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Recently it has been shown by Almheiri and Lin [1] that the reconstruction of a black-hole interior is
sensitive to knowing the exact coupling of the boundary theory even if the coupling is irrelevant. This
motivates us to enlarge the set of the one-time and two-time toy models inspired from the Sachdev-Ye-
Kitaev by deforming the same with “irrelevant” coupling. We find that half-wormholes, as well as the
wormbholes, persist in the presence of the deformation, leading to a similar mechanism for curing the
factorization problem. While for the one-time case, the deformed partition function and its moments change
by an overall factor, which can completely be absorbed into a renormalization of coupling; for the two-time
(or coupled one-time) Sachdev-Ye-Kitaev we find nontrivial dynamics of the saddles as the couplings are
varied. Curiously, the irrelevant deformations that we consider can also be thought of as an ensemble
average over an overall scaling of the original undeformed Hamiltonian with an appropriate probability
distribution; this allows for the possibility that half-wormholes may also be present in suitably defined

ensemble of theories.

DOI: 10.1103/PhysRevD.106.066014

I. INTRODUCTION AND SUMMARY

In AdS/CFT, the factorization problem arises if we have
a bulk manifold X with two (or multiple) disconnected
conformal boundaries say L and R. From the boundary
perspective, the partition function Z; z on L U R should
factorize as a product of two partition functions Z; and Zg,
defined solely on the L and R component respectively. On
the other hand, the holographic dictionary instructs us to
perform a bulk computation summing up contribution from
all possible choices of X. This allows for, in particular, a
contribution from wormhole geometries connecting
the L and R. Therefore, the bulk computation seems to
capture the correlation between two boundary quantities,
ie., (Z; Zg)—(Z;)(Zg), leading to nonfactorization.
Following [2], let us call these kinds of contributions
“connected amplitudes with disconnected boundaries”
i.e., CADB. They have recently gained lot of interest. In
particular, the wormhole saddle contributions are respon-
sible for the late time behaviors of the spectral form factor
[3,4] and correlators [5] of holographic theories in the ramp

“didas @iitk.ac.in
1 sridip@ias.edu
fsarkara@iitk.ac.in

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/106(6)/066014(14)

066014-1

regime, as well as the late time Hawking radiation
entropy [6,7].

The CADB lead to factorization problem only if one
insists on having a unitary dual conformal field theory with
fixed Hamiltonian. The puzzle can be avoided if one,
instead, assumes the Hamiltonian is drawn from a random
matrix ensemble. In fact, in 2D Jackiw-Teitelboim (JT)
gravity, this is precisely what happens; the dual theory of JT
gravity is not a single fixed theory, rather an ensemble of
theories [4] and hence provides a plausible explanation why
CADB exist from the boundary perspective. Even though
the ensemble average saves a potential embarrassment, this
raises a puzzle in cases where we expect and know the
AdS/CFT duality to work without any averaging, i.e.,
when a theory with a specific set of couplings in the
boundary is dual to a bulk theory with a specific set of
parameters (as in the original examples of AdS/CFT based
on maximally supersymmetric quantum field theory (QFT)
models).

The dichotomy is that on one hand wormhole contribu-
tions are important, for instance, to find the ramp in the
spectral form factor (SFF), while on the other hand they spoil
factorization. Therefore, it is desirable to search for worm-
holes even in the factorizable observables, and naturally, we
are led to find other contributions which restore factorization
in those scenarios. Moreover, the SFF is not self-averaging
[8]; for a single fixed theory there are erratic fluctuations
around the ramp, hence there should be some bulk con-
tribution responsible for these fluctuations. As the problem
for the full Sachdev-Ye-Kitaev (SYK) model is a difficult
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one, the authors of [9,10] focused on the SYK model at a
single time instance and within this toy problem resolved
factorization by discovering “half”’-wormholes on top of the
usual wormhole contributions. We emphasize that in these
toy models, the wormholes survive even in the unaveraged
theory, and the half-wormholes added to it restore factori-
zation. See also Refs. [11,12] on the general mechanism of
how half-wormholes can possibly cure the factorization
puzzle. It is worth mentioning that [13,14] discuss two-
dimensional gravity models, where they can successfully
address the factorization puzzle. While the former discusses
an interpolating model between a random matrix ensemble
and a fixed Hamiltonian, the latter utilizes nonlocal inter-
actions in the action.

In this short paper we enlarge the set of such toy
examples by considering irrelevant deformations of the
one- (and two-) time SYK model. Since the toy models
are zero dimensional, any deformation is marginal. Our
nomenclatures are made with reference to the actual SYK
model. Let us motivate why we care about irrelevant
deformations. First of all, one might wonder how robust
is the prediction of the one-time SYK model in terms of
having wormholes and half-wormholes. More importantly,
it has been pointed out recently that the reconstruction of
black-hole interior is highly theory sensitive [1], in par-
ticular, it depends on the marginal and irrelevant couplings
nontrivially. Hence, it is a natural step to deform the
original one-time SYK model by irrelevant deformations
and ask about the presence of wormholes and half-
wormholes, to which we answer affirmatively. On top of
the one-time case, we also consider the coupled (two-time
instances) case, which is closer to the actual SYK model.

The relevant quantities that have been studied in [9,10]
for the undeformed case are given by

Igyrk = /dNV/ eXP(HO)’
Coui) = / @y exp (Hoy + Hog + miy®) (1)

We note that {gyx(0) = z2yx. Nonzero u can be thought of
as a two-time or coupled one-time SYK model. One of the
salient conclusions from [9,10] is

2%k =~ (z2yx) + half-wormhole, (2)

and (z2x) is identified with the wormhole contribution.
Later, we will refer to them as moments of partition
function. Furthermore, it has been shown in [10] that the
wormholes appear as the final term in a perturbation series
around the half-wormholes. Finally, the half-wormholes are
responsible for curing the factorization problem.

We study the above physical observables for irrelevant
deformation of H, denoted as f(H,). In particular, we
expound upon

Zdeformed:/dNWeXp{f(HO)}’

Cdeformed(:u) _/dZNWeXp{f(HOL) +f(H0R) +/’“//le//§}
(3)

Several interesting features come out of the analysis.
(1) (Half)-wormholes persist after deformation:

We find that half-wormholes, as well as the
wormbhole, persist in the presence of the deforma-
tion, leading to a similar mechanism for curing the
factorization problem.

(2) Wormholes as large fluctuations around half-
wormholes even after deformation:

Just like the original undeformed model, the
wormhole can be thought of as a large fluctuation
around the half-wormhole saddle. One need not add
it separately. The scenario mimics the case of the
tensionless string, where one can prove the back-
ground independence of the partition function [15].
See also Ref. [16] for stringy realizations which
point out several limitations of ensemble QFTs in
absence of a UV completion.

(3) Deformation = renormalization:

For the one-time case, the deformed partition
function changes by an overall factor, which can
completely be absorbed into a renormalization of
coupling J amongst fermions. Quantitatively, con-
sider the following deformation f(H,) (E, is the
ground state energy of the undeformed model) and
define the function B,

F(HY) = > h(Ey, a)H,

a=0

Bn= 3 (tha)) @)

Laj=p
;i

so that for the one-time model, the renormalized
COUPling Jrenormalized iS given by

| 1/p
Jrenormalized = J(p' ZﬁB(rl)> . (5)

ri=1 L

For more details, see the end of Sec. II, in particular,
Eq. (41). For the two-time (or coupled one-time)
SYK, we find nontrivial dynamics of the saddles as
the couplings are varied. In particular, one can
understand the deformation for the two-time case
as renormalization of the two-time coupling . In
this case the wormholes lose their self-averaging
characteristics if the renormalized .y cpormalized
becomes very large. On the other hand, in the
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regime, 1/N < frenormatizea << 1, the wormholes
persist and dominate over half-wormhole just like in
the undeformed case.

(4) Deformation = ensemble average over overall
scale:

The irrelevant deformations that we consider
can also be thought of as an ensemble average
over an overall scaling of the original undeformed

|

Hamiltonian (along with a possible shift in ground
state energy) with an appropriate probability
distribution. This allows for the possibility that
the half-wormhole may persist in a suitably defined
ensemble theory as well. In particular, we can
express Eq. (3) for appropriate p(#), which depends
on the deformation coupled with a possible shift in
the ground state energy Ey:

{deformed — /dfp<lxﬁ)/dN1l/ef(H0—Eo)’

gdeformed(ﬂ) = / de de p<fL)p(l’ﬂR) / dzN v efL (HOL_EO)+fR(HOR_EO)+”W"LWf' (6)

Specifically, for TT deformation and Gaussian deformation, we have

PTTdeformed = We
TT.

1
pGaussiandeformed:\/— eXp 4 —
2xs

Here 4, s, £, parametrize the deformation. For more details,
see Sec. II and Sec. IV.

The einbein averaging mentioned above is, in fact, an
annealed one in contrast to the usual disordered averaging
in the g fermion coupling in zgyx, Which is a quenched
average. This curious feature of deformation being captured
by annealed average is, in fact, more generic than being a
model dependent feature. For example, in the case of
Lagrangian field theories the annealed ensemble averaging
over couplings g;, corresponding to operator O; is equiv-
alent to deforming the original theory by local composite
operatorsl built out of O;. In Eq. (6), the role of coupling ¢
is played by an overall scaling of the original Hamiltonian,
which plays the role of O.

It is worth mentioning that in [17] it has been shown,
using harmonic analysis on SL(2,7Z), that the fixed N
ensemble average of SL(2,Z) invariant physical observ-
able over the N' = 4 supersymmetric conformal manifold
upon taking the large N limit reproduces the large N, large
‘t-Hooft coupling limit. This provides another example
where the ensemble average is equivalent to a theory with
particular coupling, albeit in some particular limit. See also
Ref. [18] for the implication of harmonic analysis of
SL(2,Z) in context of 2D CFT. In recent years, the
ensemble average over some appropriate moduli space

'Unlike the one-point theories described in the paper, the
quantum field theory in the higher dimension has coincidence
singularities and usually one needs to be careful about handling
the composite operators.

! xp{—(f_ 1)2} Z€0,),

8AC
(f - f*)z

S BETEN] ™)

|

of 2D CFT has been considered in many papers, which
includes [19-29], see also Refs. [30-32]. It deserves
mentioning that the ensemble average over overall scaling
induces a deformation that is briefly discussed in the
concluding section of [1].

Deformations of the SYK theory have previously been
studied in [33,34]. The 1D analog of the 7T deformation
was shown to be equivalent to coupling an undeformed
theory to the worldline quantum gravity. The generic
deformation Hy — f(H,) is speculated to couple the
undeformed theory to other 1D quantum gravities [33].
For the SYK model, [34] finds that the effect of the
deformation, H(J) — H(J) + ATT, can essentially be cap-
tured in the renormalization of the coupling of the theory:
J = Jienormalizea = J(4). It is also quite important
to normalize the vacuum energy by adding a shift:
Hy, — Hy — E,. This constant shift, though trivial for the
undeformed theory, gives inequivalent deformed theories.
In particular, the renormalization becomes trivial when
Ey = 0. We show that similar features are also present in
deformation of one- and two-time SYK models. It deserves
mentioning that the TT deformation in context of JT
gravity is studied in [35] (see also Refs. [36-38] and
[39,40] for TT deformation of JT gravity and various
quantum mechanical models).

The organization of the rest of the paper, along with
glimpses of some results, are as follows. In Sec. II we
review the one-time undeformed SYK model, then go on
studying its 7T deformation. The deformed version is
investigated in two different ways. The first method
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involves using einbein to recast the model as an original
SYK model with an integral over the einbein variable. The
integral over einbein for the 77 deformation can also be
interpreted as ensemble averaging. From the exact answer
we conclude that wormholes, as well as half-wormholes,
are present in the deformed theory. The other method
involves explicitly evaluating the z3_:.,..q as a finite
perturbation series around the half-wormhole saddle, where
the wormhole appears as the final term in the series. We
further generalize this second method to any arbitrary
deformation f(H,). In Sec. III, we look at two-time
SYK and its deformed version, i.e., we study {geformed
and dynamics of saddle points. As our work reveals
the interpretation of deformation in terms of ensemble
averaging, in Sec. IV we study the Gaussian deformation.
In particular, one chooses the overall scaling of the
Hamiltonian from a Gaussian ensemble; this model is
exactly equivalent to a quadratic deformation of the original
Hamiltonian. Since this falls under the class of arbitrary
deformation, the conclusion regarding the presence of half-
wormbholes remains true.

II. THE ONE-TIME SYK UNDER TT

In this section after a short review of the undeformed
single-time SYK model, we analyze the deformed case. We
write down the exact deformed partition function and its
moments using both the einbein approach, as well as
through a Taylor expansion in the deformation parameter.
We find that the deformed partition function is proportional
to the undeformed single-time z5yx. Recalling that zgyx has
half-wormholes and wormholes, we establish the presence
of half-wormholes and wormholes in the deformed theory.
The method involving the einbein further reveals that one
can view the deformation as an ensemble average. Using
the Taylor expansion method, one can conclude the
presence of half-wormholes for H — f(H) for any nice
enough function f.

A. Undeformed theory

We start with the toy version of the undeformed SYK
model wherein we focus on a single time instance. The
analog of the partition function is built out of the following
multi-Grassmann valued number:

H,=i?

2

1<ij<-<iy,<N

Ji,---iql//i,---iq» Viiy =Wi Wi, Wi, -

(8)

The couplings J;, ... i, are drawn randomly from a Gaussian
distribution:

(g—1)!
i]"'qujl”'jq>:W5iljl .-.6iqjq' (9)
——

12

<Ji]---iq> = 0, <J

We also assumed that both N, g are even integers, and the
ratio N/q = p is a positive integer. The partition function
can be expressed as a Grassmannian integral,

Z sgn(A)J,, -+

Aj<<A,

ZSYK—/dNWeXp(HO)— Ja, (10)

where in the last line the fermions were integrated out. The
labels A; denote ordered nonintersecting subsets of
{1, ..., N} with cardinality g. We remark that on noninter-
secting subsets A; = {a;,ap,---a;,} of {1,...,N} with
cardinality ¢ and a;,, < a;, if m < n; “ordering” is defined
as follows: a;; <aj; © A; <A; for i # j. In the unde-
formed model with the explicit form of zgyx, we may
evaluate the averaged (over J) moments: (%, ). Clearly,
(zgyx) = 0 since there are no possible Wick contractions of
J indices. The two lowest nontrivial moments come from

, _ N! 2\ p
<ZSYK> - p'(q')p (‘] ) ’
.72 2p ny ! ny ! ns3 !
<Z§YK> = <C]') . H;:n . (q (311(!?12!,13(!?2 ) . (11)

In the large N limit, it follows that
<ZéYK> ~ 3<ZéYK>2' (12)

The correlations in the (z3yx) = (272z)syx contraction are
the “wormhole” contribution. We have added replica
indices L and R to distinguish the replicas. For (z&.)
we therefore have (z,2pz/Zg)syx- Among all the
possible contractions in the large N limit, the ones that
dominate turn out to be (z&x) ~ (27 2r)svr (20 R ) syrt
(zr20)svr (2R ) svx + (202R") svx(ZRZL ) syx- 1t also turns
out that each of the averages are equal to each other and
equal to the wormhole correlation, from whence Eq. (12)
follows.

1. Half-wormholes of the undeformed theory

The half-wormholes are the contributions to the unaver-
aged 72y, in addition to (z2.x) which restore factorization.
The regime where the half-wormholes dominate is best
seen by introducing collective fields g « >, wFyX and its
conjugate o. It turns out that the factorized answer can be
expressed as follows:

z&:/w%@%@, (13)
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where

Dy (o) = / &Ny explie™™ oy iyl — P (yhyl) + 9204 (wh + yf)]

. N (1 a .
= / &Ny exp [w 4y yk ~ (—w%wf*) + 1120, (yk +w§)]-

Here we have used J? = % and (yiyh) = (yiwl)?

to go from the second line to the third line. The ¥y (o) is
given by

Wy(0) = /_ : 2:/gNexp [N(-iag—égqﬂ (15)

and is independent of the disorder. Therefore, disorder
average (P (o)) is well approximated by the contributions
of the wormhole saddles. On the complex o plane these lie
symmetrically on the unit circle separated out by angle
27/q. In order to compute the RMS, we need

(@©(0)) = / B 80 l(6.00. gu).  (16)

where we have

1
(0,064, 9up) = WGXP [N 10g(0'2 + OLRORL

q
. g
—OLL/ORR) — N<10'abguh + ?b)] ., (17)

where  (a,b) € {(L,L'),(L,R'),(R,R'),(R,L")} and
orr = opp fixed to ¢ and not integrated over. Note that
0., = Oisatrivial saddle for any value of ¢ and responsible
for (®y(c))? contribution to (®3(s)). When o =0,
the nontrivial saddles lie on the unit circle, and there are
q % g x 2 of them. One of the two kinds corresponds to
(L,R"),(L',R) contraction while the other represents
(L,L"),(R,R") contraction. As we make o # 0, these
nontrivial saddles take the form o gog; = s2e2m/4,
o orr = s2e¥ ™4 Without loss of generality, let us
focus on the case o, pog = 2>/ and 6, 6xp = 0.
Let us name the saddles as o,., g,p.- SO we have two
contributions:

(@5(0)) = 1(c.0.0) +

>

nontrivial saddles

(18)

1(6’ Oabs» gab*) .

Now as we vary ¢ on the complex plane, (®3 (o)) gets most
of the contribution either from the trivial saddle or from the
nontrivial ones. The region dominated by the trivial saddle
is a self-averaging one, while the other region is non-
self-averaging. Thus, we can write

N (14

I
<q)(2)<o-)> = <(D0(O->>2 + I(O‘, Oabx> gab*)'

nontrivial saddles

(19)

It turns out that for the one-time SYK model, the wormhole
saddles (which correspond to some specific value of o)
always lie in the self-averaging region. The non-self-
averaging region takes the shape of a scallop (see Fig. 1
in [9] for ¢ = 4). For future reference, we define

® _ Znontrivial saddlesl(av O abss guh*)
(6) - 2 )
(Do(0))

and use it as diagnostic of the self-averaging (or non-self-
averaging) region. The above exercise shows that the
wormholes persist for the one-point SYK model before
averaging since they live in the self-averaging region.
Now we turn our attention to the half-wormholes. While
the wormhole saddles are in the self-averaging regime, we
know that z? is factorizable and cannot be self-averaging
exactly. This can be seen by setting ¢ = 0 and noticing that
the dominant contribution to (®3) comes from nontrivial
saddles, hence ¢ = 0 is in the non-self-averaging region. It
turns out that the following is a good approximation:

(20)

vk = <Z§YK> + @, (0), (21)
where @y(0) is dubbed as half-wormhole [9,10] and
responsible for factorization. The RMS value of the fluc-
tuation is (®3(0)), which is dominated by nontrivial
saddles is of the same order as the trivial contribution:

(@3(0)) = (z8vx)- (22)

Furthermore, one can show that other contributions to z2yx
are typically suppressed [9,10].

B. TT deformed theory

In this subsection we focus on the ATT deformation. The
deformation of the spectrum indexed by energy levels E
can fully be solved from the nonperturbative flow equation:

oE E?

oL 1/2-2lE (23)

The above can be integrated to find the full deformed
Hamiltonian in terms of the original one as follows:
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1

H(2) = 42

— (1 ++/1-8A(Hy— Ey)), (24)
where H,, is the undeformed SYK Hamiltonian. We have
also included a constant E shift to the ground state energy
of the undeformed theory. The solution with negative sign
is perturbatively connected from the undeformed spectrum,
hence, we consider H(1) with only the negative sign in
front of the square root.

In what follows we will compute the moments of this
model using two methods. The first one involves intro-
ducing an einbein and then doing an ensemble average over
the einbein to implement the deformation. The second
method proceeds without the einbein by doing simple brute
force Taylor expansion of deformed Hamiltonian around
the original undeformed one.

1. Moments from exact computation-I via einbeins

A convenient way to implement the 7T deformation
given by Eq. (24) is to use an integral over einbeins. The
|

zeroth moment, i.e., the partition function, now involves
. S 2,
also an integral over the einbein # as follows™:

% 1 (¢ —1)?
= [ das -
Z3eformed A 87[/1f3 exp{ Sﬂf }

X/le// exp{Z(Hy— Ey)}.

(25)

1

We note that 7 } can be thought of as a

A3 exp { S/M
probability distribution of #, the overall scaling of shifted
Hamiltonian H, — E,. The distribution has its support on
[0, 00) with unit mean and 44 variance. This is only when
the deformation coupling 4 is positive.” As promised in the
Introduction, we see the ensemble average over overall
scaling implements a deformation of the original
Hamiltonian.

We can rescale y in H, to separate out the £ integral so
that we obtain

Zdeformed:/dfe_y(f)\/le//eXp{iq/2 Z ]il'"iql//iLl'“iq}
1<ij<<iyg<N

£ —1)2
with, ( )

S'(£) =

Note that we have used the Grassmannian identity
d(ay) = dy/a above. The ¢ integral can now be done
explicitly to obtain

(el + 8AE,) P 1+ SIE,
{deformed — \/m %_% 4 ZsYK-
(27)

Since the effect of the deformation appears as an overall
factor to zgyx, the existence of wormholes and half-
wormholes follow naturally. One can also check this by
looking at the variance and moments, e.g., the kth moment
of the partition function upon performing the SYK-like
average over the coupling J evaluates to

Chatomas) = [ (T] 55 ) S thasommath) 29

and noting the integral only affects the z&,; factor of
k
Zdeformed- Thus,

1 3 N
CEy + = log(8zA ——— | log?.
YA 0+20g(ﬂ)+<2 q) og

(26)

1+ 8AE,
<deformed> 0 ) <ZSYK>'

4
(29)

Note that in the limit 4 — 0 with AE held fixed, we can
use the asymptotics of Bessel K to obtain

2E!
) om , 1-/TT8E
<Zdeformed> ~ <1 +8/1E0)p <ZSYK>’ EO - 4 .
(30)

Similarly, we have

kE’

(zetornea) ¥ W (8x)- (31)

The same conclusion will be reached using the exact
computation without using einbein.

*We thank Baur Mukhametzhanov for pointing out the
ong loop exactness of the deformation.
*When A < 0, the analog process with the probability distri-

bution mexp{— 8/1f } having support on £ € (—o0, 0] with

mean —1 and variance —44, yields, e~ H()
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2. Moments from exact computation-11

In this subsection we evaluate the Grassmannian inte-
grals exactly to compute one-time z and its higher
moments. We find that in the leading order in N, and
more specifically when NA < ¢, the answers from the
einbeins are reproduced. Our methods allow for an
easy generalization to arbitrary deformations of the type
Hy — f(H,) of which TT is only a special case. For the
latter we can write,

Z3eformed — /dN WeHu)

= /de exp {%(1 - 1—8/1(H0—Eo))}
_ /dNWg%< :h(EO,a)HS)r, (32)

where h(Ey, a) is given by

o) = (2;0411}20 (122)( )WEO) = EO)H)

[ () () I oz
(1 =T+ 8IE) for a = 0.
(33)

Now let us consider (Y% h(Ey, a)H§)" and separate out
the a = 0 term from the rest, so that we have

<h(EO,0) + ih(Eo,a)Hg)r

a=1

- Z( ) (Eq,0)"" (f; h(Eo,a)HEi)rl- (34)

r=0

Now the idea is that we need exactly N Grassmannian
variables to saturate the integral, thus we need to figure out
the coefficient of H”, where N/q = p. From Eq. (34) we
find that

B(r E{;} <Hh Ey. a; > (35)

aj=p
i 1

The sum runs over all possible sets {a;:i =1,2,...r;}
such that Y. a; = p and @; > 0. The partitions are unor-
dered, e.g., in the length r; =3 partition of
p=4=1+1+2, the combination contributes with
degeneracy 3 as (1,1,2),(1,2,1), and (2,1,1). Also note that
B(r) =0, if ry > p.
This happens because a; = 1, and hence p = >, a; = ry.
Finally, performing the Grassmannian integral, we find that

Z3eformed — €

(ngn )ada, -JA,,)
x <p! i%B(rl)) (36)

ri=1

One can check numerically that the above equation is
identical to Eq. (27), for more details see Appendix B. Note
that B(r;) is maximized when r; = p, and the most
contributing term for small 4 is coming from the set
a; = 1. The next leading term comes from B(p — 1), where
the most contributing term is when one of the @; = 2 and
rest are set to 1:

B(p) ~
B(p—-1)~

Hence, in the approximation pA < 1, we have

(14 84Ey)~P/2,
2(p — DA(1 + 8AEy)~P/>71. (37)

L [1-VIF8ES
X
(1+84Ey)2 P 47

pA
(ngn JAIJAZ JA[?) +0(m)

(38)

{deformed —

If we now consider (z3_¢o,meq) at the leading order, then it
will precisely give us Eq. (30). Going back to Eq. (38), we
can use the replacements

1
S ———
V1 8IE,

and Ej, from Eq. (30) to rewrite

z=ef @sgnmm @-10,0) +0( )
(40)

J—J() (39)

In leading order, this is therefore the one-time SYK model
with renormalized coupling J(1) and ground state energy
shifted to Ef,. This is consistent with the results obtained in
the full SYK model using diagrammatics and einbeins [34].

3. Arbitrary deformations

For arbitrary Hamiltonian deformations Hy — f(H,),
we therefore see that once we know the Taylor coefficients
f(Hy) = >4 h(Ey, a)H, the partition function reduces to
Zgyx With renormalized couplings,

)4 1 1/p
JArenormallzed - JA <p‘ Z r_ )) ’ (41)

and ground state shifted E,
defined in Eq. (35).

— h(Ey,0), where B(r;) is
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III. TWO-TIME SYK AND DEFORMATION

In this section we consider the two-time version of
the SYK model and its deformation. We begin with the
undeformed theory, which can be thought of as coupling
two one-time models with coupling denoted as ,

) = [ @ exp {070 ) bt (42)
Note, £(0) = z%.x, and we have
C(u) = /da Dy (6 — ie™™ )P (o), (43)
where we repeat
o d 1
¥y(o) = /_oo 2ﬂ}q]\]exp [N(—iag—agqﬂ. (44)

Now averaging leads to

(Cw) = /da(ie—iﬂ/qa_,_ﬂ)zv /_°° dg

w 21/N

1
X exp [N(—io-g - —g‘1>] .
q

At large N the above integrals over ¢ and g may be
computed by saddle point. If we solve the saddle point
equations simultaneously, then we can get the saddle points
as specific values of o. These are the analogs of the
wormhole contributions since a nonzero saddle point value
of ¢ implies a nonvanishing correlation between the two
replicas. Unlike the one-time case, for a nonzero u the
wormhole saddles are no longer present on the unit circle in
the complex o plane, though there are still g of them. We
plotin Fig. 1 for the ¢ = 4 case how the saddles behave as a
function of . When u = 0 the saddles appear symmetri-
cally on the unit circle as it should since £(0) = zZyx. As u
gets turned on, the saddles start to move asymmetrically.
One of the saddles always approaches the origin ¢ = 0. As
u increases, the rest ¢ — 1 saddles collapse and start moving
at an angle 7 + %.

(45)

A. (Half) wormholes of the undeformed
(two-time) theory

We repeat the exercise done in the end of IT A, but
now with ®,(c — ie””/9u). When u = 0 the self-averaging
region takes the form of a scallop centered at origin. The
wormhole saddles live outside the scallop and hence also
exist in the nonaveraged model (see Fig. 2). We contrast
this with the large x4, where the scallop is now centered at
o = ie'y, ie., the center moves along a line with an
angle n/2 + n/q. For large enough u, the o # 0 saddles
comes within the scallop. Thus, for large enough g,

Complex o Plane

4 e
3F
2+
L L L <%
I N
0: g \\. /
I N ¥
At Seeeee- -
B S e A
FIG. 1. The saddles contributing to ({(u)) are plotted for g = 4.

The saddles start out from the four rotated roots of unity. Different
colors indicate different values of p. As p increases, while one

saddle goes to zero, the other three merge at ue>*/*,
Complex o Plane

1t
* *

0
* *

_1 L

e

FIG. 2. The plots are for the ¢ =4 case. The gray regions
indicate approximately the scallop which is not self-averaging in
the complex o plane. The black stars indicate the wormhole
saddles. For y = 0, all the saddles are in the non-self-averaging
region.
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the nonaveraged model does not have the wormhole
saddles. This is expected since increasing u effectively
makes the model a ¢ = 2 nonaveraged model, which is a
Gaussian integrable theory. Effects of disorder in the
spectral form factor for the ¢ =2 SYK model have been
analyzed in [41,42], wherein the ramp is exponential. On
the other hand, we know that wormholes give rise to a
linear ramp.

In Fig. 3 we illustrate the dissolution process of the
wormhole saddles with increasing |u|. The plots take into
account both the movement of the wormhole saddles, as
well as the motion of the scallop. A simple dimension
analysis shows that the threshold value p, scales with
variance in following manner:

po o ()11, (46)
Also, as we see in Appendix A, there is a ¢ dependence on
the size of the scallop. With increasing ¢ the scallop gets
smaller, and therefore, the saddles survive further out in
the complex ¢ plane as compared with a lower g result.
Intuitively, as increasing g increases chaoticity, this is also
what one would expect.

B. (Half) wormbholes of the deformed (two-time) theory

At this point, it is easy to figure out the effect of
deformation. We will be brief and mention the salient
features only,

Cactornea(tt) = /cf2 £ e Sl / ANy exp (i1, (€W + CruR) + pyty R}

= /d(f q)deformed(a - ieiﬂ/q:u)lPO(G)’

where q)deformed(a_ ieiﬂ/qﬂ) =, (G_ iei”/qﬂrenomalized)’
which can be obtained by carrying out the einbein integrals
via saddle. Thus, we can also express (agerormea(#) =
C(Hrenormatizea). Of course, note £(0) = z2. For the TT
at leading order in pA < 1, we find that the dissolution of the
wormhole saddles now happen for a different value of u:

(J2)"/
(1 +8Ega)'4
(48)

Hsrenormalized & (‘l%enormalized)1
= p(1 +8Ep2)71.

We therefore see for 4 <O (recall E, is negative), if
we increase |A|, the renormalized variance J,enormaiized
decreases, and therefore, p. cnormaiizea < H«» hence the
wormholes dissolve faster.

Since the 1/N expansion in this toy model is finite, it is
possible to expand (gcrormea also around the half-
wormhole, i.e., c = 0 saddle [10]:

P
Cdeformed = ng(/’lrenormalized)q)k’ (49)
k=0
where,
N Y
q)k = E(J ) _0_.72 (I)deformed<0)7 (50)
Ck(ﬂrenormalized)
k
k! q\"
HE N — A Y Lea) . (51
T (k—l’l)'(l’lq)' (N) ( /’lrenormallzed) ( )

(47)

In terms of this expansion the wormhole saddles appear as
the final terms in the series. Also note that in this expansion
the effect of the deformation is encapsulated via
U = Urenormalized- 1N the next section we shall look into
this expansion for the exactly solvable case of Gaussian
ensemble of einbeins.

IV. THE GAUSSIAN DEFORMATION

One of the key objects that we have investigated so far is

Cdeformed_/dee_SwaR)/dyvl//

x exp {420\ (€ wh + Crwk) + pwrtyl).
(52)

The purpose of the einbein integral is to implement the
irrelevant deformation H — f(H). One can view the above
as an ensemble average with a weight factor of e=5(/z-¢x),
Since S({#;}) =[], S(¢;), this averaging does not induce
correlations between the “replicas” for y = 0, rather just
renormalizes J,, which is now a coupling of the irrelevant
Hamiltonian f(H). On the other hand for u # 0, things are
nontrivial. One cannot simply scale out # and cast the
deformation as an overall factor.

The choice of S(£, k) provides a class of toy models
where one can replace e~5(“-“#) with a probability measure.
An exactly solvable choice is the Gaussian ensemble for the
einbeins 7; with means £ and variances s;. For simplicity,
we will assume 7}, = £p, = .. It results in the exact
deformation: Hy — 1 (s?H} + 2¢.H,). In general, for the
deformation of the type H, — #H}, the einbein ensemble
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Complex o Plane i Complex o P13ﬂ§

3»
2»
2»
* * *
1 *
1»
0
* *
*
0
*
-1F
-2 -1 0 1 -3 -2 -1 0
(@) (b)
Complex o Plane Complex o Plane
5.6
4.0F 1 5.4f
* L
*
5.2F
* b
5.0r *
3.5F
4.8f
4.61
3.0F 4 44b
*
*
4.2
4.2 4.0 -38 -36 -34 -3.2 -3.0 2.8 5.6 54 5.2 ~5.0 4.8 4.6 44 4.2
() (d)

FIG. 3. The plots are for the g = 4 case. The gray regions indicate approximately the scallop which is not self-averaging in the
complex o plane. The black stars indicate the wormhole saddles. Progressive plots are for increasing values of u. The figure focuses on
the three saddles which are engulfed, while the other one (not shown in the last two) remains very close to zero.
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action that implements this (in the saddle-point approxima-
tion) is S(£) = #£7/~1). Coming back to the Gaussian
deformation, the one-time partition function is given by

Zdeformed — <l’ﬂp>5ZSYK7 (53)
where (£%) = /oo dz £k e=5)
_ | /mdff"ex -2) (54)
B 27s J - P 232 '

This integral can be computed exactly and leads to a resultin
terms of the hypergeometric function. We can arrive at the
final answer also by using Eqgs. (35) and (36) with appro-
priate & for the Gaussian case, which now reads for even p,

LA
Z3eformed — <p' Z r_!B(r)>ZSYK
r=p/2
2020 (1 +p p 1 2
- F A F T AYAY A O .
a0 (S )

(55)
!

/ = qp erne-sie) Z 225
—eo Nz

In spite of the above answer for the integral, the finite sums
in Eq. (56) cannot be explicitly performed in closed form.
However, in the small variance s — 0 coupled with the
large p and 1/N < p < 1 limit, the final term of the series
Eq. (56) (the wormhole saddle = ({gcrormeq)) dominates
and we find

. uN
gdeformedl/N;‘”«lép?exp (@) (58)
p>1

Here we have used that in the small s limit, the integral
given by Eq. (57) gives #77". This is consistent with the
saddle point expectations in the zero variance limit. In this
zero “uncertainty” regime of the einbeins, the deformation
reduces to the scaling Hy — ¢,H,, which is the same as

7 — ¢,7 and y — p/1*%. This leads to the £2* factor and
rescaled u in Eq. (58).
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X ( / dz; ™" e-Wf)) :
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APPENDIX A: THE ¢ DEPENDENCE
OF THE SCALLOP

Here we work with the undeformed theory and look into
the g dependence of the size of the scallop, i.e., the half-
wormhole dominated region which is, by definition, not
self-averaging. To see this, one can calculate the ratio ©(c)
defined in Eq. (20) on the complex ¢ plane. If (o) > 1,
then the half-wormholes dominate. Here we consider the
case o, popy = 52€”"™4, 6, 6xp = 0. For the ease of
computation, we also focus on ©(s) along the real o line,
i.e., for m = 0. From Fig. 4, we see that the scallop gets
smaller as ¢ increases, thus the non-self-averaging area on
the complex ¢ plane decreases for increasing q.
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®(o) as a function of Re (o)

0.35 0.40 0.45 0.50 0.55 0.60

FIG. 4. Here we have plotted ©(s) along the real ¢ line for
q =4,8,12,20,40. As g increases, ©(c) becomes less than 1 for
smaller values of o, thus the scallop gets smaller.

APPENDIX B: A MODIFIED BESSEL FUNCTION
IDENTITY

We find for various values of p, the one-time prefactors
of zgyx from Eq. (36) and Eq. (27) match each other
exactly. Below, we show some numerical plots demonstrat-
ing this agreement Fig. 5. ——

If we set A =1 and parametrize x = 118E“, then the
above match follows from the following series representation
for modified Bessel K with negative half-integer index:

\:

p
1
K ,(x) = V2re™ p!(4x)P= g
r=1
1
) I]<2> )=, (Bl)
CENIENG
which can be simplified into
Coefficient of Zzsyk N Zgeformed
300: , '
s ] 7
S\ / 1
(Y i F
2000 % i I
i y p
H 4
[ Ay ¢ e
100+ e J /(
t -, h g
[ ® a, o ./
» e, . ,/{
L ®. o Nad
s N P ol
o puee=_
.’.
Lo
’ -0.4 -0.2 0.0 0.2 0.4
FIG. 5. The lines are for different values of p and E, for the

coefficients in Eq. (36). The black dots are corresponding points
obtained using Eq. (27). Solid line is for p =3,E) =

dashed for p =4,E, = and dotted for p = 5, E, = 11—5

6
40’

o (B 5 (1)

{a =1} i=l

Ll[:P

(B2)

We have checked explicitly the expressions on both sides of
the above equality for specific integer values of p and found a
match. In what follows, we sketch a proof of the identity.

Proof-—The identity given by Eq. (B2) can be proven in
the following manner. Let us focus on the rhs of (B2), call it
I(x). Now we set s = p — r to rewrite

e 3 G)

P
E S ai=p
i=1 1 =/

which can further be rewritten as

X

I =

(B3)

[z & plst (207 T2 (20,2
S e
RS 's' =1 <2ﬁi>

l —s
/ pls! (2x)~* s
! ! Z ]:[ Cﬂi (B4)
{pi=0} =1
Dl

Here Cp is the f;th Catalan number. The generating
function for the Catalan numbers is

= V1—4
> Cux 7)( (B5)
n=0 2x
Using the generating function, we see that
T 1= /T—dx\ "
Z H Cp, | = coefficientof x*in (27)?
{pi=0} i=1 X
fz_lyﬂi:‘v
:P—s<p+s>. (B6)
pts\ s
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A standard way to derive the above coefficient is to do a
contour integral.

Now we plug the sum of the product of the Catalan
numbers in Eq. (B4) to obtain

)

. (p+s—1)! -
_\/7 Zp—s—l (s?

=Kp_1/2(x) = Kyjp-p(x).

(B7)

This completes the proof. Note, here we have used K, (x) =
K_,(x) for v ¢ Z and the following identity for the Bessel
function with half-integer index [43]:

REprest s

n+1/2 (Bg)

and set n = p — 1.
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