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In the preceding paper of this series of articles we constructed the twisted geometry coherent states in all
dimensional loop quantum gravity and established their peakedness properties. In this paper we establish
the “Ehrenfest property” of these coherent states which are labeled by the twisted geometry parameters.
By this we mean that the expectation values of the polynomials of the elementary operators as well as the
operators which are not polynomial functions of the elementary operators, reproduce, to zeroth order in ℏ,
the values of the corresponding classical functions at the twisted geometry space point where the coherent
state is peaked.
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I. INTRODUCTION

In our companion paper [1], we constructed a new family
of coherent state in all dimensional loop quantum gravity
(LQG) and studied its basic properties. This new family of
coherent state, whose analog in (1þ 3)-dimensional SUð2Þ
LQG is proposed and studied in [2–6], is called the twisted
geometry coherent state since it is labeled by the twisted
geometry variables which parametrize the SOðDþ 1Þ
holonomy-flux phase space of all dimensional LQG. As
we explained in [1], we consider the twisted geometry
coherent state in all dimensional LQG instead of the heat-
kernel coherent state which is frequently used in (1þ 3)-
dimensional SUð2Þ LQG [7–15], because the specific
studies of the heat-kernel coherent state in all dimensional
LQG are confronted with some technical problems.
Nevertheless, the twisted geometry coherent state in all
dimensional LQG takes a much simpler formulation than
the heat-kernel one [16], which ensures that its related
calculations only involve the familiar Gaussian summation
and the SOðDþ 1Þ coherent intertwiner which has been
fully studied in [17,18]. Thus, if one can verify that the
twisted geometry coherent state in all dimensional LQG
possesses a well-behaved peakedness property and
“Ehrenfest property” in the SOðDþ 1Þ holonomy-flux
phase space, then the twisted geometry coherent state
can be used to study many issues involving the semi-
classicality in all dimensional LQG, e.g., the effective
dynamics based on coherent state. In our companion paper
[1], we have shown that the twisted geometry coherent
states in all dimensional LQG provide an overcompleteness

basis of the kinematic Hilbert space in which the edge-
simplicity constraint is solved, and the expectation values
of holonomy and flux operators with respect to the twisted
geometry coherent states coincide with the corresponding
classical values given by the labels of the coherent states,
up to some gauge degrees of freedom. Besides, the peaked-
ness of the wave functions of the twisted geometry coherent
state in holonomy, momentum, and phase space represen-
tations is studied and it is well controlled by a semiclassical
parameter which is proportional to ℏ.
The main result of the present article is that the Ehrenfest

property, to zeroth order, indeed holds for the twisted
geometry coherent states in all dimensional LQG. In other
words, the expectation values of polynomials of the
elementary operators as well as the operators which are
not polynomial functions of the elementary operators,
reproduce, to zeroth order in ℏ, the values of the corre-
sponding classical functions at the twisted geometry space
point where the coherent state is peaked. To achieve this
goal, we consider the monomials of the holonomy and flux
operators. By using the completeness relation of the twisted
geometry coherent state, the calculation of the monomials
of the holonomy and flux operators is converted into the
calculation of the matrix elements of the holonomy and flux
operators in the twisted geometry coherent state basis.
Then, the matrix elements of the holonomy and flux
operators in the twisted geometry coherent state basis
can be calculated by using the techniques developed in
the calculation of the overlap function of the twisted
geometry coherent state [1]. To complete this calculation,
the properties of the Clebsch-Gordan coefficients related to
the Perelomov type coherent state of SOðDþ 1Þ, as well
as the derivative of the overlap functions of the Perelomov
type coherent state of SOðDþ 1Þ, are studied as the key
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points. Besides, similar to that of the heat-kernel coherent
state in SUð2Þ LQG [11], the expectation values of non-
polynomial operators with respect to the twisted geometry
coherent state in all dimensional LQG will be studied by
reformulating it as the Hamburger moment problem.
This paper is organized as follows. In Sec. II, we will

review the kinematic structures of all dimensional LQG
and some basic properties of the twisted geometry coherent
state which are necessary for the studies in this article.
Beginning with the structure of classical phase spaces,
including the connection phase space and the holonomy-
flux phase space of all dimensional LQG, the twisted
geometry parametrization and the analysis of gauge degrees
of freedom with respect to the simplicity constraint will be
reviewed. Then, the quantum Hilbert space with its coher-
ent-intertwiner-spin-network basis and the elementary
operators in all dimensional LQG will be pointed out.
Besides, as key ingredients to construct the Ehrenfest
property of the twisted geometry coherent state, the
completeness relation of twisted geometry coherent states
and the overlap functions of both Perelomov type coherent
state and twisted geometry coherent state in all dimensional
LQG will be introduced explicitly. Based on this founda-
tion, we will construct the Ehrenfest property of the twisted
geometry coherent state explicitly in Sec. III. We will first
construct the Ehrenfest property for operator monomials by
proving that the matrix elements of the elementary oper-
ators with respect to the twisted geometry coherent state are
well evaluated by their corresponding expectation values,
and then construct it for nonpolynomial operators by using
the Hamburger theorem. Finally, a short conclusion will be
given in Sec. IV.

II. KINEMATIC STRUCTURE OF ALL
DIMENSIONAL LOOP QUANTUM GRAVITY

A. Classical phase space of all dimensional
loop quantum gravity

The (1þ D)-dimensional Lorentzian LQG is constructed
by canonically quantizing general relativity (GR) based on
the Yang-Mills phase space coordinatized by the conjugate
pair ðAaIJ; πbKLÞ with the nonvanishing Poisson bracket
[19–21]

fAaIJðxÞ; πbKLðyÞg ¼ 2κβδbaδ
K
½Iδ

L
J�δ

ðDÞðx − yÞ; ð1Þ

where the connection AaIJ and its canonical conjugate
momentum πbKL are soðDþ 1Þ valued fields on a
D-dimensional spatial manifold Σ. κ and β represent the
gravitational constant and Babero-Immirze parameter
respectively. Here we use I; J; K;… for the internal vector
index in the definition representation space of SOðDþ 1Þ
and a; b; c;… for the spatial index. The dynamics of this
Hamiltonian system is governed by the Gaussian, simplic-
ity, vector, and scalar constraints, which read

GIJ ≡ ∂aπ
aIJ þ 2A½I

aKπ
ajKjJ� ≈ 0; ð2Þ

Sab½IJKL� ≡ πa½IJπjbjKL� ≈ 0; ð3Þ

Ca ≈ 0; and C ≈ 0 ð4Þ

respectively. Based on the Poisson structure (1) of the
connection phase space, one can check that these con-
straints obey a first class constraint algebra. Furthermore,
one can also check that the Gauss constraint generates the
SOðDþ 1Þ gauge transformation of this Yang-Mills gauge
theory, while the simplicity constraint restricts the degrees
of freedom of πaIJ to that of a D-frame EaI which describes
the spatial geometry and generates some other gauge
transformations. In other words, one can solve the sim-
plicity constraint and get the solution πaIJ ¼ 2n½IEjajJ� with
nIEa

I ¼ 0, nInI ¼ 1 and EaI being the densitized D-frame
which gives the spatial metric qab by qqab ¼ EaIEb

I , where
q is the determinant of qab [19]. Besides, one can
reconstruct the densitized extrinsic curvature K̃ab ¼
qbcK̃a

c of the spatial manifold Σ by

K̃a
b ≈ KaIJπ

bIJ ≡ 1

β
ðAaIJ − ΓaIJÞπbIJ ð5Þ

on the Gaussian and simplicity constraint surface, where
ΓaIJ is purely constructed from πaIJ and it is the spin
connection of EaI exactly on the simplicity constraint
surface [19]. To clarify the gauge degrees of freedom
corresponding to simplicity, let us decompose KaIJ ≔
1
β ðAaIJ − ΓaIJÞ as

KaIJ ¼ 2n½IKJ�
a þ K̄IJ

a ; ð6Þ

where K̄IJ
a ≔ η̄IK η̄

J
LK

KL
a with η̄JI ≔ δJI −nInJ and K̄IJ

a nI ¼ 0.
Based on Eqs. (1) and (3), one can check that the

component 2n½IKJ�
a and πaIJ Poisson commutes with

the simplicity constraint while K̄IJ
a does not. Hence, the

simplicity constraint fixes both K̃a
b and qab and it exactly

introduce extra gauge degrees of freedom represented by
K̄IJ

a . The details of these discussions can be found in the
Ref. [19] and it is shown that, the standard symplectic
reduction procedures with respect to Gaussian and sim-
plicity constraint in the SOðDþ 1Þ connection phase space
leads to the Arnowitt-Deser-Misner (ADM) [22] phase
space of (1þD)-dimensional GR, with the coordinates
K̃a

b and qab of the ADM phase space are Dirac observables
with respect to Gaussian and simplicity constraints. It
should be emphasized that K̄IJ

a are pure gauge components
with respect to the simplicity constraint, which only
contributes gauge degrees of freedom in this SOðDþ 1Þ
Yang-Mills theory. As we will show, the counterpart of K̄IJ

a
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in the discrete phase of all dimensional LQG is a critical
point of the results of this paper.
Apart from the different gauge group which however is

compact and the additional simplicity constraint, the
SOðDþ 1Þ connection formulation of (1þ D)-dimensional
GR is precisely the same as SUð2Þ connection formulation
of (1þ 3)-dimensional GR, and the quantization of the
SOðDþ 1Þ connection formulation is therefore in complete
analogy with (1þ 3)-dimensional SUð2Þ LQG [23–27]. By
following any standard text on LQG such as [24,25], the
loop quantization of the SOðDþ 1Þ connection formulation
of (1þ D)-dimensional GR leads to a kinematical Hilbert
spaceH [21],which can be regarded as a union of theHilbert

spacesHγ ¼ L2ððSOðDþ 1ÞÞjEðγÞj; dμjEðγÞjHaar Þ on all possible
finite graphs γ embedded in Σ, where EðγÞ denotes the set
composed by the independent edges of γ anddμjEðγÞjHaar denotes
the product of the Haar measure on SOðDþ 1Þ. In this
sense, on each given γ there is a discrete phase space

ðT�SOðDþ 1ÞÞjEðγÞj, which is coordinatized by the elemen-
tary discrete variables—holonomies and fluxes. The hol-
onomy of AaIJ along an edge e ∈ γ is defined by

he½A�≔ P exp

�Z
e
A

�
¼ 1þ

X∞
n¼1

Z
1

0

dtn

Z
tn

0

dtn−1…
Z

t2

0

dt1Aðt1Þ…AðtnÞ;

ð7Þ

where AðtÞ ≔ 1
2
_eaAaIJτ

IJ, _ea is the tangent vector field of e,

τIJ is a basis of soðDþ 1Þ given by ðτIJÞdef:KL ¼ 2δ½IKδ
J�
L in

definition representation space of SOðDþ 1Þ, andP denot-
ing the path-ordered product. The flux FIJ

e of πaIJ through
the (D-1)-dimensional face dual to edge e is defined by

FIJ
e ≔ −

1

4
tr

�
τIJ

Z
e⋆
ϵaa1…aD−1

hðρseðσÞÞπaKLðσÞτKLhðρseðσÞ−1Þ
�
; ð8Þ

where e⋆ is the (D-1)-face traversed by e in the dual lattice of γ, ρsðσÞ∶½0; 1� → Σ is a path connecting the source point
se ∈ e to σ ∈ Se such that ρseðσÞ∶½0; 12� → e and ρseðσÞ∶½12 ; 1� → Se. Similarly, we can define the dimensionless flux XIJ

e as

XIJ
e ¼ −

1

4βaD−1 tr

�
τIJ

Z
e⋆
ϵaa1…aD−1

hðρseðσÞÞπaKLðσÞτKLhðρseðσÞ−1Þ
�
; ð9Þ

where a is an arbitrary but fixed constant with the
dimension of length. Since SOðDþ 1Þ × soðDþ 1Þ ≅
T�SOðDþ 1Þ, this new discrete phase space
×e∈γðSOðDþ 1Þ × soðDþ 1ÞÞe, called the phase space
of SOðDþ 1Þ loop quantum gravity on the fixed graph γ, is
a direct product of SOðDþ 1Þ cotangent bundles. Finally,
the complete phase space of the theory is given by taking
the union over the phase spaces of all possible graphs. In
the discrete phase space associated to γ, the constraints are
expressed by the smeared variables. The discretized Gauss
constraint is given by

Gv ≔
X

bðeÞ¼v

Xe −
X

tðe0Þ¼v

h−1e0 Xe0he0 ≈ 0: ð10Þ

The discretized simplicity constraints are separated as two
sets. The first one is the edge-simplicity constraint SIJKLe ≈
0 which takes the form [21,28]

SIJKLe ≡ X½IJ
e XKL�

e ≈ 0; ∀ e ∈ γ ð11Þ

and the second one is the vertex-simplicity constraint
SIJKLv;e;e0 ≈ 0 which is given by [21,28]

SIJKLv;e;e0 ≡ X½IJ
e XKL�

e0 ≈ 0; ∀ e; e0 ∈ γ; sðeÞ ¼ sðe0Þ ¼ v:

ð12Þ

The symplectic structure of the discrete phase space can be
expressed by the Poisson algebra between the elementary
variables ðhe; XIJ

e Þ, which reads

fhe; he0 g ¼ 0; fhe;XIJ
e0 g ¼ δe;e0

κ

aD−1
d
dt

ðetτIJheÞ
���
t¼0

;

fXIJ
e ; XKL

e0 g ¼ δe;e0
κ

aD−1 ðδIKXJL
e þ δJLXIK

e

− δILXJK
e − δJKXIL

e Þ: ð13Þ

Then, by using this Poisson algebra, it is easy to verify that
Gv ≈ 0 and Se ≈ 0 form a first class constraint system as

fSe; Seg ∝ Se; fSe; Svg ∝ Se; fGv;Gvg ∝ Gv;

fGv; Seg ∝ Se; fGv; Svg ∝ Sv; bðeÞ ¼ v; ð14Þ

where the algebras among Gv ≈ 0 are isomorphic to
the soðDþ 1Þ algebra, and the ones involving Se ≈ 0
weakly vanish. Especially, the algebras among the
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vertex-simplicity constraint are the problematic ones, with
the open anomalous brackets [29]

fSv;e;e0 ; Sv;e;e00 g ∝ anomaly terms ð15Þ

where the “anomaly terms” are not proportional to any of
the existing constraints in the phase space.
In fact, a similar simplicity constraint is widely studied in

the 4-dimensional spin-foam theory [18,30–34]. In all
dimensional LQG, the treatment of this anomalous vertex
simplicity constraint in both quantum theory and classical
discrete theory is a critical problem. It has been shown that
the strong imposition of vertex simplicity constraint elim-
inates the physical degrees of freedom erroneously [35,36].
Thus, one needs to construct a new treatment of the
anomalous simplicity constraint and explain its geometric
meaning to ensure the correctness. The generalized twisted
geometric parametrization of the discrete phase space of
all dimensional LQG is such a scheme, which leads us to
solve the anomalous simplicity constraint and ensure the
physical degrees of freedom and gauge degrees of freedom
are separated correctly. As shown in Ref. [37], with the
Gaussian constraint, simplicity constraint, and the (D − 1)-
faces’ shape matching condition being imposed appropri-
ately, the generalized twisted geometric parameters
reproduce the Regge geometries on the D-dimensional
spatial manifold Σ correctly. Let us review the generalized
twisted geometric parametrization of the discrete phase
space in all dimensional LQG briefly as follows. Recall that
the discrete phase space associated to a given graph γ is
denoted by ×e∈γT�SOðDþ 1Þe. In this phase space, one
can first solve the edge-simplicity constraint equation and it
leads to the constraint surface defined by

×e∈γ T�
sSOðDþ1Þe

≔fð…;ðhe;XeÞ;…Þ∈×e∈γT�SOðDþ1ÞejX½IJ
e XKL�

e ¼0g:
ð16Þ

To simplify the statements, one can first consider the edge-
simplicity constraint surface T�

sSOðDþ 1Þ for one copy of
the edge only. Then, the generalized twisted geometry
variables ðV; Ṽ; ξo; η; ξ̄μÞ can be introduced to reparametrize
the edge-simplicity constraint surface T�

sSOðDþ 1Þ. These
generalized twisted geometry variables ðV; Ṽ; ξo; η; ξ̄μÞ and
their space

P ≔ QD−1 ×QD−1 × T�S1 × SOðD − 1Þ ð17Þ

are constructed as follows. The bivector V or Ṽ with
fixed norm constitutes the space QD−1 ≔ SOðDþ 1Þ=
ðSOð2Þ × SOðD − 1ÞÞ, where SOð2Þ × SOðD − 1Þ is the
maximum subgroup of SOðDþ 1Þ which preserves the

bivector τo ≔ 2δ½I1 δ
J�
2 . The real number η combining with

ξo ∈ ½−π; πÞ constitutes the spaceT�S1. Besides, eξ̄μτ̄μ ≕ ū is
an element of SOðD − 1Þ which preserves the bivector τo,

with τ̄μ beinga basis of soðD − 1Þ andμ∈f1;…;ðD−1ÞðD−2Þ
2

g.
In order to capture the intrinsic curvature by these param-
eters, it is necessary to specify one pair of the SOðDþ 1Þ
valued Hopf sections uðVÞ and ũðṼÞ, which satisfy V ¼
uðVÞτouðVÞ−1 and Ṽ ¼ −ũðṼÞτoũðṼÞ−1. Then, the gener-
alized twisted geometry parametrization for one copy of the
edge can be established by the map

P ∋ ðV; Ṽ; ξo; η; ξ̄μÞ ↦ ðh; XÞ ∈ T�
sSOðDþ 1Þ∶ X ¼ 1

2
ηV ¼ 1

2
ηuðVÞτouðVÞ−1;

h ¼ uðVÞeξ̄μτ̄μeξoτo ũðṼÞ−1: ð18Þ

It is easy to check that, the two points ðV; Ṽ; ξo; η; ξ̄μÞ and
ð−V;−Ṽ;−ξo;−η; _ξμÞ in P are mapped to the same point
ðh; XÞ ∈ T�

sSOðDþ 1Þ by the map (18), where e_ξ
μτ̄μ ¼

e−2πτ13eξ̄
μτ̄μe2πτ13 and τ13 ¼ δ½I1 δ

J�
3 . Thus, the map (18) gives

a two-to-one double covering of the image. A more detailed
study shows that [37] a bijection map can be constructed in
the region jXj ≠ 0 by selecting either branch among the
two-to-one double covering (18). Moreover, the new
parameters also simplify the Poisson structures of the
discrete phase space. For instance, the nonvanishing
Poisson bracket between ξo and η can be given by

fξo; ηg ¼ 2κ

aD−1 ; ð19Þ

with ξo and η representing a portion of the degrees of
freedom of extrinsic and intrinsic geometry respectively.
Now we can get back to the discrete phase space of all
dimensional LQG on the whole graph γ, which is just the
Cartesian product of the discrete phase space on each single
edge of γ. Then, the twisted geometry parametrization of
the discrete phase space on one copy of the edge can be
generalized to that of the whole graph γ directly. Further-
more, the twisted geometry parameters ðV; Ṽ; ξo; ηÞ take
the interpretation of the discrete geometry describing the
dual lattice of γ, which can be explained explicitly as
follows. We first note that 1

2
ηeVe and 1

2
ηeṼe represent the

area-weighted outward normal bivectors of the (D − 1)-
face dual to e in the perspective of source and target points
of e respectively, with 1

2
ηe being the dimensionless area of
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the (D − 1)-face dual to e. Then, the holonomy he ¼
ueðVeÞeξ̄

μ
e τ̄μeξ

o
eτo ũ−1e ðṼeÞ takes the interpretation that it

rotates the inward normal − 1
2
ηeṼe of the (D-1)-face dual

to e in the perspective of the target point of e, into the
outward normal 1

2
ηeVe of the (D-1)-face dual to e in the

perspective of the source point of e, wherein ueðVeÞ and
ũeðṼeÞ capture the contribution of intrinsic curvature, and
eξ

o
eτo captures the contribution of extrinsic curvature to this

rotation. Moreover, eξ̄
μ
e τ̄μ represents some redundant de-

grees of freedom for reconstructing the discrete geometry.
Finally, with the Gaussian and vertex simplicity constraint
being imposed at the vertices of γ, one can get the closed
twisted geometry which describes the D-polytopes and
their gluing method in the dual lattice of γ [6,37,38].
The discrete geometric interpretation of the twisted

geometry parametrization points out a proper treatment
of the anomalous vertex simplicity constraint in the discrete
phase space of all dimensional LQG. It has been shown
that, by considering some kinds of the continuum limit, one
can establish the relation between the constraint surface
defined by both of the edge simplicity and anomalous
vertex simplicity constraints (CSEVSC) in the discrete
phase space and the constraint surface defined by the
nonanomalous simplicity constraint (CSNASC) in the
connection phase space. Especially, on these two constraint
surfaces, the gauge transformation induced by the edge
simplicity constraint corresponds to that induced by the
nonanomalous simplicity constraint exactly in the con-
tinuum limit, which can be illustrated as

ξ̄μejCSEVSC⟶
continuum limit

K̄aIJjCSNASC ð20Þ

where ξ̄μe and K̄aIJ capture the pure gauge degrees of
freedom with respect to the simplicity constraint in hol-
onomy he and connection AaIJ respectively. In summary,
the implementation of the Gaussian and anomalous sim-
plicity constraints in discrete phase space contains two
steps: (i) execute the symplectic reduction with respect to
edge simplicity constraint and Gaussian constraint;
(ii) solve the vertex simplicity constraint equation to get
the constraint surface. As we mentioned before, the
resulting space is parametrized by the so-called constrained
twisted geometry space, which covers the degrees of
freedom of internal and external Regge geometry on the
D-dimensional spatial manifold Σ, with the twisted geom-
etry parameters being endowed with certain geometric
interpretations in Regge geometry [37].

B. Spin network basis of the kinematic Hilbert space
in all dimensional loop quantum gravity

The Hilbert spaceH of all dimensional LQG is given by
the completion of the space of cylindrical functions on the
quantum configuration space, which can be decomposed
into the sectors—the Hilbert spaces constructed on graphs.

For a given graph γ with jEðγÞj edges, the related Hilbert

space is given by Hγ ¼ L2ððSOðDþ 1ÞÞjEðγÞj; dμjEðγÞjHaar Þ.
This Hilbert space associates to the classical phase space
×e∈γT�SOðDþ 1Þe aforementioned. A basis of this space is
given by the spin-network functions which are labeled
by (i) an SOðDþ 1Þ representation Λ assigned to each
edge, and (ii) an intertwiner iv assigned to each vertex v.
Each basis state Ψγ;Λ⃗;⃗iðh⃗eÞ, as a wave function on
×e∈γSOðDþ 1Þe, is then given by

Ψγ;Λ⃗;⃗iðh⃗ðAÞÞ≡⨂
v∈γ

iv ⊳ ⨂
e∈γ

πΛe
ðheðAÞÞ; ð21Þ

where h⃗ðAÞ ≔ ð…; heðAÞ;…Þ, Λ⃗ ≔ ð…;Λe;…Þ, e ∈ γ,
⃗i ≔ ð…; iv;…Þ, v ∈ γ, πΛe

ðheÞ denotes the matrix of
holonomy he associated to edge e in the representation
labeled by Λe, and ⊳ denotes the contraction of the
representation matrixes of holonomies with the inter-
twiners. Hence, the wave function Ψγ;Λ⃗;⃗iðh⃗ðAÞÞ is simply
the product of the functions given by specified components
of the holonomy matrices, selected by the intertwiners at
the vertices. The action of the elementary operators—
holonomy operator and flux operator—on the spin-network
functions can be given as

ĥeðAÞ ∘ Ψγ;Λ⃗;⃗iðh⃗ðAÞÞ ¼ heðAÞΨγ;Λ⃗;⃗iðh⃗ðAÞÞ;
F̂IJ
e ∘ Ψγ;Λ⃗;⃗iðh⃗ðAÞÞ ¼ −iℏκβRIJ

e Ψγ;Λ⃗;⃗iðh⃗ðAÞÞ; ð22Þ

with RIJ
e ≔ trððτIJheÞT ∂

∂he
Þ being the right invariant vector

fields on SOðDþ 1Þ associated to the edge e, and T
denoting the transposition of the matrix. Then, the other
operators in all dimensional LQG, such as spatial geometric
operators and Hamiltonian operator, can be constructed
based on these elementary operators [39–41].
In order to obtain the kinematic physical Hilbert space,

one needs to solve the kinematic constraints, including
Gaussian constraint, edge-simplicity constraint, and vertex
simplicity constraint in H. Following the results given in
Sec. II A, the Gaussian constraint and edge-simplicity
constraint are imposed strongly. The resulting space is
spanned by the edge-simple and gauge invariant spin-
network states, whose edges are labeled by the simple
representations of SOðDþ 1Þ and vertices are labeled by
the gauge invariant intertwiners. Besides, the anomalous
vertex simplicity constraints are imposed weakly and the
corresponding weak solutions are given by the spin-
network states whose vertices are labeled by the simple
coherent intertwiners [42]. A typical spin-network state
whose vertices are labeled by the gauge invariant simple
coherent intertwiners can be given as

Ψγ;N⃗;I⃗ s:c:
ðh⃗ðAÞÞ ¼ trð⊗e∈γ πNe

ðheðAÞÞ ⊗v∈γ I s:c:
v Þ ð23Þ
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where πNe
ðheðAÞÞ denotes the representation matrix of

heðAÞ with Ne a non-negative integer labeling a simple
representation of SOðDþ 1Þ, and I⃗ s:c: is defined by I⃗ s:c: ≔
ð…; I s:c:

v ;…Þ with I s:c:
v being the so-called gauge invariant

simple coherent intertwiner labeling the vertex v ∈ γ.

C. Perelomov type coherent state of SOðD+ 1Þ
and coherent intertwiner

In order to give the details of the construction of simple
coherent intertwiners, we must first introduce some con-
cepts of the simple representation of SOðDþ 1Þ and the
homogeneous harmonic functions on the D-sphere. The
homogeneous harmonic functions with degree N on the
D-sphere (SD) compose a space HN

Dþ1 with dimensionality

dimðHN
Dþ1Þ ¼ dimðπNÞ

¼ ðDþ N − 2Þ!ð2N þD − 1Þ
ðD − 1Þ!N!

; ð24Þ

andHN
Dþ1 is a realization of the simple representation space

of SOðDþ 1Þ labeled by N. Introduce a subgroup series
SOðDþ 1Þ ⊃ SOðDÞ ⊃ SOðD− 1Þ ⊃… ⊃ SOð2Þ

δ½I
1
δJ�
2

with

SOð2Þ
δ½I
1
δJ�
2

being the one-parameter subgroup of SO(Dþ 1)

generated by τo ≔ 2δ½I1 δ
J�
2 . Then, an orthogonal and nor-

malized basis of the space HN
Dþ1 can be given as

fΞN;M
Dþ1ðxÞjM ≔M1;M2;…;MD−1;

N ≥ M1 ≥ M2 ≥ … ≥ jMD−1j; x ∈ SDg
ð25Þ

or equivalently, in Dirac bracket notation can be denoted
by jN;Mi, where M ≔ M1;M2;…;MD−1 with N ≥ M1 ≥
M2 ≥ … ≥ jMD−1j, and N;M1;…MD−2 ∈ N, MD−1 ∈ Z.
The labels N, M of the function ΞN;M

Dþ1ðxÞ is interpreted
such that ΞN;M

Dþ1ðxÞ belongs to the series of subspaces

HMD−1
2 ⊂ HMD−2

3 ⊂ … ⊂ HM1

D ⊂ HN
Dþ1 which are the

irreducible simple representation spaces labeled by
MD−1;…;M2;M1; N of the series of subgroups
SOð2Þ

δ½I
1
δJ�
2

⊂ SOð3Þ ⊂ … ⊂ SOðDÞ ⊂ SOðDþ 1Þ respec-

tively [43]. With this convention, the orthogonal and
normalized property of this basis can be expressed as

hN;MjN;M0i ≔
Z
SD

dxΞN;M
Dþ1ðxÞΞN;M0

Dþ1 ðxÞ ¼ δM;M0 ð26Þ

with δM;M0 ¼ 1 ifM ¼ M0 and zero otherwise, where dx is
the normalized invariant measure on SD. An element
g ∈ SOðDþ 1Þ acts on a spherical harmonic function
fðxÞ on D-sphere as

g ∘ fðxÞ ¼ fðg−1 ∘ xÞ; ð27Þ

where g ∘ x denotes the action of g ∈ SOðDþ 1Þ on the
point x ∈ SD by its definition. Correspondingly, the basis

fτIJg of soðDþ 1Þ, defined by ðτIJÞdef: ≔ 2δ½KI δL�J in the
definition representation space of SOðDþ 1Þ, are operators
inHN

Dþ1 and they act on the spherical harmonic function as

τIJ ∘ fðxÞ ≔ d
dt

fðe−tτIJ ∘ xÞjt¼0: ð28Þ

This action also gives a representation of the Lie algebra

½τIJ; τKL� ¼ δILτJK þ δJKτIL − δIKτJL − δJLτIK: ð29Þ

The general scheme of the construction of Perelomov type
coherent state for compact Lie algebra is introduced in
Ref. [44]. For the case of SOðDþ 1Þ involved in this article,
let us consider the state jN;Ni ∈ HN

Dþ1which corresponds to
the highest weight vector withN ¼ MjM1¼…¼MD−1¼N . Then,
the Perelomov type coherent states in HN

Dþ1 can be defined
by [17]

jN;Vi ≔ uðVÞjN;Ni: ð30Þ

Equivalently, the Perelomov type coherent state jN;Vi can
also be defined by

jN;Vi ≔ uð−VÞjN; N̄i; ð31Þ

wherein the state jN; N̄i ∈ HN
Dþ1 corresponds to the lowest

weight vector with N ¼ MjM1¼…¼MD−2¼N;MD−1¼−N . It has
been proved that the Perelomov type coherent state jN;Vi
of SOðDþ 1Þ processes well-peakedness properties for
the operators τIJ [17], i.e. minimizes the uncertainty of
the expectation value hN;VjτIJjN;Vi ¼ iNVIJ and the
Heisenberg uncertainty relation of the operators τIJ: the
inequality

ðΔhτIJiÞ2ðΔhτKLiÞ2 ≥
1

4
jh½τIJ; τKL�ij2 ð32Þ

is saturated for the Perelomov type coherent state jN;Vi,
where we used the shorthand hôi≡ hN;VjôjN;Vi and
Δhôi≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hô2i − hôi2
p

. The family of Perelomov type
coherent states fjN;Vig also composes an over-complete
basis of HN

Dþ1, which reads

dimðHN
Dþ1Þ

Z
QD−1

dVjN;VihN;Vj ¼ IHN
Dþ1

; ð33Þ

where
R
QD−1

dV ¼ 1 with dV being the invariant measure
on QD−1 induced by the Haar measure on SOðDþ 1Þ.
One can also check the nonorthogonal property of this type
of coherent state, that is, the coherent states jN;Vi and
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jN;V 0i with V ≠ V 0 are not mutually orthogonal unless
½VIJτIJ; V 0KLτKL� ¼ 0. This means that we have

0 ≤ jhN;VjN;V 0ij ≤ 1 ð34Þ

with hN;VjN;V 0i ¼ 1 if V ¼ V 0, hN;VjN;V 0i ¼ 0 if
½VIJτIJ; V 0KLτKL� ¼ 0 and V ≠ V 0. Moreover, it is worth
introducing is the matrix element hN;VjτIJjN;V 0i of the
operator τIJ in the Perelomov type coherent state basis.

Let us take V 0KL ¼ 2δ½K1 δL�2 without loss of generality, then
we have

hN;Vjτ12jN;V 0i ¼ iNhN;VjN;V 0i; ð35Þ

hN;VjτIJjN;V 0i ¼ 0; for I; J ≠ 1; 2; ð36Þ

hN;VjτIJjN;V 0i ¼ Nh1; VjτIJj1; V 0ihN − 1; VjN − 1; V 0i;
for I ∈ f1; 2g and J ≠ 1; 2; ð37Þ

where h1; VjτIJj1; V 0i ¼ 0 if V ¼ V 0 with I ∈ f1; 2g and
J ≠ 1, 2. We are interested in the derivatives of
h1; VjτIJj1; V 0i with I ∈ f1; 2g and J ≠ 1, 2, which can
be evaluated by

0 ≤ jh1; VjτKLτIJj1; V 0ij ≤ 1; for K;L ∈ f1;…; Dþ 1g;
I ∈ f1; 2g and J ≠ 1; 2:

ð38Þ

Thus, we can conclude that h1; VjτIJj1; V 0i with I ∈ f1; 2g
and J ≠ 1, 2 as functions of V on QD−1 vanish at V ¼ V 0
and the growth of their modules are restricted by their
derivatives evaluated by Eq. (38) as V being transformed
by etτKL ∈ SOðDþ 1Þ.
Now let us introduce the details of the coherent intertwiner

constructed by the Perelomov type coherent state of
SOðDþ 1Þ at a vertex v ∈ γ. Without loss of generality,
we reorient the edges linked tov to be outgoing atv in γ.With
this setting, the gauge fixed coherent intertwiners, as ele-

ments of the tensor product space HN⃗e
v ≔ ⊗bðeÞ¼vH̄Ne;Dþ1,

are defined as Ǐc:
v ðN⃗; V⃗Þ ≔ ⊗e∶bðeÞ¼vhNe; Vej, where

H̄Ne;Dþ1 is the dual space of homogeneous harmonic
functions with degree Ne on the D-sphere and jNe; Vei ≔
uðVeÞjNe;Nei with uðVeÞ being a specific SOðDþ 1Þ
valued function of Ve satisfying Ve ¼ uðVeÞτouðVeÞ−1.
Then, the gauge invariant coherent intertwiners Ic:

v can be
defined as the group averaging of Ǐc:

v , which means
Ic:
v ðN⃗; V⃗Þ ≔ R

SOðDþ1Þ dg ⊗e∶bðeÞ¼v hNe; Vejg. Specifically,
the so-called simple coherent intertwiners Ǐ s:c:

v (or I s:c:
v in

gauge invariant case) are defined by requiring V ½IJ
e VKL�

e0 ¼ 0

withbðeÞ ¼ bðe0Þ ¼ v in their definitions. It has beenproved

that the expectation value of the vertex simplicity constraint
operator vanishes with respect to the simple coherent
intertwiners, hence they weakly solve the vertex simplicity
constraint [42]. Besides, it has been shown that the gauge
invariant simple coherent intertwiners can be regarded as
quantum D-polytopes in all dimensional LQG [40], hence it
is reasonable to weakly solve the anomalous vertex simplic-
ity constraint.

D. Generalized twisted geometry coherent states
in all dimensional loop quantum gravity

1. Construction of the coherent states

As mentioned before, the generalized twisted geometry
coherent state is considered in all dimensional LQG,
instead of the heat-kernel coherent state which is frequently
used in (1þ 3)-dimensional SUð2Þ LQG, since the specific
studies of heat-kernel coherent state in all dimensional
LQG are confronted with some technical problems. Indeed,
the construction of generalized twisted geometry coherent
states in all dimensional loop quantum gravity is inspired
by the analysis of the heat-kernel coherent state of
SOðDþ1Þ. The heat-kernel coherent state of SOðDþ 1Þ
is obtained by the analytic continuation of the solution of
the heat equation on SOðDþ 1Þ, which reads

Ktðh;HÞ ¼
X
Λ

dimðπΛÞetΔχπΛðhH−1Þ; ð39Þ

where t is the time in the heat equation, h ∈ SOðDþ 1Þ,
H∈SOðDþ1ÞC≅T�SOðDþ1Þ with SOðDþ 1ÞC being
the complexification SOðDþ 1Þ, and χπΛðhH−1Þ is the
trace of hH−1 in the representation πΛ. The heat-kernel
coherent states in the Hilbert space Hγ of all dimensional
LQG are given as the product of heat-kernel coherent states
associated to each edge e ∈ γ, with the heat-kernel time
t ¼ κℏ

aD−1. Since the appearance of the simplicity constraint
in all dimensional LQG, to simplify the analysis of the
properties of the heat-kernel coherent state, one can restrict
the representations of holonomies to be the simple ones to
vanish the edge simplicity constraint, and the labeling H of
heat-kernel coherent states can be restricted to be Ho

which takes values in the edge-simple constraint surface
SOðDþ 1ÞsC ≅ T�

sSOðDþ 1Þ. This procedures give the
simple heat-kernel coherent states of SOðDþ 1Þ as

Ktðh;HoÞ ¼
X
N

dimðπNÞe−NðNþD−1ÞtχπN ðhHo−1Þ; ð40Þ

where πN denotes the simple representation of SOðDþ 1Þ
labeled by the non-negative integer N.
The analysis of this simple heat-kernel coherent state

follows a decomposition of the elementHo∈T�
sSOðDþ1Þ.

Following the polar decomposition of SOðDþ 1ÞC, an
element Ho ∈ SOðDþ 1ÞsC can be rewritten as
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Ho ¼ g exp ðiητoÞg̃−1; ð41Þ

where η is a positive real number, g and g̃ are two
independent SOðDþ 1Þ group elements. Further, let us
choose and fix two Hopf sections uðVÞ∶V ↦ uðVÞ ∈
SOðDþ 1Þ and ũðṼÞ∶Ṽ ↦ ũðṼÞ ∈ SOðDþ 1Þ. Then,
an arbitrary element g ∈ SOðDþ 1Þ or g̃ ∈ SOðDþ 1Þ
can be uniquely decomposed as

g ¼ uðVÞeϕτo ḡ or g̃ ¼ ũðṼÞeϕ̃τo ˜̄g ð42Þ

with an angle ϕ or ϕ̃, an element ḡ or ˜̄g of SOðD − 1Þ
preserving τo and an unit bivector V ∈ QD−1 or Ṽ ∈ QD−1
satisfying V ¼ uðVÞτou−1ðVÞ or Ṽ ¼ −ũðṼÞτoũ−1ðṼÞ.
Based on these expressions, Ho is finally decomposed as

Ho ¼ uðVÞeϕτo ḡ exp ðiητoÞe−ϕ̃τo ¯̃g−1ũ−1ðṼÞ
¼ uðVÞḡ ¯̃g−1 exp ðzτoÞũ−1ðṼÞ; ð43Þ

where z ¼ ðϕ − ϕ̃Þ þ iη≕ ξo þ iη, ḡ; ¯̃g ∈ SOðD − 1Þ,
uðVÞ; ũðṼÞ ∈ QD−1. It is easy to see that this decomposi-
tion recovers the twisted geometry parametrization of
T�
sSOðDþ 1Þ by ðη; V; Ṽ; ξo; ξ̄μÞ introduced in Sec. II,

with ḡ ¯̃g−1 ¼ eξ̄
μτ̄μ . Making use of this decomposition, one

can consider the large ηe limit of the SOðDþ 1Þ heat-
kernel coherent state Ktðhe;Ho

eÞ constructed for a given
edge e ∈ γ. Let us focus on the curious cases with ηe ≫ 1.
In this case, by choosing a proper basis, the matrix of
exp ð−zeτoÞ appearing in the decomposition ofHo

e
−1 can be

simplified as

hNe;Mj exp ð−zeτoÞjNe;M0i
¼ δMM0e−izeMD−1

¼ δMM0 exp ðηeNeÞðδM;Ne
e−iξ

o
eNe þOðe−ηeÞÞ; ð44Þ

where Ne ¼ MjM1¼…¼MD−1¼Ne
. Hence, we get the

approximation

X
M;M0

jNe;MihNe;Mj exp ð−zeτoÞjNe;M0ihNe;M0j

≈ eηeNee−iξ
o
eNe jNe;NeihNe;Nej: ð45Þ

Now let us insert Eq. (45) intoHo
e
−1. Notice that ḡe ¯̃g−1e fixes

jNe;Nei as ḡe ¯̃g−1e jNe;Nei ¼ jNe;Nei. Then we have

Ktðhe;Ho
eÞ ¼large ηe Ψ̃Ho

e
ðheÞ

¼
X
Ne

dimðπNe
Þe−tNeðNeþD−1Þ

× eðηe−iξoeÞNehNe;Nju−1e heũejNe;Ni; ð46Þ

where we define Ho
e ≔ ðηe; ξoe; Ve; ṼeÞ. In fact, the state

Ψ̃Ho
e
ðheÞ is just the superposition type coherent state on an

edge e in all dimensional LQG [16]. It has been shown that
the superposition type coherent state Ψ̃γ;H⃗o on the graph γ in
all dimensional LQG provides a resolution of identity of the
space Hs

γ if the range of labeling ηe is extended to be R,
with Hs

γ being the space spanned by the spin-network
functions constructed on γ and labeled by simple repre-
sentations on their edges. Additionally, the peakedness
property of this coherent state is studied based on the
simplest one loop graph [16]. However, one finds that only
a fraction of the superposition type coherent states in the
overcomplete basis of Hs

γ have well-behaved peakedness
property, which leads that this type of coherent states is not
applied in many specific calculations. Hence, an improve-
ment on the construction of the coherent state based on
twisted geometry parametrization is desired.
In fact, the superposition type coherent state is given by

selecting the terms corresponding to the highest weight
vector of representation of SOðDþ 1Þ in the simple heat-
kernel coherent state. These terms give the superpositions
over quantum numbers and holonomy matrix element
selected by the Perelomov type coherent state of
SOðDþ 1Þ. Inspired by the twisted geometric coherent
state in the (1þ 3)-dimensional SUð2Þ LQG [5], we
propose the generalized twisted geometry coherent states
in all dimensional LQG, which contains the terms corre-
sponding to both the highest and lowest weight vector of
representation of SOðDþ 1Þ in the simple heat-kernel
coherent state. This generalized twisted geometry coherent
state in all dimensional LQG was introduced in our
companion paper [1] first, which is given by

Ψ̆γ;H⃗o
e
ðh⃗eÞ ≔

Y
e

Ψ̆Ho
e
ðheÞ ð47Þ

with

Ψ̆Ho
e
ðheÞ ≔

X
Ne

ðdimðπNe
ÞÞ3=2e−tNeðNeþD−1Þ

× ðeðηe−iξoeÞðNeþD−1
2
ÞhNe;Nju−1e heũejNe;Ni

þ eð−ηeþiξoeÞðNeþD−1
2
ÞhNe; N̄ju−1e heũejNe; N̄iÞ:

ð48Þ

This coherent state associated to edge e can also be
reformulated as
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Ψ̆Ho
e
ðheÞ ≔

X
Ne

ðdimðπNe
ÞÞ3=2eðηeÞ2þt2ðD−1Þ2

4t

�
exp

�
−t
�
ηe
2t

− dNe

�
2
�
e−iξ

o
edNe hNe;Nju−1e heũejNe;Ni

þ exp

�
−t
�
ηe
2t

þ dNe

�
2
�
eiξ

o
edNe hNe; N̄ju−1e heũejNe; N̄i

�
ð49Þ

where dNe
≡ ðNe þ D−1

2
Þ, Ho

e ≔ ðVe; Ṽe; ξoe; ηeÞ are the
twisted geometry parameters, ηe represents the module of
the dimensionless flux Xe, and t≡ κℏ

aD−1. It is easy to see that
the first term in the right-hand side of Eq. (48) is identical
with the right-hand side of Eq. (46) up to some prefactors,
and the second term in the right-hand side of Eq. (48)
vanishes in the large ηe limit; see more details in [1].

2. Resolution of the identity

The system of the twisted geometry coherent state spans
an overcomplete basis of the solution space of the edge
simplicity constraint. Denoted byHs

γ the space is composed
by the spin-network functions constructed on γ and labeled
by simple representations on their edges. Then, the system
of the generalized twisted geometry coherent state provides
a resolution of the identity in Hs

γ , which reads

1Hs
γ
¼

Z
×e∈γP̌e

dH⃗o
e jΨ̆γ;H⃗o

e
ihΨ̆γ;H⃗o

e
j; ð50Þ

wherein P̌e ≔ ðRþ × S1 ×QD−1 ×QD−1Þe is the space of
the twisted geometry parameters Ho

e , and the measure dH⃗o

is defined by

dH⃗o
e ≔

Y
e∈γ

dηeffiffiffiffiffiffiffi
2πt

p e−
η2eþt2ðD−1Þ2

2t

Y
e∈γ

duedũe
Y
e∈γ

dξoe
2π

; ð51Þ

where dηe is the Lebesgue measure on R, dξoe is the
measure on S1, and due or dũe is the measure onQD−1. We
are also interested in the Hilbert space Hs

e spanned by the
spin-network functions constructed on a single edge e and
labeled by simple representations. The twisted geometry
coherent state associated to edge e also provides an
overcomplete basis of Hs

e, which reads

1Hs
e
¼

Z
P̌e

dHo
e jΨ̆Ho

e
ihΨ̆Ho

e
j; ð52Þ

wherein the measure dHo
e is defined by

dHo
e ≔

dηeffiffiffiffiffiffiffi
2πt

p e−
η2eþt2ðD−1Þ2

2t duedũe
dξoe
2π

: ð53Þ

Though the terms corresponding to lowest weights in the
twisted geometry coherent states (47) are exponentially
suppressed, they still play a key role in the resolution of the

identity in Hs
γ . Nevertheless, the terms corresponding to

lowest weights in the twisted geometry coherent states (47)
will be neglected in the following analysis of this paper,
since they always contribute exponentially suppressed
small terms to the results in our discussion.

3. The overlap function of the coherent states

Notice that the twisted geometry coherent state Ψ̆γ;H⃗o
e
on

γ is the product of the twisted geometry coherent state
Ψ̆Ho

e
ðheÞ on each edge e ∈ γ. Thus the overlap function for

Ψ̆γ;H⃗o
e
can be given by

itððγ; H⃗o
eÞ; ðγ; H⃗0o

e ÞÞ ≔
jhΨ̆γ;H⃗o

e
jΨ̆γ;H⃗0o

e
ij2

kΨ̆γ;H⃗o
e
k2 · kΨ̆γ;H⃗0o

e
k2

¼
Y
e∈γ

itðHo
e;H0o

eÞ ð54Þ

with

itðHo
e;H0o

eÞ ≔
jhΨ̆Ho

e
jΨ̆H⃗0o

e
ij2

kΨ̆Ho
e
k2kΨ̆H⃗0o

e
k2 ð55Þ

being the overlap function for the coherent state Ψ̆Ho
e
ðheÞ on

an edge e, where

kΨ̆γ;H⃗o
e
k2 ≔ jhΨ̆γ;H⃗o

e
jΨ̆γ;H⃗o

e
ij2 ð56Þ

and

kΨ̆Ho
e
k2 ≔ jhΨ̆Ho

e
jΨ̆H0o

e
ij2 ð57Þ

are the module squares of Ψ̆γ;H⃗o
e
and Ψ̆Ho

e
ðheÞ, respectively.

In the following calculations and analysis, we will only
consider itðHo

e;H0o
e Þ without loss of generality to simplify

our expressions.
We first find that

kΨ̆Ho
e
k2 ¼large ηe

ffiffiffiffi
π

2t

r
e
ðηeÞ2þt2ðD−1Þ2

2t

�
P̆

�
ηe
2t

��
2

×

�
1þO

�
e−

1
t

�
þO

�
t
ηe

��
ð58Þ

with P̆ðNÞ ¼ dimðπNÞ is a polynomial of N. Notice that
hNe; V 0

ejNe; Vei ¼ 0 or hNe;−ṼejNe;−Ṽ 0
ei ¼ 0 leads to
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hΨ̆Ho
e
jΨ̆H0o

e
i ¼ 0. Hence, we only consider the case of

hNe; V 0
ejNe; Vei ≠ 0 and hNe;−ṼejNe;−Ṽ 0

ei ≠ 0 in the
following part of this paper. Then, we have

hΨ̆Ho
e
jΨ̆H0o

e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

¼ ei
D−1
2
ðξoe−ξ0oeÞ

X
Ne

ðdimðπNe
ÞÞ2

×exp

�
−t
�
ηe
2t
−dNe

�
2

− t

�
η0e
2t
−dNe

�
2
�

· eiNeðξoe−ξ0oeþφðue;u0eÞþφðũe;ũ0eÞÞ expð−NeΘ̃eÞþ
1ffiffi
t

p O
�
e−

η02e
8t

�
ð59Þ

for large η0e, where Θ̃e ≔ Θðue; u0eÞ þ Θðũe; ũ0eÞ and we
used the invention

hNe; V 0
ejNe; Vei ¼ exp ð−NeΘðue; u0eÞÞeiNeφðue;u0eÞ; ð60Þ

hNe;−ṼejNe;−Ṽ0
ei ¼ exp ð−NeΘðũe; ũ0eÞÞeiNeφðũe;ũ0eÞ;

ð61Þ

where Θðue; u0eÞ ≔ − ln jhNe;V 0
ejNe;Veij

Ne
≥ 0, Θðũe; ũ0eÞ ≔

− ln jhNe;−ṼejNe;−Ṽ 0
eij

Ne
≥ 0 with Θðue; u0eÞ ¼ 0, Θðũe; ũ0eÞ ¼ 0

for Ve ¼ V 0
e, Ṽe ¼ Ṽ 0

e respectively, and eiNeφðue;u0eÞ ≔
hNe;V 0

ejNe;Vei
jhNe;V 0

ejNe;Veij, e
iNeφðũe;ũ0eÞ≔ hNe;−ṼejNe;−Ṽ 0

ei
jhNe;−ṼejNe;−Ṽ 0

eij with φðue;u0eÞ¼0,

φðũe; ũ0eÞ ¼ 0 for Ve ¼ V 0
e, Ṽe ¼ Ṽ 0

e respectively. In order
to study Eq. (59), the cases of Θ̃e≪ηeþη0e and Θ̃e ≃ ηe þ η0e
or Θ̃e ≫ ηe þ η0e are considered respectively.

(i) For the case of Θ̃e ≪ ηe þ η0e, the overlap function is
expressed as

itðHo
e;H0o

eÞ ≔
jhΨ̆Ho

e
jΨ̆H0o

e
ij2

kΨ̆Ho
e
k2kΨ̆H0o

e
k2

¼ ðfPolyðη
0
e
t ;

ηe
t ;

Θ̃e
t ÞÞ2

ðP̆ðηe
2tÞÞ2ðP̆ðη

0
e
2tÞÞ2

e−2tð
η0e
2t−

ηe
2tÞ2þ4tðη

0
e
4t−

ηe
4t−

Θ̃e
4t Þ2e−2ð

ηe
2t−

D−1
2
ÞΘ̃e exp

�
−
ðξoe − ξ0oe þ φ̃eÞ2

4t

�
·

�
1þO

�
t
η0e

�
þOðe−1

tÞ
�

ð62Þ

for large η0e and Θ̃e ≪ ηe þ η0e, where fPolyðη
0
e
t ;

ηe
t ;

Θ̃e
t Þ is a polynomial of the three variables η0e

t ;
ηe
t ;

Θ̃e
t which satisfies

fPoly

�
η0e
t
;
ηe
t
;
Θ̃e

t

�
¼

�
P̆

�
η0e
4t

þ ηe
4t

−
Θ̃e

4t

��
2
�
1þO

�
t
η0e

��
ð63Þ

for large η0e and Θ̃e ≪ ηe þ η0e. Then one can conclude the peakedness property of the overlap function in the case of
Θ̃e ≪ ηe þ η0e. For the overlap function itðHo

e;H0o
eÞ given by Eq. (62), one first finds that it is sharply peaked at

Θ̃e ¼ 0 by the factor e−2ð
ηe
2t−

D−1
2
ÞΘ̃e. Notice that φ̃e ¼ 0 if Θ̃e ¼ 0 by their definition, one can further conclude that the

overlap function itðHo
e;H0o

eÞ is sharply peaked at ξoe ¼ ξ0oe and ηe ¼ η0e by the factors expð− ðξoe−ξ0oeþφ̃eÞ2
4t Þ and

e−2tð
η0e
2t−

ηe
2tÞ2þ4tðη

0
e
4t−

ηe
4t−

Θ̃e
4t Þ2 respectively.

(ii) For the case of Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e, the overlap function is expressed as

itðHo
e;H0o

eÞ ≔
jhΨ̆Ho

e
jΨ̆H0o

e
ij2

kΨ̆Ho
e
k2kΨ̆H0o

e
k2

≲

� ffiffiffi
2t
π

q
ðe−tððηe2tÞ2þðη

0
e
2tÞ2Þ þ fðηe; η0eÞe−tð

ηe
4tÞ2e−Θ̃eÞ þ ðP̆ðηe

4t þ η0e
4tÞÞ2e−

t
2
ðη

0
e
2t−

ηe
2tÞ2e−½

ηe
4t�Θ̃e

�
2

ðP̆ðηe
2tÞÞ2ðP̆ðη

0
e
2tÞÞ2

ð64Þ

for large η0e, where fðηe; η0eÞ ¼ ½ηe=4t� expð−tðη
0
e
2t−

ηe
4t −

Dþ1
2
Þ2ÞðP̆ðηe

4tÞÞ2. Note that we considered Θ̃e ≃
ηe þ η0e or Θ̃e ≫ ηe þ η0e here; it is obviously that
the overlap function itðHo

e;H0o
e Þ is suppressed

exponentially by the factors e−tðð
ηe
2tÞ2þðη

0
e
2tÞ2Þ, e−tð

ηe
4tÞ2

and e−½
ηe
4t�Θ̃e in Eq. (64).

Finally, let us combine the analysis of the overlap
function itðHo

e;H0o
e Þ given by Eqs. (62) and (64); one
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can conclude the peakedness property that the overlap
function itðHo

e;H0o
e Þ is sharply peaked at ξoe ¼ ξ0oe , ηe ¼ η0e,

and Ve ¼ V 0
e, Ṽe ¼ Ṽ 0

e for large η0e.

III. EHRENFEST PROPERTY OF TWISTED
GEOMETRY COHERENT STATE

To establish the “Ehrenfest property” of the twisted
geometry coherent states, one needs to consider the expect-
ation value of all elementary quantum operators in all
dimensional LQG. In fact, for a given graph γ and
corresponding Hilbert space Hs

γ , every polynomial of the
elementary operators fĥe; X̂IJ

e ge∈γ can be reduced to sums
of monomials of the form

Ôγ ¼
Y
e∈γ

Ôe; ð65Þ

where the operator Ôe defined on Hs
γ is a certain poly-

nomial of the elementary operators ĥe, X̂
IJ
e on the edge e.

The expectation value of Ôγ with respect to the twisted
geometry coherent states (47) is given by

hΨ̆γ;H⃗o
e
jÔγjΨ̆γ;H⃗o

e
i

kΨ̆γ;H⃗o
e
k2 ¼

Y
e∈γ

hΨ̆Ho
e
jÔejΨ̆Ho

e
i

kΨ̆Ho
e
k2 : ð66Þ

As discussed in [11], it is shown that in order to establish
the Ehrenfest property it will be completely sufficient to
consider this problem for one copy of the edge only. In the
following part of this paper, we will concentrate on the
issues on a single edge e.

A. Expectation values of operator monomials

To establish the Ehrenfest property of the twisted
geometry coherent state for operator monomials, one needs
to calculate the expectation values of operator monomials
with respect to the twisted geometry coherent state. In this
subsection we will reduce the computation of expectation
values of operator monomials to the computation of matrix
elements of elementary operators between the twisted
geometry coherent states. Recall the completeness relation
(52), which reads

1Hs
e
¼

Z
P̌e

dHo
e jΨ̆Ho

e
ihΨ̆Ho

e
j: ð67Þ

Let us consider an operator monomial Ôe ¼ Ôe;1…Ôe;n

where each of the Ôe;k; k ¼ 1;…; n < ∞ represents one of
the elementary operators ĥe, X̂

IJ
e . Then, by using (52), we

can write the expectation value of Ôe as

hΨ̆Ho
e
jÔejΨ̆Ho

e
i

kΨ̆Ho
e
k2

¼ 1

kΨ̆Ho
e
k2

Z
P̌e

dHo
e;1…

Z
P̌e

dHo
e;n−1

Yn
k¼1

hΨ̆Ho
e;k−1

jÔe;kjΨ̆Ho
e;k
i

¼
Z
P̌e

dHo
e;1…

Z
P̌e

dHo
e;n−1

�Yn−1
k¼1

kΨ̆Ho
e;k
k2
�

×

�Yn
k¼1

hΨ̆Ho
e;k−1

jÔe;kjΨ̆Ho
e;k
i

kΨ̆Ho
e;k−1

kkΨ̆Ho
e;k
k

�
; ð68Þ

wherewe have setHo
e;0 ¼ Ho

e;n ¼ Ho
e . Notice that the quantity

jtðHo
e;H0o

eÞ ≔
hΨ̆Ho

e
jΨ̆H0o

e
i

kΨ̆Ho
e
kkΨ̆H0o

e
k ð69Þ

is exponentially small in the sense of a Gaussian needle of
width

ffiffi
t

p
unless Ho

e ¼ H0o
e (where it equals unity). Thus, it

is conceivable that

hΨ̆Ho
e;k−1

jÔe;kjΨ̆Ho
e;k
i

kΨ̆Ho
e;k−1

kkΨ̆Ho
e;k
k ≈

hΨ̆Ho
e;k
jÔe;kjΨ̆Ho

e;k
i

kΨ̆Ho
e;k
kkΨ̆Ho

e;k
k jtðHo

e;k−1;H
o
e;kÞ:

ð70Þ

By substituting Eq. (70) into Eq. (68), we would have
indeed shown that

hΨ̆Ho
e
jÔejΨ̆Ho

e
i

kΨ̆Ho
e
k2 ≈

Yn
k¼1

hΨ̆Ho
e
jÔe;kjΨ̆Ho

e
i

kΨ̆Ho
e
k2 : ð71Þ

Thus, in order to prove the desired result (71) it is sufficient
to prove (70) together with the precise meaning of “≈”. In
the following parts of this section, we will calculate and
discuss the matrix elements of the elementary holonomy
and flux operators in the twisted geometry coherent state
basis, to gives a reliable proof of (70).

B. Matrix elements of the elementary operators

Since the expectation values of holonomy and flux
operators with respect to twisted geometry coherent states
are well evaluated by their corresponding classical values
up to OðtÞ [1], we can prove (70) by showing that���� hΨ̆Ho

e
jÔejΨ̆H0o

e
i

kΨ̆H0o
e
kkΨ̆Ho

e
k −OeðH0o

eÞ
hΨ̆Ho

e
jΨ̆H0o

e
i

kΨ̆H0o
e
kkΨ̆Ho

e
k

����
≲ tjfOe

ðHo
e;H0o

eÞj·
���� hΨ̆Ho

e
jΨ̆H0o

e
i

kΨ̆H0o
e
kΨ̆Ho

e
k

����; ð72Þ

with Ôe representing holonomy operator or flux operator
here, OeðH0o

e Þ being the corresponding classical values of
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Ôe given by H0o
e , and fOe

ðHo
e;H0o

e Þ being a function whose

growth is always suppressed by
��� hΨ̆Hoe

jΨ̆H0oe i
kΨ̆H0oe kkΨ̆Hoe

k

��� exponentially
as jηe − η0ej, Θ̃e and jξoe − ξ0oe j going large.
We first note that Eq. (72) gives the expectation values of

Ôe with respect to the twisted geometry coherent state if
Ho

e ¼ H0o
e . Thus, jfOe

ðHo
e;H0o

e Þj is small at Ho
e ¼ H0o

e to
ensure thatOeðH0o

e Þ gives the expectation values of Ôe up to
OðtÞ. Then, the proof of Eq. (72) follows three steps of
calculations. In the first step, we will consider the actions
of Ôe on the state jΨ̆H0o

e
i, which involve the actions of

holonomy and flux operator on the matrix element func-
tions of he selected by Perelomov type coherent state of
SOðDþ 1Þ. In the second step, we will construct the
identity

hΨ̆Ho
e
jÔejΨ̆H0o

e
i ¼ EOe

ðH0o
eÞhΨ̆Ho

e
jΨ̆H0o

e
i ð73Þ

with EOe
being a function of H0o

e . In the construction of
this identity, we take advantage of the property of the
Gaussian superposition, and utilize the properties of the
crucial factor hNe; V 0

ejτIJjNe; Vei and the Clebsh-Gordan
coefficients related to the Perelomov type coherent states
of SOðDþ 1Þ. Then, in the third step, we will prove that
EOe

ðH0o
e Þ is well evaluated by OeðH0o

e Þ up to an error
controlled by t. In the following parts of this subsection and
Appendixes C and D, wewill show the details and results of
the proof of Eq. (72) for holonomy and flux operators
respectively.

1. Matrix elements of the flux operator

We consider the matrix elements of the flux operator in
the twisted geometry coherent state basis, which are

denoted by
hΨ̆Hoe

jX̂IJ
e jΨ̆H0oe i

kΨ̆H0oe kkΨ̆Hoe
k . The numerator can be calculated

as follows:

hΨ̆Ho
e
jX̂IJ

e jΨ̆H0o
e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

¼−iβt
X
Ne

ðdimðπNe
ÞÞ2

×exp

�
−t
�
ηe
2t
−dNe

�
2

−t

�
η0e
2t
−dNe

�
2
�

·eidNe ðξoe−ξ0oeÞhNe;V 0
ejτIJjNe;VeihNe;−ṼejNe;−Ṽ 0

eiþβ
ffiffi
t

p

·Oðe−η02e
8t Þ: ð74Þ

It is easy to see that the calculation of Eq. (74) is similar to
that of Eq. (59), except the appearance of the factor
hNe; V 0

ejτIJjNe; Vei. Thus, this calculation can be pro-
ceeded with the property of hNe; V 0

ejτIJjNe; Vei being
clarified; see more details in Appendix C. The result of

the calculation of Eq. (74) gives the first main result of
this paper.

(i) The matrix elements of the flux operators with
respect to the twisted geometry coherent states
can be estimated by

���� hΨ̆Ho
e
jX̂IJ

e jΨ̆H0o
e
i

kΨ̆H0o
e
kkΨ̆Ho

e
k −

η0e
2
V 0IJ hΨ̆Ho

e
jΨ̆H0o

e
i

kΨ̆H0o
e
kkΨ̆Ho

e
k

����
≲large η0e

tjfXðHo
e;H0o

eÞj·
���� hΨ̆Ho

e
jΨ̆H0o

e
i

kΨ̆H0o
e
kkΨ̆Ho

e
k

����; ð75Þ

where fXðHo
e;H0o

eÞ is a function of Ho
e , H0o

e whose

growth is always suppressed by
��� hΨ̆Hoe

jΨ̆H0oe i
kΨ̆H0oe kkΨ̆Hoe

k

��� ex-

ponentially as jηe − η0ej, Θ̃e and jξoe − ξ0oe j going large
for large η0e.

2. Matrix elements of the holonomy operator

The matrix elements of the holonomy operator in the
twisted geometry coherent basis will be considered for the
cases that (Dþ 1) is even or odd separately. In the case of
(Dþ 1) being even, notice that each one of the matrix
element of the classical holonomy in the definition repre-
sentation space of SOðDþ 1Þ corresponds to a holonomy
operator which acts on the twisted geometry coherent
state by multiplying. In order to give a specific holon-
omy operator, one needs to consider an orthonormal
and complete basis fj1; V{|ijð{; |Þ ∈ fð1; 2Þ; ð2; 1Þ; ð3; 4Þ;
ð4; 3Þ;…; ðD;Dþ 1Þ; ðDþ 1; DÞgg of the definition rep-
resentation space of SOðDþ 1Þ, where V{| are the elements

in a set of bivectors fV{| ¼ 2δ½I{ δ
J�
| jð{; |Þ ∈ fð1; 2Þ; ð2; 1Þ;

ð3; 4Þ; ð4; 3Þ;…; ðD;Dþ 1Þ; ðDþ 1; DÞgg in RDþ1, and
the interpretation of these notations of this basis are
explained in Appendix A explicitly. Then, the matrix
elements of the classical holonomy he in the basis
fj1; V{|i of the definition representation space of
SOðDþ 1Þ can be promoted as holonomy operators as

h1; V{|jhej1; V{0|0 i ↦ ð bheÞ{|;{0|0 : ð76Þ

For a given twisted geometry coherent state Ψ̆γ;H⃗o
e
, the label

H⃗o
e assigns classical labels ue ¼ uðVeÞ and ũe ¼ ũðṼeÞ to

each edge e. Then, in order to adapt the holonomy
operators to the state Ψ̆γ;H⃗o

e
, let us consider two orthonormal

and complete basis fũej1; V{|ig and fuej1; V{|ig of the
definition representation space of SOðDþ 1Þ. These two
orthonormal and complete bases select the matrix elements
ðu−1e heũeÞ{|;{0|0 ≔ h1; V{|ju−1e heũej1; V{0|0 i of the classical
holomomy he, which can be promoted as the holonomy
operator
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ð du−1e heũeÞ{|;{0|0 ≔ dh1; V{|ju−1e heũej1; V{0|0 i ð77Þ

and it acts on the coherent state Ψ̆γ;H⃗o
e
by multiplying. In the

case of (Dþ 1) being odd, we still have the holonomy

operators ð du−1e heũeÞ{|;{0|0 with ð{; |Þ and ð{0; |0Þ ∈ fð3; 4Þ;
ð4; 3Þ;…; ðD − 1; DÞ; ðD;D − 1Þg. Besides, there are extra
holonomy operators ð du−1e heũeÞ{|;ðDþ1Þ and ð du−1e heũeÞðDþ1Þ;{|
with ð{;|Þ∈ fð1;2Þ;ð2;1Þ;ð3;4Þ;…;ðD−1;DÞ;ðD;D−1Þg
in this case, which are defined by

ð du−1e heũeÞ{|;ðDþ1Þ ≔ dh1; V{|ju−1e heũej1; δDþ1i ð78Þ

and

ð du−1e heũeÞðDþ1Þ;{| ≔ dh1; δDþ1ju−1e heũej1; V{|i ð79Þ

respectively, where j1; δDþ1i is defined in Appendix A.
We show the details of the action of these holonomy

operators on the adapting states in Appendix A. Then, one
can proceed the calculation of the matrix elements

hΨ̆Hoe
j du0−1e heũ0ejΨ̆H0oe i

jjΨ̆H0oe jjjjΨ̆Hoe
jj of the holonomy operators in the twisted

geometry coherent state basis; see more details in
Appendix D. The results of this calculation give the second
main result of this paper as follows.
(ii) The matrix elements of the holonomy operators with

respect to the twisted geometry coherent states can
be estimated by

���� hΨ̆Ho
e
j du0−1e heũ0ejΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj − u0−1e h0se ũ0e

hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����
≲large η0e

tjfhðHo
e;H0o

e Þj·
���� hΨ̆Ho

e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����; ð80Þ

where fhðHo
e;H0o

e Þ is a function whose growth is

always suppressed by
jhΨ̆Hoe

jΨ̆H0oe ij
jjΨ̆H0oe jjjjΨ̆Hoe

jj exponentially as

jηe − η0ej, Θ̃e and jξoe − ξ0oe j going large for large η0e,
and u0−1e h0se ũ0e is defined by H0o

e . The matrix elements
of u0−1e h0se ũ0e in the definition representation space of
SOðDþ 1Þ can be given for the cases that (Dþ 1) is
even or odd separately. In the case of (Dþ 1) being
even, one has

ðu0−1e h0se ũ0eÞ12;12 ¼ eiξ
0o
e ; ðu0−1e h0se ũ0eÞ21;21 ¼ e−iξ

0o
e ;

ðu0−1e h0se ũ0eÞ12;21 ¼ ðu0−1e h0oe ũ0eÞ21;12 ¼ 0 ð81Þ

and

ðu0−1e h0se ũ0eÞ12;{| ¼ ðu0−1e h0se ũ0eÞ21;{| ¼ 0;

for ð{; |Þ ≠ ð1;2Þ or ð2;1Þ;
ðu0−1e h0se ũ0eÞ{|;12 ¼ ðu0−1e h0se ũ0eÞ{|;21 ¼ 0;

for ð{; |Þ ≠ ð1;2Þ or ð2;1Þ;
ðu0−1e h0se ũ0eÞ{|;{0|0 ¼ 0; for ð{; |Þ ≠ ð1;2Þ or ð2;1Þ;

ð82Þ

with ðu0−1e h0se ũ0eÞ{|;{0|0 ≔ h1; V{|ju0−1e h0se ũ0ej1; V{0|0 i. In
the case of (Dþ 1) being even, one still has the
components given by Eqs. (81) and (82). Besides,
there are some extra components

ðu0−1e h0se ũ0eÞ{|;ðDþ1Þ ≔ h1; V{|ju0−1e h0se ũ0ej1; δDþ1i ¼ 0;

ðu0−1e h0se ũ0eÞðDþ1Þ;{| ≔ h1; δDþ1ju0−1e h0se ũ0ej1; V{|i ¼ 0

ð83Þ
with ð{; |Þ ∈ fð1; 2Þ; ð2; 1Þ; ð3; 4Þ;…; ðD − 1; DÞ;
ðD;D − 1Þg.

Here wewould like to emphasize that the matrix elements
of the holonomy operators ĥe with respect to the twisted
geometry coherent states are not estimated by the corre-
sponding classical holonomies h0e ¼ u0eeξ̄

0μ
e τ̄μeξ

0o
e τo ũ0−1e , but

by the corresponding simplicity resolved holonomies h0se
which are independent with the gauge component eξ̄

0μ
e τ̄μ .

C. Expectation values of nonpolynomial operators

Let us consider the construction of the Ehrenfest prop-
erty of the twisted geometry coherent state for nonpoly-
nomial operators in this subsection. Similar to that of the
heat-kernel coherent state in SUð2Þ LQG [11], the expect-
ation values of nonpolynomial operators with respect to
the twisted geometry coherent state in all dimensional
LQG can be studied by reformulating it as the Hamburger
moment problem.
Theorem (Hamburger).—Given a sequence of real num-

bers an ∈ R, n ¼ 0; 1; 2;… a sufficient and necessary
condition for the existence of a positive, finite measure
dρðxÞ on R such that the an are its moments, that is,

an ¼
Z
R
dρðxÞxn ð84Þ

is that for arbitrary natural number 0 ≤ M < ∞ and
arbitrary complex numbers zi, i ¼ 0;…;M it holds that

XM
i;j¼0

z̄izjaiþj ≥ 0: ð85Þ

The measure is faithful if equality in (85) occurs only for
zi ¼ 0. Moreover, the measure ρ is unique if there exist
constants α, β > 0 such that janj ≤ αβnðn!Þ for all n.
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The proof of this theorem can be found in Refs. [11,45].
In this section, we consider the operators whose arbitrary
powers are densely defined on a common domain. Then, by
using the Hamburger theorem, we can extend the Theorem
3.6, Corollary 3.1, and Theorem 3.7 in the Ref. [11], which
consider the heat-kernel coherent state in SUð2Þ LQG, to
the case of the twisted geometry coherent state in all
dimensional LQG. The result of this extension leads to the
following four corollaries which can be used to evaluate the
expectation values of nonpolynomial operators on Hs

γ with
respect to the twisted geometry coherent state.
Corollary (i).—Consider a self-adjoint operator Ô ¼

OððX̂IJ
e ; ĥeÞe∈γÞ on Hs

γ which is constructed from

fðX̂IJ
e ; ĥeÞje ∈ γg. Let O ¼ OððXIJ

e ; heÞe∈γÞ be its real
valued classical counterpart. Define its real valued
and simplicity resolved classical counterpart OsðH⃗oÞ ¼
OððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ of Ô by replacing ðXIJ
e ; heÞ

with ðXIJ
e ðHo

eÞ; hseðHo
eÞÞ in the expression of O ¼

OððXIJ
e ; heÞe∈γÞ, where XIJ

e ðHo
eÞ ¼ 1

2
ηeVIJ

e and hseðHo
eÞ is

given by Eqs. (81), (82), and (83). Suppose that for every
n ∈ N

lim
t→0

hÔnit
γ;H⃗o ¼ ðOsðH⃗oÞÞn; ð86Þ

where hôit
γ;H⃗o ≔ hϕt

γ;H⃗o jôjϕt
γ;H⃗oiwith H⃗o ≔ f…;Ho

e;…ge∈γ
and ϕt

γ;H⃗o ≔ Ψ̆γ;H⃗o
e
=jjΨ̆γ;H⃗o

e
jj being the normalized formu-

lation of Ψ̆γ;H⃗o
e
. Then for arbitrary Borel measurable

function f on R such that hfðÔÞ†fðÔÞit
γ;H⃗o < ∞ we have

lim
t→0

hfðÔÞit
γ;H⃗o ¼ fðOsðH⃗oÞÞ: ð87Þ

Proof.—This corollary is a direct generalization of the
Theorem 3.6 in Ref. [11] which considers the heat-kernel
coherent state in SUð2Þ LQG. Let us give the main idea of
this proof as follows. Denoted by EðxÞ, x ∈ R the spectral
projection of Ô. Then, by assumption and the spectral
theorem we have

lim
t→0

Z
R
dhϕt

γ;H⃗o jEðxÞjϕt
γ;H⃗oixn ¼ ðOsðH⃗oÞÞn: ð88Þ

Define an ≔ ðOsðH⃗oÞÞn; it obviously satisfies all the
criteria of the Hamburger theorem and we conclude that
there exists a measure dρH⃗oðxÞ on R satisfyingZ

R
dρH⃗oðxÞxn ¼ ðOsðH⃗oÞÞn: ð89Þ

It is obvious that the Dirac measure dρH⃗oðxÞ ¼
δRðx;OsðH⃗oÞÞdx satisfies (89) and it satisfies the uniqueness
part of the criterion by choosing α ¼ 1; β ¼ jOsðH⃗oÞj in the
Hamburger theorem. Hence we can conclude that the

Diracmeasure is the unique solution of thismoment problem
and it follows that the spectral measure dρt

H⃗oðxÞ ≔
dhϕt

γ;H⃗o jEðxÞjϕt
γ;H⃗oi approaches the Dirac measure in the

limit t → 0. Now, for arbitrary Borel measurable function f
on R such that hfðÔÞ†fðÔÞit

γ;H⃗o < ∞, the spectral theorem

applies and one can get

hfðÔÞit
γ;H⃗o ¼

Z
R
dρt

H⃗oðxÞfðxÞ; ð90Þ

and then

lim
t→0

hfðÔÞit
γ;H⃗o ¼ lim

t→0

Z
R
dρt

H⃗oðxÞfðxÞ

¼
Z
R
dxδRðx;OsðH⃗oÞÞfðxÞ

¼ fðOsðH⃗oÞÞ: ð91Þ

This finishes the proof. ▪
Corollary (ii).—Consider the self-adjoint, not neces-

sarily commuting, operators

Ô1 ¼ O1ððX̂IJ
e ; ĥeÞe∈γÞ;…; Ôm ¼ OmððX̂IJ

e ; ĥeÞe∈γÞ ð92Þ

on Hs
γ which is constructed from fðX̂IJ

e ; ĥeÞje ∈ γg.
Let Os

1ðH⃗oÞ ¼ O1ððXIJ
e ðHo

eÞ; hseðHo
eÞÞe∈γÞ, ..., Os

mðH⃗oÞ ¼
OmððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ be their real valued and sim-
plicity resolved classical counterpart. Suppose that for
every nk ∈ N

lim
t→0

�Ym
k¼1

Ônk
k

	
t

γ;H⃗o
¼

Ym
k¼1

Os
kðH⃗oÞnk : ð93Þ

Then for arbitrary Borel measurable function f on Rm such
that hfðfÔkgmk¼1Þ†fðfÔkgmk¼1Þitγ;H⃗o < ∞ we have

lim
t→0

hfðfÔkgmk¼1Þitγ;H⃗o ¼ fðfOs
kðH⃗oÞgmk¼1Þ: ð94Þ

Proof.—Similar to the proof of Corollary (i), this
corollary can be proven directly by using the spectral
theorem

lim
t→0

Z
R
dmhϕt

γ;H⃗o jE1ðx1Þ…EmðxmÞjϕt
γ;H⃗oi

Ym
k¼1

xnkk

¼
Ym
k¼1

Os
kðH⃗oÞnk ð95Þ

and the uniqueness part of Hamburger theorem. ▪
Corollary (iii).—Consider the self-adjoint, not neces-

sarily commuting, operators Ô1 ¼ O1ððX̂IJ
e ; ĥeÞe∈γÞ and
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Ô2 ¼ O2ððX̂IJ
e ; ĥeÞe∈γÞ on Hs

γ which is constructed from

fðX̂IJ
e ; ĥeÞje ∈ γg. Let O1 ¼ O1ððXIJ

e ; heÞe∈γÞ and O2 ¼
O2ððXIJ

e ; heÞe∈γÞ be their real valued classical counterpart,

and Os
1ðH⃗oÞ ¼ O1ððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ and Os
2ðH⃗oÞ ¼

O2ððXIJ
e ðHo

eÞ; hseðHo
eÞÞe∈γÞ be their real valued and sim-

plicity resolved classical counterpart. Suppose that Ô1, Ô2

satisfy the assumption (93) of Corollary (ii), Ô1 is positive
semidefinite and

lim
t→0

h½Ô1; Ô2�itγ;H⃗o

it
¼ Of1;2gððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ ð96Þ

withOf1;2gððXIJ
e ðHo

eÞ; hseðHo
eÞÞe∈γÞ being given by replacing

ðXIJ
e ; heÞwith ðXIJ

e ðHo
eÞ; hseðHo

eÞÞ in the result of the Poisson
bracket Of1;2gððXIJ

e ; heÞe∈γÞ, where Of1;2gððXIJ
e ; heÞe∈γÞ ≔

fO1ððXIJ
e ; heÞe∈γÞ; O2ððXIJ

e ; heÞe∈γÞg is the Poisson bracket
between O1ððXIJ

e ; heÞe∈γÞ and O2ððXIJ
e ; heÞe∈γÞ. Then for

arbitrary rational number r ¼ m=n with m, n integers and
n > 0, we have

lim
t→0

h½ðÔ1Þr; Ô2�itγ;H⃗o

it
¼ Of1ðrÞ;2gððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ
ð97Þ

withOf1ðrÞ;2gððXIJ
e ðHo

eÞ; hseðHo
eÞÞe∈γÞ being given by replac-

ing ðXIJ
e ; heÞ with ðXIJ

e ðHo
eÞ; hseðHo

eÞÞ in the result of the
Poisson bracket Of1ðrÞ;2gððXIJ

e ; heÞe∈γÞ, where

Of1ðrÞ;2gððXIJ
e ; heÞe∈γÞ

≔ fðO1ððXIJ
e ; heÞe∈γÞÞr; O2ððXIJ

e ; heÞe∈γÞg ð98Þ

is the Poisson bracket between ðO1ððXIJ
e ; heÞe∈γÞÞr and

O2ððXIJ
e ; heÞe∈γÞ.

Proof.—Following the proof of Theorem 3.7 in
Ref. [11], this corollary can be proven similarly by using
the completeness relation of the twisted geometry coherent
states and applying the Corollary (ii). ▪
Corollary (iv).—Consider the self-adjoint, not neces-

sarily commuting, operator Ô1 ¼ O1ððX̂IJ
e ; ĥeÞe∈γÞ on Hs

γ

which is constructed from fðX̂IJ
e ; ĥeÞje ∈ γg. Let O1 ¼

O1ððXIJ
e ; heÞe∈γÞ be its real valued classical counterpart,

andOs
1ðH⃗oÞ ¼ O1ððXIJ

e ðHo
eÞ; hseðHo

eÞÞe∈γÞ be its real valued
and simplicity resolved classical counterpart. Suppose that
Ô1 is positive semidefinite, and it satisfies the assumption
(93) of Corollary (ii) and

lim
t→0

h½Ô1;ĥe�ĥ−1e it
γ;H⃗o

it
¼ðfO1;hegh−1e ÞjðXIJ

e ;heÞ¼ðXIJ
e ðHo

eÞ;hseðHo
eÞÞ:

ð99Þ

Then for arbitrary rational number r ¼ m=n with m, n
integers and n > 0, we have

lim
t→0

h½ðÔ1Þr; ĥe�ĥ−1e it
γ;H⃗o

it
¼ ðfðO1Þr; hegh−1e ÞjðXIJ

e ;heÞ¼ðXIJ
e ðHo

eÞ;hseðHo
eÞÞ: ð100Þ

Proof.—We have the identity

½Ôm
1 ; ĥe�ĥ−1e
it

¼
Xm
k¼1

Ôk−1
1 ½Ô1; ĥe�Ôm−k

1 ĥ−1e
it

¼
Xn
k¼1

Ôrðk−1Þ
1 ½Ôr

1; ĥe�Ôrðn−kÞ
1 ĥ−1e

it
: ð101Þ

Notice that Ôm−k
1 ĥ−1e ¼ ĥ−1e Ôm−k

1 þOðtÞ and Ôrðn−kÞ
1 ĥ−1e ¼

ĥ−1e Ôrðn−kÞ
1 þOðtÞ hold, thus we have

lim
t→0

½Ôm
1 ;ĥe�ĥ−1e
it

¼ lim
t→0

Xm
k¼1

Ôk−1
1 ½Ô1;ĥe�ĥ−1e Ôm−k

1

it

¼ lim
t→0

Xn
k¼1

Ôrðk−1Þ
1 ½Ôr

1;ĥe�ĥ−1e Ôrðn−kÞ
1

it
: ð102Þ

Now for any measurable function f, by assumption and
Corollary (ii), we know that

hfðÔ1Þitγ;H⃗o;H⃗0o ≔ hϕt
γ;H⃗o jfðÔ1Þjϕt

γ;H⃗0oi ð103Þ

is concentrated at H⃗o; H⃗0o as

lim
t→0

hfðÔ1Þitγ;H⃗o;H⃗0o ¼ lim
t→0

hfðÔ1Þitγ;H⃗ohϕt
γ;H⃗o jϕt

γ;H⃗0oi: ð104Þ

We therefore find

mlim
t→0

hÔm−1
1 it

γ;H⃗o

h½Ô1; ĥe�ĥ−1e it
γ;H⃗o

it

¼ nlim
t→0

hÔm
nðn−1Þ
1 it

γ;H⃗o

h½Ôr
1; ĥe�ĥ−1e it

γ;H⃗o

it
ð105Þ

for the expectation value of Eq. (102) by using the
completeness relation. Using the assumptions of this
corollary we thus find

lim
t→0

h½Ôr
1; ĥe�ĥ−1e it

γ;H⃗o

it

¼ m
n
ððO1Þmn−1fO1; hegh−1e ÞjðXIJ

e ;heÞ¼ðXIJ
e ðHo

eÞ;hseðHo
eÞÞ

¼ ðfðO1Þr; hegh−1e ÞjðXIJ
e ;heÞ¼ðXIJ

e ðHo
eÞ;hseðHo

eÞÞ ð106Þ

as claimed. This finish the proof. ▪
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By combining these corollaries we reach the main result
of this section, that is, at zero order of t, the expectation
values of a nonpolynomial operator on Hs

γ with respect to
twisted geometry coherent state in all dimensional LQG, is
given by its classical correspondence on the reduced phase
space with respect to the edge-simplicity constraint. To
explain this result, let us consider two examples of the
nonpolynomial operator. The first example is the elemen-
tary D-volume operator V̂v at vwhich takes the formulation

V̂v ¼
ffiffiffiffiffiffiffiffiffi
jQ̂vjD−1

q
; ð107Þ

wherein Q̂v is a polynomial of the flux operator X̂e.
Following the results of Sec. III B 1, we have

lim
t→0

hðQ̂vÞnitγ;H⃗o ¼ ðQvÞn; ð108Þ

where Qv is given by replacing X̂IJ
e with XIJ

e ðHo
eÞ in Q̂v.

Then, by using the Corollary (i), we can immediately give
the expectation value of V̂v as

lim
t→0

hV̂vitγ;H⃗o ¼
ffiffiffiffiffiffiffiffiffi
jQvjD−1

p
: ð109Þ

The second example of the nonpolynomial operator is
the dedensitized dual momentum operator, which is given
as [39]

π̂e ¼ −
ðD − 1Þ
iβa2t

½V̂v; ĥe�ĥ−1e ; bðeÞ ¼ v: ð110Þ

This operator contains the quantum commutator and it
appears in the length operator and scalar constraint operator
in all dimensional LQG. The expectation value of the
dedensitized dual momentum operator with respect to the
twisted geometry coherent state can be evaluated by using
the above Corollary (iv), which reads

lim
t→0

hπ̂eitγ;H⃗o

¼ −
ðD − 1Þ
βa2

ðf
ffiffiffiffiffiffiffiffiffi
jQvjD−1

p
; hegh−1e Þ

����
ðXIJ

e ;heÞ¼ðXIJ
e ðHo

eÞ;hseðHo
eÞÞ
:

ð111Þ

IV. CONCLUSION AND DISCUSSION

The coherent state in all dimensional LQG is a necessary
tool in the study of the semiclassical limit of this theory.
Since the heat-kernel coherent state for SOðDþ 1Þ gauge
theory is too complicated to proceed the explicit calcu-
lations, we construct a new type of coherent state based on
the twisted geometry parametrization of the SOðDþ 1Þ
holonomy-flux phase in all dimensional LQG. The twisted
geometry coherent state is given by selecting the terms

corresponding to the highest and lowest weight vectors of
representation of SOðDþ 1Þ in the simple heat-kernel
coherent state, and these terms give the superpositions
over quantum numbers and holonomy matrix element
selected by the Perelomov type coherent state of
SOðDþ 1Þ. With the “Peakedness property” of the twisted
geometry coherent state having been studied in our
companion paper [1], we show that the Ehrenfest property
holds for the twisted geometry coherent state in this paper.
In other words, the expectation values of polynomials of the
elementary operators as well as the operators which are not
polynomial functions of the elementary operators, repro-
duce, to zeroth order in t ≔ ℏκ

a2, the values of the corre-
sponding classical functions at the twisted geometry space
point where the coherent state is peaked. More explicitly,
based on the completeness relation and the peakedness
property of the twisted geometry coherent state, it is shown
that in order to establish Ehrenfest property for polynomials
of elementary operators, it is completely sufficient to prove
that the matrix elements of holonomy and flux operators in
the twisted geometry coherent state basis are estimated by
their corresponding classical values up to first order of t.
Then, with the Clebsh-Gordan coefficients related to the
states in the simple representation space of SOðDþ 1Þ
being given, we complete this proof by using the properties
of the Perelomov type coherent states of SOðDþ 1Þ and
the Gaussian functions. Besides, it is shown that the
expectation values of nonpolynomial operators with respect
to twisted geometry coherent state in all dimensional LQG
can be reformulated as the Hamburger moment problem.
By extending the similar researches for the heat-kernel
coherent state in SUð2Þ LQG, we show that the Ehrenfest
property for nonpolynomial operators can be established at
zeroth order of t.
It is necessary to have a discussion on the quantum

simplicity constraint. The twisted geometry coherent states
vanish the edge-simplicity constraint operator and provide
an overcomplete basis of the solution space ⊕γ Hs

γ of the
edge-simplicity constraint. Besides, following the results
of the twisted geometry parametrization of SOðDþ 1Þ
holonomy-flux space, we still need to solve the vertex
simplicity constraint weakly. Notice that the vertex sim-

plicity constraint operator X̂½IJ
e X̂KL�

e0 with bðeÞ ¼ bðe0Þ ¼ v
is a monomial of flux operators; its matrix elements in the
twisted geometry coherent state basis, at zeroth order of t,

is evaluated by its classical counterpart X½IJ
e XKL�

e0 which is

proportion to V ½IJ
e VKL�

e0 . Thus, we claim that the weak
solution space of the vertex simplicity constraint can be
composed by the twisted geometry coherent states Ψ̆γ;H⃗o

e

whose labels H⃗o
e satisfy V

½IJ
e VKL�

e0 ¼0 with bðeÞ¼bðe0Þ¼v.
With the Ehrenfest property being constructed, we can
have an outlook on the application of twisted geometry
coherent state in the study of the dynamics of all
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dimensional LQG. First, one may consider the expectation
value of the Hamiltonian constraint operator based on the
cosmology model in higher dimensional LQG [41] to study
higher dimensional loop quantum cosmology from the
perspective of the effective dynamics of full theory.
Moreover, one can also explore the effective dynamics
of all dimensional LQG based on the coherent state path
integral [12,13] to give the effective action and equation of
motion with the twisted geometry variables. Therefore, the
twisted geometry coherent state provides us a reliable
candidate for the study of the effective dynamics of all
dimensional LQG.
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APPENDIX A: THE MATRIX ELEMENTS
OF HOLONOMY OPERATOR
IN SPIN-NETWORK BASIS

As we mentioned in Sec. III B, the action of the
holonomy operator on the twisted geometry coherent state
is the first step in the calculation of the matrix element of
the holonomy operator. Since the twisted geometry coher-
ent states are some kinds of superpositions of the spin-
network states, it is necessary to study the matrix elements
of the holonomy operator in the spin-network basis in all
dimensional LQG. To calculate the matrix elements of the
holonomy operator in the spin-network basis, one first
needs to consider the Clebsh-Gordan coefficients related to
the states in the simple representation space of SOðDþ 1Þ.
Recall that the spaceHN

Dþ1 of the sphere harmonic function
on SD with degree N is the simple representation space of
SOðDþ 1Þ labeled by N, and it has the orthonormal basis
fΞN;MðxÞg (or fjN;Mig in Dirac bracket formulation).
Then, the Clebsh-Gordan coefficient can be given by

hN0;M0;N00;M00jN;MihN; 0jN0; 0;N00; 0i

¼ dimðπNÞ
Z
SOðDþ1Þ

dgDN
ðM;0ÞðgÞDN0

ðM0;0ÞðgÞDN00
ðM00;0ÞðgÞ;

ðA1Þ

where dimðπNÞ ¼ ðDþN−2Þ!ð2NþD−1Þ
ðD−1Þ!N!

, jN0;M0;N00;M00i ≔
jN0;M0i ⊗ jN00;M00i and

DN
ðM;0ÞðgÞ ≔ hN;MjgjN; 0i ðA2Þ

is the matrix element function on SOðDþ 1Þ selected by
jN;Mi and jN; 0i. Based on Eq. (A1), it is easy to see that

jhN þ 1; 0jN; 0; 1; 0ij2

¼ dimðπNþ1Þ
Z
SOðDþ1Þ

dgDNþ1
ð0;0ÞðgÞDN

ð0;0ÞðgÞD1
ð0;0ÞðgÞ:

ðA3Þ

Moreover, let us note that [43]

DN
ð0;0ÞðgÞ ¼ DN

ð0;0ÞðθÞ ¼
ðD − 2Þ!N!

ðDþ N − 2Þ!C
D−1
2

N ðcos θÞ;

C
D−1
2

1 ðcos θÞ ¼ ðD − 1Þ cos θ; ðA4Þ

and

C
D−1
2

Nþ1ðcos θÞ ¼
2N þD − 1

N þ 1
cos θC

D−1
2

N ðcos θÞ

−
N þD − 2

N þ 1
C

D−1
2

N−1ðcos θÞ: ðA5Þ

Then, we can calculate

jhN þ 1; 0jN; 0; 1; 0ij2 ¼ Dþ N − 1

2N þD − 1
; ðA6Þ

and similarly we have

jhN − 1; 0jN; 0; 1; 0ij2 ¼ N
2N þD − 1

; ðA7Þ

Furthermore, the relation between the function DN
ðM;0ÞðgÞ

and ΞN;MðxÞ can be found in Ref. [43] and it leads to

hN0;M0;N00;M00jN;MihN; 0jN0; 0;N00; 0i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimðπNÞ
dimðπN0 Þ dimðπN00 Þ

s Z
SOðDþ1Þ

dxΞN;MðxÞ

× ΞN0;M00 ðxÞΞN00;M00 ðxÞ: ðA8Þ

Now let us turn to considering the functions which are
involved in the main part of this article. The normalized
harmonic function cNðx{ þ ix|Þ can be denoted by jN;V{|i
with {;|¼1;…;Dþ1, x¼ðx1;…;xDþ1Þ∈SD, V{|≔2δ½I{ δ

J�
| ,

and cN being the normalization factor. A harmonic function
basis of the definition representation space of SOðDþ 1Þ
can be given by

ðx1 þ ix2Þ; ðx1 − ix2Þ; ðx3 þ ix4Þ;…; ðxD þ ixDþ1Þ;
ðxD − ixDþ1Þ ðA9Þ

for Dþ 1 being even, and
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ðx1þix2Þ; ðx1−ix2Þ; ðx3þix4Þ;…;ðxD−1þixDÞ;
ðxD−1−ixDÞ; xDþ1 ðA10Þ

for Dþ 1 being odd. These functions can be expressed as
the following normalized states by using Dirac bracket
notation, which reads

fj1;V{|ig;
ð{;|Þ∈fð1;2Þ;ð2;1Þ;ð3;4Þ;ð4;3Þ;…;ðD;Dþ1Þ;ðDþ1;DÞg

ðA11Þ

for Dþ 1 being even, and

fj1;V{|i; j1;δDþ1ig;
ð{;|Þ∈fð1;2Þ;ð2;1Þ;ð3;4Þ;ð4;3Þ;…;ðD−1;DÞ;ðD;D−1Þg

ðA12Þ

for Dþ 1 being odd. First, one can check that

j1; V12;N;V12i ≔ j1; V12i ⊗ jN;V12i
¼ jN þ 1; V12i: ðA13Þ

Then, one can further calculate some of the other Clebsh-
Gordan coefficients. Following Eqs. (A8) and (A13), let us
consider

hN;V12; 1; V12jN þ 1; V12ihN þ 1; 0jN; 0; 1; 0i
¼ hN þ 1; 0jN; 0; 1; 0i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimðπNþ1Þ
ðDþ 1Þ · dimðπNÞ

s Z
SOðDþ1Þ

dxΞNþ1;V12ðxÞ

× ΞN;V12ðxÞΞ1;V12ðxÞ; ðA14Þ

and

hN þ 1; V12; 1; V21jN;V12ihN; 0jN þ 1; 0; 1; 0i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimðπNÞ
ðDþ 1Þ · dimðπNþ1Þ

s Z
SOðDþ1Þ

dxΞN;V12ðxÞ

× ΞNþ1;V12ðxÞΞ1;V21ðxÞ: ðA15Þ

By substituting (A6) into (A14) we get

cNc1
cNþ1

¼ hN þ 1; 0jN; 0; 1; 0i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDþ 1Þ · dimðπNÞ

dimðπNþ1Þ

s

¼ e−iα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN þ 1ÞðDþ 1Þ
2N þDþ 1

r
: ðA16Þ

Notice that Ξ1;V21ðxÞ ¼ Ξ1;V12ðxÞ, and then Eqs. (A14) and
(A15) give

hN;V12jNþ1;V12;1;V21i¼
dimðπNÞ
dimðπNþ1Þ

hNþ1;0jN;0;1;0i
hNþ1;0;1;0jN;0i:

ðA17Þ

Let us denote

j1; V21;N;V12i ≔ j1; V21i ⊗ jN;V12i
¼ α1ðNÞjN − 1; V12i þ α2ðNÞjN þ 1;…i
þ α3ðNÞjnot simplei; ðA18Þ

where jN þ 1;…i is a state in the simple representation
spaceHNþ1

Dþ1 and jnot simplei is a state not belonging to any
simple representation. By using Eq. (A17), one can get

jα1ðNÞj2 ¼
���� dimðπN−1Þ
dimðπNÞ

hN; 0jN − 1; 0; 1; 0i
hN; 0; 1; 0jN − 1; 0i

����2
¼ Nð2N þD − 3Þ

ðDþ N − 2Þð2N þD − 1Þ ðA19Þ

and jα2ðNÞj2 ≤ 1 − jα1ðNÞj2.
We are also interested in the special Clebsh-Gordan

coefficient h1; V{|;N;V12jN0; V 0i with ð{; |Þ ∈ fð3; 4Þ;
ð4; 3Þ;…g, which can be given by

h1; V{|;N;V12jN0; V 0ihN0; 0j1; 0;N; 0i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimðπN0 Þ
ðDþ 1Þ · dimðπNÞ

s Z
SOðDþ1Þ

dxΞN0;V 0 ðxÞ

× Ξ1;V{|ðxÞΞN;V12ðxÞ: ðA20Þ

Notice that we have the relation

Ξ1;V{|ðxÞΞN;V12ðxÞ ¼ −
cNc1
cNþ1

1

N þ 1
ðτ1{ þ τ2|ÞΞNþ1;V12ðxÞ;

for { < |; and {; | ≠ 1; 2; ðA21Þ

Ξ1;V{|ðxÞΞN;V12ðxÞ ¼ −
cNc1
cNþ1

1

N þ 1
ðτ1{ − τ2|ÞΞNþ1;V12ðxÞ;

for { > |; and {; | ≠ 1; 2: ðA22Þ

Then, by using the above equations and substituting (A6)
and (A16) into Eq. (A20), we can check that

h1; V{|;N;V12jN0; V 0i

¼ −
1

ðN þ 1Þ hN
0; V 0jðτ1{ þ τ2|ÞjN þ 1; V12i;

for { < |; and {; | ≠ 1; 2; ðA23Þ

and
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h1; V{|;N;V12jN0; V 0i

¼ −
1

ðN þ 1Þ hN
0; V 0jðτ1{ − τ2|ÞjN þ 1; V12i;

for { > |; and {; | ≠ 1; 2: ðA24Þ

Similarly, we can also consider

h1; δDþ1;N;V12jN0; V 0ihN0; 0j1; 0;N; 0i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dimðπN0 Þ
ðDþ 1Þ · dimðπNÞ

s Z
SOðDþ1Þ

dxΞN0;V 0 ðxÞ

× Ξ1;δDþ1ðxÞΞN;V12ðxÞ; ðA25Þ

where Ξ1;δDþ1ðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
Dþ 1

p
xDþ1. Note that

Ξ1;δDþ1ðxÞΞN;V12ðxÞ ¼ −
ffiffiffi
2

p
c1cN

cNþ1

1

N þ 1
τ1;Dþ1ΞNþ1;V12ðxÞ;

ðA26Þ

with c1 ¼
ffiffiffiffiffiffiffi
Dþ1
2

q
. Then, we have

h1; δDþ1;N;V12jN0; V 0i

¼ −
ffiffiffi
2

p

ðN þ 1Þ hN
0; V 0jτ1;Dþ1jN þ 1; V12i: ðA27Þ

Now, we can consider the holonomy operator ĥ
acting on the matrix element function ΞN

u−1;ũ
ðhÞ ≔

hN;V12ju−1hũjN;V12i. For the case of Dþ 1 being even,
the action of the holonomy operator corresponding to the
holonomy component h1; V{|ju−1hũj1; V{0|0 i is given by

dh1; V{|ju−1hũj1; V{0|0 i ∘ ΞN
u−1;ũ

ðhÞ
≔ h1; V{|ju−1hũj1; V{0|0 i · ΞN

u−1;ũ
ðhÞ

¼ h1; V{|ju−1hũj1; V{0|0 i · hN;V12ju−1hũjN;V12i
¼ hN;V12; 1; V{|ju−1hũjN;V12; 1; V{0|0 i ðA28Þ

with ð{; |Þ; ð{0; |0Þ ∈ fð1; 2Þ; ð2; 1Þ;…g. Based on this
action, the matrix elements of the operatordh1; V{|ju−1hũj1; V{0|0 i in the basis spanned by the states
jN; u−1; ũi corresponding to ΞN

u−1;ũ
ðhÞ can be given by

hN0; u0−1; ũ0j dh1; V{|ju−1hũj1; V{0|0 ijN; u−1; ũi

≔
Z
SOðDþ1Þ

dhhN0; V12ju0−1hũ0jN0; V12i · h1; V{|ju−1hũj1; V{0|0 i · hN;V12ju−1hũjN;V12i

¼ 1

dimðπN0 Þ h1; V{|;N;V12ju−1u0jN0; V12i · hN0; V12jũ0−1ũj1; V{0|0 ;N;V12i; ðA29Þ

where dimðπNÞ ¼ ðDþN−2Þ!ð2NþD−1Þ
ðD−1Þ!N!

. Then, by using Eqs. (A13), (A18), (A23), (A24), (A27), and (A29) can be further

calculated and the results are obvious. For instance, we have

Eq: ðA29Þ ¼ 1

dimðπNþ1Þ
hN þ 1;V12ju−1u0jN0;V12ihN0;V12jũ0−1ũjN þ 1;V12i; if ð{; |Þ ¼ ð1;2Þ; ð{0; |0Þ ¼ ð1;2Þ; ðA30Þ

Eq: ðA29Þ ¼ 1

dimðπN−1Þ
jα1ðNÞj2hN − 1; V12ju−1u0jN0; V12ihN0; V12jũ0−1ũjN − 1; V12i

þ 1

dimðπNþ1Þ
jα2ðNÞj2hN þ 1;…ju−1u0jN0; V12ihN0; V12jũ0−1ũjN þ 1;…i;

if ð{; |Þ ¼ ð2; 1Þ; ð{0; |0Þ ¼ ð2; 1Þ; ðA31Þ

and

Eq: ðA29Þ ¼ −
1

dimðπNþ1Þ
1

ðN þ 1Þ2 hN
0; V12ju0−1uðτ1{ � τ2|ÞjN þ 1; V12ihN þ 1; V12jðτ1{0 � τ2|

0 Þũ−1ũ0jN0; V12i;

if {; |; {0; |0;≠ 1; 2; ðA32Þ

where τ1{ � τ2| takes τ1{ þ τ2| if { < |, and τ1{ − τ2| if { > |.
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For the case of Dþ 1 being odd, the previous

discussion of the operator dh1; V{|ju−1hũj1; V{0|0 i with
ð{; |Þ; ð{0; |0Þ ∈ fð1; 2Þ; ð2; 1Þ;…g still holds. Besides, we

have the extra holonomy operator dh1; δDþ1ju−1hũj1; V{0|0 i
and dh1; V{|ju−1hũj1; δDþ1i. Let us considerdh1; δDþ1ju−1hũj1; V{0|0 i as an example, whose action on
ΞN
u−1;ũðhÞ is given by

dh1; δDþ1ju−1hũj1; V{0|0 i ∘ ΞN
u−1;ũ

ðhÞ
≔ h1; δDþ1ju−1hũj1; V{0|0 i · ΞN

u−1;ũ
ðhÞ

¼ h1; δDþ1ju−1hũj1; V{0|0 i · hN;V12ju−1hũjN;V12i
¼ hN;V12; 1; δDþ1ju−1hũjN;V12; 1; V{0|0 i ðA33Þ

with ð{; |Þ; ð{0; |0Þ ∈ fð1; 2Þ; ð2; 1Þ;…g. Then, similar to
Eq. (A29), we have

hN0; u0−1; ũ0j dh1; δDþ1ju−1hũj1; V{0|0 ijN; u−1; ũi

≔
Z
SOðDþ1Þ

dhhN0; V12ju0−1hũ0jN0; V12i · h1; δDþ1ju−1hũj1; V{0|0 i · hN;V12ju−1hũjN;V12i

¼ 1

dimðπN0 Þ h1; δDþ1;N;V12ju−1u0jN0; V12i · hN0; V12jũ0−1ũj1; V{0|0 ;N;V12i

¼ −
1

dimðπNþ1Þ

ffiffiffi
2

p

ðN þ 1Þ δN0;Nþ1hN þ 1; V12ju0−1uτ1;Dþ1jN þ 1; V12i · hN þ 1; V12jũ0−1ũj1; V{0|0 ;N;V12i: ðA34Þ

By using Eqs. (A13), (A18), (A23), (A24), and (A34) can
be further calculated and it will be used in the calculation of
the matrix elements of holonomy operator in the twisted
geometry coherent basis.

APPENDIX B: POISSON SUMMATION
FORMULA AND RELEVANT CALCULATIONS

As we mentioned in Sec. III B, the second step of the
calculation of the matrix elements of holonomy and flux
operators involves the property of the Gaussian super-
positions. Usually, the property of Gaussian superpositions
can be analyzed by using the Poisson summation formula.
Let us introduce it and show three cases of its application
scenarios in this section. Let f be a function in L1ðR; dxÞ
such that the series

ϕðyÞ ¼
X∞
n¼−∞

fðyþ nsÞ ðB1Þ

is absolutely and uniformly convergent for y ∈ ½0; s�; s > 0.
Then

X∞
n¼−∞

fðnsÞ ¼ 2π

s

X∞
n¼−∞

f̃

�
2πn
s

�
; ðB2Þ

where f̃ðkÞ ≔ R
R

dx
2π e

−ikxfðxÞ is the Fourier transform of f.
The proof of this theorem can be found in [46]. In this
paper, the application of the Poisson summation formula is
involved in the calculation of the expression

X∞
N¼0

FðNÞeiNξ expð−2tðαη − NÞ2Þ; ðB3Þ

where we defined αη ≔ c1
η
t þ c2 > 0, where c1 and c2 are

constants satisfying c1 > 0 and jc2j ≪ c1
η
t. Now let us

consider three cases of FðxÞ separately.
Case I: FðxÞ ¼ xl is a polynomial with l ∈ N. Consider

the following calculations:

X∞
N¼0

FðNÞeiNξ expð−2tðN − αηÞ2Þ

¼ eiαηξ
X∞
k¼−αη

ðαη þ kÞl expð−2tk2Þeikξ

¼ ðαηÞleiαηξ
X∞

½k�¼½−αη�

�
1þ ð½k� þ rÞ

αη

�
l

× expð−2tð½k� þ rÞ2Þeið½k�þrÞξ; ðB4Þ

where k ≔ N − αη, r ¼ −αη − ½−αη� and [k] represents the
maximal integer no greater than k. Note that we have

X∞
m¼−∞

ðmþ rÞl0eð−2tðmþrÞ2ÞeiðmþrÞξ

¼
X∞

m¼−∞
e2πimr

ffiffiffiffi
π

2t

r
P̌ð2πm− ξÞe−ð2πm−ξÞ2

8t ; l0 ∈ N; ðB5Þ

here we defined P̌ðxÞ ≔ ðiÞl0 ð dl0
dxl

0 e−
ðxÞ2
8t ÞeðxÞ2

8t . Then by set-

ting ½k� ¼ m in Eq. (B4), we have

GAOPING LONG PHYS. REV. D 106, 066021 (2022)

066021-20



X∞
N¼0

FðNÞexpð−2tðαη−NÞ2ÞeiNξ

¼large η
ffiffiffiffi
π

2t

r
ðαηÞleiαηξe−

ðξÞ2
8t

�
1þO

�
t
η

�
þOðe−π2

2t Þ
�
: ðB6Þ

Case II: FðxÞ ¼ ðPðxÞÞ1=4, where PðxÞ is a polynomial
of x with PðxÞ > 0 if x > 0. Let us focus on the case of
αη > 0; x > 0 involved in this paper. We can reformulate
FðxÞ as FðxÞ ¼ ðPðαηÞÞ1=4fðzÞwith fðzÞ ≔ ð1þ zÞ1=4 and
z ≔ PðxÞ

PðαηÞ − 1 > −1. Then by Taylor’s theorem, we have

fðzÞ ¼ 1þ
X∞
n¼1

�
q

n

�
zn;�

q

n

�
¼ ð−1Þnþ1

qð1 − qÞ…ðn − 1þ qÞ
n!

ðB7Þ

with q ¼ 1=4 here. To proceed the next step of the
calculation, we introduce a lemma as follows.
Lemma.—For each l ≥ 0 there exist 0 < βl < ∞ such that

f2lþ1ðzÞ − βlz2lþ2 ≤ fðzÞ ≤ f2lþ1ðzÞ; ðB8Þ

where flðzÞ¼1þP
l
n¼1ðqnÞzn, ðqnÞ denotes the partial Taylor

series of fðzÞ¼ð1þzÞq, 0 < q ≤ 1=4, up to order zk.

The proof of this lemma can be find in [47].
Now let us set x ¼ N in PðxÞ so that z ¼ PðNÞ

PðαηÞ − 1. Then

by using the results of case I, we can give

ffiffiffiffi
2t
π

r X∞
N¼0

zl
0
expð−2tðαη − NÞ2ÞeiNξe

ðξÞ2
8t e−iαηξ

¼large η
O
�
t
η

�
þOðe−π2

2t Þ; for l0 ∈ Nþ: ðB9Þ

Further by using the above lemma, we get

ffiffiffiffi
2t
π

r X∞
N¼0

FðNÞexpð−2tðαη−NÞ2ÞeiNξ

¼largeηðPðαηÞÞ1=4eiαηξe−
ðξÞ2
8t

�
1þO

�
t
η

�
þOðe−π2

2t Þ
�
: ðB10Þ

Case III: FðxÞ ¼ ðP1ðxÞÞ1=4ðP2ðxÞ
P3ðxÞÞ

1
m, m ∈ Nþ, where

P1ðxÞ is a polynomial of x with degree larger than 4
and it satisfies P1ðxÞ ≥ 0, d

dx ðP1ðxÞÞ > 0 for x ≥ 0, P2ðxÞ
and P3ðxÞ are both polynomials of x which satisfy P3ðxÞ >
P2ðxÞ ≥ 0 for x ≥ 0, d

dx ðP2ðxÞ
P3ðxÞÞ < 0 for x ≥ 1 and the degree

of P3ðxÞ larger than that of P2ðxÞ. We can evaluate that

ffiffiffiffi
2t
π

r ����X∞
N¼0

FðNÞ expð−2tðαη − NÞ2ÞeiNξ

����
<

ffiffiffiffi
2t
π

r X∞
N¼0

FðNÞ expð−2tðαη − NÞ2Þ

<

ffiffiffiffi
2t
π

r ��
P1

�
αη
2

��
1=4X½αη2 �

N¼0

expð−2tðαη − NÞ2Þ þ
X∞

N¼½αη
2
�þ1

ðP1ðNÞÞ1=4 P2ðαη2 þ 1Þ
P3ðαη2 þ 1Þ expð−2tðαη − NÞ2Þ

�

≲
ffiffiffiffi
2t
π

r �

αη
2

�
þ 1

�
ðP1ðαηÞÞ1=4 exp

�
−
1

2
tðαηÞ2

�
þ P1ðαηÞ1=4

�
P2ðαη2 þ 1Þ
P3ðαη2 þ 1Þ

�1
m
�
1þO

�
t
η

�
þOðe−π2

2t Þ
�

≃ ðP1ðαηÞÞ1=4
�
αη

ffiffi
t

p
Oðe−η2

8tÞ þO
��

t
η

�1
m
��

ðB11Þ

for large η.
As we will see in the next two subsections, the three cases discussed above will be used in the calculations of the matrix

elements of the flux and holonomy operators in the twisted geometry coherent state basis.

APPENDIX C: MATRIX ELEMENTS OF THE FLUX OPERATOR

We consider the matrix elements of the flux operator in the twisted geometry coherent state basis, which are denoted by
hΨ̆Hoe

jX̂IJ
e jΨ̆H0oe i

jjΨ̆H0oe jjjjΨ̆Hoe
jj . The numerator can be calculated as follows:
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hΨ̆Ho
e
jX̂IJ

e jΨ̆H0o
e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t ¼ −iβt
X
Ne

ðdimðπNe
ÞÞ2 exp

�
−t
�
ηe
2t

− dNe

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNe ðξoe−ξ0oeÞhNe; V 0
ejτIJjNe; VeihNe;−ṼejNe;−Ṽ 0

ei þ β
ffiffi
t

p
·Oðe−η02e

8t Þ: ðC1Þ

Without loss of generality, we set V 0
e ¼ 2δ½I1 δ

J�
2 to simplify the expressions. Then, the components of X̂IJ

e can be decomposed
as three sets and we can discuss them separately.

1. Set I: Matrix elements of X̂12
e

Similar to the calculation of the overlap function of the twisted geometry coherent state, we defined Θ̃e ≔ Θðue; u0eÞ þ
Θðũe; ũ0eÞ and used the invention

hNe; V 0
ejNe; Vei ¼ exp ð−NeΘðue; u0eÞÞeiNeφðue;u0eÞ; ðC2Þ

hNe;−ṼejNe;−Ṽ 0
ei ¼ exp ð−NeΘðũe; ũ0eÞÞeiNeφðũe;ũ0eÞ; ðC3Þ

with Θðue; u0eÞ ≔ − ln jhNe;V 0
ejNe;Veij

Ne
≥ 0, Θðũe; ũ0eÞ ≔ − ln jhNe;−ṼejNe;−Ṽ 0

eij
Ne

≥ 0, eiNeφðue;u0eÞ ≔ hNe;V 0
ejNe;Vei

jhNe;V 0
ejNe;Veij, and eiNeφðũe;ũ0eÞ ≔

hNe;−ṼejNe;−Ṽ 0
ei

jhNe;−ṼejNe;−Ṽ 0
eij are variables independent with Ne. Then, we have

hΨ̆Ho
e
jX̂12

e jΨ̆H0o
e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t ¼ βt
X
Ne

NeðdimðπNe
ÞÞ2 exp

�
−t
�
ηe
2t

− dNe

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNe ðξoe−ξ0oeÞhNe; V 0
ejNe; VeihNe;−ṼejNe;−Ṽ 0

ei þ β
ffiffi
t

p
·Oðe−η02e

8t Þ

¼ βtei
D−1
2
ðξoe−ξ0oeÞ

X
Ne

NeðdimðπNe
ÞÞ2 exp

�
−t
�
ηe
2t

− dNe

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eiNeðξoe−ξ0oeþφðue;u0eÞþφðũe;ũ0eÞÞ expð−NeΘ̃eÞ þ β
ffiffi
t

p
·Oðe−η02e

8t Þ ðC4Þ
for large η0e, where φ̃e ≔ φðue; u0eÞ þ φðũe; ũ0eÞ and Θ̃e ≔ Θðue; u0eÞ þ Θðũe; ũ0eÞ. The calculation of Eq. (C4) follows the
similar procedures of the calculation of hΨ̆Ho

e
jΨ̆H0o

e
i in [1]. Let us consider the cases of Θ̃e ≪ ηe þ η0e and Θ̃e ≃ ηe þ η0e or

Θ̃e ≫ ηe þ η0e separately.

a. Case Θ̃e ≪ ηe + η0e
For the case Θ̃e ≪ ηe þ η0e, Eq. (C4) reads

hΨ̆Ho
e
jX̂12

e jΨ̆H0o
e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t ¼ βtei
D−1
2
ðξoe−ξ0oeÞ

X
Ne

NeðdimðπNe
ÞÞ2 exp

�
−t
�
ηe
2t

− dNe

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eiNeðξoe−ξ0oeþφðue;u0eÞþφðũe;ũ0eÞÞ expð−NeΘ̃eÞ þ β
ffiffi
t

p
·Oðe−η02e

8t Þ
¼ βtei

D−1
2
ðξoe−ξ0oeÞe−tð

η0e
2t−

ηe
2tÞ2þ2tðηe

4t−
η0e
4t−

Θ̃e
4t Þ2eið

ηe
4t−

D−1
2
þη0e

4t−
Θ̃e
4t Þðξoe−ξ0oeþφ̃eÞ

· exp

�
−
�
η0e
2t

−
D − 1

2

�
Θ̃e

�X
½k̃e�

P̃ðk̃eÞðexpð−2tk̃2eÞeik̃eðξoe−ξ0oeþφ̃eÞÞ þ β
ffiffi
t

p
·Oðe−η02e

8t Þ

¼ βt
ffiffiffi
π

pffiffiffiffi
2t

p ei
D−1
2
ðξoe−ξ0oeÞe−tð

η0e
2t−

ηe
2tÞ2þ2tðηe

4t−
η0e
4t−

Θ̃e
4t Þ2eið

ηe
4t−

D−1
2
þη0e

4t−
Θ̃e
4t Þðξoe−ξ0oeþφ̃eÞe−ð

η0e
2t−

D−1
2
ÞΘ̃e

·
X∞
n¼−∞

P̌ð2πn − ðξoe − ξ0oe þ φ̃eÞÞ exp
�
−
ð2πn − ðξoe − ξ0oe þ φ̃eÞÞ2

8t

�
× ei2πn mod ðk̃e;1Þ

�
1þO

�
t
η0e

��
þ β

ffiffi
t

p
·Oðe−η02e

8t Þ ðC5Þ
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for large η0e, where k̃e ≔ dNe
− η0e

4t −
ηe
4t þ Θ̃e

4t ¼ ½k̃e� þmod ðk̃e; 1Þ with ½k̃e� being the maximum integer less than or equal to
k̃e and mod ðk̃e; 1Þ being the corresponding remainder, and P̃ðk̃eÞ is a polynomial of k̃e defined by P̃ðk̃eÞ ¼ NeðdimðπNe

ÞÞ2.
Besides, P̌ðxÞ is also a polynomial which is given by

P̌ðxÞ ¼
�
ðiÞnan

dn

dxn
exp

�
−
x2

8t

�
þ ðiÞn−1an−1

dn−1

dxn−1
exp

�
−
x2

8t

�
þ � � � þ a0 exp

�
−
x2

8t

��
exp

�
x2

8t

�
ðC6Þ

with an; an−1;…; a0 given by the expanding P̃ðk̃eÞ¼ank̃
n
eþan−1k̃

n−1
e þ���þa0, wherein a0¼ðη0e

4tþηe
4t−

Θ̃e
4tÞðP̆ðη

0
e
4tþηe

4t−
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≃ ðηe
4tÞm, 0 ≤ m ≤ n for large η0e by the definition of P̃ðk̃eÞ. In addition, we used the Poisson summation formula in the

third step of Eq. (C7), which converts a slowly converging series into a rapidly converging series which in our case almost
only the term with n ¼ 0 need be relevant. Following this analysis, we can further give
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for large η0e. Notice that the classical evaluation of operator X̂12 is given by X12ðH0o
e Þ ¼ η0e

2
. Hence one can estimate the matrix

elements of X̂12 with respect to the twisted geometry coherent states by
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Recall the overlap function itðHo
e;H0o

e Þ is sharply peaked at ηe ¼ η0e and Θ̃e ¼ 0, and it decays exponentially for ηe ≠ η0e or
Θ̃e ≠ 0. Hence we can conclude that the right-hand side of Eq. (C8) is bounded by a correction term which tends to zero in
the limit t → 0 for large η0e.

b. Case Θ̃e ≃ ηe + η0e or Θ̃e ≫ ηe + η0e
For the case Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e, similar to the analysis of the overlap function in [1], we have
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for η0e being large, wherein the sign “<” means that the module of its left side is less than that of its right side. Then, in this
case the matrix element of X̂12 is estimated by

0 <

���� hΨ̆Ho
e
jX̂12

e jΨ̆H0o
e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
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for large η0e, where f1ðηet ; η
0
e
t Þ ≔ ½η0e=4t� expð−tðηe2t − η0e

4t −
Dþ1
2
Þ2Þðη0e

4tÞðP̆ðη
0
e
4tÞÞ2. Notice that Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e in

this case, hence we can conclude that j hΨ̆Hoe
jX̂12

e jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj j is always suppressed exponentially by the factors e−tð
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4tÞ2 and

e−
t
2
ðη

0
e
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ηe
2tÞ2e−½

η0e
4t�Θ̃e in Eq. (C10).

Now we are ready to combine the results in the cases for Θ̃e ≪ ηe þ η0e and Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e. In general, the
matrix elements of X̂12 with respect to the twisted geometry coherent state is estimated by���� hΨ̆Ho

e
jX̂12

e jΨ̆H0o
e
i
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e
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e
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where f12ðHo
e;H0o

e Þ is a function that grows no faster than the exponentials as jηe − η0ej, Θ̃e and jξoe − ξ0oe j going large for
large η0e.

2. Set II: Matrix elements of X̂IJ
e with I; J ∈ f3;…;D+ 1g

Notice that hNe; V 0
ejτIJjNe; Vei ¼ 0 with V 0

e ¼ 2δ½I1 δ
J�
2 and I; J ∈ f3;…; Dþ 1g; it is straightforward to get that

hΨ̆Ho
e
jX̂IJ

e jΨ̆H0o
e
i ¼ 0; for I; J ∈ f3;…; Dþ 1g: ðC12Þ

3. Set III: Matrix elements of X̂1J
e and X̂2J

e with J ∈ f3;…;D+ 1g
Let us consider the rest of the components hΨ̆Ho

e
jX̂1J

e jΨ̆H0o
e
i and hΨ̆Ho

e
jX̂2J
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e
i with J ∈ f3;…; Dþ 1g. We first have
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ejðNe − 1Þ; Vei; for J ∈ f3;…; Dþ 1g: ðC13Þ

Here we note that h1; V 0
ejτ1Jj1; Vei with J ≠ 1, 2 as functions of Ve vanish at Ve ¼ V 0

e and the growth of their modules are
restricted by their derivatives evaluated by Eq. (38) as Ve being transformed by etτKL ∈ SOðDþ 1Þ. Then, by checking how
Θðue; u0eÞ ¼ − ln jh1; V 0

ej1; Veij grows as Ve being transformed by etτKL ∈ SOðDþ 1Þ, we can conclude that
h1; V 0

ejτ1Jj1; Vei with J ≠ 1, 2 grows no faster than the exponentials as Θðue; u0eÞ ¼ − ln jh1; V 0
ej1; Veij going large.

Then, for large η0e we can give
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where we only consider the case of h1; V 0
ej1; Vei ≠ 0 since one have h1; V 0

ejτ1Jj1; Vei ¼ 0 and hΨ̆Ho
e
jX̂1J

e jΨ̆H0o
e
i ¼ 0 if

h1; V 0
ej1; Vei ¼ 0. By comparing Eq. (C17) with Eq. (C4), one has
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e
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and further
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wherein one should note that jh1; V 0
ej1; Veij ¼ e−Θðue;u0eÞ,

0 ≤ jh1; V 0
ejτ1Jj1; Veij ≤ 1 with h1; V 0

ejτ1Jj1; Vei ¼ 0 at
V 0
e ¼ Ve, and h1; V 0

ejτ1Jj1; Vei with J ≠ 1, 2 grows
no faster than the exponentials as Θðue; u0eÞ ¼
− ln jh1; V 0

ej1; Veij going large. Then let us recall

Eq. (C4) and notice that
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jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj is unity at H0o
e ¼ Ho

e

and decays exponentially fast to 0 as jηe − η0ej, Θ̃e and
jξoe − ξ0oe j going large for large η0e, and we can conclude that
���� hΨ̆Ho

e
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e
i
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e Þj·
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e
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����;
for J ∈ f3;…; Dþ 1g; ðC17Þ

where f1JðHo
e;H0o

e Þ is a function of Ho
e;H0o

e which vanishes
for Θðue; u0eÞ ¼ 0 and whose growth is always suppressed

by j hΨ̆Hoe
jΨ̆H0oe i

jjΨ̆H0oe jjjjΨ̆Hoe
jj j exponentially as jηe−η0ej, Θ̃e and jξoe − ξ0oe j

going large for large η0e. A similar discussion can be given
for hΨ̆H0o

e
jX̂2J

e jΨ̆Ho
e
i and we reach that
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where f2JðHo
e;H0o

e Þ is a function of Ho
e;H0o

e which vanishes
for Θðue; u0eÞ ¼ 0 and whose growth is always suppressed

by
��� hΨ̆Hoe

jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj

��� exponentially as jηe−η0ej, Θ̃e and jξoe − ξ0oe j
going large for large η0e.
Finally, collecting Eqs. (C11), (C12), (C17), and (C18),

we arrive at the main result of Sec. III B 1.

APPENDIX D: MATRIX ELEMENTS
OF THE HOLONOMY OPERATOR

Let us consider the matrix elements of the holonomy
operator in the twisted geometry coherent state basis. Also,
the cases of (Dþ 1) being even and odd are considered
separately.

1. D+ 1 even

In the case of (Dþ 1) being even, we need to calculate

all of the components of
hΨ̆Hoe

jð du0−1e heũ0eÞ{|;{0|0 jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj . We first

consider the simplest component ð du−1e heũeÞ12;12 of the
holonomy operator, whose matrix elements in twisted
geometry coherent basis is given by
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wherein we used that j1; V12i ⊗ jNe; V12i ¼ jNe þ 1; V12i. To calculate Eq. (D1), let us consider two cases separately. In
the first case, we consider Θ̃e ≫ ηe þ η0e or Θ̃e ≃ ηe þ η0e. Similar to the analysis of Eqs. (C9) and (C10), we have
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for η0e being large, where “<” represents that the module of its left-hand side is less than the module of its right-hand side.

Then, in this case the matrix elements of ð du−1e heũeÞ12;12 are estimated by
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ei þ
1ffiffi
t

p Oðe−ðη0eÞ2
8t Þ

¼ eiξ
0o
e ei

Dþ1
2
ðξoe−ξ0oe Þ

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp

�
−t
�
ηe
2t

− 1 − dNe

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eiðNeþ1Þðξoe−ξ0oe þφðue;u0eÞþφðũe;ũ0eÞÞe−Θ̃e expð−NeΘ̃eÞ þ
1ffiffi
t

p Oðe−ðη0eÞ2
8t Þ

¼ eiξ
0o
e ei

Dþ1
2
ðξoe−ξ0oe Þeiðξoe−ξ0oe þφ̃eÞe−tð

η0e
2t−

ηe
2tþ1Þ2þ2tðηe

4t−
1
2
−η0e

4t−
Θ̃e
4t Þ2eið

ηe
4t−

1
2
−D−1

2
þη0e

4t−
Θ̃e
4t Þðξoe−ξ0oe þφ̃eÞ

· e−Θ̃e exp

�
−
�
η0e
2t

−
D − 1

2

�
Θ̃e

�X
½k̃e�

ðP̃ðk̃eÞÞ1=4ðexpð−2tk̃2eÞeik̃eðξoe−ξ0oe þφ̃eÞÞ þ 1ffiffi
t

p Oðe−ðη0eÞ2
8t Þ: ðD4Þ

Here we defined k̃e ≔ dNe
− η0e

4t −
ηe
4t þ 1

2
þ Θ̃e

4t ¼ ½k̃e� þmod ðk̃e; 1Þ with ½k̃e� being the maximum integer less than or equal
to k̃e and mod ðk̃e; 1Þ being the corresponding remainder, and P̃ðk̃eÞ is a polynomial of k̃e defined by
ðP̃ðk̃eÞÞ1=4 ¼ ðdimðπNe

ÞÞ3=2ðdimðπNeþ1ÞÞ1=2. By applying the result of case II discussed in Appendix B, we can
immediately get

hΨ̆Ho
e
jð du0−1e heũ0eÞ12;12jΨ̆H0o

e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

¼large η0eeiξ
0o
e ei

Dþ1
2
ðξoe−ξ0oe Þeiðξoe−ξ0oe þφ̃eÞe−tð

η0e
2t−

ηe
2tþ1Þ2þ2tðηe

4t−
1
2
−η0e

4t−
Θ̃e
4t Þ2eið

ηe
4t−

1
2
−D−1

2
þη0e

4t−
Θ̃e
4t Þðξoe−ξ0oe þφ̃eÞ

· expð−Θ̃eÞ exp
�
−
�
η0e
2t

−
D − 1

2

�
Θ̃e

� ffiffiffiffi
π

2t

r
ðP̃ð0ÞÞ1=4e−ðξoe−ξ0oe þφ̃eÞ2

8t

�
1þO

�
t
η0e

�
þOðe−1=tÞ

�
þ 1ffiffi

t
p Oðe−ðη0eÞ2

8t Þ ðD5Þ

and then
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hΨ̆Ho
e
jð du0−1e heũ0eÞ12;12jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

¼large η0eeiξ
0o
e e−Θ̃e=2e−t=2ei

Dþ1
2
ðξoe−ξ0oe Þei

2
ðξoe−ξ0oe þφ̃eÞeðηe=2−η0e=2Þ

hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

�
1þO

�
t
η0e

�
þOðe−1=tÞ

�
: ðD6Þ

Combining the results (D3) and (D6) of these two cases, we reach

���� hΨ̆Ho
e
jð du0−1e heũ0eÞ12;12jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj − eiξ

0o
e

hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

���� ≲large η0e
tjf̃12ðHo

e;H0o
e Þj·

���� hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����; ðD7Þ

where f̃12ðHo
e;H0o

e Þ is a function whose growth is always suppressed by
��� hΨ̆Hoe

jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj

��� exponentially as jηe − η0ej, Θ̃e and

jξoe − ξ0oe j going large for large η0e.
Similarly, the matrix elements of ð du0−1e heũ0eÞ21;21 in the twisted geometry coherent basis is given by

hΨ̆Ho
e
jð du0−1e heũ0eÞ21;21jΨ̆H0o

e
i ¼large η0eFRHS of Eq: ðD8Þ þ SRHS of Eq: ðD8Þ þ TRHS of Eq: ðD8Þ

þ 1ffiffi
t

p e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t Oðe−ðη0eÞ2
8t Þ; ðD8Þ

where we defined

FRHS of Eq: ðD8Þ ≔ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t e−iξ
0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNe−1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNe−1ðξoe−ξ0oe ÞhNe − 1; V 0
ejNe − 1; VeihNe − 1;−ṼejNe − 1;−Ṽ 0

ei ðD9Þ

SRHS of Eq: ðD8Þ ≔ −e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t e−iξ
0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNe−1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNe−1ðξoe−ξ0oe Þð1 − jα1ðNeÞj2ÞhNe − 1; V 0
ejNe − 1; VeihNe − 1;−ṼejNe − 1;−Ṽ 0

ei ðD10Þ

and

TRHS of Eq: ðD8Þ ≔ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t eiξ
0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNeþ1

�
2

− t
�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe Þjα2ðNeÞj2hNe þ 1;…ju0−1e uejNe þ 1; V12ihNe þ 1; V12jũ−1e ũ0ejNe þ 1;…i; ðD11Þ

wherein

j1; V21i ⊗ jNe; V12i ¼ α1ðNeÞjNe − 1; V12i þ α2ðNeÞjNe þ 1;…i þ α3ðNeÞjnot simplei; ðD12Þ

with jα1ðNÞj2 ¼ Nð2NþD−3Þ
ðDþN−2Þð2NþD−1Þ, jα2ðNÞj2 ≤ 1 − jα1ðNÞj2; see more details in Appendix A. The three terms in the right-

hand side (rhs) of “¼” in Eq. (D8) can be calculated separately. (i). The first term in the rhs (Frhs) of “¼” in Eq. (D8) is
given as

FRHS of Eq: ðD8Þ ¼ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t e−iξ
0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNe−1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNe−1ðξoe−ξ0oe ÞhNe − 1; V 0
ejNe − 1; VeihNe − 1;−ṼejNe − 1;−Ṽ 0

ei: ðD13Þ

By following a similar analysis of Eqs. (D2) and (D4), we can immediately give
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FRHS of Eq: ðD8Þ
jjΨ̆H0o

e
jjjjΨ̆Ho

e
jj

¼large η0ee−iξ
0o
e eΘ̃e=2e−t=2ei

Dþ1
2
ðξoe−ξ0oe Þe−i

2
ðξoe−ξ0oe þφ̃eÞe−ðηe=2−η0e=2Þ

hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

�
1þO

�
t
η0e

�
þOðe−1=tÞ

�
ðD14Þ

for large Θ̃e ≪ ηe þ η0e, and

0 <

���� FRHS of Eq: ðD8Þi
jjΨ̆H0o

e
jjjjΨ̆Ho

e
jj

���� ≲large η0e

ffiffiffi
2t
π

q
f̃01ðηet ; η

0
e
t Þe−tð

η0e
4t−

Dþ1
2
Þ2 þ ðP̆ðηe

4t þ η0e
4tÞÞ3=2ðP̆ðηe4t þ η0e

4t − 1ÞÞ1=2e−t
2
ðη

0
e
2t−

ηe
2tÞ2e−½

η0e
4t �Θ̃e

P̆ðηe
2tÞP̆ðη

0
e
2tÞ

ðD15Þ

for Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e, where f̃01ðηet ; η
0
e
t Þ ≔ ð½η0e=4t� þ 1Þ expð−tðηe

2t −
η0e
4t −

Dþ3
2
Þ2ÞðP̆ðη0e

4t − 1ÞÞ1=2ðP̆ðη0e
4tÞÞ3=2. Also,

for the case Θ̃e ≃ ηe þ η0e or Θ̃e ≫ ηe þ η0e, we can conclude that
��� FRHS of Eq: ðD8Þi

jjΨ̆H0oe jjjjΨ̆Hoe
jj

��� is always suppressed exponentially by the
factors e−tð

η0e
4t−

Dþ1
2
Þ2 and e−

t
2
ðη

0
e
2t−

ηe
2tÞ2e−½

η0e
4t�Θ̃e based on Eq. (D15). (ii). The second term in the right-hand side (SRHS) of “¼” in

Eq. (D8) reads

SRHS of Eq: ðD8Þ¼−eðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2
4t e−iξ

0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2 exp

�
−t
�
ηe
2t
−dNe−1

�
2

− t

�
η0e
2t
−dNe

�
2
�

·eidNe−1ðξoe−ξ0oe Þð1− jα1ðNeÞj2ÞhNe−1;V12ju0−1e uejNe−1;V12ihNe−1;V12jũ−1e ũ0ejNe−1;V12i: ðD16Þ

It is easy to see

jSRHS of Eq: ðD8Þj ≤ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2

· exp

�
−t
�
ηe
2t

− dNe−1

�
2

− t

�
η0e
2t

− dNe

�
2
��

1 −
Neð2Ne þD − 3Þ

ðDþ Ne − 2Þð2Ne þD − 1Þ
�

¼ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t e−
t
2
ðη

0
e
2t−

ηe
2t−1Þ2

X
½k̃e�

ðP̃1ðk̃eÞÞ1=4
P̃2ðk̃eÞ
P̃3ðk̃eÞ

ðexpð−2tk̃2eÞÞ ðD17Þ

for large η0e; here k̃e is defined by k̃e ≔ dNe
− η0e

4t −
ηe
4t −

1
2
¼ ½k̃e� þmod ðk̃e; 1Þ, ðP̃1ðk̃eÞÞ1=4 is defined by

ðP̃1ðk̃eÞÞ1=4 ¼ ðdimðπNe
ÞÞ3=2ðdimðπNe−1ÞÞ1=2, and P̃2ðk̃eÞ

P̃3ðk̃eÞ is defined by P̃2ðk̃eÞ
P̃3ðk̃eÞ ¼ 1 − Neð2NeþD−3Þ

ðDþNe−2Þð2NeþD−1Þ. Then by using the

result of case III discussed in Appendix B, we have

0 <

���� SRHS of Eq: ðD8Þ
jjΨ̆H0o

e
jjjjΨ̆Ho

e
jj

���� ≲large η0e e−
t
2
ðη

0
e
2t−

ηe
2t−1Þ2ðP̃1ð0ÞÞ1=4ðη

0
eþηeffiffi

t
p Oðe−η0e2

8t Þ þOð t
η0e
ÞÞ

P̆ðηe
2tÞP̆ðη

0
e
2tÞ

: ðD18Þ

Thus we can conclude that
��� SRHS of Eq: ðD8Þ

jjΨ̆H0oe jjjjΨ̆Hoe
jj

��� is always suppressed by the factor ðη0eþηeffiffi
t

p Oðe−η0e2
8t Þ þOð t

η0e
ÞÞ for ηe ≃ η0e and by

the factor e−
t
2
ðη

0
e
2t−

ηe
2t−1Þ2 for jηe − η0ej being large in the case of large η0e. (iii). The third term in the right-hand side (TRHS) of

“¼” in Eq. (D8) is given as

TRHS of Eq: ðD8Þ ¼ e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t eiξ
0o
e

X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· jα2ðNeÞj2eidNeþ1ðξoe−ξ0oe ÞhNe þ 1;…ju0−1e uejNe þ 1; V12ihNe þ 1; V12jũ−1e ũ0ejNe þ 1;…i; ðD19Þ
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wherein 0 ≤ jα2ðNeÞj2 ≤ 1 − Neð2NeþD−3Þ
ðDþNe−2Þð2NeþD−1Þ. By using

the result of the case III discussed in Appendix B,
Eq. (D19) can be estimated following a similar procedure
of Eq. (D16), which gives

0 <

����TRHS of Eq: ðD8Þ
jjΨ̆H0o

e
jjjjΨ̆Ho

e
jj

����
≲large η0e e−

t
2
ðη

0
e
2t−

ηe
2tþ1Þ2ðP̃ð0ÞÞ1=4ðη0eþηeffiffi

t
p Oðe−η0e2

8t Þ þOð t
η0e
ÞÞ

P̆ðηe
2tÞP̆ðη

0
e
2tÞ

:

ðD20Þ

Here we defined k̃e ≔ dNe
− η0e

4t −
ηe
4t þ 1

2
and ðP̃ðk̃eÞÞ1=4 ≔

ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2. Then we can conclude that��� TRHS of Eq: ðD8Þ

jjΨ̆H0oe jjjjΨ̆Hoe
jj

��� is always suppressed by the factor

ðη0eþηeffiffi
t

p Oðe−η0e2
8t Þ þOð t

η0e
ÞÞ for ηe ≃ η0e and by the factor

e−
t
2
ðη

0
e
2t−

ηe
2tþ1Þ2 for jηe − η0ej being large in the case of large

η0e. Finally, by combining the results of Eqs. (D14), (D15),
(D18), and (D20) we get

���� hΨ̆Ho
e
jð du0−1e heũ0eÞ21;21jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj − e−iξ

0o
e

hΨ̆Ho
e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����
≲large η0e

tjf̃21ðHo
e;H0o

e Þj·
���� hΨ̆Ho

e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����; ðD21Þ

where f̃21ðHo
e;H0o

e Þ is a function whose growth is always

suppressed by
��� hΨ̆H0oe jΨ̆Hoe

i
jjΨ̆H0oe jjjjΨ̆Hoe

jj

��� exponentially as jηe − η0ej, Θ̃e

and jξoe − ξ0oe j going large for large η0e.
For the off-diagonal component ð du0−1e heũ0eÞ12;21 of hol-

onomy operators, we have

hΨ̆Ho
e
jð du0−1e heũ0eÞ12;21jΨ̆H0o

e
i

¼large η0ee
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t eiξ
0o
e

X
Ne

ðdimðπNe
ÞÞ32ðdimðπNeþ1ÞÞ12 exp

�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe Þα2ðNeÞhNe þ 1; V 0
ejNe þ 1; VeihNe þ 1;−ṼejNe þ 1;…i þ 1ffiffi

t
p Oðe−ðη0eÞ2=ð8tÞÞ

≲large η0e
e
ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

·
X
Ne

ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp

�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − jα1ðNeÞj2
q

; ðD22Þ

where α2ðNeÞ satisfies 0 ≤ jα2ðNeÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jα1ðNeÞj2

p
.

Similar to the calculation of Eq. (D17), the result of the
case III discussed in Appendix B is applicable for (D22)
and we get

0 <

���� hΨ̆Ho
e
jð du0−1e heũ0eÞ12;21jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����
≲large η0e e

−t
2
ðη

0
e
2t−

ηe
2tþ1Þ2ðP̃ð0ÞÞ1=4

�
η0eþηeffiffi

t
p Oðe−η0e2

8t Þ þO
� ffiffiffi

t
η0e

q ��
P̆ðηe

2tÞP̆ðη
0
e
2tÞ

:

ðD23Þ
Here k̃e is defined by k̃e ≔ dNe

− η0e
4t −

ηe
4t þ 1

2
and

ðP̃ðk̃eÞÞ1=4 ≔ ðdimðπNe
ÞÞ3=2ðdimðπNeþ1ÞÞ1=2. Then, we

can conclude that
��� hΨ̆Hoe

jð du0−1e heũ0eÞ12;21jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj

��� is always sup-

pressed by the factor ðη0eþηeffiffi
t

p Oðe−η0e2
8t Þ þOð

ffiffiffi
t
η0e

q
ÞÞ for ηe ≃ η0e

and by the factor e−
t
2
ðη

0
e
2t−

ηe
2tþ1Þ2 for jηe − η0ej being large in the

case of large η0e. Based on Eq. (D23), we can evaluate
Eq. (D22) by

jhΨ̆Ho
e
jð du0−1e heũ0eÞ12;21jΨ̆H0o

e
ij

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

≲large η0e
tjf̃0ðHo

e;H0o
e Þj

jhΨ̆Ho
e
jΨ̆H0o

e
ij

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj ; ðD24Þ

where f̃0ðHo
e;H0o

e Þ is a function whose growth is always

suppressed by
jhΨ̆Hoe

jΨ̆H0oe ij
jjΨ̆H0oe jjjjΨ̆Hoe

jj exponentially as jηe − η0ej,
Θðue;u0eÞ, and jξoe − ξ0oe j going large for large η0e. Following
similar calculations we can also give

jhΨ̆Ho
e
jð du0−1e heũ0eÞ21;12jΨ̆H0o

e
ij

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

≲large η0e
tjf̃00ðHo

e;H0o
e Þj

jhΨ̆Ho
e
jΨ̆H0o

e
ij

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj ; ðD25Þ
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where f̃00ðHo
e;H0o

e Þ is a function whose growth is always suppressed by
jhΨ̆Hoe

jΨ̆H0oe ij
jjΨ̆H0oe jjjjΨ̆Hoe

jj exponentially as jηe − η0ej;Θðue; u0eÞ and
jξoe − ξ0oe j going large for large η0e.
Let us further consider the components ð du0−1e heũ0eÞ{|;{0|0 of the holonomy operator with ð{; |Þ; ð{0; |0Þ ∈

fð3; 4Þ; ð4; 3Þ;…; ðD;Dþ 1Þ; ðDþ 1; DÞg. Similar to the calculations of Eqs. (D1), (D8), and (D22), the matrix elements

of ð du0−1e heũ0eÞ{|;{0|0 in the twisted geometry coherent state basis can be evaluated as

hΨ̆Ho
e
jð du0−1e heũ0eÞ{|;{0|0 jΨ̆H0o

e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

¼ −eiξ0oe
X
Ne

�
ðdimðπNe

ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp
�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe Þ 1

ðNe þ 1Þ2 hNe þ 1; V12ju−1e u0eðτ1{ � τ2|ÞjNe þ 1; V12i

· hNe þ 1; V12jðτ{01 � τ|
02Þũ0−1e ũejNe þ 1; V12i

�
þ 1ffiffi

t
p Oðe−ðη0eÞ2

8t Þ

¼ −eiξ0oe
X
Ne

�
ðdimðπNe

ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp
�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe ÞT �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞhNe þ 1; V12ju−1e u0ejNe þ 1; V12ihNe þ 1; V12jũ0−1e ũejNe þ 1; V12i
�

þ 1ffiffi
t

p Oðe−ðη0eÞ2
8t Þ

¼ FRHS of Eq: ðD26Þ þ 1ffiffi
t

p Oðe−ðη0eÞ2
8t Þ ðD26Þ

for large η0e and ð{; |Þ; ð{0; |0Þ ∈ fð3; 4Þ; ð4; 3Þ;…; ðD;Dþ 1Þ; ðDþ 1; DÞg, where we used Eq. (A32) and defined

FRHS of Eq: ðD26Þ

≔ −eiξ0oe
X
Ne

�
ðdimðπNe

ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp
�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe ÞT �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞhNe þ 1; V12ju−1e u0ejNe þ 1; V12ihNe þ 1; V12jũ0−1e ũejNe þ 1; V12i
�

ðD27Þ

with

T �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ ≔
h1; V12jũ0−1e ũeðτ1{0 � τ2|

0 Þj1; V12i
h1; V12jũ0−1e ũej1; V12i

h1; V12jðτ1{ � τ2|Þu−1e u0ej1; V12i
h1; V12ju−1e u0ej1; V12i

¼ eΘ̃eeiφ̃e T̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ; ðD28Þ

and

T̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ ≔ h1; V12jũ0−1e ũeðτ1{0 � τ2|
0 Þj1; V12ih1; V12jðτ1{ � τ2|Þu−1e u0ej1; V12i; ðD29Þ

where we used the notation that τ1{ � τ2| takes τ1{ þ τ2| if { < |, and τ1{ − τ2| if { > |. Note that T �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ and
T̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ satisfy

T �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ ¼ 0; T̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞ ¼ 0; if Θ̃e ¼ 0 ðD30Þ

and
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jT �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞj ≤ 4eΘ̃e ;

jT̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞj ≤ 4; ðD31Þ

for ð{;|Þ;ð{0;|0Þ∈ fð3;4Þ;ð4;3Þ;…;ðD;Dþ1Þ;ðDþ1;DÞg.
Moreover, by recalling Eq. (38), we also have that
jT̃ �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞj with ð{; |Þ; ð{0; |0Þ ∈ fð3; 4Þ;
ð4; 3Þ;…; ðD;Dþ 1Þ; ðDþ 1; DÞg grows no faster than
the exponentials as Θðue; u0eÞ or Θðũe; ũ0eÞ going large.
Then, similar to the analysis for Eqs. (D9), (D10), and
(D11), we have

jFRHS of Eq: ðD26Þj
¼large η0ee−

ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2
4t jhΨ̆Ho

e
jΨ̆H0o

e
ij

· jT �{|;�{0|0 ðu−1e u0e; ũ0−1e ũeÞjð1þOðtÞ þOðe−1=tÞÞ:
ðD32Þ

Finally, let us combine Eqs. (D30), (D31), and (D32), and

notice that
hΨ̆Hoe

jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj is unity at H0o
e ¼ Ho

e and decaying

exponentially fast to 0 for H0o
e ≠ Ho

e, we get

���� hΨ̆Ho
e
jð du0−1e heũ0eÞ{|;{0|0 jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

����
≲large η0e

tjf̃000ðHo
e;H0o

e Þj
���� hΨ̆Ho

e
jΨ̆H0o

e
i

jjΨ̆H0o
e
jjjjΨ̆Ho

e
jj

���� ðD33Þ

with ð{;|Þ;ð{0;|0Þ∈fð3;4Þ;ð4;3Þ;…;ðD;Dþ1Þ;ðDþ1;DÞg,
where f̃000ðHo

e;H0o
e Þ is a function whose growth is always

suppressed by
jhΨ̆Hoe

jΨ̆H0oe ij
jjΨ̆H0oe jjjjΨ̆Hoe

jj exponentially as jηe − η0ej,
Θðue; u0eÞ and jξoe − ξ0oe j going large for large η0e.

The rest of the components of the holonomy operators

are ð du0−1e heũ0eÞ12;{| and ð du0−1e heũ0eÞ21;{| and their transposi-

tions ð du0−1e heũ0eÞ{|;12 and ð du0−1e heũ0eÞ{|;21 with ð{;|Þ∈fð3;4Þ;
ð4;3Þ;…;ðD;Dþ1Þ;ðDþ1;DÞg. By using the similar tech-
niques utilized in the calculations of Eqs. (D22) and (D26),
the matrix elements of these components of the holonomy
operators in twisted geometry coherent state basis can be
evaluated, and the results combining with Eqs. (D7), (D21),
(D24), and (D33) give the main result in Sec. III B 2 in the
case of (Dþ 1) being even.

2. D+ 1 odd

Now let us turn to the case of (Dþ 1) being odd. The

results of the components
hΨ̆Hoe

jð du0−1e heũ0eÞ{|;{0|0 jΨ̆H0oe i
jjΨ̆H0oe jjjjΨ̆Hoe

jj with ð{; |Þ
and ð{0; |0Þ ∈ fð3; 4Þ; ð4; 3Þ;…; ðD − 1; DÞ; ðD;D − 1Þg
are identical with those in the case of (Dþ 1) being
even. Besides, there are extra holonomy operators

ð du−1e heũeÞ{|;ðDþ1Þ and ð du−1e heũeÞðDþ1Þ;{| with ð{;|Þ∈
fð1;2Þ;ð2;1Þ;ð3;4Þ;…;ðD−1;DÞ;ðD;D−1Þg in the case
of (Dþ 1) being odd, which are defined by

ð du−1e heũeÞ{|;ðDþ1Þ ≔ dh1; V{|ju−1e heũej1; δDþ1i ðD34Þ

and

ð du−1e heũeÞðDþ1Þ;{| ≔ dh1; δDþ1ju−1e heũej1; V{|i ðD35Þ

respectively, where j1; δDþ1i is defined in Appendix A.

Let us analyze ð du−1e heũeÞðDþ1Þ;{| as an example. Notice
Eq. (A34) in Appendix A, and we have

hΨ̆Ho
e
jð du0−1e heũ0eÞDþ1;{0|0 jΨ̆H0o

e
ie−ðηeÞ2þðη0eÞ2þ2t2ðD−1Þ2

4t

¼ −eiξ0oe
X
Ne

�
ðdimðπNe

ÞÞ3=2ðdimðπNeþ1ÞÞ1=2 exp
�
−t
�
ηe
2t

− dNeþ1

�
2

− t

�
η0e
2t

− dNe

�
2
�

· eidNeþ1ðξoe−ξ0oe Þ
ffiffiffi
2

p

ðNe þ 1Þ hNe þ 1; V12ju−1e u0eτ1;Dþ1jNe þ 1; V12i · hNe þ 1; V12jũ−1e ũ0ej1; V{0|0 ;Ne;V12i
�
þ 1ffiffi

t
p Oðe−ðη0eÞ2

8t Þ

ðD36Þ

for large η0e. Note that the key factor hNe þ 1;
V12ju−1e u0eτ1;Dþ1jNe þ 1; V12i in Eq. (D36) is similar to
that in Eq. (D26), thus Eq. (D36) can be calculated
following the similar procedures of the calculation of

Eq. (D26). Also, the operator ð du−1e heũeÞ{|;ðDþ1Þ can be
evaluated similarly. Finally, by combining all of the results
we reach the main result in Sec. III B 2 in the case of
(Dþ 1) being odd.
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