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Observation of gravitationally induced entanglement between two massive particles can be viewed as

implying the existence of the nonclassical nature of gravity. However, weak interaction in the gravitational
field is extremely small so that gravitationally induced entanglement is exceptionally challenging to test in
practice. For addressing this key challenge, here we propose a criterion based on the logical contradictions
of weak entanglement, which may boost the sensitivity of the signal due to the gravitationally induced
entanglement. Specifically, we make use of the weak-value scenario and Einstein-Podolsky-Rosen steering.
We prove that it is impossible for a classical mediator to act on two local quantum objects to simulate
amplified-weak-value phenomenon in two-setting Einstein-Podolsky-Rosen steering. Our approach can
amplify the signal of gravitationally induced entanglement that were previously impossible to observe by
any desired factor that depends on the magnitude of the weak value. Our results not only open up the
possibility of exploring nonclassical nature of gravity in the near future, but they also pave the way for weak

entanglement criterion of a more general nature.
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I. INTRODUCTION

Quantum theory and general relativity, the two back-
bones of modern physics, have been verified with very
high precision in their respective fields. Yet, it is hard to
unify them into a unique corpus of laws. One possible
route to that general theory is the quantization of gravity,
with the same spirit as other field theories. However, there
is a long-standing debate whether gravity should be
quantized [1-5]. Traditionally, it is believed that the effects
of quantum gravity should occur at high energy scales or
in the short length regime which are beyond the reach of
current technology. Recently, there has been a revival of
the idea of a tabletop probe, which highlights the inter-
action of the probe mass with the gravitational field
generated by another mass [6—10]. Especially, two gravity-
induced-entanglement tests, sometimes called the Bose-
Marletto-Vedral (BMV) experiments [11,12], have been
proposed, which may be use to expose the quantum nature
of gravity. BM'V’s protocol aims to provide a firm evidence
on whether the gravitational field is mediated by the
transfer of quantum information. Bose et al. suggest that
if we admit the central principle of quantum information
theory—entanglement between two systems cannot be
created by local operations and classical communication
(LOCC)—then gravitationally induced entanglement indi-
cates that gravity must be quantum [12]. On the other hand,
Marletto and Vedral argue for this view through a more
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general information-theoretic argument [11,13], which is
based on constructor theory [14]. Specifically, one does
not need to assume any specific dynamics law of mediators
(in this case the gravitational field) to justify the con-
clusions of creating entanglement in the experimental
proposal [11,13]. In this article, we will focus on the
quantum formalism. Till now, a variety of advanced
theoretical and experimental proposals have been sug-
gested to investigate the gravitationally induced entangle-
ment and nonclassicality [15—40].

Entanglement witnesses are a suitable method for meas-
uring the gravitationally induced entanglement [41,42].
Unfortunately, due to the extremely weak strength of
gravity, a “strong” and detectable entanglement signal might
require a longer interaction time of massive particles in a
superposition of two locations (matter-wave-like interfer-
ometer), which poses a serious challenge to current exper-
imental techniques. As we all know, a general rule of thumb
is that the larger and heavier a particle is, the shorter its
coherence time. In particular, the experiments must be
implemented within the coherent time otherwise the loss
of entanglement due to decoherence would prevent us from
concluding anything about the quantum nature of gravity. Is
it possible to detect weakly entangled signals with limited
coupling time for a given mass of particles and a finite
resolution or sensitivity of the measurement devices? Could
we amplify the signals of these nonclassical correlations?
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This is an issue that has not been mainly considered in
previous studies [15—40] and is also the main motivation for
our present paper.

There is a famous parametric amplification approach in
quantum information field, called weak-value amplification
[43-45]. Weak values have their root in quantum weak
measurement, which describes a weak coupled measure-
ments, proposed by Aharonov, Albert, and Vaidman [43].
Weak-value amplification exploits the fact that the post-
selection of the weak measurement of a pointer can yield an
amplified shift that is exceptionally sensitive to small
changes in an interaction parameter. This has been success-
fully applied to the estimation of a range of small physical
parameters [45], including beam deflection [46,47], fre-
quency shifts [48], phase shifts [49], and so on.

In this article, we propose a criterion for determining
weak, gravitationally induced entanglement, which makes
use of a weak-value scenario and Einstein-Podolsky-Rosen
(EPR) steering [50-52]. Specifically, we unify the weak
measurements (weak value amplification scenarios) in the
framework of EPR steering. Similar to the Bell test [53,54],
we consider two sets of measurement bases that can be
randomly selected, one of which is the normal measurement
basis (e.g., the computational basis) and the other one
corresponding to weak value amplification. We present a
comparison of two predictions of the quantum and classical
mediator, the measurement probability distribution and the
measurement visibility. We show that in the case of weak
entanglement, the classical mediator (in this case, the
gravitational field) cannot simulate the results related to
the measurement visibility of weak-value basis, thus ruling
out the separable model. Concretely, our approach can
amplify the signal of gravitationally induced entanglement
by any desired factor that depends on the magnitude of the
weak value. Compared to the previous protocols, our
approach allows us to observe entangled signals that were
previously impossible to observe. Besides, our criterion is
not limited to the detection of weak entanglement in gravity.
It is applicable to more general case of weak entanglement,
including potentially macroscopic entanglement.

II. QUANTUM FORMALISM OF
BMV EXPERIMENTS

Here we focus on the quantum formalism of BMV
experiments. As shown in Fig. 1, the BMV proposal is
presented. Two quantum mass Q 4 and Qp are initially at a
distance from each other. Each mass individually undergoes
Mach-Zehnder-type interference in parallel, and thus inter-
acts with the other mass via the gravitational field, which
plays the role of the mediator M. Under the assumption of
locality, observation of gravitationally induced entangle-
ment between Q4 @ Qp is the indirect evidence of non-
classicality (quantumness) of the mediator M [11-13].
Specifically, The initial state of system Q 4 and system Qp
is a separable state (by the first beam splitter), donated as
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FIG. 1. Symmetric Bose-Marletto-Vedral experiment for test-
ing gravitationally induced entanglement. There are tow mass Q 4
and Qp. Each mass individually undergoes Mach-Zehnder-type
interference in parallel and interacts with the other mass via
gravity.

ea®0p=|+)a(+]® |+)p(+]. where [+) = —5(|0) +1).
Since the masses on different paths interact via the gravi-
tational field, the state of the composite system becomes,
before they enter their respective final beam splitters,
04 = A(04 ® 05), where A(:) is the map of channel
(operation) acting on quantum systems Q 4 and Qs induced
by the mediator M. If the quantum state g4z cannot be
written as Y _; p;0, ® 0%, then g, is an entangled state,
which indicates that the action A(-) is an entanglement
operation. These results may be the evidence of quantum-
ness for the mediator M [11,13,39]. On the contrary, a
classical mediator can only produce unentangled quantum
state for quantum systems Q4 and Qp, that is ¢$z =
A(04 ® 05) = >, pid', ® 0%, where AC(-) denotes the
effective channel induced by a classical mediator.

A. Weak-value scenario of BMV experiments

Under the time evolution of the joint state of the two
masses is purely due to their mutual gravitational inter-
action [11,13]. Thus, the channel A(-) of quantum mediator
M mentioned above (in Fig. 1) is an unitary operation.
Specifically, the unitary is given as U = exp(—iZ) =
cos(ANI @ I +isin(32)Z ® Z, where H=-%7Z® Z
is the Hamiltonian of the two mass is [23,24] in which

Ap =Gm 1m2($ - \/d21+—L2) After the unitary evolution, the

joint quantum state of Q4 and Qg becomes
W) = Ul+)s ® [+) 5.
Ag¢r .. [Agrt
= cos( S ) a4l + isin( S ) Fal-ba (1)

which is a two-qubit entangled state. Without loss general-
ity, |¥) can be rewritten in other basis. For the qubit case,
the identity can be expressed as I = |e){e| + |e*) (],

satisfying (el|e) = 0. Here we define |e) = €|0) —
V1-€|1) and |et) = V1 —€*|0) +¢|1), where € is a

real positive number. Now the composite state becomes
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¥) = (le){e] + le){(e"]) ® 1]¥P),
= ale)s ® [7)p +Plet)s ® [71)ps (2)

where a= (e|+), B=(e*|+), |7.) = cos(3L)|+)s+
isin(32)A5 =), and  |7.) =cos(5%)|+) +isin(5%)
AS'|-). As can be seen, the weak values are embedded
in the quantum states |7.) and I)? ), which are given as

e _ (elZI+) _ e+V1=¢ el eHZ4)  —erV1=E 1
A5, = 0 = Vg and Ay =T =g =

respectively. From the nature of |¥), it follows that if the
quantum system Q4 is projected into |€) (|e*)), then the
quantum state of system Qz will collapse to (unnormal-
ized) state [j,) (|7.+)), and vice versa. The amplified weak-
value A¢, can be achieved if the result of the collapse of
quantum system Q 4 to |e¢) when a = (e|+) is very small.
From this perspective, the generation of weak value can be
explained as it originated from EPR steering [50-52],
which is determine by the measurements of one of the
parties [55].

As we have shown above, the weak value A, (AS)
determine the form of the quantum state |7.) (|7.-)). The
larger the weak value AS,, the bigger (smaller) the compo-
nent |—) of the quantum state |,) (|7..)). According to the
theory of weak-value amplification, the quantum state [, )
is more likely to be accurately measured with a big weak
value Aj, when the phase parameter = ’/” is extremely small.
So one may use such amplification phenomenon to enhance
sensitivity of signal of gravitationalliy induced entangle-
ment. Unfortunately, the weak-value amplification approach
is specific to parametric amplification, and it cannot be used
directly to rule out the possibility of classical models.
Therefore, one needs to find an entanglement criterion with
weak-value amplification to exclude the model of classical
mediator.

III. EPR STEERING AND WEAK-VALUE
SCENARIO

Here we focus on how to construct an entanglement
criterion with the weak-value amplification. As we have
shown above, the weak-value scenario is a special case of
EPR steering, which corresponds to a one-measurement
setting. It is known that the experimental results of a one-
measurement setting in EPR steering can be easily simu-
lated by a local model. Therefore, from this point of view,
the amplified weak value in BMV experiments may be
simulated by a classical mediator. That is, one cannot
determine the quantumness of gravity directly with a weak
value amplification scenario. In general, EPR steering
scenario needs at least two different measurement bases
(two-measurement setting) to determine whether the joint
quantum state is steerable (entangled) or not. Hence, one
may consider exploiting the EPR-steering scenario to
determine entanglement while keeping the measurement

basis corresponding to the weak value amplification as one
of the two measurement bases for EPR steering.
Nowadays, EPR steering has been heavily studied,
including the detection of various linear and nonlinear
inequalities (see review [56]). There is also some quantum
steering paradox based on logical contradictions [57-59].
However, we will show that none of these can be directly
used for the verification of weakly amplified versions of
quantum steering. The reason is that all of these depend on
the expectation value, which is related to the probability (the
probability of weak amplification is very low). This could
lead to experimental errors masking the true entangled
signal. In the following, we consider not only the probability
distribution of the steered quantum states, but we also
introduce a physical quantity: the visibility of the meas-
urement (IT) of one of subsystem, i.e., Q. We express this
quantity in terms of V = Tr(ggIl), where ¢ is the steered
normalized density matrix of Qgz. We will show that the
genuine entanglement signal is hidden in the visibility.
Satisfying all conditions of probability distribution and
visibility allows us to exclude any separable state model.

IV. WEAK ENTANGLEMENT CRITERION

In general EPR steering scenario, there are two parities,
one of which is trusted and the other is untrusted. In that
case, local hidden state model is considered [52] to simulate
the predictions of genuine EPR steering. Fortunately, in
the following, we do not need to make use of local hidden
state model (a separable model is considered) to analyze
the steering since two parities are trusted (controlled by
ourselves) and the system Q 4 and Qp are genuine quantum
states. As mentioned above, the quantum states genera-
ted by quantum mediator is |¥) = cos(A¢7)|—|—>A|—|—>B +
151n(A¢T)| —)al=)p [60]. Here we set two measurement
bases for Q4 as {|0),|1)} and {[e).|et)}, respectively,
and we have four steered but not normalized quantum states

PR(Q) = 316
PAR(0) = 5 16-) -
o51(0) = [alTe([7e) e lxe) (rel s
a5 Q) = IBPTr(7e) e Dt ) el (3)
where a= (e[+), B = (e-4), |ps) = cos(3L)|+)+
W)@l 7.0 (7,1

isin(320) =), breh el = mB2fil res) et = mfel el
and Qp represent the unnormalized quantum states [(Q)
represents the quantum mediator]. Equation (3) indicates
that when we project the quantum states of Q4 to
0),]1), ]€), [et)}, we get the quantum states of Qp are
ld ), D). lxe), lxer) with probabilities
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{p(0~¢+) pt-) plexe), p(e{xéﬂ}
11
— {33 P Tz D PTH e g | )

respectively. If there exists a separable model (classical
mediator) that can fake the results of Eq. (4), then one is not
convinced that Q 4 can steer Qp’s quantum state (namely,
Q4 and Qp are unentangled). Otherwise the separable
model contradicts with the quantum predictions. However,
since the precision of the measurement devices is limited
[61], we may not be able to measure the signal of weak
entanglement. One can verify that when the entanglement is

extremely weak (i.e., A%;f is very small), the probability

Pl = |aTr(7.) (7.]) = |af? [cos® (557) + sin (557) | A%, ]
w111 be very small so that the measurement device with
resolution y > p(e#) /(plexd) 4 ple 7)) cannot  distin-
guish whether Q 4 and Qp are entangled or separable or
not (See Appendix A). Therefore, we cannot directly
determine weak entanglement in this way. Similarly, entan-
glement witness and other inequality methods to calculate
the expectation value will also fail in this case.

Here we note that the Egs. (3) and (4) may cover the
predictions of visibility of the measurement of Qp (steered
state) when the heralded probability is very small, i.e.,
pl&%) — 0. Here we show that the visibility of measure-
ment of system Qp is more robust and powerful to detect
weak entanglement. Without loss generality, we define the
visibility of projective measurement I1; is

Vi, (eg) = Tr(IT;ep), (5)
|

3P (el ) (s Lre) +

One can see that, for a pure qubit, the maximal visibility
is 1 while for a mixed state, it is impossible to obtain
the visibility equals to 1. Let us set that {IIy, IT;, IT,, [15}
are {lp,) (- |, 16_){_|. L) (zel. beer) (s 3. respectively.

Now we have four sets of measurement visibility

Vi, (o) = Tr(l ) (- ok ™)
Vi, (") = Tr(|p_) (d-loy").
Vi, (05") = Tr(lre) (reles ™).
Vi (e ) = Tr(lre) (el ™). (6)

where Q<O|A QU‘A , Q<€‘A Q<€ 4 are the steered and normalized

quantum state of Qg. Obviously, the steered states of
Eq. (3) satisfy that all above V are equal to 1. That is

el

VE (05")=VE (0y") = V8 (05 ") =VE (0 ")=1. (7)

in which label Q indicates quantum prediction. As we
analyzed before, in the case of extremely weak entangle-
ment, the results of Eq. (4) (probability distribution) can be
simulated by a separable state ¢S, (See Appendix A).
Naturally, one may wonder whether separable states 9§,
can also emulate the measurement visibility. Our finding is
that the visibility of measurement setting V', (Q;;‘A) cor-
responding to the weak value amplification cannot be
simulated. Specifically, the classical visibility of measure-

ment I1, is given as (See Appendix A)

) +3p0

VG (e5") = Te(lzo) (zcles ") =

When the entanglement is extremely weak, without loss
generality, we set cos(5%) ~ 1, sin(32%) = 5%, The meas-

2h
urement basis {|e), |e*)} is chosen to reahze weak-value
amplification (i.e., A§ = kﬁ,,, and A; =~30<,

where k is a coefficient) when €— \/i and we have

a= (e|+)~0, p=(e'|+)~ 1, and ak < 1. Upon sub-
stituting these approximations into Eq. (8) (discard the

second-order small quantity |a|? (Azi;:)z and  set
1+ (Azi;f)z ~ 1), we obtain (See Appendix A)
V6. (@) m——. ©)
: 1+ &

while Vi ~ V{; =V ~ 1. One can see that this result is
contradictory to the results in Eq. (7). The measured

Ee p( (ﬁ+) + (1 —62)p(1’(‘b’

L 11— 2)pe)
1= 1100 .

) +%p(é)(e)

|
visibility of weak entanglement is all equal to 1, however,
the separable model has a ﬁ If k=1, then we have
Vi (e fely ~1. This is a logical contradiction of weak
entanglement. It is clear that the distinguishability of
measurement visibility is much greater than the probability
distribution of measurement. Therefore, the signal of weak
entanglement is amplified. Another implication of amplify-
ing entanglement seems to be that we can reduce the
experimental requirement in tests of gravitationally induced
entanglement. Given the sensitivity of the measurement
device, our scheme can achieved as X = A, saving for
coupling strength of gravity. For example, if AS, = 10%,
then we can reduce the mass of two systems by 10 times,
and shorten the coupling time by 100 times (See
Appendix B). Our methodology does not depend on a
specific physical system. Hence, different physical systems
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may realize amplification of gravitationally induced entan-
glement by this approaches. Besides, our weak entangle-
ment criterion remains valid at a certain degree of
decoherence and the limited precision of measurement
device (See Appendix C and D).

V. TESTS OF GRAVITATIONALLY INDUCED
ENTANGLEMENT

As a result of technological advance in quantum manipu-
lation of matter at larger mass scales [62-64] and in
gravitational measurements at smaller mesoscopic mass
scales [65], probing nonclassical nature of gravity becomes
possible. In Refs. [12,40], the spin degrees of freedom of the
particles are used to construct the Stern-Gerlach interferom-
etry to test quantum gravity. Remarkably, there are many
other physical realizations apart from spin degrees of free-
dom on probing gravitationally induced entanglement [15—
38], such as neutrinolike oscillations [15], optomechanics
[18], and atomic interferometers [27] ana in Appendix.

Very recently, there is a promising experimental proposal
that uses two-level systems coupled to a massive resonator
(a harmonic oscillator) to probe gravitationally induced
entanglement [66]. Unlike Ref. [27], it enhances the
gravitational interaction of two 2-level systems by a
massive particle (as a mediator), where the effective
gravity-induced coupling strength is increased by a factor
of % [66]. Our criterion can also be applied to this scenario
to achieve additional amplification.

VI. DISCUSSION AND CONCLUSION

Historically, there is a one measurement steering proto-
col the same as the amplification by LOCC. In particular, in
Gisin’s paper in 1995, it was called “Hidden quantum
nonlocality revealed by local filters” [67]. However, this
local filter is essentially a positive operator valued measures
and needs to be performed with the help of an additional
Hilbert space, such as an additional ancillary qubit. The
positive operator valued measures measurement will
increase the experimental difficulty because it requires
additional coupling to a new quantum system and meas-
uring it. Certainly, if one does not consider the difficulty of
measurement, then one may perform two types of entan-
glement amplification. The first type of amplification can
be achieved by using the local filter method, and the second
type of amplification is achieved by the way we propose in
the paper.

From a fundamental perspective, our work combines
weak value theory and quantum correlation theory for the
first time. We show that weak-valued amplification in the
two-setting protocol is impossible to be simulated classi-
cally. Our results also support the fact that weak values are
quantum, whereas in the past it was controversial whether
weak values were quantum or not [68—72].

Our scheme is applicable to any weakly entangled pure
state, while allowing for the presence of partial decoherence
and noise. It be expected to significantly reduce the require-
ments for experiments, allowing for the test of gravitation-
ally induced entanglement in the near future. From a more
general point of view, our result is a general weak entangle-
ment criterion. We reveal how the hidden weakly entangled
information is again presented as it is. Compared to the
previous protocols, our approach allows us to observe
entangled signals that were previously impossible to
observe. As an outlook, we expect that the criterion can
be extended to the more general mixed states, which may
make it more possible to detect the entanglement of macro-
scopic objects.
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APPENDIX A: SEPARABLE STATE MODEL FOR
CLASSICAL MEDIATOR

1. Separable state model

Here we analyze the model of separable states for O 4
and Qp (induced by a classical mediator) that can simulate
the results of quantum entanglement. As we mentioned
before, the quantum states generated by classical mediator

is oap = A(0a ® 05) = Y_; Pi€y ® 0, We have

25" (C) = ZpiTr<ro> (0leh ).

~ 1 . .
a51(C) = Zp,-Tr 1)(1le}) ek,
a5 (C ZplTr (eloy)ek.
a5 "(c ZplTr et (etloh ey, (A1)

where g3 (C) is the unnormalized quantum state with the
classical mediator. If a classical mediator can simulate
all the results of a quantum mediator, then it must satisfy

05(0) = 35(C), a5'(0) =a5'(0), as'(0) =a5(0),
and @; ‘(Q) < ( ). So we have
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pO710) (014 ® |4 ) (b |5
= > _piTr(0)(0leh) Tr(|¢h+ ) (b ]eh) e ® e

pI) 1) (1], ® |p-)(—|5
= ZpiTr(|1><1 1) Tr(|p_) (p_|0%) el ® 0.

plerle)el, ® o) (xels

= ZpiTr l€) (el ) Tr(lre) (xelol)ely ® 0.
P e et ® e ) (et |

= ZPiTr(|€l><€l|QQ)TT(V5><)(ei|Q§§)Qﬁ\ ® 0y (A2)

P09 = p Tr(|0)(0ley) Tr(|b. ) (b lop)
pUe-) = ppTe(11)(1]eh)Tr(|gp-) (#-lof)
plet) = p,Tr(|e)(elos) Tr(lre) (xelek)

Pl e) = p, Tr(let) (et o) Tr(lre ) (rer loh)

and @} ® 0 = |0)(0l4 ® [¢p) (-5
and ¢} ® ¢ = [1)(1], ® [p_) (¢~
and 0} ® ¢p

where

044) p(Ld) plexs) pletu)
{pl00+), pllt-) plere p }

:{%’%’azTr(I)h)(;?el),ﬁzTr(lﬂ?eQ()?eL')}' -

It is well known that a pure state cannot be obtained by a
convex sum of other different states, namely, a density
matrix of pure state can only be expanded by itself. Let us
look at Eq. (A2), because the left-hand side is proportional
to a pure state; without loss of generality, one has

= le)(els ® lre) xels
and ¢} ® oy = leT) (e |4 ® lrer) (rer |-

(A4)

Naturally, one may consider mixing these four pure states with corresponding probabilities to construct a separable
model to simulate the prediction of quantum mediator. Since two bases a = {0, 1} and b = {e, ¢*} are randomly selected

(with probability %). Therefore, the separable state induced by classical mediator can be written as

Q,EB = AC(QA ® QB) =

N =

1
+5 [P le)els ® bre(rels + P

It should be noted that if our test only uses a single basis
b = {e,e'}, then it is easy to find a separable state to
simulate the results of quantum mediator (one can verify it).
Similar to quantum steering scenario, two or more than two
basis are considered, in theory, there is no classical
quantum mediator can simulate it (probability distribution).
However, ideal projective measurements cannot be imple-
mented in experiments since they need infinite resource
costs [61]. That is, the measurement device has limited
resolution. One can verify that when the entanglement is

extremely weak (i.e., Azi;f is very small), the probability

Pl = Te(7) (7)) = @ feos (5 + sin® ()| A )
will be very small so that the measurement device with
resolution 7 > p(exe)/(pexe) 4 p(€ %)) cannot distin-
guish whether Q4 and Qp are entangled or separable
or not.

Example. —Suppose * is very small and AS, is very
A7) ~ 1 and sin(32%) ~ 52%. So

2h 2
[+) and [7.) = |+) + i 325 A5 |-). Here we

large, we approximate cos(
we have |71 ) ~

[P O10) (0L ® 1) (s s + P41 (14 ® [62) ()

ey ey ® Lres) (e [, (AS)

|
set%AfV = 1, the quantum state |, ) becomes |+) + i|—).
So we have

11

(pO02) L) plexd pletza)) — {5 5020 ﬂz} (A6)

Recall that a=
and |e*)

value A€, =

(el+), B = (et]+), [e) =€l0) = VI-€1),
= V1 —¢€2|0) +€|1). If we want to get a big weak

(€elZ]+) _ eVl —e
(el+) 7 e—VI-

\/— 497 and RS 1. Therefore, Eq. (A6) becomes

11 [A¢r\2
O0+) H(4) pl=xd) pEHY =202 Z g4 =22} 1L,
{p ’p ’p ’p } {2’27 <2fl> ) }

, then e should be close to —= f So

(A7)

It is easy to verify that the above results can be simulated by a
separable state [+), ® |+) (a more accurate model should
be in the form of ¢S,) if 4(52%)? is small, which may be
masked by the noise of measurement device.
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2. Visibility of measurement for a separable model
Before we calculate the visibility of measurement, we need to find the reduced density matrix g<0"‘ Q,(g g , 0 Be 4, and Q<€ la

for 0§, which is as follows:

o, _ Tra(10)(0l ® Ip0Ss) _ 3" 1d) (| +35€ P ye) (el +5 (1= )pl 7 |y ><)(eL|

0
5 Tr(]0) (0], ® 15055) 1p0d) 4 1e2plerd 4 1(1 — ¢2)pleacr)
GJ‘. 1
ollh = Tra(|1){1s ® I505p) _ 32"l )(h-| +5(1 = )y (re| +5€7p' % rer) (et
B (1) (1), ® 15055) 1p(ld) L 1(1 = ) plexd 4 L2 ple ) ’
ol — Try(|e)(ela ® 1ne5p) _ 36" 1) (| +3(1—€)pU P p ) (| + 5% lre) (e |
b Tr(le) (e|, ® 1055) %ezp(0~¢+) —|—%(1 —e2)ple-) 41 p(e)(g)
ol = Trallet) ety ® Inefly) _ 5(1 =P PNp )] + 3PP ) (| + 30 *H e ) e | (A%)
B TI‘<|€J‘><€J‘|A ® IBQSB) %(1 — €2)p(0-¢+) +%€2 (6)&) + p(s )(J.)

Now, substituting them into the Eq. (6), we get the visibility of measurement of ¢$p:
VE(e) = Tr( )l f?) = 12047 TAEPND b)) 41 = )0l 59 e s

I, + + 2 (0¢+)+ (e;(g (l_ez)pg )(L s
ple

%p<1,¢,)+%<1_€> x|y Crelep-) + SNy el
1-e)p exf+ plera)

45 (
€ p0¢+ <ZS|¢+><¢+|Z€> +%(1 —€ ) (1L¢-) <Z€|¢ ><¢ I)(e> elé
+5(

VG (05) = Te(|p_) (d_log ") =

VG, (05") = Tr(lre) (releg ) =

T2 04, 21_6) )+ 1yl
i
V ( <€ ‘A) Tr(IXL><Zl|Q<€L|A> :%(1 —€ ) 0{/)+ <X€L|¢+><¢+|Z€L> (/) <x€ |¢ ><¢—I)(€L> +%p( ’Xévj_) (AQ)
11 € € B E(1 _62)p<0~(/)+> +§€ p(ﬁ’)ﬁ) +§p(€ ’){é.L) ’
APty A€ . APTy 4k
h _ At + Agr _ cos(5 )|+ pisin(5E )Aw|]—> cos( F)|+)+isin(5E)AS | |>-
where |¢i> COS( )|+> lSIH( )| > | E> [cos (A'/")+51n (AZ’)\A§,|2]7 ’ I)(€L> [cos? (A‘br)-&-sm (A¢’)|A 122

) A Tr(7e) (Zer )} Te(l7e) (7el) = cos®(55)+

Recall that {p0¢+) p(1d-) plexd) pletra)y = {3.1.2Tr(|7.) (7. >
. T € ~ - T T S Ad)r sin 2 (Agt Ae 2
S (EALL,  Tr(7e) o) =coR () +sin2 (AT P, [ lre) =G EREE (g )P =

|cos? (B2 4-sin’ (M")Af | (b_ly )P = |cos (A% —sin? (329 A5, |2 Ly = | cos? (32) —sin (A‘f”)Af 12
[cos? (32%)+sin® (525 )|As| € [cos2 (32%) +sin® (520) A5, 7] et [cos? (AL5)+sin? (A1) YAST )

one has

37| o () s (AL 41 = )] cos () - sin (4545
(o4

L+ 1e2a?[cos?(557) + sin? (550) A, 2] + 3 (1 — €2) B2 [cos (550) + sin? (35 A 7]
ve ( (1|A> - 13 (1 —€*)a?|cos? (A¢T) sinz(A"bf)Ae | +1e2p?| cos? (A¢T) 31n2(A¢T)A€ |?
s L+ 31— )P [cos* (55 + sin? (35| AG 2] + 3 B2 [cos* (550) + sin? (554G 7]
12 leoR B st SR | | cos (345) —sin? (345) A5 2 2 (Agr 2 (Adr
VE (gfchy = 1€ (o el T4~ ) koo g T 2% 108 (5 + sin” (G)IALP]
I, \%B lez +l(1 —€?) +— %[cos? (A’ﬁf) + sin (Azdf’f)|A3| ] '
101 _ | cos? (A'/’T)+s' Z(A’/”)AC |? 1 2 |cos? (Az'ﬁf) sin (A'/”)A‘ 2 l 2 2 (Agr 2 (A¢r 2
%4 (Q(e IA) _ 4 (1 ) [cos? (Ad’r)—&-smz(Mr)lAE ] 4¢ [cos? (32%) +sin? (Mﬁ)lA ] Z'B cos ( ) + sin ( )|A | (AIO)
L8 L1 =) +1e? 41 p2cos? (AL + sin?(327)|A¢, 2] '
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3. Examples

When the entanglement is extremely weak, cos(A"’T) ~ 1,
sm(AQ";f) = Az‘ﬁf 0. The measurement basis {|e),|et)}

can realize weak-value amplification (i.e., AS, zﬁ and
2n

AS = ]E ~50 < 1) when € - \}E and we have a=

(e|+) NO, p = (e*|+) ~ 1. Upon substituting these approxi-

mations into Eq. (A10) [discard the second-order small

quantity |/, (A‘/”) and set 1 + (A‘/'T) ~ 1], we obtain

(Al1)

One can see that this result is contradictory to the results
analyzed in our main text. The measured visibility of weak
entanglement is all equal to 1; however, the separable model
has a % This is a logical contradiction.

The more general case is that we set AS, = k., where
2h

is the coefficient. We also  assure cos(Az—‘é’f) ~ 1,
sin(42) =427, A5 = L~ 42 < 1, and ak < 1. One has
©
VG (05" ~ 1,
a
Vi (es )~ 1,
C (plelay L
VHZ(QB )N 1 +k2v
VG (o M~ 1. (A12)

APPENDIX B: EXPERIMENTAL
CONSIDERATION

We have shown that steering scenarios with weak value
amplification are not possible to be simulated classically. In
the following, we focus on the analysis of the steered state
for weak-value amplification, so as to consider the fea-
sibility of the experiment for detecting weak, gravitation-
ally induced entanglement. Let us set m; = m, = m and
suppose that the coupling strength of gravity is weak. After
the weak gravity interaction and projective measurement

((e]) on Q4 the system Qs becomes ¢f *(Q) = [r.) (.|
with probability |a|[cos?(52%) + sin?(52)|A¢, ).
One can see that there is a weak value, which is

Ag =L ‘Z‘S = iv :e If the coupling strength of inter-

action of gravity is 0, then A¢ = 0. In this case, the final
state of system Qp is |+), which does not carry any weak-
value information. That is, there is no entanglement
between these two quantum system. On the contrary, when

the coupling strength is not 0 but small; that is, there is a
gravitationally induced phase, and the final state of system

Qp becomes |y.) ~ W(|+> + lA{/)AE ¢]=)). One can
i wl 2

see that the quantum state of Qp depends on the weak value

A¢,. Suppose that we measure an observable IT, = [y,) (x|
on the system Qp. The observable of the displacement of
I1, is the expectation value of the final state minus the
expectation value of the initial state (|+)) of Qp, and we get

= Tr(T[+) (+),
1
[+ |37 4GP

(Aﬁ2>Q = Tr(HnglA)
= Vi (e -

1
=1- MEEYTEL (B1)

One can see that if %—;fAﬁv =1, <AH2>Q = % Even though
vV 2 is small,
after many runs of experiment, we can still observe a clear
shift of the quantum state, which is a signal of entanglement
between two system introduced by gravity (average shift
will be 0 without entanglement generation).

For example, in the Ref. [11], the shift of quantity about

entanglement is p; = sin (é;’:’) i;’:’z in the case of weak
coupling, where p; is the probabilities for the mass to
emerge on path 1 (R). For showing the clear enhancement

of our scheme we give a simple example. If we set AS, =

104 and 2 4h2 = 107%, then we have (ATl,), =1,
p1~107* That is, we can enhance the sensitivity and
resolution for detect the quantum gravity 0.5 x 10* times
by using a weak-value amplification scheme. However, in
above example, the steered probability becomes p = 2 x
1078 in weak-value scheme. Fortunately, for existing
quantum technologies, the frequency of experiments can
reach MHz and beyond (supposing the time of gravitational
interaction to be within microseconds). That is we may
have 10° runs in one second. The total run of experiments is
about p x 10° x 3600 x 24 = 864 each day. This is
enough for us to achieve an accurate experimental estima-
tion. Given a resolution of measurement, we achieved

= 10*, saving for the coupling strength of gravity. In
other words, we can reduce the mass of two systems by 10
times, and shorten the coupling time by 100 times. This is a
very experiment-friendly scheme, which increases the
feasibility of testing gravitationally induced entanglement
by using existing technology.

while

APPENDIX C: OBSERVING QUANTUM
GRAVITY USING LIMITED RESOLUTION
OF THE MEASUREMENT DEVICE

In a von Neumann-type measurement, the pointer is
shifted proportional to the eigenvalues of the measured
observable
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W) ® p(q)) = > (aly)-|a) ® |p(q — goa)).

a

(C1)

where W and ¢(q) are the initial states of system and probe,
respectively, the index a refers to the eigenbasis of the
observable, ¢ is the position of the probe, and g0 is a coupling
constant. The outcome of the measurement is then provided
by reading the position of the probe.

In a ideal projective measurement the probe’s initial state
is narrower than the distance between the eigenvalues, i.e.,
(p(q—a)|lp(q—d')) = b,,; hence, reading the probe’s
position provides full information of the measured physical
quantity and collapses the system into the corresponding
eigenstate of the observable. However, it has been shown
that the ideal projective measurements cannot be imple-
mented in experiments since they need infinite resource
costs [61]. Therefore, the resolution of measurement devices
are always limited, thatis |(¢(q — a)|p(qg — a'))|> =y # 0.
This is the noise come from the measurement process.

In the previous section, we consider two quantum system
in initial state |+)|+) interact each other by gravity, and one
of them postselected to an almost completely orthogonal

state |e¢) = €|0) — V1 — €%|1), where € is close to \/— This

postselected operation is exactly limited by the resolution
of measurement y. So the minimal overlap (e[+) = /7,
which determines the upper limit of the weak value,

Max(A5) %22,

Now let con51der Jthe case that the square of effective
coupling strength h2 = 7. That is one cannot measure the
entanglement using traditional entanglement witness meth-
ods [11,12], since the signal of gravitationally induced
entanglement is covered by the noise of measurement
device. In this case, a weak-value-based scheme is still
work. One can obtain obvious signal of gravitationally

induced entanglement (AIL,), = 2> 7.

APPENDIX D: OBSERVING GRAVITATIONALLY
INDUCED ENTANGLEMENT WITH
DECOHERENCE

In fact, the decoherence exists in experiment. The longer
time in single run, the more decoherence. Besides, the
evolution of desired initial quantum state is not ideal
because the system is inevitably coupled with the envi-
ronment. Let us consider an environment-induced
decoherence model (other decoherence models are out of
our analysis) for the system Q 4 and Qgz. Without a loss of
generality, we consider the action of environment as a
partially depolarizing channel, which is given as

(l—q)e+q£, (D1)

Ng(o) = d

where g corresponds to the degree of a system that has been
decohered. Therefore, the final state before measurement
has a mathematical form

o= (=)W + g2 (D2)
where |¥) = ale), ® |7.)p + Blet)s ® |7..)p- Therefore,
we can get four steered states
1=
o0 =Sl gl + 15,
3@ =S P10l + L1,
25"(Q) = (1 - q)|a|2Tr<\z€>oz€|>|x€>m|B +3 1.
a5 "(Q) = (1= QIBPTr(7e) T Do) e s + 2 -
(D3)

Further, we can project quantum states of Qg to
ld ), ). lxe), lxer) with probabilities

{p(0v¢+) p(quﬁf) p(es)(e) p(eL‘)(eJ-)}
1 s
- {5_1 -4 - glalTr(z) )

(- Pz o) + 4

+ 2 (D4)

Further, the visibility of measurement for quantum
mediator are

V() = 1o

V(e =

Vigse(op) = 1 - _2Tr(q hy

Vi = - 9)

where i = 0, 1, 2, 3. Similarly, we can construct a separable
state (AS5) model for comparison. If ¢ is small, i.e., so that
Vipse(Q) > Vipe(C), then we can still obtain the ampli-
fied signal of entanglement. Therefore, our weak entangle-
ment criterion is applicable to some kinds of mixed states.

APPENDIX E: ATOMIC INTERFEROMETERS
WITH A HARMONIC OSCILLATOR

Here we analyze a possible experimental proposal
based on atomic interferometers with a harmonic oscil-
lator [27]. We analyze how to apply our weak entangle-
ment criterion to this scenario. Consider a harmonic
oscillator Q4 (a mechanical resonator) coupled to a
two-state system Opz (an atom trapped in a double-well
potential). Since Qp is a qubit state, one can set the
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position operator of the atom Qg to the Pauli matrix o,
with the eigenstates |L) and |R), which represent the
location of atom occupying, respectively. The gravitation-
ally driven Hamiltonian of these two systems is given as
(h=1) [27]

H=wa'a+ g(a+a')o, (E1)
where w, a’, and a denote the frequency, creation, and
annihilation operators of the harmonic oscillator, respec-
tively. The coupling coefficient g correspond to the
gravitational interaction between atom and oscillator,
satisfying g < w. Up to a global phase, the time-evolution
operator can be rewritten as

U(t) = D (6.4)e™™" ' D(5.2), (E2)
where D(¢) = exp{¢a’ — {*a} is the usual displacement
operator and A = £ Consider this: the oscillator is ini-
tialized in its ground state |0), and the atom is in the
superposition of |L)g and |R),. After the time evolution,
the composite quantum state becomes |¥(z)) = U(t)|0),

® %(|L>B +[R)g) = %(VI)A ®I[L)g+]=m4s ® |R)p),
where the evolved states of the oscillator are coherent
states | £ 7), = D(&A(e™™" —1)). If we implement the
Hadamard gate to the two-level system Qp, then we have

1 1
¥ (7)) :£|Catn+>A ®|L)g+5 ~leaty Ja®[R)p.  (E3)

where [cat, ), =ci(jma+|—m,4) and [cat, ), =

c_(|n)4 — | —n)4) are the Schrodinger’s cat state with ¢, =

1

%2 and C_ :77.
V/ 2(1+e217) 2(1—e=217)

one can address Eq. (E3) as a two-qubit entangled state.
However, the entanglement [¥(z)) is very weak (z- is

Since (cat,_|cat, ) =0,

small) due to the fact that |5| is very small (determined by
gravitational interaction). Similar to Eq. (2), one may
choose a suitable basis for Q4 (Qp) to a new form of
|¥(7)), which has the amplified signal. For example, let us
expand Qy to the basis {|v) =sin(f)cat, )+
cos(6)|cat,_).[v*) = cos(d)|cat, ) — sin(0)|cat, )} with
6 < 1, and one has

() = 1), @ (Mmg | {vleaty.) |R>B)

2c, 2c_

(vt]cat, ) (vt]cat, )
L N+ n-

One can see that compared to the components of |L), the
component of |R) ; is enlarged when Q 4 is projected to |v) 4.

<|L MR such that

the component of |R) 5 in the steered quantum state of Qp is
boosted. According to weak entanglement criteria we
proposed, this basis is the most significant ingredient
to amplify the entangled signal. Similarly, another mea-
surement basis needs to be selected, which may be
{|4+)= f|cat,1+>+\/-|cat N ):Jiﬂcatm)—%ﬂcatm)}.
A random selection of these two measurement bases yields
the probability distribution and measurement visibility of
system Qp, which allows us to witness the gravitationally
induced entanglement. In real scenarios, the resonator Qg
may be a thermal state close to the ground state. We analyze
this case in the following.

In above analysis, we assume that the oscillator is
initialized in its ground state |0). In a realistic implemen-
tation, due to the finite temperature (may be nK), the
oscillator instead starts in a mixed state, such as a thermal
state, donated as ¢, = [ d*¢-L e F/7|£)(¢]. In this case,
the evolving state of the two systems becomes

If 0 is small enough, then one may has

.
where W) =5(IC+nm)s+|E—n)s) ®IL)p+5 (IS +m)a—
|C—=n)4) ®|R)p. Obviously, if { =0, then [¥;) reduces

to Eq. (E3). Here we will be concerned only with the
projective measurements (v|, (corresponds to amplified
entanglement), since the measurements of the other bases
are trivial. The conditional state of the atom becomes

(s _ Tra(|v){v]s ® I50ap)

= , E6
5" = Tr([o) ol ® Tpeas) (E6)
leading the measurement visibility
Vi, (05 ") = Tr(T,05), (E7)
where I1, = |u)(u| and lw’ Ly ) g
o= i)l and [ = (821 g ) gy

\/ | {uleaty, ) 2414 ‘gi’- |>. When the thermal state is very

2c,
close to the
Vi, (eg"A)—VC (™)
v
tivity. Therefore we may still achieve k-fold magnification
compare to the usual ones.

ground state, one may has

=k > 1, where y is measurement sensi-
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