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Momentum space entanglement from the Wilsonian effective action
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The entanglement between momentum modes of a quantum field theory at different scales is not as well
studied as its counterpart in real space, despite the natural connection with the Wilsonian idea of integrating
out the high-momentum degrees of freedom. Here, we push such a connection further by developing a
novel method to calculate the Rényi and entanglement entropies between slow and fast modes, which is
based on the Wilsonian effective action at a given scale. This procedure is applied to the perturbative regime
of some scalar theories, comparing the lowest-order results with those from the literature and interpreting
them in terms of Feynman diagrams. This method is easily generalized to higher-order or nonperturbative
calculations. It has the advantage of avoiding matrix diagonalizations of other techniques.
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I. INTRODUCTION

The application of information concepts to the study
of quantum field theories (QFTs) is nowadays a well-
established and fruitful line of research; from investigations
on the connection between entanglement of regions of
space and black hole entropy [1,2] to applications in
holography [3,4], passing through derivations of emergent
symmetries in low-energy scattering [5,6], understanding
the entanglement structure of field theories has brought new
insight to the properties of these systems. In particular,
entanglement is increasingly seen as being of key relevance
to quantum phase transitions [7], conformal field theories
(CFTs) in general [8,9], and even as a way to characterize
topological phases [10,11].

Most of these studies have the common feature that they
mainly focus on the properties of real-space entanglement,
i.e., on the entanglement between a region of space and its
complement or between separate regions. Such a prefer-
ence for entanglement in configuration space is often
justified by arguing that observables typically measured
in a QFT are local (effectively supported in a bounded
region), and thus spatial correlations are directly accessible,
having a straightforward physical interpretation. This is of
course correct, but does not take into account the fact that
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actual measurements made in the lab have a finite reso-
lution, so that they only detect modes up to a certain
momentum scale. This is associated with the physics
behind the idea of renormalization [12,13]. Furthermore,
since renormalization (more specifically, Wilsonian
renormalization) is naturally formulated in terms of
momenta above and below a certain scale, there may be
a lot to learn about QFTs and the previously mentioned
topics by studying momentum-space entanglement and its
connection to the renormalization group (RG). After all,
RG trajectories are of paramount importance to the modern
understanding of the phase structure of field theories.

It is important to note that there are studies of renorm-
alization in the context of entanglement of spatial regions,
see, for example, Refs. [14,15], Refs. [16,17] which make
connections with the Wilsonian effective action (still in a
real-space context), and Sec. VIII of Ref. [4]. There are
also explorations of entanglement in momentum space
such as [18-20], the first being one of the main references
in this paper, Refs. [21,22] (both for fermions at finite
density, with the latter using a Gaussian approximation),
Ref. [23] (application to theories in a noncommutative
space), Refs. [24,25] for connections with particle scatter-
ing and the numerical analyses in [26,27]. This partition
was also investigated in relation to holography in [28] and
the recent work [29], where a generalization—the so-
called “entanglement wedge”—was proposed for momen-
tum space. Nevertheless, this line of research is still in its
(relative) infancy and the connection between renormal-
ization and momentum-space entanglement is far from
fully understood.

Published by the American Physical Society
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A first step towards such understanding was given in
Ref. [18], where it was pointed out that a reduced density
matrix for low-momentum degrees of freedom at a scale y
in the vacuum of a QFT is naturally associated with the
Wilsonian effective action S, [¢] (obtained from the bare
action S|¢y| of the theory by integrating out all field modes
with momentum k such that |k| > u [12]), with matrix
elements given by the path integral in the zero-temperature

limit,
1 i (P) =k 8
(@elpli) = lim = / Dhe(r)e~%. (1)
g p—oo Z(ﬁ) D (0)=x

However, the relation above was actually not used in
Ref. [18] to obtain the entanglement entropy between low
and high momentum degrees of freedom, relying instead on
a Hamiltonian formalism valid only in the perturbative
regime and whose connection to the Wilsonian renormal-
ization is not obvious.

With this, our goal in this paper is to develop a new
method for deriving the entanglement and Rényi entropies
directly from the effective action and which has also the
advantage of being well defined nonperturbatively. The
structure of the paper is, then, as follows. In Sec. II we
review how the reduced density matrix p, is obtained from
the restriction of observables to a low-momentum sector
and how this automatically connects p, to S,[¢]. Then we
proceed to constructing our method for calculating Trpj, for
n integer (valid entanglement measures on their own) based
on Eq. (1), obtaining in this way the Rényi entropies
H,(p,) = ﬁlog Trpj, for any n, as well as the entangle-
ment entropy Sgg = —Trp, log p, via the replica trick [4,8].
This novel technique depends on the fact that the Wilsonian
integration of fast modes generate effective actions non-
local in time (this will be made more precise later on). This
turns out to be an intuitive property which usually does not
need to be taken into account when calculating correlation
functions, but becomes crucial when deriving the entan-
glement properties of the theory. Thus, part of Sec. Il is also
dedicated to discussing how this nonlocality is a necessary
requirement to obtaining nonzero entropy.

In Sec. III we apply the method to calculate entangle-
ment measures in cases for which analytical calculations
are mostly possible, and whose details are found in
Appendixes A, B, and C. As a first application of the
method, we calculate the entanglement between coupled
harmonic oscillators in the perturbative regime (Sec. III A),
in which case we find an agreement with [4]. Then, we
move on to more complex examples and calculate the
momentum-space entanglement for the scalar ¢* (Sec. 111 B)
and ¢* (Sec. III C) theories up to the lowest nontrivial order
in perturbation theory, and reproduce the results from [18].
In doing so we are also able to connect these entropies to
specific Feynman diagrams, which suggests that Feynman

rules for entanglement may be defined at all orders, a
possibility left for further study. Section III D concludes
the paper by explaining how the n — 1 limit of the replica
trick must be dealt with in perturbation theory in order to get
the correct results for the entanglement entropy.

II. DENSITY MATRIX AND THE REPLICA TRICK
IN MOMENTUM SPACE

The idea of restricting observables of a QFT to a low-
momentum sector which extends only up to a cutoff u has a
very natural realization within the path-integral formalism,
which we will use in this section to define density matrices
in momentum space, and from these calculate entanglement
entropies.

Note, however, that the technique developed here is very
general and can be applied to other contexts as long as a
path integral definition of a density matrix is available; in
other cases a strict connection with the RG is not
guaranteed.

A. Reduced density matrix for low-momentum
degrees of freedom

The usual construction of the path integral, reviewed
in Ref. [4], naturally defines a way of representing the
matrix elements of a density operator p, since those are
transition amplitudes and thus susceptible to Feynman’s
technique.

In particular, given a QFT with Euclidean action S[¢] and
field operators collectively denoted by g?)(x), whose Fourier
transforms are ¢, the matrix elements of the vacuum
density operator p in the momentum representation are
given by [4,18],

1 i (B)=0x "
@elpl) = lim o / Dh(0)e=s.  (2)
* foeo Z(ﬁ) D (0)=0x

This leads to the usual expression for calculating the
ground state expectation value of any observable O, which
is given in momentum space by some function O =

@(qﬁk,i%) (see Ref. [30]),

© = [Pno(mwizs )i @

Now, since any measuring device that can be built in a
lab is only able to resolve phenomena up to a certain
momentum scale, denoted here by g, the corresponding
observables are described only by functionals of ¢ such
that |k| < p.

Consequently, the expectation value of such a low-
momentum observable is
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where the Wilsonian effective action at scale y, denoted by
Su|®ki<u)» is defined as usual [12] by

e~ Sulbwi<i] E/ HD¢ke_S[¢k]’ (5)

[fe|>p

and is automatically obtained, since the observable has no
dependence on the field modes ¢, with |k| > p.

From a quantum information point of view, Eq. (5) is
exactly the identity (O) =Tr(p,04) = Tr(pO4 ®I) which
characterizes completely the reduced density operator p4 of
a subsystem A [31,32]. Thus, the path integral written in
terms of the Fourier-transformed fields ¢ reveals that the
Hilbert space of a QFT has the tensor product structure
H =@y ‘H; and so entanglement between momentum
modes can be characterized.

This means that the Wilsonian effective action S, (¢,
naturally defines a reduced density operator p, for
momentum modes with |k| <y, with matrix elements
given by Eq. (1). This allows for the calculation of
entanglement measures between scales below and above
u (as p, is the partial trace of a pure state, any entropy is
due to entanglement in momentum space). Furthermore,
we can conclude that an effective action contains all the
required information to define the density matrix asso-
ciated with a state or subsystem, even when talking about
tensor product partitions which are not in momentum
space [18].

Before moving forward, some comments are in order.
First, the Fourier-transformed field considered is labeled by
the spatial momentum k without mention of the component
associated with the time variable. This is because the actual
degrees of freedom in a QFT are spread in space with time
indicating their dynamics instead of introducing new
variables. Another way of seeing this is through the use
of the Euclidean path integral, where the imaginary time
and corresponding momentum component are present
merely as a trick to projecting states into the vacuum
and are thus unrestricted in their corresponding integrals.
Second, our focus here is on the ground state for a simple
reason; it is well known that all states of a QFT can be
generated by linear combinations of local operators acting
on the vacuum [33] and it is the state which determines the
thermodynamic phase of the system (at zero temperature as
is the case here). Thus, studying entanglement in the
ground state potentially reveals information about the
theory in general.

B. Entanglement measures from the effective action

In this subsection we will derive one of the main results
of this paper; the construction of a new method for
determining entanglement measures associated with the
reduced density matrix given by Eq. (1).

First, we can modify Eq. (1) so that all terms relate only
to the low-momentum degrees of freedom (more generally,
only to the subsystem variables), as in the current formu-
lation the partition function Z(f) in that expression is still
the one corresponding to the full system. When the partial
trace is taken, the generated effective action contains a term
at zeroth order in the low-momentum fields. By discarding
this term, we can define

Z(u.p) = /ﬁ Depy (z) eI, (6)

and from now on S,[¢] is understood as an action not
containing any terms independent of the fields. The
subindex S in the integral sign indicates that integration
is taken over paths with time periodicity f. This in turn
adjusts the path integral representation of the matrix
elements to

(@klpul@x) = lim

1 /¢k(ﬂ)=€7}k 7
D¢, e~Sn. 7
b= Z(p, B) Jo g )

w(0)=x

Such a formulation is more practical, being often used
implicitly in ordinary renormalization calculations (effec-
tive action formalism), where the field-independent free-
energy term generated by the RG flow is ignored.

Now, with Eq. (7) at hand, we can write a formal
expression for Trpy, where n is an integer. These are
themselves valid entanglement measures, generalizations
of the so-called purity [31], and also allow for the
calculation of the entanglement entropy via the replica
trick. Thus, after performing the matrix multiplication and
trace, we obtain

1
Trp" = lim ——— [ Dg,... | Dy,
Pu ﬂﬂw[Z(ﬂ,ﬂ)}"/ 7 / ’

(ﬁ): 2 (ﬁ): 1
x/w ! Dqﬁke_sﬁ.../w ! Dpe=5.  (8)
#i(0)=¢, ?

x(0)=p,
By writing the effective action as the integral of an effective
Lagrangian, S,/f = féj dTL{f , we perform the following
manipulation. In Eq. (8), we shift the limits of integration
in 7 of the (# + 1)th path integral (# being an integer in
{0,...,n—1}) from [0, f] to [up, (u + 1)p]. This allows the
path integrals to be combined into a single one over fields
periodic in [0, nf] (it can be seen that due to the trace and
operator multiplication, the boundary conditions at multi-
ples of  match perfectly and are integrated over). These
shifts and subsequent recombination are the main reason
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why a representation of the density matrices employing a
finite temperature formalism is used, as at the moment it is
not clear how to construct a concrete method directly at
zero temperature.

Thus, by combining the effective actions with shifted
time variables into a single exponent,

D8 e f
/D(ﬂké’ 2ty ", 09)

Trpy, = hm

/}—)oo

and defining the modified partition function,

nlj‘wrl/i L/j
Zy(u. ) = /ﬁmk(r) S Ly (10)

the trace can be rewritten as

Trpy, = lim i’ﬂ)n (11)
poeo [Z(p, )]

Note the similarities with the expression for real-space
entanglement in a QFT given by Eq. (8) of Ref. [8]. The
difference is that in the momentum-space scenario, there is
an effective action allowing the partial trace to be per-
formed, and the high-momenta degrees of freedom are
completely ignored.

It is also important to point out clearly that this path
integral method involves a difference in the inverse temper-
ature f associated to the degrees of freedom that were
traced out, thus defining the effective action and the
temperature nf3 for the remaining variables. This difference
is key for obtaining the correct results through our method
and also appears naturally in other techniques, such as the
one derived in [22].

At first glance it might be tempting to assume

1 (ut1)p B _
"o Ju v drLy,
As w111 be shown in detail in the next section, the effective

action has the general form,

/dr/ d/L(z.7) +.... (12)

where Ly, (7) indicates that it is part of a Lagrangian local
in time, composed of differential operators , while terms

2P Ll However, this is not correct.

B
SL = /) dTLloca_l

like L(z, 7’) involve nonlocal integral kernels. The latter are
essential to ensure that the effective action generates a
mixed state density matrix (they are also ubiquitous in the
study of open quantum systems [34] described by mixed
states).

Given such a structure for the effective action, and the
fact that any nonlocal terms appear as functions of 7 — 7/, it

follows that > "~4 u/';H)ﬂ erﬁ can be written as

n—1
(u+1)p
/ dTL,/j

u=0 p
n—1
(u+1)ﬂ (u+D)p
— /0 dTLlocal + Z / //} d'[/L (T, T/)
+ ... (13)

so that the part of the action that is local in time is
associated to an integral from O to nf. On the other hand,
the nonlocal one inherits a more complicated structure,
which does not simply correspond to a double integral in
[0, nf]. In the next section it will be shown that this fact
leads to a nonzero entropy.

For convenience, we may simplify the notation for the
sum of double integrals in Egs. (10) and (13) by defining

n—1

0,(7,7) = Z O(z — up)O(7' — up)
xO[(u+1)f—7®[(u+1)f-7],  (14)

where ©(7) is the step function. With this, we have

n—1
(u+1)p (u+1)p -
Z/ dr/ di'L(t—17')
/ dr/ dr'®,(t,7)L(r - 7). (15)

In this form it is also easy to see how to generalize the
expressions in case the effective action involves integrals
over three or more time variables.

Finally, once Trpj is obtained, the Rényi entropies are
given by

Hn(ﬂ) = —loan(,u,ﬂ)), (16)

| .

- lﬂlgg(n log Z(u. B)
and, as usual, the entanglement entropy is derived through
the formal limit Sgg(p,) = lim,_,; H,(u), meaning that
calculating Z, (i, 3) is the key step in deriving entangle-
ment measures from an effective action.

To show that nonlocal terms are indeed crucial in
obtaining the entropy, consider that under some approxi-
mation scheme the effective action S,/f is taken to contain
only local terms in time, that is, Sﬁ = 0/3 dtLoeq (7). Via
the Legendre transform, we may obtain an associated
Hamiltonian A with the thermal partition function given
(via the usual path integral construction) by

_ V]
Tre—ﬁH :/ﬂquke_‘/:) dTLlocal(T)’ (17)

and therefore, Trpﬁ I
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f Dre” j;"ﬁ dtLigca (7)

Trp), = lim -
/}—>00 f D¢ke L[;)ﬁdTLlocal(T)]
T —npH
—lim—¢ =1 (18)

oo (Tre PH )"

The last equality comes from diagonalizing A to calculate
the traces. It is basically the well-known statement that
thermal states of a Hamiltonian approach the vacuum, a
pure state with no entropy, as the temperature goes to zero.
With this, we see that, as claimed, the nonlocal (in
Euclidean time) terms of the effective action are essential
for the entanglement entropy not to vanish.

The role of this Euclidean time nonlocality in describing
mixed states (and thus entanglement in our case) has been
studied in Ref. [19] in the operator formalism as a
consequence of the non-Hamiltonian evolution of open
quantum systems. There a similar conclusion is reached by
deriving the Kraus operators for the time evolution of the
low-momentum degrees of freedom under perturbation
theory and certain conditions.

III. APPLICATIONS OF THE METHOD

With the method developed in the previous section, we
can in principle calculate the entropies associated with any
density operator p whose matrix elements are generated by
a path integral of some effective action S, in Euclidean
time, with the corresponding calculation being roughly that
of a partition function. Note that this technique is applicable
even if the entropy of p is not associated with momentum-
space variables or is not due to entanglement at all. Thus, in
this section, we will first calculate the entanglement
entropy of two coupled quantum harmonic oscillators in
perturbation theory. Since this entropy has already been
found by other means [4], this calculation offers a bench-
mark for checking the validity of the method. We will then
move to the main topic of interest in this paper and calculate
entanglement measures in momentum space of QFTs
where the used low-momentum effective action is obtained
via the Wilsonian procedure of integrating out fast modes.
The theories studied in this paper feature real scalar fields
with ¢* and ¢* interactions in the perturbative regime, and
the momentum space entropies will be calculated only up to
the lowest order in the coupling, which already leads to a
nonzero result.

A. Coupled harmonic oscillators

The review in Ref. [4] considers a quantum system with
two particles, with positions denoted x, and xp, moving in
one dimension inside a quadratic potential and linearly
coupled to each other, and calculates exactly the entangle-
ment entropy between the particles in the ground state. This
is done by taking the wave function of this state, tracing

over xp and diagonalizing exactly the resulting reduced
density matrix p,.

Thus, having a known result to compare to, we now
apply our method to the ground state of this system. The
Euclidean Lagrangian of the model is given by

2
L= (- 02 ) (o2 +5a0?) = ass, (19

where M? can be related to the parameters used in Ref. [4].

Applying the technique consists of performing the path
integral over xp to generate an effective action for x, alone
(discarding any terms independent of x, which may
appear) and, from this effective action, calculate at finite
temperature the associated Z, (A, f) and Z(A, ).

The path integral over xp can be easily performed by
going to frequency space and it leads to the effective action,

do ( , 2 )
Setr = 2/2n< +M? m)%&(a’)‘ (20)

Returning to imaginary time, S becomes

1
Sett = E/ drdt'x, (1)A(7. 7')xs (7). (21)
where
d I?
A 2 _ A\ =M
A(r,7) < d12+M)6<T 7) 511 ¢ . (22)

with, as argued previously, a term exhibiting nonlocality in
time appearing in the effective action.

Since all calculations must be done at finite temperature,
the nonlocal kernel is actually

—iw, (t—7') e—M\T—‘r’\

B cosh(M|z — 7'|)
/sz T oM M=) 23)

As shown in Appendix A, due to the e#M factor in the
denominator, the second term goes to zero exponentially as
f — oo, thus not affecting the zero-temperature entropy.
Hence, it can be ignored in this calculation (this is not the
case when the effective action is non-Gaussian, as we will
see in the next subsections).

In order to calculate Z(A, f3), we use the finite temper-
ature effective action given by

eff 22(&) +M2

27z 2nj
P
path 1ntegral over all x; is straightforward and leads to the

expression

l .
e )xj'-xj, (24)

with @; the Matsubara frequencies. The Gaussian
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which, after employing simple algebraic manipulations and
known Matsubara sums, becomes

sinh(22%)
2 sinh (BVAH) inh (VA2

Z(A.p) = (26)

For the next step, which is calculating Z,(A, ), it is

necessary to perform the particular sum Y "=} Lf;;H)ﬁ er,ﬁ,.

As shown previously, the local terms simply add up to an
ordinary integral from 0 to nf, so the focus now is on

np np ,
/ d’l‘/ dr'0,(r,7)e ™M Ix, (t)x, (7). (27)
0 0

The calculations from this point on are quite extensive and
the details are relegated to Appendix A. Ultimately, up to
order O(/?) in the perturbative regime, we find

12

Teph = 1 — .
Pa "TeM?

(28)

In Ref. [4] this trace is calculated exactly and is given by
R Vs S VL) N :
Trp)} = (1_52 , with £ = (m) in our notation.
Expanding the exact result up to order /2, the same result is

obtained.

B. Perturbative calculation in ¢° theory

In this and the next subsections, we will calculate the
entanglement between the degrees of freedom at different
momentum scales of perturbative scalar theories (as
always, in the ground state). From the discussion in the
previous section, this entanglement will be directly related
to the Wilsonian effective action and also be given a
diagrammatic interpretation.

The first step of the calculation is splitting the field
variable as a sum of high- and low-momentum parts (the
separation being determined by a chosen scale u) and
integrate the high-momentum modes perturbatively, intro-
ducing at first an overall UV cutoff A, in order to find the
effective action S, [¢\k|5u]- The chosen order of perturbation
theory will the lowest one in which a nonlocal term in time
appears. After this, we apply the method constructed earlier
to calculate the nth order Rényi entropies.

Integrating out modes with spatial momentum obeying
|k| > p, the perturbative corrections to the effective action
are obtained by the usual connected Feynman diagrams
under the condition that all internal lines have momentum
above the scale u [12].

For the ¢ theory in spacetime dimension d, we begin
with the Euclidean bare action,

1 1 A
S[¢] = / ddx[i(v¢)2+§m2¢2+§¢3 . (29)

At order 4 the only contribution to S, besides the already
existing A¢> comes from the tadpole diagram. However,
this only shifts the expectation value of ¢ and is local in z,
so in view of the discussion in Sec. II this yields
Trpp = 1+ O(4%), and the first-order generation of entan-
glement is zero.

Now we will begin to use Feynman diagrams in earnest
and since we are performing the Wilsonian integration of
fast modes, we will use solid lines to denote momenta k
such that |[k| < p, and dashed lines for |k| > u. As usual, all
internal lines must be dashed while all external ones must
be solid.

In the ¢ theory, the diagrams with two vertices for the
effective action have the form given by,

corresponding to a ¢* term in the effective action given at
finite temperature by

2Pk D indes P s des D)= s~k —h ks '
8 (w), +wj)*+ (ki + ky)* + m?

(30)

We also get the one-loop diagram,

i \‘\
! \
—é
\ /
\\ ,,
translating to
12 1 DixP-j -k

—X— . (31
2 205 + @ +m (0 +wp)* + (k—q)* +m?

Here attention has to be paid to the extra factor of 1/2; it
arises because it is not the mass renormalization per se that
is being calculated, which would eliminate this factor in
view of the structure of the Lagrangian. Rather, we are
working with the full numerical factor of the Feynman
diagram.

The effective action includes the sums over Matsubara
frequencies (with the field normalized as ¢(z7) =
\/LEZ j€“"¢; to give the correct number of ' factors)

and integrals over appropriate momentum regions as
defined by the rules of the Wilson RG.

Taking the Fourier transform of the time component of the
fields these diagrams indeed lead to nonlocal terms. For
illustration we show the respective zero-temperature kernels,
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as those are simpler (the finite-temperature ones we need to
actually use in our method are discussed in Appendix B),

eV (ky+ky)>+m?|r—7|
2/ (k) +ky)? +m

> O, (T, ()i, ()i, (7). (32)
for the generated ¢* term, and

e~ (V@ +m*+y/ (k=g +m?)|r—7
WG +m*/ (k= q)* +m’

for the correction to the ¢* term.

In both cases (and in general) the nonlocality appears
because at least one external momentum k appears in one of
the propagators, thus leading to the above kernels when the
Fourier transforms are performed. This is the reason why
tadpoles like the O(I) diagram are local in time.

The exponential structure of the nonlocal kernel of
Egs. (32) and (33) allows many of the calculations made
for the system of coupled harmonic oscillators to be
adapted to this case. More generally, this is a direct
consequence of perturbation theory, since diagrams gen-
erate products and convolutions of propagators, whose
Fourier transforms, before performing the spatial momen-
tum integrals, are exponential functions.

Now, referring to Appendix B for details of the main
calculation, we calculate the logarithm of the modified
partition function log Z,, (i, §) (as usual for field theories, the
logarithm is more practical) following the same strategy as in
the previous case. By expanding the exponential of the
action up to O(4?) and using Wick’s theorem on the products
of fields which appear, the nonlocal terms are averaged over
the original free action at temperature nf and their con-
tributions are summed. In particular, this means that each
term of the Rényi entropy can be interpreted as coming from
the connected vacuum bubbles derived from the nonlocal
diagrams via contractions of their free legs. This interpre-
tation is possible because the field contractions via the Wick
theorem are represented by connecting the free legs of the
diagrams associated with nonlocal terms. Therefore, for the
two-legged diagram in ¢ theory we have,

Pi(T)p-i (7). (33)

Lk
s N

/ \

/ \
_‘\ —

/7

S -,

while the diagram with four legs has the possible
contractions,

and

In this last case, the difference in the structures of the
bubbles is very important. The internal line on the second
diagram above must have, by definition, spatial momentum
with magnitude greater than y. However, momentum
conservation imposed at the vertices forces it to vanish,
and the impossibility of fulfilling both conditions at the
same time implies that this diagram automatically vanishes.
Hence, only the basketball diagram contributes to the
entropy. We will see that a similar behavior also occurs
in the ¢* case.

At the end of all calculations we find that the Wick
contractions generate delta functions for the spatial
momenta such that the nth Rényi entropy will always be
an extensive quantity, a result also obtained in Ref. [18]
(this makes sense, as the momentum degrees of freedom are
uniformly spread throughout space and so the total entropy
should be proportional to the volume of the system).
Furthermore, the entropy density resulting from the sum
of terms associated with the bubble diagrams discussed
above is

H,(u) n 2 [*d'k d¥lq
= — T(k,q), 34
Vv n—18 (2m)4=t (27)d-1 (k.q) (34)
with
1 1 1
Z(k.q)=

VI +m? g+ (k—q)* +m’
1
- (VIE+m2 /@ +m?+\/(k—q)* +m?)*
(35)

where the spatial components of the momenta are inte-
grated over the region such that, given k,q, and k — ¢, at
least one of them is below the scale y, at least one is above
it, and no set of momenta is repeated in the integration.
Such a specific region is a direct consequence of the
structure of basketball Feynman diagrams; as mentioned
earlier, the number of solid and dashed lines in each bubble
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indicates how many momenta are integrated over magni-
tudes smaller and greater than y, respectively. Furthermore,
the repetition of lines of a same type in a diagram means we
can multiply the associated expression by a symmetry
factor at the cost of forbidding repeating sets of momenta in
the integration region.

The reason for this specific manipulation is that it
simplifies the final analytical expression and allows us
to compare directly Eq. (34) to the results from Ref. [18].

Before moving on, note that while the ¢* theory is
obviously problematic as the energy is not bounded from
below, the perturbative result we find above is actually
associated with a ¢* vertex in any theory containing such
term in the Lagrangian, and so it is still of value in the
actual physically relevant model.

A more important point is that our result reproduces
exactly the one from Ref. [18] (for the lowest-order Rényi
entropy which can be derived through their method), but it
was now obtained directly employing the Wilsonian point
of view, and it also gives a diagrammatic interpretation that
arises naturally from the calculation. Furthermore, we can
in addition postulate the following Feynman rules for Rényi
entropy,

*—

1 ko
- s— - [ SGeGalko.k). (36)

_ A2m)?154" Y (k+p+q)
VEZ+m? + /P +m? + /@ +m?

F

with solid or dashed lines, depending on whether they
represent slow or fast modes.

By applying these rules to the bubble diagrams shown
previously, integrating momenta over the specific region
discussed and including n/(n—1) as a prefactor, the
lowest-order result is reproduced correctly. Note that by
the rules given every diagram will produce a factor of
(27)4-154='(0), which becomes the total volume when
defining the theory in a finite box; thus, we have extensive
entropies as expected from physical intuition and the direct
calculation done in the appendixes.

So far only the Rényi entropies were discussed.
However, the entanglement entropy at lowest order is
proportional to them. As a consequence, all conclusions
in this subsection apply to that entanglement measure as
well. This will be proven in Sec. III D, but first we will do a
similar study for the case of a ¢* interaction.

(37)

C. Results for ¢* theory

Drawing from the lessons of the previous sections, we
can now proceed and calculate the momentum-space
entanglement for A¢* theory. This QFT has, as the bare
action,

S[g] = / ddx[%(v¢)2+%m2¢2+4i!¢4 . (38)

Integrating out modes with momentum k such that
|k| > p perturbatively, the discussion of Sec. Il B made
clear that in order to get a finite entropy only diagrams
which have external momenta in an internal line contribute
at lowest order.

At order A the only Feynman diagram is the tadpole,
which yields a mass renormalization without generating a
nonlocal term in time. At order A% three diagrams will lead
to nonlocality in time;

’
\
/ \
_*. ______ o—
[
\\ ’
~ PR
N -
,’,_-\\
y) \
\
\
/
AR ,
~ rd

these lead to the respective terms (written at zero temper-
ature for simplicity),

1 22 1 1 1

_x O, 39

2X6q2+m2p2+m2(k—q—p)2+m2¢k¢k (39)
21 (27)48(3 k)
~ i ’ 40
16q2 + m2 (kl + k2 _ q)z + m2 ¢k|¢k2¢k3¢k4 ( )

2 2r)s(3 8 ki)
72 (kl + k2 + k3)2 + m2

DO, P P i Prg» - (41)

with the inclusion of integrals over specific momentum
regions arising from tracing out high-momentum modes.
Once again we have an extra 1/2 factor in the two-point
contribution like the one discussed for the ¢* theory. This
can also be seen directly in Egs. (4.9) and (4.20)
of Ref. [12].

The next step is to find how exactly these new expressions
are nonlocal in imaginary time. Following Appendix C, we
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have exponential kernels of the form (suppressing some
terms for simplicity),

~(VPrm> PP+ (k=g—p)+m?) 7|

, (42)
8v/q* + m*\/p> + m*\/(k —q —p)* + m*
~(V@m> /(b ey =) +m?) 7| )
4@+ m Sk +kr—q)° +m?
e~V (ky ey +h3)>+m?|r—7|
(44)

23/(ky + ks +k3) 2+ m2

Similarly to the ¢ theory, in the lowest-order calculation
each of the terms above will contribute to the entropy
independently of the other, so that the end result will simply
be their sum. Furthermore, the structure of the end results
can be associated with the possible vacuum bubbles
obtained by contracting the legs of the diagrams, namely,

from the sunrise diagram, and from

from the new ¢% term.
In the last two cases we are faced again with both
basketball and cactus vacuum bubbles and here, too, we

find that the latter type of diagram is canceled and does not
contribute to the entropy.

The cancellation for the cactus diagram associated with
the four-field term is explained in Appendix C along with
the remaining steps of the overall calculation. As for the
cactus diagram arising from ¢%, the reason for it to vanish is
simple; momentum conservation and the structure of the
diagram imply that each individual loop must have the
same value of momentum throughout its extension.
However, in this case the middle loop is a half solid and
a half-dashed line, while no momentum can be a fast and
slow mode at the same time, so there will be at least one
unsatisfied delta function and this sends the whole expres-
sion to zero.

After all the calculations, we again use the permutation
symmetry of lines of the same type in each vacuum diagram
to combine all contributions into a single analytical
expression (with an intricate momentum integration region
as before), leading to the nth Rényi entropy density,

n 'k,

H,(1)
vV a—116 EW (ki ko, ks), (45)

with

kl,kz,k3 =

/ ?l +mll\/k2+m

X

o k%+m2+ (O ki)? +m?)?
(46)

and where the integration limits, like in the ¢ case, are
such that at least one momentum is below y, at least one is
above it, and no set of momenta is repeated.

We recover once more the same Rényi entropy obtained
from the method employed in Ref. [18] and, once again, the
expression could also be obtained by postulating Feynman
rules with the propagator line defined as in Eq. (36), along
with the vertex,

X

which leads to the correct result by incorporating the
prefactor -5 and integrating over the specific set of
momenta as discussed (and, again, we gain an overall
volume factor from the extra delta functions present in each

diagram).

_ AT (T K

Z?:l \% k’L2 + m2 7

(47)

D. Perturbation theory and the replica trick

Now, as mentioned in Sec. III B, we only derived
expressions for the Rényi entropies and avoided references
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to the n — 1 analytical continuation of the replica trick,
which gives the entanglement entropy per se. In order to
discuss this in detail, let us consider the general form of the
nth Rényi entropies found throughout this section,

Ho(pa) = ——log Trpl} = —— 2C+ O(3),  (43)
1—n n—1
where C is some theory-dependent expression.

Clearly, by taking the limit n — 1, naively we would
arrive at the absurd conclusion that S, = oco. The reason for
this is that the expansion in the parameter 4 is made at fixed
n and terms like A*" are ignored for being of higher
order than desired. This means that terms which are
important for the entanglement in the limit n — 1 are
thrown away and cannot be recovered via the limiting
procedure. Nevertheless, there is a way of finding the
lowest-order contribution to the entanglement entropy
through this method. Assume that the reduced density
matrix p, is diagonalized exactly and its eigenvalues (as
functions of 1) are given by p;(4). For 1 =0 all but one
of the probabilities must be zero, since the starting point
of the perturbative expansion made here is a separable state
and, as seen throughout this section, the entanglement is
generated only at order A> and above. Therefore, these
probabilities may be labeled such that p;(1) = A%a;(4) for
i>1 and py=1-1>>";a;(A). Thus, calculating the
entanglement entropy from these probabilities,

Sy = 123" a () log(i2ay(4))
i=1

- <1 —/122@(/1)) log (1 —/Izgai(ﬂ)>, (49)

and taking the dominant term as 4 — 0, we find
Sp==>_pilogp;==logi?) " a;(0)+O(2).  (50)
i=0 i

The presence of a term —A%>log/? is ubiquitous in the
perturbative regime, see Ref. [18] and the exact result in
Ref. [4], and is particular to the entanglement entropy as the
xlog x function is nonanalytical at x = 0.

Following the same procedure to calculate any Rényi
entropy (with a similar discussion made in Appendix C of
Ref. [19]) leads to

S i ~’”2i 0).  (51)
71—]’! g i:()pi Nl’l—l i a; .

This means that we may find the entanglement entropy by

making the substitution -2+ — log 1 and the entropies are
n—1 A

really proportional to each other at this first approximation

Hn(pA)

(keeping in mind that terms of order 4> or higher are being
discarded and that these must be calculated through more
sophisticated procedures). Finally, we point out that,
strictly speaking, the parameter appearing inside the
logarithms must be the square of the adimensional coupling
constant 1 of the coupling constant, currently this distinc-
tion does not affect the results or their interpretation in any
relevant way but it is important to keep it in mind when
proceeding to higher orders of the perturbative expansion.

IV. CONCLUSIONS AND OUTLOOK

We have developed a path integral method to compute
the entanglement between high- and low-momentum scales
which is based on the Wilson RG, where fast momentum
modes are integrated out to obtain an effective theory. As
discussed previously in the literature [18], the Wilson RG
naturally provides a framework where different scales are
entangled, since defining fast and slow modes necessarily
imply that a partition in momentum space has to be made.
We have shown here that strictly adhering to Wilson’s
prescription using a path integral formalism, one can
systematically compute the Rényi entropies, in particular
to any order in perturbation theory. This can be done in a
simpler fashion than with other methods employed in the
literature, since cumbersome matrix diagonalizations are
not needed, though the limiting procedure of the replica
trick to obtain the entanglement entropy must be handled
with care. One reason why this method is appealing and
efficient relies on the fact that a Feynman diagram
technique can be implemented to facilitate the task: the
structure of contractions in the Wilsonian effective action
and partition functions is the same as in the usual
calculations. However, as far as the Feynman rules are
concerned, we have only explicitly shown examples at
lowest nontrivial order. It remains to show that Feynman
rules for the entropies apply equally well at any order of
perturbation theory. In a related vein, it is worth mentioning
that an extension of the method to study QFTs in the
nonperturbative regime is also possible, like for example
the 1/N expansion, where Feynman diagrams occur in
dressed form, thus accounting for an infinite number of
diagrams to be resummed using 1/N as control parameter
rather than the coupling constant.

There are several other avenues to explore using the
method described in detail here. We have only given
examples of calculations for scalar field theories, but the
method should of course apply equally well to theories
involving fermions. However, the application of the
method to gauge theories raises a number of questions
we intend to explore in a further work. The well-known
fact that path integrals for gauge fields include redundant
degrees of freedom that have to be carefully accounted for
may be a source of complications in the implementation.
Furthermore, there is also a difficulty related to the Wilson
RG itself, whose separation of fast and slow modes breaks
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gauge invariance at intermediate steps of the calculation.
A way forward could be connecting methods such as those
in Refs. [35-37], which are gauge invariant by construc-
tion, to the low-momentum reduced density matrix and

from this relation deriving a formula for the entropy.

Conceptually, entanglement of gauge degrees of free-
dom differs from that of other theories even in real space,
where it is currently understood that edge modes must be
considered when studying the entanglement between a
region of space and its complement in order to obtain
sensible results [38—41]. This is because even when
regularizing the theory in a lattice, the physical Hilbert
space does not factorize as a tensor product labeled by
spatial regions; the real lattice gauge theory degrees of
freedom are Wilson loops, as discussed in Ref. [38]. Thus,
moving to momentum-space entanglement we can ques-
tion whether the physical Hilbert space of the theory still
factorizes in momentum space and which degrees of
freedom are involved in case the factorization occurs
(for instance, do edge modes also arise in this case?).
These are interesting subtleties we intend to study in a
future work.

Beyond the practical advantages of the technique devel-
oped in this paper, there are also fundamental questions that
immediately come into focus. For instance, it would be
important to investigate the precise meaning of the entan-
glement between RG scales regarding the fixed point
structure of the theory. Does it reveal something deeper
about entanglement in QFTs and scale invariance? More
precisely, is it possible to have entanglement between
momentum scales in a scale-invariant theory (e.g., a theory
at its IR fixed point)? Answering such a question would be
of paramount importance for quantum information aspects
of QFTs.

Finally, the method developed here also applies to the
study of entanglement in open quantum systems or
between different types of fields, say bosons and fermions
in the Yukawa theory. The technique only requires that the
effective action after integrating out some variables is
nonlocal in time, so there is a priori no reason to restrict it
just to momentum modes.
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APPENDIX A: ENTROPY OF COUPLED
HARMONIC OSCILLATORS

After tracing/integrating out one of the oscillators in
Sec. IIT A, the effective action of the remaining degree of
freedom is given by

1 [# [P
Seff = E/ / drdd' x,(1)A(z,7)x, (7)),  (Al)
o Jo

dr
~Mlz=7 1 cosh(M|r—7)
0 € 2
- - ) A2
! 2M ! M1 M (A2)

In order to calculate Z(A, f3), the effective action is given

in terms of the Matsubara modes by the expression
2
Sl =137, (@2 + M2 - m)x;xj, and we can perform

another Gaussian integral to arrive at

1 ?
J J

Decomposing the logarithm and using the Matsubara
sum 3 log(w? + C2) = 2logsinh(5),

12
2 2
=log (w7 +M?* —1)+log (w} + M*+ 1) —log (w; + M?),
(A4)
and so
sinh(24
Z(4.5) = () (45)

2 sinh (A4 Ginh (B2

The extra factor of 2 in the denominator does not change
any physical expectation value, but it allows the reduced
density matrix to be properly normalized.

Now, as shown in Sec. I B, for calculating Z, (A, f3) the

local terms of the Seir in Y "2} M(;H)

b erﬁ simply add up
to the same expression at inverse temperature nf, so the
focus now is on the nonlocal part after taking the variables

as periodic in fj,
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1 " " / 1 piwjt+io 7
—g XX dr di'®,(z,7)e T
np 77 0 0

P |:€—M|T—r 1

cosh(M|r —7'|)

2M + eM 1 M (A6)

Here, it is important to make clear that the Fourier
coefficients of the variables are normalized as x,(7) =
ﬁz i e™r"x; (the same choice will be maintained in the
2zj
np*

For the next step, given the definition of the hyperbolic
functions, the integrals over 7 and 7 in Eq. (A6) only
involve exponentials. So, for the factors with e=™7=7|  they
result in

field theory case). Furthermore, @ =

—1 i
1EN [ 2M e
. E e2mitu 5 5
np = M + wj i(w; + o)
p L
e—ﬁMJerj; _ eZn’z% }

T T iw,) M= iw)) (M= iwy)(M + i)

e—PM+2mit _ |

(A7)

The corresponding expression obtained from the M7
term appearing in the hyperbolic cosine is obviously
derived from the equation above by changing the sign of M.

. . .. —1 ﬂ o
Using the identities > "=l et =n)", 6%, and

i

e i —1 _ <0
5/+J il 5/+/”

Eq. (A7) is further simplified to

2M
0 nv
5J+J M2 102 + a) nﬂ Zéﬂrj
e—PM+2xil _q
i .
M +iwy)(M—io;) (M-

il
e—/}MJer’; -1

(A8)

Collecting the other factors from Eq. (A6), there will be
two main components in the new action which serves to
define the modified partition function Z,(A,f); those
derived from e~I=7| and those from e™*~%|. In the first
case, we simply get Eq. (A8) multiplied by % (1+
e,,Ml l)x ;X and with a sum over Matsubara frequencies j
and j'. Our interest is in the zero-temperature limit, so in
this component the term B/,M%l can be safely ignored as it is
exponentially suppressed when f — oo, and so all its
contributions vanish; the same can be said about the other
e "M terms inside the sum. This means that the contribution
of this component is

P 1
"M up

1
XiXyy—ie
lw])(M - la)]) e

*S g
2 5 M + wj

R A9
X; e(M+iwnu_ ( )

Note that the first term is exactly the same as in the
calculation of Z(A, f3) for inverse temperature nf. Later we
will show it is responsible for canceling the denominator in
the equation for Trp’;.

Now, moving to the second component, derived from
eMl™7| the change in sign means that its corresponding
version of (A8) will have exponentially increasing terms
e This combined with the overall (¢ —1)~! multi-
plying it means that the only terms which may be relevant
as f# —» oo are given by

2M n,B Z Z 5J+J’xfxl

eZm’;

T iy (M= iw) | (M -

62711'i
iw;)(M+ iw;)
(A10)

We are doing only a lowest-order perturbative calculation.
Thus, in order to see how this component contributes to
Z,(A, p), we can expand the exponential containing it and
calculate the simple path integral,

2Mnﬂ Jﬂ/Dxe

-]
eZm;

M+ i) (M —iw)) | (M -

s
0 x x s
eZﬂii
iw;)(M+iw;)’
(A1)

with the focus on the lowest order, allowing us to use the
free action in the exponential, since all corrections are of
higher power in [. For the discussion regarding this
particular contribution we only need the sums over
Matsubara frequencies and the fact that the Gaussian

integral gives (x;x;) = Thus, ignoring all multipli-

- 2+M2
cative factors, we have

27[1— d 27[1—

nﬁz (w7 —I—M2) dMQnﬂZ w; + M

(A12)

Note that the Matsubara sum on the right-hand side is
the same as in Eq. (23), but evaluated at time difference
|r—7| = and done over frequencies associated with
periodicity nf5, meaning we are left with the expression
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d Mp N 1 cosh(Mp)
dM* \ 2M "M — 1 M

). (A13)

Therefore, in the # — oo limit this entire contribution goes
to zero and is irrelevant for the entanglement at this order.
Note, however, that this limit only vanishes because the
sum was evaluated at time f, while the frequencies were
those at inverse temperature nf. Thus, the replica aspect
of the method, with this discrepancy in the periodicity
of the traced out and remaining degrees of freedom, was
essential. Importantly, note that if there was some condition
on Eq. (A12) forcing the imaginary exponential to be
unity, it would be a common Matsubara sum whose zero-
temperature limit does not vanish and so would contribute
to Trp} as a positive term. We will see in the field theory
cases that some components of this form [arising from the
cosh(M|z —7'[)/ ("M — 1) part of the nonlocal kernel] will
be such that this scenario is realized, being crucial to
obtaining the correct results.

With this, we can finally return to the contribution from
Eq. (A9). As before, we perform a perturbative expansion
of the exponential and take the lowest-order term. Knowing
that all other contributions vanish, the modified partition
function of the replica trick is

¢ 2?1
Zn(A,,B):/DXje eg{l_an‘B

XD _Re 1 .
o (i, = o)) (M i) |

(Al14)

As mentioned before, the effective action at inverse
temperature nf is automatically reproduced, so the order
O(l°) part of Z,(A,p) is equal to Z(A,np). Thus, using

limg_, o, égﬁ%? = 1, we arrive at the trace,

2 1
Toph = 1= i Do)

1
x Re : , . (A15)
(M + iw,, — iw;)(M — iw);)

By Wick’s theorem with average taken with respect to the

2 —
=@ + M — 555)7" so
the sum over v can be performed easily and the term

inside the final Matsubara sum can be written as

effective action, (x;x,,_;)

4M?
(M? + w3)(M? + o} 4+ 1)(M? + o} = )
2
(M4 )M+l =1)

(A16)

By using partial fraction identities, expanding the denom-
inators in / at lowest order, performing the usual Matsubara
sums and taking the zero-temperature limit, we obtain

12

Teph = 1 —n—
P4 "Tem?

(A17)

APPENDIX B: MOMENTUM-SPACE ENTROPY
IN ¢* THEORY

As explained in Sec. III B in terms of Feynman diagrams,
the Wilsonian integration of fast modes in the ¢* theory
leads to nonlocal terms at order O(4%) given by

1 1
oy +q° +m? (o) +wp)* + (k—q)* +

%, (Bl
ol (B1)

with |k| < u, a Matsubara sum over j' and an integral over ¢
> p. Furthermore, the other nonlocal

term is

(2”)d_1ﬂ5(2iki)5(2iji)¢j|,k,¢j2.k2¢j3,k3¢j4,k4
(), + w;,)* + (ki + k2)? + m? ’

(B2)

such that |k;| < u while |k; + k,| > u. Note that in both
cases, as long as the integrals over momenta are left for the
end, we may use the same calculations as in the previous
example of coupled harmonic oscillators. Going from
Matsubara modes of the fields to Euclidean time, we see
that the terms above are indeed nonlocal. In order to show
how this, we must first introduce a well-known Matsubara
sum we will use in the remaining appendixes (see Ref. [42]
for a derivation),

1
_Z +Cl)/ E2 2,+E2

=(1+n(E)) —|—n(E2))E2‘IETEisz T (Ell T E,)?
1 (n(Ey) = n(Ey)) 2275 1 . (B3

2E\E, w; + (E,~ E)?

where n(E) denotes the Bose-Einstein distribution.

In the f# — oo limit, the Bose-Einstein terms are sup-
pressed exponentially even before the Fourier transform is
performed. Thus, such terms do not contribute to the
entropy and can be safely ignored. Having this point in
mind and using Eq. (23), the relevant nonlocal kernel of the
two-field term obtained by Fourier transforming only the
time components of the fields is

e—M\‘r—‘r’\ + (e/)’M _ ])—leM\T—‘r’\

4/ g* +m*\/(k —q)* + m?

, (B4)
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where the unimportant terms were excluded and the

new decay rate of the exponentials is M = \/q* + m>+
(k —q)* + m>.
In the four-field term, we can prove the nonlocality by
first writing it in a generic form,

ﬁZ Z &1 j1¢2 j';f(w + w; )¢3 jz¢4 —j1—j2=J3’ <B5)

J1:J2:J3

with all multiplicative constants suppressed and the
dependence on spatial momenta is represented by the
numerical indices in the fields. The advantage of writing
the term so generically is that the final result will auto-
matically be valid for the four- and six-field terms in the ¢*
case with minor modifications.

Writing the fields in Euclidean time, the expression
becomes

5 3 [ andnadesdsi (20 0005 )45

J1:J2:J3

% elw“ (r1=14)Hiwj, (=74 +iw), (7:3—14)f(a)j1 + a)jz)

=3 [ andndepi()mae)b e b)

11 J2
x el o) (=r) Hiop (2m0) £ (g 1 )
1 2

/dr / 47 ()b () (2= )bs(7)bs(2).  (B6)

where f(7) is the Fourier transform of f(w)).

For our specific case in this Appendix, this means the
nonlocal kernel of the four—ﬁeld term is given by Eq. (23)
with M = \/(k, +k,)*> + m*. Furthermore, when we
apply the replica trick, the structure of the equation above
is such that calculating the sum of double integrals will
proceed as in the previous section, the only difference being
the replacement of the single Matsubara frequency w; by
the sum w; + w;, and of w; by w;, + w;, in the imaginary
exponents

The modified partition function Z,(u, ) can now be
calculated up to order O(4%) and since both nonlocal terms
are of the same form as in the case of coupled oscillators,
the sum of double integrals over 7 and 7’ can be calculated
by adapting Eq. (A7), taking care to use the new expres-
sions for M and the correct multiplicative factors.

In more detail, the expression in terms of the Matsubara
frequencies for the two- and four-field terms become,
respectively,

1
Z 2+M2¢7k¢1k ﬁ

1
X 2Re
%: (M+iw,,—iw

j)(M—iwj)¢J~"¢nv—j.—k, (B7)

1
24 m? \/(k—q)2+m2
including the remaining momentum integrals and numeri-
cal factors and with M = /q> + m> + \/(k — q)> + m* as
pointed out earlier, and

1 Z 2MS(3 1)
ﬁjlstsj3~j4( Ji +w./z) +
1
s D
(I’Lﬂ) J1:J2:J3-Jav
1 1

before

which must be multiplied by o
q

MZ ¢Jl ki ¢/2 k2¢h k3 ¢J4 ky
5]1 +Jz+]z+14¢ll Ky ¢12 k2¢13 k3 ¢J4 k,

x 2Re (B8)

with M = /(k, +k,)* +m? and multiplied by the remain-
ing factors, which include (27)9715( k;) (and, of
course, integrating over the proper momentum regions
indicated each diagram).

Once again there are terms identical to those in Z(u, nf3),
meaning they are canceled in the entropy when taking the
zero-temperature limit (since Z(u,nf) is equivalent to
Z(u,p)" as f — o). With this, the Rényi entropies are
simply given by the remaining terms divided by a Z,(u, )"
factor which, again using the equality of partition function
limits, can be replaced by Z,(u, nf3) and leads to expect-
ation values of products of fields.

Thus, the lowest-order Rényi entropy will depend on the
following Matsubara sums,

1 j nv—j,—i
lim — Y 2Re (Djubuin) (BY)
fmoonfp o (M + iw,, — iw;)(M — iw;)
im—— S (ki)
im-—- ; ~ j j
ﬂﬁoo(nﬂ)2j|,j2,j3,j4,p Jiky P jo ks ¥ j3 des ¥ kg
1 1
o, . . . . R .
x Jiti2 3t s eM‘I’l(COh‘i‘CU“)M—l(CO]l +C()12)
(B10)

The field averages are given by Wick’s theorem, so we
have the possible contractions of field products and
M
w; 2+ +m?
in ordinary free-energy calculations, the contractions
lead to the presence of a delta function §(k — k) which
is not well defined. We then consider the theory in a volume
V and have (27)%16(k —k) = [ d¥'xe***) =V so the
entropy will be an extensive quantity as discussed
previously.

For the two-field term there is only one possible
contraction and for this contraction we can follow verbatim
the steps made in the previous appendix to show that the

for each contraction (¢;xepj,) = 5] Just as

contribution from the % term of the nonlocal kernel
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vanishes exponentially in the zero-temperature limit just as
in the coupled harmonic oscillator case. Thus, Eq. (B9) is
the only relevant part of the two-field term and, after a
number of algebraic manipulations and Matsubara sums,
we find that its zero-temperature limit is

1
VIE + m (M + VKR + m?)*

(B11)

such that M = \/q* + m? + \/(k — q)* + m>.

Likewise, for the four-field term, there are three possible
ways of contracting the product, two of which are equal. As
discussed in Sec. III B, the contraction corresponding to
diagram,

is identically zero due to conflicting momentum restrictions.
For the remaining possibilities, their structure is such
that, similarly to the two-field term, contributions from

ZI;IA‘[_JI‘ vanish (as can be seen by carrying them throughout
the calculation) and so, after lengthy but simple calcula-
tions, we find that the contribution of the four-field term is

1
VI m? /K (M A R+ 4 R )
(B12)

with M = (kl +k2)2 + mz.

Finally, the lowest-order entropy is simply the sum of
both contributions with momentum integrals and multipli-
cative factors restored (note that they arise from diagrams
of similar structure and have the same integrands). As
mentioned in the main text, in order to compare our result
with that of Ref. [18], we count the possible permutations
of high and low momenta (and multiply each contribution
by the appropriate factor) and restrict the integration
regions accordingly. Therefore, our final result for the
Rényi entropy at lowest order of the ¢ theory is given by

H,(u) n A [+ d7k diq
— il T(k B13
\% n—18/ (2r)4=t (27r)d-! (k.q), (BI3)
with
1 1 1
k.q
) = e Ve T g
1
X b
(VI +m? + @+ m? +\/(k—q)* +m?)’
(B14)

and the integration region being (as a consequence of the
momentum restrictions of the diagrams which contribute
and the elimination of permutations we made) such that no
set of momenta k, ¢, k — q is repeated and at least one of the
three is above scale u and at least one is below it.

APPENDIX C: MOMENTUM-SPACE ENTROPY
IN ¢* THEORY

For the ¢* calculation we can draw a lot from the
derivations made in the previous two appendixes. To do so,
we first write the finite temperature expressions associated
with the relevant diagrams discussed in Sec. III C,

1
Zw +q +m2w AP +m?

Jovda 1

1
X ¢ 27 C1
(wﬁwjl+a’jz)2+(k+¢I+P)2+m2| il (L)
o 1
P (o), + o), + ;) + (ky +ky — q)* +m?

4
X272ﬂ5 Z ¢j1,k1¢j2,k2¢j3,k3¢j4,k4’
a)j + i=1
(C2)

i (27)*15( ?:1 ki)
B (w;, +wj, + ;) + (k) +ky + k3)* + m?

6
X6 <Z ]l> ¢j1 ke ¢j2,kz¢13~k3 ¢j4,k4¢j5,k5 ¢j6sk6 ’ (C3)

i=1

with some factors and integrals suppressed for convenience.

To find how these terms are nonlocal in Euclidean time,
we use Eqs. (23) and (B3) and we also need to employ (and
adapt) the derivation (B6) to see that given the specific
structure of the Feynman diagrams generating such terms,
the four-field term will be of the form,

P, (T)¢k2 (0)f(z - T/)¢k3 (Tl)¢k4 (7), (C4)
and the six-field one will be
b, (1) i, (1) i, (1) 9(7 — T ) b, (T )b, (T )b (7). (C5)

In more detail, we have seen that after Matsubara sums and
the Fourier transform, the nonlocal term is (before momen-
tum integrals) an exponential function and will be of the
forms,

~(V @+ AP+ m /) (k—g—p) +m?)[o~7|

8\/q* + m*\/p* + m*\/(k—q —p)* + m?

D7) (7).

(Co)
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(V@ rm 4 / (ky +hy—g)*+m?) [ |

4/ +m?/(k, +ky —q)* +m?
X p, ()b, (T) b, (7)o, (), (C7)
e~V (ke k3 ) +m?|e—7 |
2/ (ky + ks + k3 ) + m?
X ¢r, ()i, (T) i, (7) i, (7)o, () i, (7). (CB)

Thus, to apply the replica trick we have the general form
of the kernel e ™I™7| with decay rates M = /¢ + m*+
VP2 +m?+/(k—q-p)*+m?, M=\/q*+m*+
V(ky+ky—q)>+m?, and M = /(k; +k; + k3)* + m?
for terms with two, four, and six terms, respectively. It

is important to remember that besides the expressions

written above, there are also the ones associated with
cosh M|r—7'|
M(ePM-1)

To obtain the contributions of each nonlocal expression
to the entropy, many of the steps of the ¢ calculation can

be followed verbatim. Denoting by H @ (1) the contribution
from the two-field term, we just need to use the new

expression for M in Eq. (B11) and arrive at

which also appear from the Fourier transform.

Hy™ (u) n A [* dk;
=~ . _19 —— Tk, by, k C
14 n—196/ L (27)41 (ky.ky. ks), (C9)
Z(ky kyk3) =
( K +m?+/ 073 k)*+m?)?
(C10)

with |k;| < u and |k,|, |k3 3| > p

To deal with the four-field term it’s important to calculate
again ) "~} f”+1 " dr f”+1ﬂa’r’L(1 7). As before, we do
the calculation for an exponential kernel and the result is
easily generalized for actual finite temperature appearing.
Because of the way the imaginary times of the fields are
paired, this sum becomes

1
2

JisJ2s /3 Ja

7 50
2M; (s, bbb
M2 + (Cl)j3 +Cl)j4)2 J1Ky T Jo Ky W 3K J4 0y

Z 5/|+12+h+/4 ¢f| Ky ¢jz o3 ¢j3 ks ¢j4,k4

]l J2:J3+Ja

(C11)

Once again, the contribution from the first term will be
canceled when calculating the entropy and we are left with
the sum,

o .

Jitiatj3tis
' Z ' (I’lﬁ)z <¢j1,k1¢j2,k2¢j3,k3¢j4.k4>
J1:J2:]3:]4

xRe=—— ! — ! .
M +i(w;, + 0, )M - i(0;, + o)

3

(C12)

The average (¢; x, P, k,Pjshs®j,k,) is calculated via

Wick’s theorem and each contraction is given (¢, x, ¢/, ,) =
(22)*' 5k k)
Ji+i2 a)%+k%+m2 :

This is the point at which the possible contractions give
rise to the associated basketball and cactus diagrams. The
calculation for the basketball, whose contribution we
denote H. () is a matter of long but straightforward
algebraic manipulations, similar to those of the nonlocal
four-field term in the ¢° theory, and it culminates (remem-
bering to use the expression for M) in

(4) 2 d—1
H,"( n A d k
V I’l— 164/ | | k17k2’k3) (C13)

with |k, [ko| < p, p < k3|, [ky + Ky + k3.

Now, note that the analogous of Eq. (A12) appears in the
case of the four-field term but with the replacement
Jj=Ji1+ j», this means that for the cactus diagram
the field contractions make j; + j, = 0 and so this is the
specific case in which the contributions coming from the
hyperbolic cosine part of the kernel do not vanish by
themselves. Furthermore, it is easy to see from Egs. (A6),
(A7), and (A12) that this term as exactly same factors
and opposite sign than the cactus contribution from the
decreasing exponential. Thus, by its very structure, this
type of term is automatically canceled when applying the
replica trick and so only basketballs contribute to the
entropy.

Moving to the contractions of the ¢° term, again only the
basketballs whose contribution we denote H.’ (u) are
relevant. The actual calculation follows along the same
lines shown throughout the previous sections and appen-
dixes and it is mostly busy work involving Matsubara sums
and partial fraction manipulations. At the end of all steps
we arrive at

_on ﬁ d=k;
v n—196 i:l(Z)

Z(ky.ky.ks),  (C14)

with [ky |, [k . [ks| < . p < kg + ks + k3.
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Finally, the complete result is H,(u) :H,(lz)(,u)Jr

H£l4)(ﬂ) +H§,6)(,u) and before performing this sum we
restrict the integration regions (which we have been
carrying implicitly throughout the steps) of each term

and multiply them by the number of permutations of lines
of same type (3!, 2 x 2, and 3!, respectively), this makes the
numerical factors are all equal and the overall sum becomes
precisely the expression in Eq. (45), as previously claimed.
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