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We extend the method of adiabatic regularization by introducing an arbitrary parameter y for a scalar
field with quartic self-coupling in a Friedmann-Lemaitre-Robertson-Walker spacetime at one-loop order.
The subtraction terms constructed from this extended version allow us to define a preferred vacuum state at
a fixed time #n = 5, for this theory. We compute this vacuum state for two commonly used background
fields in cosmology, specially in the context of preheating. We also give a possible prescription for an

adequate value for .
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I. INTRODUCTION

The construction of a theory of quantum fields propa-
gating in curved spacetimes has been a very fruitful
endeavor both in its theoretical-mathematical formulation
and in its astrophysical and cosmological applications [ 1-7].
One of the main lessons we have learned so far is that the
traditional concepts in flat spacetime of a preferred vacuum
state and normal ordering are not to be taken for granted
anymore. In this context, the construction of the expectation
value of the stress-energy tensor is highly nontrivial.
Accordingly, it is necessary to construct this magnitude
consistently, not only to determine the local energy, momen-
tum, and stress properties of the quantized field but also
because it plays a crucial role in the semiclassical Einstein
equations, which describe the backreaction of the quantum
field on the spacetime geometry. In the case of a cosmo-
logical spacetime, we can perform a Fourier transformation
on the fields and carry out a mode sum expansion. The
relative simplicity of the equations and the construction of
the stress-energy tensor in this description has been fruitful
not only for cosmological applications but also for con-
ceptual understanding of quantum properties in nonflat
spacetimes [1,2,5,6,8].

A well-known difficulty in the construction of the
vacuum expectation value (vev) of the stress-energy tensor
is the presence of UV divergences, where normal ordering
is not applicable anymore. Many methods, known as
regularization and renormalization, have been developed
to overcome these infinities and produce finite physical
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results [1-3,5,9—12]. In the case of a Friedman-Lemaitre-
Robertson-Walker (FLRW) spacetime, adiabatic regulari-
zation constructs the subtraction terms in such a way that
they include all possible divergences of the stress-energy
tensor while maintaining the mode sum description and
therefore preserving its computational efficiency [8,13].
Even though the spacetime geometry is fixed to be FLRW,
it is important to stress that this regularization method is
equivalent to more general methods such as the DeWitt-
Schwinger asymptotic expansion when restricting to an
homogeneous and isotropic geometry [14,15] (see also
Ref. [16]). Adiabatic regularization has been successfully
extended to spin—% fields [17] and to classical scalar and
electromagnetic background fields [18,19].

In general, there exists an arbitrariness in the construc-
tion of a regularization and renormalization program. For
example, in dimensional regularization, this arbitrariness is
usually encoded in a mass parameter u [20,21]. Of course,
there is no harm in this ambiguity since the difference
between two different values for x4 can always be reab-
sorbed into the renormalized coupling constants. A change
in the renormalization point y corresponds to a change in
the renormalized coupling constants. In flat spacetime, this
change or running of the coupling constants has been
proven to be very fruitful, for example, to analyze the
behavior of gauge theories in a high-energy limit or to
construct effective potentials for the quantized fields [22].

In curved spacetime, there also exists an arbitrariness
when constructing the subtraction terms. For example,
for a free massive scalar field in a four-dimensional
curved spacetime, the possible difference between two
stress-energy tensors with different renormalization schemes
yields [3]

© 2022 American Physical Society
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<Tab>ren - <Tab>ren = Aagap + bGab + CHEI};) + dHElb)’ (1)
where G, is the Einstein tensor and H (alb) and H ﬁ) are tensors
constructed from higher-order curvature terms. In the case of
adiabatic regularization, it has been shown that one possibil-
ity is to encode this arbitrariness into a mass scale y, similar

to the dimensional regularization analog, by upgrading
0)

the leading order of the adiabatic expansion from o

K>+ a*m?>to @) = \/k* + a*u?, where m is the physical
mass of the field [23]. The consequences of this extended
adiabatic regularization method have been recently studied
in Refs. [24,25] in the context of the Running Vacuum Model
and the cosmological constant problem. In this paper, we
generalize this extended adiabatic regularization method
for the case of an interacting A¢* theory in an expanding
universe. Note that the standard subtraction terms con-
structed via adiabatic regularization [13] can be regarded
as a particular scheme, i.e., y*> = m?.

Another difficulty in quantum field theory in curved
spacetimes is the absence of a preferred vacuum state, even
in the case of isotropic and homogeneous spacetimes.
Indeed, any state that is Hadamard or adiabatic for
cosmological spacetimes is equally suitable for the defi-
nition of a vacuum state [2,3]. Therefore, to select an
adequate vacuum state, additional requirements need to
be considered, e.g., taking advantage of the emergent
conformal symmetry near the big bang in a radiation-
dominated universe [26]. For general FLRW spacetimes, a
recent method to select an adequate vacuum state was
proposed in Ref. [27] for the case of a free linear scalar
field. This vacuum state verified the necessary restrictions
by requiring that the mode expansion of the regularized
stress-energy tensor vanish mode by mode at a given time
n = no. It was also proven that this condition is sufficient to
uniquely determine the vacuum state for several relevant
backgrounds in cosmology.

An interesting question is whether this requirement can
be imposed into an interacting theory, e.g., a scalar field
with an A¢* potential. This question is of special impor-
tance since it is well known that scalar fields with a
potential play an essential role in the dynamics of the
early stages of the Universe [28]. Furthermore, to quantify
the possible quantum production of particles due to the
scalar background field [29], we need to be able to both
construct a regularize stress-energy tensor and select a
preferred vacuum state. As we will show in this work, the
above-mentioned requirement for the regularized stress-
energy tensor via standard adiabatic regularization fails to
produce well-defined modes for physical models of infla-
tion and reheating.

Since this vacuum state is constructed from the sub-
traction terms of adiabatic regularization, different schemes
can result in different vacuum states. In the case of the
extended version of adiabatic regularization [23], each
possible value for x4 will produce a different vacuum state.

We will show that there is always the possibility to choose a
specific value of y such that there exist modes of the
vacuum state that have vanishing stress-energy tensor
mode by mode at a given time # = #,. This is a generali-
zation of the results in Ref. [27], since it is a particular case
fory =m and 4 = 0.

The paper is organized as follows. In Sec. II, we
introduce the model that we use through the rest of the
paper. We also give the formal expressions of some relevant
quantities, such as the energy density or the pressure. In
Sec. I, we introduce the pu-extended version of the
adiabatic regularization method when including scalar
background fields. We also give the renormalized vacuum
expectation values of the main observables of the theory. In
Sec. IV, we introduce an upgraded version of the instanta-
neous vacuum proposed in Ref. [27] including scalar
background fields and for an arbitrary . For the Ag*
potential in a FLRW universe, we deeply study the region
of validity of our instantaneous vacuum and its dependence
on the u parameter. Finally, in Sec. V, we will reanalyze
the validity of the instantaneous vacuum as a function of y
for the potential 1 g?¢>X?, that is, for a daughter field X
coupled with the usual inflaton field ¢. In Sec. VI, we give
some concluding remarks.

II. SCALAR FIELD IN A FLRW SPACETIME

Consider the action of a scalar field ¢, nonminimally
coupled to the curvature

S¢[¢’ g/w} = %/d4x\/:_§
< (000,60 - @R+ )= 50%). @)

Here, m?, A, and & are the bare mass, quartic coupling, and
scalar curvature coupling, respectively. The associated
Klein-Gordon equation for the scalar field is

(O+ER+m? + 1¢*)¢p = 0, (3)

and the corresponding stress-energy tensor reads
! c m o, Ao
Tup = ViVt — Egabv PV + g 74’ + 145

1
- §<Ruh - ERgub> ¢2 + f(gahvcch&z - vuvh¢2)‘
(4)

It is useful to break the field into its mean field ¢ = (¢)
and the fluctuation field d¢ as ¢ = ¢ + 6¢. Following
Refs. [30,31] and truncating at one-loop order, the
equations of motion become
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(O + ER + m? + Ad* + 34(5¢*))p = 0,
(O + ER + m* + 329%)5¢p = 0, (5)

where (5¢?) = (0|6¢?|0) is the vacuum expectation value
of the fluctuating field. The same equations can be obtained
by making use of the 1/N approximation (see Ref. [6] for a
detailed explanation). The semiclassical Einstein equation
at one-loop order is

<8”G)_1Gab + Agab =+ a(1>Hab +/}(2)H

= Tab(g;s) + <Tab>' (6)

T () is the stress-energy tensor (4) for ¢, and (T,;,) =
(0|T,5|0) is the vacuum expectation value of the stress-
energy tensor of a free field with effective square mass
Q = m? + 31¢?. Both (5¢*) and (T,,) are divergent and
need to be regularized and renormalized by adding the
corresponding counterterms. The A¢* theory can be renor-
malized in general curved spacetime [32,33]. The renorm-
alization involves shifting the bare coupling constants of (2)
to their renormalized, finite analogs. For example, in
dimensional regularization, the relation between the bare
couplings and the renormalized ones is

) 3g )

2 — —
=R TS — )R ™
L1 3 (1
¢ 6 Sk~ 6 8r’(n-—4) ((:R 6) (8)
_ 9
P= =g ©)

while the renormalized semiclassical equations are [6,34]

(D + §RR + mzR + ﬂRQ_’)Z + AR<5¢2>ren)§_b = Ov
(O + &R + m3 + 3g?)¢p = 0. (10)

(87GR)'Gup + ARYup + alg)Hab +/}§22)Hah
= (Tab(és) =+ <Tab>ren)' (11)

From now on, we drop the g index for simplicity; i.e., all
the couplings constants appearing into the computations are
the finite renormalized couplings. In the next section,
we show how to construct the finite magnitudes (5¢?)
and (7 gp) ren-

In the case of a flat FLRW metric ds? =a(n)*(dp’—di?),
where 7 is the conformal time, we can assume ¢ = (1)
and express the quantum fluctuations as

ren

1

TN =5, / P K[Aghe(n)e™ + ALhz(n)e=%). (12)

By choosing the normalization conditions h,;hli;’ -
ia? and hl}.h/—lz - hi{’/h_g
be interpreted as the usual creation and annihilation
operators. At this point, we can define the vacuum state
|0) as the state annihilated by the operator A;. The modes /;
follow the equation of motion

hE’hz =

= 0, the operators A; and Al can
k

" a / 2 2 a’
h; +25h1§+<k +a Q+6fz>h§—0, (13)

where here again Q = m? + 31¢>. We note that the
expected invariance under rotations requires that the modes

h; depend only on k = |k|. Therefore, from now on, we
drop the vector k and write k = |k|. In an isotropic and
homogeneous spacetime, the vacuum expectation value of
the stress-energy tensor can be decomposed in terms of

(Tap) = =gan(p) + ({P) + (P))uquty, (14)

where u“ is the unit vector normal to the homogeneous and
isotropic hypersurface. In terms of mode function of (12),
the components of (14) become

— 1 3
)= G [ i)

1 Pk
— e e (IW (R + @)l

+6§< ;\hk| +— (hkh’*—l—h*h’))) (15)

(P) = s / Pk(py)

1 &k K2
— a7t | e (WP = (5 + 00 hep

a a

" 2
(2= 120 ) P
(2= 1205 % ) nd
/
+2§< (hh's + L) = 2|1 2

+ (2K + 2Qa2)|hk|2>). (16)

As we have already stressed, both of these quantities
diverge. In the next section, we will use adiabatic
regularization to construct finite energy density (15) and
pressure (16).

The specific splitting in (12) is arbitrary. In Minkowski
spacetime, we can use the additional symmetries to make
a particular choice of this splitting (i.e., positive- and
negative-frequency solutions), selecting a particular
vacuum state. However, in general, even for FLRW space-
times, we cannot select a preferred vacuum state. A useful
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guide to determining a subclass of preferred vacuum states
in cosmological backgrounds is to impose the adiabatic
condition, namely, in the limit £ — oo, the mode functions
should behave as [27]

()] = [B7](1 + O(k™<)),

| ()] = |0,k |(1 + O(k™<)). (17)
where
s y(n) 5 g
A" = g W) e TV (18)

with W,(C") =w;+o? +-- -+ " and € > 0. The form
of this expansion will be explicitly constructed in the next
section. These states allow us to build the finite stress-
energy tensor and two-point function if n =4 after
renormalization. We can check that our instantaneous
vacuum state for a given 7, is of adiabatic order 4.
Therefore, the solution constructed from this condition
will be also of adiabatic order 4 for any time 7. Note that the
extension of the adiabatic expansion for a free scalar field to
the case under consideration is straightforward, with an
effective time-dependent mass m2; = Q.

III. ADIABATIC REGULARIZATION

We briefly introduce how to perform adiabatic regulari-
zation (for a more extended description, see Refs. [1,5]).
First, we introduce the Wentzel-Kramers-Brillouin (WKB)
ansatz

iy~ [ W (19)
a 2Wk

into the equations of motion (13), which results in (we drop
the subindex k for convenience)

"

W‘/zj;w-lﬂ + (kK +a’Q) + (65 - 1)% =W

We want to obtain an (adiabatic) expansion of W = o©) +
o) + w? + ... where each term w™) has a fixed adiabatic
order n. To this end, it becomes necessary to give a
prescription of the adiabatic order for each time-dependent
parameter. In the case of the scale factor a(n), which is of
adiabatic order 0, each derivative gives rise to an extra
adiabatic order [5]. The case of Q is more subtle. A first
possibility is to assume Q of adiabatic order zero. This is
the standard procedure for the free field case when Q = m?
is a constant [5]. However, if Q is not constant, e.g., for a
polynomial type potential V «¢” with n>2 with Q x¢" 2,
then the adiabatic order-0 assignation is no longer valid.
In Ref. [31], for the special case of n = 4, it was found that
the consistent adiabatic order for Q is order 2 (see also

Ref. [18]). Therefore, it is reasonable to choose Q of
adiabatic order 2.

In this case, we need to introduce an additional parameter
#? to avoid infrared divergences. This is equivalent to the
infrared divergences appearing in the massless case for free
fields [5,23]. We follow the approach used in Ref. [23].
Equation (20) is modified as follows:

d?
W]/zd_nzW—l/er(szrazﬂz)

"

F(@?0-ad) + (66— =wr (21)
a

Here, (k* + a’u*)=:@” is assumed of adiabatic order 0,

while (a’Q —a*u?) + (66— 1)< = is assumed of

adiabatic order 2." We can solve (20) iteratively, which

results in

1 d’ 1
C()(O) = w, a)(z) :Ea)_l/zd—nza)_l/z—f—iw_lo' (22)
o® — lw(z)w—3/2£w—1/2 _lw—l(w(Q))2
dn? 2
1 d?
12 (2@, )
307 g0 23)

We only need to compute up to adiabatic order 4 since the
subtractions for the stress-energy tensor are required only
up to this order. For the renormalized two-point function,
we obtain

(6 = / P2 - 00 -0, (24)

1
(27)*

where

PO /d3k L
(2r)3 2d%w
—1 3 a)(z)
P / et (25)

The two-point function needs only to be subtracted up to
adiabatic order 2 since the fourth adiabatic order is already
finite. In the case of the stress-energy tensor, we need to
subtract up to adiabatic order 4,

o2 —

0 2 4
<Tab>ren = <Tab> - T(ab> - szb) - szb)’ (26)

'Note that an alternative is to consider only the 4 in the first
parenthesis of (21) and then take, at the end of the calculation,
u> — 0. We do not follow this approach here for practical
purposes, as we will see in the next section.
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and in terms of the individual components (14)

D)ren = (2;)3 / Pl — C,(u. ko),
(Phrn = ﬁ / P(pe) = Cpl k). 27)

The subtractions for each component C, and C, can be
found in the Appendix.

A. p-invariance of the renormalized
semiclassical equations

It is important to check whether the introduction of y
does not generate additional counterterms into the renor-
malized semiclassical equations (10) and (11). There are
different ways of proving this. One option is to compute the
difference between two stress-energy tensors, obtained via
adiabatic regularization with two different prescriptions y;
and u,. This was done in Ref. [23] for the case of a scalar
field with an electromagnetic field. Here, we follow a
different approach. We take the stress-energy tensor renor-
malized with a general prescription p and perform the
derivative with respect to this parameter. It is easy to check
that, at one-loop approximation, this magnitude gives a
finite quantity,

d

1
H ﬁ <Tab>ren = agup + b <‘§ - g) Gab

1\ 2
+c <§ - 6) (I)Hab + Sabv (28)

where a, b, and c are functions of y? and S, is defined as

B 1
@ = 1612

(1= 69)(9uV°V.0 vavb@). (29)

1
N (‘5 Q%up + 12 Qg + (66 = 1)0G,,

For our particular case Q = m? + 3A¢?, all terms appearing
in (28) are already present in the renormalized semiclassical
equations (10) and (11). Therefore, any possible difference
between the reparametrization of an initial prescription of
the subtraction terms y = y; into another y = u, can always
be reabsorbed by reparametrizing the coupling constants of
the renormalized semiclassical equations (10) and (11).
By requiring p independence of the semiclassical equa-
tions (10) and (11), the renormalization of the coupling
constant generates an effective dependence on the y scale.
In theories where we can assign a physical interpretation to
w1 as an energy scale, one can study the behavior of the
couplings and, therefore, of the theory at some extreme
high- or low-energy regime. This lies at the heart of the
effective field theory approach or the asymptotic free

theories [35-37]. Some attempts have been carried out
to study this possible scale dependence in general curved
spacetime [7,38,39] and for the expansion of the Universe
[40,41]. Nevertheless, the possible interpretations in this
context are still not completely understood. Here, we will
carry on a different approach. We will fix the arbitrary
parameter p = p, in order to obtain the semiclassical
equations (10) and (11) with fixed coupling constants,
which would be determined by observations. Therefore,
once we have fixed the corresponding value of u,,
the renormalized couplings constants will not change.
We recall that in our approach we only rely on the well-
known result that we can always give different prescrip-
tions on how to construct regularized magnitudes, in this
case, encoded in the arbitrary selection of x. We do not need
to give any physical meaning to the value of p.

In the next section, we obtain a vacuum state that
produces vanishing renormalized vacuum expectation val-
ues of the pressure and the density (27) mode by mode at a
given time 7. Since the subtraction terms C, and C,, will
be prescribed with = p,,, the terms (p;),e, and (py) e, Will
also inherit a dependence of u,. It is important to note that
once this parameter has been fixed it cannot be arbitrarily
changed in future calculations without changing the cou-
pling constants accordingly.

We use this dependence with y, to construct a well-
defined vacuum state. We show that only a subclass of
values of y > p;,, Where p,;, depends on the configura-
tion of the classical fields, are valid to construct a well-
defined vacuum state.. Nonetheless, it is always possible to
construct it for interesting physical scenarios.

IV. INSTANTANEOUS VACUUM FOR THE
MINIMAL COUPLED SCALAR FIELD

To construct the vacuum state, we follow the same
approach as in Ref. [27] for the case of a minimally coupled
scalar field. It can be done as follows. To choose a vacuum
at n =1, implies choosing a particular set of initial
conditions {h;(ny), h,(1o)}. In this context, they can be
conveniently parametrized as

hi(no) =

1
a(no)v/2Wr (o)

1, (1) = (—iWk(ﬂo) + ng?()) - 6611/((:17(?))

To ensure that the solutions are normalized, both W, and V;,
have to be real, and W, has to be also positive for all k.
Comparing (30) with (17), we can easily translate the
adiabatic condition into a condition for the initial values
W (170) and V(o). For large k, they should behave as”

)hkmo). (30)

2 .
Here, we use W for the instantaneous vacuum and not for the

adiabatic expansion. W* refers to the adiabatic expansion up to
adiabatic order 4.

065015-5



ANTONIO FERREIRO and SILVIA PLA

PHYS. REV. D 106, 065015 (2022)

Wi(no) = W& (g) + O(k=+°),

9, W
Vk(”O) = 1‘14/(4) + O(k_4_€)' (31)

Mo

However, as we have already pointed out, this requirement
is not enough to select a unique expression for the modes
(30). For this reason, we impose the condition that the

|

2k +30(n9)a(n)?

stress-energy tensor vanishes, mode by mode, after renorm-
alization [27], such that [see (27)]

<Pk>(’70) = Cp(/’l*’ k, ’10),
<Pk>(770) = Cp(:“*? k, ’10)- (32)

Inserting the ansatz (30) into the mode expansion (15) and
(16), we can solve (32) for W, and V,, arriving at

WAI0) = G0 (Cy ko) = Colie o)) &
Ve ) = 28D\ = 42 = a0 Q00 + (), o) W) (34)

It can be argued [27] that V;;r)(no) is the appropriated

solution in expanding cosmologies, while V(_)(ﬂo) has to
be used in the contracting case. This is required to obtain a
large-k expansion for the modes compatible with the
adiabatic regularity condition. We remark that, since the
C, and C, are built from the adiabatic subtractions,
the asymptotic condition (31) is automatically satisfied
after resolving this sign ambiguity. Although we have been
able to solve (32) algebraically, the consistency of the
solutions is not ensured. As stressed above, these solutions
will be consistent if and only if W(5o) and V() are
finite and real and W;(r,) is also positive. The condition
for V,(ny) translates to

00 > 1) = —Wi(19)* — k2 — a(10)*Q(no)
+ 4a(no)*C,(u.. k.no)Wi(o) 2 0. (35)

Both expressions r;, and W; depend on the expansion
parameter a(n) and Q(n) evaluated at n = 7, and its four
and two first time derivatives, respectively, and on k and p.,
so in general, it is not trivial to ensure that these conditions
are satisfied.

For instance, take the case of a free field, Q = m?. In
Ref. [27], it was proven that for the standard adiabatic
regularization prescription (4, = m) the conditions are
indeed satisfied for some physically motivated cosmologi-
cal models. However, in the case of a time-dependent
effective mass, e.g., Q = m? + 32(}52, this particular pre-
scription is no longer valid. This can be seen in Fig. 1, in
which we have represented the magnitudes W, and r; for
the case of A¢p> = ¢2 cos? [m(n —ny)] withm = 107+ ¢, =
107! in natural Planck units at # = 7, in the Minkowski
limit. There is a minimum value of the parameter y, = pnyn
that allows having both positive r; (1) and W (1) for all k,
but it is a higher value than the standard adiabatic
regularization presupposes u, = m.

|

A natural question that arises is whether we can find
always a u, big enough to make both magnitudes positive
irrespective of the possible values of Q and a and its
derivatives. The answer is affirmative since the behavior
for large yu, is

W) = (<912 + 3lrn) ) ' + O

rlng) = 5 (02 + 3a2(mo)m2(m) + 0. (36)

Note that for k — oo the positiveness of both magnitudes is
always ensured. This is because, for k — oo, the modes
behave like the adiabatic expansion, as required by the
adiabatic or Hadamard condition. Nevertheless, there are
two disadvantages of this procedure. First, there is not a
unique value for y, such that both conditions hold. Second,
even if we choose the minimum value that guarantees these
conditions, there is not a simple analytical value of p;,
which makes the potential physical interpretation of the

0.10f] 1.0/

0.08]] 0.8
0.06] 0.6
1 B4
0.04} 0.4
0.02| 0.2
0.00 i 0.0
0.00 0.02 0.04 0.06 0.08 0.10 00 05 10 15 20
K
FIG. 1. 'We have plotted the value of W (left) and r; (right) for

different values of k and u, in the case of Q = m?+
3¢? cos? [m(n —no)] with m = 1074, ¢, = 107!, and a(n) = 1
in natural Planck units. The colored patches are the regions where
W, >0 (left) and r; >0 (right), while the blank regions
correspond to negative values of these functions.
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scale complicated. We will show how to compute p;, in
two physically motivated physical models.

A. Example: Massless scalar field with a quartic
potential during preheating phase

A typical case commonly used to describe the production
of particles during the preheating phase is a massless scalar
field, falling down the potential A¢* [28], i.e., Q = 31¢°.
Under some physically motivated approximations, during
the first oscillations, the expanding parameter and the
classical scalar field take the form (see Refs. [42-44])

a(z)—a*<1+Ha’;:l*z>, @(z)—cd(\%,—l). (37)

Here, we have defined a convenient change of variables,

¢ — p=ap:'¢p. (38)

where a, and ¢, are the values of the expanding param-
eter and background scalar field at the initial time z = 0,
respectively, and H, = H(z = 0) is the Hubble parameter
at the initial time. Under this configuration, and in order to
construct the instantaneous vacuum, the only free para-
meters are H , u., ¢, and k. Furthermore, since we are only
interested in the sign of expressions (33) and (35), we can
rescale both expressions, W, = W, = w;'W, and r;, —
7, = w32ry, such that they only depend on H, = w;'H,,
ji, = o7'u,,and k = w;'k. InFig. 2, we plot both W, and 7,
for different values of x and ji,, and for H, = 0.69w,, which
is the physical value obtained by solving the coupled
inflaton and scale factor equations numerically at the end
of the inflationary phase [43]. We see again that the
condition (35) imposes a minimum value of y,, for which
the condition of (33) is automatically satisfied.

There are several comments in order. First, we have
checked that a similar consistent result is obtained for a
variety of values for H,, namely, that there is always a
minimum value for y, that satisfies both the conditions (33)
and (35). Second, we have also checked that this result is
independent of the vanishing value of ¢’. This can be seen

n—z:=A"2¢.n=w.n,

20 20

00 o ; 5 2 o 0

————
18 18
16 16
e 14 .14
i3
12 12
10 10
0.8 0.8
0 05 10 15 2
K

FIG. 2. We plot the quantities W, (left) and 7, (right) for
H, = 0.690, at z; = 0. The x axis is «, and the y axis is y,. The
colored patches are the regions where W, > 0 (left) and 7, > 0
(right), while the blank regions correspond to negative values of
these functions.

in Fig. 3, in which we have plotted the same expressions as
in Fig. 2 but for z = 0.5 where both » and @ have a
nonvanishing value. This result confirms the robustness of
this method.

Finally, it is tempting to associate the minimum value for
i, in Fig. 2 with some combination of physical values. Let
us take a closer look at this particular case. The equation of
motion of /; in terms of the new variables (38) takes the
form

62
072

+ (K2+3q'02(z)+(6§—1)

(a(2)/u(2))

a(z)”

a(z)

For our specific case (37), the term involving the time
derivative of the expanding parameter vanishes for all z.
The only physical relevant scale would be then @(z). In this
case, the most clear assignation would be fi, ~ @(z).
However, since we have constructed the vacuum state from
the modes from the stress-energy tensor, additional time
derivatives appear, and therefore both W, and r, will also
depend on H.,. A possible combination of both magnitudes
to generate this minimum value would be rather unnatural.
Since it is not possible to find a trivial expression for the
minimum value of u,,,, there is still freedom of choosing
any other y,, > ;.. To decide which value is the optimal, it
is useful to construct the remainder magnitude appearing in
the semiclassical equations, i.e., the renormalized two-
point function at 7,

)<a<z>hk<z>> 0. (39)

1

22 Wil (o) =@ (1) — @@ (1)

1
<5¢2>ren(’70) _2—”2/dkk2

w3
E4a2”2/SKdK', (40)

where ®©) and ®? are defined in (25). Here, s, only
depends on H., k, and .. In Fig. 4, we plot s, for several

2.0 2.0
1.8 1.8 /
1.6 1.6
43 g5
1.2 1.2
1.0 1.0
0.8 0.8
00 05 10 15 20 00 05 10 15 20
K K
FIG. 3. We plot the quantities W, (left) and 7, (right) for

H, = 0.69w, at 75 = 0.5. The x axis is k, and the y axis is y,. The
colored patches are the regions where W, > 0 (left) and 7, > 0
(right), while the blank regions correspond to negative values of
these functions.
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permitted values of fi, and H, =0.69. We see that
if we increase the value of u,, the fluctuations at this
initial time also increase. The initial value of the two-
point function is very important since it enters expli-
citly into the semiclassical equations for the classical scalar
field

7"+ @ + (34a* (5¢*)1en)@ = 0. (41)

In the next section, we will see how the minimum value
of p, can prevent the backreaction from being very strong
at the initial time, a desirable feature when computing
the quantum fluctuations and the backreaction during
preheating.

V. INSTANTANEOUS VACUUM
FOR A DAUGHTER FIELD WITH
A QUADRATIC POTENTIAL

Another widely used model in the context of preheating
consists of a massless quantum scalar field X (the daughter
field) coupled to the classical massive scalar inflaton field
via $?¢?X?. It is easy to check that the quantization is
equivalent to the one carried out in Sec. II. The quantized
field X can be expanded in terms of modes 4, as in (12) but
now obeys equation (13) with Q = g>¢?*(5) (for a more
detailed description, see, for example, Ref. [31]). We can
also compute the two-point function, the energy density
and the pressure using the formulas given in Egs. (24), (15)
and (16), respectively. In this context, it is convenient to
introduce the natural variables

n
n—)z::/ a)*a(n’)dﬂ/, ¢_)§0::a3/2¢;1¢’

Mo
hk > XK= a3/2¢;lhk, (42)

with w, = m. With these changes, the equation for the
daughter field modes y; becomes (assuming & = 0)

2
i+ (A + % + Q*))(k =0, (43)

/ " 242 _
where k=w7 'k, Az) = =3 (%)’ - 34, and 0, = L=

ga—3@* together with the Wronskian condition yr} —
X, = i¢72w;".” The equation for the background, ignor-
ing backreaction effects, reads

|

< 2a(z9) k> +30,(z0)

0.4
0.3 — e = 17w,
Sk 0.2 | — = 2.5w,
— ps = 3.0w,
0.1 — e = 4.0w,
— ps = 5.0w,
0.0F;

FIG. 4. Value of s, defined in (40) for different values of x, and
H, =0.69.

P"+ (A(z)+ 1)p =0. (44)

Ignoring the backreaction of the daughter field at this
point (we will come to this issue later on), we can solve the
semiclassical equations during the first oscillations around
the potential and obtain [43,44]

a(z) = (1 +%%z> 2/3, @ =cos(z), (45)

*

which leads to A = 0. Here, we have fixed the initial
conditions @(0) =1 and ¢'(0) = 0.

Again, the vev of the stress-energy tensor and the two-
point function of the quantized field X diverge, and
adiabatic regularization can be used to obtain finite results.
We will not repeat the process again since it is straightfor-
ward using the method explained in Sec. III, by fixing
0 = ¢*¢*, m = 0, and & = 0. The subtraction terms can be
found in the Appendix.

In this context, the instantaneous vacuum for the
daughter field can be defined exactly as before (30) and
conveniently reexpressed in terms of the new variables
introduced in (42). We can also scale the frequency as

o—o=a'o'o=\/K?a>+ 2 where fi, = w;'u,.
Therefore, the rescaled functions W, =a 'w;'W,,
Vi=a'o7'V,, and 7, = a2w;’r, depend only on g,
K, fi,, and H, = w;'H,,

Wi(z) =

6(1(20)30);1 (Cp(ﬁ*9 K, ZO) - Cp(ﬁ*’ K, ZO)) ’

(46)

2d (Z()

Vii) (z0) = a(z0)

Here, the prime refers to the derivative with respect to z.

) + \/—V~Vk(’70)2 — a(z9) 7k = Q.(20) + 4a(z0) ' C, (fi... k. 20) Wi(20)- (47)
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We aim to explore the values of ji, for which the
instantaneous vacuum is well defined, i.e., Wk > (0 and
7, > 0. For this example, we will only focus on 7, since it
can be checked that for all the studied cases the condition
on 7, is more restrictive than the one imposed on W,.
The value of H, can be computed by solving Einstein’s
equations during the first oscillations of the scalar field and
yields H, = 0.5 [43]. In Fig. 5, we represent 7, for different
values of x and ji,. We have repeated the analysis for
different values of g.

As in the A¢* model, not all values of y, are allowed for
constructing the modes of the instantaneous vacuum
consistently. In Fig. 5, we also see that the minimum value
required iS fipi, ~/q. However, we note that in this
example the choice ji, = ,/q does not satisfy the require-
ment 7, > 0. That is, fi;, should be greater (although
sometimes it is very close) than ,/q. In general, it will be
a nontrivial combination of the parameters g and H,.
However, as we noted in the case of A¢*, increasing the
value of y, increases the value of (X?),., for the instanta-
neous vacuum state at n = 7. As we will see, this can have
dramatic consequences in the backreaction to the classical
scalar field, and the choice of a consistent value of y, has to
be done carefully.

A. Backreaction effects

For simplicity let us restrict to Minkowski spacetime.
The equation of motion for the background field ¢
including backreaction effects is

2.0

1.8%
. 1.4L/

o
-
5}
N
o
w
<}
I
o
o

50 100 150 200
K K

FIG.5. We plot the quantity 7, for g = 1, ¢ = 10 (first row) and
g = 10% and ¢ = 10* (second row). The value of H, is fixed to be
H, =0.5. The colored patches are the regions where 7, > 0,
while the blank regions correspond to negative values of this
function.

7"+ (14 ¢ (x*)en)@ = 0, (48)

where (x?),., is the renormalized two-point function for the
daughter field (X?),., [see Eq. (24)] in terms of the rescaled
variables, which at z = 0 for the instantaneous vacuum (30)
becomes

5 — _ o dPx
(X0)ren = (3(2 — q95)* + 2995 + 2905 / (2r)3 S
1 i 7 7 =~ = ~ —
= (307 = 428 + 2476 + 20507017 4. ).
(49)
where §, = % and (g, @), and @) refer to the

initial values of the background @(z) and its two first
derivatives, respectively. From the expression above and
using (48), we find

2 ~ - -
VLB - q})? + 2408
Py = — 7 5 Po- (50)
1+ 51995

To quantify the backreaction of the produced quantum
fluctuations during a finite amount of time, e.g., during the
first oscillations of the background scalar field of the
preheating phase, it is necessary to ensure that the quantum
fluctuations are not very large at the initial time, such that
the classical solutions (45) are valid. This is, in general, not
an easy problem since, for possible physical values of
the couplings and the scalar field, the backreaction effects
can become very large at initial times. For example, in
Ref. [31], a possible vacuum state was proposed, and the
two-point function (x?),., was calculated. It is not difficult
to check that this vacuum state can be recovered from the
instantaneous vacuum by choosing u? = g¢3. In this case,
it was proven that possible values of g can produce a large
value of quantum fluctuations, and therefore only certain
values are optimal to study the backreaction effect.

In the case of the instantaneous vacuum, this issue can be
overcome, and we can construct a vacuum state that has
small fluctuations, given any possible values of g and ¢. To
see this, we assume the initial conditions @y = 1 and
@, = 0. In this case, the initial backreaction contribution
can be completely suppressed (i.e., ¢ = —1) by fixing

i =q+1/5v4 (51)

On the other hand, it can be easily shown that as long as i,
starts to increase the backreaction effects grow without
bound for arbitrarily large values of ji,. In fact, the
asymptotic behavior of ¢ for large j, is (50)
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ol = - i+ 0(,). (52)

We conclude that ji, has to be large enough to ensure
W, > 0and #, > 0 but small enough to minimize the initial
backreaction effects.

VI. CONCLUSIONS

In this work, we have generalized the extended adiabatic
regularization to an interacting A¢* theory at one-loop
order. This extended version includes an arbitrary mass
parameter p. We have used this arbitrariness to consistently
construct a natural instantaneous vacuum state, requiring
that the stress-energy tensor vanishes mode by mode. An
important result is that not all values of y are admissible to
construct this vacuum state.

We have constructed the vacuum state for two well-
known models in cosmology, in particular during the
preheating stage after the inflationary period, namely, the
massless A¢* and the daughter field coupled to a massive
scalar field with quadratic potential. A significant result is
that we can tune the value of y such that the initial
fluctuations encoded in (5¢?),., are not too strong, a
feature highly desirable for computing the backreaction
of the produced quanta during the preheating phase.

Finally, we would like to comment on another interesting
advantage of the instantaneous vacuum. Assume we have
constructed a solution for the quantized scalar field, e.g.,
the daughter field described in Sec. V, in terms of the modes
hi(n) imposing the instantaneous vacuum condition (32) at
some initial time 775. We can always construct another mode
sum expansion for the scalar field in terms of ﬁk(n) which
satisfies (32) at a different time 7. Both solutions are
related in the following way:

hi(n) = aghi(n) + Bihi (), (53)

hi(n) = aphi(n) + By (n). (54)

where a;, and f; are time-independent coefficients, nor-
malized as | |> — |Bi]> = 1 (see, for example, Ref. [45]).
Note that the existence of 7, will depend on the value p,
used to construct the subtraction terms. One can check that
for the typical examples of a background scalar field the
value of y, used to construct /; also serves to construct ;.
For simplicity, we restrict to Minkowski spacetime, but the
same argument can be made for nonflat spacetimes. The
renormalized energy density of the modes 7 atn; > 1, can

be written in terms of 7, as

Ohenly) = 355 [ FRABLC k)

+ 2Re(ay B (i (ny)? + (K + @d*) hi(ns)?)).
(55)

with

i

ﬂkzi

(e(np)hi(ng) = hi(np)hi(ng)). — (56)
A similar expression holds for the pressure. The advantage
of this formulation is that, by construction, Eq. (55) is a
finite quantity. We can interpret here the || as a measure
of the number of particles carrying an energy density C,,
which is nothing but the energy density subtracted from the
exact energy density at initial time 7. However, we must be
careful with this interpretation since another definition for
the vacuum state, i.e., another construction of fzk, would
yield another result for |3, |2, meaning that the interpretation
is not unique. Only in particular cases where a unique
natural definition of the vacuum state is available can this
be done. For example, consider that after some time 7, the

classical field ¢ ~ ¢ + becomes constant. In this case, there
is a natural vacuum state of the form

ﬁ ful) =iy (5)

2 9
where here ; =, /k* + g?¢7. This vacuum can be recov-

ered from the instantaneous vacuum by choosing the mass
scale to be y7 = g*¢b7. However, we have already fixed the

feln) =

i, at the initial time 7y, e.g., using (51). We can reformulate
the energy density in terms of the vacuum (57) as

1 oo -
o) = A KRB + poaclpin ). (58)

where

Pvac (ﬂ*’ QZf)

12
= i+ 42P T~ — tlog 79 o} ).
12822\ " Y 2 ur )

(59)

We see a clear distinction between the contribution to the
energy density associated with the particle production and
the energy density associated with the vacuum p,,.. Note
that, even if the particle production were negligible
|Bi|> = 0, since the energy density at the initial time 7
is zero, we would have a net production of vacuum energy
due to the change of the classical scalar field. Of course,
the possibility of choosing a unique vacuum state is not
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guaranteed in a nonflat spacetime or even when the
classical scalar field is nonconstant. However, the formu-
lation proposed in this work allows us to quantify both
particle production and vacuum polarization effects in a
transparent way, using, for example, Eq. (55). Applying
this formulation to compute the backreaction of preheating
processes is the motivation for future projects.
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APPENDIX: ADIABATIC SUBTRACTIONS OF
THE STRESS-ENERGY TENSOR C, AND C,

Defining s = Q —u? and using @ = \/k* + a’u?, the
adiabatic subtractions for the energy density and pressure
up to and including the fourth adiabatic order read

c -2 S (a')? _ 3¢(d)?  do _3éd'o (')? 80 o’ B o(d)? 3&(d)? dd
P 2a  4d’w 4abw 200 4de? 200  16a*@’  8d’w®  16a*@w? 8a%w? 4ad°w’  8d’w’®
3¢d'c’ 3odw 9Yfcdw o 3s(0)? o) 3(d)? () 9E(d) () 15d (')}

4w 8wt | 4diwt | 16d*0* 32d%0° 16a*@®  32a%0° 16a°0°  32d°a°
455@’(0)’)3 45(0)/)4 s’ o (a/)2 /" 35(@’)260" Td o o 21§a’w’a)” 5((0/)260”
16a°50®  256a*@’ ' 16d’0* 16a*0* ' 16a°w*  8afw? ' 16a°%0°  8a’w® = 32a*®

(a)//)z ~ a/w(3) 3§a’w<3) ~ a)’a)(S) (A])
6da*e’® 160" 8dPw* 3a‘w’
co_ k2 N /,425 ~ s S_f: o _f_O' (a/)z _35(61/)2 da' _3561/60/ ”2(0)/)2 3(60’)2
P 6atw 1240 4d*w  do 6dte do 4w 2d%0  4dPe? 2870  16d*@’ 164}
f(w/)z fa” 6520” /-420)” " 50)” /420'2 SO sfa 62 562 J(a/)z
Cded do do  24de* 12440 2d0e? 16200 | 8d*@® 2d%@°  16a*@® | 2d*@’  8afw’
3¢o(d')?  do  3éde 3odw Yfodo Sptce 136w 36w 3s(a)?  25u%c(w)?
+ 4a°0® ' 8d°0® 4d’w® 8wt | 4dPe* | 48a%a° ' 484*w* 2d*0* | 32d%0°  96a*@
3sé(w')? To(w')? 27¢6(a')? 3(d)* (@) 9E(d)* () 15d (')  45&d' (') 1054% (')
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