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We consider the Nielsen-Olesen vortex nonminimally coupled to Einstein gravity with a cosmological
constant A. A nonminimal coupling term £R|¢|* is natural to add to the vortex as it preserves gauge
invariance (here R is the Ricci scalar and £ a dimensionless coupling constant). This term plays a dual role:
It contributes to the potential of the scalar field and to the Einstein-Hilbert term for gravity. As a
consequence, the vacuum expectation value (VEV) of the scalar field and the cosmological constant in the
AdS; background depend on &. This leads to a novel feature: There is a critical coupling £. where the VEV
is zero for £ > £, but becomes nonzero when £ crosses below £,. and the gauge symmetry is spontaneously
broken. Moreover, we show that the VEV near the critical coupling has a power-law behavior proportional
to | — &.|'/2. Therefore, &, can be viewed as the analog of the critical temperature T, in Ginzburg-Landau
(GL) mean-field theory where a second-order phase transition occurs below T'. and the order parameter has
a similar power-law behavior proportional to |7 — T|'/? near T,. The plot of the VEV as a function of &
shows a clear discontinuity in the slope at . and looks similar to plots of the order parameter versus
temperature in GL theory. The critical coupling exists only in an AdS; background; it does not exist in
asymptotically flat spacetime (topologically a cone) where the VEV remains at a fixed nonzero value
independent of £. However, the deficit angle of the asymptotic conical spacetime depends on & and is no
longer determined solely by the mass; remarkably, a higher mass does not necessarily yield a higher deficit
angle. The equations of motion are more complicated with the nonminimal coupling term present.
However, via a convenient substitution, one can reduce the number of equations and solve them

numerically to obtain exact vortex solutions.
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I. INTRODUCTION

In this work, we consider the Nielsen-Olesen vortex, a
2 + 1-dimensional Abelian Higgs model, nonminimally
coupled to Einstein gravity with and without a cosmologi-
cal constant. Compared to previous work on the effects of
gravity on vortices [1-4], the new ingredient in the action is
the nonminimal coupling term £R|¢|?, where R is the Ricci
scalar, £ is a dimensionless coupling constant, and ¢ is a
complex scalar field. When gravity is present, it is perfectly
fitting to add this term to the action as it preserves the local
U(1) gauge invariance of the vortex.

The nonminimal coupling term changes the physical
landscape significantly, in a qualitative fashion. This is
related to the dual role that it plays: It acts as part of the
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potential for the scalar field but also contributes to the
Einstein-Hilbert term for gravity. As a consequence, the old
parameters when £ = 0 such as the vacuum expectation
value (VEV) v, cosmological constant A, and a (propor-
tional to the inverse of Newton’s constant) effectively
become the VEV v, the asymptotic cosmological constant
Aesr, and o, respectively, which now depend on the
coupling &. The novel feature that emerges is that in an
AdS; background, where A, is nonzero and negative,
there exists a critical coupling &, where the VEV v is zero
for £ at or above £, but is nonzero when £ crosses below &,.
When the VEV crosses from zero to nonzero at £, the local
U(1) gauge symmetry is spontaneously broken corre-
sponding to a phase transition to a vortex. The critical
coupling &, acts like the analog of the critical temperature
T. in Ginzburg-Landau (GL) mean-field theory where the
order parameter is zero above T, but nonzero below T,
[5,6]. There is a second-order phase transition when the
temperature crosses below T, and this is typically accom-
panied by a symmetry that is spontaneously broken. The
analogy between &, and T, can be made quantitative. Near
£., we show that the VEV v has a power-law behavior
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proportional to |& — &,|!/? which is similar to the |T — T|'/?
power-law behavior of the order parameter near 7', in GL
mean-field theory [5,6]; both have a critical exponent of
1/2. The plot of the VEV versus the coupling £ looks very
similar to the plot of the order parameter versus temperature
T in GL mean-field theory, and in both cases there is a
discontinuity in the slope at the critical point where the
slope diverges.

The magnitude of the scalar field, represented by the
function f(r), starts at zero at the origin, » = 0, and reaches
its VEV asymptotically (at a large radius, the computational
boundary R which formally represents infinity). An impor-
tant feature is that the scalar field reaches its VEV more
slowly, over a larger radius, as one approaches the critical
coupling &,.. In other words, the core of the vortex extends
out further. The plot of the scalar field’s “extension” as a
function of £ shows a dramatic increase near the critical
coupling £.. We show analytically that the extension is
expected to diverge in the limit £ — &,.. This is the analog to
the divergence of the coherence length at the critical
temperature 7. in GL mean-field theory [5,6]. We also
plot the extension of the magnetic field, which shows a
similar trend; starting at its peak value at the origin, it falls
off more slowly (extends further out) as one approaches the
critical coupling &..

We derive analytical expressions for the VEV v and the
asymptotic cosmological constant A as a function of &
and four other parameters that appear in the Lagrangian.
When & =0, ve reduces to v and Ay reduces to A.
However, when & # 0, v does not depend only on » and &
and A,y does not depend only on A and & They each
depend on five parameters in total. A nonzero £ therefore
causes vqr and Ay to have a dependence on extra
parameters besides itself compared to & = 0. This wider
influence ultimately stems from the aforementioned dual
role that the nonminimal coupling term plays.

An important point is that the critical coupling exists
only in asymptotic AdS; spacetime; it does not exist in
asymptotically flat spacetime (A = 0) where the VEV is
a fixed nonzero constant independent of £. However, the
nonminimal coupling term still plays a significant role in a
flat background. In 2 + 1-dimensional general relativity
without a cosmological constant, it is well known that
outside matter the spacetime is locally flat but has the
topology of a cone whose deficit angle is proportional to
the mass [7]. However, we find that the deficit angle is not
determined solely by the mass of the vortex but also
depends on the coupling £. One remarkable consequence
of this is that a higher mass does not necessarily yield a
higher deficit angle.

The focus of this paper is to study how the vortex
changes with the coupling £. The effect of other parameters

"The extension is defined here as the radius where it reaches
99.9% of its VEV.

such as A, v, and the winding number n has already been
studied in previous work [3]. We therefore fix all other
parameters and obtain numerical results for different values
of £. With the nonminimal coupling term, the equations of
motion are more complicated. Nonetheless, via a conven-
ient substitution, one can reduce the number of equations
and solve them numerically. In an AdS; background, we
obtain vortex solutions for nine values of the coupling &.
These range from —0.14 to 0.095 (near £,) and include the
case ¢ = 0. For the parameters chosen, the critical coupling
turns out to be equal to £, = 2/21 =~ 0.0952. Note that &, is
an upper bound as the VEV is zero for any & above this
value. For each &, we provide plots of the scalar field f(r),
gauge field a(r), metric field A(r), and magnetic field
B, (r). In Table I, for each £, we state the numerical values
obtained for the VEV v, the cosmological constant A,
the ADM mass, the peak value of the magnetic field, and
the numerically integrated magnetic flux. The expected
theoretical values for v and A obtained from our
derived analytical expressions are also quoted in the table.
The numerical values and the theoretical expectations for
the VEV, cosmological constant, and magnetic flux match
almost exactly (to great accuracy, within three or four
decimal places). This provides a strong mutual confirma-
tion of both our numerical simulation and our derived
analytical expressions. We verify numerically that the VEV
near £, indeed obeys the power law |&—&.|'/2 As
previously mentioned, the critical exponent of 1/2 points
to a clear analogy with GL mean-field theory where &, acts
as the analog of the critical temperature 7,.. For asymp-
totically flat spacetime, we consider five values of £ ranging
from —0.4 to +0.4. The metric field A(r) starts at unity at
the origin » = 0 but then dips below unity and asymptoti-
cally reaches (at sufficiently large radius) a plateau at a
positive constant value (labeled D) that is different for each
&. This is in stark contrast to AdS; where the metric field
A(r) grows as r? at radius. The mass and the deficit angle at
each & are calculated from the numerical value obtained
for D.

We now place this paper in context, with a focus on
previous studies of gravitating vortices that we referred to
earlier [1-4]. It was recognized a long time ago that
Einstein gravity in 2 4+ 1 dimensions yields a locally flat
spacetime outside localized sources, albeit with the top-
ology of a cone [7]. However, it becomes interesting when
one includes a negative cosmological constant as this leads
to the famous BTZ black holes [8,9]. Later, in a higher-
derivative extension of Einstein gravity in 2+ 1 dimen-
sions called Bergshoeff-Hohm-Townsend (BHT) massive
gravity [10], black hole solutions in both de Sitter and anti-
de Sitter space were found, as were wormhole solutions,
kinks, and gravitational solitons [11]. An analytical study
of black holes with spherical scalar hair in AdS; was later
studied [1]. Closer to our topic of interest, black hole vortex
solutions with a complex scalar field were constructed.
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These solutions departed from the conventional nonsingu-
lar vortex in two ways. The scalar field had a singularity at
the origin and asymptotically tended towards zero, which
satisfied the Breitenlohner-Freedman bound [12] in AdS,
but was not the minimum of the potential. In [2], how
vortices affect the tunneling decay of a false vacuum under
Einstein gravity was studied, and it was found that,
compared to Coleman—de Luccia bubbles [13], the tunnel-
ing exponent was less by a factor of a half. Hence, vortices
are short-lived and become of cosmological interest [2].
The nonsingular vortex under Einstein gravity in an AdS;
and Minkowski background was first studied in [3]. These
were not black hole solutions as in [1]. Nonsingular vortex
solutions were found numerically for different values of the
cosmological constant A, VEV 7, and winding number n.
Two expressions for the (ADM) mass of the vortex were
obtained: one in terms of the metric and one as an integral
over purely matter fields. The latter showed that the mass
was roughly proportional to n?v»? (an n*> dependence was
also found in [1]). The mass of the vortex increased as the
magnitude of the cosmological constant increased, and this
led to a slightly smaller core for the vortex. Later, work was
extended to include singular vortex solutions besides non-
singular ones [4]. Vortices with conical singularities were
obtained in flat backgrounds, and BTZ black hole solutions
were obtained in curved backgrounds, though it was found
that the vortex cannot ultimately hold a black hole at its core
[4]. Our present paper introduces the nonminimal coupling
term which is missing in all previous studies of gravitating
vortices. As previously pointed out, this term preserves the
local U(1) gauge invariance of the vortex and is therefore a
perfectly natural candidate to add to the action when gravity
is present. We already discussed how this term significantly
changes the physics qualitatively.

Our paper is organized as follows. In Sec. II, we obtain
analytical expressions for the VEV v and the cosmo-
logical constant A in terms of & and other parameters.
Details of the derivation are relegated to Appendix A. We
also obtain an expression for the critical coupling £, in
terms of the parameters of the theory and discuss the
analogy with the critical temperature 7. in GL mean-field
theory. In Sec. III, we state the equations of motion in an
abbreviated form, and in Appendix B we write down the
full equations that are used in our numerical simulation. In
Sec. IV, we obtain analytical expressions for the asymptotic
metric. In Sec. V, we obtain an expression for the ADM
mass as well as an expression for the deficit angle in
asymptotically flat space. In Sec. VI, we state the expres-
sion for the magnetic field and derive a formula for the
magnetic flux which is a topological invariant independent
of £ In Sec. VII, we present all of our numerical results in
plots and tables for different values of the coupling & in
both an AdS; and a Minkowski background. Before
presenting the numerical results, we obtain useful analyti-
cal expressions for the behavior of the scalar, gauge, and

metric field asymptotically and near the origin. We end
with our conclusion in Sec. VIII where, among other
things, we discuss an interesting and challenging problem
to solve in the future.

II. LAGRANGIAN FOR THE VORTEX
NONMINIMALLY COUPLED TO
EINSTEIN GRAVITY

The vortex nonminimally coupled to Einstein gravity
with a cosmological constant has the following Lagrangian
density in 2 + 1 dimensions:

L= \/—_g<a(R —2A) - %FWFW - % (D,@)"(D*¢)

+ERIOP =% (97 = 7). 0

Here, ¢ is a complex scalar field, F,, is the usual
electromagnetic field tensor, R is the Ricci scalar, A is a
cosmological constant, the constant « is equal to ﬁ where
G is Newton’s constant, and £ is a dimensionless coupling
constant. The interaction with the gauge field A, is
incorporated via the usual covariant derivative D,¢ =
0,4 + ieA, ¢ where e is a coupling constant. The constants
A and v are parameters that enter into the potential for the
scalar field. The constants a, 4, and v are positive, whereas
& can be positive, negative, or zero. In 2 + 1-dimensional
general relativity, positive A does not yield black holes (i.e.,
the famous BTZ black holes require negative A). Similarly,
positive A does not support vortices [3], and the non-
minimal coupling term does not change that fact. We will
see that A must be either negative or zero, which will
ultimately yield asymptotic AdS; or Minkowski spacetime,
respectively.

The Lagrangian density has a local U(1) symmetry; it is
invariant under the following gauge transformations:

P(x) = e Ip(x), (2)

Au(x) = Ay (x) = 9un(x) (3)

where #n(x) is an arbitrary function. The nonminimal
coupling term ER|¢|? is clearly invariant under the above
gauge transformation and is therefore a perfectly natural
ingredient to add to the gravitating vortex.

A. VEV and cosmological constant as a function of &

When £ =0, the VEV and cosmological constant are
simply » and A, respectively. When £ # 0, the VEV and
cosmological constant change and become functions of £ and
other parameters. These will be labeled by v and Ay to
denote that they are the actual (effective) VEV and cosmo-
logical constant, respectively, for general coupling £. In this
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section, we determine their expressions. This requires one to
know only the asymptotic behavior of the fields, and this can
be determined directly from the Lagrangian without working
out the full equations of motion.

Asymptotically, one reaches the vacuum when the
asymptotic spacetime is either AdS; or Minkowski; these
are maximally symmetric spacetimes that can be viewed as
the ground states of general relativity [ 14]. In this asymptotic
region, the kinetic terms for the scalar field and gauge field
tend to zero: —1(D,¢)"(D*¢) - 0 and —1F, F* — 0.
This occurs when the magnitude of the scalar field asymp-
totically approaches the minimum of the potential (the
nonzero VEV) and the gauge field approaches a nonzero
constant equal to the winding number n. In 2 + 1 dimen-
sions, the asymptotic value of the Ricci scalar is given by2
6/ Where Ay is either negative (AdS; background) or
zero (Minkowski background). The potential for the scalar
field can be readily picked out from the Lagrangian and is
asymptotically given by

V(Igl) = (19 = v*)* - ERIg?

NS

=2 (B = v%)? = 6&Ac[gI”. (4)
The VEV occurs at the minimum of this potential where the
derivative with respect to |¢| is zero. This yields two
possibilities: |¢| = 0 and the solution

B = v = v* + % (5)
When v2 is positive, v is the minimum of the potential,
and it corresponds to the VEV (and || =0 is a local
maximum). In this case, since the VEV is nonzero, the gauge
symmetry is spontaneously broken. When v is negative
(and hence v is imaginary), this signals that || = 0 is now
the minimum of the potential (the VEV). A zero VEV
corresponds to the unbroken phase.

With the nonminimal coupling term £R¢? present in the
action, the cosmological constant is asymptotically no
longer A but Ay; this is governed by the equation

a(R=2A) +ERv _%(Ugff —0?)? = (a+vgpd) (R—2Arr).
(6)

If we substitute R = 6. above, we can solve Egs. (5) and
(6) for vy and A as a function of & and the other
parameters of the theory. This is worked out in Appendix A
in Egs. (A7) and (AS):

*Note that the vacuum Einstein field equations with cosmo-
logical constant Agg yield R = 4Ay in 3 + 1 dimensions but
R = 6A; in 2 + 1 dimensions.

26V2 _ 24aq\E2 A111/2
Dt = [21}2_‘_%_\/@4—@5)5 a 5/}

and

Aetr = %52 (a N \/(a + v2E)? — 24aA.§2//1). (8)

Equation (6) also implies that the coefficient in front of R
asymptotically is not a but

deff — A + l)gffé:. (9)

Newton’s constant is asymptotically obtained from a,g, SO
the condition a.; > 0 must be satisfied. We expect that
llm{:_,o Vetf = U, llmf_)o Aeff = A, and llmg_,o Qeff = this
is in fact the case, as one can readily check. When A in (8)
is negative, this yields a negative A, so the background is
AdS;. In that case, v and Ay change with £. However,
when A =0 and a + v?£ > 0, one obtains Ay = 0 and
vorr = v regardless of the value of £ or the other parameters.
Therefore, in a Minkowski background (A.s = 0), the
VEV remains constant at v as & changes. Note that
A =0 with a + v?£ < 0 is not a physically viable option
as it leads to a negative ag; i.e., one obtains vz = 3v* + %,

SO Aoty = a + v2;& is equal to 3(a + v*€) which is negative.
When & = 0, v is simply v, but when & # 0, v does
not depend only on v, &, and 4 but also on the gravitational
parameters o and A. Similarly, when & # 0, A does not
depend only on A, &, and a but also on the parameters v and
A appearing in the scalar potential. We see that the non-
minimal coupling term has a wide reach because of the dual
role it plays in simultaneously affecting the potential of the
scalar field and the Einstein-Hilbert gravitational term.

B. Critical coupling &,

The VEV, given by (5), is equal to zero at a critical
coupling &.. This occurs when

a_ Via+ v%)? = 24aNE? /L
¢ ¢ B

which has the solution

20% + 0 (10)

20%al

Se = 3(v*2 + 8aA)

(11)
if the condition a + 20v*& > 0 is satisfied. This condition
implies that v*1+ 8aA in the denominator of (11) is
negative. The critical coupling is therefore positive and
exists only when A is negative and obeys the inequality
A< - % A negative A implies A < 0, so the spacetime

is asymptotically AdS;. In particular, the case A =0
(which yields A,y = 0) has no critical coupling and has
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a fixed VEV at v. There is therefore no critical coupling in
asymptotic Minkowski spacetime. The critical coupling

exists only in AdS; when A < — % What happens when A

is negative but falls in the range — % < A <0? The
spacetime is asymptotically AdS; since A < 0, and the
VEV changes with £ but it always remains above zero;
there is no transition from the unbroken phase (zero VEV)
to the broken phase (nonzero VEV). Note that the value of
the critical coupling does not depend on the winding
number 7.

When the critical coupling exists, the VEV is zero for
& > £,,butitis nonzero and grows as £ decreases below &.. A
phase transition from a symmetric (unbroken) phase to a
spontaneously broken phase occurs when £ crosses below &...
InFig. 1, we plot v as a function of & (for parameters a = 1,
v=1,A=1,and A = —1). Since A < —% = —1/8, the
condition for a critical coupling is satisfied, and its value from
(11)is £. =2/21 = 0.0952. We see that the VEV is zero
above £, = 0.0952 but becomes nonzero and increases as &
decreases below &.. The VEV is continuous, but one can
readily see that the derivative (slope of the graph) is
discontinuous at £.. We see that, in fact, the slope diverges
at that point.

Figure 1 brings to mind the graph (see Fig. 2) of the order
parameter as a function of temperature in the GL mean-
field theory of second-order phase transitions where the
order parameter is zero above a critical temperature 7', but
increases above zero below T'.. Our critical coupling &, is
the analog to the critical temperature 7'.. We can make this
connection more quantitative. In GL mean-field theory, at
temperatures 7 below and near T, the order parameter is
proportional to (T, —T)"/? [5,6], a power-law behavior
with a critical exponent of 1/2. The VEV for £ below and

¥aff

L 1 L L L L £
-0.12 - 006 0.05 0.12 018 024 03

C

FIG. 1. VEV v as a function of & plotted for parameters
a=1,v=1,12=1,and A = —1. The VEV is zero at or above
£, = 0.0952 and transitions to a nonzero value below &. where it
increases as & decreases. When & crosses below &, there is a
transition from a symmetric phase to a spontaneously broken
phase. Note that, as expected, the VEVis equal to v = 1 at £ = 0.

no(T)

FIG. 2. Order parameter 1y(7) as a function of temperature in
the GL mean-field theory. The order parameter is zero at or above
the critical temperature 7. but nonzero below 7. There is a
discontinuity in the slope at 7', and there is a second-order phase
transition when the temperature crosses below T'.. Image courtesy
of C. Lygouras [15].

near £, has a similar behavior. Using (11), we can express A
in terms of £, and substitute this into (7) to obtain

o ai—3 1/2
o \/0(24-21126!2_,:—1—1)452—52( 2@2;12 30*E,)
Vegr = | 202 +—— &
¢ ¢

(12)

Expanding v above the critical coupling &, yields

veir = k(& = &) + O((&, = €)?) (13)

. . —— »
where the proportionality constant is k = m We
therefore see that the power-law behavior of the VEV near
£, and of the order parameter near 7. in GL theory is
similar and has the same critical exponent of 1/2. From
(13), one can readily see that the slope in Fig. 1 diverges at
£, (just like the slope in Fig. 2 diverges at T'.). We see that
the VEV for values of £ near £, in our numerical simulation
closely follows the power-law behavior given by (13).

We now determine the equations of motion, solve them
numerically, and obtain plots of various quantities for
different values of the coupling &. Equations (7) and (8)
for the VEV and cosmological constant that we derived in
this section will be used to predict the asymptotic values of
our plots, and we will see that they match exactly. This
provides a strong confirmation of both our derived theo-
retical results in this section and of our numerical vortex
solutions in later sections.

III. ROTATIONALLY SYMMETRIC ANSATZ
AND EQUATIONS OF MOTION

For the vortex, we consider rotationally symmetric static
solutions. The ansatz for the gauge and scalar field is
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Aj(x) = ejkfc"ae—:), (14)
B(x) = f(r)en” (15)

where a(r) and f(r) are functions of r that represent the
gauge and scalar fields, respectively. The non-negative
integer n is called the winding number. A 2 + 1-dimensional
metric that is rotationally symmetric can be expressed as

1
ds®> = —B(r)dt* + mdﬂ + r2d6* (16)
where A(r) and B(r) represent two metric functions of r.
With the ansatz (15) and (16), the Langrangian density
(1) reduces to

_AW@)? _(PA _(n—alf?
«/B/Ar( (R=20) =5 5y === 3

+ERP =GP -07P)) (1)

Since f approaches a nonzero constant asymptotically,
one requires that a — n asymptotically [which yields
(n—a)%f* - 0] so that one avoids a logarithmic diver-
gence in the energy of the vortex [3,16]. The Ricci scalar is
a function of A and B and their derivatives:

(B')’A A’ A'B° B'A B'A

r=BA_ A4 4B PA_BA g
2B r 2B rB B (18)

Note that when the complex scalar field is inserted in the
Lagrangian density, the winding number n appears but not the
coordinate @ since the phase cancels out. The Lagrangian
density therefore depends on r only, and solutions are
rotationally symmetric. The Euler-Lagrange equations of
motion for A(r), B(r), f(r), and a(r) are, respectively,

4e’rAB (a+ Ef? +2réff1) + B(e?r?
+2e(n* —r*v*A—2na+a*)f?
+e2r?Af* +16e*rEAff —2A(d? + €22 7)) =0, (19)

(v*2+8aA)

2P0 + er(rv* A + 8rah + 4aA’)
+2e2f2(n® — r’v*A — 2na + a* + 2réA’)
+2A(a” + &2r* (1 + 8€) )
4 82E(rAf 4 2A(F + 1)) = O, (20)
212EAfB? + rB(=2rEfA'B + A(rB'f' — 4¢f(B' + rB")))
+ B2(=2r2f3 = 2f (n* — r*v?A — 2na + a* + 2réA")

+ r(rA'f" + 2A(f" + rf"))) =0, (21)
rAd'B' + B(2e*r(n — a)f* — 2Ad’ + ra'A' + 2rAa") = 0.

(22)

We can reduce the above four equations of motion to three by
extracting W(r) = B’/B from Eq. (19) and substituting it into
Eqgs. (21) and (22). The function W(r) contains A, f, and a
and their derivatives. The main point is that the three
remaining equations no longer have any dependence on
B(r). However, the equations become longer, especially
the one for the function f(r). We write out the full equations
in Appendix B; Egs. (B2)-(B4) are the equations we
solve numerically. To avoid writing out cumbersome
lengthy equations here, the three remaining equations are
written below using W(r) and W’(r). Note that we need W’
because of the appearance of B” in (21). In particular,
B"/B = W' + W?. The three remaining equations are

E2r2Aft + e2r(rv*A + 8ral + 4aA’)
+2e2f2(n® — r*v®A — 2na + a* + 2rEA’)
+24(a” + e (1 485)f7)

+ 8e2ref(rA'f' + 2A(f + rf")) =0, (23)
2rPEAfW? — 22 EfA'W
+ Ar(rWf = 4EF(W + r(W' + W?))) — 2122f3
—2f(n® — 0?2 — 2na + a* + 2réA’)
+ r(rA'f + 2A(f + rf")) = 0, (24)

rAd' W +2e*r(n—a)f?—2Ad +rd' A’ +2rAd" =0. (25)

When W(r) given by (B1) is substituted into the above
equations, we obtain Eqs. (B2)—(B4).

IV. ASYMPTOTIC ANALYTICAL SOLUTIONS

One can solve analytically for the metric in vacuum by
setting f = v and a = n identically in Eq. (23). This
yields

A 2\2
A/(r) - —r (8a + /1( Cff -V ) ) (26)
4(a + Evgy)
with the solution
A (}’) _ (80!/\ + ’1( eff 02)2) r2 + C
’ 8(a + 5”6&')
= —Aer? 4+ C (27)

where the subscript “0” denotes vacuum and C is an
integration constant. In the last step, we substituted v
given by (7), and this yields A, given by (8) as the
coefficient of —r? [see also Eq. (A3)]. Of course, this is
exactly what we expect the metric of pure AdS; to be for
the cosmological constant A.y. The initial conditions at
r = 0 are determined by the constant C. We set C = 1 since
in 2 4 1 dimensions this choice avoids a conical singularity
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at the origin [7,8]. Moreover, C = 1 also works for the case
of vortices embedded in asymptotically Minkowski space-
time (Aeff = O)

We can now solve for the metric function By(r) in
vacuum by substituting Ay(r) with C =1 into Eq. (19).
This yields By(r) = ko(=Aer* + 1) where kg is an inte-
gration constant (positive). We can absorb this constant into
a redefinition of time in the line element (16) so that

Bo(r) = =Aegr? + C = Ay(r). (28)

In the presence of the vortex, we have that f — v and
a — n asymptotically. Note that in contrast to the vacuum
case, these are now only the asymptotic values. The vortex
departs significantly from that in the core region near the
origin. In numerical simulations, f and a start at zero at the
origin and reach their asymptotic values (within less than a
percent) at a finite radius R, the computational boundary
which formally represents infinity. The asymptotic form of
the metric function A in the presence of matter (the vortex)
is obtained again via Eq. (23) and yields, at r = R,

A(R) - _AeffR2 + D (29)

The constant D differs from the constant C in (27); as one
goes through the core of the vortex, one naturally emerges
into an asymptotic region that differs from the purely
vacuum one, and this is reflected in D being a different
constant from C. We see that the (ADM) mass of the vortex
is expressed in terms of Ay(R) and A(R).

Asymptotically, using (19), we obtain B(R) = kA(R).
Here £ is an integration constant (positive); it can no longer
be absorbed into a redefinition of time since this has been
carried out once already with the constant k,. At large
radius R, in the presence of the vortex, we obtain that B(R)
is proportional to A(R) but not equal to it.

V. EXPRESSION FOR THE (ADM) MASS
OF THE VORTEX

An important property of a vortex is its finite mass. In
curved spacetime, the mass of a localized source is defined
as its ADM mass [17]. AdS; is a maximally symmetric
spacetime with isometry group SO(2,2); it has a timelike
Killing vector, so a conserved energy (the ADM mass)
naturally applies to matter embedded in it. The ADM mass
in 2 4 1 dimensions can be calculated via the following
expression [17]:

M = =2ag lim, 74 (k = ko)VoN(R)dO.  (30)
e C,

Note that ay, given by (9), must be used here instead
of a. Here C, is the circle at spatial infinity where
infinity corresponds to the computational boundary r=R.
The lapse N(R) is given by (By(R))"? = (Ay(R))"~

The metric on C; is o4, and /6 = R where ¢ is its
determinant. The extrinsic curvature of C, embedded in
the two-dimensional spatial surface obtained by setting ¢
constant in (16) is given by k, whereas its embedding in the
two-dimensional spatial surface of AdS; is given by k.
A straightforward calculation yields

1/2 1/2
(AR AR

R R

Substituting all of the above quantities into (30) yields our
final expression for the ADM mass:

M = 4oy (Ag(R) = [Ag(R)A(R)]'?).  (32)

We use the above expression to calculate the ADM mass in
an AdS; background. Note that if A(R) = Ay(R), one
obtains M = 0, which implies that our definition has set
empty AdS; space to have zero mass. This is the desired and
expected result since maximally symmetric spacetimes can
be viewed as the ground states of general relativity [14] and,
as such, are typically set to zero energy.

The analytical expression (27) for the vacuum metric
Ag(R) is —=A¢R? + 1, and this can be readily calculated for
any given R. From (29), we have that A(R) = —A4R> + D
where D is a constant. This corresponds to the case with
matter (the vortex), and it is obtained by solving the
equations of motion numerically since we do not know
a priori the value of the constant D. The mass M of the
vortex is then obtained via (32). Though Ay(R) and A(R)
both change with R, at a large enough R, the mass M hardly
changes as R increases and the matter fields f(r) and a(r)
plateau to their respective asymptotic values of v ¢ and n.
The value of A(r) at r =0 is an initial condition. In
vacuum, A(r) must reduce to Ay(r) so that the initial
conditions at the origin match. This implies that
A(0) =Ay(0)=C=1.

A. ADM mass in asymptotically flat space
and angular deficit

In asymptotically flat spacetime where A = A = 0, the
ADM mass formula (32) remains valid but simplifies
greatly. We have that Ag(R) = C = 1 and A(R) = D which
yields

My, = 4nag; (1 — D'?) (33)

where a. = a + Ev” since v = v. Note that Ay(r) =
By(r) stays constant at unity for all r (this represents the
vacuum Minkowski spacetime). In contrast, A(r) is unity at
the origin » = 0 but dips below unity as r increases until it
plateaus to a positive value D at large radius R. The value of
D is obtained numerically. Recall that localized matter in
2+ 1 dimensions yields an asymptotically Minkowski
spacetime with an angular deficit [7]. Asymptotically,
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A(r) = D, and the spatial part of the metric (16) becomes
‘%2 + r2d6?. If we define ry = r/D'/? and 6, = D'/?0, we
obtain a manifestly flat metric dr3 + r3d@3 but with 6, now
ranging from 0 to 2zD'/? instead of 2z. Since 0 < D < 1,
there is an angular deficit of

6 =2x(1-D'?). (34)

Using (33) with a.s = 1/(162G;), we obtain that
0 = 872G oMy, Which is the formula for the angular
deficit produced by a mass My, in 2+ 1 Minkowski
spacetime [7] if G replaces G in [7]. Asymptotically, the
spacetime is locally flat but topologically a cone. However,
there is no conical singularity at the origin in our case, in
contrast to the point mass in [7]. The spacetime is smooth at
the origin since the vortex, by construction, is an extended
nonsingular object. In our case, the conical spacetime is
only the asymptotic spacetime, and it does not extend into
the core of the vortex.

In the original work of [7], the only way to change the
angular deficit is to change the mass since G remains
constant. In our case, G; depends on the coupling £&.
Therefore, as £ changes, one can encounter a scenario (and
one does, as our numerical results will show) where a
higher mass yields a smaller deficit angle than a smaller
mass. This is another instance of how the nonminimal
coupling term plays a novel role.

VI. MAGNETIC FLUX AS A TOPOLOGICAL
INVARIANT INDEPENDENT OF COUPLING &

The vortex contains a magnetic field which we label B,,,.
When we plot our numerical results, we will see that it has
its maximum at the origin and then decreases towards zero
outside a core region. The maximum value of the magnetic
field at the origin, as well as its profile, depends on the
coupling &£. After we present our numerical results, we will
look at the radial extension of the scalar field as a function
of £, a measure of how far the field extends before it gets
close to its plateau value (the VEV). We will see that the
radial extension of the scalar field increases significantly as
we approach the critical coupling &.. This is analogous to
the coherence length in GL mean-field theory which
diverges near the critical temperature. We discuss here
the radial extension of the scalar field because we see that
the radial extension of the magnetic field as a function of &
undergoes the same fate and also increases as we approach
the critical coupling &.. The magnetic field profile therefore
provides us with an additional window into how far the core
region of the vortex extends.

An important property of the magnetic field is that even
though its profile changes with the coupling £, the magnetic
flux ® obtained by integrating the magnetic field over the
entire two-dimensional area stays constant (i.e., it is
independent of the value of £). We show here that the

magnetic flux depends only on the winding number »n and

7\2
S
appearing in the Lagrangian density (17) stems from the
term — 1 F,, F* and hence is identified with —B3,/2 where
B,, is the magnetic field (no electric field is present, hence
the absence of an %2 term). It follows that the magnetic field

is given by B, = */f_r”/ which reduces to the well-known

result @’/ (er) for the magnetic field in fixed Minkowski
spacetime [16] where A(r) = 1 identically.

The magnetic flux @, the integral of the magnetic field
over the invariant area element, yields

® = / d*x\/7B,, = / drd&(ﬁ) (6‘1/)

B 2r [R 2w B 2nn

ddr = ?(a(R) —a(0)) = —~ (35)

hence is a topological invariant. The quantity —

e Jo

where y = r?/A is the determinant of the spatial two-metric
obtained from (16) by setting ¢ constant. We use the boundary
conditions on the function a(r): a(R) = n and a(0) = 0.
Note that the expression for the magnetic flux ® = 2%” is the
same in curved space as it is in fixed Minkowski spacetime
[16]. In the next section, where we present our numerical
results, we will integrate numerically over the area of the
different magnetic field profiles for different couplings £ and
show that the result is the same, independent of the profile
and £. Besides demonstrating numerically that the magnetic
flux is a topological invariant in curved space, this also
provides another check on our numerical simulation. The
magnetic flux is “quantized” as it comes in integer steps of
27/ e. This does not stem from any quantization procedure
imposed on the fields but from the topology of the vortex,
which is characterized by its winding number 7.

VII. NUMERICAL SOLUTIONS OF VORTEX
IN CURVED SPACE

The three equations of motion, Eqs. (B2)—-(B4), are
solved numerically to obtain nonsingular profiles for the
scalar field f(r), the gauge field a(r), and the metric
function A(r). The initial conditions at the origin r = 0 are

A0)=1.  (36)

These initial conditions ensure that our vortex solutions are
nonsingular. Let R be the computational boundary formally
representing infinity. We expect that

f(R)=ves, a(R)=n, A(R)=D-AgxgR> (37)
where D is a constant that is determined only after running
the numerical simulation and it depends on the matter
distribution of the vortex. The quantity vy is the value
where f(r) plateaus numerically, and we see that it matches
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very closely our theoretical prediction given by (7). The
winding number of the vortex is given by the positive
integer n, and we see that a(r) plateaus at that value
numerically. The coefficient A g in front of R? in A(R) can

be extracted from our numerical simulation by evaluating
—A"(r)/2 at r = R. We see that it matches very closely our
theoretical prediction for the asymptotic value of the
cosmological constant given by (8). We obtain the profiles
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FIG. 3. Case £ = —0.14. This is the case with the lowest value of £ and the highest VEV (value where f plateaus). The gauge field

plateaus at n = 1 which is the same value for all subsequent cases. The dip in the metric function A(r) near the origin is the most
pronounced of our sample. The magnetic field B,, peaks at the origin and has the highest peak in our sample. The magnetic field also
falls off the fastest (extends out the least). The plot of f near the origin shows that f plateaus quickly (does not extend much before

reaching its VEV).

065017-9



ARIEL EDERY PHYS. REV. D 106, 065017 (2022)

by adjusting f’(r) and a’(r) near the origin until the curves A. Analytical behavior of the fields asymptotically
for f(r) and a(r) plateau towards their respective constant and near the origin

values beyond a certain radius (in our numerical simula- The equations of motion are a long, complicated set of
tions, they reach their expected constant values to W.lthln coupled, nonlinear, differential equations which require a
less than a tenth of a percent at the computational  nmerical solution. However, before presenting the numeri-

boundary R). cal results, it is instructive to extract some useful analytical
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FIG. 4. Case ¢ = —0.12. This is the case with the next lowest value of £. Note that f plateaus at a lower VEV than £ = —0.14, but it has
the highest (ADM) mass in our sample. The dip in the metric function A(r) near the origin is not as pronounced as in £ = —0.14. The
magnetic field B,, at the origin is lower than for £ = —0.14, but it falls off more slowly so that the magnetic flux turns out to be the same.
Again, the plot of f near the origin shows that f plateaus quickly and hence has a small extension.
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information from the equations. In particular, we determine
the analytical behavior of the fields near the origin and in
the asymptotic region. We see that the asymptotic profile of
a vortex is not supported by a positive cosmological
constant Ag; it must be either negative (AdS; background)
or zero (Minkowski background). This is similar to the fact

that in 2 + 1-dimensional general relativity, a black hole
exists for a negative cosmological constant (the BTZ black
hole [8,9]) but not for a positive cosmological constant.
There is no black hole in a Minkowski background either,
but in contrast, one can have a vortex in a Minkowski
background.
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FIG. 5. Case £ = —0.10. Note that f plateaus at a lower VEV than the previous cases. The dip in the metric function A(r) near the
origin is still pronounced but not as much as in £ = —0.12 or £ = —0.14. The magnetic field B,, at the origin is lower than for £ = —0.12,

but it falls off more slowly, which yields the same magnetic flux as previous cases. The plot of f near the origin shows that f still plateaus

relatively quickly though less fast than in previous cases.
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1. Behavior of A(r), f(r), and a(r) near the origin

The initial conditions on the fields at » = 0 are f(0) = 0,
a(0) =0, and A(0) = 1. We want to find the behavior of
these fields in the vicinity of r = 0. If we linearize (B2)

about A =1, we obtain A(r) =1—7r>(4%+ A). This

at r = 0 is always zero regardless of the parameters, so the
metric function always starts out flat at the origin. This is
what is observed numerically. Linearizing (B4) about
a =0 yields a(r) = br*> with b a positive constant. We
see that a(r) also starts out flat at the origin since a’(0) = 0.

. .. ) . .. Again, this agrees with our numerical simulation.
quadratic behavior implies that its first derivative A’(r) gain, g
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FIG. 6. Case £ = —0.05. Note that f plateaus at a lower VEV than the previous cases. The dip in the metric function A(r) near the
origin is visible but not as pronounced as in previous cases. The magnetic field B,, has a profile that yields the same magnetic flux as
previous cases. The plot of f near the origin now shows that f is no longer plateauing quickly (it needs to extend more before

reaching its VEV).
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Linearizing (B3) about f = 0 yields f(r) = c¢r" where n is 2. Behavior of A(r), f(r), and a(r) asymptotically
the winding number and ¢ a positive constant. Near the
origin, f'(r) = cnr"~! so that f'(0) = ¢ for n =1 and
f'(0) = 0 for n > 1. This implies that f(r) starts off flat at
the origin when n > 1 but with a positive slope when
n = 1. Note that the fields near r = 0 have no dependence
on the coupling &.

Asymptotically, the metric function A(r) is given by
D — Ayr* where D is a constant. The matter fields a and f
asymptotically plateau to their constant values of n and v,
respectively. We want to find their behavior as they
approach these constant values. At large r, we can write
a(r) =n—e¢(r) and f(r) = vy — f(r) where € and  are
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FIG.7. Case ¢ = 0. The nonminimal coupling term is turned off. The VEV is therefore equal to v = 1. The dip in the metric function
A(r) near the origin is still visible. The magnetic field B,, extends further out but yields the same magnetic flux as previous cases.
The plot of f near the origin shows that f is still rising and requires more radial distance before it plateaus to its VEV.
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small positive perturbations which must vanish asymptoti-
cally. Substituting these expressions into Eqgs. (B4) and
(B3) and keeping only terms linear in € and f yields the
differential equations

e ve(r) + riveee (r) + r* A€’ (r) =0, (38)

2”gff(%ff/1 — 24A4E%)B(r)
+ rAete(Qeie + 1602:E2) (3P (r) + rp"(r)) = 0. (39)
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FIG. 8. Case & = 0.05. The regular plot of f vs r now has a computational boundary of R = 40 whereas in all previous cases it was
R = 12. This is because f reaches its VEV now much more slowly, and one needs to extend the computational boundary so that f can
reach its VEV to the same level of accuracy. The plot of f near the origin shows that f has a large slope and is also far from its plateau
value; thus, it requires significantly more radial distance before it plateaus to its VEV. The numerical values of the metric function A
show that there is an extremely tiny dip right near the origin, but this is not visible on the plot. The magnetic field B,,, just like f, extends

further out than all previous cases.
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The above equations are valid only for the case A # 0 N ) NIRRT
. —Off Neff +20eff U A=04VC Aopé
(the case A, = 0 will be treated separately). Both equa- B(r) = cr_l_[ }

eff eff
. . ~eff Aeff ~ 16"?“ Aegr €
tions have power-law falloff solutions

(41)

where b and ¢ are positive constants. Since (40) is valid
_eveit only if A is negative, the above profiles apply only to an

_ (Chgp) 172 . . .
e(r) = br a0, (40) AdS; background. An important point is that the profile of
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FIG.9. Case ¢ = 0.07. The regular plot of f vs r has a computational boundary of R = 90. The plot of f near the origin shows that f is
now quite far from its plateau value. It now requires a larger radial distance before it plateaus to its VEV. There is no longer any dip in the
metric function A: The numerical values show that A(r) increases monotonically. The magnetic field B,,, just like f, extends out much
further than previously.

065017-15



ARIEL EDERY

PHYS. REV. D 106, 065017 (2022)

a vortex which requires the gauge field a to plateau at n and
f to plateau at v is not supported by a positive Agg. It is
supported by a negative Ay and, as we will see, also by a
zero A.g. The vortex therefore exists only in an AdS; or
Minkowski background.

When A =0, asymptotically we have A(r) =D
where D is positive [since a nonsingular profile
requires that A(r) > 0]. We also have v i = v. The differ-
ential equations governing the perturbations ¢ and f are
then
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FIG. 10. Case £ =0.09. This is the second largest £ in our sample, and we are now getting quite close to the critical coupling
£, ~0.0952 where the derivative of the VEV with respect to & diverges. The change from & = 0.07 to £ = 0.09 is therefore large.
The regular plot of f vs r has a significantly larger computational boundary of R = 800. The plot of f near the origin shows that f is
very far from its plateau value. It now requires a very large radial distance before it plateaus to its VEV. Again, there is no longer any dip
in the metric function A, and it increases monotonically. The magnetic field B,,, just like f, extends out again much further than

previously.
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e’rv’e(r) + D(€(r) — re’(r)) = 0, (42) e(r) = be_jg\/;, (44)
1/2
2haggp
2rv*Aa + v2E)B(r) B(r) = C[”(Ws[il;i)) RS (45)
~ Dla+ (1 +89)(B () +7'(1) =0 (43) vr
where b and c are positive constants. The above result is
with solutions for a Minkowski background (Agy =0) but where

£€=0.095 (near critical coupling £. = 0.0952)
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FIG. 11. Case & = 0.095. This is the largest £ in our sample, and it is very close to the critical coupling £. & 0.0952. Since we are near
the critical point, the change from & = 0.09 to £ = 0.095 is very large. The plot of f near the origin shows that f is again very far from its
plateau value; this is why the regular plot of f vs r requires an extremely large computational boundary of R = 5 x 10°. This is the
radius required for f to reach its VEV to the same level of accuracy as the other cases. The “extension” of f (a measure of the radius
required to reach the VEV) therefore increases enormously as & approaches the critical coupling &., and this is analogous to the
divergence of the coherence length in GL mean-field theory as one approaches the critical temperature 7.
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TABLE 1. We present data for £ ranging from —0.14 to 0.095 (near the critical coupling &, = 2/21 ~ 0.0952). The theoretically
predicted values of the VEV v and cosmological constant A calculated using (7) and (8), respectively, match the numerical values to
within three or four decimal places. The peak value of the magnetic field occurs at the origin and also decreases monotonically as &
increases. The magnetic flux obtained by integrating numerically over the magnetic field profile remains constant despite the different
profiles, and its numerical value matches the theoretically expected value of ® = 2zn/e = 2.0944 to within three or four decimal
places. This provides a very strong check on our numerical simulation. The ADM mass increases from &£ = 0.095 to £ = —0.12, but this
trend does not extend all the way to & = —0.14; this is due to a significant negative gravitational binding energy in the case of £ = —0.14

(see body of the article for more details).

Peak magnetic Magnetic
Coupling & Vg (theory) Vg (numeric) Ay (theory) Ay (numeric) Mass (ADM) field flux (numeric)
-0.14 1.6475 1.6475 —1.0204 —1.0204 4.17 12.280 2.0944
—0.12 1.5766 1.5763 —1.0318 —1.0316 4.31 5.443 2.0944
-0.10 1.4990 1.4983 —1.0391 —1.0388 4.25 4.127 2.0943
—0.05 1.2733 1.2732 —1.0357 —1.0358 3.53 2.439 2.0946
0.0 1.000 1.0000 —1.000 —1.000 2.59 1.493 2.0943
0.05 0.6604 0.6604 —0.9398 —0.9398 1.50 0.783 2.0944
0.07 0.4839 0.4839 -0.9117 -0.9117 1.05 0.515 2.0945
0.09 0.2161 0.2161 —0.8827 —0.8827 0.45 0.200 2.0945
0.095 0.04584 0.04584 —0.8753 —0.8753 0.063 0.0425 2.0944

Einstein gravity and a nonminimal coupling term act on the
vortex. The exponential falloff expressions (44) and (45)
are similar to those found in fixed Minkowski spacetime
[16], and we recover them if we set £ =0 and D = 1.

B. Plot of vortex profiles and magnetic field
in AdS; for different &

The parameters that appear in the Lagrangian density
(17) for the vortex are 4, e, n, v, a, A, and &. The goal here is
to determine how the vortex changes with the coupling &
and to observe what happens as we approach the critical
coupling &£.. How the vortex changes with the other
parameters such as A, n, and » has been studied elsewhere
[3]. We therefore run numerical simulations for different
values of ¢ with the other parameters held fixed; we set
A=1l,e=3,n=1,v=1,a=1,and A = —1. We work
in natural units where 2 = ¢ = 1. Though our parameters
and quantities such as the radius, mass, and magnetic field
are quoted as numbers, they should be thought of as having
a unit attached to them (except for the winding number n
which is a pure number).3 As we have seen, a negative A
automatically ensures that the asymptotic cosmological

In AdS; the appropriate length scale is the AdS length #. From
(27), the quantity —A 72> must be dimensionless. We quote A as
a pure negative number, but one should think of a unit y attached to
it so that A,y x y = —1/£2. Therefore, the unit attached to the
radius 7 is y~!/2 which in terms of the AdS length is (—Aeff)l/ 2.
Note that the equation for e(r) in (41) implies that eveg/ (—Aegr) />
is dimensionless. The quantity 1/e” is also dimensionless. The
mass is proportional to .z =a+ vgffaf; therefore, the mass is
expressed in units of the VEV squared, which is y'/2, and this
can be expressed in terms of the inverse of the AdS length. The
magnetic field is given by B,, = ‘/f_r“’, and since A(r) and a(r) are
dimensionless, it has units of y3/ 4 which can be expressed in terms
of the inverse of the AdS length to the power of 3/2.

constant A.g will be negative. Our solutions in this section
will therefore correspond to an AdS; background. Note that
though v and A are held fixed, the VEV v, and the
cosmological constant A,y will change with &.

Recall that a critical coupling &, exists only if v*4 4 8aA
is negative. With the above values for the parameters, this
latter quantity is negative (equal to —7) and therefore a
critical coupling exists. It is given by (11) and, substituting
the values of our parameters, is equal to . =2/21~
0.0952 (the same value that appears in our plot of the VEV
vs £ in Fig. 1). This implies that for £ > 2/21 the VEV is
zero and there is no vortex. We therefore obtain vortices
for £ <2/21.

We consider nine values of the coupling & that range
from —0.14 to 0.095 (close to the upper bound &.) which
includes the case £ = 0. We present Figs. 3—11, one for
each value of the couplings in order of increasing £. Each
figure contains plots of the scalar field f(r), the gauge field
a(r), the metric function A(r), and the magnetic field
B,,(r). We also made separate plots of f and A that focus on
the core region near the origin where the fields undergo
significant change. Therefore, there are six plots associated
with each value of £. We also present some numerical
results in table format. In Table I, we present the following
data for each value of &: the theoretically expected and
numerically obtained values of the VEV v and cosmo-
logical constant A.y, the (ADM) mass of the vortex, the
peak value of the magnetic field at the origin, and the
numerically integrated magnetic flux.

In Table I, the formula (7) for the VEV v, s matches
almost exactly (to within three or four decimal places) the
value where f plateaus numerically. Similarly, our for-
mula (8) for the cosmological constant A ¢ matches almost
exactly (again to within three or four decimal places) the
numerical value of the asymptotic cosmological constant.
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This provides strong confirmation of both our analytical
formulas and the numerical simulation. In Figs. 3—11, the
magnetic field B,, always peaks at the origin and then falls
off with radius towards zero. As £ increases and approaches
closer to the critical coupling, the value of the peak
magnetic field decreases (see plot in Fig. 13), but the
magnetic field extends further out since it falls off to zero
more slowly. As a consequence, the magnetic flux obtained
numerically by integrating over the magnetic field profile
remains constant as & changes (see Table I) and matches
exactly (to within three or four decimal places) the expected
theoretical value of ® = 2zn/e = 2x/3 = 2.0944 (where
we substituted n = 1 and e = 3). That this numerically
integrated magnetic flux remains constant across different
magnetic field profiles provides another strong check on
our numerical simulation.

In Table I, the VEV monotonically decreases from a
value of 1.6475 at £ = —0.14 to a value of 0.04584 at
& = 0.095. We plot the nine data points in Fig. 12, and they
trace out a curve similar to the plotin Fig. 1 of the VEV vs &
obtained theoretically and hence also similar to the plot in
Fig. 2 of the order parameter vs temperature in GL mean-
field theory. We now verify numerically that the data points
in our sample that are close to the critical coupling &, =
2/21 follow the power law with critical exponent 1/2 that
we previously derived for £ near &, i.e., vey = k(&, — £)'/?
where k = m [see (13)]. For the values of our
parameters, we obtain k = 2.96985. For £ = 0.095, which

is the closest data point to . in our sample, we obtain
k(¢. — &)1/2 = 0.04583, which matches almost exactly our

VEV

. 151

1.0+
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L 1 1 1 1 1 1 1 1 L 1 L 1 1 1 1 1 1 1 bl 1 -E
—0.15 —-0.10 —-0.05 0.00 0.05 0.10

FIG. 12. Plot of the numerical value of the VEV vs £. The data
points trace out a curve similar to the plot in Fig. 1 of the VEV vs
£ that was obtained theoretically, and similar to the curve in Fig. 2
of the order parameter vs temperature in GL mean-field theory.
The VEV decreases monotonically, and its slope gets steeper
(more negative) as ¢ increases towards the critical coupling. The
data points near & obey the power law vy (€. — &)'/? (see
body of the article above for exact comparison); this confirms
that our system undergoes critical phenomena with a critical
exponent of 1/2.

numerical result of 0.04584 for the VEV quoted in Table I.
Another data point we can consider is ¢ = 0.09 as it is
not that far off from the critical coupling. This yields
k(& —&)Y? =0.2149, which still matches quite closely
our numerical result of 0.2161. This constitutes a quanti-
tative confirmation that the nonminimally coupled vortex in
AdS; undergoes critical phenomena with exponent 1/2 at
the critical coupling &,.

We mentioned above that the magnetic field extends
further out as & increases towards the critical coupling &,.
The same thing happens with the scalar field f. For cases
£=-0.14, £ = —-0.12, and £ = —0.10, f can be seen to
roughly plateau already near the origin (see plots of f near
the origin in Figs. 3-5). At higher &, f has not plateaued yet
near the origin (see plots of f near the origin in Figs. 6-11).
This implies that it must extend further out to reach its
VEV. In particular, as & approaches near the critical
coupling ¢&,., the regular plot of f vs r has to be extended
to drastically larger radii to accommodate the fact that f
plateaus so much more slowly. We discuss the extension of
the scalar field (and of the magnetic field) in more detail in
the next subsection.

If the local matter density in the core region of the vortex
is high enough, it causes a noticeable dip of the metric
function A(r) near the origin: The metric starts at A = 1 at
the origin r = 0, dips below unity in the core region, and
reaches a minimum that is above zero before increasing to
reach its asymptotic 7> dependence. The dip can be seen in
the plot of A near the origin, and the asymptotic 72
dependence is more evident in the regular plot of A vs
r. The plots of the metric function A(r) near the origin in
Figs. 3—11 reveal that the dip monotonically decreases as &
increases and is most pronounced at & = —0.14. This
implies that the local matter density in the core region is

-0.15 -0.10 —0.05 0.00 0.05 o1
FIG. 13. Plot of peak magnetic field vs £. Like the VEV, it
decreases monotonically as & increases, but in sharp contrast to
the VEV, its slope gets flatter (less negative) as & increases
towards the critical coupling. Therefore, the peak magnetic field
does not act like an order parameter.
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greatest for £ = —0.14. Though A in this case dips the
closest to zero (i.e., its minimum is the smallest), it does not
cross zero. If A crosses zero, this would signal black hole
formation and a singularity. However, our nonsingular
initial conditions prevent one from constructing vortices
beyond a local matter density where gravity becomes so
strong that the scalar field is no longer able to reach its
asymptotic plateau value. The fact that f is fixed to be zero
at the origin prevents one from constructing vortex sol-
utions when gravity’s effect gets too strong. This places a
lower bound on ¢; for the values of our parameters, we are
not able to construct nonsingular vortices roughly below
& = —0.14. This lower bound is reached way before the
lower bound set by the condition ags = a + v2:& > 0.
With v given by (7) and using the values of our
parameters, one can readily check that this would have
occurred at the much lower value of £ = —0.26.

In Table I, one can see that the ADM mass is highest at
& = —0.12 and decreases afterwards as £ increases towards
& = 0.095. There is one case that does not follow this trend
in masses. The ADM mass at £ = —0.14 is actually lower
than the mass at £ = —0.12 (the data points of mass vs £ are
plotted in Fig. 14, and the curve nicely illustrates the trend
in masses). The case £ = —0.14 has the highest VEV, which
would seem to imply that it should have the highest mass
(vortices with higher VEVs will usually have more mass in
fixed Minkowski spacetime [16]). Why then is the mass
lower for £ = —0.14 than for £ = —0.12? This is due to the
fact that the ADM mass receives contributions not only
from matter but also from the negative binding energy of
the gravitational field (see Sec. 3.9 on “Thin-shell collapse”
in [17] for a clear illustration of this). The metric field
A(r) near the origin for ¢ = —0.14 (Fig. 3) has a more
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FIG. 14. Plot of mass M vs &. Near the critical coupling, this
plot looks similar to the one for the VEV; in particular, its slope
gets steeper (more negative) as & increases towards the critical
coupling. The mass increases as & decreases, but unlike the VEV,
this trend stops when we get to the most negative point,
¢ = —0.14, where the mass is less than that for £ = —0.12 due
to gravity’s effect (see discussion in body of the article).

pronounced dip than for £ = —0.12 (Fig. 4). So the negative
gravitational binding energy is significant enough in
& = —0.14 to yield a lower ADM mass than in £ = —0.12.

1. Extension of scalar field and magnetic field
and divergence at critical coupling &,

We have already mentioned that as & increases towards
the critical coupling, the scalar field and magnetic field
extend further out. In the case of the scalar field, this means
it rises more slowly and plateaus at its VEV over a longer
radius. For the magnetic field, this means that starting from
its peak at the origin, it decreases towards zero in a slower
fashion, again over a longer radius. In short, the core region
of the vortex occurs over a longer spatial range as & gets
larger.

To make this more quantitative, we define the extension
rs of the scalar field to be the radius where it reaches 99.9%

r
40 -
30F
0+
10 *
L L 1 1 1 1 f
—0.15 -0.10 —0.05 0.00 0.05 0.10

FIG. 15. Extension of the scalar field f(r) as a function of &.
Note the rapid increase in the extension as one approaches the
critical coupling &, ~0.0952. The extension is expected to
diverge at the exact value of &, = 2/21.

B

|f.$.T....|'....—.........lE
0.15 -0.10 -0.05 r 0.05 0.10°

FIG. 16. Extension of the magnetic field B,,(r) as a function of
£. Here there is also a rapid increase in the extension as one
approaches the critical coupling &, ~ 0.0952. The extension is
expected to diverge at the exact value of £, = 2/21.
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FIG. 17. Flat case £ = —0.4. We plot the metric A, the magnetic field B,,, the scalar field f, and the gauge field a. Since the VEV of the
scalar field is always unity, it plateaus at unity regardless of the value of £. The gauge field a always plateaus at unity also since n = 1 for
all £&. We therefore show the scalar and gauge field profiles here but not in subsequent figures since they are roughly similar. The metric
profile plateaus at D = 0.488 which yields a deficit angle of 1.894 rad, the largest deficit angle in our sample but not the one with the
highest mass (see Table II). The magnetic field peaks at 1.43, which is the highest peak in our sample. This implies that it extends the
least (falls off fastest) since the magnetic flux remains constant at ® = 2zn/e = 2.0944 to within three or four decimal places.
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of its VEV and define the extension rp of the magnetic field
to be the radius where it has fallen to 0.1% of its peak value
(i.e., decreased by 99.9% from its peak at the origin). We
plot in Fig. 15 the scalar field extension r; vs & and in
Fig. 16 the magnetic field extension rp vs £. In both cases,
there is a very rapid increase in the extension when & is near
the critical coupling £.. We see that the extension actually
diverges at the exact value of & =¢. =2/21. This is
reminiscent of the divergence of the coherence length in
GL mean-field theory at the critical temperature 7',.

We now show analytically that f(r) approaches the VEV
in the slowest fashion possible in the limit when ¢
approaches &... If we let f(r) = v — p(r) asymptotically,
we know that f(r) is given by (41), which we rewrite for
convenience below:

— g Aeff+2aef V2 A=6402, AggpE2

]1/2
=cr 7P (46)

) %)
~eff Neff ~1007 Aot &

where P is the quantity in square brackets. Since oy > 0
and Agp <0, all the terms in the numerator and
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FIG. 18. Flat case £ = —0.2. The metric A plateaus at D =
0.615 yielding a deficit angle 1.356 rad, the second largest deficit
angle in our sample. The magnetic field peaks at 1.092, the
second largest peak in our sample.

denominator in the square brackets are positive. It should
be clear that P > 1. We have that § approaches zero
asymptotically as 1/r!*F ?_ When & - &., we have that
vegg — 0 and P — 1. Therefore, as & — &,, f decreases as
1/r* asymptotically, which is the slowest falloff it can have,
translating to the slowest approach that f can have towards
its VEV.

Now r is the extension, defined as the radius where f=
0.999v.4 so that r}*P s proportional to 1/(0.001vg).
This diverges as & — &, since v — 0. It is therefore
expected that the extension r, diverges at the critical
coupling &, in accordance with the trend in Fig. 15.

Asymptotically we have that a(r) =n —e(r) where
e is given by (40). The magnetic field is given by
B,, = \/A(r)d'(r)/(er). Asymptotically, A(r) = —Ar?
and a'(r) - —€'(r) so that B,, falls off asymptotically as

__eveff

o (Fhefr)

-1
27 As E— &, we have that vy — 0, so B,

falls off as 1/r, which is the slowest falloff possible.
The extension rp is therefore proportional to the inverse
of the peak magnetic field as & — £.. Our numerical results
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FIG. 19. Flat case £ = 0. The nonminimal coupling is turned
off here. The metric A plateaus at D = 0.668 yielding a deficit
angle of 1.148. The magnetic field peaks at 0.962 and is less than
the previous case.
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FIG. 20. Flatcase ¢ = 0.2. The metric A plateaus at D = 0.668,
the same value as the previous case. It therefore also has a deficit
angle of 1.148. It has a peak magnetic field of 0.950 which is less
than the previous case. So far, there has been a trend: The peak of
the magnetic field has monotonically decreased, and the deficit
angle has decreased or remained the same.

show that the peak value of the magnetic field at the origin
keeps decreasing (towards zero) as & — &, so the extension
rg tends to infinity. This agrees with the fact that the
magnetic flux can remain constant as the peak magnetic
field at the origin decreases to zero only if the magnetic
field has an infinite extension.

C. Plot of vortex profiles and magnetic field in
asymptotically Minkowski spacetime

We now consider the role the coupling & plays for the
case of asymptotically Minkowski spacetime. This corre-
sponds to A = 0 which as we have seen, implies Ay = 0.
As previously mentioned, there is no critical coupling
for asymptotically Minkowski spacetime. The VEV is
expected to remain constant at v,z = v = 1, and the
cosmological constant is expected to remain at Ay = 0;
i.e., the VEVs v and Ay have no dependence on & in
contrast to the AdS; case. We run numerical simulations for
different values of & with the same set of parameters as
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FIG. 21. Flat case ¢ = 0.4. This case departs from the above

decreasing trend. The metric plateaus at D = 0.648 yielding a
deficit angle of 1.225 rad and a peak magnetic field of 0.987:
Both are greater than in the previous two cases.

before: A=1,e=3,n=1, v=1, and a = 1. The only
difference is that A = 0 now (instead of A = —1 in the
AdS; case). We work again in natural units. As before, the
parameters and quantities like the radius, mass, and
magnetic field are quoted as numbers, but one should
think of a unit attached to them.”

We made plots for five different cases: &=
{-0.4,-0.2,0.0,0.2,0.4} corresponding to Figs. 17-21
respectively. The plots of the scalar field f and the gauge
field a all plateau at unity regardless of £&. We also plot the
magnetic field whose profile depends on & The most

“In Minkowski spacetime, the appropriate length scale is set by
the VEV u. In particular, evr is dimensionless, where r is the
radius. Though e and v are quoted as numbers, one should think
of ev as having a unit x of dimension [L]™! attached to it. It
follows then that the radius r has units of x~! which has the
correct dimensions of [L]. The mass is proportional to the VEV
squared and is therefore expressed in units of x which has the
Ad is
er

correct dimension of [L]~!. The magnetic field B,, =
expressed in units of x*/> which has the correct dimensions of
[L]73/2. As before, 1/e” is dimensionless.
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TABLE II. The most important point about this table is that the
deficit angle is not proportional to the mass. Compare the first and
last rows. At £ = —0.4 one has the largest deficit angle of
1.894 rad with a mass of 2.273 whereas at £ = +0.4 the mass is
significantly higher at 3.430 and yet it has a much smaller deficit
angle of 1.225 rad. With the nonminimal coupling term present,
the ratio of mass to deficit angle is not constant but depends on &
(see body of the article).

Peak value

D (plateau value & Deficit of magnetic
Coupling £  of metric A)  angle (rad) Mass field
-0.4 0.488 1.894 2.273 1.433
—0.02 0.615 1.356 2.170 1.092
0.0 0.668 1.148 2.296 0.962
0.2 0.668 1.148 2.755 0.950
0.4 0.648 1.225 3.430 0.987

important plot by far is the one for the metric A which
plateaus asymptotically to a constant value (which we
previously labeled D). The profile of the metric here
(starting at unity at the origin and then plateauing to
0 < D < 1) is in stark contrast to the AdS; case where
the metric had an r*> dependence asymptotically. The
constant D can only be obtained numerically (by running
the simulation), and it changes with £. Since the deficit
angle depends on D via (34), the deficit angle depends on ¢.
We also calculate the mass My, of the vortex via (33). The
constant D, the deficit angle §, the mass My, as well as the
peak value of the magnetic field are presented in Table II. In
2 + 1-dimensional general relativity in asymptotically
Minkowski spacetime, there is the classic result of Deser
et al. [7] that a point mass produces a deficit angle
proportional to the mass. The ratio of mass to deficit angle
is equal to 2a = 1/(8zG) and is a constant since Newton’s
constant G does not change as the mass changes. In
contrast, for the vortex with nonminimal coupling, the
ratio of mass to deficit angle is not constant but depends on
& It is equal to 2aey = 2(a + v*€) = 2(1 + &) where we
substituted the values « = 1 and » = 1 for our parameters.
A striking consequence is that it is possible for a larger
mass to actually produce a smaller deficit angle compared
to a smaller mass. For example, in Table II, the case at
& = —0.4 has the largest deficit angle of 1.894 rad in our
sample and has a mass of 2.273, whereas the case at
£ =0.4 has a smaller deficit angle of 1.225 rad but the
largest mass of 3.430 in our sample, which is roughly 1.5
times greater than our former case.

VIII. CONCLUSION

In this paper, we studied the effects of the nonminimal
coupling term £R|¢|* on a vortex under Einstein gravity in
an AdS; and flat (conical) background. In the case of AdSs;,
this led to the emergence of a critical coupling &, where the
VEV of the scalar field is zero for £ at or above £. but

nonzero when & crosses below &,.. For the values of our
parameters, &, is equal to 2/21 ~ 0.0952. We presented our
numerical results in plots and tables for nine values of £.
Our plot of the numerically obtained VEV versus ¢ is in
accordance with the theoretical expectation that the slope
has a discontinuity and diverges at the critical coupling &,.
For ¢ near &, we verified numerically that the VEV indeed
behaved according to the power law |& —&.|!/2 These
results confirmed the idea that the critical coupling &, acts
like the analog of the critical temperature 7. in GL mean-
field theory. In that theory, the order parameter is zero at or
above T, and nonzero below T, and behaves according to
the power law |7 — T, |!/2. The plot of the order parameter
versus temperature 7 also shows a discontinuity and
divergence in the slope near T'.. Numerical results of the
“extension” of the scalar field (core region of the vortex)
show that it increases monotonically as £ increases, with a
dramatic increase near £.. We showed analytically that it is
expected to diverge at the critical coupling, and this is
analogous to the divergence of the coherence length in
GL mean-field theory as one approaches the critical
temperature.

In asymptotically flat (conical) spacetime, we considered
five values of £ and, remarkably, found that higher masses
did not necessarily lead to a higher deficit angle as one
might naively expect. The reason for this is that, when a
nonminimal coupling term is present, the ratio of mass to
deficit angle is no longer constant but depends on the
coupling &. This can lead to cases where a higher mass has a
smaller deficit angle than a smaller mass as our data clearly
showed.

If £, acts as the analog to 7. in GL mean-field theory,
this naturally raises the question, “Is the nonminimally
coupled vortex a thermodynamic system at nonzero tem-
perature?”. The answer is clearly no. The Nielsen-Olesen
vortex without gravity constitutes a static classical field
configuration which is at zero temperature and has zero
entropy. The zero temperature agrees with the fact that the
fields have no average kinetic energy, and the zero entropy
is in accordance with the fact that we know everything
about the field’s configuration throughout spacetime; we
are not ignorant of its configuration at any time, and no
information is hidden from us. The zero entropy is of
course consistent with the zero temperature. When gravity
is included, this can change only if the vortex acquires an
event horizon. However, our gravitating vortex solutions
are nonsingular static solutions with no event horizon. The
temperature and entropy are again zero, and as before, the
metric field, as well as the scalar and gauge fields, are static
throughout all of spacetime. In contrast, the BTZ black hole
[8,9] has a nonzero temperature and entropy as it has an
event horizon (for simplicity, assume no angular momen-
tum or electric charge, only mass with a single horizon).
Note that the BTZ spacetime has a timelike Killing vector
outside the event horizon, but like the Schwarzschild black
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hole in 3 + 1 dimensions, it has no timelike Killing vector
inside the event horizon [18]. This implies that there is no
coordinate transformation that can put the metric in static
form inside the event horizon, so an outside observer is
ignorant of the metric configuration inside at any particular
time. Simply put, information is hidden from us behind the
event horizon [19]. Note that in contrast, our nonsingular
gravitating static vortex has a timelike Killing vector
throughout spacetime, and no information is hidden from
us (see also [20-22] for a related discussion).

The vortex actually constitutes a classical solution in
quantum field theory (QFT) [16]. The vortex cannot be
obtained from perturbative QFT as it is a nonperturbative
solution. It turns out that since the size of the vortex is much
larger than its Compton wavelength, the classical non-
perturbative solution constitutes a valid solution to the QFT
(i.e., a very good first approximation) [16]. Perturbation
theory can then be used to obtain one-loop quantum
corrections to the vortex by quantizing about the classical
configuration. In particular, quantum fluctuations of the
scalar field will change the nature of the potential as there
will now be logarithmic terms besides the usual terms
[23,24]. The critical exponent of 1/2 will therefore change
as a consequence of these quantum corrections. So an
interesting and pertinent problem to solve for the future is
to determine the critical exponent of the nonminimally
coupled vortex in an AdS; background after quantum
corrections. This would be a considerably more compli-
cated calculation than, say, the quantization about the
1 + 1-dimensional kink in Minkowski spacetime [16] as
we have one extra spatial dimension and a curved space
background.
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APPENDIX A: DERIVATION OF THE VEV v
AND COSMOLOGICAL CONSTANT A4

In this appendix we derive the expressions for vy and
A given by Egs. (7) and (8), respectively. We start by
rewriting Egs. (5) and (6) where v and Ay are expressed
in terms of each other:

128Aesr
l 9

2 2

Vet = ¥ (A1)

A
a(R—2A) +ERv _Z(Ugff =) = (a+Evgy) (R—2A).

(A2)

We first substitute the asymptotic value of the Ricci scalar,
R = 6/, into (A2) which yields

_aA+ % (035 — 0%)?

eff — P
a+ Evig

(A3)

Substituting (A3) into (Al) yields a quadratic equation
for v2:
AE(V2)% = 2A(a + 20%E) vy + 20%ad + 304

+ 24aAé = 0. (A4)

This yields the following two possible solutions for v%
(which we label I and II):

L 2024 % Va? + 20%af + v E — 24aAE2 )2
. 5 b

(AS)

o 2024%4 Va? 4 20%aé + v*E — 24aNE /A
: ; ; .

(A6)

However, only the first solution satisfies the requirement
that v is equal to v in the limit £ — 0. The second solution
yields oo in that limit and must be disregarded. Taking the
positive of the square root of the first solution yields the
quoted result (7) for vgg:

VR + 20%aE + v E — 24aAE2 ) X]1/?
; .

Veff = |:2112 +g
(A7)

Substituting the above solution (A7) into (A3) yields the
quoted result (8) for Agy:

A
Aee = —— 2 2 4 £2 22 —24/\2 .
off 12§2<a+v§ \/a + v+ 2v7aé alN&* /1)

(A8)

APPENDIX B: FULL EQUATIONS OF MOTION

The three equations of motion quoted in the text
are (23)—(25). Equation (25) contains the function W(r) =
B'/B, and Eq. (24) contains W and its derivative W’. We
can extract W from (19), and this yields

1
W pu—
4e’rA(a + &f* + 2réf f')
—2e%(n® — r*v?A = 2na + a®)f* — e*r*af*

— 16> rEAff' + 2A(d"* + e*r2f'?)).

(—e?r*(v*2 + 8aA)

(B1)

Substituting the above expression for W (as well as its
derivative) back into (24) and (25) and keeping (23) the
same yields three equations of motion that have no
dependence on the function B. The three full equations are
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220t + e r(rv*A + 8raA + 4aA’) + 2e* f2(n® — r*v*A — 2na + a® + 2réA’)
+ 2A(a"” 4 e*r*(1 + 88) f?) + 8e*rEf (rA'f + 2A(f + rf”)) = 0,

=2r20f3 = 2f(n® = rPv®A = 2na + a* + 2réA’) + r(rA'f + 2A(f + rf"))
1

TR A(at & T 2 )

+e*(2(n* = rPv* A = 2na + a®) f* + rPAft + 16rEAf ' = 217 Af))?)

(Ef(e*r*(v*2 + 8aA) — 2Aa”

.
i AT g 2P
+ €2(2(n* = rPv*A = 2na + a®) f* + rPAf* + 16rEASf = 27 Af?))
— EAf (a+Ef(f +2rf"))(er? (v*2 + 8aA) - 2Aa”

+e2(2(n* = r?v?A = 2na + a®) f2 + rPAf* + 16rEAf ' — 2r7Af"?))

(262§fA’(a + EF(f +2rf")(e?r?(v*2 + 8al) — 2Aa’

+},§f<—€ (P2(v* 2+ 8al) + 2(n? — r?v?*A —2na + a®) f> + r*Af*)

(PPAf* 4+ r(rv*A + 8raA + 4aA’) + 22 (n* — r*v?A — 2na + a* + 2réA’) + 8r*EfA'f)
— 42 A(=2e* P AEf° — r(v* A + 8aA ) (a + e*(2a + (1 = 2£) 7))

—rf*(4e*é(—n + a)d’ + ria”? + e*rA(2(a — 20%&) + r2(1 + 6¢) f%))

—=2f2(2e*ra(—n + a)d' + (n* — r*v®1 = 2na + a*)d? + e*r*(=2v%al + v*A¢ + 8aAé
+ (14 28)(n® = r*v*A = 2na + a®) %)) + 2> AEF (2f" + rf")

+2e2rf(2(=n’a + r*(v*ad + 20 A& + 16aAE) + a(2n — a)a)f' + r*(v*2 + 8aN)Ef")
+ 4 rf3(—(=5n¢ + rPA(a + 3v*¢) + 56(2n — a)a + 2ré(—n + a)ad') f!

+rE(n® — r*v*A = 2na + a®)f")) — 4A? (a’4 — 16e*réf (a + EF2) f
+aetra(a+Ef(f +2rf"))a" = 2e2ra”(r(=1 +28)f + 25f (6f' + r/"))

T EP(16rE £+ P(1 =401 — 165f (a + EF)f"

+4r(a+§f2)f’f”+4f’2(a—4a§+§f(f+20§f+rzf”)))))) =0,

a/
2¢%r(n —a)f? = 2Ad + rd'A' + 2rAd" + —e2r2(v* A + 8aA
( ) 462(a+§f2+2”§ff/)( ( )

—2¢2 (n — 22 = 2na—|—a )f e2r2/1f4—16e2r§Aff’—|—2A(a’2—|—e2r2f’2)) -0

The above three equations are those we solve numerically.
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