replacement M7 — M7 — ie (note that this implies the
replacement Xy — X, — i€). Once this is done, one can

proceed by using the digamma recurrence relation

n

yx+n+1)=> L

j:0x+J

w(x) = (B1)

and taking ¢ — 0" through a generalized version of the
Sokhotski-Plemelj formula [see, e.g., Eq. (A8) of
Ref. [40]]. In this way, we find that for m > 2M, the

integrals I:];g(—mz), n=2,...,5, can be extended to

- 1 1 } i 2B, L a,
szg(_mz) = [A dowy(%; + N+ 1) —Inx; 4 2 — 2farctanh f, + 8¢ Zﬂarctanhﬂn} — [ﬂo - mzfzﬂ] ,
n n—0 Fn

87°
(B2)
ma o O¢M |arctanhf .
Brem) =, { o lZﬁo]’ (B3)
mag o mag + 2 - 2 m’ 7 38
Ly (=m?) = =1}, + Ty (-=m*) + T7(-m )—@{4ﬂ (1——ﬁ0>arctanhﬂ0+ ( ﬂo) In x f—i— ﬁo }
2 4B I (24=2n—1)
—l—ﬂ{ﬂ()(l——ﬂo)—@(m_ mzz r" } (B4)
n=0 n
mag,_ oy _ | ! 2\, (= 2 8 = 2
I5;5(—m?) = ] {/ dv(l —v*)y(X, +N+1) -3 <ln Xf —§+ﬁo + fo(3 —ﬂo)arctanhﬁo>
4B ] 1 2B
. Z 1p+ (1 —ﬂz)arctanhﬂn}} +o {ﬂ()(l —gﬂ%> — Z ] (BS)

Here, we have used the definition a, = 2 — §,,,, together with

4(M? + 2nBy)
s f
ﬁn:\/l_ B s

m

ro= /1= 4420 + 1) + 4225,

N = Floor[15/2],

where 2 = m?/(4B). In the expression of I;*(~m?) the integral I}(* is that given by Eq. (17), and we have introduced the

functions T (—m?) given by

2

Ty (-m*) = 3’: 2/ dv(v* £ v/A+y) w4+ (1 £0)/2+0(m—m7)(1+N*))
B L i-2n—1) [Qi=r, £ 1)|r, £ 1|
_ﬁe(m_mf);{l T M@t 1)]}’ (B)
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with y =2 — 5 = 1 +4M7/m?, and

- [ Ag2 _ /A2

The integers N* have been defined as

N~ =Floor[r}/(82)], N =Floor[(455—1)/2]. (BS)

APPENDIX C: A SIMPLIFIED MODEL FOR THE
LOWEST STATE OF THE S,=0 SECTOR

In this appendix we present a simplified model to
analyze the mass and composition of the lowest
state of the S, =0 meson sector. As seen in Sec. III B
(see the discussion concerning Fig. 4), the mass of this
state, while almost independent of the value of a, is
significantly affected by the existence of a mixing between
pseudoscalar and vector meson states. Thus, to simplify the
analysis we consider the case o = 0.5, in which the relevant
basis is only composed by the states 73, p3; and pg;.
In addition, one has M,=M,=M for any value
of eB. Assuming as in the main text g, = g,, = g,
it is easy to see that the ratio between the off-diagonal
mp3, and m3pg; mixing matrix elements is given by
Gllr3/)3/GL7r3/)“ = (Bu - Bd)/(Bu + Bd) = ]/3 HCHCC, to
simplify the problem even further, in what follows we only
|

1

consider the 73—p,, system (see, however, discussion at
the end of this appendix). To check whether we are
capturing the main effect of pseudoscalar-vector meson
mixing on the 7 mass it is useful to consider the ratio
r; = mz(eB)/m,(0). Assuming that ¢ and g, do not
depend on the magnetic field, and taking @ = 0.1, for eB =
1 GeV? we get r, = 0.32 for the full my—m3—py, —ps.
system, to be compared with the values r, = 0.38, obtained
when we consider only the z3—p,, system, and r, = 0.92,
obtained for the case in which there is no mixing at all.
These values clearly support our approximation of the
full system by the much simpler z3p,; one. It should be
stressed that even in this simplified situation the
lowest mass state is still found to be strongly dominated
by the 75 contribution. In fact, for eB = 1 GeV? we get

c(l) = —0.083, close to the value —0.0797 obtained for the

PoL
full system (see Table I). Defining a mixing angle 6 by
tan@ = ¢\ /¢, this implies 6 ~ —5°.

The strong dominance of the z3 contribution to the 7
state suggests that one should be able to determine the
mixing effect on mj; using first order perturbation theory.
On the other hand, this appears to be in contradiction with
the aforementioned significant reduction of the # mass. To
get a better understanding of the situation, it is convenient
to carry out some further approximations. The relevant
mixing matrix elements to be considered are

Gl = 2 N [Ty + 177%) = m2(Lyp(—=m?) + 1% (—=m?))],
f

Glﬂs/’o -

21%\/1 — m? /4 M?

Gl = %5, + NCE {5 [(2M? + m*) L (=m?) = 2M? 157 (0)] + m*I575 (—=m?) |,
-

where we have denoted B, = |eB| and s = sign(B). For
the 7 state, we have m?/(4M?) < 1 (for our parametriza-
tion we find m?/(4M?) ~ 0.03 at vanishing magnetic field,
and even a smaller value at eB = 1 GeV?). Thus, we can
obtain a good approximation to these matrix elements by
expanding up to O(m?/4M?). In this way we get a mixing
matrix of the form

G = <a S e ) (c2)

—iem  d-b'm?

where

iN, spB, arctan(1/+/4M?/m? — 1)

(C1)
[
m,. N_.spB, 1
a= , c= > d= ,
2gM 4z M 2g,
2b N A3
b =— < C3
T (A% + M?)*2 (©3)
and
N, A 4A B, oM*
b= g |:4arCSlnhM—ﬁ—W+ln8—B%
3M? 3M?
— - . C4
() - () ©

We note that here the gap equation has been used to get
the expression for a. Given the model parameters, these
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coefficients can be easily computed for a given value

of B,.
2

Keeping terms up to the leading order in m~, one gets in
this way
2 — a—d 5
TE T ab + bd + ¢ (©5)

In addition, it can be seen that a/d = (g,,/g)(m./M) < 1,
and consequently ab’ < bd. Using this approximation
we obtain

mp =5 (c6)

V1+ 2/ (bd)’

where m; = \/a/b is the mass of the lightest state if there
is no mixing at all. Within the same approximation, the
coefficient of the p,, piece of the lightest state is given by

mzc
el == (c7)
The numerical values for the above quantities can be
calculated from Eqgs. (C3) and (C4). For a large magnetic
field eB = 1 GeV?, assuming that the coupling constants
L
in excellent agreement with the results quoted above for the
m3poy system. This confirms the validity of the approx-
imations made so far.
It is also interesting to note that the expression for m;
given in Eq. (C6) implies

are independent of B, we get r, = 0.39 and c,(, ) = —0.084,

m

2.2
#C

b(m2 — i) = - (C8)

N

This expression, together with the one for c,(,:))L in
Eq. (C7), are the relations that one would obtain from
a first-order perturbation analysis of the system
described by the matrix in Eq. (C2) when
d>a+ (V' —b)m?, a condition that is always well
satisfied in our case. One can observe that the some-
what unexpectedly “large” value of the mass shift arises
from the small value of the coefficient b, which is
found to be about 0.034 for eB =1 GeV? (assuming
B-independent couplings). In a conventional eigenvalue
problem, one would have b = 1.

Finally, we note that the effect on this game of the p3 |
meson, so far neglected, can be easily taken into account at
this stage. Since, as shown above, the G, , matrix
element can be treated perturbatively, and G, ,. is even
3 times smaller, one can account for the p3; meson just
replacing the factor ¢? in Eq. (C6) by 10/9¢?. The resulting
expression for mj; can be rewritten as

mg

1+ «mZB2 /M’

(€9)

ms =

where k = 5N2gg,/(187x*m..). To obtain this expression we
have made use of Eq. (C3) together with the rela-
tion b = a/m% = m./(2gMin2).

It should be emphasized that although the numerical
values quoted in this appendix correspond to the case in
which the couplings g and g, are kept fixed, Eq. (C9) can be
shown to be approximatively valid also when they depend
on B as considered in Sec. III D.
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