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We deduce, in a general background gauge, the counterterm Lagrangian for pure quantum gravity to
one-loop order. As an application, we evaluate the leading quantum correction to the classical gravitational
potential, generated by the vacuum polarization. We find that, in specific background gauges, this yields the
complete result for the one-loop quantum corrections to the Newtonian potential. This approach is also
applied to calculate the lnðTÞ contributions in quantum gravity at high-temperature.
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I. INTRODUCTION

Einstein’s general relativity, as defined by the Einstein-
Hilbert action, may be regarded as a nonrenormalizable
effective field theory, which is expected to arise in the low-
energy limit of some fundamental quantum theory. This
theory appears to adequately describe the gravitational
interactions that occur at low energies. Much work has
already been done on quantum gravity treated as an
effective field theory [1–4]. Using the Feynman rules
deduced from the Einstein-Hilbert Lagrangian, one can
perform in quantum gravity perturbative calculations of
loop diagrams [5–15]. The corresponding contributions
require an infinite number of counterterms allowed by the
gauge symmetry, to cancel out all the ultraviolet divergen-
ces in this effective field theory.
In this context, the background field method [16–23] has

been much employed in the calculation of radiative effects
in quantum gravity since this procedure preserves the gauge
invariance of the background field. It has been shown first
by ’t Hooft and Veltman [5] that on the mass-shell, pure
gravity is renormalizable to one-loop order. This analysis
has been done in a particular background gauge.
The purpose of the present work is to examine such

calculations in a general background gauge characterized

by a gauge parameter ξ. We thus consider the behavior of
the graviton self-energy in any spacetime dimension d [24],
which turns out to explicitly depend on the gauge parameter
ξ. Because of the Ward identities that hold in the back-
ground gauge, this behavior implies that all higher-point
Green’s functions will depend as well on this gauge
parameter. These Ward identities reflect the gauge invari-
ance of the theory under background gauge transforma-
tions. In this way, we infer that for pure gravity in
d ¼ 4 − 2ϵ spacetime dimensions, the counterterm
Lagrangian in a general background gauge may be written
to one-loop order in the form

Ldiv
one−loop ¼

ffiffiffiffiffiffi
−ḡ

p
8π2ð4 − dÞ

��
1

120
þ 1

6
ðξ − 1Þ2

�
R̄2

þ
�
7

20
þ ξðξ − 1Þ

3

�
R̄μνR̄μν

�
; ð1:1Þ

which reduces to the result obtained by ’t Hooft and
Veltman [5] for ξ ¼ 1. Here, R̄μν denotes the Ricci tensor,
R̄ ¼ R̄μνḡμν is the curvature scalar, and ḡμν is the back-
ground metric.
In spite of the lack of predictivity of the theory at high

energy (short distance), it has been shown that the leading
low-energy (long distance) quantum corrections can be
consistently evaluated in quantum gravity [2–4]. Such
contributions, which are due to the interactions of massless
particles at low energy, include nonanalytic terms of the
form lnð−k2Þ, which in the low-energy limit yield the
leading quantum corrections to the classical Newtonian
potential (k is the momentum transfer involved in the
process). In this work, we evaluate the corresponding
contribution due to the self-energy of the graviton, which
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turns out to be gauge dependent. However, when one
considers the quantum corrections arising from all dia-
grams that contribute to the physical gravitational potential,
the gauge-dependent terms should cancel out.
The outline of the paper is as follows. In Sec. II we

discuss the quantization of general relativity in a general
background gauge, following the work of ’t Hooft and
Veltman [5]. In Sec. III, we examine in this gauge
the graviton self-energy to one-loop order. As an applica-
tion, we evaluate the corresponding quantum correction
to the classical gravitational potential due to two heavy
masses. We find that this contribution is a gauge-
dependent quantity. We show that in the background
gauges ξ ¼ ð2� ffiffiffiffiffi

13
p Þ=3, the complete result for such

quantum corrections arises just from the vacuum polari-
zation. In Sec. IV, we present the Ward identities and
deduce the gauge invariant counterterm Lagrangian to one-
loop order. We conclude the paper with a summary of the
results in Sec. V, where we also briefly discuss the lnðTÞ
contributions of the graviton amplitudes at high temper-
ature T. The Feynman rules are derived in Appendix A and
several details of the calculation of the graviton self-energy
are given in Appendix B. In Appendix C, we consider the

consequences of employing a Lagrangian multiplier field to
restrict radiative corrections to one-loop order.

II. QUANTIZATION WITH A GENERAL
GAUGE-FIXING LAGRANGIAN

To quantize the theory of general relativity, we start from
the Einstein-Hilbert Lagrangian

Lg ¼
ffiffiffiffiffiffi
−g

p 2

κ2
R; ð2:1Þ

where κ2 ¼ 32πG and G is Newton’s constant. The metric
tensor gμν is written as

gμν ¼ ḡμν þ κhμν; ð2:2Þ

where ḡμν is the background field, which is assumed to
approach the classical vacuum at infinity (being arbitrary
elsewhere), and hμν is the quantum field.
Expanding the Lagrangian (2.1) in the quantum field,

one obtains the following quadratic Lagrangian:

Lð2Þ
g ¼ ffiffiffiffiffiffi

−ḡ
p �

1

2
D̄αhμνD̄αhμν −

1

2
D̄αhD̄αhþ D̄αhD̄βhαβ − D̄αhμβD̄βhμα

þ R̄

�
1

4
h2 −

1

2
hμνhμν

�
þ R̄μνð2hαμhνα − hhμνÞ

�
; ð2:3Þ

where h ¼ hλλ and D̄α is the covariant derivative with
respect to the quantum field. To quantize the above
quadratic Lagrangian one has to fix the gauge of the
quantum field in a way that preserves the gauge invariance
under background field transformations. This can be
achieved by introducing the gauge-fixing Lagrangian

Lgf ¼
1

ξ

ffiffiffiffiffiffi
−ḡ

p ��
D̄νhμν −

1

2
D̄μh

��
D̄σhμσ −

1

2
D̄μh

��
;

ð2:4Þ

where ξ is a generic gauge parameter. When ξ ¼ 1, the
above expression reduces to the background harmonic
gauge used in [5]. After some work, the corresponding
ghost Lagrangian is found to be

Lgh ¼
ffiffiffiffiffiffi
−ḡ

p
c�μ½D̄λD̄λḡμν − R̄μν�cν; ð2:5Þ

where the ghost fields c⋆μ and cν are fermionic vector
fields. We note here that the actions corresponding to (2.3),
(2.4), and (2.5) are separately invariant under the gauge
transformations

δḡμν ¼ ωγ
∂γ ḡμν þ ḡμγ∂νωγ þ ḡνγ∂μωγ ¼ D̄μων þ D̄νωμ

ð2:6aÞ

and

δhμν ¼ ωγ
∂γhμν þ hμγ∂νωγ þ hνγ∂μωγ; ð2:6bÞ

where ωγ is an infinitesimal parameter. The total action can
then be used to define the propagator of the quantum field
and extract the corresponding Feynman rules, as shown in
Appendix A. The graviton propagator is given by

Dgrav
μναβðpÞ ¼

i
p2 þ iϵ

�
1

2

�
ηανηβμ þ ηαμηβν −

2ηαβημν
d − 2

�
þ ξ − 1

2p2
ðpβpνηαμ þ pβpμηαν þ pαpνηβμ þ pαpμηβνÞ

�
: ð2:7Þ
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Owing to the complexity of the Feynman rules in a general
background gauge, we do not quote here these rules, which
were derived entirely by computer.

III. THE ONE-LOOP GRAVITON SELF-ENERGY

The Feynman diagrams contributing at one loop to the
graviton self-energy are shown in Fig. 1. The divergent
contributions of these diagrams to the graviton self-
energy are evaluated in any spacetime dimensions d in
Appendix B. As shown in Eq. (B12), for d ¼ 4 − 2ϵ, the
divergent terms are given by

Πdiv
μν;αβðkÞ ¼

κ2

16π2
μ4−d

4 − d
k4
�
4c1ðξÞLμνLαβ þ c2ðξÞ

×
�
LμνLαβ þ

1

2
ðLαμLβν þ LανLβμÞ

��
; ð3:1Þ

where Lμν ¼ kμkν
k2 − ημν and c1ðξÞ, c2ðξÞ are gauge-

dependent constants given by

c1ðξÞ¼
�

1

120
þðξ−1Þ2

6

�
; c2ðξÞ¼

�
7

20
þξðξ−1Þ

3

�
: ð3:2Þ

We note here that Eq. (3.1) is transverse with respect to the
momentum k. As we will show in the next section, this
behavior is a consequence of the Ward identities which
hold in the background gauge.
In Eq. (3.1) an arbitrary scale factor μ, with dimensions

of mass, has been inserted on dimensional grounds. Since k
is the only other dimensional quantity, one can see that

1

4−d

�
μ2

−k2

�ð4−dÞ=2
≈

1

4−d
−
1

2
ln

�
−k2

μ2

�
þOð4−dÞ: ð3:3Þ

This relation allows us to extract directly from Eq. (3.1), the
nonanalytic lnð−k2Þ contribution

Πlnð−k2Þ
μν;αβ ¼ −

G
π
lnð−k2Þk4

�
4c1ðξÞLμνLαβ þ c2ðξÞ

×

�
LμνLαβ þ

1

2
ðLαμLβν þ LανLβμÞ

��
; ð3:4Þ

where we have used the fact that κ2 ¼ 32πG. To calculate
the quantum corrections to the gravitational potential, we
employ the following coupling of the external background
field to the energy momentum tensor Tμν of the matter
fields:

LI ¼ −
κ

2
h̄μνTμν; ð3:5Þ

where we have defined ḡμν ¼ ημν þ κh̄μν. For external
spineless sources described by the Lagrangian

LM ¼
ffiffiffiffiffiffi−gp
2

ðgμν∂μϕ∂νϕ −m2ϕ2Þ; ð3:6Þ

the tensor is

Tμν ¼ ∂μ∂νϕ −
1

2
ημνð∂λϕ∂λϕ −m2ϕ2Þ: ð3:7Þ

Using this result in Eq. (3.5), we obtain in momentum
space a graviton matter coupling of the form

VμνðpÞ ¼ −
κ

2
½pμp0

ν þ p0
μpν − ημνðp · p0 −m2Þ�: ð3:8Þ

One can verify that this vertex is transverse with respect to k
when the scalar particles are on-shell.
We are now in a position to calculate the correction to the

gravitational potential coming from the Feynman diagram
shown in Fig. 2(a), where the blob denotes the graviton
self-energy. To this end, we will also need to define a
propagator for the background field. The most general
expression for this propagator is similar to that given in
Eq. (2.7), with ξ replaced by ξ̄. However, since a momen-
tum k contracted with the self-energy or the vertex function
gives a vanishing result, such a propagator may be
effectively replaced, in four dimensions, by the de
Donder propagator

FIG. 1. One-loop contributions to hh̄ h̄i. The curly, wavy, and dashed lines are associated with the background fields, the quantum
fields, and the ghost fields, respectively. The arrows indicate the direction of momenta and q ¼ kþ p. Diagram (c), as well as a similar
diagram with a ghost loop, does not contribute when we employ dimensional regularization.
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D̄μναβ ¼
i

k2 þ iϵ
1

2
ðηανηβμ þ ηαμηβν − ηαβημνÞ; ð3:9Þ

which is independent of the gauge parameter ξ̄. We can see
from Fig. 2(a) that we will need to evaluate the quantity
D̄μν;ρσΠρσ;λδD̄λδ;αβ where Πρσ;λδ can be obtained from
Eq. (3.4). Here, all terms involving kρ, kλ, etc., can be
dropped because k contracted with the vertex gives a
vanishing result. This yields the expression [see Eq. (B18)]

ΔṼð2aÞðkÞ ¼
VμνðpÞ
2p0

D̄μν;ρσΠρσ;λδD̄λδ;αβ VαβðqÞ
2q0

¼ G
π

lnð−k2Þ
4p0q0

VμνðpÞ
�
c1ðξÞημνηαβ

þ c2ðξÞ
ηαμηβν þ ηανηβμ

2

�
VαβðqÞ; ð3:10Þ

where the factors in the denominators account for the
normalization of states. We will evaluate this quantity in the
case involving two heavy particles with mass m by taking
the nonrelativistic static limit p ≈ ðm; 0Þ in Eq. (3.10). We
then get

ΔṼð2aÞðkÞ≈G2m2 lnðk⃗2Þ
�
43

15
þ 4

3
ðξ− 1Þð3ξ− 1Þ

�
; ð3:11Þ

where we used Eq. (3.8) and the constants c1ðξÞ and c2ðξÞ
given in Eq. (3.2). This can be transformed to coordinate
space by Fourier transforming, by using that

Z
d3k
ð2πÞ3 e

−ik⃗·r⃗ lnðk⃗2Þ ¼ −
1

2π

1

r3
: ð3:12Þ

We thus obtain for the correction generated by the graviton
self-energy, the result (reinstating factors of ℏ and c)

ΔVð2aÞðrÞ ¼ −
�
43

30
þ2

3
ðξ−1Þð3ξ−1Þ

�
Gℏ
πc3r2

Gm2

r
: ð3:13Þ

This expression reduces, for ξ ¼ 1, to the corresponding
result obtained in Ref. [25]. Thus, we see that in a general
background gauge, individual corrections to the Newtonian
potential may be gauge dependent. There are many other

diagrams that can yield corrections to this potential, as
shown, for example, in Figs. 2(b) and 2(c) [25]. Since the
gravitational potential is a physical quantity, the gauge-
dependent terms should cancel out when adding all con-
tributions. As shown in Refs. [25,26], the total result
obtained in the gauge ξ ¼ 1 is given in this case by

ΔVðrÞ ¼ −
41

10

Gℏ
πc3r2

Gm2

r
: ð3:14Þ

By matching the results given in Eqs. (3.13) and (3.14), one
finds that in the gauges ξ ¼ ð2� ffiffiffiffiffi

13
p Þ=3, the complete

result would arise just from the correction generated by the
graviton self-energy.

IV. THE COUNTERTERM LAGRANGIAN
AT ONE LOOP

In the background field method, the gauge invariance of
the effective action may be expressed as

δḡμν
δΓ
δḡμν

¼ −2ωνD̄μ
δΓ
δh̄μν

¼ 0; ð4:1Þ

where we have used Eq. (2.6) and wrote the background
field in the form ḡμν ¼ ημν þ κh̄μν. Taking the functional
derivative of Eq. (4.1) with respect to h̄αβ, evaluated at
h̄ ¼ 0, one gets

∂
μΠμν;αβ ¼ 0: ð4:2Þ

This condition requires that the graviton self-energy should
be a transverse function, a property that is explicitly shown
in Eq. (B12). By taking the functional derivative of
Eq. (4.1) with respect to h̄αβ and h̄ρσ , evaluated at
h̄ ¼ 0, we obtain the equation

∂
μVμν;αβ;ρσ ¼

κ

2
½ηνα∂μΠμβ;ρσþηνβ∂

μΠμα;ρσ−∂νΠαβ;ρσ�; ð4:3Þ

which relates the three-point function to the two-point
function. Such Ward identities, which reflect the gauge
invariance of the effective action, may similarly be obtained
for higher point functions [see Eqs. (A25)].

FIG. 2. Examples of Feynman diagrams that yield corrections to the gravitational potential.
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This property of the effective action implies that the
effective counterterm Lagrangian must be invariant, so it
may be expressed in terms of invariant functions under
background gauge transformations. The only invariant
terms with four derivatives are

ffiffiffiffiffiffi
−ḡ

p
R̄αβμνR̄αβμν,ffiffiffiffiffiffi

−ḡ
p

R̄μνR̄μν, and
ffiffiffiffiffiffi
−ḡ

p
R̄2. But owing to a special relation

that holds in four dimensions among these terms [see
Eq. (A9)], one may express the effective one-loop counter-
term Lagrangian in terms of just two such invariants, as

LðdivÞ
one−loop ¼

ffiffiffiffiffiffi
−ḡ

p
8π2ð4 − dÞ ½c1ðξÞR̄

2 þ c2ðξÞR̄μνR̄μν�; ð4:4Þ

where c1ðξÞ and c2ðξÞ are some coefficients. These may be
fixed by comparing the result of the two-point function
obtained from (4.4) with that calculated for the graviton
self-energy in Eqs. (3.1) and (3.2). In this way, we obtain in
pure gravity the counterterm Lagrangian given in Eq. (1.1).
The fact that the coefficients in Eq. (4.4) are gauge
dependent is not surprising since such structures vanish
on mass-shell and can be absorbed by a field renormaliza-
tion, which is not an observable quantity.
If we add matter fields, as we did in Sec. III, these

structures will no longer vanish on-shell. But the gauge
dependent parts of the Green functions with external
background fields will remain unchanged. The effect of
the matter fields is to add extra gauge-invariant contribu-
tions to the Lagrangian. For example, introducing scalar
fields as done in Sec. III would yield corrections arising
from internal matter loops of the form [5]

LðdivÞ
M ¼

ffiffiffiffiffiffi
−ḡ

p
8π2ð4 − dÞ

�
1

240
R̄2 þ 1

120
R̄μνR̄μν

�
: ð4:5Þ

The above features explain the gauge dependence of the
individual amplitudes computed in this framework.

V. DISCUSSION

We examined some features of quantum gravity, in a
general background gauge to one-loop order. In this
context, we derived an extension of the counterterm
Lagrangian obtained by ’t Hooft and Veltman, which is
characterized by a gauge dependence of the coefficients
that occur in this Lagrangian. We studied the graviton self-
energy and verified, in Appendix B, that the contributions
arising from graviton and ghost loops are separately
transverse. This feature is a consequence of the fact that,
in the background field method, the ghost Lagrangian is by
itself invariant under background gauge transformations.
We applied these results to the calculation of the

quantum correction to the classical gravitational potential
generated by the graviton self-energy, which is a gauge-
dependent function. Since the Newtonian potential is a
physical quantity, the sum of all quantum corrections

should be gauge independent. The complete result obtained
in the background harmonic gauge ξ ¼ 1 emerges from a
summation of many Feynman diagrams [25,26]. We found
that in the background gauges ξ ¼ ð2� ffiffiffiffiffi

13
p Þ=3, the full

result arises just from the quantum correction generated by
the vacuum polarization. Such a quantum correction is
exceedingly small, being about 10−48 at r ¼ 10−10m.
Another useful application of the present approach

concerns the graviton amplitudes at finite temperature T.
These are of interest in quantum gravity both in their own
right as well as for their potential cosmological applica-
tions. Such amplitudes have a leading T4 behavior at
high temperatures [27,28]. For example, the one-point
thermal graviton function shown in Fig. 3, which is related
to the thermal energy-momentum tensor, is given by the
expression

Γμν
thermal ¼

κπ2T4

90
ðημν − 4ημ0ην0Þ ¼ δSstatic½ḡ�

δḡμν

				
ḡμν¼ημν

ðfor d ¼ 4Þ; ð5:1Þ

where Sstatic is the static limit of the leading high-temper-
ature thermal effective action given by [29]

Sstatic½ḡ� ¼ π2T4

45

Z
d4x

ffiffiffiffiffiffi
−ḡ

p ðḡ00Þ−2: ð5:2Þ

We note that this action is quite different from that which
occurs at zero temperature. On the other hand, as argued
below, the action associated with the lnðTÞ contributions is
closely related to the one obtained from Eq. (4.4).
It has been shown that the subleading lnðTÞ contributions

of the one-loop Green functions at high temperature, have
the same form as the ultraviolet divergent terms at zero
temperature [28,30]. Consequently, the thermal lnðT2= −
k2Þ terms combine with the lnð−k2=μ2Þ terms that occur at
T ¼ 0, to yield a lnðT2=μ2Þ contribution. Using an

FIG. 3. Diagrams contributing to the thermal one-point grav-
iton function.
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expansion such as that shown in Eq. (3.3), one can see that
such a logarithmic contribution arises from the fac-
tor ðμ=TÞð4−dÞ.
In general, the Ward identities at finite temperature are

different from those at zero temperature due to the fact that
the one-point thermal function is nonvanishing. However,
since Eq. (5.1) has no logarithmic terms, theWard identities
involving such terms will be the same as those that occur in
the background field method at zero temperature [see, for
example, Eqs. (4.2) and (4.3)]. From the above properties,
it follows that the high-temperature lnðTÞ contributions to
the effective action can be directly obtained by multiplying
the effective counterterm Lagrangian (4.4) by the thermal
factor ðμ=TÞð4−dÞ.
We finally note that there is a proposal for an alternative

method of quantizing general relativity which leads to a
renormalizable and unitary theory [31]. This involves the
introduction of a Lagrangian multiplier (LM) field that
restricts the path integrals used to quantize the theory to
paths satisfying the classical Euler-Lagrange equations of
motion. One finds that such a procedure yields twice the
usual one–loop contributions and that all higher order
radiative corrections vanish. Thus, by using the LMmethod
in quantum gravity, one obtains an exact counterterm
Lagrangian that is twice that given in Eq. (1.1) (see
Appendix C).
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APPENDIX A: FEYNMAN RULES

1. The action

We start from the background field action expanded up
to second order in the quantum field hμν, which is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p �
2

κ2
R̄þ Lð2Þ

g þ Lgf þ Lgh þOðh3Þ
�
;

κ2 ¼ 32πG; ðA1Þ

where Lð2Þ
g , Lgf, and Lgh are given by Eqs. (2.3), (2.4), and

(2.5), respectively. To derive the Feynman rules associated
with the background field h̄μν, we use the definition

ḡμν ¼ ημν þ κh̄μν ðA2aÞ

as well as the inverse metric up to first order in κ,

ḡμν ¼ ημν − κh̄μν þOðκ̄2Þ; ðA2bÞ

which follows from ḡμαḡαν ¼ δμν . In the present work, we
will not need the interactions with more than one back-
ground field h̄μν.

For completeness, let us also list the usual definitions

R̄ ¼ ḡμνR̄μν; ðA3aÞ

R̄μκ ¼ R̄v
μνκ; ðA3bÞ

R̄λ
μνκ ¼ ∂νΓ̄λ

μκ − ∂κΓ̄λ
μν þ Γ̄σ

μκΓ̄λ
σν − Γ̄σ

μνΓ̄λ
σκ; ðA3cÞ

Γ̄λ
μν ¼

1

2
ḡλρð∂νḡρμ þ ∂μḡρν − ∂ρḡμνÞ

¼ κ

2
η̄λρð∂νh̄ρμ þ ∂μh̄ρν − ∂ρh̄μνÞ þOðκ2Þ; ðA3dÞ

as well as

Dμϕ ¼ ∂μϕ; ðA4aÞ

Dνϕμ ¼ ∂νϕμ − Γ̄α
μνϕα; ðA4bÞ

Dσϕμν ¼ ∂σϕμν − Γ̄α
μσϕαν − Γ̄α

νσϕμα; ðA4cÞ

Dσϕμν��� ¼ ∂σϕμν��� − one Γ̄ for each index: ðA4dÞ

Let us consider the leading order expressions for the
curvature terms in the second line of Eq. (2.3). Under the
change ḡμν → ημν þ κh̄μν one finds that, inmomentum space,

ffiffiffiffiffiffi
− ˜̄g

p
˜̄R ¼ κq2Lαβ ˜̄hαβ þOðκ2Þ; ðA5Þ

where

LμνðqÞ ¼ qμqν

q2
− ημν: ðA6Þ

Additionally, in the second line of Eq. (2.3) we have

ffiffiffiffiffiffi
−g

p ˜̄Rμν ¼ κ

2

�
LρσðqÞqμqν − q2

2
ðLμσðqÞLρνðqÞ

þ LμρðqÞLσνðqÞÞ
�
˜̄hρσðqÞ þOðκ2Þ: ðA7Þ

We point out that the expressions written in terms of
combinations of the transverse tensor (A6) explicitly exhibit
the invariance under the gauge transformation (A24).
It will also be useful to have the expressions for the

following second order variations:

ffiffiffiffiffiffi
− ˜̄g

p
˜̄R2 ¼ κ2q4LαβðqÞLμνðqÞ ˜̄hμν ˜̄hαβ þOðκ3Þ; ðA8aÞ

ffiffiffiffiffiffi
− ˜̄g

p
˜̄Rμν

˜̄Rμν ¼ κ2q4
�
1

4
LαβðqÞLμνðqÞ þ 1

8
LναðqÞLμβðqÞ

þ 1

8
LμαðqÞLνβðqÞ

�
˜̄hμν

˜̄hαβ þOðκ3Þ; ðA8bÞ
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ffiffiffiffiffiffi
− ˜̄g

p
˜̄Rμναβ

˜̄Rμναβ ¼ κ2q4
"
1

2
LναðqÞLμβðqÞ

þ 1

2
LμαðqÞLνβðqÞ

#
˜̄hμν

˜̄hαβ þOðκ3Þ:

ðA8cÞ

Notice that the right-hand sides of Eqs. (A8) can be viewed
as the variations of the corresponding left-hand sides when
ḡμν → ημν þ κh̄μν. As expected, these variations are com-
patible with the identity

δð
ffiffiffiffiffiffi
− ˜̄g

p
ð ˜̄R2 − 4 ˜̄Rμν

˜̄Rμν þ ˜̄Rμναβ
˜̄RμναβÞÞ ¼ 0; ðA9Þ

which, in the x space, translates into the vanishing integral
of a total derivative (see Appendix B of [5]).

2. Propagators for the quantum graviton field hμν
and the ghost field c

The propagator for the field hμν can be derived from
Eqs. (2.3) and (2.4). Replacing all covariant derivatives by
the corresponding partial derivative, we obtain the follow-
ing quadratic form:

iS0 ¼
Z

d4xhμνQμναβhαβ; ðA10Þ

where

Qμν αβ ¼ i

�
1

ξ

�
1

2
∂
μ
∂
νηαβ − ∂

β
∂
νηαμ þ 1

2
∂
α
∂
βημν −

1

4
∂
2ηαβημν

�
þ ∂

β
∂
νηαμ − ∂

α
∂
βημν −

1

2
∂
2ηαμηβν þ 1

2
∂
2ηαβημν

�
þ symmetrizations μ ↔ ν and α ↔ β þ permutation ðμ; νÞ ↔ ðα; βÞ ðA11Þ

(we have used integration by parts, as usual).
Changing to momentum space (∂ → ip) and computing ð−Q̃μναβðpÞÞ−1 with the help of the tensor basis in Table I and

computer algebra (throughout this work we have used FeynCalc [32]), we obtain

Dgrav
μν αβðpÞ ¼

i
p2 þ iϵ

�
1

2

�
ηανηβμ þ ηαμηβν −

2ηαβημν
d − 2

�
þ ξ − 1

2p2
ðpβpνηαμ þ pβpμηαν þ pαpνηβμ þ pαpμηβνÞ

�
: ðA12Þ

In the same way, the propagator for the background field
h̄μν can be found using a gauge fixing term with a gauge
parameter ξ̄. This yields a propagator for the h̄μν field
which is identical to (A12), with another gauge fixing
parameter ξ̄.
Similarly, from Eq. (2.5) we obtain the following

expression for the ghost propagator:

Dghost
μν ðpÞ ¼ −i

ημν

p2 þ iϵ
: ðA13Þ

3. The vertex h̄hh

Let us first consider the terms such as DhDh in the first
line of (2.3) and also the gauge fixing contributions in
Eq. (2.4). For computer algebra convenience, it helps to
first write the general form of such terms as

LDhDh ¼
ffiffiffiffiffiffi
−ḡ

p
Tαμν βγδD̄αhμνD̄βhγδ; ðA14Þ

where the tensor Tαμν βγδ can be extracted from the first line
of Eq. (2.3) and from Eq. (2.4) and is given by

Tαμν βγδ ¼ 1

2
ḡαβḡμγ ḡνδ −

1

2
ḡαβḡμνḡγδ þ ḡαγ ḡμνḡβδ − ḡαδḡμγ ḡνβ þ 1

ξ

�
ḡανḡμγ ḡβδ −

1

2
ḡανḡμβḡγδ −

1

2
ḡαγ ḡμνḡβδ þ 1

4
ḡαβḡμνḡγδ

�

¼ Hð0Þαμνβγδ þ 1

2
Hð1Þαμνβγδ −

1

2
Hð1Þαμγβνδ þHð1Þαμβγνδ −Hð1Þαμνδγβ

þ 1

ξ

�
Hð1Þαμβνγδ −

1

2
Hð1Þαμγνβδ −

1

2
Hð1Þαμβγνδ þ 1

4
Hð1Þαμγβνδ

�
þOðκ2Þ; ðA15Þ
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where

Hð0Þαμνβγδ ≡ 1

2
ηαβημγηνδ −

1

2
ηαβημνηγδ þ ηαγημνηβδ − ηαδημγηνβ þ 1

ξ

�
ηανημγηβδ −

1

2
ηανημβηγδ −

1

2
ηαγημνηβδ þ 1

4
ηαβημνηγδ

�
ðA16Þ

and the tensor Hð1Þαμνβγδ, which arises from the order κ contribution in the product of three inverse metric tensors, is
given by

Hð1Þαμνβγδ ≡ κð−δαμ1δβν1ημγηνδ − ηαβδμμ1δ
γ
ν1η

νδ − ηαβημγδνμ1δ
δ
ν1Þh̄μ1ν1 ≡ κGμ1ν1 αμνβγδh̄μ1ν1 : ðA17Þ

Combining these expressions, we can write part of the contributions from LDhDh to the h̄hh interaction vertex as follows
(the subscript ∂h∂h indicates that this part originates from terms that have two derivatives acting on the quantum field hμν)

Vμ1ν1μ2ν2μ3ν3
∂h∂h ðp1; p2; p3Þ ¼ −iκ

�
1

2
ημ1ν1Hð0Þαμνβγδ þ 1

2
Gμ1ν1 αμνβγδ −

1

2
Gμ1ν1 αμγβνδ þGμ1ν1 αμβγνδ − Gμ1ν1 αμνδγβ

þ 1

ξ

�
Gμ1ν1 αμβνγδ −

1

2
Gμ1ν1 αμγνβδ −

1

2
Gμ1ν1 αμβγνδ þ 1

4
Gμ1ν1 αμγβνδ

��
δμ2μ δ

ν2
ν δ

μ3
γ δ

ν3
δ p2αp3β

þ symmetrizations μi ↔ νi þ permutation ðμ2; ν2; p2Þ ↔ ðμ3; ν3; p3Þ; ðA18Þ

where the first term arises from the order κ contribution of
ffiffiffiffiffiffi
−ḡ

p
. In this form, one can easily input the definition of

Gμ1ν1αμνβγδ in a computer algebra system and obtain the full expression for this part of the h̄hh interaction vertex.
There is also another contribution from the first order terms of the covariant derivatives. Using the expression (A4c), the

order κ contribution can be written as

Vμ1ν1μ2ν2μ3ν3
∂h̄∂h

ðp1; p2; p3Þ ¼ iκ

��
1

2
ðδμ3μ δν3ν p1γp3αδ

ν1
β δ

μ2
δ η

μ1ν2 þ δμ3μ ην1ν2δ
ν3
ν p1βp3αδ

μ1
γ δ

μ2
δ − δμ3μ δ

ν3
ν p1

ν2p3αδ
μ1
β δ

μ2
γ δ

ν1
δ Þ

þ γ ↔ δ

�
þ ðα; μ; νÞ ↔ ðβ; γ; δÞ

�
Hð0Þαμνβγδ þ symmetrizations μi ↔ νi

þ permutation ðμ2; ν2; p2Þ ↔ ðμ3; ν3; p3Þ: ðA19Þ

The third type of contribution arises from the curvature terms in the second line of Eq. (2.3). With the help of Eqs. (A5)
and (A7) we obtain the following result:

Vμ1ν1μ2ν2μ3ν3
∂h̄∂h̄

ðp1; p2;p3Þ ¼ κ

�
p2
1L

μ1ν1ðp1Þ
�
1

4
ημ2ν2ημ3ν3 −

1

2
ημ2μ3ην2ν3

�

þ 1

2

�
Lμ1ν1ðp1Þp1

μp1
ν −

p2
1

2
ðLμμ1ðp1ÞLνν1ðp1Þ þLνμ1ðp1ÞLμν1ðp1ÞÞ

�
ð2ην3μ2δν2μ δμ3ν − ημ2ν2δμ3μ δν3ν Þ

�
þ symmetrizations μi ↔ νi þ permutation ðμ2;ν2; p2Þ↔ ðμ3;ν3; p3Þ: ðA20Þ

In the previous expressions we have not performed some index contractions, because this can easily be done using FeynCalc
[32]. The total result for the h̄μ1ν1hμ2ν2hμ3ν3 interactions vertex is

Vμ1ν1μ2ν2μ3ν3
grav ðp1; p2; p3Þ ¼ Vμ1ν1μ2ν2μ3ν3

∂h∂h ðp1; p2; p3Þ þ Vμ1ν1μ2ν2μ3ν3
∂h̄∂h

ðp1; p2; p3Þ þ Vμ1ν1μ2ν2μ3ν3
∂h̄∂h̄

ðp1; p2; p3Þ: ðA21Þ

4. The vertex c⋆h̄c
It is convenient to write the ghost Lagrangian given in Eq. (2.5) as follows:
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Lgh ¼
ffiffiffiffiffiffi
−ḡ

p
c⋆μðḡβλḡμνD̄βD̄λ − R̄μνÞcν

¼ c⋆μ∂2cμ þ κ

�
1

2
h̄λλc

⋆
μ∂

2cμ − c⋆μðh̄βλημν þ h̄μνηβλÞ∂β∂λcν þ
1

2
ημνηβλ½ð∂βc⋆μÞηρσð∂λh̄σν þ ∂νh̄σλ − ∂σh̄νλÞcρ

− c⋆μηρσð∂βh̄σλ þ ∂λh̄σβ − ∂σh̄λβÞ∂ρcν − c⋆μηρσð∂βh̄σν þ ∂νh̄σβ − ∂σh̄νβÞ∂λcρ�
�
− c⋆μR̄μνcν: ðA22Þ

From (A22) we obtain the following momentum space interaction vertex h̄μ1ν1c
⋆
μcν:

Vμ1ν1μν
ghost ðp1; p2; p3Þ ¼ iκ

�
−
1

2
p2
3η

μνημν þ pμ1
3 p

ν1
3 η

μν þ p2
3η

μμ1ηνν1 þ 1

2
ðpν

1p
ν1
2 η

μμ1 − pμ
1p

ν1
2 η

νμ1 − p1 · p3η
μν1ηνμ1Þ

þ 1

2
ð2pμ1

3 pν1
1 η

μν − p1 · p3η
μνημ1ν1Þ − 1

2
ðpν

1p
ν1
2 η

μμ1 − pμ
1p

μ1
2 η

νν1 − p1 · p3η
μν1ηνμ1Þ

−
1

2
½pμ1

1 ðpμ
1η

νν1 þ pν
1η

μν1Þ − pμ
1p

ν
1η

μ1ν1 − p12ημμ1ηνν1 �
�
þ symmetrizations μ1 ↔ ν1; ðA23Þ

where in the next to the last line we have used
Eq. (A7).

5. Ward identities

When we use gμν ¼ ημν þ κhμν in the Einstein-Hilbert
action, we find identities that relate Vn−1

μ1ν1���μn−1νn−1 to

Vn
μ1ν1���μnνn . This is a direct consequence of the invariance

of the classical action under the transformation

κδhμν ¼ Dμων þDνωμ: ðA24Þ

A straightforward analysis leads to

−ðημ1σδν1λ þην1σδμ1λ Þp1
σVn

μ1ν1μ2ν2μ3ν3���μnνnðp1;p2;p3;…;pnÞ ¼ κWμ1ν1
μ2ν2λ

ðp1;p2ÞVn−1
μ1ν1μ3ν3���μnνnðp1þp2;p3;…;pnÞ

þκWμ1ν1
μ3ν3λ

ðp1;p3ÞVn−1
μ1ν1μ2ν2μ4ν4���μnνnðp1þp3;p2;p4;…;pnÞ

þ���þκWμ1ν1
μnνnλ

ðp1;pnÞVn−1
μ1ν1μ2ν2���μn−1νn−1ðp1þpn;p2;…;pn−1Þ;

ðA25Þ

where

Wμν
μiνiλ

ðp1;piÞ≡1

2
ðδμμiηνiλþδμνiημiλÞp1νþ1

2
δμμiδ

ν
νip

i
λþμ↔ ν

ðA26Þ

and p1 þ p2 þ � � � þ pn ¼ 0. Using the results for the
vertex in Eq. (A21) and the quadratic term in Eq. (A11)
we have verified (A25) for n ¼ 2, 3.

APPENDIX B: THE BACKGROUND FIELD
SELF-ENERGY

The one-loop contributions to the two-point function
hh̄ h̄i are given by the Feynman diagrams of Fig. 1. Since
we are using dimensional regularization [24], the one-loop
contributions with a single quartic coupling [see Fig. 1(c)]
vanish. All we need are the Feynman rules for the cubic
vertices derived in Appendix A.

After loop integration, the result can only depend (by
covariance) on the five tensors shown in Table I, so that
each diagram in Fig. 1 can be written as

ΠI
μναβðkÞ¼

X5
i¼1

T i
μναβðkÞCI

iðkÞ; I¼ghost or graviton loop:

ðB1Þ

TABLE I. The five independent tensors built from ημν and kμ,
satisfying the symmetry conditions T i

μν αβðkÞ ¼ T i
νμ αβðkÞ ¼

T i
μν βαðkÞ ¼ T i

αβ μνðkÞ.

T 1
μν αβðu; kÞ ¼ kμkνkαkβ

T 2
μν αβðu; kÞ ¼ ημνηαβ

T 3
μν αβðu; kÞ ¼ ημαηνβ þ ημβηνα

T 4
μν αβðu; kÞ ¼ ημνkαkβ þ ηαβkμkν

T 5
μν αβðu; kÞ ¼ ημαkνkβ þ ημβkνkα þ ηναkμkβ þ ηνβkμkα
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The coefficients CI
i can be obtained solving the following

system of five algebraic equations:

X5
i¼1

T i
μναβðkÞT jμναβðkÞCI

iðkÞ¼ΠI
μναβðkÞT jμναβðkÞ≡JIjðkÞ;

j¼1;…;5: ðB2Þ

Using the Feynman rules for ΠI
μναβðkÞ (the vertices and

propagators are given in Appendix A), the integrals on the
right-hand side have the following form:

JIjðkÞ ¼
Z

ddp
ð2πÞd s

Ijðp; q; kÞ; ðB3Þ

where q ¼ pþ k; p is the loop momentum, k is the
external momentum, and sIjðp; q; kÞ are scalar functions.
Using the relations

p · k ¼ ðq2 − p2 − k2Þ=2; ðB4aÞ

q · k ¼ ðq2 þ k2 − p2Þ=2; ðB4bÞ

p · q ¼ ðp2 þ q2 − k2Þ=2; ðB4cÞ

the scalars sIjðp; q; kÞ can be reduced to combinations of
powers of p2 and q2. As a result, the integrals JIjðkÞ can be
expressed in terms of combinations of the following well-
known integrals:

Iab ≡ μ4−d
Z

ddp
ið2πÞd

1

ðp2Þaðq2Þb ¼
ðk2Þd=2−a−b

ð−μ2Þd=2−2ð4πÞd=2
Γðaþ b − d=2Þ

ΓðaÞΓðbÞ
Γðd=2 − aÞΓðd=2 − bÞ

Γðd − a − bÞ ðB5Þ

(this has also been considered in [33]). The only non-
vanishing (i.e., nontadpole) integrals are the ones with both
a > 0 and b > 0. For a general gauge parameter, ξ ≠ 1, the
diagram in Fig. 1(a) involves the following three kinds of
integrals (the ghost loop only involves I11):

I11 ¼ ð−k2=μ2Þd=2−2
2dπd=2

Γð2 − d
2
ÞΓðd

2
− 1Þ2

Γðd − 2Þ ; ðB6aÞ

I12 ¼ I21 ¼ ð3 − dÞI11
k2

; ðB6bÞ

I22 ¼ ð3 − dÞð6 − dÞI11
k4

; ðB6cÞ

where we have employed the basic property of the Γ
function xΓðxÞ ¼ Γðxþ 1Þ. For d ¼ 4 − 2ϵ we obtain

I11j4−2ϵ ≡ Idiv ¼ 1

16π2

�
1

ϵ
− ln

�
−

k2

4πμ2

�
− γþ 2

�
þOðϵÞ;

ðB7Þ

where γ ≈ 0.5772 is the Euler-Mascheroni constant.
A straightforward computer algebra code can now be set

up in order to implement the steps described above and to
obtain the structures Cghost

i and Cgraviton
i . The results are the

following:

Cghost
1 ¼ ðCghost

2 þ 2Cghost
3 Þ 1

k4
; ðB8aÞ

Cghost
2 ¼ −

ðdðdðdþ 10Þ − 10Þ − 20Þ
16ðd2 − 1Þ κ2k4I11; ðB8bÞ

Cghost
3 ¼ ðð3 − 2dÞdþ 6Þ

16ðd2 − 1Þ κ2k4I11; ðB8cÞ

Cghost
4 ¼ −Cghost

2

1

k2
; ðB8dÞ

Cghost
5 ¼ −Cghost

3

1

k2
: ðB8eÞ

In the background field approach, we expect that both
the ghost loop and the graviton loop satisfy the Ward
identity [see Eq. (A25)]

ðδρμkν þ δρνkμÞΠμν αβ ¼ 0; ðB9Þ

which follows from the diffeomorphism invariance under
(A24). This identity implies that the CI

i in Eq. (B1) are not
independent. Substituting Eq. (B1) into (B9), a simple
algebraic manipulation yields the relations

CI
1¼

CI
2þ2CI

3

k4
; CI

4¼−
CI
2

k2
; CI

5¼−
CI
3

k2
; ðB10Þ

which is exactly the relations found in (B8). Therefore, the
ghost loop contribution is transverse.
The result for the graviton loop is also transverse with the

two independent structure constants given by
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Cgraviton
2 ¼

�
dðdðdð9d−52Þþ74Þþ68Þ−96

64ðd−2Þðd−1Þ þdðdððd−8Þdþ20Þ−14Þðξ−1Þ
8ðd−2Þðd−1Þ þðd−2Þdððd−2Þd−2Þðξ−1Þ2

32ðd−1Þ
�
κ2k4I11;

ðB11aÞ

Cgraviton
3 ¼

�
dðdð4dþ 5Þ − 98Þ þ 112

64ðd − 2Þðd − 1Þ þ dððd − 5Þdþ 5Þðξ − 1Þ
8ðd − 2Þðd − 1Þ þ ðd − 2Þdðξ − 1Þ2

32ðd − 1Þ
�
κ2k4I11 ðB11bÞ

[the other three constants can be obtained from (B10)].
A more compact way to write a general tensor that obeys

the gauge invariance constraints in Eq. (B10) is in terms of
the tensor Lμν defined in Eq. (A6). Using this tensor basis,
we can write the self-energy as follows:

Πμ1ν1μ2ν2ðkÞ ¼ ðCghost
2 þ Cgraviton

2 ÞLμ1ν1ðkÞLμ2ν2ðkÞ
þ ðCghost

3 þ Cgraviton
3 Þ

× ½Lμ1μ2ðkÞLν1ν2ðkÞ þ Lμ1ν2ðkÞLμ2ν1ðkÞ�:
ðB12Þ

Let us now relate these results with the counterterm

Ldiv ¼ CdivðCR̄2

ffiffiffiffiffiffi
−ḡ

p
R̄2 þ CR̄μνR̄μν

ffiffiffiffiffiffi
−ḡ

p
R̄μνR̄μνÞ ðB13Þ

(notice that we have consistently obtained the Feynman
rules from iS). From Eqs. (A8a) and (A8b), the momentum
space expression corresponding to (B13) can be written in
terms of LμνðkÞ as follows:

L̃div ¼ κ2k4Cdiv

�
CR̄2LαβðkÞLμνðkÞ þ CR̄μνR̄μν

�
1

4
LαβðkÞLμνðkÞ þ 1

8
LναðkÞLμβðkÞ þ 1

8
LμαðkÞLνβðkÞ

��
˜̄hμνðkÞ ˜̄hαβðkÞ: ðB14Þ

Taking the functional derivative of L̃div, we obtain

1

2

δ2L̃div

δ ˜̄hμ1ν1ðkÞδ ˜̄hμ2ν2ðkÞ
¼ κ2k4Cdiv

�
CR̄2Lμ1ν1ðkÞLμ2ν2ðkÞ

þ CR̄μνR̄μν

�
1

4
Lμ1ν1ðkÞLμ2ν2ðkÞ þ 1

8
Lν2μ1ðkÞLμ2ν1ðkÞ þ 1

8
Lμ2μ1ðkÞLν1ν1ðkÞ

��
: ðB15Þ

Comparing Eqs. (B12) with (B15) and using the expressions given in Eqs. (B8) and (B11), we obtain

CdivCR̄2 ¼ I11
�
dðdðdðdð9d− 55Þ− 12Þ þ 392Þ− 56Þ− 384

128ðd− 2Þðd2 − 1Þ þ ðd− 4Þdððd− 6Þdþ 6Þ
16ðd− 2Þðd− 1Þ ðξ− 1Þ þ dððd− 4Þd2 þ 8Þ

64ðd− 1Þ ðξ− 1Þ2
�

¼ Idiv
�

1

120
þ 1

6
ðξ− 1Þ2

�
þ � � � ðB16aÞ

and

CdivCR̄μνR̄μν ¼ I11
�
4d4 þ d3 − 65d2 þ 14dþ 64

16ðd − 2Þðd2 − 1Þ þ dðd2 − 5dþ 5Þ
2ðd − 2Þðd − 1Þ ðξ − 1Þ þ ðd − 2Þd

8ðd − 1Þ ðξ − 1Þ2
�

¼ Idiv
�
7

20
þ ξðξ − 1Þ

3

�
þ � � � ; ðB16bÞ

where Idiv is given by Eq. (B7) and the � � � represent all the finite terms in the limit ϵ → 0. Equations (B16) agree with the
well-known result in the gauge ξ ¼ 1 [5].
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Finally, using Eqs. (B12) and (A12) we obtain the following one-loop correction to the propagator of the background
field:

D̄αβρσΠρσλδD̄λδμν ¼ −I11
��

4d4 þ d3 − 65d2 þ 14dþ 64

64ðd− 2Þðd2 − 1Þ þ dðd2 − 5dþ 5Þ
8ðd − 2Þðd− 1Þ ðξ− 1Þ þ ðd− 2Þd

32ðd− 1Þ ðξ− 1Þ2
�
ðηανηβμ þ ηαμηβνÞ

þ
�
d4 − 23d3 þ 80d2 þ 4d− 64

64ðd− 2Þ2ðd2 − 1Þ −
ðd− 4Þd

8ðd− 2Þðd− 1Þ ðξ− 1Þ þ ðd− 2Þd
32ðd − 1Þ ðξ− 1Þ2

�
ηαβημν

þ terms containing kα; kβ; kμ; kν
�
; ðB17Þ

where D̄μν αβ is obtained from Eq. (A12) replacing ξ by ξ̄. The above expression reduces, for d ¼ 4 − 2ϵ, to the result

D̄αβρσΠρσ λδD̄λδμνjd¼4−2ϵ ¼ −
Idiv

2

��
21

120
þ ξðξ − 1Þ

6

�
ðηανηβμ þ ηαμηβνÞ þ

�
1

120
þ ðξ − 1Þ2

6

�
ηαβημν

þ terms containing kα; kβ; kμ; kν
�
þ � � � ; ðB18Þ

which agrees with the known result in the gauge ξ ¼ 1
[2,25]. In Sec. III we employ this result to compute the
quantum correction to the Newtonian potential.

APPENDIX C: USING A LAGRANGE
MULTIPLIER FIELD TO ELIMINATE
RADIATIVE CORRECTIONS BEYOND

ONE LOOP

It has been established that by supplementing the
classical Lagrangian with a term in which a LM field is
used to ensure that the classical equations of motion are
satisfied, the radiative corrections to the classical action
are restricted to one-loop order. These one-loop corrections
are twice those arising from the classical action alone. (See
Ref. [31] and references therein.) This has made it possible
to absorb all divergences arising from the Einstein-Hilbert
action (both by itself and when interacting with a scalar
field) into the LM field, leaving a finite result that is
consistent with unitarity.
We now will summarize the consequence of including

such a LM field when we do not specify the gauge fixing
parameter ξ. Starting from the Einstein-Hilbert Lagrangian
of Eq. (2.1), we find that since

δ

Z
d4xLg ¼ −

2

κ2

Z
d4x

ffiffiffiffiffiffi
−g

p
δgμν

�
Rμν −

1

2
gμνR

�
; ðC1Þ

we introduce a LM field λμν so that the Einstein-Hilbert
Lagrangian is supplemented by

Lλ ¼
�
−

2

κ2

� ffiffiffiffiffiffi
−g

p
λμν

�
Rμν −

1

2
gμνR

�
: ðC2Þ

The LM field λμν is now split into a background part λ̄μν and
a quantum fluctuation σμν,

λμν ¼ λ̄μν þ σμν; ðC3Þ

and now
R
d4xðLg þ LλÞ is invariant under two gauge

transformations [31],

δhμν ¼
1

κ
ðD̄μθν þ D̄νθμÞ þ θλD̄λhμν þ hμλD̄νθ

λ þ hνλD̄μθ
λ;

ðC4aÞ

δσμν¼ðλ̄μλþσμλÞD̄νθ
λþðλ̄νλþσνλÞD̄μθ

λþθλDλðλ̄μνþσμνÞ;
ðC4bÞ

and

δσμν ¼ ðD̄μχν þ D̄νχμ þ χλD̄λσμνÞ þ σμλD̄νχ
λ þ σνλD̄μχ

λ;

ðC4cÞ

with ḡμν and λ̄μν held constant. Breaking the gauge
invariances of Eqs. (C4) while preserving the gauge
invariance of the background fields ḡμν and λ̄μν involves
replacing Eqs. (2.4) and (2.5) by [31]

Lgfλ ¼
1

ξ

ffiffiffiffiffiffi
−ḡ

p ��
D̄νhμν −

1

2
D̄μhαα

��
D̄σhμσ −

1

2
D̄μhββ

�

þ 2

�
D̄νσμν −

1

2
D̄μσ

α
α

��
D̄σhμσ −

1

2
D̄μhββ

��
;

ðC5aÞ

Lghλ ¼
ffiffiffiffiffiffi
−ḡ

p ½c�μðD̄λD̄λḡμν − R̄μνÞdν
þ d�μðD̄λD̄λσμν − R̄μνÞcν�; ðC5bÞ

where d⋆μ and dν are additional Grassmann ghost fields.
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In the path integral for the one-particle irreducible Feynman diagrams, one can do explicitly the path integral over the
fields hμν and σμν, leaving one with [31]

Γ½ḡμν; λ̄μν� ¼ −i ln
�X

i

exp i
Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðḡþ κhðiÞÞ

q
ðLgðḡμν þ κhðiÞμν Þ þ λ̄μν

δ

δhμν
Lgðḡμν þ κhðiÞμν Þ

þLgfðḡμν þ κhðiÞμν ÞÞdet−1
�

δ2

δhμνδhλσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðḡþ κhðiÞÞ

q
ðLgðḡμν þ κhðiÞμν Þ þ Lgfðḡμν þ κhðiÞμν ÞÞ

�

× det2ðD̄λD̄λḡμν − R̄μνÞ
�
: ðC6Þ

In Eq. (C6), the summation over i is over all configurations of hμν that satisfy the classical equation of motion

δ

δhμν

�
−
2

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðḡþ κhÞ

p
Rðḡμν þ κhμνÞ þ

1

ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðḡþ κhÞ

p �
D̄μhμν −

1

2
D̄νhαα

��
D̄λhνλ −

1

2
D̄νhββ

��
¼ 0: ðC7Þ

If we were to set hðiÞμν in Eq. (C6) equal to zero, we would have the contributions of all diagrams to Γ½ḡμν�; these consist of
all tree level diagrams [the exponential in Eq. (C6)], twice the usual one-loop diagrams involving the graviton [the
contribution of the factor det−1 in Eq. (C6)], and twice the usual ghost-loop diagrams [the factor det2 in Eq. (C6)]. No
diagrams beyond one-loop order contribute to Γ. This expression for Γ is consistent with unitarity [31].
The functional determinants in Eq. (C6) result in divergences [5]; these are twice what appears in Eq. (1.1). This

divergent contribution to Γ

Ldiv ¼
ffiffiffiffiffiffi
−ḡ

p
μ4−d

4π2ð4 − dÞ
��

1

120
þ 1

6
ðξ − 1Þ2

�
R̄ḡμν þ

�
7

20
þ ξðξ − 1Þ

3

�
R̄μν

�
R̄μν ðC8Þ

(μ is a renormalization mass scale parameter) can be absorbed into

λ̄μν
δ

δhμν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðḡþ κhÞ

p
Lgðḡμν þ κhμνÞj

hμν¼0
¼ −

2

κ2
ffiffiffiffiffiffi
−ḡ

p
λ̄μν

�
1

2
ðδαμδβν þ δανδ

β
μ − ḡαβḡμνÞ

�
R̄αβ ðC9Þ

by setting

λ̄μνR ¼ λ̄μν −
κ2μ4−d

4π2ð4 − dÞ
��

1

120
þ 1

6
ðξ − 1Þ2

�
R̄ḡαβ þ

�
7

20
þ ξðξ − 1Þ

3

�
R̄αβ

��
1

2

�
δμαδνβ þ δναδ

μ
β −

2

d − 2
ḡαβḡμν

��
: ðC10Þ

All divergences are absorbed by the renormalized LM field λ̄μνR . Neither κ2 or ḡμν are renormalized, and consequently they
do not vary as the renormalization mass scale is changed.
If there is a scalar field ϕ in addition to the metric field gμν, then the classical Lagrangian of Eq. (2.1) is supplemented by

LϕðϕÞ ¼
ffiffiffiffiffiffi
−ḡ

p �
1

2
gμν∂μϕ∂νϕ −

m2

2
ϕ2 −

G
4!
ϕ4

�
: ðC11Þ

Quantizing ϕ in the same manner as gμν results in

Γ½ḡμν; λ̄μν; ϕ̄� ¼ −i ln
�X

i

Z
Dψ exp i

Z
d4xð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ḡþ κℏðiÞ

q
Lϕðϕ̄þ ψ ; ḡμν þ κhðiÞμν Þ þLgðḡμν þ κhðiÞμν ÞÞ

þ λ̄μν
δ

δhμν
Lgðḡμν þ κhðiÞμν Þ þLgfðḡμν þ κhðiÞμν Þdet−1

�
δ2

δhμνδλσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ḡþ κℏðiÞ

q
ðLgðḡμν þ κhðiÞμν ÞLgfðḡμν þ κhðiÞμν ÞÞ

�

×det2ðD̄λD̄λḡμν − R̄μνÞ
�
; ðC12Þ

where ϕ has a background component ϕ̄. The integration over ψ leads to divergences that can be removed by renormalizing
m2,G, and ϕ̄, as well as further divergences proportional to R̄μν, which can also be removed by being absorbed into λ̄μν. All
divergences in Eq. (C12) are consequently eliminated.
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