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We evaluate the contributions of (z°z°, 2%, )y exclusive channels to the leading order hadronic

vacuum polarization (HVP) of the muon anomalous magnetic moment. These final states can be viewed as

decay subchannels in previous evaluations of the 7w, no, and ¢ contributions to a,l}ad'Lo

, where the vector
resonances (decaying into z°/n + y) are assumed to be on-shell. Since the separation of resonance and
background contributions in a given observable is, in general, a model-dependent procedure, here we use
pseudoscalar mesons and the photon as the in and out states of the e*e™ — (7°2°, 2%, nn)y S-matrix, such
that the cross section contains the interferences among different contributions to the amplitudes. We find
ap* O (PYPYy) = (1.17 £ 0.13) x 107", where uncertainties stem mainly from vector meson dominance

model parameters. Improved experimental studies of these exclusive channels in the whole range below

2 GeV would reduce model-dependency.

DOI: 10.1103/PhysRevD.106.073009

I. INTRODUCTION

During the last two decades, the most accurate mea-
surements of the muon anomalous magnetic moment a,
[1,2] have defied an explanation within the standard model
(SM) framework. The reference value of a, in the SM
prediction [3] lies 4.20 below the average value of
experimental results Aa, =a; " —a3M=25.1(5.9) x 1071
[1-3], where theoretical and experimental uncertainties, 4.3
and 4.1 x 10710 respectively, contribute with similar
amounts [4-24]. The uncertainty in the theoretical value
is dominated by input data used to evaluate the O(a?)
hadronic vacuum polarization (HVP) and also from eval-
uations of O(a®) hadronic light-by-light (H-LbL) contri-
butions. The experimental value includes the recent
measurement of the Muon g — 2 experiment [2], which is
in good agreement with previous results from the BNL 821
collaboration [1]. Forthcoming experimental results from
next runs at Fermilab as well as J-PARC [25] and PSI [26]
will increase the accuracy reducing the current error by up
to a factor of three [3].
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The recent measurement of @, at Fermilab [2] arrived
simultaneously with a new determination of the hadronic
contributions based on lattice QCD [27]. This calculation
claims to have reached an accuracy similar to the one of
the reference value in the SM (dispersive calculation of the
HVP contributions), but it is closer to the experimental
value Aa, = a;® — a9 = 10.7(6.9) x 1071°. Lattice
calculations are performed using QCD’s fundamental
degrees of freedom to evaluate the HVP contributions;
the dispersive evaluations are built up from the sum of cross
sections over exclusive hadronic channels to saturate the
HVP in the nonperturbative low energy regime. While
dispersive calculations of the HVP contributions using
the same input data seem to largely agree among them
[3-10,23,24], new independent and more precise lattice
evaluations may confirm or discard the results of Ref. [27].

If more precise evaluations confirm the difference
between lattice and dispersive aﬂad'LO results, currently at
the 2.16 level, this will become another interesting anomaly
to focus attention on theoretical predictions of a,. One
possible explanation for closing the gap may be that some
missing or poorly measured low-mass hadronic channels
in electron-positron collisions contribute to increasing the
value of the dispersive integral of the HVP. In this paper we
study the contributions of the P{PYy processes (P, = z or
n mesons) to the leading HVP contributions of the muon
g—2 in the SM. These contributions are dominated by
a rich structure of resonances with masses below 2 GeV.
Actually, some of these resonance contributions like
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wn®, ¢n and wn (with the subsequent radiative decay of
vector mesons) have been included in dispersive evalua-
tions of the leading order HVP [8,9], using measurements
of the eTe™ — VOPY cross sections (V(P) will refer here-
after to vector and pseudoscalar mesons). Other exclusive
channels involving w/¢ resonances as final states have also
been reported in dispersive evaluations of the aLO had 18 9],
Some of the ete™ — PYPJy channels have been studied
before at lower energies, both from theory and experiment.
Ref. [28] has used a dispersive approach to the 7z°z%
production and compared their results to measurements
of the SND [29] and CMD-2 [30] collaborations.
Reference [31] has studied the (z°z°,z%)y production
close to the ¢$(1020) resonance including the effects
of scalar f,(980) and a((980) mesons in the hadronic
system. The corresponding measurements of the
#(1020) — 7%y decays by the KLOE collaboration were
reported in [32,33]. These results from the KLOE experi-
ment were also studied within the approach provided in
Refs [34,35] where the y* — (5, KK )y amplitudes satisfy
the two-channel unitarity. The effects of scalar resonances
in PYPYy decays of light vector mesons also have been
studied in Refs. [36-38]. In the vector meson model
described in the present paper, we focus on the produc-
tion of these neutral channels in the first and second
excited resonances region, where the contribution to the
HVP muon magnetic moment is larger than at lower
energies.

Strictly speaking, according to the properties of the
S-matrix, the amplitudes involving resonances as incoming/
outgoing states are not physical observables [39,40]: only
asymptotic physical states n (not resonances) must be
included as intermediate states when saturating the unitarity
relation:

2Im{a|T|e) =

ZI n|T|a) (1)

that stems from the S-matrix operator, with S = 1 + iT and
SST = 11. This unitarity relation is at the base of the

dispersive representation of aﬂad’Lo and the hadronic cross
sections of et e~ annihilations [41-43]. Therefore, from a
theoretical point of view it is not fully consistent to use
resonances as physical final states in hadronic e*e™ cross
sections, even though it can be a good approximation,
particularly for very narrow resonances (see for instance
Ref. [44]). This is the main motivation behind the present

analysis on PYPYy exclusive channels contributions

1
to a,}}ad Lo,

'Given their large lifetimes compared to hadrons that undergo
dominant strong decays, 7° /5 mesons can be considered asymp-
totic states.

The production cross section of P{PJy states are of the
same order in the fine structure constant a as P% states,
with the latter being included in evaluations of the HVP
contribution (a***°(z% + ny) =5 x 1071 [8,9]). Note
that the corresponding nonradiative e*e~ — PYP) chan-
nels are not allowed final states, at least at leading order;
therefore, P?ng do not correspond to their photon inclu-
sive processes. One may think that, given the low threshold
for the 77"y its contributions below the 1 GeV region may
be enhanced due to the low energy behavior of the QED
kernel in the dispersion integral for a,,ad LO: however, as it
will be shown, the cross sections for POng production is
peaked above 1 GeV, leading to suppressed contributions.
This property follows from the particular Lorentz structure
entering the y* — PYPYy vertex which leads to e"e™ cross
sections peaked at center of mass energies above 1.4 GeV.
Thus, when those cross sections are inserted into the

dispersion integral to evaluate ahad LO  the kernel suppres-
sion above 1 GeV can be pamally compensated by the
enhanced cross sections due to heavier resonances.

Previous calculations of eTe™ — 7972, 2%y cross sec-
tions in the region close to the ¢(1020) meson have been
provided in Refs. [31,35,45,46]. The corresponding cross
section measurements were reported in [32,33,47], focus-
ing mainly on the hadron mass distribution in ¢p — PP,y
decays. Measurements of the ete™ — 7%y cross section
in the /s =1.05-2.0 GeV region have been reported
by the SND collaboration [48]. More recently, the first
measurements of the nyy production cross section were
reported in [49].

In the absence of experimental data (except for the
n°w(— %) channel [50,51]) in the full range below
2.0 GeV, we base our estimate on a vector meson
dominance (VMD) model. This model captures the main
features of the dynamics of such processes at energies
around the resonance regions, and it can be validated with
available data as is the case with the measured cross section
for ete~ — 792% [51]. Our purpose here is to describe the
cross section in the region of the excited vector meson
resonances, where an enhancement of the cross section can
give a larger contribution to af**© from PPy states. A
more sophisticated treatment of the y* — PJPJy vertex can
be done in the framework of resonance chiral theory by
including the one- (VPy) and two-resonances (VV'Py)
contributions. Although this analysis is possible, it involves
a larger set of free parameters associated with the coupling
of excited resonances. We do not consider this and other
approaches in the present work. As previously mentioned,
the description of (z°z°, z%)y production cross sections
below 1 GeV, was studied in Refs. [28,34,35] using
unitarity, analyticity, and low-energy constraints for the
amplitudes. Here, we validate our VMD model by compar-
ing it with some related measurements below 1 GeV.
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We organize our paper as follows: after this introduction,
we describe in Sec. II the general amplitude and relevant
kinematics for the e* e~ — PYPYy collisions and introduce
some useful notations. In Sec. III we derive the form factors
for the vector-vector contributions to the hadronic vertex.
Section III B considers the vector-scalar contributions in
the special case of the y* — 7%y vertex. In Sec. IV we use
available data on the e*e™ — 7% (— 7%) cross section
to fit some of the parameters of the model and describe
how the remaining parameters can be estimated from other
data; we also provide our results for the cross sections of
different channels. We use the calculated cross sections
to compute the dispersive integral and get results for

a0 (PYPYy) in Sec. V. Finally, we give our conclusions
in Sec. VI and include two relevant appendices.

II. AMPLITUDE AND KINEMATICS

In S-matrix theory, the quantum amplitudes describe
transitions between incoming and outgoing stable states
[39]. These initial and final states contain particles that
must be described by asymptotic states, i.e., free particle
states that can be defined at times long enough before and
after the interaction point. According to this tenet of
quantum scattering theory, resonances are not asymptotic
states; instead, they are described by propagators of
unstable particles and appear as poles of the amplitudes
in the complex plane of unphysical sheets (see, for instance,
the section on resonances in Ref. [22]. Physical states also
form a complete set {|n)} which satisfy the unitarity
condition ), |n)(n| = 1. The unitarity of the S-matrix
operator (S = 1+ iT, where T is the transition operator)
implies Eq. (1).

Similarly, the use of unitarity in the form of the optical
theorem, which allows to relate the HVP of a, to the cross
section for hadron production in electron-positron annihi-
lation via a dispersion relation [41-43], requires that only
asymptotic states are included in the final states of eTe™
annihilations. Experiments have revealed that multihadron
production processes are dominated by intermediate reso-
nances which interfere in the squared amplitude. Owing to
interference effects, we cannot isolate the observables
associated with the production of a given resonance,
although it can be a good approximation if the full
transition probability is dominated by the production of
that resonance [40,44]. One such example is precisely
ete” = n%2%, where the intermediate state w — 7y
dominates the cross section.

In this paper, we study how the cross sections behave
when one considers the full e"e™ — P)PJy processes
including all resonances and their interference and we
compare our results with the particular case where a single
resonance contribution is assumed to dominate the cross
section. Our purpose is to reevaluate the HVP contribution
to a, by avoiding the use of resonances as final states.

PP(q1)

e (p1)

7(g3)

FIG. 1. Feynman diagram for eTe™ — P?ng, where P?~2 =

or 1. The bubble represents the effects of strong interactions.

For definiteness, we introduce the notation
e (p1)e™(p2) = PY(q1)PY(q2)r(g3. €¥), with p? = p} =
m?, g7 = m3, g5 = m3, g3 = 0 the masses of particles. The
square of the center of mass energy is s = ¢*> = (p, + p»)?,
such that s, = (m; + my)? > 4m?. The final state can
be characterized by three Mandelstam-like variables ¢"> =
(92 +93)% 4" = (q1 + ¢3)* and u = (g, + ¢q,)*, which
satisfy the conditions ¢ + ¢"* + u = ¢* + m? + m3 and
q=q1+ q>»+q3 = q + q" — g5 for the energy-momentum
conservation.

At the lowest order in a, the Feynman diagram for this
process is depicted in Fig. 1. The production amplitude can
be presented in the following factorized form:

: o

M(ete= = PIPYy) = —ze?Hﬂ, (2)

where £ = ¥(p,)y*u(p;) is the leptonic current and H, =

H ¢ = (P)PJy|js™|0) is the hadronic effective current
and €* the photon polarization four-vector.

The most general form of the hadronic tensor H,,,
which satisfies the gauge invariance conditions ¢*H ,, =
H,,q5 = 0 was given in Egs. (4)—(7) of Ref. [28]. There, a
clever set of independent momenta (¢, g3, A =q, — ¢»),
was used to describe H . Here, we use the redundant set
(¢.4', 4", q3) because they are the “natural” momenta that
appear in our calculations (see below) to parametrize the
hadronic vertex. In this case, we have

H,,=A(9" 93946 = 93.95) + Bla-9' (4" 43940 — 43,95)
—(4"939,~9°9395) 2,0 +Cla-4"(q" - 43940 — 93495)
—(¢" 439,—q9-9:93)4)))- (3)

Of course, only three momenta are independent owing to
the energy-momentum conservation ¢ = ¢’ + ¢"” — g5. It
can be shown that replacing ¢’ - (¢ + g3 — A)/2 and
q" = (g + g3+ A)/2 into Eq. (3) above, we get for H,,
the same expression as the one given in Eqgs. (4)—(7) of
Ref. [28]. The form factors A, B, C depend upon the
independent Lorentz invariants (¢, g%, ¢"*) and contain
the effects of the strong interactions in the relevant
kinematical domain.
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The squared amplitude depends upon four independent
kinematical invariants in addition to qz, which is fixed from
the total collision energy. Since the PYPYy final states are
produced from the s-channel one-photon annihilation of
eTe™, the cross section can be written in the following
51mple form (see for example [52])

T " 2
o(ete™ — PIPYy) /;/q_ " dq” /q/2+dq”27dq’cid6q”2’
(4)
where q”2 E* + E%)? \/m :F E3)?, with E} =
(¢* = q* =m})/(2\/q?) and Ej = (47— m3)/(2\/q").

The differential cross section in the integrand of Eq. (4) is
given by

d’c a
= H, H™*|. 5
dq/2dq//2 48(271')2616 | Ho | ( )

In the following section we consider the VMD model for
the hadronic current.

III. FORM FACTORS WITHIN THE VMD MODEL

In the region \/? <2GeV, the 7y*(q)—
PY(q,)P%(q»)y(g3) vertex is dominated by the production
and decay of lowest-lying and excited intermediate reso-
nances. We will denote with V(V’) the intermediate vector
resonances as shown in Fig. 2(a); within the VMD model,
the coupling of the virtual photon to the PYPYy is
dominated by the V vector meson (V = p, ®, ¢ and their
radial excitations). The final state is assumed to be
dominated by either, the POV’ (i =1,2,V' =p,w,¢) or
the Sy intermediate states, with the subsequent radiative V’
decay or the strong S — PYPY decay of the scalar meson
[see Fig. 2(b)]. Accordingly, we can decompose the
hadronic tensor into two components H,, = H), Y+ Hﬁ”,
where the superscripts V and S refer to the contrlbutlons of
diagrams (a) and (b) in Fig. 2, respectively.

A. Vector-vector contributions

The contributions to diagrams with two vector resonan-
ces in the VMD model are shown in Fig. 2(a). We need in
this case to consider the V(V')Py and VV'P interaction
Lagrangians. The phenomenological Lagrangian density
required to describe the V Py vertices is given by [53]

Lyp, = 9€,uuap0" ATr[Q(0*VPP + Po*VF)].  (6)
In this Lagrangian g is a generic coupling, A* is the photon
field, P(V#) is the 3 x 3 matrix of light pseudoscalar
(vector) mesons, and Q = diag(2/3,—1/3,-1/3) is the
matrix of light quark charges.

Also, one can include isospin and SU(3) breaking
effects and try to extract, for lowest-lying mesons, the
relevant parameters from a global fit to the available data on
radiative meson decays, as done for example in Refs. [54]
with effective couplings gy p, (which is related to g defined
in (6) for each specific channel [53,54]). The couplings
gvp, can be extracted from the measured rates of radiative
meson decays [53,54]

1

LV = Py)=3T(P->Vy) = o gvpy

(7)

where gy p, is the coupling for the specific V Py vertex and

P; the photon three-momentum in the decaying particle’s
rest frame in each specific decay. The values extracted from
the radiative decays of light vector mesons are displayed in
the lower part of Table L.

In addition, we need information on the VV'P couplings
of the radially excited vector mesons V (here V' is a light
vector meson) and its couplings to photons that enter the
y* > V — V'P vertex. Individual measurements of the
strong or lepton-pair decays of excited vector mesons
needed to determine such couplings are not reported by
the PDG [22]. However, some (model-dependent) analysis
of experimental data, mainly from the SND [48,51,55,57],
CMD-3 [56], BABAR [58], and BESIII [59] collaborations,
allow to extract the ratio of relevant constants gyyp/7v,

(b)

FIG. 2. Feynman diagrams describing the y* — POP 5y vertex in a meson dominance model. Here V (and V') are intermediate vector
meson resonances and S is a scalar meson. Dlagrams with exchanged mesons in the final states for diagram (a) must be added to account
for Bose statistics (P = P9) or allowed exchange contributions (P{ # P9).
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TABLE L

Values of model-dependent coupling constants. Entries in the upper part refer to the values extracted

from the peak cross sections of eTe™ — V — V'P as explained in the text using Egs. (8), (20). Values of the middle

part are extracted using the VMD expressions for V. — Py and gyp, couplings (lower part of table) from Ref. [54].

Parameter

Transition

Value

Reference

p(1450) - wr

0.5351 £0.0709
0.0425 £ 0.0207

SND 2016 [51]
SND 2016 [51]

0
p(1700) - wn®
(1420) - pa°
0(1650) — pz°
®

— pr
1420) - wn
1650) - wn
1450) — pn

(1420)
(1650)
(1450)
(1700) — pﬂ
(1680) —
(2170) -
(2170)

S

gvve/ry [GeV™!]

1680
2170

2170
p—pn
¢ — dn

0 = oy

S SS™ D

Ed a)}’l
gvve/ry [GeVT]

p— '
p—ny
Cl)—>7l'0]/
= ny
¢ — 2%
¢ —ny

9gvpy [GeV™!]

0.6808 £ 0.1564 SND 2015 [55]

0.2329 £ 0.0286 SND 2015 [55]
0.1984 £ 0.1237 SND 2020 [48]
0.0735 £0.0120 SND 2020 [48]
0.5177 £ 0.0430 CMD-3 2020 [56]
0.0048 £ 0.0013 CMD-3 2020 [56]
0.2875 £0.0818 SND 2019 [57]
0.0048 £ 0.0074 BABAR 2007 [58]
0.0027 £ 0.0006 BESIII 2020 [59]
1.5181 £0.0234

0.6912 £ 0.0152

0.4580 £ 0.0287

0.2441 £ 0.0071 [54]
0.4597 £0.0174 [54]
0.6935 £0.0104 [54]
0.1387 £ 0.0087 [54]
0.0410 £ 0.0037 [54]
0.2093 £ 0.0046 [54]

where V represents an excited vector meson and em?/yy
its coupling to virtual photons. This product of coupling
constants can be extracted from measurements of the cross
section at the peak of these V resonances which determines
the product of their decay rates into V'P and lepton pairs
[22] through the expression

127 T(V—ete )I(V->V'P)
m?, r? ’

(8)

where my(I'y) is the mass (width) of the intermediate
s-channel resonances and T'(V — X) their partial decay
widths into the X channel. The values of the Xy p =
gyvp/ vy ratios extracted from Egs. (8) and (20) are given
in the upper part of Table L.

With the above ingredients, we can build the amplitude
for VV’ contributions of Fig. 2(a). The hadronic tensor
corresponding to the specific configuration shown in that
figure reads:

peak(6+e - V/P)

Hyy = FOP7 (u, 4, 4" %) eaptn,d” 4" a4
= FI"7(u, 4%, 4" ¢%) x {4°((q - 43)9" — d34°]
—(¢-4)Nq 43)9 — 454°) + (¢' - 43)9"q°
—(q-93)4"4"} + (a1 < q2). )

Note that, the last term in Eq. (9) symmetrizes the amplitude
for identical mesons in the final state (z°7°, #xn), and

considers the case with exchanged 7° <> 7 in the 75 channel.
In the case of identical mesons a 1/2! factor must be
included in the phase space factor. In the above expression,
the form factor FP1727 (u, g, ¢"*; ¢*) contains information
on the production and decay of intermediate resonance
states. As expected, the hadronic tensor for vector contri-
butions has the structure derived in Eq. (3).

The squared amplitude for vector-vector contributions
will be enhanced at higher c.m.s. energies owing to the
Lorentz structure involving quartic momentum dependence
of the hadronic vertex [see Eq. (9)]; in addition, this
enhancement is further favored by the effects of radially
excited s-channel resonances produced. Owing to this
behavior we will include the light and first/second radially
excited V resonances in the s-channel, but we keep only the
contributions of the lightest vector V' resonances decaying
into (P9, PY)y final states. Accordingly, we write the form
factors for the three processes under consideration as
follows (the variables g%, ¢"*, u, and ¢* in the argument
of the form factors are omitted):

F”OﬂOY:F””7+FZ)”y+Fﬂ”7 (10)
2Oy — N 201y 'y

F&0 = Fp 4 Fl 4 Fy, (11)

Fr = FJV + Fo + Fy. (12)

The subindices on the right-hand side refer to the light vector
resonances V' decaying into (P9, P9)y. An analogous
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expressionto Eq. (11), namely F’ "7 mustbe taken into account
for the exchange 7° <> 7 in the final state. The explicit
expressions for each contribution are given in Appendix.

B. Vector-scalar contributions

In addition to V'V’ contributions discussed in the
previous section, scalar resonances can contribute to
ete™ — PYPYy as shown in Fig. 2(b). Among the different
final states studied in this paper, only the ay(980) — 7y
(and possibly its “excited” scalar state) and the f((980) —
7°7z° can contribute sizably [32,33,35,47,48].

The hadronic tensor in this case has a simpler form:

(13)

This Lorentz structure agrees with the general parametri-
zation given in Eq. (3).

According to Fig. 2(b), we need information about
the VSy and Sy interaction couplings. The vertex VSy
responsible for the scalar resonance production is described
by the Lagrangian £ = (egys,/2)F**V ,,¢s, where (V. F),,
are the field strength tensors of the vector-meson and
photon, respectively, while ¢y denotes the field of the scalar
meson. The Feynman rule describing the SP;P, vertex is
given by igsp p,. The form factor describing the y*(¢q) —
V(q) = S(— PIPY)y vertex is given by

- eZ Z Gvsy

H}SU = ieSPIPﬂ(q/z’ q//2 u; q2)(q ' QSgﬂU - Q3;4QU)‘

gSP P2

SPIPZy(q/Z, q//2
}’VDV

(14)

In the above expressions, Dy s(x) =mj, ¢ —x—i\/xTy g(x)
denote the denominators of vector (V) and scalar (S)
resonance propagators, while I';(x) denote their total decay
widths at squared momentum x.

In the case of the 7°z° channels, we can have the
contributions of the isoscalar scalar f(500) and f(980)
states; we will consider the effects of the latter as it is better
established as a resonance [22]. For the 7% channel, we
will include the contributions of the isovector ay(980),
ay(1450) (or ay, ay, respectively, for short) decaying (this
expression agrees with Eq. (4.1) in Ref. [31] in the case of a
single vector and scalar resonance).

One may attempt to extract the relevant couplings of
scalar mesons from experimental data. Unfortunately, the
experimental information on these decays is rather scarce,
if not completely missing.” Therefore, we will proceed to
use a combination of experimental information, theoretical

The nature of scalar mesons and their classification is still
controversial [22]. The resonance parameters and some relevant
decay channels of the af, are better known than those of the
lightest a, meson. [22].

predictions and make the assumption that, in a specific
energy region, only one vector resonance V in the s-channel
dominates the scalar meson (V — Sy — P, P,y) production to
provide an estimate of their effects in the cross section:

1. We will assume that the dominant contribution to the
ete™ — n%yy cross section below /s = 1.2 GeV
comes from the y* — ¢(1020) — ay(980)[—z"%]y
transition, because both (¢ and ag) can be produced
on their mass-shell. Therefore, we use the resonance
parameters of the a,(980) scalar meson as deter-
mined in the analysis of the ¢p — 7%y hadronic mass
distribution measured by KLOE [32] using the
resonance model of Ref. [31], namely: |g,,,.| =
2.46(14) GeV and m,, = 982.5 MeV (fixed),T,, =
80 MeV. The coupling g,,,, = 0.524(11) GeV~! is
extracted from the measured branching fraction of
¢ — agy [22].

2. The measured branching fraction of a(,(1450) — nx
is reported in [22]. Using the I'(af — nz) =

(giénﬂ/ 87) - |P.l/ mz(,) decay rate we get gy, =
1.46(16) GeV. The mass and width parameters of
the a;, are taken from the PDG [22].

3. We will assume that, in the region of excited vector
V resonances, only one of them dominates the y* —
V — agy vertex. Further, we assume that this vector
resonance is the excited state ¢/ = ¢(1680). From
the following vector-meson dominance relations
among the couplings (a similar relation holds for
the ayy*y coupling)

gabe m%,
= e 50,
Z Dy(q*)

AR A

gaéy*y(qz) (15)

and assuming the dominance of the ¢'(1680), one

gets at g>=0, g Ly = €9l gy /74 - Using the predicted

rate for the I, = (g2, J,7/471')m2, =1.05(5)keV [34],
0

ayry
we get g, 41/ y¢ = 0.0067(2) GeV~! from the above

VMD relation.’

4. There are two possible isoscalar scalar mesons that
can mediate the 7°7° system: the f,(500) and the
f0(980) below the 1.2 GeV region. As in the
previous case, we assume their contribution will
be larger when both, the vector resonance in the
s-channel and the scalar resonances can be on-shell.
The dominant contribution comes from the y* —
$(1020) — £(980)[— 7°2°]y decay chain. We use
the resonance parameters of the f,(980) scalar meson
as determined in the analysis of the ¢— 77y
hadronic mass distribution measured by KLOE [60]:

*Note that our Gty and the one g, Ly used in Ref. [34], are

related by ga NZ4 121’ ga()y}'/z
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97,2020 = 0.926(64) GeV  and  my = (984.7 +

0.4f32:§‘ ) MeV (the first error is from the fit and the
second one has a systematic nature), and an energy-
dependent width of the f,(980) is assumed [60]. We
also use g,r,, = (2.61 +0.021033) GeV~! [60].

5. Some evidence has been reported for the lighter
isoscalar meson in (p°, w) = f,(500)[— z°z°)y
transitions (see [22] and references therein). Direct
experimental information on its parameters and
partial widths is scarce and indicates that f,(500)
is a broad state, which is rather difficult to describe
as a resonance with a Breit-Wigner propagator.
Although the existence of this state is better estab-
lished nowadays [61,62], we do not include it in
our analysis because information on relevant cou-
plings is missing. We expect its contribution to
a0 (7929 to be small and covered by the quoted
uncertainties of the dominant w(—zy)z" term.

Given all the approximations contained in the derivation of
scalar couplings, we must take the predicted effects of scalar
mesons in the cross section and aﬁad'LO(
indication of their real size.

2%ny) as an

IV. CROSS SECTIONS FOR P{P)y CHANNELS

In this section, we consider separately the cross sections
for the ete™ — (2°2°, 2%, )y reactions. We focus first, in
more detail, on the 7°z% channel in order to fix some of the
parameters of the model by comparing it with available data;
this is the channel with the largest cross section among P?ng
final states owing to the large branching ratio for the @ — 7%
decay. Thereafter we consider the predictions for the other
two channels. We do not expect our model to give a good
description of the low-energy data. However, we compare our
model with the cross section for 7°z% production below
1 GeV, and with the data on the di-photon spectrum in # —
7%yy decay as a validation of our model at lower energies.

A. n°2% final state

Different experiments have reported measurements of
the ete™ — 7°7% cross section below 2 GeV. In the energy
region below 1 GeV, the measurements of 7°z% production
have been reported in references [29,30]. Above 1 GeV, the
SND collaboration has provided results in the energy range
Vs =1.05-2.0 GeV [50] and /s = 1.047-2.005 GeV
[51], while the CMD-2 collaboration in the energy domain
1.380-0.920 GeV and DM2 [63] in the energy range from
1.350-2.4 GeV. The latter experiments focus on final states
where the 7% system originates from the @(782) meson
decays which, according to the present discussion, is one
contribution to the full S-matrix amplitude for the z°z°%
final state. In the VMD model, the different contributions
with intermediate resonances are given by efe™ - V —
7°(p, w, ¢p) — 7°2%. Accordingly, the general form of the

hadronic tensor was given in Eq. (9) with the specific
invariant form factor

Fﬂoﬂo},(u’ q/Z’ q//2; q2) _ FZOEH}, i FZ;OﬂOy n on,,o},‘ (16)

The explicit expressions for the different terms are given in
Appendix. Dependence upon the same invariant variables
must be understood for each term on the right-hand side of
the above equation.

For the denominators of excited resonances’ propagators
in Egs. (16) and (Al) we use Breit-Wigner forms with
constant widths, namely Dy (s) = m3, — s — imy Ty, where
my(Ly) denote the mass (width) of resonances. The same
consideration applies to the narrow (w,¢) light meson
resonances. However, following the SND collaboration
[50,51] (and our own efforts to achieve a good fit), we use
the following expression for the energy-dependent width of
the p(770) meson propagator D, (s) = m} — s — im,I,(s):

Ly(s) = Tprn(5)0(V/s — 2my)
+ Fp—»a)n(s)6<\/g - My = mn)’ (17)

where the energy-dependent partial widths are

2 /a2 N\ 32
my, (s —4m
Lporn(s) =T, e <m/2,—44n71[,2,) , (18)

_ Gve <ﬂ(s,m2v~m%)>3/ T o)

Pv—vr =756, s

with 6(x) and A(x, y, z) are the step and Kallen functions,
respectively. Although Eq. (17) may look unusual, the
opening of new thresholds (like wm, KK,---) must be
included in the decay width as the invariant mass of the
resonance increases.”

The form factors given in Appendix depend upon several
parameters: (a) the couplings gyp, needed to describe
(p,w,¢) > P'y decays in the sequence V — PV’ —
PP’y are taken from the fits of Ref. [54], and are listed
in the lower part of Table I; (b) the ratio of couplings
Xyvp = gyyp/yy shown in the upper part of Table I were
extracted from experimental values of the peak cross
sections (8) using the theoretical expression

rv_>e+e—r‘v_)vlp _ X%/V/Paz ) 13/2(7’”%/, m%//, m%) . (20)
2 7 e

(c) the strong V'V’ couplings for light resonances quoted in
the middle part of Table I were extracted by combining the
Jvyy couplings obtained in [54] and the emy /yy couplings

“The KK channel opens at /s = 0.99 GeV, however it
remains smaller than 6% of the zz contribution in the region
below /s = m, + 2T,
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TABLEII.

Results of our fit (third column) to the et e~ — #'

a)(—m"y) cross section data [51], compared to results of Ref. [51] and the

PDG values [22]. The { symbol means that the parameter has been fixed to their PDG values in the fit.

Parameter SND values [51] This work PDG values [22]
my(1450) [MeV] 1510 =7 1510 =12 1465 4+ 25
my1700) [MeV]T 1720 £ 20 1720 £ 20 1720 £ 20
L1700y [MeV] T 250 + 100 250 + 100 250 + 100
Ypwr [GeV~'] 159+04 17.5+1.3 12.47

v» . . 4.98

Xy on 0.56 +0.05 0.51 +0.06 0.535 [51]
X' on 0.044 £0.013 0.037 £0.012 0.0425 [51]
¢y [deg] 124 + 17 114 £ 34 127 £ 12
¢, [deg] —63 +£21 —80+ 18 e
y2/ndf 0.97 0.86

for the y —V conversion extracted from measured [22]
[y_ete- = (4ma?/3y3,)my partial rates and; (d) the masses
and decay widths of remaining radially excited vector
resonances were taken from [22]. For light vector resonances
p/w/¢ we assume their masses and widths world averaged
values [22]. In the case of the isovector p’ = p(1450) and
|

2 X, e

p" = p(1700) mesons we extract the resonance parameters
from a fit to the data of the SND collaboration [51], by
assuming their contributions to be complex relative to the
lightest p(770) vector resonance.

In order to be more explicit, we rewrite the dominant
contribution in Eq. (16) as follows:

Gwr'y

7% . m; por
F @ - leX/)er D 2 X
p(q ) pon

where X, are taken to be real, since the relative phases are
given explicitly. The p(770) meson propagator D, (g*) with
the energy-dependent width is given in Eq. (17).

We can evaluate the cross section using the full S-matrix
amplitude by inserting the form factors into Eq. (9), taking
into account Bose symmetrization terms, and using Eq. (4)
for the cross section. In order to compare to available data
from SND [51] on the e"e~ — 7%»(—7z"y) cross section in

the \/c? = 1.05-2.0 GeV region,5 we turn off the first and
last terms in Eq. (16). We let as free parameters: the
resonance parameters of the p(1450), the complex param-
eters X vz, X0, (phases ¢y, ¢,, respectively), and the
9pwr coupling. The third column in Table II collects results
of our fit to the cross section data of Ref. [51].

A comparison of the second and third columns in the
same Table shows a good agreement between our results
and those reported by the SND collaboration [51]. Our fit to
the experimental data is shown with a dashed line in Fig. 3.
In the same figure, we include (solid blue line) the cross
section for 7%z production by taking into account all
terms in Eq. (16); except for the narrow peaks at the p(770)
(suppressed) and at the ¢¢(1020) (more prominent)

*We use this dataset because it covers most of the range of
center of mass energies. It is the only reason to avoid including
data from CMD2 and DM2 collaborations.

Dp’(qz) X/)a)ﬂ Dp”(qz)

2 i 2

m=, X 1 el(/lz m:,

P P on P
+ (21)

D,(q"?)’

resonance positions, the full and w-dominance contribu-
tions agree in all the kinematical range under consideration.

References [29,30] have reported measurements of the
%7 cross section at lower energies, in the center of mass
energy +/s ~600-970 MeV. Our model, extrapolated at
these energies, is compared to these data in Fig. 4. The
curve predicted by our model lies below the experimental
data and the fit of Ref. [28], in the region of the p(770)
resonance but they agree reasonably well outside the
resonance domain. A more quantitative comparison can
be achieved by evaluating the 7%= (1/N)> (¢ —
oMode)2 /(Ag;)? function, where N is the number of
experimental data points in each dataset and Ac;, the
quadrature of model and experimental uncertainties for
the ith data point. We get 7> = 1.13 for the dataset of
Ref. [29] dataset; 7> = 1.01 for Ref. [30], and }*> = 1.54
for the combination of both datasets. Our model is not
optimal in this region, but given the large experimental
errors, the value of 72 is reasonably good so far.

B. 7'y final state

The amplitude corresponding to VV’ contributions
[Fig. 2(a)] for e*e”™ — 7%y must be added with the
diagram arising from the exchange of z° and 1 mesons
in the final state. Note, however, that the intermediate
resonances V and V' must be chosen to conserve strong
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L =—— Our model with all resonances
C —-- Our model excluding p, ¢-n’y
35r § SND-2016 data (e + e — - n°w - n°ny)
3.0F
Q C
c L
= 25 C
= L
o 2.0+
= C
T L
| C
) 151
+ L
: %
BT lo-
: /)
0.5F
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.5 1.0 1.5 2.0 2.5 3.0
Vs [GeV]

FIG. 3. Cross section for the et e~ — 7°72% process. The solid

line corresponds to the dominance of the @ — 7%y decay, the second term in (16). The data points correspond to ete™ — 7

measured by SND [51].

line includes all the resonance contributions in Eq. (16). The dashed
Y (—n"y)

=== This work
06L"" Moussallam, B, = B, =0
"7| —— Moussallam, B, B., free
0.5
o
£
N 04—
o
=
o
=
|
(U]
+
Q 0.2+
1<)
0.1
0.0
1 1 1 L L 1 L L
0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
Vs [GeV]

FIG. 4. Cross section for the e*e™ — 7°2% process below /s

= 0.97 GeV. The dotted line corresponds to the VMD model used in

this work. The dashed (solid) line corresponds to the fit of the model of Ref. [28] with (non)vanishing parameters j3,, 3, to a combined
dataset of SND [29] (triangles) and CMD-2 [30] (bullets) collaborations.

interaction symmetries in the V — nV’ and V — 2V’
vertices. Since this exchange contribution does not corre-
spond to the exchange of identical particles in the final
states, we do not have to add a 1/2! factor in the
phase space.

As it was discussed in Sec. III B, contributions mediated
by scalar mesons can appear in the 7’7 system through the
ete” — yS(—nx) mechanism (S = ay, a;). Unfortunately,
the situation concerning the experimental information on
decay properties of the ay(=ay(980)) resonance and its
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0.351

0.30-

0.251

0.20

0.15-

ole*e™ - n°ny) [nb]

0.10-

0.05+

0.00

== Pure vector contribution
—— Including ao(980) + ao(1450)

2.0 2.5 3.0

Vs [GeV]

FIG. 5. Cross section for the eTe™ — z%y process. The dashed line corresponds to the pure (V, V') = (17, 177) contributions. The
solid line includes, in addition, the effects of the a((980) and ag(1450) scalar mesons.

nature as a ¢gg, as tetraquark or as a molecular state is not
very clear so far [22,64—67]. In contrast, the corresponding
information for the a;,(= a((1450)) properties is better
known [22].

Despite these limitations, we have attempted an estimate
of the effects of scalar resonances. We assume that the
dominant contribution is given by the y* — ¢(1020) — agy
chain contribution. Similarly, we assume that the aj=
ao(1450) production is dominated by y* — ¢'(1680) — ayy.
Our assumptions are based on the fact that at these center of
mass energies, both the (¢,¢’) vector and the (ay,ag)
scalar resonances can be produced on-shell, giving the
largest contributions to the cross sections. Values of the
coupling constants required in the model were described
in Sec. III B. Of course, it corresponds to experiments
to resolve the resonant structures present in the 72° and
s-channels in the energy region under consideration.

The cross section plots are given in Fig. 5 as a function of
the center of mass energy. The continuous line represents
the sum of all the contributions, while the dashed line
corresponds to the pure vector-vector (V, V') contributions.
The sharp peak observed to the left is the effect of the ¢
meson decaying into the a,(980) meson and a photon;
since the ¢b is a very narrow resonance, its contribution

to a°(z%y) is subdominant. On the other hand, the
effects of the ay(1450) scalar meson will be suppressed in
aﬂad’w given the falling of the QED kernel in the dispersive
relation.

The VMD for the 7%y production channel can be
compared to lower energy data of the crossed reactions

vy = 7% or = 2%y. In the case of the latter decay, both

photons are real and a different kinematical region is tested,
which lies well below the resonance region under consid-
eration in this paper. In Fig. 6 the diphoton spectrum of
n — n'yy decays predicted in the VMD model of this work
is compared to experimental data of Refs. [68,69]. Our
prediction lies below data in the intermediate diphoton
mass region.

By integrating over the full phase space, we get the
following predictions for the partial decay width:

C(n — 7%y)
B {0.216 +0.021 eV,
~10.225 £0.021 eV,

for V, V' contribs.
for V, V' + ay + aj, contribs.
(22)

This result can be compared to the prediction of Ref. [34]
I'(n — 7y) = (0.2377099) eV, and the current experi-
mental value reported by the Particle Data Group I'(n —
7%y) = (0.334 £0.032) eV [22].

C. iyny final state

The threshold energy for the ete™ -y is
/5 2 1.096 GeV, well above the region of light vector
resonances in the s-channel. The form factors for this final
state are given in Eq. (12) and (A1), and the hadronic tensor
(9) must include a symmetrization term according to Bose
statistics. Using the input couplings shown in Table I, and
the convention for the propagators discussed in previous
sections, we evaluate the cross section using Eq. (4).
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FIG. 6. The prediction of the VDM in this work is compared to experimental data of Refs. [68,69] on the diphoton spectrum of
n — 7%y decays. The dashed line corresponds to the pure vector contributions, whereas the solid line corresponds to the vector and
scalar ay(980) + ay(1450) contributions.
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FIG. 7. Cross section for the e™e™ — nny process. We use the VMD parameters reported in Table L.

In Fig. 7 we plot the ete™ — nynyy cross section contributions.® A dominant peak is observed due to the
from threshold up to 3.0 GeV. In the absence of exper-  p(1700), and a smaller peak is barely visible at the ¢(2170)
imental information on this decay channel, we assume
the different contributions to add coherently with real SGiven that 7y contribution to @ is at the level of 10~'2,

. . . . . . M .
and positive couplings between different resonance  for now we can keep this approximation as safe.
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resonance position. As expected, the cross section for 5y is
smaller than the one due to 7z°2% and z%y.
V. P{PYy CONTRIBUTIONS TO a,

The HVP contributions to a, due to ete™ — PPy
processes can be written as follows [70,71]

2 oo K +,— POPO
aZadLO(POPOy) <(Z>/ ds (S)G(e e = 27/)’
3n (my+m;)? § Opt

(23)

where oy, is the point cross section for muon-pair produc-
tion and K(s) is the QED kernel that can be found, for
instance, in Ref. [3].

If we insert the cross sections evaluated in this work into
Eq. (23), we get the values shown in the second column of
Table I1I. The second of the two results indicated for the 7%y
contribution corresponds to the inclusion of scalar resonan-
ces in this channel. The quoted errors stem from the
uncertainties in couplings, masses and widths of vector
and scalar intermediate resonances involved in each exclu-
sive channel. Our largest uncertainty appears in the 7°7z%
contribution; it arises mainly from the uncertainties in the
fitted p'wz coupling quoted in Table IT [22]. Since we do not
use the dataset of all e*e™ — 71%w(—x") experimental
cross sections, our quoted uncertainty for the a'r"° (z°z°)
channel basically turns out to be larger than the ones quoted
by references [8,9] (see discussion below).

We can attempt to make a (risky) comparison with
Refs. [8,9], who have provided the evaluations of the

o(w — ), nw, and n¢ contributions. For the values

of aﬂad‘l‘o for the latter two channels provided in Refs. [8,9],
we add the subsequent decays of (@, ¢p) mesons into (z°,7)y
decays, which is justified in Appendix A. Under these
assumptions, we can estimate the PYPJy contributions as
follows (B(X) denotes the branching fractlon for channel X):

TABLE III.

a,(z%n7) ~ a,(nw) - B(w - 7°%) + a,(ng) - B(¢p — n°),
a,(my) ~ a,(n) - B(o = ny) + a,(np) - B(¢p — ny).
(24)

Clearly, this represents, at most, an approximation to the
complete evaluation. We use the values ahdd O () =
0.35(1)(1)[0.30(2)] and @ (n¢) =0.33(1)(1)[0.41(2)]
from Ref. [8] (values obtained in [9] are indicated within
square brackets), all numbers in 107'0 units, and the
branching ratios reported in [22] for the radiative decays
of vector mesons.

In columns fourth and fifth of Table Il we write the
values “‘estimated” following the above procedure. These
values are underestimated with respect to our results and,
in the case of the nyy channel, by almost one order of
magnitude. It is expected since pn and pz° exclusive
channels are not reported separately and Eqgs. (24) neglect

interferences.

The contribution of the 7°2z% channel to ah"d L9 in the

energy region below /s = 0.95 GeV reported in [28] is

ap* O (792%) = 0.033(5) x 107'°.  Our corresponding
contnbutlon in the same interval is lower 0.020(3) x
10719, as it is expected from Fig. 4. The effects of the
scalar resonances to ay"®(P9PJy) is roughly 4% of the
total contributions, well within the quoted uncertainties of
the dominant channel.

VI. CONCLUSIONS

In this paper we have considered the contributions of the
neutral ete™ — 7%72%, 2%y and 5y exclusive channels to
the leading order HVP contributions of the muon anoma-
lous magnetic moment. We evaluate these contributions by
considering the full S-matrix amplitude for transitions
between these asymptotic states, without cutting intermedi-
ate resonances. These decays are not the photon-inclusive

Contributions of X = P, Pyy exclusive channels to ahad LO (in 1071 units). The results of this work are given in the third

column. Columns fourth and fifth for the (z%, 71)y contributions refer to the values estimated according to Egs. (24) from the values of
nw and n¢ contributions reported in Refs. [8,9], respectively. The effects of scalar (fy, ag, a) mesons are shown separately.

a,l}ad’l‘o (X) x 10710

X Channel Contributions This work DHMZ [8] KNT [9]

7% (V, V) 1.00210132 0.94(1)(3) 0.88(2)

2% (V. V') + £4(980) 104150435

ny (v, V') 0.0867 0002 0.030(2) 0.026(2)

ny (V, V') + ag + a; 0.087 £ 0.001

nmy (v, V') 0.0437000) 0.0045(2) 0.0055(3)
(V.V) 131545

Sum (V.V') + ay + ajy + fo(980) 117110138
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channels of eTe™ — PYPY, P, =1 or x, because such
transitions are not allowed (at least at the lowest order in @)
and are expected to be of the same order in a as the 7’y and
ny channels. As it is well known [8,9], the latter contribute
close to 1% to the total contributions of aﬂad’Lo.

We describe the y* — PPy vertex in the framework of
vector meson dominance model. We validate this particular
model by fitting the available data on the ete™ —
1w (w — %) channel; we also compared the predictions
of our model to low energy data of the et e~ — 7972 cross
section, and to the measured diphoton spectrum and the
partial width of # — 7%y decay. From the calculated cross
sections we evaluate the corresponding dispersion integral

and get the following prediction:
a0 (0% + 20y + myy) = (L172017) x 1071,

The 7°2% exclusive channel dominates this result; this is
in reasonable good agreement with the evaluation of
Refs. [8,9] for the 7°w(w — 7°y), where a comparison
is possible. The other two contributions are more sup-
pressed and a comparison with existing calculations is not
straightforward. Our quoted uncertainty is dominated by
errors in the strength coupling of the p’ — 7°2% decay
within the VMD model and the particular dataset of
ete™ - n1’w(—n") measurements [51] used in our
analysis.

The cross sections for P{PYy production are peaked in
the region populated by excited vector resonances in the
s-channel. It introduces important uncertainties in the
calculation as long as the information on the parameters
and decay properties of excited resonances are rather scarce
or not very well known. In order to avoid all the
uncertainties related to a particular model, it would be
necessary to have better experimental data for these PPy
final states in electron-positron collisions in the region
below 2 GeV.

Of course, the dispersive calculation of ap*°(P)P)y)
presented in this paper does not contribute sizably to
closing the gap with the measured [1,2] and the lattice
calculations of Ref. [27]. We address the problem of using
exclusive channels with resonances and using them as
inputs in the evaluation of aﬂad’m. Using the S-matrix
formalism with asymptotic states is important to assess the
size of approximations done when one considers resonan-
ces as on-shell states and neglects interference with other
contributions to the amplitude. It may not be obvious that
separating resonance and background contributions from
measured observables, is just an approximation. The
clearest example that shows that interference effects are
important is frequently found in the PDG [22], where the sum
over final states involving resonances sometimes exceeds
the branching ratios for some specific channels (for example

B(D - 7779 = (149 +0.06)% while 3", B(D® —
(p!(770)/)° - nt 2~ 2°) = (1.91 £ 0.05)% [22]).
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APPENDIX: FORM FACTORS
IN P'PYy TRANSITIONS

In this appendix we provide the expressions for the form
factors that contribute to the P Py transitions as defined in
Sec. III A
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70 . IVwn® my gﬁ”l}’
FI = je . .
! Vz,,z,, rv Dv(g?) D,(¢?)
2
0 . gV¢z0 my, Gony
F2 = je . .
¢ V; Yy Dv(ﬂlz) D¢(4]/2)
2
0 . gy 0 m 9070
FI"7 — e Pn v 9%
! V% rv  Dv(q®) D/J(q/2)
’7”07 _ ie gVam . m%/ . gwﬂoy
=
V=w.p- Tv DV(qz) Dw(q/z)
2
. Gve my 9y
F™7 — je 1. .
’ sza,,;,... rv Dv(q®) Dy(q?)

. Gy,° m} 9p°
F — e °n v 9
’ Vzpzp:p rv Dv(q®) Dy(q?)

2
. Gvw m Yo
F — e E : n v ny
’ v ot v Dy(@) Du(q?)

2
. Gvgy My Iy
F = je g . . .
’ V=, Vv DV(qz) D¢(q/2)

(A1)
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In the above expressions, the ellipsis in the sum over V
s-channel resonances includes all possible radial excita-
tions of vector mesons. For identical pseudoscalar mesons
in the final state, one needs to exchange ¢, <> ¢, in
the decay amplitudes, with the corresponding ¢’ <> ¢”

two-particle momenta. Note that for nonidentical particles
(n°y), the form factors for exchanged mesons are not
given by the simple exchange of momenta because of
the different isospin of z° (isovector) and 7 (isoscalar)
mesons.
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