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It has been known since the earliest days of quantum field theory (QFT) that infrared divergences arise
in scattering theory with massless fields. These infrared divergences are manifestations of the memory
effect: At order 1=r a massless field generically will not return to the same value at late retarded times
(u → þ∞) as it had at early retarded times (u → −∞). There is nothing singular about states with
memory, but they do not lie in the standard Fock space. Infrared divergences are merely artifacts of trying
to represent states with memory in the standard Fock space. If one is interested only in quantities directly
relevant to collider physics, infrared divergences can be successfully dealt with by imposing an infrared
cutoff, calculating inclusive quantities, and then removing the cutoff. However, this approach does not
allow one to treat memory as a quantum observable and is highly unsatisfactory if one wishes to view the
S-matrix as a fundamental quantity in QFT and quantum gravity, since the S-matrix itself is undefined.
In order to have a well-defined S-matrix, it is necessary to define “in” and “out” Hilbert spaces that
incorporate memory in a satisfactory way. Such a construction was given by Faddeev and Kulish for
quantum electrodynamics (QED) with a massive charged field. Their construction can be understood as
pairing momentum eigenstates of the charged particles with corresponding memory representations of
the electromagnetic field to produce states of vanishing large gauge charges at spatial infinity. (This
procedure is usually referred to as “dressing” the charged particles.) We investigate this procedure for
QED with massless charged particles and show that, as a consequence of collinear divergences, the
required dressing in this case has an infinite total energy flux, so that the states obtained in the Faddeev-
Kulish construction are unphysical. An additional difficulty arises in Yang-Mills theory, due to the fact
that the “soft Yang-Mills particles” used for the dressing contribute to the Yang-Mills charge-current
flux, thereby invalidating the procedure used to construct eigenstates of large gauge charges at spatial
infinity. We show that there are insufficiently many charge eigenstates to accommodate scattering theory.
In quantum gravity, the analog of the Faddeev-Kulish construction would attempt to produce a Hilbert
space of eigenstates of supertranslation charges at spatial infinity. Again, the Faddeev-Kulish dressing
procedure does not produce the desired eigenstates because the dressing contributes to the null memory
flux. We prove that there are no eigenstates of supertranslation charges at spatial infinity apart from the
vacuum. Thus, analogs of the Faddeev-Kulish construction fail catastrophically in quantum gravity. We
investigate some alternatives to Faddeev-Kulish constructions but find that these also do not work. We
believe that if one wishes to treat scattering at a fundamental level in quantum gravity—as well as in
massless QED and Yang-Mills theory—it is necessary to approach it from an algebraic viewpoint on the
“in” and “out” states, wherein one does not attempt to “shoehorn” these states into some prechosen “in”
and “out” Hilbert spaces. We outline the framework of such a scattering theory, which would be
manifestly infrared finite.
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I. INTRODUCTION

The seminal work of Lehmann, Symanzik, and
Zimmerman (LSZ) [1], Haag and Ruelle [2,3], and others
established that conventional scattering theory should be
well defined in the case of massive quantum fields. In
particular, for massive fields, it should be possible to
obtain a unitary S-matrix relating the standard “in” and
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“out” Fock spaces of asymptotic states. However, in four
spacetime dimensions, when one has massless quantum
fields, one encounters severe difficulties in carrying
out this program [4–7]. Classical massless fields that
interact with massive fields or undergo suitable self-
interactions will generically undergo a memory effect
wherein, at order 1=r in null directions, the field at late
retarded times will not return to the value it had at early
retarded times.1 Thus, at order 1=r, the Fourier trans-
form of a solution with memory will diverge as 1=ω
at low frequencies. In the quantum theory, the one-
particle norm of the positive frequency part of such a
solution is infinite. Consequently, if one tries to express
a quantum state corresponding to a classical solution
with memory as a vector in the standard Fock repre-
sentation, it will have an infinite number of “soft” (i.e.,
arbitrarily low frequency) massless quanta and its norm
will be “infrared divergent.” In other words, although
states with memory are entirely legitimate quantum field
states that necessarily arise in scattering processes, they
cannot be accommodated in the standard Fock space.
Consequently, the S-matrix cannot be defined as a map
taking “in” states in the standard Fock representation
to “out” states in the standard Fock representation, and
infrared (IR) divergences will arise if one attempts to
do so.
The most common way of dealing with such infrared

divergences is to initially impose an infrared cutoff (so
that the “out” state can be expressed as an ordinary Fock
space vector), calculate inclusive processes that sum over
all possible states of the low frequency massless quanta in
the cutoff state, and then remove the cutoff [7,9,10]. As a
practical matter, this procedure works quite successfully if
one is interested in obtaining typical quantities of direct
relevance for accelerator experiments, such as (inclusive)
cross sections for the scattering of “hard” particles.
However, the infrared cutoff removes the memory effect,
so one cannot even ask questions about memory as a
quantum observable, as has been of particular recent
interest (see e.g., [11–13] and references therein).
Furthermore, even if one is interested only in “hard”
particles, this approach cannot properly deal with issues
such as the entanglement of “hard” and “soft” particles,
which should result in decoherence of the “hard” particles
[14,15]. More significantly, this approach is highly
unsatisfactory if one wishes to view the S-matrix as a
fundamental quantity in the formulation of quantum field

theory and quantum gravity, since the S-matrix itself is
undefined.2

In order have a well-defined S-matrix, it clearly is
necessary to construct Hilbert spaces of “in” and “out”
states such that the “in” states evolve to the “out” states. As
we have just indicated, this is not the case if one takes the
“in” and “out” Hilbert spaces to be the standard Fock
spaces, since a generic state “in” Fock space state will
evolve to an “out” state with a nonvanishing probability for
nonzero memory, which cannot be accommodated in the
“out” Fock space. Thus, if we wish to have a well-defined
S-matrix, we must make alternative choices of the “in” and
“out” Hilbert spaces that contain states with nonvanishing
memory. In order to have a satisfactory scattering theory,
these “in” and “out” Hilbert space constructions should
satisfy the following properties:
(1) The “in” and “out” Hilbert spaces are obtained

by the “same construction.” More precisely, if we
identify the algebra of “out” field observables with
the algebra of “in” field observables via a change
of the time orientation of the bulk spacetime, we
require that the “in” and “out” Hilbert space repre-
sentations of these algebras be unitarily equivalent.

(2) Dynamical evolution maps all “in” states to
“out” states and vice versa, so that one has a unitary
S-matrix.

(3) The “in” and “out” Hilbert spaces should admit a
natural, continuous action of the Poincaré group.3

(4) The “in” Hilbert space should be large enough to
contain incoming states representing all “hard”
scattering processes.

(5) The “in” and “out” Hilbert spaces should be sepa-
rable, so that they are not “too large”.4

For the case of quantum electrodynamics (QED) with a
massive charged field, a satisfactory construction of “in”
and “out” Hilbert spaces was given many years ago by
Faddeev and Kulish [24] based on the earlier work of
[25–27]. However, the main purpose of our paper is to
show that a similar construction does not work in a

1In spacetime dimension d, the memory effect occurs at
Coulombic order, 1=rd−3, whereas radiation decays as 1=rd=2−1
[8]. For d ¼ 4, both occur at order 1=r, so memory directly
affects the quantization of the “in” and “out” radiation. For d > 4,
the memory effect does not lead to infrared divergences in the
quantized radiation. The discussion of this paper is restricted to
d ¼ 4.

2We note that there are at least two notions of an “infrared
finite” S-matrix in the literature. The notion that we are concerned
with in this paper is to construct appropriate Hilbert spaces of “in”
and “out” states and to obtain the S-matrix as a well-defined
map between these Hilbert spaces. An alternative notion is to
develop a procedure for rendering the standard (infrared diver-
gent) S-matrix amplitude finite (see e.g., [16,17]). While such a
procedure then can be used to calculate “inclusive quantities” or
determine formal properties of the S-matrix amplitudes [18,19],
there is no actual “out” state (with memory) constructed by this
procedure.

3In the gravitational case we require that the “in” and “out”
Hilbert spaces should admit a natural, continuous action of the
BMS group.

4A nonseparable Hilbert space was previously studied in
[20–23] which considered the direct sum over all memory
representations. We discuss the deficiencies of this direct sum
in Sec. VII.
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satisfactory way for QED with massless charged particles
and for Yang-Mills theory. Furthermore, we will show that
such a construction does not work at all in quantum gravity.
We argue that in these cases, at a fundamental level,
scattering theory should be formulated at the level of
algebraic states, without attempting to “shoehorn” all the
states into a single, separable Hilbert space.
Since many of our arguments and constructions require a

considerable amount of technical machinery, we now
provide a brief sketch of all of the key results of the
paper, so that a reader can obtain the gist of our arguments
without having to delve into the details that we will provide
in due course in the body of the paper. We begin by
describing the Faddeev-Kulish construction for QED with a
massive charged field. In order to understand the relevant
ingredients of their construction, it is necessary to refor-
mulate it in the language of the memory effect and the
related symmetries and charges. In this section, for ease
of explanation, we will work in the bulk spacetime—
introducing “null coordinates” ðu; r; xAÞ, where u ¼ t − r
and xA denotes angular coordinates on the sphere—and
work to appropriate orders in 1=r. However, in the
remainder of this paper it will be more convenient and
conceptually clearer to express both the classical and
quantum theory in terms of the conformal completion of
Minkowski spacetime.
The classical memory effect at future null infinity for an

electromagnetic field corresponds to having the angular

components, Að1Þ
A ðu; xAÞ, of the vector potential at order 1=r

asymptote to different values at early and late retarded
times, u → �∞. Since the electric field at order 1=r is
given by

Eð1Þ
A ¼ −∂uA

ð1Þ
A ð1:1Þ

it follows that there will be a nontrivial memory effect
if and only if at order 1=r the electric field satisfiesR∞
−∞ duEð1Þ

A ≠ 0. Since
R∞
−∞ duEð1Þ

A is proportional to the
integrated force on a test particle placed at a large distance
from the source of radiation, this fact allows one to give a
physical interpretation of the memory effect in terms of a
charged test particle receiving a net momentum kick at
order 1=r due to the passage of the radiation [28,29]. Since

we assume that Eð1Þ
A → 0 at early and late retarded times,

Að1Þ
A is “pure gauge” at early and late retarded times, but the

electromagnetic memory

Δout
A ≔ −

Z
∞

−∞
duEð1Þ

A ¼ Að1Þ
A ju¼þ∞ − Að1Þ

A ju¼−∞ ð1:2Þ

is gauge invariant, as is obvious from the fact that it is given
by an integral of the electric field. In Eq. (1.2), we have
appended the superscript “out” to Δout

A to distinguish the

electromagnetic memory of the outgoing radiation from the
electromagnetic memory, Δin

A , of incoming radiation.
The gauge transformations relevant for changing the

angular components of the vector potential at order 1=r are
the so-called “large gauge transformations”

Aμ → Aμ þ∇μλ ð1:3Þ

where λ ¼ λðxAÞ is a function of purely the angular
coordinates xA. Under such a gauge transformation, we
have

Að1Þ
A → Að1Þ

A þDAλ ð1:4Þ
where DA is the derivative operator on the unit sphere. In
fact, the “gauge transformations” Eq. (1.3) are actually
“symmetries” in the sense that they have nonvanishing
symplectic product with other solutions, i.e., they are not
degeneracies of the symplectic form. There are charges
and fluxes associated with these symmetries. The charge
QuðλÞ associated with the symmetry λ at retarded time u is
given by

QuðλÞ ¼
1

4π

Z
SðuÞ

dΩλðxAÞFð2Þ
ur ðu; xAÞ ð1:5Þ

where SðuÞ ≅ S2 is an asymptotic sphere at fixed retarded
time u, Fμν is the electromagnetic field tensor, and the
superscript “(2)” denotes the order 1=r2 part of the field as
r → ∞ at the given value of u. The difference of the charge
QuðλÞ at two retarded times u1 and u2 is determined by a
corresponding flux between these retarded times associated
with the symmetry λ

Qu2ðλÞ −Qu1ðλÞ ¼
Z

u2

u1

du
Z
S2

dΩλðxAÞ
�
Jð2Þu ðu; xAÞ

−
1

4π
DAEð1Þ

A ðu; xAÞ
�

ð1:6Þ

where Jð2Þμ is the charge-current at order 1=r2, which can be
nonvanishing only if there are massless charged fields.
In the limit as u1 → −∞ and u2 → þ∞, this first term
corresponds to the total flux of charge-current, which we
denote as

J outðλÞ ≔
Z

∞

−∞
du

Z
S2

dΩλðxAÞJð2Þu ðu; xAÞ ð1:7Þ

where, again, the “out” corresponds to the “outgoing” flux
of massless charge-current. The second term on the right-
hand side of Eq. (1.6) in this limit is proportional to the
divergence of memory DAΔout

A ðxAÞ smeared with λðxAÞ on
the sphere. Finally, in this limit, the charges Qu2ðλÞ and
Qu1ðλÞ approach future timelike infinity iþ and spatial
infinity i0, respectively. Therefore, in the case where
u1 ¼ −∞ and u2 ¼ þ∞, Eq. (1.6) yields that the charges

INFRARED FINITE SCATTERING THEORY IN QUANTUM … PHYS. REV. D 106, 066005 (2022)

066005-3



given by Eq. (1.5) and the flux of null charge-current given
by Eq. (1.7) are related to the electromagnetic memory by5

1

4π

Z
S2

dΩΔout
A ðxAÞDAλ ¼ QiþðλÞ −Qi0ðλÞ þ J outðλÞ

ð1:8Þ
where the charges are defined as limits as u → �∞. The
difference of charges on the right-hand side of Eq. (1.8) is
known as the “ordinary memory effect” and the contribu-
tion due to the total charge-current flux of massless charged
fields is known as the “null memory effect” [29].
Similar charges and fluxes associated with the symmetry

λ can be defined at past null infinity, wherein we replace
retarded time u in the above formulas by advanced time
v ¼ tþ r. In a scattering situation, there is, in general, no
direct relation between the memory Δout

A of the electro-
magnetic field at future null infinity and the memory Δin

A at
past null infinity. Indeed, as we have already indicated, if
the incoming electromagnetic field has vanishing memory,
the outgoing electromagnetic field will generically have
nonvanishing memory. However, there is a matching of the
incoming and outgoing charges as one approaches spatial
infinity [30–34]. Specifically, we have

Qout
i0 ðλÞ ¼ Qin

i0ðλ∘ϒÞ ð1:9Þ

where we have used “in/out” to denote that the limit is taken
from past/future null infinity to spatial infinity and ϒ is
the antipodal map on a sphere, so that ðλ∘ϒÞðθ;φÞ ¼
λðπ − θ;φþ πÞ.
The “conservation law” Eq. (1.9) is the key to enabling

one to define “in” and “out” Hilbert spaces satisfying
conditions (1)–(5) in the case of QED with massive charged
fields. If we restrict all of the incoming states to have fixed,
definite large gauge charges at spatial infinity for all λ, then
the outgoing states will have the corresponding charges
given by Eq. (1.9). Hence, if we can construct “in” and
“out” Hilbert spaces of definite values of all charges at
spatial infinity, it should be possible to satisfy properties
(1) and (2) above. However, since these charges are not
invariant under Lorentz transformations, it will not be
possible to have the Poincaré group have a continuous
action on a space of incoming or outgoing states of definite

charges except in the case where all charges (including the
ordinary total electric charge) vanish6 at spatial infinity
[35–38]. Thus, in order to satisfy property (3), we restrict
the incoming states—and, therefore, the outgoing states by
Eq. (1.9)—to have vanishing charges at spatial infinity. It
may appear that the requirement of vanishing total electric
charge will violate condition (4) of our above requirements
on the “in” Hilbert space, since it will allow us to consider
only scattering processes with an equal number of charged
particles and antiparticles. However, if we wish to consider
the scattering of, say, two electrons, we can simply add two
positrons “behind the moon,” i.e., incoming states which do
not interact significantly with the electrons or with each
other [38]. Thus, arguably, the restriction to states of
vanishing charges does not preclude having representatives
of all “hard” scattering processes.
As discussed in more technical detail in Sec. IV, a

separable Hilbert space of “in” and “out” states of vanish-
ing charges for QED with massive charged particles can be
constructed as follows. For the construction of the “in”
Hilbert space, we note that the charges at past timelike
infinity,Qi−ðλÞ, are determined by the incoming state of the
massive charged particles. The (improper) incoming Fock
space state jp1…pn; q1…qni consisting of n incoming
charged particles and n incoming antiparticles with definite
momenta p1;…; pn and q1;…; qn, respectively, has van-
ishing total ordinary electric charge and can be seen to be
an eigenstate of the charge operator Qi−ðλÞ for all λ. We
denote its eigenvalue as Qi−ðλ;p1…qnÞ. By the corre-
sponding version of Eq. (1.8) for past null infinity with
J in ¼ 0 (since we are considering only massive charged
particles) we can obtain an (improper) state for which all
large gauge charges vanish at spatial infinity (v → þ∞) by
pairing jp1…pn;q1…qni with any incoming electromag-
netic field state that lies in the representation with memory
Δin

A determined by7

1

4π

Z
S2

dΩΔin
AD

Aλ ¼ −Qi−ðλ;p1;…; qnÞ ð1:10Þ

for all λðxAÞ. In other words, we can take the tensor product
of the one-dimensional Hilbert space spanned by the
improper state jp1…pn; q1…qni with the Fock space
representation of the electromagnetic field with memory

5Memory can be decomposed into electric and magnetic parity
parts via ΔA ¼ DAαþ ϵA

BDBβ. Equation (1.8) only involves the
electric part, α. Magnetic parity charges similar to Eq. (1.5) can
be defined (although they are not associated with large gauge
transformations) and an analog of Eq. (1.8) (without the current
term) then holds. The constructions of our paper could be
straightforwardly extended to include magnetic parity memory.
However, magnetic parity memory does not arise in usual
scattering processes starting with states of vanishing memory—
although it can occur in certain processes (see [8] for an example
in the gravitational case). We will focus entirely on electric parity
memory in this paper.

6One could start with a Hilbert space with nonvanishing
charges and obtain a new space that admits an action of the
Poincaré group by taking the direct sum of the continuous family
of Hilbert spaces with charges equal to the action of the Lorentz
group on the original charges. However, this direct sum Hilbert
space would be nonseparable. Furthermore, there would be no
infinitesimal action of the Lorentz group on the direct sum Hilbert
space, so, in particular, the angular momentum operator would
not be defined [35,36].

7This relation uniquely determines the electric parity memory
[see Footnote 5].
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Δin
A given by Eq. (1.10). The pairing of the charged particle

state jp1…pn; q1…qni with electromagnetic states in the
representation Δin

A is usually referred to as dressing the
charged particles with a corresponding “cloud of soft
photons”.8 We can then obtain a Hilbert space with
arbitrary proper Fock space states of n charged particles,
n antiparticles, and arbitrary “hard” photon states by taking
a direct integral over p1;…; pn; q1;…; qn. We then take the
direct sum over n. This yields a separable Hilbert space that
has representatives of all incoming states of the massive
charged particles with vanishing total electric charge and all
incoming “hard” photon states. This construction is equiv-
alent to the one given by Faddeev and Kulish. All states in
this “in” Hilbert space are eigenstates with eigenvalue 0
of all of the large gauge charges at spatial infinity.9 By
conservation of charges at spatial infinity, these states
should evolve to states in the similarly constructed “out”
Hilbert space. Indeed, finiteness of the Faddeev-Kulish
“S-matrix amplitudes” has been verified to all orders in
perturbation theory [41]. These results are also supported
by recent, rigorous analyses of perturbative QED [42] as
well as nonperturbative studies of nonrelativistic QED
[43,44].10 Consequently, all of the above properties (1)–(5)
should be satisfied.
Thus, the Faddeev-Kulish construction provides defini-

tions of “in” and “out” Hilbert spaces that enable one to
have a well-defined S-matrix.11 However, it should be noted
that this construction has a number of unpleasant features.
First, it allows only states of vanishing total ordinary
electric charge. As already mentioned above, this can be
dealt with by putting any excess charges behind the moon.
A more unpleasant feature is that it requires the incoming
massive charged particles to be dressed with incoming
electromagnetic states with the corresponding memory.
This dressing is quite unnatural, since—although the
incoming massive charged field and incoming electromag-
netic radiative field are completely independent degrees
of freedom—it requires the incoming electromagnetic

radiative state to “know” the exact state of the incoming
charged field. Furthermore, since each state in the Faddeev-
Kulish Hilbert space has an extremely high degree of
entanglement between the state of the massive charged field
and the state of the electromagnetic field, one cannot have a
coherent superposition of incoming charged particle states
of different momenta [14]. Thus, the Faddeev-Kulish
Hilbert space appears to artificially exclude many states
that one might wish to consider. Nevertheless, by restricting
consideration to the states in the Faddeev-Kulish Hilbert
space, one should obtain a genuine S-matrix, with no
infrared divergences.
We turn now to differences that occur if we consider

QED with a massless charged field, as will be discussed
in detail in Sec. V. Since there are no incoming massive
particles, the charges Qi−ðλÞ at timelike infinity vanish in
the massless case. However, since there are incoming
massless particles, the charge-current flux J inðλÞ at null
infinity will not vanish. One can perform a construction of
“in” and “out” Hilbert spaces that is completely analogous
to the Faddeev-Kulish construction as follows: In the
massless case, the (improper) incoming Fock space states
jp1…pn; q1…qni of the charged field are eigenstates of the
charge-current operatorJ inðλÞ for all λ. Therefore, one can
again pair jp1…pn; q1…qni with the incoming electro-
magnetic field states that lie in the representation with
memory Δin

A chosen so as to give vanishing charges at
spatial infinity. In this case, by Eq. (1.8), the required Δin

A is
determined by

1

4π

Z
S2

dΩΔin
AD

Aλ ¼ −J inðλ;p1;…; qnÞ; ð1:11Þ

where J inðλ;p1;…; qnÞ denotes the eigenvalue of J inðλÞ
in the state jp1…pn; q1…qni. By taking a direct integral
over p1;…; pn; q1;…; qn and a direct sum over n, we will
again get a separable Hilbert space of states with vanishing
charges at spatial infinity, so the “in” Hilbert space should
unitarily map to the similarly constructed “out” Hilbert
space under dynamical evolution. This yields a direct
analog for massless charged fields of the Faddeev-Kulish
construction for massive charged fields.
However, although the Faddeev-Kulish construction can

be carried out in close analogy with the massive case, a
truly significant difference arises in the nature of the
resulting states. For massive charged fields, the charges
Qi−ðλ;p1…qnÞ for the state jp1…pn; q1…qni correspond
to a smooth function on the sphere. Consequently, the
corresponding memory Δin

A determined by Eq. (1.10) is
smooth, and the corresponding memory representation
of the electromagnetic field has a dense set of non-
singular states. By contrast, in the massless case, the flux
J inðλ;p1;…; qnÞ for the state jp1…pn; q1…qni has
δ-function angular singularities in each of the directions
xAi of the momenta p1;…; pn; q1;…; qn. It follows that the

8Note that one does not have to “dress” the charged particles
with a specific state, i.e., any electromagnetic state with the
required memory is allowed. The cloud of soft photons refers to
any state in the representation with the required memory. A
charged particle dressed with an infrared cloud of soft photons is
sometimes referred to as an “infraparticle” [35,39].

9The relationship between the Faddeev and Kulish dressed
states and eigenstates of Qi0ðλÞ has been previously discussed in
[18,40].

10Similar analyses have also been done in the case of infrared
divergences arising from the scattering of a massless scalar field
coupled to a massive scalar field (sometimes referred to as the
“Nelson model”) [45–47].

11As has been pointed out in [48] the original Faddeev-Kulish
construction did not include the “virtual photons” associated to
the Coulomb fields of the outgoing electrons. In this paper, the
“Coulomb fields” of any incoming/outgoing particles are auto-
matically included through the constraints arising from Max-
well’s equations at past/future timelike infinity (see Sec. IV B.).
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memory Δin
A ðxBÞ determined by Eq. (1.11) will have

angular singularities of the form 1=jxB − xBi j in the
vicinity of xBi . These additional angular singularities
occurring in the massless case correspond to what are
referred to as collinear divergences. If one is interested in
calculating inclusive cross sections, they merely give rise
to an additional nuisance in that one must introduce a
further angular cutoff in addition to the usual infrared
cutoff when performing calculations [49,50]. But they
give rise to a fatal difficulty for the usefulness of the “in”
and “out” Hilbert spaces constructed above. The angular
singularities in the memory are such that the memory is
not square integrable over a sphere. This implies that the
expected electric field hEin

A i in any state in the memory
representation paired with jp1…pn; q1…qni cannot be
square integrable over null infinity. By further arguments,
it can be seen that the total energy flux of the electro-
magnetic field in any state in this memory representation
is infinite. In other words, in the massless case, the
required “soft photon dressing” of the charged particles
always carries infinite energy. Thus, all of the allowed
states of the electromagnetic field in this construction are
physically unacceptable. Although we should be able to
obtain a well-defined scattering theory between states in
the “in” and “out” Hilbert spaces, none of the scattering
states are of any physical relevance.
We now turn to Yang-Mills theory with a compact,

semisimple Lie group, which will be discussed in more
detail in Sec. V E. The Yang-Mills fields occurring in
nature are strongly coupled to other fields and do not
behave as free fields at asymptotically early and late times.
However, we can consider the scattering theory of “pure”
Yang-Mills theory (with no coupling to other fields) as a
toy model that has features similar to both electromagnet-
ism and gravity. Collinear divergences similar to massless
QED occur in Yang-Mills theory. Consequently, as in
massless QED, the dressing required by the Faddeev-
Kulish construction will be singular. However, an
additional—and, in some respects, even more serious—
difficulty arises in the Yang-Mills case, due to the fact that
the Yang-Mills field acts as its own source. The analog of
Eq. (1.8) in the Yang-Mills case is

1

4π

Z
S2

dΩΔYM;out
A;j DAλj ¼ QYM

iþ ðλÞ −QYM
i0 ðλÞ þ J YM;outðλÞ

ð1:12Þ

where j denotes a Lie algebra index, such indices are
lowered and raised with the Cartan-Killing metric, and the
charges are defined by a natural generalization of Eq. (1.5)
where the Lie algebra valued field strength is now inte-
grated with λiðxAÞ. Since there are no massive sources, the
charges at timelike infinity vanish, QYM

iþ ðλÞ ¼ 0. The
charge-current flux in the Yang-Mills case is

J YM;outðλÞ ¼ 1

2π

Z
∞

−∞
du

Z
S2

dΩcijkqABλiA
ð1Þj
A Eð1Þk

B ð1:13Þ

where cijk denote the structure constants of the Lie algebra.
Similar charges and fluxes associated to the symmetry λ
can be defined at past null infinity. The analog of Eq. (1.11)
for obtaining eigenstates of vanishing charge12 at spatial
infinity for the Yang-Mills field is

1

4π

Z
S2

dΩΔYM;in
A;j DAλj ¼ −J YM;inðλÞ: ð1:14Þ

The key difference with massless QED is that the “hard”
and “soft” quanta now correspond to the same field. Thus,
we must use “soft” Yang-Mills quanta to dress (via the
memory, ΔYM;in

A;j ) the “hard” Yang-Mills quanta. But these
“soft” quanta will then make additional contributions to
the current flux, so we will not get an eigenstate of charges
at spatial infinity by choosing the memory to satisfy
Eq. (1.14), with J YM;inðλÞ the flux of the “hard” Yang-
Mills quanta. Thus—in addition to the fact that, as in the
case of massless QED, this soft dressing is singular and
therefore the corresponding Yang-Mills current flux is
infinite—one cannot get states of vanishing charges at
spatial infinity by attempting to pair flux eigenstates with
corresponding memory representations.
Thus, in order to obtain an analog of the Faddeev-Kulish

Hilbert space in the Yang-Mills case, one must find some
other means to obtain a suitable Hilbert space of eigenstates
of vanishing charges at spatial infinity. However, there are
insufficiently many such states, as can be seen from the fact
that the charge QYM

i0 ðλÞ at spatial infinity acts on the “in”
and “out” states as an infinitesimal generator of the large
gauge transformation associated with λj. Thus, an “in” state
with vanishing charges at spatial must be gauge invariant
with respect to all large gauge transformations, which is a
strong constraint on the n-point functions of the Yang-Mills
electric field. In particular this implies that the 1-point
function must vanish, the 2-point function must be propor-
tional to the Cartan-Killing metric and, more generally, all
n-point functions must be proportional to Casimirs of the
Lie algebra. Although there exist states that satisfy these
conditions, these conditions are far too restrictive to allow
one to satisfy condition (4) of our requirements on the “in”
Hilbert space.
We now turn to general relativity, which will be con-

sidered in detail in Sec. VI. We introduce Bondi coordi-
nates ðu; r; xAÞ, and let Cμνðu; xAÞ denote the deviation of
the spacetime metric from the asymptotic Minkowski

12The charges at spatial infinity satisfy the commutation
relations ½QYM

i0 ðλ1Þ;QYM
i0 ðλ2Þ� ¼ QYM

i0 ð½λ1; λ2�Þ where ½λ1; λ2�i ¼
cijkλ

j
1λ

k
2. For a semisimple Lie group it is impossible to have an

eigenstate of all charges unless all of the charge eigenvalues
vanish.
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metric ημν at leading order in 1=r in these coordinates.13

The classical memory effect at future null infinity in the
gravitational case corresponds to having the angular com-
ponents, CAB, at order 1=r asymptote to different values at
early and late retarded times, u → �∞. This will occur if
and only if at order 1=r the Bondi news NAB ¼ −∂uCAB

satisfies
R
∞
−∞ duNAB ≠ 0. In the gravitational case, the

presence of memory physically corresponds to an array
of test particles initially at rest receiving a permanent
relative displacement at order 1=r due to the passage of
gravitational radiation [51].
If the Bondi news goes to zero at early and late retarded

times, CAB will be “pure gauge” at early and late retarded
times, but the gravitational memory

ΔGR;out
AB ≔

1

2

Z
∞

−∞
duNAB ¼ −

1

2
ðCABju¼þ∞ − CABju¼−∞Þ

ð1:15Þ

is gauge invariant. The relevant gauge transformations in
the gravitational case are the supertranslations whose
infinitesimal action is given by

CAB→CAB−fNAB−2

�
DADBf−

1

2
qABDCDCf

�
ð1:16Þ

where f ¼ fðxAÞ is an arbitrary function on the sphere and
qAB is the metric on the unit sphere. The supertranslations
are, in fact, “symmetries,” i.e., they are not degeneracies of
the symplectic form. Again, there are charges and fluxes
associated with these symmetries. The charge QGR

u ðfÞ
associated with the supertranslation f at retarded time u
is given by

QGR
u ðfÞ ¼ −

1

8π

Z
SðuÞ

dΩfðxAÞ
�
Cð3Þ
ururðu; xAÞ − 1

4
NABCAB

�
ð1:17Þ

where SðuÞ ≅ S2 is an asymptotic sphere at fixed retarded
time u, Cμνρσ is the Weyl tensor and the superscript “(3)”
denotes the order 1=r3 part as r → ∞ at fixed u. The
difference of the charge QGR

u ðfÞ at two retarded times u1
and u2 is determined by a corresponding flux between these
retarded times associated with the symmetry f

QGR
u2 ðfÞ −QGR

u1 ðfÞ ¼ −
1

32π

Z
u2

u1

du
Z
S2

dΩ

× fðNABNAB þ 2DADBNABÞ:
ð1:18Þ

If other massless fields are present and if their stress-energy
Tμν satisfies the dominant energy condition then Eq. (1.18)

is modified by the substitution NABNAB → NABNAB þ
32πTð2Þ

uu where the “(2)” denotes the order 1=r2 part as r →
∞ at fixed u. In the gravitational case, Eq. (1.18) with
u1 → −∞ and u2 → þ∞ directly yields an analogous
formula to Eq. (1.8) relating charges, fluxes and memory14

−
1

8π

Z
S2

dΩΔGR;out
AB DADBf

¼ QGR
iþ ðfÞ −QGR

i0
ðfÞ þ J GR;outðfÞ: ð1:19Þ

The terms on the right-hand side of Eq. (1.19) involving the
difference of charges is referred to as “ordinary memory”
[51] and the term involving the flux is usually referred to as
“null memory” or “nonlinear memory” [52,53] given by

J GR;outðfÞ ¼ 1

32π

Z
∞

−∞
du

Z
S2

dΩfNABNAB: ð1:20Þ

Similar formulas hold for the “in” memory in terms of
difference of charges at past timelike infinity and spatial
infinity as well as incoming null memory. As in the
electromagnetic case, there is a matching of the incoming
and outgoing charges as one approaches spatial infinity as
originally conjectured by Strominger [30]

QGR;out
i0 ðfÞ ¼ QGR;in

i0 ðf∘ϒÞ: ð1:21Þ

As is well known, significant difficulties arise in the
formulation of a quantum theory of gravity in the bulk
spacetime. However, as Ashtekar has emphasized, no such
difficulties arise in the asymptotic quantization of the
radiative degrees of freedom of the gravitational field at
null infinity [13,54,55]. Thus, the notion of asymptotic
states of the quantum gravitational field in asymptotically
flat spacetimes is well defined, irrespective of the details of
the bulk theory of gravity. In view of the classical memory
effect, it is not possible that “in” states with vanishing
memory (i.e., states in the standard “in” Fock representa-
tion) will generically evolve to “out” states with vanishing
memory. Thus, infrared divergences similar to those occur-
ring in QEDmust arise if one attempts to define an S-matrix
with the conventional choices of “in” and “out” Hilbert
spaces. One may ask whether there exist alternative choices
satisfying conditions (1)–(5) above.

13Again, we state our main results in this section in Bondi
coordinates in the bulk spacetime, but in Sec. VI we will work at
null infinity in the conformally completed spacetime.

14This equation determines the electric parity part of the
memory. The “magnetic parity” part of the memory is determined
by ϵCADCD

BΔGR
AB, which can be expressed in terms of the

difference of magnetic parity charges [8] with no null memory
contribution. All of the analysis of this paper could be straight-
forwardly generalized to include magnetic parity memory.
However, as in the electromagnetic case [see Footnote 5], we
shall focus entirely on electric parity memory in this paper.
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In linearized gravity with matter sources, massive fields
will contribute to ordinary memory and massless fields
will contribute to null memory, in close analogy with
QED. In the case of QED, the vanishing of the charges
Qi0ðλÞ at spatial infinity—including the ordinary electric
charge—was required to have a Lorentz group action. As
discussed above, in QED, it can be argued that the require-
ment of vanishing total electric charge is not a problem for
obtaining representatives of all “hard” scattering processes
because one can always put additional charges behind the
moon. However, in linearized gravity with massive/massless
sources, the analogous requirement of vanishing total 4-
momentum is a serious problem, since the ordinary vacuum
state is the only state that satisfies this requirement—there is
no way to “cancel” the 4-momentum if a state by adding
particles. Therefore the Faddeev-Kulish construction fails for
this elementary reason at this initial stage.
Nevertheless, one could give up on having a well-defined

action of the Lorentz transformations and attempt to con-
struct states of definite, nonvanishing charges QGR

i0
ðfÞ at

spatial infinity [56]. For linearized gravity with a massive
field source, one can straightforwardly carry out an analog
of the construction of Sec. IVD for massive QED. For
linearized gravity with a massless field source, one can carry
out an analog of the construction of Sec. V D for massless
QED. Indeed, the situation for linearized gravity with a
massless field source is somewhat better than massless QED
in that the singularities of the memory are less severe [57]. In
linearized gravity, for incoming momentum eigenstates of
massless particles, the corresponding flux in Eq. (1.19) will
again have δ-function angular singularities. However, on
account of the presence of two derivatives on the left side of
Eq. (1.19) [as compared to the one derivative in Eq. (1.11)],
the corresponding collinear divergence singularities of ΔGR

AB
will be of the form log jxA − xAi j. Although still singular, this
is square integrable and does not imply an infinite energy flux
of soft gravitons. Thus, arguably, in linearized gravity, the
dressed states in the analogously constructed Faddeev-
Kulish Hilbert space are physically acceptable, although
since there is nowell-defined action of the Lorentz group, the
states obtained in this construction donot have awell-defined
angular momentum.
However, we show in Sec. VI C that the Faddeev-Kulish

type of construction fails catastrophically in nonlinear
gravity. The fundamental problem is that, as in the
Yang-Mills case, the “soft gravitons” that must be used
to dress the “hard gravitons” will contribute their own flux,
thereby invalidating any attempt to pair flux eigenstates of
hard gravitons with corresponding memory representa-
tions. Thus, as in the Yang-Mills case, in order to obtain
an analog of the Faddeev-Kulish Hilbert space, one must
find some other means to obtain eigenstates of the super-
translation charges. In the Yang-Mills case, charge eigen-
states must have vanishing charges and thus the n-point
functions of any eigenstate of all large gauge charges must

be invariant under all large gauge transformations.
Although this is a highly restrictive condition, there do
exist some invariant states besides the vacuum state.
However, as we show in Theorem 1 of Sec. VI C, the
corresponding condition in quantum gravity is that the
n-point functions of the news must be invariant under
supertranslations. However, this requirement is incompat-
ible with the falloff requirements on states. Thus, apart from
the vacuum state, there are no eigenstates whatsoever of the
supertranslation charges. Thus there is no analog of the
Faddeev-Kulish Hilbert space in nonlinear gravity.
Thus, if one is to obtain “in” and “out” Hilbert spaces

in quantum gravity that satisfy properties (1)–(5), one will
have to do so by a very different means than by the
Faddeev-Kulish construction. We explore some possibil-
ities in Sec. VII involving direct integrals with respect to
Gaussian measures of Fock representations with memory.
We find that these also do not work. Of course, our analysis
does not exhaust all possibilities, but we do not see any
further avenues of approach that appear promising. Thus,
we believe that for gravity (as well as for Yang-Mills theory
and massless QED), no satisfactory Hilbert space con-
struction of “in” and “out” states can be given.
What does this mean for scattering theory? There is no

problem defining “in” and “out” states that should accom-
modate all scattering processes, allowing arbitrary incoming
and outgoing “hard” particle states and arbitrary memory.
The difficulties arise entirely from the attempt to “shoehorn”
all states relevant to scattering theory into a single, separable
Hilbert space. It is our view that there is no need to try to do
this.An “in” state can bedefined in the algebraic viewpoint as
a positive linear function on the algebra of “in” observables.
In this viewpoint one would specify an “in” state by giving
the complete list of the correlation functions of the “in”
fields—where this list must satisfy positivity requirements.
Any state in any Hilbert space construction gives rise to a
state in this sense, since one can compute all the correlation
functions and they will automatically satisfy the positivity
requirement. Conversely, the Gel’fand-Naimark-Segal
(GNS) construction shows that any state in the algebraic
sense can be realized as a vector in someHilbert space, so one
does not get entirely new objects by considering states in the
algebraic sense. But by considering states in the algebraic
sense, one is freed from the necessity of choosing in advance
a particular Hilbert space in which it lies. Thus, one may
consider any “in” state that one wishes, without placing any
“dress requirements” on the state. If one evolves the chosen
“in” state through the bulk, one will get some “out” state,
defined, again, as a list of correlation functions of the “out”
fields. There is no reason to impose an a priori restriction as to
which Hilbert space this “out” state will lie in—and one will
get infrared divergences if one selects the wrong one. As
discussed in Sec. VIII, we see no difficulty of principle in
describing scattering theory in this framework. Of course, if
one is interested in calculating quantities relevant to collider
physics, we are not suggesting that there would be any
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advantage to taking such an approach over the usual approach
of working in the standard Fock space and imposing infrared
cutoffs. However, if one wishes to treat scattering at a
fundamental level, we believe it is necessary to approach it
from such an algebraic viewpoint on “in” and “out” states.
The structure of the remainder of the paper is as follows.

In Sec. II we briefly review the classical phase space of a
free scalar field in an asymptotically flat spacetime and give
a precise notion of “observable” on this phase space. We
also define local field observables at null infinity and
determine their Poisson brackets. In Sec. III, we review the
algebraic viewpoint on quantization and the formulation of
free field theory in this framework. We briefly review the
notion of Hadamard states in the bulk and consider their
limit to null infinity in the case of massless fields. Although
we are, of course, interested in the scattering theory of
interacting fields, these interacting fields are assumed to
behave like free fields in the asymptotic past and future, so
the results of this section provide the tools needed to define
the asymptotic quantization of interacting fields. In Sec. IV
we consider QED with a massive, charged Klein-Gordon
field. In Sec. VI Awe construct the asymptotic algebra and
Hadamard states of the massive scalar field at timelike
infinity and the electromagnetic field at null infinity. In
Sec. VI B we consider the extension of the field algebras to
include charges and Poincaré generators. In Sec. VI C we
obtain Fock representations of the field algebras. The
standard Fock representation of the massive Klein-
Gordon field provides all of the necessary asymptotic
states of that field, but we need all of the memory
representations of the electromagnetic field to have an
adequate supply of asymptotic electromagnetic states for
scattering theory. In Sec. VI D we use these representations
to construct the Faddeev-Kulish representation in massive
QED by pairing momentum eigenstates of the Klein-
Gordon field with corresponding memory representations
of the electromagnetic field, thereby dressing the charged
particles. In Sec. V we consider massless scalar QED.
In Sec. VA we construct the asymptotic algebra of field
observables at null infinity for a massless, charged Klein-
Gordon field, and we extend this algebra to include charges
and Poincaré generators in Sec. V B. In Sec. V C we obtain
the Fock representations of the massless scalar field. In
Sec. V D we construct the analog of the Faddeev-Kulish
representations for massless QED and point out the serious
problems arising from the singular nature of the required
memory representations. In Sec. V E we consider source-
free Yang-Mills theory and discuss the new serious diffi-
culty that arises from the fact that the Faddeev-Kulish
dressing also contributes to the charge-current flux. In
Sec. VI we consider general relativity. In Sec. VI A we
provide the asymptotic algebra of observables in vacuum
gravity. This algebra is extended in Sec. VI B to include the
Bondi-Metzner-Sachs (BMS) charges. In Sec. VI C we
prove the nonexistence of Faddeev-Kulish representations

in quantum gravity. Some alternatives to Faddeev-Kulish
representations are explored in Sec. VII but none are found
to be satisfactory. Finally, in Sec. VIII we advocate for the
development of an “algebraic scattering theory,” wherein
one does not attempt to “shoehorn” all of the asymptotic
states of scattering theory into pre-chosen “in” and “out”
Hilbert spaces. Such a formulation of scattering theory
would be manifestly infrared finite.

A. Notation and conventions

We work in natural units (G ¼ c ¼ ℏ ¼ 1) and will use
the notation and sign conventions of [58]. In particular, our
metric signature is mostly positive and our sign convention
for the curvature is such that the scalar curvature of the
round sphere is positive. Greek indices ðμ; ν;…Þ corre-
spond to tensors in the “bulk” spacetime15 M and we will
use y to denote arbitrary coordinates on M.
We will generally use the symbol A to denote a �-

algebra of observables, ω to denote a state on the algebra,
H to denote a Hilbert space, and F to denote a Fock
space. Algebras of local field observables in the asymptotic
past and future will be denoted as A in and A out, respec-
tively. Wewill append a superscript “in” or “out” on various
other quantities to distinguish between quantities defined
in the asymptotic past or future, but we will omit this
superscript when the context is clear. We will use super-
scripts EM, KG, KG0, YM, and GR on quantities to
distinguish between the particular cases of the electromag-
netic, massive Klein-Gordon, massless Klein-Gordon,
Yang-Mills, and gravitational fields, respectively. Thus,
for example, A EM

in denotes the algebra of local electro-
magnetic field observables in the asymptotic past. We will
append subscripts Q and P to denote the extensions of
algebras of local field observables to include large gauge
charges and Poincare generators, respectively. Thus, for
exampleA KG

in;Q denotes the extension of the algebra of local
field observables of a massive scalar field in the asymptotic
past to include large gauge charges.
Quantum observables will be denoted by the boldfaced

version of the symbol for the corresponding classical
observable; for example, the quantum observable corre-
sponding to a classical scalar field ϕ is denoted by ϕ.
We will work with the Penrose conformal completion

(see, e.g., [58,59]) of flat spacetime (for QED and Yang-
Mills theory) and asymptotically flat spacetimes (for
gravity). The conformal boundaries I� denote future/past
null infinity, i0 denotes spatial infinity, and i� denotes
future/past timelike infinity. The conformal factor will be
denoted by Ω and without loss of generality we impose the
Bondi condition ∇μ∇νΩ ¼ 0 at null infinity I�. The null
normal to I� will be denote nμ ¼ ∇μΩ.

15We also will use Greek indices in several places in Sec. II to
denote tensors on phase space.
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We will frequently encounter down index tensors onI�
that are orthogonal to nμ in each index. We will denote such
tensors with capital Latin letters ðA; B;…Þ. For example,
the pullback of the electric field Eμ ¼ Fμνnν to I� is such
a tensor and it will be denoted as EA. Similarly, the
(degenerate) metric on I� (obtained from the pullback
of the conformal spacetime metric) will be denoted as qAB.
We also will use capital Latin letters to denote equivalence
classes of “up” index tensors on I�, where two such
tensors are equivalent if they differ by a multiple of nμ in
any index. (Such up index tensors are dual to the corre-
sponding down index tensors.) The metric qAB acts non-
degenerately on such equivalence classes of vectors, so it
has an inverse, which we will denote as qAB. We will use
qAB and qAB to lower and raise capital Latin indices. Most
of our analysis will be done with incoming fields on past
null infinityI − and we will use coordinates x ¼ ðv; xAÞ on
I −, where v is the advanced Bondi time coordinate and xA

are arbitrary coordinates on a 2-sphere. Note that the index
on the coordinates xA should not be confused with a tensor
index as described above.

II. CLASSICAL PHASE SPACE: OBSERVABLES
AND ASYMPTOTIC DESCRIPTION

Our interest in this paper is in interacting quantum field
theories, specifically, QED, Yang-Mills theory, and quan-
tum gravity. However, we will be concerned only with the
description of states at asymptotically early and late times,
where it will be assumed that the states correspond to states
of “in” and “out” free field theories. Thus, in essence, for
the considerations of this paper, we need only be concerned
with the structure of free field theory. The quantum theory
of a free field is based on the phase space structure of the
classical theory. In this section, we will review the phase
space structure relevant for our considerations and explain
the notion of “observable” that we shall use. For the case of
a massless field, we will relate the “bulk” description of the
field to its asymptotic description at null infinity.
Since the phase space of a field theory is infinite

dimensional, it would take some effort to define a math-
ematically precise Fréchet space or other structure of phase
space (see [60]) that would properly incorporate the
smoothness and falloff conditions of the fields and provide
a suitable topology on these fields. We believe that this
could be done but we shall not attempt to do so here. Thus,
we will freely use terms like “smooth vector field on phase
space” in our discussion below without attempting to give a
mathematically precise meaning to such terms.
The basic structure of the classical phase space of a linear

field theory is well illustrated by the case of a real scalar
field ϕ. Since we want to apply our constructions to the
asymptotic behavior of the gravitational field in general
relativity, it would not be reasonable to assume more
structure than would be present on a globally hyperbolic,

asymptotically flat, curved spacetime. Thus, we will take
as our model system a real scalar field ϕ on a globally
hyperbolic spacetime ðM; gÞ, with Lagrangian

L ¼ −
1

2
½∇μϕ∇μϕþm2ϕ2 þ ξRϕ2� ð2:1Þ

where m denotes the mass, ξ is an arbitrary constant, and R
is the Ricci scalar. Then ϕ satisfies

ð□ −m2 − ξRÞϕ ¼ 0: ð2:2Þ

As discussed in detail in [61,62] and many other
references, the Lagrangian Eq. (2.1) endows the theory
with a symplectic form, which thereby provides the space
of initial data for solutions with a phase space structure.
For the scalar field Eq. (2.1), the points of phase space P
can be taken to be the quantities ðϕ; nμ∇μϕÞ on a spacelike
Cauchy surface Σ, where nμ denotes the unit normal to Σ. In
general, the symplectic form, Ω, is a 2-form on P, i.e., at
each point of P it maps a pair of tangent vectors into a
number. However, in the case of a linear theory as
considered here, P has a vector space (or, more generally,
an affine space16) structure, and we can identify tangent
vectors with points of P. Consequently, we can viewΩ as a
bilinear map on P. The symplectic product of two solutions
ϕ1;ϕ2 is given by

ΩKG
Σ ðϕ1;ϕ2Þ ¼

Z
Σ

ffiffiffi
h

p
d3x½ϕ1nμ∇μϕ2 − ϕ2nμ∇μϕ1� ð2:3Þ

where
ffiffiffi
h

p
d3x is the proper volume element on Σ. This

symplectic product is conserved, i.e., it is independent of
the choice of Cauchy surface Σ.
If P were finite dimensional, the nondegeneracy of the

symplectic form Ωαβ would imply that it has an inverse
Ωαβ, where the Greek indices here represent tensor indices
on phase space. A classical observable F on P could then
be taken to be an arbitrary smooth map F∶P → R. The
inverse symplectic form would then allow us to define the
Poisson bracket of any two such observables F1, F2 to be
the observable on phase space given by

fF1; F2g ¼ Ωαβ∇αF1∇βF2: ð2:4Þ

However, on an infinite dimensional phase space, the
symplectic form is only weakly nondegenerate and its
inverse will not be defined on all one-forms on the phase
space. Thus, we cannot use Eq. (2.4) to define the Poisson
bracket of arbitrary smooth functions on phase space.

16As we shall see, in electromagnetism and gravity, the
presence of large gauge transformations implies that there are
many points of phase space that have vanishing gauge invariant
field strengths. Any of these points could serve as an “origin.”

PRABHU, SATISHCHANDRAN, and WALD PHYS. REV. D 106, 066005 (2022)

066005-10



Nevertheless, on a general phase space, we can define the
Poisson bracket on a particular class of smooth functions F.
Namely, suppose F is such that there is a smooth vector
field Xα on P with the property that for all smooth curves
zðαÞ on phase space, we have

δF ¼ Ωðδz; XÞ ð2:5Þ

where

δz ≔
d
dα

zðαÞ
����
α¼0

; δF ≔
d
dα

FðzðαÞÞ
����
α¼0

: ð2:6Þ

Formally, Eq. (2.5) corresponds to Xα ¼ Ωαβ∇βF, but
Eq. (2.5) is expressed in a way that avoids the introduction
of the inverse symplectic form. If Eq. (2.5) holds, we say
that the function F generates the vector field Xα. Given two
functions F1 and F2 on phase space that generate vector
fields Xα

1 and Xα
2 , respectively, we can define the Poisson

bracket of F1 and F2 by

fF1; F2g ≔ −ΩðX1; X2Þ: ð2:7Þ

Formally, this corresponds to Eq. (2.4) because, for-
mally, ΩðX1; X2Þ ¼ ΩαβXα

1X
β
2 ¼ ΩαβΩαγ∇γF1Ωβη∇ηF2 ¼

Ωηγ∇γF1∇ηF2. However, Eq. (2.7) avoids introducing the
inverse symplectic form and is well defined. For the case of
an infinite dimensional phase space, we define an observ-
able to be a smooth function F on phase space that satisfies
Eq. (2.5). By construction, the Poisson bracket of any two
observables is well defined. It is only for classical observ-
ables in this sense that we can hope/expect to have quantum
representatives.
The situation with regard to obtaining observables

simplifies considerably in the case of a phase space P
with vector space structure, as considered here. Consider a
vector field X corresponding to an infinitesimal displace-
ment at each ϕ of the form of an affine transformation

ϕ ↦ ϕþ ϵðLϕþ χ0Þ ð2:8Þ

where χ0 is a constant (ϕ-independent) displacement and L
is a linear map on phase space. Suppose that L satisfies

Ωðψ ; LϕÞ ¼ −ΩðLψ ;ϕÞ ð2:9Þ

for all ϕ;ψ ∈ P. Then it is straightforward to verify that the
function F∶P → R defined by

FðϕÞ ¼ Ωðϕ; χ0Þ þ
1

2
Ωðϕ; LϕÞ ð2:10Þ

satisfies Eq. (2.5). Thus, any function F on phase space
of the form Eq. (2.10) with L satisfying Eq. (2.9) is an
observable on phase space.

An important class of observables onP are the local field
observables. Let f∶M → R be a test function on space-
time, i.e., a smooth function of compact support. Let Ff be
the linear function on phase space given by

FfðϕÞ ¼ ϕðfÞ ≔
Z ffiffiffiffiffiffi

−g
p

d4yϕðyÞfðyÞ; ð2:11Þ

where y denotes arbitrary coordinates on M. Then Ff can
be shown to be an observable as follows. Let

Ef ¼ Af − Rf ð2:12Þ

where Af denotes the advanced solution to Eq. (2.2) with
source f and Rf denotes the retarded solution with source
f. Then Ef a smooth, source-free solution to Eq. (2.2) with
initial data of compact support, so it corresponds to a point
in P. By lemma 3.2.1 of [63], for any solution ϕ we have17

ϕðfÞ ¼ ΩKG
Σ ðϕ; EfÞ: ð2:13Þ

Thus, Ff is of the form Eq. (2.10) with χ0 ¼ Ef and L ¼ 0.
Thus, the “smeared fields” ϕðfÞ are observables.18 It is not
difficult to see that the Poisson bracket of smeared fields is
given by

fϕðf1Þ;ϕðf2Þg ¼ Eðf1; f2Þ1 ð2:14Þ

where “1” denotes the constant function on P that maps all
points to 1, and

Eðf1; f2Þ ¼
Z ffiffiffiffiffiffi

−g
p

d4yf1ðyÞEf2ðyÞ: ð2:15Þ

For any Cauchy surface Σ and any test function s on Σ,
we may define the linear function FΣ;s on phase space by

FΣ;sðϕÞ ¼ ϕΣðsÞ ≔
Z
Σ

ffiffiffi
h

p
d3xϕðxÞsðxÞ: ð2:16Þ

We may similarly define ðnμ∇μϕÞΣðsÞ. These “3-smeared”
fields are also observables, which can be seen from
Eq. (2.13) to be equivalent to the “4-smeared” observables
Eq. (2.11). Namely, we have

ϕΣðsÞ ¼ ϕðfÞ ð2:17Þ

17Note that our convention for the symplectic form in Eq. (2.3)
has the opposite sign compared to the one used in [63].

18Note that the field evaluated at a point, ϕðxÞ, is too singular
to be considered to be an observable. The associated vector field
Xα would correspond to an infinitesimal displacement in the
direction of the singular solution given by the advanced minus
retarded solution with delta function source at x, which does not
lie in the phase space.
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where f is a test function on spacetime such that the initial
data for Ef on Σ is ½Ef�Σ ¼ 0 and ½nμ∇μðEfÞ�Σ ¼ s. A
similar formula holds for ðnμ∇μϕÞΣðsÞ.
Our main interest in this paper is to characterize the

states of quantum fields in asymptotically flat spacetimes at
asymptotically early and late times. It therefore will be
important to have a description of the phase space and
observables that characterizes the behavior of the field at
asymptotically early and late times. We shall now explain
how this can be done for massless fields. The correspond-
ing asymptotic quantization will be described in the next
section. The classical and quantum asymptotic description
of massive fields will be given in Sec. IV.
For massless fields, we assume that past null infinity,

I −, and future null infinity, Iþ, can be treated as Cauchy
surfaces, so that initial data at I − or Iþ uniquely
determines a solution.19 For a massless field with the
Cauchy surface taken to be I −, initial data for solutions
consists of the specification of the conformally weighted
scalar field, Φ, on I −

Φ ≔ lim
I−

Ω−1ϕ ð2:18Þ

whereΩ is a conformal factor, which, in Bondi coordinates,
can be chosen to be Ω ¼ 1=r. We assume that the solutions
in P are such that ∂Φ=∂v ¼ Oð1=jvj1þϵÞ for some ϵ > 0 as
v → �∞. This will ensure that all integrals below will
converge. Note, however, that we do not assume that
Φ → 0 as v → �∞, as this would exclude the memory
effect. Although we could, of course, restrict consideration
to initial data at I − satisfying Φ → 0 as v → �∞, if
interactions occur in the bulk, such initial data will
generically evolve to fields at Iþ that do not satisfy
Φ → 0 as u → ∞. Since we wish to treatI − andIþ on an
equal footing in scattering theory, we do not require Φ → 0
as v → �∞ at I −.
In terms of the initial data Eq. (2.18), the symplectic

product Eq. (2.3) is given by

ΩKG0
Σ ðϕ1;ϕ2Þ ¼

Z
I−

dvdΩ
�
Φ1

∂Φ2

∂v
−Φ2

∂Φ1

∂v

�
ð2:19Þ

where we have inserted an extra “0” in the superscript
“KG0” on Ω to indicate that this formula holds only for the
case of a massless scalar field. It is convenient to define

Π ≔ ∂vΦ ð2:20Þ

on I −, since this quantity will arise in many formulas
below. It follows from Eq. (2.19) that for any test function s
on I −, we have

ΠðsÞ ≔
Z
I−

dvdΩ
∂Φ
∂v

ðv; xAÞsðv; xAÞ ¼ 1

2
ΩKG0

Σ ðEf;ΦÞ

¼ −
1

2
ϕðfÞ ð2:21Þ

where f is a function on spacetime such that on I − we
have limI− Ω−1Ef ¼ s. Thus, the smeared field quantities
ΠðsÞ on I − are observables on phase space that are
essentially equivalent20 to the bulk field observables
ϕðfÞ. The Poisson brackets of these observables at I −

are given by

fΠðs1Þ;Πðs2Þg ¼ 1

4
fϕðf1Þ;ϕðf2Þg

¼ 1

4
Eðf1; f2Þ1

¼ 1

4
ΩKG0

Σ ðEf1; Ef2Þ1

¼ 1

4

Z
I−

dvdΩ
�
s2
∂s1
∂v

− s1
∂s2
∂v

�
1: ð2:22Þ

Here, the third line was obtained by writing

Eðf1; f2Þ ¼
Z ffiffiffiffiffiffi

−g
p

d4yf1ðyÞEf2ðyÞ ¼ −ΩKG0
Σ ðEf2; Ef1Þ

ð2:23Þ

where Eq. (2.13) with f ¼ f1 and ϕ ¼ Ef2 was used.
Finally, note that if w is a test function of the form

w ¼ ∂s=∂v for some test function s, then

ΦðwÞ ≔
Z
I−

dvdΩΦðv; xAÞwðv; xAÞ ¼
Z
I−

dvdΩΦ
∂s
∂v

¼ −
Z
I−

dvdΩ
∂Φ
∂v

s ¼ −ΠðsÞ: ð2:24Þ

Thus, ΦðwÞ for w ¼ ∂s=∂v is equal to −ΠðsÞ and hence
is well defined and corresponds to a local observable in
the bulk. However, if w is not of this form—i.e., ifR
dvwðv; xAÞ ≠ 0 for some xA—then ΦðwÞ does not

correspond to a local observable in the bulk.

19This is true in Minkowski spacetime but is an assumption in a
general asymptotically flat spacetime. It would not hold in
spacetimes with a black hole or white hole, but one could
presumably then supplement the asymptotic description of states
at null infinity by including states on the horizon of the black hole
or white hole.

20We say “essentially equivalent” because if f is of compact
support on spacetime, then in a curved spacetime—where
Huygens’ principle does not hold for the wave equation (2.2)—
Ef will not be of compact support on I − and vice versa, so the
test function spaces do not align precisely. We will ignore this
issue here. Except for the case of nonlinear gravity, our
applications are to Minkowski spacetime, where Huygens’
principle does hold and the correspondence is exact.
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III. ALGEBRAIC VIEWPOINT: QUANTIZATION
OF FREE FIELDS AND ASYMPTOTIC

QUANTIZATION OF MASSLESS
INTERACTING FIELDS

Since we are concerned in this paper with the possible
choices of a Hilbert space of “in” and “out” states in
scattering theory, it is essential to have a notion of the
structure of the theory prior to a choice of Hilbert space.
The algebraic approach provides such a notion. The
purpose of this section is to review the key ideas in the
algebraic approach and describe the asymptotic quantiza-
tion of massless fields corresponding to the asymptotic
characterization of phase space given at the end of the
previous section. For further discussion of the algebraic
viewpoint we refer the reader to [63–65].
In the algebraic approach, one assumes that the quantum

field observables have the structure of a �-algebraA . States
are then defined as positive linear functions on the algebra,
i.e., a state, ω, is simply a linear map ω∶A → C such that
ωða�aÞ ≥ 0 for all a ∈ A . If we takeA to be generated by
local (smeared) field observables, then an arbitrary element
a ∈ A would be a sum of products of local field observ-
ables, so a specification of ω would be equivalent to
providing the complete list of the correlation functions
of the field observables.
Our interest in this paper is in interacting quantum field

theories, specifically, QED, Yang-Mills theory, and quan-
tum gravity. There are many nontrivial and still unanswered
questions about the formulation of interacting quantum
field theories. However, in this paper, we will be concerned
only with the behavior of these fields at asymptotically
early and late times. As is normally done in scattering
theory, we will simply assume that states of the theory
behave at asymptotically early and late times like states of
the corresponding “in” and “out” free field theories, i.e.,
that the interactions can be neglected at asymptotically
early and late times. Of course, the determination of the
relationship between the “in” and “out” states requires
knowledge of the interacting quantum field theory, but our
analysis in this paper will be exclusively concerned with the
nature of “in” and “out” states and whether suitable Hilbert
spaces of such states can be defined. Thus, as previously
stated at the beginning of Sec. II, for the considerations of
this paper, we need only be concerned with the structure of
free field theory.
The structure of the quantum theory of a free field is well

illustrated by the case of a real scalar field ϕ, Eq. (2.1). The
classical phase space structure of the real scalar field was
described in Sec. II. The quantum theory of ϕ is defined by
specifying an algebra, A , of quantum observables. We
obtain A by starting with the free algebra of the smeared
fields ϕðfÞ, their formal adjoints ϕðfÞ� and an identity 1
where f is a real-valued, smooth function on M with
compact support. The algebra A is then obtained by
factoring this free algebra by the following relations:

(A.I) ϕðc1f1 þ c2f2Þ ¼ c1ϕðf1Þ þ c2ϕðf2Þ for any
f1, f2 and any c1; c2 ∈ R, i.e., the smeared field
is linear in the test function.

(A.II) ϕðð□ −m2 − ξRÞfÞ ¼ 0 for all f, i.e., ϕ
satisfies the field equation in the distributional
sense.

(A.III) ϕðfÞ� ¼ ϕðfÞ for all f, i.e., the field is
Hermitian.

(A.IV) ½ϕðf1Þ;ϕðf2Þ� ¼ iEðf1; f2Þ1, i.e., the field
satisfies canonical commutation relations
[see Eq. (2.14)].

As already mentioned above, a state is a linear
map ω∶A → C that satisfies ωða�aÞ ≥ 0 for all algebra
elements a ∈ A ðM; gÞ. We further require the normali-
zation condition ωð1Þ ¼ 1. A state is thus determined by
specifying its smeared “n-point correlation functions”
ωðϕðf1Þ…ϕðfnÞÞ. If we have a Hilbert spaceH on which
the smeared fields are represented as operators satisfying
(A.I)–(A.IV), then any normalized vector jΨi ∈ H gives
rise to a state via ωðaÞ ¼ hΨjπðaÞjΨi for all a ∈ A , where
πðaÞ is the operator representative of a. More generally, any
normalized density matrix ρ on H gives rise to a state via
ωðaÞ ¼ trðρπðaÞÞ. Conversely, by a remarkably simple
construction due to Gel’fand, Naimark and Segal (GNS),
given an algebraic state ω∶A → C, one can obtain a
representation, π, of A on a Hilbert space H and a vector
jΨi ∈ H such that ωðaÞ ¼ hΨjπðaÞjΨi for all a ∈ A . The
GNS construction consists of starting with the vector space
A and using ω to define an inner product on A . One then
completes A in this inner product and factors out any
degenerate elements to get a Hilbert space H . By con-
struction, H contains a dense set of vectors jai corre-
sponding to elements a ∈ A . We obtain a representation,
π, of A on H by the formula πðaÞjbi ¼ jabi for all
a; b ∈ A . The vector jΨi ∈ H corresponding to ω is
simply j1i. Note that j1i is cyclic, i.e., the action of πðaÞ
on j1i for all a ∈ A generates a dense subspace of states.
Note further that this construction uses only the �-algebra
structure of A .
A state is called pure if it cannot be written as a sum of

two other states with positive coefficients; otherwise the
state is referred to as mixed. The GNS construction will
represent a mixed state as a vector (rather than density
matrix) inH , but for a mixed state the GNS representation
will be reducible. In particular, for a state that corresponds
to a density matrix on a Hilbert space H̃ that carries an
irreducible representation of A , the GNS construction will
suitably enlarge H̃ to a Hilbert spaceH on which the state
is represented as a vector.21

An important class of states are known as “Gaussian
states” (also referred to as “quasifree states” or “vacuum
states”). By definition, for Gaussian states, the n-point

21For example, the GNS construction represents a thermal state
as a vector in its “thermofield double.”
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functions for n > 2 are given by formulas in terms of the
1- and 2-point functions that are analogous to the formulas
for the nth moments of a Gaussian probability distribution.
This can be described by saying that the “connected n-point
functions” (also known as “truncated n-point functions”)
vanish for all n > 2 (see e.g., [64]). For example, for a
Gaussian state of the Klein-Gordon field the 3-point
function is given by

ωðϕðy1Þϕðy2Þϕðy3ÞÞ ¼ ωðϕðy1ÞÞ · ωðϕðy2Þϕðy3ÞÞ
þ ωðϕðy2ÞÞ · ωðϕðy3Þϕðy1ÞÞ
þ ωðϕðy3ÞÞ · ωðϕðy1Þϕðy3ÞÞ
− 2ωðϕðy1ÞÞ · ωðϕðy2ÞÞ
· ωðϕðy3ÞÞ ð3:1Þ

where all “unsmeared” formulas here and below should be
interpreted as holding distributionally. The GNS Hilbert
space of a Gaussian state ω has a natural Fock space
structure

FðH 1Þ ¼ C ⊕

"
⨁
n≥1

ðH 1 ⊗S … ⊗S H 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n times

#
: ð3:2Þ

where ⊗S is the symmetrized tensor product, and the inner
product on the “one-particle Hilbert space” H 1 is deter-
mined22 by the 2-point function ωðϕðy1Þϕðy2ÞÞ. In
Minkowski spacetime, the Poincaré invariant vacuum state
j0i is a Gaussian state and the Fock space Eq. (3.2) is the
standard choice of Hilbert space for free field theory.
The general definition of a state given above admits

many states with singular ultraviolet behavior—too sin-
gular for nonlinear field observables to be defined. It is
therefore necessary to impose an additional restriction on
the short distance behavior of states. In most treatments
of quantum field theory in Minkowski spacetime, this
issue is not highlighted because the vacuum state j0i has
the required ultraviolet behavior, as do all states in the
corresponding Fock space Eq. (3.2) with smooth n-particle
“mode functions.” Thus, the states that are normally
considered in usual treatments satisfy the required con-
dition on ultraviolet behavior. However, in this paper,
we seek alternative choices of Hilbert spaces—since, as
explained in Sec. I, the standard Fock space of “in” and
“out” states cannot accommodate the states that arise in
scattering processes—so it is essential that we explicitly
impose the condition that states have the required ultra-
violet behavior. This additional restriction on states is given
by the Hadamard condition, which requires that the short
distance behavior of the 2-point function of any allowed
state be of the form

ωðϕðy1Þϕðy2ÞÞ ¼
1

4π2
Uðy1; y2Þ
σþ i0þT

þVðy1; y2Þ logðσþ i0þTÞ
þWðy1; y2Þ: ð3:3Þ

Here σ is the squared geodesic distance between y1 and y2,
T ¼ tðy1Þ − tðy2Þ with t a global time function on space-
time, U and V are smooth, symmetric functions that
are locally constructed via the Hadamard recursion rela-
tions [67], and W is also smooth and symmetric. The
Hadamard condition can be very usefully reformulated in
terms of microlocal spectral conditions on the distribution
ωðϕðy1Þϕðy2ÞÞ [68], but we shall not need this reformu-
lation here. The Hadamard condition Eq. (3.3) together
with the positivity condition on states implies that the
connected n-point functions for n ≠ 2 of a Hadamard state
are smooth and symmetric [69].
We conclude this section by giving the asymptotic

quantization of ϕ in the massless case. Again, we assume
that past null infinity, I −, and future null infinity, Iþ,
can be treated as Cauchy surfaces. We cannot proceed by
starting with the bulk theory and taking limits of correlation
functions to I − or Iþ, since the quantum fields are
distributional on spacetime and cannot straightforwardly be
restricted to a lower dimensional surfaces such as I − or
Iþ. However, we can proceed by working with the
asymptotic description of the classical phase space given
at the end of the previous section.
For the asymptotic quantization on I −, we take the

observables on phase space to beΠðsÞ [Eq. (2.21)], where s
is an arbitrary test function on I − with conformal weight
−1. We define the algebra A in by starting with the free
algebra generated by ΠðsÞ, ΠðsÞ� and 1 and factoring it by
relations corresponding to (A.I)–(A.IV). Conditions (A.I)
and (A.III) translate straightforwardly to A in. There is no
condition corresponding to condition (A.II) since we are
now smearing Π with free data for solutions. The commu-
tation relation (A.IV) translates to

½Πðx1Þ;Πðx2Þ� ¼
i
2
δ0ðv1; v2ÞδS2ðxA1 ; xA2 Þ1 ð3:4Þ

[see Eq. (2.22)] where x ¼ ðv; xAÞ are coordinates on I −

and this equation is to be understood as a distributional
relation on I −. This completes our specification of the
algebra A in. The algebra A out is defined similarly.
The algebraA in constructed in this manner is essentially

equivalent23 to the bulk free field algebra A . For an
interacting theory, the bulk algebra, of course, is no longer
a free field algebra, but the central assumption of scattering
theory is that states on the bulk algebra asymptote to states
on the free field algebras A in and A out at early and late
times, respectively.

22More precisely on the space of smooth functions f of
compact support we define the inner product hf1jf2i ¼
ωðϕðf1Þ�ϕðf2ÞÞ (see [66] for details).

23We say “essentially equivalent” for the reason stated in
Footnote 20.
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We now impose regularity conditions on states on
A in. For the bulk theory, we imposed the Hadamard
condition Eq. (3.3) on states on A , and we wish to
express this condition as a corresponding condition on
states on A in. For the conformally invariant case
(ξ ¼ 1=6) in a spacetime with a regular timelike infinity,
it has been shown [70] that Hadamard states on A
correspond to states on A in whose 2-point function is of
the form24

ωðΠðx1ÞΠðx2ÞÞ ¼ −
1

π

δS2ðxA1 ; xA2 Þ
ðv1 − v2 − i0þÞ2 þ Sðx1; x2Þ ð3:5Þ

where Sðx1; x2Þ is a smooth function on I − ×I −. In
particular, this result holds in Minkowski spacetime (for
an arbitrary ξ, since ξ does not enter the equations of
motion in that case). We assume that this form holds
generally for massless fields, i.e., with no restriction to
ξ ¼ 1=6 or to spacetimes with a regular timelike infinity.
Thus, we impose Eq. (3.5) as the ultraviolet regularity
condition on states on A in. Note that in Minkowski
spacetime, the 2-point function of the Poincaré invariant
vacuum state ω0 takes the form Eq. (3.5) with S ¼ 0, i.e.,

ω0ðΠðx1ÞΠðx2ÞÞ ¼ −
1

π

δS2ðxA1 ; xA2 Þ
ðv1 − v2 − i0þÞ2 : ð3:6Þ

In addition to the ultraviolet regularity condition on
states, we impose the following decay conditions on
states, analogous to the classical decay conditions men-
tioned below Eq. (2.18): We require that S and all
connected n-point functions for n ≠ 2 decay for any set
of jvij → ∞ as OððPi v

2
i Þ−1=2−ϵÞ for some ϵ > 0.

In the subsequent sections, we will assume that the
quantization of the “in” and “out” electromagnetic and
gravitational fields are given by a direct analog of our
construction of A in above, and we will impose ultraviolet
regularity (Hadamard) conditions on states given by the
direct analog of Eq. (3.5), as well as the analogous decay
conditions.
Finally, we note that we have included only observ-

ables that are linear in the field ϕ in our algebras, A and
A in, of local field observables. For the case of the bulk
theory, A can be extended to include smeared poly-
nomial quantities (“Wick polynomials”) in the field by a
“Hadamard normal ordering” procedure (see [64]).
However, an analogous procedure does not work for
A in, as Hadamard normal ordering produces quantities
that are too singular in the angular directions. Thus, we
cannot extend A in to include polynomial local field
observables. Nevertheless, quantities that are quadratic
in the fields can be defined as quadratic forms by

Hadamard subtraction, using Eq. (3.6) for the subtraction.
In particular, for any Hadamard state ω, we may define
the expected value of Π2 by

ωðΠ2ðxÞÞ¼ lim
x0→x

½ωðΠðxÞΠðx0ÞÞ−ω0ðΠðxÞΠðx0ÞÞ�¼Sðx;xÞ:
ð3:7Þ

We can use this notion to define expected values of
observables that are quadratic in the fields. However,
higher powers of ΠðxÞ cannot even be defined as
quadratic forms. In particular, since the stress-energy
flux through I − is Tvv ¼ Π2 this implies that the local
energy flux cannot be defined as an operator and is only
well defined as a quadratic form (i.e., only its expected
value is well defined). This result is in accord with
arguments given in [71].

IV. QED WITH A MASSIVE, CHARGED
KLEIN-GORDON FIELD

In this section we consider massive scalar QED, i.e.,
the theory of a Maxwell field Aμ, coupled to a charged
massive complex Klein-Gordon scalar field φ in
Minkowski spacetime. The Lagrangian for this theory is

L ¼ −
1

4
FμνFμν −

1

2
Dμφ̄Dμφ −

1

2
m2φ̄φ ð4:1Þ

where Fμν ¼ ∂μAν − ∂νAμ and Dμ is the gauge covariant
derivative operator

Dμφ ≔ ∂μφ − iqAμφ; Dμφ̄ ≔ Dμφ: ð4:2Þ

The theory is invariant under the action of gauge trans-
formations

Aμ ↦ Aμ þ ∂μλ; φ ↦ eiqλφ: ð4:3Þ

In Sec. IVA, we give the asymptotic quantization of
the massive Klein-Gordon and electromagnetic fields. In
Sec. IV B, we extend the algebra of asymptotic observables
to include large gauge charges and Poincaré generators.
In Sec. IV C, we construct Fock representations of the
extended algebra of asymptotic observables with arbitrary
choices of memory. Finally, in Sec. IV D we construct the
Faddeev-Kulish Hilbert space.

A. Asymptotic quantization of QED with
a massive Klein-Gordon field

We wish to provide a characterization of the states in
QED in terms of free field states in the asymptotic past
and asymptotic future. For definiteness, we will focus
upon the asymptotic past; exactly the same procedure is
used for the asymptotic future. We assume that in the
asymptotic past, classical solutions approach solutions

24A similar result holds for any field (including massive fields)
on a Killing horizon [66].
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to the free Klein-Gordon and Maxwell equations.25

Correspondingly, in the asymptotic past, states in QED
should approach “free field ‘in’ states,” i.e., states on the
tensor product

A in ¼ A EM
in ⊗ A KG

in ð4:4Þ
of the asymptotic algebra,A EM

in , of the free electromagnetic
field with the asymptotic algebra,A KG

in , of the free massive
Klein-Gordon field. Thus, our task in this subsection is to
obtain the free field algebras A EM

in and A KG
in .

The strategy for obtaining A EM
in was presented in the

previous section. The electromagnetic field is conformally
invariant, so, classically, for solutions with appropriate
falloff at spatial infinity, one can choose a gauge26 so that
the vector potential Aμ extends smoothly to I −. We may
further choose a gauge for which nμAμjI− ¼ 0 where
nμ ≔ ∂v is the null normal. In this gauge, the pullback of Aμ

to I − is a down index tensor on I − that is orthogonal to
nμ, so in accord with the notational conventions stated at
the end of Sec. I, we denote it as AA.
The points of the classical phase space are given by the

specification of AA on I −. This is the analog of the
specification ofΦ onI − in the scalar field case. The analog
of the observable Π ¼ ∂vΦ on I − is the electric field

EA ¼ −£nAA ¼ −∂vAA ð4:5Þ

which is the pullback toI − of Fμνnν. Note that EA is gauge
invariant. The symplectic form is given by

ΩEM
I ðA1; A2Þ ¼ −

1

4π

Z
I−

d3x½E1AAA
2 − E2AAA

1 �: ð4:6Þ

The local field observables for the Maxwell field onI − are

EðsÞ ¼
Z
I−

d3xEAðxÞsAðxÞ ð4:7Þ

where sA is test vector field on I −, with no conformal
weight, and the capital Latin index is in accord with the
notational conventions stated at the end of Sec. I because
Eq. (4.7) depends only on the equivalence class of the vector
field. Note that the observable EðsÞ generates the infinitesi-
mal affine transformation AA → AA − 2πϵsA. The Poisson
brackets are

fEðs1Þ; Eðs2Þg ¼ −4π2ΩEM
I ðs1; s2Þ1 ð4:8Þ

where, for test functions sA1 ; s
A
2 we have that

ΩEM
I ðs1; s2Þ ¼ −

1

4π

Z
I
dΩdv½sA1 ∂vs2A − sA2 ∂vs1A�

¼ −
1

2π

Z
I−

dΩdvsA1 ∂vs2A: ð4:9Þ

In exact parallel with the asymptotic quantization of
the massless scalar field given in Sec. III, the algebra
A EM

in is defined to be the free algebra generated by the
smeared fields EðsÞ, their formal adjoints EðsÞ�, and
an identity 1—where sAðxÞ are real test vector fields
on I −—factored by the following relations:
(B.I) Eðc1s1 þ c2s2Þ ¼ c1Eðs1Þ þ c2Eðs2Þ for any sA1 ,

sA2 and any c1; c2 ∈ R.
(B.II) EðsÞ� ¼ EðsÞ for all sA.
(B.III) ½Eðs1Þ;Eðs2Þ� ¼ −i4π2ΩEM

I ðs1; s2Þ1 for any
sA1 , s

A
2 .

We shall denote states on the algebra A EM
in as ωEM. The

Hadamard regularity condition on asymptotic states of
the electromagnetic field analogous to Eq. (3.5) is that
the 2-point function has the form

ωEMðEAðx1ÞEBðx2ÞÞ ¼ −
qABδS2ðxA1 ; xA2 Þ
ðv1 − v2 − i0þÞ2 þ SABðx1; x2Þ

ð4:10Þ

where SAB is a (state-dependent) smooth bitensor on I −

that is symmetric under the simultaneous interchange of x1,
x2 and the indices A, B. Furthermore, we require that
the connected n-point functions for n ≠ 2 of a Hadamard
state on I − are smooth.27 The 2-point function of the
Poincaré invariant vacuum state ωEM

0 is given by Eq. (4.10)
with SAB ¼ 0.
Finally, we impose a decay condition on states to ensure

that all fluxes are well defined. We require states to be such
that SAB and all connected n-point functions for n ≠ 2

decay for any set of jvij → ∞ as OððPi v
2
i Þ−1=2−ϵÞ for

some ϵ > 0. This completes the specification of A EM
in and

the allowed states on A EM
in .

We turn now to the asymptotic quantization of a massive
complex scalar field φ in Minkowski spacetime. We follow
the same basic strategy of finding an appropriate asymp-
totic surface that can be treated as a Cauchy surface. We
then obtain the asymptotic description of the classical phase
space by finding appropriate initial data on the asymptotic
surface and we express the symplectic form in terms of this
initial data. We then use Eq. (2.13) to obtain observables
involving this initial data that correspond to local observ-
ables in the bulk, and we obtain the Poisson brackets of
these observables. This enables us to define A KG

in .
25This assumption is supported by rigorous studies of the

classical behavior of the QED fields [72–75].
26Note that the vector potential Aμ is not smooth at null infinity

in the Lorenz gauge when there is a nonvanishing total charge
(see Remark 4 and Eq. (52) of [8]). Nevertheless one can make
other choices that yield a smooth Aμ.

27It is possible that, in analogy with the bulk theory [69], this
requirement is actually a consequence of Eq. (4.10). However, we
have not investigated whether this is the case.
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For massive fields, the appropriate asymptotic surface
is an asymptotic hyperboloid H− rather than I −. To see
this, we introduce a coordinate system as follows [76]
(see also [77,78]). Let

τ2 ≔ t2 − r2; ρ ≔ tanh−1r=t: ð4:11Þ

where t, r are the standard Minkowski time and radial
coordinates. These coordinates foliate the interiors of the
future/past light cone of an arbitrary choice of origin in
Minkowski spacetime by a family of Riemannian hyper-
boloids with τ ¼ constant [see Fig. 1]. The induced metric
on the three-dimensional unit-hyperboloidH (with τ2 ¼ 1)
is given by

ds2H ¼ dρ2

1þ ρ2
þ ρ2sABdxAdxB ð4:12Þ

where sAB is the metric on the unit 2-sphere and xA are
coordinates on the sphere. The metric on a hyperboloid
with τ2 ≠ 1 is just τ2ds2H. Note that any point onH can also
be thought of as a unit-normalized timelike vector p in
Minkowski spacetime, and we will use the notation p ¼
ðρ; xApÞ to denote points onH. The induced volume element
on H is then

d3p ≔
ρ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

p dρdΩ: ð4:13Þ

The stationary phase method suggests that as τ → −∞
at fixed p, there exists a gauge28 such that (up to a constant
phase factor) the leading order asymptotic behavior of φ is
given by [76] (see also [77])

φ ∼
ffiffiffiffi
m

p
2ð2πτÞ3=2 ½cðpÞe

−imτ þ ib̄ðpÞeimτ� ð4:14Þ

where p denotes a future-directed unit-normalized
momentum and thus, a point p ¼ ðρ; xApÞ on the unit-
hyperboloid H− in the tangent space at past timelike
infinity. Note that although each hyperboloid of con-
stant τ extends to past null infinity, the hyperboloid H−

corresponds to taking the limit τ → −∞ at fixed p ¼
ðρ; xApÞ and thus gives a representation of unit-timelike
directions at past timelike infinity closely analogous to
the description of spatial infinity given by Ashtekar and

Hansen [80].29 We will assume that the asymptotic
behavior of φ is given by Eq. (4.14) and that H− can
be treated as a Cauchy surface.
The initial data on H− of a solution consists of the

complex functions bðpÞ and cðpÞ appearing in Eq. (4.14).
The symplectic form on this initial data can be written
as [76]30

ΩKG
i− ðφ1;φ2Þ ¼ −

im2

4ð2πÞ3
Z
H−

d3p½b1ðpÞb̄2ðpÞ

þ c1ðpÞc̄2ðpÞ − ð1 ↔ 2Þ�: ð4:15Þ

The symplectic form is a real-bilinear map on the real and
imaginary parts of b and c, but it is not complex bilinear (or
complex biantilinear) in b and c. On the complex plane, it is
often convenient to treat z ¼ xþ iy and z̄ ¼ x − iy as
though they were independent quantities, imposing that
they are conjugates only at the end of any calculation. For
similar reasons, it is convenient to treat b̄ and c̄ as though
they are quantities independent of b and c on phase space,
imposing that they be conjugates of b and c at the end of

FIG. 1. A schematic picture (with angular dimensions sup-
pressed) of the family of hyperboloids Hτ used to take the limits
to timelike infinity i−. The vertical line labeled r ¼ 0 is the axis of
rotational symmetry, O is an arbitrary choice of origin in
Minkowski spacetime with past light cone depicted by a dotted
line, and I − denotes past null infinity. The Hτ are three-
dimensional hyperboloids of τ ¼ constant with τ → −∞ corre-
sponding to the limiting hyperboloid H− at i−. The Γp denote
curves of constant p ¼ ðρ; xApÞ along which the limit to past
timelike infinity is taken.

28In the Lorenz gauge for the electromagnetic vector potential,
the scalar field in Eq. (4.14) would have an additional overall
phase eiq log τ in its asymptotic behavior (see e.g., [76] or Chap. IV
of [79]). However this logarithmic “Coulomb phase” can be
eliminated by a different choice of gauge. The vector potential in
the Lorenz gauge is also badly behaved at null infinity [see
Footnote 26].

29A similar analysis at timelike infinity can be found in
[77,78].

30Our convention for the symplectic form differs from that
in [76] by a factor of −1=2.
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any calculation. Thus, we will take a point in the asymptotic
description of the classical phase space to be represented
as the quadruple ðbðpÞ; b̄ðpÞ; cðpÞ; c̄ðpÞÞ. The symplectic
form is then a complex-bilinear function of its variables.
Local observables are obtained by smearing the fields

with a complex test function wðpÞ on H−. The smeared
fields bðwÞ and b̄ðwÞ are defined by

bðwÞ ≔
Z
H−

d3pbðpÞw̄ðpÞ; b̄ðwÞ ≔
Z
H−

d3pb̄ðpÞwðpÞ:

ð4:16Þ

Note that we take bðwÞ to be antilinear in wwhereas b̄ðwÞ is
linear in w, so bðwÞ ¼ b̄ðwÞ. Note also that the Hamiltonian
vector fields corresponding to these observables are given

by − 4ð2πÞ3
im2 ð0; w̄ðpÞ; 0; 0Þ and 4ð2πÞ3

im2 ðwðpÞ; 0; 0; 0Þ respec-
tively. We similarly define the smeared local observables

cðwÞ ≔
Z
H−

d3pcðpÞwðpÞ; c̄ðwÞ ≔
Z
H−

d3pc̄ðpÞw̄ðpÞ

ð4:17Þ

where we now take cðwÞ to be linear and c̄ðwÞ to be
antilinear in w. The nontrivial Poisson brackets are

fbðw1Þ; b̄ðw2Þg ¼ −i
4ð2πÞ3
m2

hw1; w2iH−1;

fcðw1Þ; c̄ðw2Þg ¼ −i
4ð2πÞ3
m2

hw2; w1iH−1: ð4:18Þ

Here, the inner product hw1; w2iH− is the ordinary L2 inner
product on H− with the volume element Eq. (4.13), which
is antilinear in its first argument and is linear in its second
argument.
The asymptotic quantization algebra, A KG

in , for the
massive complex scalar field is then defined by starting
with the free algebra generated by the smeared fields bðwÞ,
cðwÞ, their formal adjoints bðwÞ�; cðwÞ�, and an identity 1.
We note that the adjoint operators bðwÞ� and cðwÞ�
correspond to the complex conjugate observables b̄ðwÞ
and c̄ðwÞ respectively. We then factor this algebra by the
analog of the linearity condition (B.I), the commutation
relations

½bðw1Þ; bðw2Þ�� ¼
4ð2πÞ3
m2

hw1; w2iH−1;

½cðw1Þ; cðw2Þ�� ¼
4ð2πÞ3
m2

hw2; w1iH−1; ð4:19Þ

and vanishing commutators for all other fields. This
completes the specification of the algebra A KG

in of local
observables of the massive, charged Klein-Gordon field.

The Hadamard condition for states ωKG on A KG
in is that

the 2-point functions ωKGðbðp1Þbðp2ÞÞ, ωKGðcðq1Þcðq2ÞÞ,
ωKGðbðp1Þcðq2ÞÞ, and ωKGðbðp1Þ�cðq1ÞÞ are smooth,
whereas the remaining 2-point functions have the form

ωKGðbðp1Þbðp2Þ�Þ ¼
4ð2πÞ3
m2

δHðp1; p2Þ þ Bðp1; p2Þ;
ð4:20aÞ

ωKGðcðq1Þcðq2Þ�Þ ¼
4ð2πÞ3
m2

δHðq2; q1Þ þ Cðq2; q1Þ;
ð4:20bÞ

where it is understood that δH is to be smeared with a
complex conjugate test function w̄ in its first argument and
a test function w in its second argument, and the functions
B and C are (state-dependent) smooth functions onH ×H.
Furthermore, the connected n-point functions for n ≠ 2

of ωKG are required to be smooth. Note that the 2-point
function of the Poincaré invariant vacuum state ωKG

0 is
given by Eq. (4.20) with B ¼ C ¼ 0.
In addition, we impose the following decay condition on

states: We require that B, C and all the connected n-point
functions for n ≠ 2 of ωKG decay for any set of jpij → ∞ as
OððPi p

2
i Þ−1=2−ϵÞ for some ϵ > 0. This completes our

specification of the regularity conditions on states.

B. Extension of the asymptotic quantization algebra
to include charges and Poincaré generators

The algebra A in that we have defined in the previous
subsection was generated by the local field observables of
the asymptotic “in” fields. Thus, the only observables
represented in A in are the local fields. However, there
are additional observables of interest, where, here and
elsewhere in this paper, we use the term “observables” in
the precise sense explained in Sec. II. In this section, we
will extend A in to the algebra A in;Q by the addition of
generators of large gauge transformations (i.e., “charges”).
We will then further extend this algebra to an algebra
A in;QP that includes the generators of Poincaré symmetries.
We will construct these algebras by obtaining observables
on the classical phase space that generate large gauge
transformations and Poincaré symmetries. These observ-
ables automatically have well-defined Poisson brackets
with themselves and with the local fields. We then will
obtain A in;Q by starting with the free algebra generated by
A in together with the observables that generate large gauge
transformations and then factoring by the commutation
relations obtained from the Poisson brackets. We will then
further enlarge this algebra to A in;QP by including the
observables that generate Poincaré symmetries.
We first consider the large gauge charges. As stated above,

QED has an invariance under Eq. (4.3). The transformations
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Eq. (4.3) with λ vanishing at infinity are genuine gauge
transformations in the sense that the infinitesimal versions of
these transformations are degeneracies of the symplectic
form. In order to construct a phase space with a non-
degenerate symplectic form, one must pass to the space of
gauge orbits [61], so fields that differ by a gauge trans-
formation correspond to the same point of phase space.
However, as previously noted in Sec. I, the transformations
Eq. (4.3) with λ ¼ λðxAÞ are not degeneracies of the
symplectic form. Such “large gauge transformations” must
be treated as symmetries and they act nontrivially on the
classical phase space. The infinitesimal version of these
symmetries defines a vector field on phase space. We will
show that this vector field on phase space is generated by a
classical observable, which will be referred to as a “charge.”
Consequently, we can expect that the quantum algebra A in
can be extended to include quantum representatives of
the charges.
Since the asymptotic description of phase space is the

Cartesian product of the Klein-Gordon and Maxwell phase
spaces, we can separately consider the action of large gauge
transformations on the Klein-Gordon and Maxwell fields
separately. We will thereby obtain two charges: (i) a charge
Qi− that generates large gauge transformations on the
Klein-Gordon field and (ii) a “memory” quantity that
generates large gauge transformations on the Maxwell
field. The sum of these two, denoted Qi0 , generates large
gauge transformations on the full phase space. The reason
for the use of “i0” in the notation for the total charge will be
explained below.
We first consider the action of the large gauge trans-

formations on the classical Klein-Gordon phase space, i.e.,
on the asymptotic fields on H−. The large gauge trans-
formations are parametrized by a smooth function λðxAÞ on
S2, which describes the asymptotic behavior of the trans-
formation Eq. (4.3) on the scalar field as ρ → ∞. It is useful
to pick a unique representative of this transformation
throughout H− as follows. Let λHðpÞ be the unique
function on H− which satisfies

ΔHλHðpÞ ¼ 0; lim
ρ→∞

λHðpÞ ¼ λðxAÞ ð4:21Þ

where △H is the Laplace operator on H−. The solution
λHðpÞ can be expressed in terms of the boundary value
λðxAÞ using a Green’s function as [81]

λHðpÞ ¼
Z
S2

dΩGHðp; xAÞλðxAÞ;

GHðp; xAÞ ¼
1

4πð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

p
− ρp̂ · r̂Þ2

: ð4:22Þ

Here, r̂ is the unit vector in R3 corresponding to the point
xA on the unit 2-sphere, and p̂ denotes the projection of the
point p ∈ H− onto the unit 2-sphere, also represented as a

unit vector in R3. The Euclidean dot product p̂ · r̂ of these
unit vectors is the cosine of the geodesic distance between
two points on S2 with respect to the unit 2-sphere metric.
Note that this Green’s function satisfiesZ

S2

dΩGHðp; xAÞ ¼ 1: ð4:23Þ

In terms of λH, the action of the large gauge transformations
on the asymptotic scalar field is given by

bðpÞ ↦ bðpÞe−iqλHðpÞ; b̄ðpÞ ↦ b̄ðpÞeiqλHðpÞ;
cðpÞ ↦ cðpÞeiqλHðpÞ; c̄ðpÞ ↦ c̄ðpÞe−iqλHðpÞ: ð4:24Þ

The infinitesimal action of large gauge transformations on
phase space is given by

ðbðpÞ; b̄ðpÞ; cðpÞ; c̄ðpÞÞ
→ ðbðpÞ; b̄ðpÞ; cðpÞ; c̄ðpÞÞ
þ iqλHðpÞϵð−bðpÞ; b̄ðpÞ; cðpÞ;−c̄ðpÞÞ: ð4:25Þ

This transformation is of the form Eq. (2.8) with χ0 ¼ 0 and

Lðb; b̄; c; c̄Þ ¼ ðb0; b̄0; c0; c̄0Þ ð4:26Þ

with b0ðpÞ ¼ −iqλHðpÞbðpÞ, c0ðpÞ ¼ iqλHðpÞcðpÞ. The
linear map L satisfies Eq. (2.9) so we obtain the observable

Qi−ðλÞ ≔
1

2
ΩKG

i− ððb; b̄; c; c̄Þ; Lðb; b̄; c; c̄ÞÞ

¼ qm2

4ð2πÞ3
Z
H−

d3pλHðpÞ½bðpÞb̄ðpÞ − cðpÞc̄ðpÞ�:

ð4:27Þ

Note that the integrand on the right-hand side of Eq. (4.27)
corresponds to the asymptotic limit toH− of Jμτμ, where τμ

is the unit normal to the surfaces of constant τ and the
charge-current vector Jμ of the scalar field is given by

Jμ ¼ −
iq
2
½φ̄Dμφ − φDμφ̄�: ð4:28Þ

Thus, for λðxAÞ ¼ constant,Qi− is the total ordinary electric
charge of the massive scalar field [76].
Since the observables Qi−ðλÞ generate the large gauge

transformations Eq. (4.25), it is straightforward to compute
their Poisson brackets. The Poisson brackets of the charges
with themselves vanish

fQi−ðλ1Þ;Qi−ðλ2Þg ¼ 0: ð4:29Þ

The Poisson brackets of the charges with the smeared fields
are

INFRARED FINITE SCATTERING THEORY IN QUANTUM … PHYS. REV. D 106, 066005 (2022)

066005-19



fQi−ðλÞ;bðwÞg¼−iqbðλHwÞ; fQi−ðλÞ;b̄ðwÞg¼iqb̄ðλHwÞ;
fQi−ðλÞ;cðwÞg¼iqcðλHwÞ; fQi−ðλÞ;c̄ðwÞg¼−iqc̄ðλHwÞ:

ð4:30Þ

Since Qi−ðλÞ is an observable on the Klein-Gordon phase
space, it has vanishing Poisson bracket with all electro-
magnetic observables.
We now consider the action of large gauge transforma-

tions on the Maxwell phase space. The large gauge trans-
formation λ ¼ λðxAÞ acts on the Maxwell phase space by

AA ↦ AA þDAλ; EA ↦ EA: ð4:31Þ
This affine transformation is generated by 1

4πΔðλÞ where
ΔðλÞ is defined by

ΔðλÞ ≔ −
Z
I−

dvdΩEAðv; xBÞDAλðxBÞ: ð4:32Þ

Thus, ΔðλÞ is an observable on the Maxwell phase space.
We refer to ΔðλÞ as the memory of the Maxwell field
associated with the large gauge transformation λ. Since the
local electromagnetic field observables EðsÞ [see Eq. (4.7)]
are invariant under Eq. (4.31), ΔðλÞ has vanishing Poisson
bracket with all local electromagnetic field observables.
Since ΔðλÞ is an observable on the Maxwell phase space, it
also has vanishing Poisson bracket with all Klein-Gordon
observables.
The generator of gauge transformations on the full phase

space of the Klein-Gordon and Maxwell fields is given by
the sum of Eq. (4.27) and Eq. (4.32)

Qi0ðλÞ ≔ Qi−ðλÞ þ
1

4π
ΔðλÞ: ð4:33Þ

The Poisson brackets of Qi0ðλÞ with all local field observ-
ables are the same as those of Qi−ðλÞ. The subscript i0 has
been placed on Qi0ðλÞ because its value can be computed
by taking limits of surface integrals of the electric field as
one approaches spatial infinity, i0, along I −. This can be
shown by the following lengthy argument.
First, we show that the chargeQi−ðλÞ can be computed as

a bulk limit of the electric field. In the bulk spacetime, the
massive scalar is coupled to the electromagnetic field via
the Maxwell equation

1

4π
∇νFνμ ¼ Jμ ð4:34Þ

with Jμ given by Eq. (4.28). We assume that the limit toH−

of the “electric field”

EμðpÞ ¼ lim
τ→−∞

τ2hμνFνστ
σ ð4:35Þ

exists and defines a smooth tensor field Ea on H−, where
hμν ¼ gμν þ τμτν is the induced metric on the hyperboloids

of constant τ. From the Maxwell equation (4.34) and the
falloff of the scalar field, it follows that there exists an
electric potential VðpÞ on H− so that EaðpÞ ¼ DaVðpÞ,
which satisfies

1

4π
ΔHVðpÞ ¼

qm2

4ð2πÞ3 ½bðpÞb̄ðpÞ − cðpÞc̄ðpÞ� ð4:36Þ

where Da denotes the derivative operator on H− and △H
again denotes the Laplacian onH−. By Green’s identity, for
any large gauge transformation λ, we have

1

4π
DaðλHDaV−VDaλHÞ¼

1

4π
ðλHΔHV−VΔHλHÞ

¼ qm2

4ð2πÞ3 ½bðpÞb̄ðpÞ−cðpÞc̄ðpÞ�:

ð4:37Þ

Integrating this equation over H− and applying Gauss’s
theorem to the left side, we obtain

lim
ρ→∞

1

4π

Z
S2

dΩλðxAÞðcosh ρÞ2ρaEa

¼ qm2

4ð2πÞ3
Z
H−

d3pλHðpÞ½bðpÞb̄ðpÞ − cðpÞc̄ðpÞ�

¼ Qi−ðλÞ ð4:38Þ

where ρa is the unit-spacelike-normal to the ρ ¼ constant
cross sections of H−. Thus, as we desired to show, the
charge Qi−ðλÞ can be obtained as an asymptotic surface
integral as ρ → ∞ of the electric field Ea on H−, which
itself is obtained as the bulk limit Eq. (4.35) as τ → −∞.
For λðxAÞ ¼ constant, Eq. (4.38) corresponds to the usual
Gauss law formula for charge.
Next, we assume that the analog of the “null regularity”

condition imposed at spatial infinity in [33] holds at
timelike infinity. This yields

lim
ρ→∞

ðcoshρÞ2ρaEa ðalongH−Þ¼ lim
v→−∞

Fμνlμnν ðalongI −Þ

ð4:39Þ

where lμ is a vector field at I satisfying lμlμ ¼ 0 and
lμnμ ¼ −1. This quantity is not a function on the electro-
magnetic phase space, i.e., it depends on nonradiative
(Coulombic) information at I − that is obtained from bulk
limits. It follows that

Qi−ðλÞ ¼ lim
v→−∞

1

4π

Z
S2

dΩλðxAÞFμνlμnν: ð4:40Þ

Now, Maxwell’s equations imply that on I − we have

£nðFμνlμnνÞ ¼ DAEA: ð4:41Þ
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It follows immediately that

ΔðλÞ ¼ 1

4

Z
I−

dvdΩλðxAÞ ∂ðFμνlμnνÞ
∂v

¼ lim
v→þ∞

1

4

Z
S2

dΩλðxAÞFμνlμnν

− lim
v→−∞

1

4

Z
S2

dΩλðxAÞFμνlμnν: ð4:42Þ

Thus, we obtain our desired result

Qi0ðλÞ ¼ lim
v→þ∞

1

4π

Z
S2

dΩλðxAÞFμνlμnν ð4:43Þ

which shows that Qi0ðλÞ can be computed in terms of a
limit of Fμνlμnν as one approaches i0 along I −. However,
it should be kept in mind that Fμνlμnν is not an observable
on the Klein-Gordon and Maxwell phase spaces. The
definition of Qi0ðλÞ as an observable is given by
Eqs. (4.27), (4.32), and (4.33).
It is worth noting that on any cross-section S ≅ S2 ofI ,

we can define the Maxwell charge associated with the large
gauge transformation λ by

QSðλÞ ¼
1

4π

Z
S
dΩλðxAÞFμνlμnν: ð4:44Þ

This notion of “large gauge charge at a finite advanced
time” may be useful for a number of purposes. However,
unlike Qi−ðλÞ and Qi0ðλÞ, the quantity QSðλÞ does not
correspond to an observable on phase space. Thus, QSðλÞ
does not have well-defined Poisson brackets with local field
observables and we cannot expect QSðλÞ to have a well-
defined counterpart in quantum field theory.31

We now turn to the extension of the algebra,A in, of local
quantum observables to an algebra A in;Q that includes the
large gauge chargesQi−ðλÞ and ΔðλÞ [and thereby,Qi0ðλÞ].
We start with the free algebra generated by the smeared
local field observables together with observables labeled as
Qi−ðλÞ and ΔðλÞ and their adjoints for all large gauge
transformations λðxAÞ. We then factor this algebra by
linearity in the test functions and λ as well as Hermitian
conditions for E,Qi− , and Δ. Finally, we factor the algebra
by the commutation relations corresponding to all of the
Poisson bracket relations we have obtained above. This
defines the desired extended algebra A in;Q.
However, since ΔðλÞ commutes with all observables32 in

A in;Q, it follows that in any representation of A in;Q, a shift
of ΔðλÞ by a multiple of the identity—with no correspond-
ing shift of E—would also yield a representation of the

algebra. This implies that there are many states on the
extended algebra where the value of the memory observ-
able is not related to value of the electric field by Eq. (4.32).
In order to exclude such states, we require as a further
condition on states ω [in addition to the Hadamard
condition and the falloff conditions of Sec. VI A] that33

ωðΔðλÞÞ ¼ −
Z
I−

dvdΩωðEAðv; xBÞÞDAλðxBÞ: ð4:45Þ

We have a similar multiple of the identity ambiguity for
operator representatives of Qi−ðλÞ. We could similarly
impose the additional requirement on states that

ωðQi−ðλÞÞ ¼
m2

4ð2πÞ3 q
Z
H−

d3pλHðpÞωðbðpÞ�bðpÞ

− cðpÞ�cðpÞÞ ð4:46Þ
where the expected value of quadratic quantities was
defined at the end of Sec. III. However, for the massive
scalar field, we will only be interested in states in the
standard Fock space [see Sec. IV C 1]. For such states,
instead of demanding Eq. (4.46), we can more simply
demand that the charge Qi−ðλÞ annihilates the Fock
vacuum state, since this removes the multiple of the identity
ambiguity in this representation and implies that Eq. (4.46)
holds for all states in this representation.
We now follow the same strategy to further extend the

algebra A in;Q to an algebra A in;QP that also includes
observables corresponding to the generators of Poincaré
transformations. The first step is to write down the action of
the Poincaré group on the classical phase space and show
that its infinitesimal action is generated by an observable
on the classical phase space. Again, we may consider the
Poincaré action on the Maxwell phase space and the Klein-
Gordon phase space separately.
Poincaré transformations correspond to a particular class

of diffeomorphisms of I −, and these act naturally on the
fields AA and EA, so it is straightforward to determine their
action on the Maxwell phase space. Lorentz transforma-
tions [with origin taken to be that used to define the
hyperboloids of Eq. (4.11)] similarly correspond to iso-
metries of H− and thus have a natural action on the
asymptotic Klein-Gordon fields. Thus, we only need to
explain the action of translations. In terms of the asymptotic
coordinates used above, it can be shown that, at leading
order, a translation corresponds to the transformation
τ ↦ τ þ fHðpÞ where the function fHðpÞ satisfies34

31The nonexistence of operators corresponding to QSðλÞ in
quantum field theory is in agreement with the arguments given
in [71].

32Note, however, that this will not be the case after we further
extend the algebra toA in;QP by including Poincaré generators, as
we shall do below.

33We could also impose conditions on higher n-point functions
of memory, but we will not need these, so we shall not impose
them here.

34One can also represent BMS supertranslations at timelike
infinity by considering solutions fHðpÞ to Eq. (4.47) onH− with
the boundary value fðxAÞ now being allowed to be any smooth
function on S2.
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ðΔH − 3ÞfHðpÞ ¼ 0; lim
ρ→∞

ρ−1fHðpÞ ¼ fðxAÞ ð4:47Þ

with fðxAÞ is a smooth function on S2 supported only on
the l ¼ 0, 1 spherical harmonics. The solution can again be
written in terms of a Green’s function as [81]

fHðpÞ ¼
Z
S2

dΩG̃Hðp; xAÞfðxAÞ;

G̃Hðp; xAÞ ¼
1

4πð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

p
− ρp̂ · r̂Þ3

ð4:48Þ

where the notation p̂ and r̂ is as explained below Eq. (4.22).
The action of these translations on the asymptotic fields is
given by

bðpÞ↦bðpÞe−imfHðpÞ; b̄ðpÞ↦ b̄ðpÞeimfHðpÞ;

cðpÞ↦ cðpÞe−imfHðpÞ; c̄ðpÞ↦ c̄ðpÞeimfHðpÞ: ð4:49Þ

The infinitesimal action of an arbitrary Poincaré trans-
formation on both the Maxwell and Klein-Gordon phase
spaces is thus given by a linear transformation, P. It can be
verified that P satisfies Eq. (2.9). We thereby obtain an
observable,FP, on phase space corresponding to an arbitrary
infinitesimal Poincaré transformation P by the formula,

FPðϕÞ ¼
1

2
Ωðϕ; PϕÞ ð4:50Þ

where “ϕ” stands for a point in the Cartesian product of the
Maxwell andKlein-Gordon phase spaces. For a given choice
of origin in the bulk spacetime, we can write an arbitrary
infinitesimal Poincaré transformation asP ¼ T þ XwhereT
is a translation and X is a Lorentz transformation. We denote
the corresponding observables as FT and FX. The Poisson
bracket of these observables with the local asymptotic
massive scalar field observables are given by

fFT; bðwÞg ¼ ibðfHwÞ; fFX; bðwÞg ¼ bð£XwÞ ð4:51Þ

where £Xw is the Lie derivative of the complex test function
wðpÞwith respect to the Killing vector field onH represent-
ing the Lorentz transformation X. Analogous formulas also
hold for the observable cðwÞ. The Poisson bracket of the
Poincaré obervables with the local electromagnetic field
observables on I − are given by

fFT; EðsÞg ¼ Eð£TsÞ; fFX; EðsÞg ¼ Eð£XsÞ ð4:52Þ

where, now, the Poincaré translation T is represented by the
vector field fnμ on I − with f supported on the l ¼ 0, 1
spherical harmonics and the Lorentz transformation is a
conformal Killing vector fieldXA onS2. Further, the Poisson
brackets of the Poincaré observables with memory and
charges are given by

fFT;ΔðλÞg ¼ 0; fFT;Qi−=i0ðλÞg ¼ 0; ð4:53aÞ

fFX;ΔðλÞg ¼ Δð£XλÞ; fFX;Qi−=i0ðλÞg ¼ Qi−=i0ð£XλÞ:
ð4:53bÞ

Finally the brackets of the Poincaré generators with them-
selves are

fFT1
; FT2

g ¼ 0; fFX1
; FX2

g ¼ F½X1;X2�; ð4:54aÞ

fFX; FTg ¼ FT 0 ð4:54bÞ

where in the above, if T is represented by a function fðxAÞ
thenT 0 is represented byf0 ¼ £Xf − 1=2ðDAXAÞf. It should
be noted that Eq. (4.53b) shows that memory is not Lorentz
invariant unless it vanishes. Similarly, the charges at timelike
and spatial infinity are not Lorentz invariant unless all of the
charges (including the ordinary total electric charge) vanish.
In addition, the nonvanishing of the Poisson brackets of FX
with Qi0 shows that the observables FX are not gauge
invariant unless all of the charges vanish, as expected from
the considerations given in [82].
The extended algebra A in;QP is now obtained by adding

Hermitian elements FP for each Poincaré generator P to
A in;Q and factoring by commutation relations correspond-
ing to all of the above Poisson bracket relations.

C. Fock representations

In the previous sections, we have constructed the asymp-
totic local field algebra A in and we have extended it to
the algebras A in;Q and A in;QP that include large gauge
charges and Poincaré generators. The ordinary Minkowski
vacuum state, ω0 ≔ ωKG

0 ⊗ ωEM
0 , is the Gaussian state on

A in with vanishing 1-point function and with 2-point func-
tion given by Eqs. (4.10) and (4.20) with SAB ¼ B ¼ C ¼ 0.
We can extend its action to A in;QP such that for all
a ∈ A in;QP we have ω0ðaΔÞ ¼ω0ðΔaÞ ¼ω0ðaQi−Þ ¼
ω0ðQi−aÞ ¼ω0ðaFPÞ ¼ω0ðFPaÞ ¼ 0, i.e., such that ω0 is
an eigenstate with eigenvalue zero of all the charges and
Poincaré generators. TheGNS representation ofω0will yield
the usual Fock space of incomingparticle states.However, all
states in this Fock space will be eigenstates of memory with
vanishing eigenvalue. The corresponding construction of an
“out” Hilbert space will similarly contain only states with
vanishing memory. Consequently, as discussed at length
in Sec. I, this choice of Hilbert space is not adequate for
scattering theory, since it does not contain the states with
memory that arise from the scattering processes.
The purpose of this subsection is to construct a large

supply of states—including states with memory—that later
can be reassembled into a Hilbert space satisfying proper-
ties (1)–(5) of Sec. I. We will do so by constructing the
ordinary Fock representation of the asymptotic Klein-
Gordon scalar field and the asymptotic electromagnetic
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field. We will then construct corresponding “memory
representations” of the electromagnetic field by shifting
the electromagnetic field by the identity multiplied by a
classical electromagnetic field with the desired memory.
We will thereby obtain states of the electromagnetic field
with arbitrary memory.

1. Fock representation of the massive field algebra

In this subsection, we construct the standard Fock
representation of the asymptotic Klein-Gordon scalar field.
This will give us an ample supply of incoming states of the
Klein-Gordon field.
The vacuum state on the extended asymptotic Klein-

Gordon algebra A KG
in;QP is the Gaussian algebraic state ωKG

0

with vanishing 1-point function and 2-point function given
by [see Eq. (4.20)]

ωKG
0 ðbðw1Þbðw2Þ�Þ ¼

4ð2πÞ3
m2

hw1; w2iH;

ωKG
0 ðcðw1Þcðw2Þ�Þ ¼

4ð2πÞ3
m2

hw2; w1iH ð4:55Þ

for all test functions w1ðpÞ; w2ðpÞ, where h; iH is the L2

inner product on H−. Furthermore, ωKG
0 is an eigenstate

of eigenvalue zero of Qi−ðλÞ and all of the Poincaré
generators.
The GNS construction for ωKG

0 yields a Hilbert space
FKG with a natural Fock space structure. Concretely this
construction is obtained as follows. On the space of
complex test functions on H− we define the inner product

hw1jw2i≔ωKG
0 ðbðw1Þbðw2Þ�Þ¼

4ð2πÞ3
m2

hw1;w2iH ð4:56Þ

using the 2-point function in Eq. (4.55). This is a non-
degenerate, positive, Hermitian inner product. LetH KG be
the completion of the space of test functions in this inner
product, i.e.,H KG is the Hilbert space of square-integrable
functions (i.e., wave packets) of the timelike momentum p
represented as points on H−. This Hilbert space serves as
the “one particle” Hilbert space for particles in the Fock
space. The Fock space of particles is given by

FKG
particles¼C⊕⨁

n≥1
ðH KG⊗S …⊗SH

KGÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n times

: ð4:57Þ

where ⊗S is the symmetrized tensor product. On this Fock
space the bðwÞ� acts as a creation operator and bðwÞ acts as
the annihilation operator for a particle wave packet wðpÞ.
An identical construction with the inner product

ωKG
0 ðcðw1Þcðw2Þ�Þ ¼

4ð2πÞ3
m2

hw2; w1iH ð4:58Þ

gives the “one antiparticle” Hilbert space H̄ KG, and the
corresponding Fock space FKG

antiparticles on which cðwÞ� acts
as a creation operator and cðwÞ acts as the annihilation
operator for an antiparticle wave packet w̄ðpÞ. Since the
operators bðwÞ and bðwÞ� commute with cðwÞ and cðwÞ�,
the full Fock space representation is given by the tensor
product of the particle and antiparticle Fock spaces

FKG ¼ FKG
particles ⊗ FKG

antiparticles: ð4:59Þ

The algebraic state ωKG
0 corresponds to the vacuum state

of the Fock space, which we denote as jωKG
0 i ∈ FKG.

We have

bðwÞjωKG
0 i ¼ cðwÞjωKG

0 i ¼ Qi−ðλÞjωKG
0 i ¼ 0;

for all wðpÞ; λðxAÞ: ð4:60Þ

A dense set of Hadamard states in this Fock space is
generated by the linear span of the vacuum jωKG

0 i and
symmetric tensor products of the particle and antiparticle
wave packet states with test functions wðpÞ.
The large gauge transformations and Poincaré trans-

formations have a strongly continuous unitary action on
FKG. The vacuum state jωKG

0 i is invariant under these
transformations. The large gauge transformations and
translations act on the one-particle/antiparticle spaces
as multiplication by a phase. The Lorentz group acts
on the one-particle/antiparticle spaces by its natural
action on L2ðH−Þ. The action on the full Fock space
is immediately obtained by extending the action to
symmetric tensor products of the one-particle/antiparticle
spaces [83].
In the construction of the Faddeev-Kulish representa-

tions [see Sec. IV D] it will be useful to work with
“improper states” of definite particle/antiparticle momenta.
Formally, these states correspond to applying the point-
wise creation operators bðpÞ� and cðqÞ� to the vacuum

jp1;…; pni ¼
1ffiffiffiffiffi
n!

p bðp1Þ�…bðpnÞ�jωKG
0 i and

jq1;…; qmi ¼
1ffiffiffiffiffiffi
m!

p cðq1Þ�…cðqmÞ�jωKG
0 i ð4:61Þ

where p; q ∈ H− correspond to the momenta of particles
and antiparticles respectively. Although Eq. (4.61) is well
defined if we smear with test functions in all variables, the
definite momentum states jp1;…; pni and jq1;…; qmi
themselves have infinite norm and are not genuine states
in FKG. However, we can make mathematical sense of
these improper states and their relationship to FKG in a
precise way as follows. Let H KG

p ≅ C, be the one-
dimensional complex Hilbert spaces spanned by the sym-
bol jpi. Thus, jpi is a genuine state inH KG

p . Similarly, for
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all p1;…; pn we define the one-dimensional complex
Hilbert space H KG

p1…pn
by

H KG
p1…pn

¼ H KG
p1

⊗S … ⊗S H
KG
pn

ð4:62Þ

where the symmetric tensor product symbol indicates here
that we identify the Hilbert spaces that differ by a
permutation of p1;…; pn. Then H KG

p1…pn
is spanned by

jp1;…; pni ≔ jp1i ⊗S … ⊗S jpni. We similarly define
the n-antiparticle Hilbert spaces of definite momenta.
The Fock space FKG is then given by the direct sum of
the direct integral of these Hilbert spaces

FKG ≅ ⨁
n;m≥0

Z
Hnþm

d3p1…d3pnd3q1…d3qmH KG
p1…pn

⊗ H̄ KG
q1…qm ð4:63Þ

where d3p and d3q denote the Lorentz invariant measure
Eq. (4.13) on the hyperboloid. States in the Fock space are
thus given by expressions of the form

jΨi ¼
X
n;m

Z
Hnþm

d3p1…d3pnd3q1…d3qm

× ψðp1;…pn; q1;…; qmÞjp1…pni ⊗ jq1…qmi
ð4:64Þ

where ψ is a complex L2-function of pi and qi that is
invariant under permutations of the pi and permutations of
the qi. The quantities jp1…pni and jq1…qmi appearing in
this equation are the mathematically well-defined basis
elements of H KG

p1…pn
and H̄ KG

q1…qm .
The action of the charge operatorQi−ðλÞ onFKG can be

expressed very conveniently in this representation of the
Fock space, since the direct integral decomposition
Eq. (4.63) corresponds to the spectral decomposition of
the operator Qi−ðλÞ. Formally, the states jp1;…; pni and
jq1;…; qmi are eigenstates of Qi−ðλÞ with eigenvalues
given by

Qi−ðλÞjp1;…; pni ¼ q

�Xn
i¼1

λHðpiÞ
�
jp1;…; pni;

Qi−ðλÞjq1;…; qni ¼ −q
�Xn

i¼1

λHðqiÞ
�
jq1;…; qni;

ð4:65Þ

where λH is given by Eq. (4.22). Note that the unsmeared
version of Eq. (4.65) is

Qi−ðxAÞjp1;…; pni ¼ q

�Xn
i¼1

GHðpi; xAÞ
�
jp1;…; pni;

Qi−ðxAÞjq1;…; qni ¼ −q
�Xn

i¼1

GHðqi; xAÞ
�
jq1;…; qni;

ð4:66Þ

where GHðp; xAÞ ¼ ð4πÞ−1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

p
− ρp̂ · r̂Þ−2 [see

Eq. (4.22)]. For a state jΨi in the Fock space lying in
the subspace of n particles andm antiparticles, the action of
the charge operator is given by

Qi−ðλÞjΨi ¼ q
Z
Hnþm

d3p1…d3pnd3q1…d3qm

× ψðp1;…pn; q1;…; qmÞ

×

�Xn
i¼1

λHðpiÞ −
Xm
i¼1

λHðqiÞ
�
jp1…pni

⊗ jq1…qmi: ð4:67Þ

All states in this subspace are eigenstates of the total charge
operator Qi−ð1Þ

Qi−ð1ÞjΨi ¼ qðn −mÞjΨi: ð4:68Þ

However, for nonconstant λ, there are no proper eigenstates
of Qi−ðλÞ apart from the vacuum state.

2. Fock representations of the Maxwell field algebra

The vacuum state on the extended asymptotic algebra
A EM

in;QP of the electromagnetic field is the Gaussian alge-
braic state ωEM

0 with vanishing 1-point function and 2-point
function given by [see Eq. (4.10)]

ωEM
0 ðEðs1ÞEðs2ÞÞ ¼ −

Z
R2×S2

dv1dv2dΩ

×
qABsA1 ðv1; xAÞsB2 ðv2; xAÞ

ðv1 − v2 − i0þÞ2 : ð4:69Þ

Furthermore, ωEM
0 is an eigenstate of eigenvalue zero of

memory, ΔðλÞ, and all of the Poincaré generators.
The GNS construction for ωEM

0 yields a Hilbert space
FEM

0 with a natural Fock space structure. Concretely this
construction is obtained as follows. On the space of positive
frequency Schwartz test functions on I − we define the
inner product

hs1js2i0 ≔ ωEM
0 ðEðs1Þ�Eðs2ÞÞ

¼ 2π

Z
∞

0

ωdω
Z
S2

dΩŝA1 ðω; xAÞŝA;2ðω; xAÞ

ð4:70Þ
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where the “hat” denotes the Fourier transform, and the final
equality above is the Fourier space representation of
Eq. (4.69). We define the one-particle Hilbert space,
H EM

0 , to be the completion of the space of positive
frequency test functions in this inner product. The GNS
Fock space associated with the vacuum state is then
given by

FEM
0 ¼ C ⊕ ⨁

n≥1
ðH EM

0 ⊗S … ⊗S H
EM
0 Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n times

: ð4:71Þ

For real sA, the smeared electric field operator E0ðsÞ ≔
πEM0 ½EðsÞ� in this representation is given by

E0ðsÞ ¼ a0ðs−Þ þ a†0ðsþÞ ð4:72Þ

where a0; a
†
0 are the usual annihilation and creation

operators on the Fock space and superscripts “�” denote
the positive/negative frequency parts, respectively. There is
a dense subspace of Hadamard states given by the span of
the vacuum jωEM

0 i and any finite products of a†0ðsþi Þ applied
to the vacuum, with si an arbitrary test function. The
Poincaré transformations act on H EM

0 by their natural
action on I −, which gives rise to a strongly continuous
action onFEM

0 . The vacuum state, jωEM
0 i, is invariant under

these transformations.
The Fock space FEM

0 constructed above is the usual
choice of Hilbert space for the “in” radiative states of the
Maxwell fields. However, all states in this Hilbert space are
eigenstates of memory, ΔðλÞ, with eigenvalue zero—as
follows immediately from the fact that the vacuum is an
eigenstate of ΔðλÞ with eigenvalue zero, and ΔðλÞ com-
mutes with EðsÞ and hence with a†0ðsþÞ. However, even in
the classical theory, memory is not conserved between “in”
and “out” states in generic scattering processes. Thus, even
if we restrict to the zero-memory Fock space FEM

0 for the
Maxwell in-states, the out-states obtained will not have
zero memory and hence will not live in the zero memory
out-Fock space FEM

0 . One is thus forced to consider states
which have nonvanishing memory to describe scattering.
Thus, the states in FEM

0 do not give us an ample supply of
states to use in scattering theory.
However, we can construct different Fock representa-

tions containing states with nonvanishing memory as
follows (see [55]). Choose a smooth classical electric field
eAðxÞ on I − that satisfies our decay conditions but is such
that the corresponding classical memory

Δðe; λÞ ¼ −
Z
I−

dvdΩeAðv; xBÞDAλðxBÞ ð4:73Þ

is nonvanishing. Consider the algebra automorphism
ae∶A EM

in;Q → A EM
in;Q determined by

ae½EðsÞ� ¼ EðsÞ þ eðsÞ1; ae½ΔðλÞ� ¼ ΔðλÞ þ Δðe; λÞ1:
ð4:74Þ

This is easily seen to define an automorphism, since the
commutation relations are unaffected by shifting the
operators by a multiple of 1. Using this automorphism
we define a new algebraic state ωEM

e by

ωEM
e ðOÞ ≔ ωEM

0 ðae½O�Þ for all O ∈ A EM
in;Q: ð4:75Þ

Then ωEM
e is a Gaussian, Hadamard state on A EM

in;Q that
satisfies Eq. (4.45) and, for each λ, is an eigenstate of ΔðλÞ
with eigenvalue Δðe; λÞ. The GNS construction for ωEM

e

yields a Hilbert spaceFEM
e with a Fock space structure and

a vacuum state jωEM
e i corresponding to ωEM

e . Every state in
FEM

e is an eigenstate of ΔðλÞ with eigenvalue Δðe; λÞ.
Thus, this construction—for the various different choices of
classical electric field eA—gives an ample supply of states
with any desired memory.
It should be noted that if eA and e0A are smooth and

satisfy our decay conditions, then the Fock representations
obtained by the above GNS construction will be unitarily
equivalent35 if and only ifΔðe; λÞ ¼ Δðe0; λÞ for all λ. Thus,
there are as many unitarily inequivalent constructions as
there are choices of memory one-form ΔAðxAÞ on S2. In
particular, there are uncountably many such constructions.
If eA and e0A are such that Δðe; λÞ ¼ Δðe0; λÞ (so that they
give rise to unitarily equivalent representations), then the
state ωEM

e0 —which corresponds the vacuum state inFEM
e0 —

corresponds in FEM
e to the coherent state associated with

the classical solution e0A − eA. Thus, the representations
with nonvanishing memory do not have a “preferred”
vacuum state, i.e., the vacuum state of the Fock represen-
tation depends on the choice of representative classical
electric field eA. Nevertheless, the unitary equivalence class
of the Fock representations FEM

e correspond to all smooth
eA with memory ΔA. Thus, the “memory representations”
can be labeled by the memory of the representative—i.e.,
as FEM

Δ rather than FEM
e —and we shall do so in the

following.
It also should be noted that for any given choice of

memory ΔAðxAÞ on S2 and any given choice of frequency
ω0 > 0 one can find a representative classical electric field
eAðv; xBÞ with memory equal to ΔAðxAÞ such that the
Fourier transform of eA is nonvanishing only for frequen-
cies ω < ω0. Thus, the states in FEM

Δ can be viewed as
differing from the states inFEM

0 only in the (arbitrarily) far
infrared. However, for ΔAðxAÞ ≠ 0, if one tries to formally

35However, if eA and e0A are not smooth, the norm [defined in
Eq. (4.70)] of the positive frequency part of eA − e0A need not be
finite even when they have the same memory. In that case, the
Fock space constructions will not be unitarily equivalent. This
point will be relevant to the considerations of Sec. V D.
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express a normalized state in FEM
Δ as a state in FEM

0 ,
one will find that it has infinitely many “soft photons”
and cannot be normalized. Thus, the states in FEM

Δ are
genuinely different from states in FEM

0 .
The above construction yields representations of A EM

in;Q

with any desired memory. We now consider whether
these representations can be extended to representations
ofA EM

in;QP, i.e., whether one can define an action of Poincaré
generators on FEM

Δ such that the commutation relations
corresponding to Eqs. (4.51)–(4.54b) hold. Consider, first,
a translation. The natural action of a finite translation on the
classical electric field eA maps it into an electric field e0A
with the same memory. As noted above, the representation
obtained from e0A is therefore unitarily equivalent to the
representation obtained from eA. It follows that the natural
action of finite translations can be represented by a unitary
map on FEM

Δ . This map is strongly continuous in the
translation parameter, so we get a self-adjoint operator on
FEM

Δ representing an arbitrary translation generator T,
which satisfies all of the required commutation relations.36

Thus, the above Fock representations of A EM
in;Q with non-

vanishing memory can be extended to include Poincaré
translations.
However, the Fock representations FEM

Δ with nonvan-
ishing memory cannot be extended to include the action
of the Lorentz generators [55,84]. As noted above, for all λ
all states in FEM

Δ are eigenstates of ΔðλÞ with eigenvalue
Δðe; λÞ. Thus, for all λ, the memory operator commutes
with all operators on FEM

Δ . However, if Δðe; λÞ is non-
vanishing for some λ, then by Eq. (4.53b) some Lorentz
generator X must have a nonvanishing commutator with
ΔðλÞ. Thus, the above Fock representations of A EM

in;Q with
nonvanishing memory cannot be extended to representa-
tions of A EM

in;QP.

D. Faddeev-Kulish representation

We turn now to the issue of whether we can find Hilbert
spaces of incoming and outgoing states that satisfy proper-
ties (1)–(5) listed in Sec. I. The standard choice of “in”
Hilbert space F in ¼ FKG ⊗ FEM

0 and correspondingly
constructed standard “out” Hilbert space Fout of the “out”
algebra does not work, since all states inF in andFout have
vanishing memory, but scattering takes states with vanish-
ing memory to states with nonvanishing memory. As we
shall discuss further in Sec. VII, one could attempt to allow
memory by replacing FEM

0 with a direct sum, ⊕Δ FEM
Δ ,

over all unitarily inequivalent memory Fock spaces.
However, since there are uncountably many such memory
Fock spaces, this would give a nonseparable Hilbert space,

in violation of property (5). Furthermore, each state in such
a direct sum would have a nonvanishing probability for
only a countable number of discrete values of memory.
However, scattering with an “in” state of this sort surely
does not produce an “out” state of this sort, so property (4)
also will not be satisfied by this choice of the “in” and “out”
Hilbert spaces. Finally, by Eq. (4.53b), since the memory is
not Lorentz invariant there cannot be continuous action of
Lorentz on the direct sum—in violation of property (3)—so
the angular momentum cannot be defined. A more prom-
ising possibility would be to take some sort of direct
integral of memory representation Hilbert spaces. However,
as we shall discuss further in Sec. VII, the natural Lorentz
invariant Gaussian measure on memory has support on
memories that are too singular to be admissible, and there
does not appear to be any other choices of measure for a
direct integral construction that have the prospect of
satisfying properties (3) or (4).
Nevertheless, it is possible to give a construction, due to

Faddeev and Kulish [24], of “in” and “out” Hilbert spaces
that satisfy (1)–(5). The construction involves taking a
direct integral over the memory Fock spaces of the
electromagnetic field but correlating these Fock spaces
with (improper) momentum eigenstates of the massive
Klein-Gordon field so as to produce states with vanishing
charges Qi0ðλÞ at spatial infinity. This is a useful con-
struction because of the fact that, as shown in [31–34], for
solutions to the Maxwell equations that are suitably regular
at spatial infinity, the charges Qin

i0ðλÞ obtained from the
limit along past null infinity are matched antipodally to the
similarly defined charges Qout

i0 ðλÞ obtained from the limit
along future null infinity,

Qin
i0ðλÞ ¼ Qout

i0 ðλ∘ϒÞ ð4:76Þ

where ϒ is the antipodal map on S2. Thus, any “in” state
that is an eigenstate of Qin

i0ðλÞ for all λ should evolve to an
“out” state that is an eigenstate of Qout

i0 ðλ∘ϒÞ of the same
eigenvalue. However, since by Eq. (4.53b) the Lorentz
group generators have nontrivial commutators with the
charges at spatial infinity, the Lorentz group generators
cannot act on a Hilbert space of states of definite charges
except in the case where all of the charges vanish,Qi0ðλÞ ¼
0 for all λ [35–38]. Therefore, we seek to construct “in” and
“out” Hilbert spaces composed of states that are eigenstates
of eigenvalue zero of all of the large gauge charges
(including the total electric charge) at spatial infinity.
To construct an “in”Hilbert space withQi0ðλÞ ¼ 0 for all

λ, we make use of the relation

Qi0ðλÞ ¼ Qi−ðλÞ þ
1

4π
ΔðλÞ ð4:77Þ

[see Eq. (4.33)]. We start with the one-dimensional Hilbert
space H KG

p1…pn
⊗ H̄ KG

q1…qn of n incoming particles and n

36We emphasize that the spectrum of the energy operator
corresponding to time translations is bounded below by zero but
does not achieve the value zero for any state with memory.
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incoming antiparticles in momentum states p1;…; pn and
q1;…; qn, respectively [see Eq. (4.62)]. This state has
vanishing total electric charge and large gauge charges

Qi−ðλÞ ¼ q
Xn
i¼1

ðλHðpiÞ − λHðqiÞÞ ð4:78Þ

[see Eq. (4.65)], with λHðpÞ given by Eq. (4.22). Therefore,
we can obtain a statewithQi0ðλÞ ¼ 0 for all λ if we can find a
memory representation FEM

Δ such that for all λ we have

Δðλ;p1;…; qnÞ ¼ −4πq
Xn
i¼1

ðλHðpiÞ − λHðqiÞÞ: ð4:79Þ

This will be the case if for any p we can solve

DAΔAðxA;pÞ ¼ 4πqðGHðp; xAÞ − 1Þ ð4:80Þ

with GH given by Eq. (4.22). If we can solve Eq. (4.80),
then the memory representationFEM

Δ obtained from any eA
such that

−
Z

∞

−∞
dveAðv; xAÞ ¼

Xn
i¼1

ðΔAðxA;piÞ − ΔAðxA; qiÞÞ

ð4:81Þ

will have memory satisfying Eq. (4.79).
We can decompose any one-form on S2 such as ΔA into

its electric and magnetic parts as

ΔA ¼ DAαþ ϵA
BDBβ: ð4:82Þ

The magnetic part37 will not contribute to DAΔA, so
Eq. (4.80) becomes

D2α ¼ 4πqðGHðp; xAÞ − 1Þ: ð4:83Þ

By Eq. (4.23), the right side is orthogonal to the l ¼ 0
spherical harmonic, so this equation can be uniquely
solved. Since GHðp; xAÞ is smooth, it follows that
ΔAðxA;pÞ is smooth and, hence, eAðv; xAÞ can be chosen
to be smooth.
We now have all of the ingredients needed for the

Faddeev-Kulish construction. As described in the pre-
vious subsection, the standard Fock space FKG for the
Klein-Gordon field can be obtained by taking a direct
sum of direct integrals of the one-dimensional Hilbert
spacesH KG

p1…pn
⊗ H̄ KG

q1…qm of momentum eigenstates [see
Eq. (4.63)]. As stated above, the standard “in”Hilbert space
is then obtained by taking the tensor product of this

Klein-Gordon Fock space with the standard (zero memory)
Fock spaceFEM

0 for the electromagnetic field. The Faddeev-
Kulish constructionmodifies this procedure as follows. Prior
to taking the direct integral, we pair the state jp1…pni ⊗
jq1…qni with the Fock representationFEM

Δðp1;…;qnÞ obtained
from an electric field eA on I − satisfying Eq. (4.81). All
electromagnetic states in this representation have memory
given by Eq. (4.79), so the states inH KG

p1…pn
⊗ H̄ KG

q1…qn ⊗
FEM

Δðp1;…;qnÞ haveQi0ðλÞ ¼ 0 for all λ.We now take the direct

integral of these Hilbert spaces over p1;…; qn and the direct
sum over n to obtain the Faddeev-Kulish “in” Hilbert space

H FK
in ≔ ⨁

∞

n¼0

Z
H2n

d3p1…d3pnd3q1…d3qnH KG
p1…pn

⊗ H̄ KG
q1…qn ⊗ FEM

Δðp1;…;qnÞ ð4:84Þ

All states inH FK
in are eigenstates ofQin

i0ðλÞ with eigenvalue
zero for all λ. The “out” Hilbert space H FK

out is constructed
similarly.
It should be noted that H FK

in does not carry a repre-
sentation of the algebra A in;QP or even of the unextended
algebra A in. The massive field operators bðwÞ, cðwÞ have
nontrivial commutators with Qi0ðλÞ [see Eq. (4.30)] and
cannot be made to act on H FK

in . However, all gauge
invariant observables in A in;QP commute with Qi0ðλÞ,
and therefore H FK

in carries a representation of the sub-
algebra of gauge invariant observables.
The Faddeev-Kulish “in” and “out”Hilbert spaces can be

seen to satisfy requirements (1)–(5) of Sec. I as follows.
Requirement (1) is automatically satisfied, since H FK

out is
obtained by the same construction as H FK

in . Satisfaction of
requirement (2) follows from conservation of the large
gauge charges, Eq. (4.76), which implies that any state in
H FK

in must evolve to an eigenstate of eigenvalue zero of
Qout

i0 ðλÞ for all λ, which, presumably, must lie in H FK
out.

With regard to requirement (3), the translation group
acts naturally on both H KG

p1…pn
⊗ H̄ KG

q1…qn and FEM
Δ so

there is no problem obtaining its action on H FK
in [37].

A Lorentz transformation Λ maps H KG
p1…pn

⊗ H̄ KG
q1…qn

to H KG
Λp1…Λpn

⊗ H̄ KG
Λq1…Λqn and maps FEM

Δ to FEM
ΛΔ .

However, since Λ½eAðp1…qnÞ� defines the same memory
Fock space as eAðΛp1…ΛqnÞ, there is no problem
obtaining an action of the Lorentz group on H FK

in , so
requirement (3) is satisfied [37]. Note that there would be a
problem with obtaining Lorentz group action if we had
similarly constructed a Hilbert space of eigenstates of
Qi0ðλÞ with nonvanishing eigenvalues [35,36]. With regard
to requirement (4) since, as discussed above, eA can be
chosen to be of arbitrarily low frequency, each FEM

Δ
contains representatives of any desired “hard” photon state.
It is clear thatH FK

in contains states of arbitrary momenta of
the charged particles and antiparticles provided that the

37As previously explained [see Footnote 5], we restrict con-
sideration in any case to purely electric parity memory.
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number of particles and antiparticles are equal. As discussed
in Sec. I, although this equality of particle and antiparticle
number yields a genuine restriction on the allowed states,
one can deal with this in the consideration of scattering by
putting any extra/unwanted particles behind the moon.
Thus, arguably, requirement (4) is satisfied. Finally, it is
straightforward to show that requirement (5) is satisfied.
The states in H FK

in correspond to incoming particles/
antiparticles together with incoming photons in states whose
memory is highly correlated with the momenta of the
particles and antiparticles. As mentioned above, we may
view the states in any memory Fock space FEM

Δ as
corresponding to a state in FEM

0 together with infinitely
many “soft photons.” Thus, we may view the memory
associated with eAðp1…qnÞ as dressing the incoming
charged particle state jp1…pni ⊗ jq1…qni with a “soft
photon cloud.” In H FK

in , all charged particle states must be
dressed in this manner.
The dress requirements imposed byH FK

in have a number
of unpleasant consequences. Most notably, one cannot
consider a coherent superposition of charged particle states
of different momenta, since charged particle states with
differentmomenta are required to be dressedwith soft photon
clouds corresponding to different representations of the
electromagnetic field. These orthogonal soft photon clouds
will preclude any interference effects arising from super-
posing charged particle states of different momenta.
Nevertheless, as we have argued above, H FK

in contains a
supply of states that is adequate for analyzing many scatter-
ing processes of interest.

V. QED WITH A MASSLESS, CHARGED
KLEIN-GORDON FIELD

In this section, we consider QED with the massive
charged Klein-Gordon field of Sec. IV replaced by a
massless charged Klein-Gordon field. Thus, we consider
the theory defined by the Lagrangian Eq. (4.1) with m ¼ 0.
Most of the analysis carries through in close parallel with
the massive case. However, as we shall see, a significant
difference arises in the construction of the Faddeev-Kulish
Hilbert space due to the fact that the memory representa-
tions of the electromagnetic field needed in the construction
are singular. In Sec. V E, we shall consider the source-free
Yang-Mills case. In addition to the problems of massless
QED, a new problem arises from the fact that the “soft
dressing” contributes to the Yang-Mills charge-current flux,
thereby invalidating the construction of eigenstates of
large gauge charges via dressing. Although one can obtain
charge eigenstates by other means, there are insufficiently
many eigenstates to obtain Hilbert spaces for scattering.

A. Asymptotic quantization algebra

The asymptotic quantization of the electromagnetic field
was already given in Sec. IVA, so we need only give the

asymptotic quantization of the massless charged Klein-
Gordon field. As discussed in Sec. II, the asymptotic
behavior of a massless scalar field in the asymptotic past
is described by

ΦðxÞ ≔ lim
I−

Ω−1φ ð5:1Þ

[see Eq. (2.18)]. The symplectic form is given by

ΩKG0
I ððΦ1; Φ̄1Þ; ðΦ2; Φ̄2ÞÞ

¼ −
1

2

Z
I−

d3x½Φ1∂vΦ̄2 þ Φ̄1∂vΦ2 − ð1 ↔ 2Þ�; ð5:2Þ

where the superscript KG0 denotes that this is the sym-
plectic form of a massless scalar field. The above sym-
plectic form differs from Eq. (2.19) only in that we are now
considering a complex, rather than real, scalar field. For the
same reasons as indicated below Eq. (4.15), it is convenient
to treatΦ and Φ̄ as though they were independent quantities
and to take the asymptotic phase space to consist of the
pairs ðΦ; Φ̄Þ. Then ΩKG0

I is a complex-bilinear function of
its variables. It is convenient, as in Eq. (2.21) of Sec. II, to
write Π ¼ ∂vΦ and Π̄ ¼ ∂vΦ̄.
In parallel with Eq. (2.21), the local scalar field observ-

ables on I − are

ΠðsÞ ≔
Z
I
d3xΠðxÞsðxÞ; Π̄ðsÞ ≔

Z
I
d3xΠ̄ðxÞs̄ðxÞ

ð5:3Þ

where sðxÞ is a smooth complex function on I − with
conformal weight −1. Note that we takeΠðsÞ to be linear in
s while Π̄ðsÞ is antilinear in the test function sðxÞ. The
Hamiltonian vector fields for these observables are given
by the pairs ð0; sÞ and ðs̄; 0Þ, respectively. The only
nonvanishing Poisson brackets are

fΠ̄ðs1Þ;Πðs2Þg ¼ −ΩKG0
I ððs̄1; 0Þ; ð0; s2ÞÞ1

¼ 1

2

Z
I−

d3x½s̄1∂vs2 − s2∂vs̄1�: ð5:4Þ

The additional factor of 2 in the above formula relative
to Eq. (2.22) arises because we are now working with a
complex scalar field.
The asymptotic quantization algebra, A KG0

in , for the
massless charged Klein-Gordon field is defined by starting
with the free, unital �-algebra generated byΠðsÞ, its formal
adjointΠðsÞ�, and the identity 1. We then factor this algebra
by the linearity condition38 (A.I) and the commutation
relation

38SinceΠðsÞ is a complex scalar field, the scalar multiplication
in the linearity condition (A.I) must be extended to C.
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½Πðs1Þ�;Πðs2Þ� ¼ −iΩKG0
I ððs̄1; 0Þ; ð0; s2ÞÞ1 ð5:5Þ

together with vanishing commutators for Πðs1Þ and Πðs2Þ.
The Hadamard condition on states ωKG0 onA KG0

in is that
the 2-point functionωKG0ðΠðx1ÞΠðx2ÞÞ is smooth, whereas

ωKG0ðΠðx1Þ�Πðx2ÞÞ ¼ −
1

π

δS2ðxA1 ; xA2 Þ
ðv1 − v2 − i0þÞ2 þ Pðx1; x2Þ

ð5:6Þ
where P is a (state dependent) smooth function on I − ×
I − with Pðx1; x2Þ ¼ P̄ðx2; x1Þ. In addition, the connected
n-point functions for n ≠ 2 of ωKG0 are required to be
smooth. The 2-point function of the Poincaré invariant
vacuum state ωKG0

0 is given by Eq. (5.6) with P ¼ 0.
Finally, we require that P and all connected n-point

functions of ωKG0 for n ≠ 2 decay for any set of jvij → ∞
as OððPi v

2
i Þ−1=2−ϵÞ for some ϵ > 0.

B. Extension to include charges
and Poincaré generators

We have already given the extension of A EM
in to A EM

in;Q

and A EM
in;QP in Sec. IV B, so we need only obtain the charge

and Poincaré observables for the massless Klein-Gordon
field to obtain the desired extensions of the algebra of
observables for massless QED.
Classically, the action of the large gauge transforma-

tions parametrized by the smooth function λðxAÞ on S2 is
given by

ΦðxÞ → eiqλΦðxÞ ð5:7Þ
where q is the charge of the Klein-Gordon field. The
observables Π and Π̄ transform as

ΠðsÞ ↦ ΠðeiqλsÞ; Π̄ðsÞ ↦ Π̄ðeiqλsÞ: ð5:8Þ

The vector field on the asymptotic Klein-Gordon phase
space associated with infinitesimal gauge transformation
is thus iqλð−Φ; Φ̄Þ. This is the Hamiltonian vector field
of the observable

J ðλÞ ¼ −
iq
2

Z
I−

d3xλðxAÞ½ΦðxÞΠ̄ðxÞ − Φ̄ðxÞΠðxÞ�: ð5:9Þ

Thus, J ðλÞ is the infinitesimal generator of the gauge
transformations Eq. (5.7), i.e., it is the contribution of the
KG field to the charge. [However, we use the letter J rather
than Q since the right side of Eq. (5.9) corresponds to the
integrated Klein-Gordon charge-current flux Jμnμ through
I −.] The Poisson brackets J ðλÞ with ΠðsÞ and Π̄ðsÞ are

fJ ðλÞ;ΠðsÞg ¼ qΠðiλsÞ; fJ ðλÞ; Π̄ðsÞg ¼ qΠ̄ðiλsÞ
ð5:10Þ

whereas fJ ðλÞ;J ðλ0Þg ¼ 0. Of course, J ðλÞ has vanish-
ing Poisson brackets with the electromagnetic field
observables.
As previously found in Sec. IV B, the generator

of large gauge transformations on the asymptotic
Maxwell phase space is the memory, Eq. (4.32).
Thus, the observable that generates large gauge trans-
formations on the full Klein-Gordon-Maxwell phase
space is39

Qi0ðλÞ ¼ J ðλÞ þ 1

4π
ΔðλÞ: ð5:11Þ

By arguments similar to those given in the massive
case in Sec. IV B, it can be seen that Qi0ðλÞ can be
obtained by taking limits of surface integrals of the
electric field as one approaches i0 along I −, so the
subscript i0 is appropriate.
In parallel with the massive case, the algebra A 0

in ≔
A KG0

in ⊗ A EM
in can now be extended to an algebraA 0

in;Q by
including the algebra elements J ðλÞ and ΔðλÞ [and, hence,
Qi0ðλÞ] satisfying commutation relations corresponding to
the above Poisson bracket relations.
The Poincaré transformations act naturally on I −. As

in the massive case, each infinitesimal Poincaré trans-
formation P is generated by an observable FP on
phase space. Writing P ¼ T þ X where T is a translation
and X is a Lorentz transformation, the Poisson brackets
of the Poincaré generators with the Klein-Gordon observ-
ables are

fFT;ΠðsÞg¼Πð£TsÞ; fFX;ΠðsÞg¼Π
�
£Xsþ

1

2
sDAXA

�
;

ð5:12aÞ

fFT;J ðλÞg¼0; fFX;J ðλÞg¼J ð£XλÞ; ð5:12bÞ

and the Poisson brackets of the Poincaré generators with
memory, charges at spatial infinity and themselves are
given by Eq. (4.53a)–(4.53b).
As in the massive case, the algebra A 0

in;Q can be further
extended to an algebra A 0

in;QP by including algebra
elements associated with these observables satisfying
commutation relations corresponding to these Poisson
bracket relations.

C. Fock representations

In analogy with the massive case, we now construct the
Fock representation of A KG0

in based upon the Poincaré

39If a massive charged Klein-Gordon also is present, then the
additional term Qi−ðλÞ would also be present on the right side of
Eq. (5.11).
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invariant vacuum state.40 The Fock representations ofA EM
in

of interest were already constructed in Sec. IV C 2.
The Poincaré invariant vacuum state is the Gaussian state

determined by a vanishing 1-point function and 2-point
function given by [see Eq. (5.6)]

ωKG0
0 ðΠðs1Þ�Πðs2ÞÞ

¼ −
1

π

Z
R2×S2

dv1dv2dΩ
s1ðv1; xAÞs2ðv2; xAÞ
ðv1 − v2 − i0þÞ2 ð5:13Þ

for all test functions s1ðxÞ and s2ðxÞ. The 2-point function
gives rise to the inner product

hs1js2i ≔ ωKG0
0 ðΠðs1Þ�Πðs2ÞÞ

¼ 2

Z
∞

0

ωdω
Z
S2

dΩŝ1ðω; xAÞŝ2ðω; xAÞ: ð5:14Þ

on complex-valued test functions on I −, where in the last
equality we have rewritten Eq. (5.13) in terms of the
positive frequency parts of the Fourier transform of the test
functions. The completion of the space of test functions
yields the “one-particle” Hilbert space HKG0. The corre-
sponding Fock space for particles is

FKG0
particles ¼ C ⊕ ⨁

n≥1
ðH KG0 ⊗S … ⊗S H

KG0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n times

: ð5:15Þ

An identical construction with the inner product hs1js2i
yields the “one antiparticle” Hilbert space H̄ KG0 and
corresponding Fock spaceFKG0

antiparticles. One can decompose
ΠðsÞ and ΠðsÞ� into creation and annihilation operators for
particles and antiparticles as in Eq. (4.72) but we shall not
need to do so here. The full Fock space of particles and
antiparticles is then

FKG0 ¼ FKG0
particles ⊗ FKG0

antiparticles: ð5:16Þ

The algebraic state ωKG0
0 is the vacuum state of the Fock

space which we denote as jωKG0
0 i ∈ FKG0. A dense set of

Hadamard states in this Fock space is generated by the
linear span of the vacuum jωKG0

0 i and symmetric tensor
products of particle and antiparticle wave packet states.
As in the massive case, the large gauge transfor-

mations and Poincaré transformations have a strongly

continuous unitary action on FKG0, so FKG0 carries a
representation of A KG0

in;QP. The vacuum state jωKG0
0 i is

invariant under these transformations. The large gauge
transformations act on the one-particle/antiparticle spaces
as multiplication by a phase. The Poincaré group acts on the
one-particle/antiparticle spaces by its natural action onI −.
As in the massive case, it will be useful to expressFKG0

as a direct integral over improper momentum eigenstates.
It is useful to parametrize the plane wave solution of
4-momentum p by p ¼ ðω; xApÞ, where ω is the frequency
of the wave and xAp ∈ S2 is the direction of the plane wave.
As in the massive case, we define H KG0

p to be the one-
complex-dimensional Hilbert space for particles spanned
by jpi and we define

H KG0
p1…pn

¼ H KG0
p1

⊗S … ⊗S H
KG0
pn

; ð5:17Þ

which is spanned by jp1;…; pni. We similarly define
H̄ KG0

q and H̄ KG0
q1…qn for antiparticles. The Fock space

can then be written as

FKG0 ≅ ⨁
n;m≥0

Z
ðCþÞnþm

d3p1…d3pnd3q1…d3qmH KG0
p1…pn

⊗ H̄ KG0
q1…qm ð5:18Þ

where d3p denotes the Lorentz invariant measure
d3p ¼ ωdωdΩ on the positive frequency “cone” Cþ ≔
fðω; xApÞjω > 0g. An arbitrary state jΨi ∈ FKG0 can be
expressed as

jΨi ¼
X
n;m

Z
ðCþÞnþm

d3p1…d3pnd3q1…d3qm

× ψnmðp1;…; pn; q1;…; qmÞjp1…pni
⊗ jq1…qmi ð5:19Þ

where ψnm is a complex, square-integrable function invari-
ant under permutations of pi and permutations of qi and
supported on non-negative frequencies.
Again, the Fock space decomposition Eq. (5.18) corre-

sponds to the spectral decomposition of the charge-current
flux operator J ðλÞ. Formally, we have

J ðλÞjp1…pni ⊗ jq1…qmi

¼ q

�Xn
i¼1

λðxApi
Þ −

Xm
i¼1

λðxAqiÞ
�
jp1…pni ⊗ jq1…qmi:

ð5:20Þ

The formal unsmeared action of J ðxAÞ on plane wave
states is the sum of δ-functions on S2 whose support is
determined by the momenta of the plane waves

40In a similar manner to the electromagnetic case, there exists a
memory effect for the massless Klein-Gordon field as well as a
“scalar charge” at spatial infinity relating the “in” and “out”
memories (see e.g., [85] and Sec. F 2 of [8]). In the absence of a
“source” for the massless scalar field, the scalar memory is
conserved in scattering. Therefore in massless QED, we may
restrict attention to “in” states with zero “scalar memory” for
simplicity.
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J ðxAÞjp1…pni ¼ q

�Xn
i¼1

δS2ðxApi
; xAÞ

�
jp1…pni; ð5:21Þ

J ðxAÞjq1…qni¼−q
�Xn

i¼1

δS2ðxAqi ;xAÞ
�
jq1…qni: ð5:22Þ

The action of J ðλÞ on a proper state jΨi ∈ FKG0 lying in
the subspace of n particles and m antiparticles is given by

J ðλÞjΨi ¼
Z

d3p1…d3pnd3q1…d3qm

× ψðp1;…; pn; q1;…; qmÞ

× q

�Xn
i¼1

λðxApi
Þ −

Xm
i¼1

λðxAqiÞ
�

× jp1…pni ⊗ jq1…qmi: ð5:23Þ

All states in this subspace are eigenstates of the total charge
operator J ð1Þ

J ð1ÞjΨi ¼ qðn −mÞjΨi: ð5:24Þ

However, for nonconstant λ, there are no proper eigenstates
of J ðλÞ apart from the vacuum state.

D. Faddeev-Kulish representation

We now turn to the construction of the analog for
massless QED of the Faddeev-Kulish Hilbert space for
massive QED given in Sec. IV D. Again, the key idea is to
make use of conservation of large gauge charge at spatial
infinity, Eq. (4.76), and construct “in” and “out” Hilbert
spaces composed of states that are eigenstates of all the
large gauge charges at spatial infinity (including total
electric charge).
The large gauge charges at spatial infinity are now

given by

Qi0ðλÞ ¼ J ðλÞ þ 1

4π
ΔðλÞ: ð5:25Þ

In parallel with the massive case, to obtain states with
vanishing charge, we start with the one-dimensional Hilbert
space H KG0

p1…pn
⊗ H̄ KG0

q1…qn , which has vanishing total
electric charge and charge-current flux given by

J ðλÞ ¼ q
Xn
i¼1

ðλðxApi
Þ − λðxAqiÞÞ: ð5:26Þ

We wish to pair this state with the memory Fock space of
the electromagnetic field, with memory given by

Δðλ;p1;…; qnÞ ¼ −4πq
Xn
i¼1

ðλðxApi
Þ − λðxAqiÞÞ ð5:27Þ

for all λ. If, for all p1;…; qn we can find a classical, smooth
electromagnetic field eAðp1;…; qnÞ that has this memory
satisfying Eq. (5.27), then the Faddeev-Kulish Hilbert
space

H FK0
in ≔ ⨁

∞

n¼0

Z
d3p1…d3pnd3q1…d3qnH KG0

p1…pn

⊗ H̄ KG0
q1…qn ⊗ FEM

Δðp1;…;qnÞ ð5:28Þ

should satisfy the desired conditions (1)–(5) of Sec. I. Thus,
the key issue is whether we can obtain an acceptable
solution to Eq. (5.27).
In parallel with the massive case [see Eq. (4.83)],

we will be able to solve Eq. (5.27) if and only if we can
solve

DAΔA ¼ D2α ¼ q½4πδS2ðxA; xApi
Þ − 1�: ð5:29Þ

In contrast to Eq. (4.83), the right side of Eq. (5.29) is not
smooth. The general solution to Eq. (5.29) is

α ¼ q logð1 − r̂ · p̂iÞ þ const: ð5:30Þ

where the dot product is defined by viewing xA; xApi
∈ S2 as

unit vectors r̂; p̂i in R3, respectively, and taking their
Euclidean inner product. Thus,

ΔAðxA;pÞ ¼ qDA logð1 − r̂ · p̂iÞ ð5:31Þ

is the unique solution to Eq. (5.29), and

ΔAðxA;p1;…; pn; q1;…; qnÞ

¼
Xn
i¼1

ðΔAðxA; piÞ − ΔAðxA; qiÞÞ ð5:32Þ

will yield a solution to Eq. (5.27) via

Δðλ;p1;…; pn; q1;…; qnÞ

¼
Z
S2

dΩDAλΔAðxA;p1;…; pn; q1;…; qnÞ: ð5:33Þ

Thus, for massless QED we can solve Eq. (5.27)
and perform the Faddeev-Kulish Hilbert space con-
struction Eq. (5.28). However, there is now a very
significant difference from the massive case. As can be
seen from Eq. (5.31), the required memory diverges as
1=jxA − xApi

j at each particle and antiparticle momentum
and, hence, is not square integrable on S2. Conse-
quently, any classical electric field eAðv; xA;p1;…; qnÞ
that gives rise to the required memory and satis-
fies our required falloff conditions in v cannot be
smooth and, indeed, cannot be square integrable on
all spheres. It follows that the states in FEM

eðp1;…;qnÞ
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cannot be Hadamard.41 Furthermore, the failure of
eAðv; xA;p1;…; qnÞ to be square integrable on spheres
implies that its classical energy flux through I − divergesZ

I−
d3xTvv ¼ ∞: ð5:34Þ

It follows that all states in FEM
eðp1;…;qnÞ have infinite

expected energy flux through I −.
Thus, although each charged particle and antiparticle can

be “dressed with soft photons” in a manner similar to the
massive case, we find that in massless QED this dressing
has nontrivial angular singularities. These angular singu-
larities correspond to the “collinear divergences” that arise
in perturbative scattering calculations in massless QED
when working with momentum eigenstates. If one chooses
to ignore the physical effects of the soft photons and
calculate only probabilities for inclusive “hard” processes,
the collinear divergences can be dealt with by imposing an
angular cutoff. Indeed the Kinoshita-Lee-Nauenberg theo-
rem states that, in addition to imposing a frequency cutoff,
if one imposes an angular cutoff one can again obtain
(inclusive) cross sections by summing over all low fre-
quency and small angle quanta in the cutoff state and then
removing the cutoffs [49,50]. However, the whole point of
the Faddeev-Kulish construction is to take the states in the
Faddeev-Kulish Hilbert space Eq. (5.28) seriously as exact
“in” and “out” states of the quantum field, so that one gets a
genuine S-matrix relating them. The angular singularities
represent genuine singularities in the physical properties of
these states. Thus, although a Faddeev-Kulish Hilbert space
construction can be carried out in massless QED in close
parallel with massive QED, all of the states in the resulting
Hilbert space in massless QED are singular and are not of
physical relevance.

E. Source-free Yang-Mills fields

In this subsection, we consider the scattering of a source-
free Yang-Mills field. As we shall see, this provides a
simple model that has features similar to both massless
QED as well as the gravitational case to be considered
in Sec. VI.
AYang-Mills gauge field Aj

μ is a one-form field valued in
a Lie-algebra g of a compact, semisimple group G. The
Lagrangian for this theory is

L ¼ −
1

4
Fμν;iFμν;i ð5:35Þ

where the Yang-Mills field strength tensor is defined by

Fi
μν ≔ ∂μAi

ν − ∂νAi
μ þ cijkA

j
μAk

ν ð5:36Þ

where cijk is the structure tensor of the Lie algebra g and
Lie algebra indices are raised and lowered with the
(positive-definite) Cartan-Killing metric

kij ≔ −clikckjl: ð5:37Þ

This theory is invariant under the action of the Yang-Mills
gauge transformations

Ai
μ ↦ Ai

μ þ ∂μλ
i þ cijkA

j
μλk: ð5:38Þ

We assume that in the asymptotic past and future, the
nonlinear interactions of the Yang-Mills field with itself
become negligible, and the Yang-Mills field behaves as a
free field.42 In that case, the Yang-Mills field behaves
asymptotically at I − like a collection of decoupled
electromagnetic fields. The points of the incoming classical
phase space are again given by the specification of the
pullback of Ai

μ to I −. We again choose a gauge where
nμAi

μjI− ¼ 0 and denote the pullback of Ai
μ to I − in our

chosen gauge as Ai
A.

The local field observables on phase space are again the
smeared electric fields

EðsÞ ¼
Z
I−

d3xEi
AðxÞsAi ðxÞ ð5:39Þ

where sAi is a Lie-algebra valued test vector field onI
− and

Ei
A ¼ −£nAi

A ¼ −∂vAi
A ð5:40Þ

is the pullback of Fi
μνnν toI −. Note that EðsÞ generates the

infinitesimal affine transformation Ai
A → Ai

A − 2πϵsiA on
phase space.
In exact parallel to the electromagnetic case, the algebra

A YM
in is defined to be the free algebra generated by the

smeared field EðsÞ satisfying (B.I)–(B.III) in Sec. IVA
where the symplectic form of the Yang-Mills field onI − is

ΩYM
I ðA1; A2Þ ¼ −

1

4π

Z
I−

dvdΩ½EA;i
1 A2A;i − EA;i

2 A1A;i�:

ð5:41Þ

The corresponding Hadamard regularity condition on the
asymptotic states of the Yang-Mills field is that the 2-point
function has the form41The failure of eAðv; xA;p1;…; qnÞ to be square integrable

implies that two different choices of dressing e and e0 with
memory Eq. (5.32) will, in general, yield unitarily inequivalent
Fock representations [see Footnote 35]. Therefore we must label
these singular representations by the choice of dressing, e, rather
than the memory, Δ.

42Of course, this property does not hold for the Yang-Mills
fields occurring in nature on account of their interactions with
other fields, which do not become negligible in the asymptotic
past and future.
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ωðEi
Aðx1ÞEj

Aðx2ÞÞ ¼ −
kijqABδS2ðxA1 ; xA2 Þ
ðv1 − v2 − i0þÞ2 þ SijABðx1; x2Þ

ð5:42Þ

where SijAB is a (state-dependent) smooth bitensor on I −

that is symmetric under the simultaneous interchange of x1,
x2 and the indices A, B and i, j. Additionally, the connected
n-point functions for n ≠ 2 are smooth. We also impose the
same decay requirements of SijAB and all connected n-point
functions for n ≠ 2 as in the electromagnetic case in
Sec. IVA. The 2-point function of the vacuum state ω0

takes the form of Eq. (5.42) with SijAB ¼ 0.
Apart from the extra Lie algebra index, there is no

difference between Yang-Mills theory and electromag-
netism in the above construction of the algebra of asymp-
totic local field observables and the regularity conditions
on states. However, a significant difference with electro-
magnetism arises when we consider the extension of the
algebra to include large gauge charges. In the Yang-Mills
case, the infinitesimal action of a large gauge transforma-
tion is given by

Ai
A ↦ Ai

A þ ϵ½DAλ
i þ cijkA

j
Aλ

k�;
Ei
A ↦ Ei

A þ ϵcijkE
j
Aλ

k: ð5:43Þ

In particular, the electric field Ei
A is no longer gauge

invariant. The charge that generates this infinitesimal gauge
transformation is

QYM
i0 ðλÞ≔−

1

4π

Z
I−

d3xð2cijkλiAA;jEk
AþλiDAEA;iÞ ð5:44Þ

where the subscript i0 again has been inserted to indicate
that—assuming that no additional fields with Yang-Mills
charge are present—QYM

i0 ðλÞ can be obtained by taking
limits of surface integrals of the Yang-Mills electric field as
one approaches i0 along I −, as can be shown by argu-
ments similar to the massive and massless QED cases.
It is useful to separate the contributions to QYM

i0 ðλÞ into
their linear and nonlinear parts. The linear part is the
memory of the Yang-Mills field associated with large gauge
transformation λ:

ΔYMðλÞ ≔ −
Z
I−

dvdΩEi
Aðv; xBÞDAλiðxBÞ: ð5:45Þ

Although the memory is no longer the generator of large
gauge transformations, it is still an observable on the
asymptotic phase space, since 1

4πΔ
YMðλÞ generates the

affine transformation

Ai
A ↦ Ai

A þ ϵDAλ
i; Ei

A ↦ Ei
A: ð5:46Þ

The nonlinear part of QYM
i0 ðλÞ is the Yang-Mills charge-

current flux observable

J YMðλÞ ≔ 1

2π

Z
I−

dvdΩcijkλiAA;jEk
A: ð5:47Þ

By definition, we have

QYM
i0 ðλÞ ¼ J YMðλÞ þ 1

4π
ΔYMðλÞ: ð5:48Þ

This is closely analogous to Eq. (5.11) except that now, the
null memory J YMðλÞ arises from the Yang-Mills field
itself, not some additional massless charged field.
The Poisson brackets of QYM

i0 ðλÞ and ΔYMðλÞ with
themselves and with the local fields EðsÞ can be computed
using Eq. (2.7) from the above phase space transformations
that they generate. We obtain

fQYM
i0 ðλÞ; EðsÞg ¼ Eð½λ; s�Þ; fΔYMðλÞ; EðsÞg ¼ 0;

ð5:49aÞ

fΔYMðλ1Þ;ΔYMðλ2Þg ¼ 0;

fQYM
i0 ðλ1Þ;ΔYMðλ2Þg ¼ ΔYMð½λ1; λ2�Þ; ð5:49bÞ

fQYM
i0 ðλ1Þ;QYM

i0 ðλ2Þg ¼ QYM
i0 ð½λ1; λ2�Þ; ð5:49cÞ

where the bracket denotes the Lie bracket ½X; Y�i ¼
cijkXjYk between any two elements X, Y of the Lie-algebra
g. Finally, the action of the infinitesimal Poincaré trans-
formations FP with EðsÞ;ΔYMðλÞ;Qi0ðλÞ and themselves
are again given by Eqs. (4.52)–(4.54b).
In exact parallel with Secs. IV B and V B, the algebra

A YM
in can be extended to A YM

in;QP by including QYM
i0 ðλÞ,

ΔYMðλÞ and the Poincaré generators FP in the algebra, with
commutation relations corresponding to the above Poisson
bracket relations. In addition, as before, we impose the
further condition on states

ωðΔYMðλÞÞ¼−
Z
I−

dvdΩωðEi
Aðv;xBÞÞDAλiðxBÞ; ð5:50Þ

which ensures that the expectation value of the memory
observable corresponds to Eq. (5.45).
The Fock representations FYM

Δ of A YM
in can be con-

structed in direct analogy to the electromagnetic case. The
GNS construction based upon the vacuum state ω0 again
yields the standard Fock space FYM

0 , for which every state
is an eigenstate of ΔYMðλÞ with vanishing eigenvalue.
Representations of nonvanishing memory can be con-
structed in the same manner as discussed in Sec. IV C 2.
The representation of A YM

in on zero-memory Fock space
FYM

0 can be extended to a representation of A YM
in;QP.
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However, this is not possible for the representations of
nonvanishing memory on account of the nontrivial com-
mutation relations of ΔYMðλÞ with both QYM

i0 ðλÞ and with
Lorentz generators.
As in electromagnetism, the zero-memory Fock space

FYM
0 can be represented as a direct integral of “improper”

plane wave states. As before, an arbitrary state jΨi ∈ FYM
0

can be expressed as

jΨi ¼
X
n

Z
ðCþÞn

d3p1…d3pnψ
A1…An
ðnÞi1;…;in

ðp1;…; pnÞ

× εi1A1
…εinAn

jp1;…; pni ð5:51Þ

where ψ ðnÞ is a complex L2 tensor field and εiA denotes Lie-
algebra valued “polarization vectors” which satisfy

kijεiAε
j
B ¼ 1

2
qAB; qABεiAε

j
B ¼ 1

n
kij ð5:52Þ

where n is the dimension of the group G. The correspond-
ing Fock space decomposition corresponds to the spectral
decomposition the null memory operator J YMðλÞ.
Formally we have,

J YMðλÞεi1A1
…εinAn

jp1;…; pni
¼ ðci1 jkλjðxAp1

ÞεkA1
…εinAn

þ � � �
þ cin jkλjðxApn

Þεi1A1
…εkAn

jp1;…; pni: ð5:53Þ

In the unsmeared form, the formal action of J YMðxAÞ on
plane wave states is given by

J YM
j ðxAÞεi1A1

…εinAn
jp1;…; pni

¼ ðδS2ðxA; xAp1
Þci1 jkεkA1

…εinAn
þ � � �

þ δS2ðxA; xApn
Þcin jkεi1A1

…εkAn
Þjp1;…; pni: ð5:54Þ

We turn now to the issue of whether analogs of the
Faddeev-Kulish “in” and “out” Hilbert spaces can be
constructed.43 As the in the case of Maxwell fields, for
solutions to the Yang-Mills equations which are suitably
regular at spatial infinity, the charges obtained from the
limit along past and future null infinity to spatial infinity
match by

QYM;in
i0

ðλÞ ¼ QYM;out
i0

ðλ∘ϒÞ ð5:55Þ

where ϒ is the antipodal map on S2. Therefore, we are
again led to seek “in” and “out”Hilbert spaces composed of
eigenstates of the charge observable

QYM
i0 ðλÞ ¼ J YMðλÞ þ 1

4π
ΔYMðλÞ: ð5:56Þ

It should be noted first, that, in contrast to the Abelian case,
the charge operator now satisfies the nontrivial commuta-
tion relation ½QYM

i0 ðλ1Þ;QYM
i0 ðλ2Þ� ¼ QYM

i0 ð½λ1; λ2�Þ. For a
semisimple Lie group as considered here, it follows that
there cannot exist any eigenstate ofQYM

i0 ðλÞ for all λi unless
the eigenvalues vanish for all λi. [In massive and massless
QED, eigenstates of QYM

i0 ðλÞ of nonzero eigenvalue exist,
although we restricted to vanishing eigenvalue in order to
have an infinitesimal action of the Lorentz group.] In the
case of massive and massless QED in Secs. IV D and VD,
the analog of J YMðλÞ was played by the charge or current
flux of an additional scalar field. In those cases, we can
choose an (improper) eigenstate of this scalar field observ-
able and then dress it with electromagnetic field states
belonging to a corresponding memory representation.
However, in the present case, J YMðλÞ and ΔYMðλÞ arise
from the same Yang-Mills field, so we cannot independ-
ently choose the eigenstate of J YMðλÞ and the memory
representation to which it belongs.
To gain insight into the nature of the difficulty caused by

the fact thatJ YMðλÞ and ΔYMðλÞ arise from the same field,
let us attempt to construct eigenstates of QYM

i0 ðλÞ with
vanishing eigenvalue by following a similar procedure to
that used in massless QED. As in massless QED, we can
start with an improper plane wave momentum eigenstate
εi1A1

…εinAn
jp1…pni in the zero memory incoming Fock

space FYM
0 . This state is an eigenstate of J YMðλÞ with

eigenvalue given by Eq. (5.54). We now wish to dress this
state with “soft YM particles” belonging to the memory
representation with −ΔYMðλÞ=4π equal to this eigenvalue,
so as to produce an eigenstate of QYM

i0 ðλÞ with vanishing
eigenvalue. As in massless QED, on account of the δ-
functions on S2 appearing in Eq. (5.54), the required
memory will be singular, and the dressed states will have
infinite expected total energy flux. Thus, as in massless
QED, the states constructed in this manner will be
unphysical. However, a further major difficulty occurs in
the Yang-Mills case because the dressing now also con-
tributes to the Yang-Mills charge-current flux. Since the
dressing is singular the Yang-Mills charge-current flux of
the dressing is infinite and so the resulting dressed state
cannot be defined. Furthermore, even if the dressing could
be defined, the resulting state would no longer be an
eigenstate of J YMðλÞ and, hence, is not an eigenstate of
QYM

i0 ðλÞ. Thus, the states produced by the Faddeev-Kulish
dressing procedure are not only unphysical but they do
even yield the desired eigenstate property that motivated
their construction.
Thus, in order to implement the strategy for constructing

“in” and “out” Hilbert spaces based upon the conservation
law Eq. (5.55), we must seek eigenstates of QYM

i0 ðλÞ of
43Dressed states in non-Abelian gauge theories have been

previously considered in, e.g., [86–88].
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vanishing eigenvalue by some procedure other than dress-
ing. To see the nature of the restrictions on states imposed
by the eigenstate condition, we note that, by definition,
for any eigenstate ω ofQYM

i0 ðλÞ with vanishing eigenvalue,
we have

ωðQYM
i0 ðλÞEðsÞÞ ¼ ωðEðsÞQYM

i0 ðλÞÞ ¼ 0: ð5:57Þ

However, the commutation relation Eq. (5.49) then implies

cijkωðEj
AðxÞÞλk ¼ 0 for all λkðxAÞ; ð5:58Þ

which, for a semisimple Lie algebra, implies, in turn, that

ωðEj
AðxÞÞ ¼ 0: ð5:59Þ

Thus, the 1-point function of any eigenstate must vanish.
Note that it then follows from Eq. (5.50) that—in contrast
with massless QED—the expected memory must vanish.
It also then follows that the expected Yang-Mills charge-
current flux must vanish. By similar arguments, the 2-point
function must satisfy

ci1 jkωðEk
A1
ðx1ÞEi2

A2
ðx2ÞÞ þ ci2 jkωðEi1

A1
ðx1ÞEk

A2
ðx2ÞÞ ¼ 0:

ð5:60Þ

This implies that ωðEi1
A1
ðx1ÞEi2

A2
ðx2ÞÞ must be proportional

to ki1i2 . This condition is satisfied by choices of SijABðx1; x2Þ
in Eq. (5.42) of the form SijABðx1; x2Þ ¼ S0ABðx1; x2Þkij.
Nevertheless, this is an extremely restrictive condition on
the 2-point function. More generally, the n-point correla-
tion functions of ω must be proportional to Casimirs44 of
the Lie algebra g. Thus, although there exist nontrivial
algebraic eigenstates of QYM

i0 ðλÞ, it is clear that there are
insufficiently many states to obtain a Hilbert large enough
to carry representatives of all “hard” scattering processes.
In summary, in Yang-Mills theory, the Faddeev-Kulish

dressing procedure fails to produce eigenstates ofQYM
i0 ðλÞ.

Although eigenstates of QYM
i0 ðλÞ do exist, there are

insufficiently many of them for scattering theory. Thus,
the attempt to construct “in” and “out” Hilbert spaces
composed of eigenstates of charges fails. In the next
section, we will see that in the gravitational case, this
failure is even more dramatic, since there are no eigenstates
of the large gauge (i.e., supertranslation) charges at all
except for the vacuum state.

VI. VACUUM GENERAL RELATIVITY

In this section we turn our attention to the asymptotic
quantum theory of full nonlinear general relativity at null
infinity. There are many nontrivial, unresolved issues
concerning the formulation of quantum gravity in the bulk.
However, as has been emphasized by Ashtekar [54,55], in
asymptotically flat spacetimes the asymptotic phase space
of general relativity at null infinity is an affine manifold
similar to that of electromagnetism. Consequently, one can
quantize the asymptotic degrees of freedom in exact
parallel with the electromagnetic case. The asymptotic
symmetries of general relativity are the BMS transforma-
tions, which enlarge the Poincaré group by the inclusion of
supertranslations. The supertranslations play a role in the
asymptotic quantization of general relativity that is closely
analogous to the role played by large gauge transformations
in electromagnetism.
We present the asymptotic quantization algebra of local

field observables for general relativity in Sec. VI A. The
extension of this algebra to include the charges that
generate BMS transformations is given in Sec. VI B. We
then show in Sec. VI C that an analog of Faddeev-Kulish
“in” and “out” Hilbert spaces does not exist in quantum
gravity.

A. Asymptotic quantization of general relativity

As discussed in [60], the points in the asymptotic
phase space of general relativity at past null infinity
can be specified by an equivalence class of derivative
operators intrinsic to I −. For our purposes, it is
convenient to instead adopt the following equivalent
formulation. Choose a Bondi advanced time coordinate
v and consider the foliation of I − by the cross sections
with v ¼ constant. This foliation determines a unique
null vector lμ at I − which is normal to the cross sections
and at I − satisfies

lμnμ ¼ −1; lμlμ ¼ 0: ð6:1Þ

Then, the points of the asymptotic phase space are
specified by the shear of lμ which is defined by45

σμν ¼
�
qμαqνβ −

1

2
qμνqαβ

�
∇αlβ ð6:2Þ

where qμν is the metric on the cross sections. Since σμν is
orthogonal to lμ and nμ, we can write it as σAB. In
general relativity, σAB is the analog of the vector poten-
tial AA in the electromagnetic case. The analog of

44For a semisimple Lie algebra g, the number of independent
Casimirs is finite and is equal to the rank of g. For g ¼ suðnÞ, the
number of independent Casimirs is n − 1.

45Alternatively, one can define a symmetric trace-free
tensor, CAB, as the angular components of the physical metric
at order 1=r in Bondi coordinates in the bulk spacetime. This is
related to the shear that we have defined by CAB ¼ −2σAB;
see [89].
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the electric field EA is given by the news tensor NAB
defined as

NAB ≔ 2£nσAB ¼ 2∂vσAB: ð6:3Þ

The asymptotic symplectic form is then given by

ΩGR
I ðσ1; σ2Þ ¼

1

16π

Z
I−

d3x½NAB
1 σ2AB − NAB

2 σ1AB�: ð6:4Þ

The local field observables are the smeared news

NðsÞ ≔
Z
I−

d3xNABðxÞsABðxÞ; ð6:5Þ

where sAB is a real test tensor field. The smeared news
generates the affine transformation σAB ↦ σAB þ ϵ8πsAB
on phase space. The Poisson brackets of the smeared news
are computed to be

fNðs1Þ; Nðs2Þg ¼ −64π2ΩGR
I ðs1; s2Þ1

¼ 8π

Z
I−

d3x½s1AB∂vsAB2 − s2AB∂vsAB1 �:

ð6:6Þ

In exact parallel with electromagnetism, the asymptotic
quantization algebra of local field observables, A GR

in , is
defined to be the unital �-algebra generated by the
elements NðsÞ, NðsÞ� and 1, factored by the following
relations:
(C.I) Nðc1s1 þ c2s2Þ ¼ c1Nðs1Þ þ c2Nðs2Þ for any

sAB1 ; sAB2 and any c1; c2 ∈ R.
(C.II) NðsÞ� ¼ NðsÞ for all sAB.
(C.III) ½Nðs1Þ;Nðs2Þ� ¼ −64π2iΩGR

I ðs1; s2Þ1.
The Hadamard regularity condition on asymptotic states

ω on the news algebra A GR
in analogous to Eq. (3.5) is that

the 2-point function has the form

ωðNABðx1ÞNCDðx2ÞÞ

¼ −8
ðqAðCqDÞB − 1=2qABqCDÞδS2ðxA1 ; xA2 Þ

ðv1 − v2 − i0þÞ2
þ SABCDðx1; x2Þ ð6:7Þ

where SABCD is a (state-dependent) bitensor on I − that is
symmetric in A, B and in C, D satisfies qABSABCD ¼
qCDSABCD ¼ 0 and is symmetric under the simultaneous
interchange of x1 with x2 and the pair of indices A, B with
the pair C, D. As before, we also require that SABCD and
the connected n-point functions for n ≠ 2 of a Hadamard
state onI − are smooth and decay as OððPi v

2
i Þ−1=2−ϵÞ for

some ϵ > 0.

B. Extension of the asymptotic quantization algebra
to include BMS charges

The gauge symmetries of general relativity are the
diffeomorphisms on spacetime. However, the transforma-
tions induced by diffeomorphisms that preserve the asymp-
totic structure of spacetime but do not vanish at null infinity
are not degeneracies of the symplectic form and must be
treated as symmetries. The group of such diffeomorphisms
is known as the BMS group. For a given choice of Bondi
advanced time coordinate v on I −, the vector field ξμ that
generates an arbitrary infinitesimal BMS transformation
takes the form

ξμ ¼
�
f þ 1

2
vDAXA

�
nμ þ Xμ: ð6:8Þ

Here fðxAÞ is an arbitrary smooth function on S2 with
conformal weight þ1, and Xμ is a vector field tangent to
the cross sections of I that is a conformal Killing vector
field on the 2-sphere. By a slight abuse of the notational
conventions46 stated at the end of Sec. I, we will denote this
vector field as XA. The transformations with XA ¼ 0 are
referred to as supertranslations and the supertranslations
with f given by a linear combination of l ¼ 0, 1 spherical
harmonics are the ordinary translations. The transforma-
tions generated by XA are Lorentz transformations.
However, it should be noted that the decomposition of
ξμ into a supertranslation and a Lorentz transformation
depends on the choice of Bondi advanced time coordinate
v, i.e., if ξμ is a “pure Lorentz transformation” (f ¼ 0) for
one choice of v, it would correspond to a Lorentz trans-
formation (with the same XA) plus a supertranslation for
other choices of v.
The action of an infinitesimal BMS transformation of the

form Eq. (6.8) on phase space is given by the following
affine transformation:

σAB ↦ σABþ ϵ

�
1

2

�
fþ 1

2
vDCXC

�
NAB

þ
�
DADB −

1

2
qABD2

�
fþ £XσAB −

1

2
ðDCXCÞσAB

�

NAB ↦NABþ ϵ

��
fþ 1

2
vDCXC

�
∂vNABþ £XNAB

�
:

ð6:9Þ
Note that NAB is not invariant under BMS symmetries. The
charge observable that generates this infinitesimal BMS
transformation is given by (see [89])

46By the conventions of Sec. I, XA would denote an equiv-
alence class of vector fields Xμ modulo multiples of nμ. Here,
since we have made a choice of Bondi advanced time coordinate
v, we use XA to denote the particular representative that is tangent
to the cross sections of constant v.
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QGR
i0

ðf; XÞ ¼ 1

16π

Z
I−

dvdΩNAB

�
1

2

�
f þ 1

2
vDCXC

�
NAB þDADBf þ £XσAB −

1

2
ðDCXCÞσAB

�
: ð6:10Þ

As we shall now explain, we have inserted the subscript i0 onQGR
i0

ðf; XÞ for reasons analogous to our use of this notation in
massive and massless QED. As shown in [89,90], the right-hand side of Eq. (6.10) can be written as47

1

16π

Z
I−

dvdΩNAB

�
1

2

�
f þ 1

2
vDCXC

�
NAB þDADBf þ £XσAB −

1

2
ðDCXCÞσAB

�
¼ lim

v→∞
QGR

v ðf; XÞ − lim
v→−∞

QGR
v ðf; XÞ

ð6:11Þ

with

QGR
v ðf; XÞ ¼ 1

8π

Z
SðvÞ

dΩ
�
1

2

�
f þ 1

2
vDAXA

�
σABNAB þ XAσABDCσ

BC −
1

4
σABσ

ABDCXC þ Ω−1Cμνλρξ
μlνnλlρ

�
ð6:12Þ

where the integral on the right side is taken over the cross
section, SðvÞ ≅ S2, of advanced time v onI −, and Cμνλρ is
the Weyl tensor of the conformally completed spacetime. If
massive fields (or black/white holes) are present, they
would, in general, contribute to limv→−∞ QGR

v ðf; XÞ in a
manner similar to massive QED. We will assume, for
simplicity, that this is not the case and thus that48

limv→−∞ QGR
v ðf; XÞ ¼ 0. In that case, Eq. (6.11) shows

that QGR
i0

ðf; XÞ can be obtained as a limit of a surface
integral of local quantities as one approaches spatial
infinity, i0, along I −. Thus, the subscript i0 is appropriate
in Eq. (6.10).
As in the Yang-Mills case, it is useful to separate the

contributions to QGR
i0 ðf; XÞ into their linear and nonlinear

parts. The linear term arises only for supertranslations and
defines the gravitational memory observable

ΔGRðfÞ ≔ 1

2

Z
I−

dvdΩNABðv; xCÞDADBfðxCÞ ð6:13Þ

which, we note, vanishes if f is a linear combination of
l ¼ 0, 1 spherical harmonics. On the asymptotic phase
space, 1

8πΔ
GRðfÞ generates the affine transformation

σAB ↦ σAB þ ϵðDADB − 1=2qABD2Þf;
NAB ↦ NAB: ð6:14Þ

For XA ¼ 0, the supertranslation charge QGR
i0 ðfÞ, which

generates supertranslations by Eq. (6.9) with XA ¼ 0, is
given by

QGR
i0

ðfÞ ¼ J GRðfÞ þ 1

8π
ΔGRðfÞ ð6:15Þ

where

J GRðfÞ ≔ 1

32π

Z
I−

dvdΩfNABNAB ð6:16Þ

is called the null memory. If massless fields with stress-
energy Tμν are present they will, in general, contribute to
the null memory by the simple substitution NABNAB →
NABNAB þ 32πΩ−2Tμνnμnν in Eq. (6.16). However, for
simplicity, we shall consider only the case of vacuum
gravitational fields in this section.
The Poisson bracket of QGR

i0
ðf; XÞ with the local news

observable is given by

fQGR
i0

ðf; XÞ; NðsÞg ¼ Nðs0Þ ð6:17Þ

where s0AB¼ðfþ 1
2
vDCXCÞ∂vsABþ£XsAB− 1

2
ðDCXCÞsAB.

We also have

fQGR
i0 ðf1Þ;QGR

i0 ðf2Þg ¼ 0;

fQGR
i0 ðX1Þ;QGR

i0 ðX2Þg ¼ QGR
i0 ð½X1; X2�Þ; ð6:18aÞ

fQGR
i0 ðXÞ;QGR

i0 ðfÞg ¼ QGR
i0 ð£Xf − 1=2ðDAXAÞfÞ

ð6:18bÞ

where ½X1; X2� is the Lie bracket of XA
1 and XA

2 . The
memory observable has vanishing Poisson brackets with
the news and with itself

fΔGRðfÞ; NðsÞg ¼ 0; fΔGRðf1Þ;ΔGRðf2Þg ¼ 0:

ð6:19Þ

Finally, we have

47Note that Eq. (6.11) has a relative overall sign compared to
Eq. (1.18) in Sec. I due to the fact that we are now working atI −

rather than Iþ.
48We emphasize that the conclusions of Sec. VI C and, in

particular, Theorem 1 do not depend upon this assumption.
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fQGR
i0 ðf1Þ;ΔGRðf2Þg¼0;

fQGR
i0

ðXÞ;ΔGRðfÞg¼ΔGRð£Xf−1=2ðDAXAÞfÞ: ð6:20Þ

Thus, the memory observable is supertranslation invariant
but not Lorentz invariant.
In exact parallel with massive and massless QED and

Yang-Mills theory, we now can extend the algebra,A GR
in , of

asymptotic local field observables to an algebra A GR
in;Q by

including QGR
i0

ðf; XÞ and ΔGRðfÞ in the algebra, with
commutation relations corresponding to the above Poisson
bracket relations. [The Poincaré generators are, of course,
already included in the BMS charges QGR

i0
ðf; XÞ, so there

is no need for a further extension of the algebra.] In parallel
with Eqs. (4.45) and (5.50) we impose on states the
condition

ωðΔGRðfÞÞ ¼ 1

2

Z
I−

dvdΩωðNABðv; xAÞÞDADBf: ð6:21Þ

The Fock representations of A GR
in can be constructed in

direct analogy to electromagnetic case. The GNS con-
struction based upon the vacuum state ω0 again yields the
standard Fock space, FGR

0 , for which every state is an
eigenstate of ΔGRðfÞ with vanishing eigenvalue. Again,
representations of nonvanishing memory, FGR

Δ , can be
constructed in the same manner as discussed in Sec. IV C 2.
The representation ofA GR

in on the zero-memory Fock space
can be extended to a representation of A GR

in;Q. The repre-
sentations of A GR

in on the Fock spaces of nonzero memory
can be extended to include representatives of the generators
of supertranslations,QGR

i0 ðfÞ. However, the representations
of nonzero memory cannot be extended to include repre-
sentatives of the generators of infinitesimal Lorentz trans-
formations, QGR

i0
ðXÞ, on account of the nontrivial

commutation relation of ΔGRðfÞ with QGR
i0

ðXÞ. In particu-
lar, angular momentum is not well defined on the Fock
spaces of nonzero memory.

C. Faddeev-Kulish representations do not exist
in quantum gravity

For solutions of the vacuum Einstein equation that
satisfy the Ashtekar-Hansen [80] asymptotic flatness con-
ditions together with an additional null regularity condition
at spatial infinity, it was shown in [91,92] that the charges
QGR

i0
ðf; XÞ obtained from the limit along past null infinity

are matched antipodally to the similarly defined charges
obtained from the limit along future null infinity.49 In
particular the supertranslation charges satisfy

QGR;in
i0

ðfÞ ¼ QGR;out
i0

ðf∘ϒÞ ð6:22Þ

where, as before, ϒ is the antipodal map on S2. This is
an exact analog of Eq. (4.76) in electromagnetism. As
previously explained in Sec. IV D, this conservation law
provides a potential means of constructing “in” and “out”
Hilbert spaces satisfying the desired properties (1)–(5)
given in Sec. I. Namely, if we can construct an “in”
Hilbert space composed entirely of eigenstates of the
supertranslation charges, it will evolve to an “out”
Hilbert space composed of eigenvectors of corresponding
eigenvalue. In order to have a continuous action of the
Lorentz group, we must choose the eigenvalues of all of the
charges to vanish. If such “in” and “out” Hilbert spaces of
vanishing charges are separable and contain sufficiently
many states to account for all hard scattering processes,
then properties (1)–(5) should hold.
In massive QED, this strategy was successfully imple-

mented by the Faddeev-Kulish construction described in
Sec. IV D. In this construction, one dresses each momentum
eigenstate of the incoming massive charged particles with an
electromagnetic state belonging to the memory representa-
tion whose memory cancels the large gauge charges of the
incoming charged particle state, so as to produce an
eigenstate of vanishing eigenvalue of all of the total large
gauge charges. As shown in Sec. VD, in massless QED,
the same dressing construction can be given. However, the
required memory in this case is singular—so singular that
the soft photon dressing has infinite energy flux. As shown
in Sec. IV E, the situation is worse in Yang-Mills theory. Not
only is a singular dressing required, but the dressing does
not provide eigenstates of charge. Although eigenstates of
charge can be constructed by other means, there are
insufficiently many of them for scattering theory. We turn
now to the analysis of the situation in quantum gravity.
First, as already mentioned above, in order to have a

continuous action of the Lorentz group on the Hilbert
space, it is necessary to restrict our discussion to eigenstates
of the charges of vanishing eigenvalue. In massive QED,
this required the vanishing of all large gauge charges,
including the total ordinary electric charge. The vanishing
of large gauge charges for l ≥ 1 is achieved by the
dressing, but the vanishing of the total ordinary electric
charge is an unwanted restriction on the scattering states.
Nevertheless, arguably, this is not a genuine restriction
since one could always put additional particles behind the
moon to make the total charge vanish. However, in the
gravitational case, the corresponding requirement for a
continuous action of the Lorentz group is for all of the
supertranslation charges QGR

i0 ðfÞ to vanish, include the
charges associated with ordinary translations. In other
words, the states must be eigenstates of 4-momentum of
eigenvalue zero. But the vacuum state is the only such state;
one cannot cancel the 4-momentum of a state of interest by
putting additional particles behind the moon. Thus, the

49For linearized gravity around a Minkowski background, the
matching of the supertranslation charges is also shown in [34,93]
(see also [94]).
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Faddeev-Kulish construction fails for this elementary
reason at this initial stage.
Nevertheless, one could give up on having a continuous

action of the Lorentz group and seek eigenstates ofQGR
i0

ðfÞ
of nonzero eigenvalue. It is instructive to see what happens
if one attempts to construct such eigenstates by a dressing
procedure.
First, consider linearized gravity with an additional

massless quantum field source, where the null memory
is due to the massless source rather than to gravitational
radiation. As previously noted below Eq. (6.16), the
massless field will contribute a null memory of the form

J GR;sourceðfÞ ¼
Z
I−

dvdΩfðΩ−2TμνnμnνÞ: ð6:23Þ

In a manner similar to massless QED and Yang-Mills
theory, the (improper) plane wave states of the massless
source field are formal eigenstates of null memory. In order
to produce an eigenstate of QGR

i0
ðfÞ with eigenvalue

QGR
i0

ðfÞ for all f in linearized gravity, we must dress a
source particle momentum eigenstate jpi by choosing a
memory representation of the gravitational field such that

DADBΔGR
ABðxA;pÞ¼ 8πωδS2ðxA;xApÞ−8πQGR

i0
ðxAÞ ð6:24Þ

where ω is the frequency associated with the null momen-
tum p ¼ ðω; xApÞ. This equation differs from the corre-
sponding Eq. (5.29) in massless QED in that now there are
two angular derivatives of memory rather than one. This
difference results in milder angular singularities in the
solution, namely, jΔGR

AB j ∼ j logðjxA − xApjÞj rather than
jΔAj ∼ 1=jxA − xApj as in massless QED. In other words,
the collinear divergences in quantum gravity are less severe
than in massless QED and Yang-Mills theory. Although
the required memories are still singular, they are square
integrable, and the corresponding dressed states—which
were previously constructed in [57]—do not have an
infinite energy flux. In this respect, the situation in
linearized gravity is better than in massless QED and
Yang-Mills theory, although since we cannot construct
eigenstates of vanishing charges, the action of the Lorentz
group is undefined and therefore the angular momentum is
undefined for all such dressed states in linearized gravity.
However, in nonlinear gravity, as in Yang-Mills theory,

the dressing will now contribute to the null memory, so the
resulting dressed state is no longer an eigenstate ofJ GRðfÞ
and hence is not an eigenstate50 of QGR

i0
ðfÞ. Thus, the

dressing construction does not yield the desired eigenstate

property that motivated the procedure. In order to imple-
ment the strategy for constructing “in” and “out” Hilbert
spaces based upon the conservation law Eq. (6.22), we
must seek eigenstates of the supertranslation charges
QGR

i0
ðfÞ by some other means. In Yang-Mills theory, we

were able to find some eigenstates of large gauge charges,
but insufficiently many to do scattering theory. However,
one of the key results of this paper is that in gravity, there
are no nontrivial eigenstates at all.51 This is shown by the
following theorem:
Theorem 1.—Let f be any smooth function on S2 whose

support is all of S2, i.e., f does not vanish identically on
any open subset of S2. Suppose that the state ω is
Hadamard, satisfies our decay conditions, and is an
eigenstate of the supertranslation charge QGR

i0
ðfÞ. Then

ω ¼ ω0, where ω0 is the BMS-invariant vacuum state.
Proof.—Since ω is an eigenstate of QGR

i0
ðfÞ, we have

ωðQGR
i0

ðfÞNðsÞÞ ¼ ωðNðsÞQGR
i0

ðfÞÞ ¼ κωðNðsÞÞ; ð6:25Þ

where κ denotes the eigenvalue, which is real sinceQGR
i0

ðfÞ
is self-adjoint. Thus, we have

0 ¼ ωð½QGR
i0 ðfÞ;NðsÞ�Þ ¼ iωðNðf∂vsÞÞ ð6:26Þ

where the commutation relation corresponding to
Eq. (6.17) was used. Since this holds for all sAB, we have
for all x ¼ ðv; xAÞ

fðxAÞ ∂

∂v
½ωðNABðxÞÞ� ¼ 0: ð6:27Þ

Since f does not vanish on open sets, it follows that
ωðNABðxÞÞ is constant in v. The decay conditions then
imply that the 1-point function ωðNABðxÞÞ vanishes
identically.
By similar arguments starting with

ωðQGR
i0 ðfÞNðs1Þ…NðsnÞÞ ¼ ωðNðs1Þ…NðsnÞQGR

i0 ðfÞÞ
¼ κωðNðs1Þ…NðsnÞÞ ð6:28Þ

we find that the n-point functions satisfy

Xn
i¼1

∂viωðNA1B1
ðx1Þ…NAnBn

ðxnÞÞ ¼ 0: ð6:29Þ

It then follows that SABCD in Eq. (6.7) and the truncated
n-point functions also satisfy this equation. But SABCD and

50In contrast to the Yang-Mills case, the dressing contribution
to the null memory is finite and so the “dressed state” can have a
well-defined expected charge. Nevertheless, it cannot be an
eigenstate of QGR

i0
ðfÞ.

51Note that there is no state in any nonzero memory repre-
sentation that has vanishing null memory Eq. (6.16); zero is
merely the lower bound of the continuous spectrum of the null
memory operator, as emphasized by Ashtekar [55]. Conse-
quently, in contrast to claims in [95], memory vacua are not
eigenstates of the charges QGR

i0
ðfÞ at spatial infinity.
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the truncated n-point functions are required to decay as
OððPi v

2
i Þ−1=2−ϵÞ. It follows that SABCD and all truncated

n-point functions of ω vanish, i.e., ω ¼ ω0. ▪
We emphasize that the implications of Theorem 1 are

quite strong in that constructions based upon the use of
Eq. (6.22) require eigenstates ofQGR

i0 ðfÞ for all f. Note that
Eq. (6.29) is in close parallel to Eq. (5.60) in the Yang-Mills
case. However, nontrivial solutions to Eq. (5.60) do exist,
whereas the vacuum state is the only state that satisfies
Eq. (6.29). Thus, in the gravitational case, the attempt to
construct “in” and “out” Hilbert spaces by using charge
eigenstates fails in a much more catastrophic manner.

VII. NON-FADDEEV-KULISH
REPRESENTATIONS

As we have just seen, the Faddeev-Kulish dressing
procedure cannot be used to construct a Hilbert space of
“in” and “out” states in quantum gravity, nor is there any
other procedure that can produce eigenstates of the super-
translation charges QGR

i0
. Nevertheless, as described at the

end of Sec. VI B, there is an ample supply of “in” and “out”
states given by the memory Fock spacesFGR

Δ , with ΔGR
AB an

arbitrary smooth, symmetric trace-free tensor on S2. Is
there some other way of assembling these states into
Hilbert spaces in such a way that the desired conditions
(1)–(5) given in Sec. I can be satisfied? In this section, we
explore this possibility.
An obvious candidate for the “in”Hilbert space would be

the direct sum over all of the “in” memory Fock spaces
FGR;in

Δ , i.e.,

F in
DS ¼ ⨁

Δ
FGR;in

Δ ð7:1Þ

where ΔGR
AB ranges over all (say, smooth) symmetric trace-

free tensors on S2, where the “DS” subscript stands for
“direct sum.”Fout

DS would then be defined similarly. Clearly,
F in

DS and Fout
DS would then allow all possible memories.

However, this choice has many serious deficiencies.52 First,
since there are uncountably many choices of ΔGR

AB , this
Hilbert space is clearly nonseparable. Second, although the
BMS group acts naturally onF in

DS, Lorentz transformations
act nontrivially on memory and a “small” Lorentz trans-
formation will map a vector in the sector FGR

Δ into an
entirely different sector FGR

Δ0 . Since all states in different
memory sectors are orthogonal to each other, Lorentz

transformations do not act in a strongly continuous manner
on F in

DS. Thus, infinitesimal generators of Lorentz trans-
formations—in particular, angular momentum—cannot be
defined. However, by far the most serious deficiency is that
it is clear that states in F in

DS will not evolve to states in the
similarly defined “out” Hilbert spaceFout

DS, so condition (2)
of Sec. I will not be satisfied. To see this, we note that—
since the norm of the direct sum is the sum over the norms
in eachFGR;in

Δ and any uncountable sum of strictly positive
numbers is infinite—for any vector in F in

DS the probability
of having a given value of memory can be nonvanishing for
only a countable number of memories. Thus, the possible
memories of any state in F in

DS are discrete. However, it
seems clear that most states in F in

DS will evolve to “out”
states where the memory is continuously distributed. Such
states cannot lie in Fout

DS.
A more promising candidate would be to take a direct

integral of the Fock spacesFGR;in
Δ with respect to a measure

that is continuously distributed in ΔGR
AB . To do so, we first

need tomake a precise choice of the space,M , of memories.
Then we need to specify a σ-algebra of measurable subsets
ofM . Then, we need to define a measure onM , i.e., a map,
μ, from measurable subsets to non-negative real numbers
such that μð∅Þ ¼ 0 and μ is “countably additive,” that is, for
any countable collection of disjointmeasurable sets fO igwe
have that μð∪i O iÞ ¼

P
i μðO iÞ. Given such a measure, μ,

we can construct a direct integral Hilbert spaceF in
DIðμÞ from

the memory Fock spacesFGR;in
Δ as follows: A vector jΨi ∈

F in
DIðμÞ consists of the specification of a measurable family

of vectors jψðΔÞi ∈ FGR;in
Δ for all ΔGR

AB , where jΨi and jΨ0i
are considered equivalent if jψðΔÞi and jψ 0ðΔÞi differ only
on a set ofmeasure zero. The states inF in

DIðμÞ are required to
have finite norm

kΨk2 ¼
Z
M

dμkψðΔÞk2 < ∞ ð7:2Þ

and the inner product of two states is then defined by

hΨ1jΨ2i ¼
Z
M

dμhψ1ðΔÞjψ2ðΔÞi: ð7:3Þ

The direct sum Hilbert spaceF in
DS is a special case of the

direct integral Hilbert space wherein the σ-algebra is taken
to be all subsets of M and μ is taken to be the “discrete
measure” that assigns unit measure to any subset consisting
of a single point. As already stated above, this yields a
Hilbert space that is nonseparable and has other unaccept-
able properties. However, choices of “continuous mea-
sures” can yield a separable Hilbert space and have the
possibility of satisfying the other properties desired for
scattering theory. If M were a finite dimensional vector
space, there is an essentially unique notion of Lebesgue
measure and this would provide a natural choice of

52The first two of these deficiencies are analogous to what
would occur if one attempted to take the Hilbert space of one-
dimensional Schrödinger quantum mechanics to be ⊕x∈R Hx
where Hx is a one-dimensional Hilbert space representing an
eigenstate of the position operator with eigenvalue x. This Hilbert
space is nonseparable and does not admit a strongly continuous
action of translations—so the momentum operator cannot be
defined.
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measure. However, M is infinite dimensional, so there is
no notion of Lebesgue measure (see Sec. A. 4 of [96]).
Since there is a direct correspondence between memories
and supertranslations [8,97] and the supertranslations
comprise a group, one might try to use an “invariant
Haar measure” on memories. However, the supertranslation
group is not locally compact and therefore the Haar
measure does not exist. Nevertheless, there are well-defined
notions of Gaussian measures.53 We can obtain a natural
class of Gaussian measures in the following manner (see,
e.g., [98–100] for further details).
We start with the topological vector space of smooth

functions f with conformal weight 1 on S2 with the nuclear
topology. The trace-free part ofDADBf for such f provides
a space of test tensor fields for memory [see Eq. (6.13)].
We takeM to be the topological dual space. We choose the
σ-algebra of subsets to be generated by the “cylindrical
sets” (see [98,100]). By the Bochner-Minlos theorem (see
Sec. A. 6 of [96]), a Gaussian measure on M (centered at
zero) is then determined by specifying any positive,
symmetric, bilinear map Kðf1; f2Þ (the “covariance
matrix”) on the space of test functions. A necessary
condition for two Gaussian measures with covariance K
and K0, respectively, to be equivalent (i.e., such that they
agree on which subsets of M have measure zero) is that
they define equivalent norms on the space of test functions.
In other words, K and K0 are equivalent if there is a positive
constant c such that

c−1Kðf; fÞ ≤ K0ðf; fÞ ≤ cKðf; fÞ ð7:4Þ

for all test functions f. Thus, there exists a very large class
of inequivalent Gaussian measures that can be constructed
by this procedure.
Thus, the key issue for the construction of a Gaussian

measure on the space, M , of memories—and, thereby,
direct integral Hilbert spaces of “in” and “out” states—is
the choice of covariance matrix K. A key criterion is that K
be Lorentz invariant, since the resulting Gaussian measure
μ will then be Lorentz invariant, and the Lorentz group will
then act naturally on F in

DIðμÞ. However, there is a unique
choice of Lorentz invariant covariance matrix K (see
Chap. III. 4 of [101]). This covariance matrix is simply
the L2 inner product on the space of smooth test tensors
DADBf on S2

Kðf1; f2Þ ¼
Z
S2×S2

dΩ1dΩ2KABCDðxA1 ; xB2 Þ

×DADBf1ðxA1 ÞDCDDf2ðxB2 Þ ð7:5Þ

with integral kernel

KABCDðxA1 ; xB2 Þ ¼ δS2ðxA1 ; xB2 Þ
�
qAðCqDÞB −

1

2
qABqCD

�
:

ð7:6Þ

The direct integral Hilbert space F in
DIðμÞ obtained from

the Gaussian measure determined by K is a separable
Hilbert space.
However, there is a very serious problem with attempting

to use this Hilbert space for scattering theory. For any
Gaussian measure constructed in the manner described
above using a covariance matrix K there is a subset of M ,
determined by K, known as the “Cameron-Martin space”
on which μ has zero measure (see theorem 2.4.7 in [98]).
For the case of a Gaussian measure with covariance given
by Eq. (7.6), the Cameron-Martin space is the space of
square-integrable memories. This means that “almost all”
of the memories, ΔGR

AB , that contribute to F in
DIðμÞ fail to be

square integrable.54 However, as argued in Sec. V D, states
with a nonsquare-integrable memory that satisfy our falloff
conditions cannot be Hadamard and have divergent expec-
ted total energy flux. Thus, all of the states in F in

DIðμÞ are
unphysical.
Thus, the direct integral Hilbert space obtained from the

Gaussian measure constructed from the Lorentz invariant
covariance matrix Eq. (7.6) does not yield an acceptable
candidate for “in” and “out” Hilbert spaces. One could try
instead using a covariance matrix K0 corresponding, e.g., to
a Sobolev norm, so that the states in F in

DIðμ0Þ would have
physically acceptable memories.55 However, one would
then have to give up on having a natural Lorentz group
action. More significantly, there would be no reason to
expect that states in F in

DIðμ0Þ would evolve to states in the
similarly constructed Fout

DI ðμ0Þ. Of course, we also could
make different choices of the precise specification of M ,
different choices of the σ-algebra, and one could also try to
use non-Gaussian measures. We certainly have not proven
that no such choice could work. But we see no reason to
believe that there is any such choice that would work to

53In path integral formulations of Euclidean QFTof some field
ϕ, it is common to write the measure in the path integral as
Dϕe−S0ðϕÞ where S0ðϕÞ is the Euclidean action of a free field and
Dϕ is a “Lebesgue measure” on the space of fields. However,Dϕ
does not really exist and it is the full quantity Dϕe−S0ðϕÞ which is
a genuine Gaussian measure; the covariance of this measure is the
Euclidean Green’s function determined by the action S0. This is
also true in path integral formulations of quantum mechanics
where the measure over the space of paths is the (Gaussian)
Wiener measure [96].

54This is analogous to the statement that in the case of Wiener
measure, the differentiable paths are of measure zero, while in the
Euclidean path integral the field configurations with finite action
are of measure zero.

55See [102] for a construction of a direct integral Hilbert space
in the electromagnetic case with respect to Gaussian measures
defined on square integrable memories. Such representations
have a well-defined action of translations, but the action of
Lorentz is not well defined.
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construct “in” and “out” Hilbert spaces with the desired
properties for scattering theory.

VIII. ALGEBRAIC SCATTERING THEORY

As we have seen in Sec. IV D, the Faddeev-Kulish
construction in massive QED gives a basically satisfactory
way of defining “in” and “out”Hilbert spaces in such a way
that a genuine S-matrix should exist. However, as we found
in Sec. V D, the analogous construction in massless QED
does not work, as the required “soft photon dressing” gives
all states an infinite expected total energy flux due to
collinear divergences. As discussed in Sec. V E, these
problems persist in Yang-Mills theory, but an additional
serious difficulty arises in that case due to the fact that the
“soft dressing” itself will carry a large gauge charge-current
flux, which will spoil the property that the dressing is
designed to achieve. As we found in Sec. VI, in the
gravitational case the problems caused by collinear diver-
gences are not as severe, but the problem arising from the
fact that any soft graviton dressing will contribute to
supertranslation fluxes is much more severe, and we proved
in Sec. VI C that no analog of the Faddeev-Kulish “in” and
“out” Hilbert spaces can exist in quantum gravity. Finally,
we explored alternatives to the Faddeev-Kulish construc-
tion in Sec. VII and found that several natural attempts do
not work. It is our strong belief that in the gravitational
case, no definition of “in” and “out” Hilbert spaces will
satisfy conditions (1)–(5) of Sec. I.
It should be emphasized that there is no difficulty in the

construction of “in” and “out” states. As we found, we can
construct Fock space representations of A GR

in for the “in”
and “out” states with arbitrary choices of memory ΔGR

AB. As
we have noted in Sec. VI C, the representations with
nonvanishing memory cannot be extended as representa-
tions of the full algebra A GR

in;Q. However, one can obtain
“in” states by starting with any choice of smooth memory
ΔGRðfÞ and considering its “Lorentz orbit” i.e., the space of
all memories obtained by acting by Lorentz transformations
on chosen memory ΔGRðfÞ. This “orbit space” is finite
dimensional and can be equipped with a Lorentz invariant
measure (see, e.g., a similar analysis for supertranslation
charges by McCarthy [103]). A direct integral of the
memory Fock spaces over this orbit space yields a
representation of A GR

in;Q. Applying this procedure to all
smooth memories yields an enormous supply of physically
acceptable states. This supply of states is certainly ample
enough to encompass all of the “in” states that one might
wish to consider, and we expect that it also would be ample
enough to encompass all of the “out” states that arise from
the dynamical evolution of these “in” states. Thus, the
difficulties that we have elucidated in this paper do not arise
from any problems with constructing “in” and “out” states
nor do they arise from any problems with dynamical
evolution through the bulk. They arise solely from the

attempt to assemble all of the “in” and “out” states of
interest into a single (separable) Hilbert space.
However, there is no reason to try to force the “in” and

“out” states to live in a single Hilbert space. The algebra
of asymptotic observables is entirely well defined. As
reviewed in Sec. III, in the algebraic viewpoint, a state
is simply a positive, linear map on the algebra of observ-
ables. There is no need to specify a Hilbert space in order
to define a state. The regularity conditions that we have
imposed upon asymptotic states—namely the Hadamard
condition and decay conditions—also do not require the
specification of a Hilbert space. However, given a state, the
GNS construction allows us to represent that state as a
vector in a Hilbert space representation of the algebra.
Thus, Hilbert spaces of asymptotic states may be viewed as
somewhat analogous to coordinate patches on a manifold.56

Given any point of a manifold, one can choose a coordinate
patch in which it lies, and it is often very convenient to do
so. Similarly, given any state on an algebra, one can choose
a Hilbert space in which it lies, and it is often very
convenient to do so. However, in the case of a manifold
of nontrivial topology, it would not be reasonable to
demand that a single coordinate patch represent all points
of interest in the manifold. Similarly, in the case of
scattering theory, it does not appear reasonable to demand
that a single Hilbert space represent all scattering states of
interest.
What would scattering theory look like in a frame-

work where no “in” and “out” Hilbert spaces are speci-
fied at the outset? In the algebraic viewpoint, one would
specify an “in” state ωin as a positive linear map on the “in”
algebra of asymptotic observables. This would consist of
specifying the correlation functions of all of these observ-
ables. Of course, there is nothing stopping one from
considering an “in” state that corresponds to a vector in
the standard zero memory Fock representation F in

0 —but
one would not be forced to do so in this framework.
Similarly, in massive QED, one would be allowed to
dress the incoming charged particles with incoming electro-
magnetic states in the corresponding memory representa-
tion as in the Faddeev-Kulish construction, but it also
would be allowed to consider “bare” incoming charged
particles. Given ωin, one then computes the corresponding
outgoing state ωout by obtaining all of its correlation
functions of the “out” observables. Of course, this is much
easier said than done, since one would not have the
simplicity of the LSZ reduction, which relies, in particular,
on the ability to express any “in” or “out” state in terms of
local field operators acting on the Poincaré invariant

56However, it should be kept in mind that this analogy is not
perfect in that Hilbert space representations are much more
rigid than coordinate patches. In particular, it is important that
coordinate patches have nontrivial overlap regions, whereas
irreducible Hilbert space representations will not overlap unless
they coincide.
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vacuum state—which would not be the case for states of
nonzero memory. Nevertheless, if one wishes to know any
particular “out” correlation function, it seems clear that to
any finite order in perturbation theory, it must be possible to
evolve this correlation function backwards into the past and
express it in terms of “in” correlation functions, all of which
would have been given in the specification of ωin. In this
manner, we should, in principle, be able to determine a
convex-linear57 superscattering matrix $ such that

ωout ¼ $ωin: ð8:1Þ

Here, we have adopted the terminology “superscattering
matrix” and the notation $ from Hawking [104] even
though there are substantial differences in our motivation
and framework from his. Hawking was concerned with
generalizing the usual framework of scattering theory to
allow pure states to evolve to mixed states (“information
loss”), but he was not concerned with infrared issues and he
assumed that all states lie in the folium of a single Hilbert
space representation containing the Poincaré invariant
vacuum. We are not concerned here with information loss
but are similarly generalizing the framework so as to allow
$ to map between all regular algebraic states, not neces-
sarily belonging to the folium of a single Hilbert space
representation. In this framework, conservation of proba-
bility would be expressed by the requirement that if ωin is
any normalized “in” state [i.e., ωinð1Þ ¼ 1], then ωout ¼
$ωin also is normalized. If there is no information loss,
then $ would take any pure algebraic “in” state to a pure
algebraic “out” state.

We note that the notion of an algebraic state is, in
principal, sufficient to answer all physical questions
regarding the field observables. In particular, the specifi-
cation of a state ω yields the expected value of all powers of
NðsÞ. Since the conditions of the Hamburger moment
problem (see e.g., [105,106]) hold for a free field,58 these
moments determine the probability distribution for observ-
ing the values of this field observable. Therefore, despite
the absence of a prechosen Hilbert space, one can deter-
mine the probability distribution of field observables.
Of course, if one is interested only in calculating the

types of quantities that might be measured in collider
experiments, there is no need to develop a new framework
for scattering theory that properly treats infrared effects,
since quantities like inclusive cross sections surely can be
calculated much more efficiently by present means than in a
framework in which one takes proper account of the far
infrared degrees of freedom. Nevertheless, we believe it
would be of interest to further develop the “algebraic
scattering” framework that we have sketched above.
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