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We study the orbital evolution of eccentric binary systems in Horndeski gravity. This particular theory
provides a test bed to give insightful comparisons with data. We compute the rate of energy loss and the rate
of change of angular momentum for the binaries by calculating the multipole moments of the radiation
fields. We have used appropriate parameters for the eccentric binaries to compute the decay rates of its
orbital eccentricity and semimajor axis. We then compare this decay rate with that of general relativity.
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I. INTRODUCTION

General relativity (GR) is widely considered to be the
most successful theory of classical gravity. It is so because
it qualifies tests ranging from solar system, pulsar tests to
submillimeter scales [1–8]. However, it is incomplete. It is
widely expected that there will be a UV completion of the
theory by constructing a suitable quantum theory [9].
Nevertheless, GR along with the Standard Model being
the two cornerstones of physics, the GR theory itself cannot
explain all phenomena there is, the biggest instance being
the occurrence of dark energy and dark matter [10].
Supernovae type IA observations [11–14] show that our
Universe is expanding. To explain this in the context of GR,
one introduces an extra piece, “dark energy,” which is not
understood completely. Dark matter is yet another mys-
terious thing ever present in galaxies and taking part in
gravitational interactions [15–17]. All these questions
naturally seek out an attempt to investigate alternate gravity
theories [18,19].
Onewaywe canmodify GR is to add terms to it which are

higher curvature terms and also add in additional degrees
of freedom [20–27]. The simplest way is to add scalars
[28–33]. Such theories with extra scalars do give solutions
for some GR problems. For instance, the scalar field is
considered to be one of the main components of dark energy
and can also explain the reason for the accelerating expan-
sion of the Universe [34,35]. In this context, Horndeski
gravity presents itself to be one of the most general of such
theories evading instabilities of the Ostrogradsky type
[36,37]. The theory has been extensively tested in cluster
lensing experiments [38,39], cosmic microwave back-
ground data [40–44], etc., and widely studied in the context
of cosmology [45–49]. However, on the question of its
verification using LIGO-Virgo data [50–56], some recent

works do restrict some parameters of the theory using the
event GW170817 [57,58].
In the Horndeski theory, there is a coupling between the

scalar and the matter fields. If we have scalar fields
describing dark energy, then there exists a mechanism
called the Vainshtein mechanism [59], responsible for
suppressing the scalar interactions. Current experimental
constraints also require this interaction to be screened in
high-density medium [60,61]. One can define a radius,
known as the “Vainshtein radius,” beyond which one can
neglect all the nonlinearities arising due to the presence of
higher derivative interactions [62–67]. In this paper, we
consider a Horndeski theory, where this mechanism is
neglected for binary pulsars in the strong field regime, and
the scalar field equations reduce to a massive Klein-Gordon
equation.1

The first detection of gravitational waves (GWs) was an
indirect one based on orbital decays of binary pulsars [69],
and it was only in 2015 we found a direct signal from the
coalescence of two stellar-mass black holes [50]. GWs
provide us with an opportunity to study dynamics and
hence perform quantitative tests. The study of radiation
clarifies predictions from GR and the alternative theories of
gravity. Therefore, studying orbital radiation is an impor-
tant task, which is what we have done here. Gravitational
fields for pulsars provide a strong test bed than the usual
solar system tests. Also, there is a high stability for pulse
arrivals so that we can minutely study the orbital dynamics
of such systems [70,71]. These facts suffice to put pulsars
as a particular interesting thing to study gravitational
radiation. We can do so in different models of gravity,
and some of them have been done in [72]. In [73], authors
have considered circular orbits for binaries and constrained
the effective mass of the scalar field using some binary
pulsar data. However, we know that there are eccentric
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1A massless version of this theory has been considered [68]
where authors have computed time delay, Nordtvedt effects, etc.
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binary pulsars [74].2 Motivated by that, in this paper, we
study decay rates corresponding to energy and angular
momentum for binary pulsar systems moving in eccentric
orbits, with the hope that, using these results, one can
possibly improve the bound on the parameters of the
theory. We compute the angular-momentum flux from
the method outlined in [76,77] and use a Keplerian para-
metrization for the pulsar systems. We conclude by finding
the expressions for the rate of change of eccentricity of the
orbits of the binaries.
We organize the paper as follows: In Sec. II, we give a brief

introduction to theHorndeski theory. In Sec. III, we look into
the field equations of motion and investigate their weak
limits. Section IV deals with finding the equation of motion
for the binaries in this particular gravity theory, followed by
Sec. V, which outlines the way we use to calculate the stress
tensor. We find solutions to the field equations in Sec. VI
which, along with the stress tensor, help in calculating the
energy and the angular-momentum flux in Sec. VII. Finally,
we analyze the orbital dynamics for such systems in
Sec.VIII.We concludewith Sec. IXby providing a summary
of our results and future directions. Some mathematical
details are given in the Appendix.

A. Conventions

Choice of signature for the metric is ð−;þ;þ;þÞ. We use
Greek indices ðμ; ν;…Þ running over 0,1,2,3, and the
calculations are done in the centimeter-gram-second (cgs)
system.

II. HORNDESKI GRAVITY

The action functional for the Horndeski theory is given
by [37,78]

S ¼ c4

16π

X5
i¼2

Z
d4x

ffiffiffiffiffiffi
−g

p
Li þ

Z
d4xLmðA2ðϕÞgμν;ψ ðjÞ

m Þ;

ð2:1Þ
wherec is the speed of light, g is the determinant of themetric,
and Lm is the matter part of the Lagrangian, the matter fields
ψ j
m, being labeled by j. Li’s are the Lagrangian densities for

the gravity part containing the metric and the scalar field ϕ:

L2¼G2ðϕ;XÞ; L3¼−G3ðϕ;XÞ□ϕ;

L4¼G4ðϕ;XÞRþG4X½ð□ϕÞ2−ð∇μ∇νϕÞ2�;
L5¼G5ðϕ;XÞGμν∇μ∇νϕ

−
G5X

6
½ð□ϕÞ3þ2ð∇μ∇νϕÞ3−3ð∇μ∇νϕÞ2□ϕ�: ð2:2Þ

Gμν is the usual Einstein tensor, andR is the Ricci scalar. The
X is defined as

X ¼ −
1

2
∇μϕ∇μϕ:

Giðϕ; XÞ are functions of the scalar field ϕ and X.
Furthermore, GiX ¼ ∂Gi

∂X .
Since we are interested in studying gravitational radia-

tion from binary pulsar systems, we will concentrate on the
flux carried away by this radiation at large distances. At
large distances influences on the metric and scalar field ϕ
are not significant from these pulsar sources. Hence we can
perturb the field equations in a background which is
Minkowskian (ημν) and expand the fields in the limit of
v
c ≪ 1 [4,79]. The metric and the scalar field expansions are
given by

ϕ ¼ ϕ0 þ ϕ̃;

gμν ¼ ημν þ hμν: ð2:3Þ

In the subsequent sections we will solve these perturbations
in terms of power series of Oðv=cÞ2, using the standard
post-Newtonian techniques.
The functions Giðϕ; XÞ are arbitrary and meanwhile can

be expanded in Taylor’s series around ϕ0 which is the value
of ϕ in flat spacetime background:

Gðϕ; XÞ ¼
X∞
m;n¼0

Gðm;nÞϕ̃mXn;

Gðm;nÞ ¼
1

m!n!
∂
mþn

∂
mϕ∂nX

Gðϕ; XÞ
���
ϕ¼ϕ0;X¼0

;

Gðϕ; XÞ ¼ GðϕÞjn¼0: ð2:4Þ

To obtain the GR limit of this theory we can choose
G4 ¼ 1

GN
and set all other Gi ¼ 0. Taking into account

existing constraints posed on the theory from various
observational data we reduce our original Lagrangian
(2.1) to the following [73]:

L2 ¼ G2ðϕ; XÞ; L3 ¼ −G3ðϕÞ□ϕ;

L4 ¼ G4ðϕÞR; L5 ¼ 0: ð2:5Þ

However, there are still some undetermined parameters left
which one hopes to constrain. Using one result of this paper
we hope to get back to this issue in a subsequent work.
Now, let us concentrate on the matter part of the theory.

Since we are studying gravitational pointlike masses, the
matter action for such a system is given by [80]

Sm ¼ −c2
X
a

Z
maðϕÞdτa: ð2:6Þ

2Also, we expect to detect gravitational waves from eccentric
binary systems in future detectors like the Laser Interferometer
Space Antenna [75]. Hence we expect to get better constraints on
the parameter space of the theory.

ABHISHEK CHOWDHURI and ARPAN BHATTACHARYYA PHYS. REV. D 106, 064046 (2022)

064046-2



Here,maðϕÞ is the inertial mass of the particles and τa is the
proper time along the world line of the particle, a being a
label denoting various point particles. As we will consider a
binary system, it will take only two values a ¼ 1, 2. The
above action was first considered in the context of scalar-
tensor theories to account for the internal structure of the
bodies [80]. This is so because, for alternate gravity
theories like scalar-tensor theories, laws of self-gravitating
bodies depend on their internal structure, and there is a
violation of the gravitational weak equivalence principle
(GWEP) [81,82]. The violation can be easily seen as the
scalar field and hence the mass which depends on the field
become position dependent. At this point, we like to
emphasize that, instead of a generic matter Lagrangian
Lm as mentioned in (2.1), we will be working with the
simplified matter action as mentioned in (2.6). This is a
valid approximation as long as the compact objects are far
from each other. Their motion can be effectively described
by assuming that they are point particles. Then the effect of
the scalar field on the internal structure of these objects can
be expressed by making their mass a function of the scalar
field as shown in (2.6) following the arguments given in
[68,73,80].
Varying (2.6) with respect to the metric we obtain the

energy-momentum tensor of the matter [73]

Tμν ¼ cffiffiffiffiffiffi−gp
X
a

maðϕÞ
uμuν

u0
δ3ðr⃗ − r⃗aðtÞÞ; ð2:7Þ

and its trace is given by

T ¼ −
c3ffiffiffiffiffiffi−gp

X
a

maðϕÞ
u0

δ3ðr⃗ − r⃗aðtÞÞ; ð2:8Þ

where uμ ¼ dxμa
dτa

is the four velocity of the ath particle,

dτ ¼
ffiffiffiffiffiffiffi
−ds2

p
c , ds2 ¼ gμνdxμdxν is an interval, uμuμ ¼ −c2

and δ3ðr⃗ − r⃗aðtÞÞ is the three-dimensional Dirac delta
function. The inertial mass m which is dependent on ϕ
can also be expanded around ϕ0 and takes the form [73]

maðϕÞ ¼ maðϕ0Þ
�
1þ sa

ϕ̃

ϕ0

−
1

2

�
ϕ̃

ϕ0

�
2

ðsa − s2a − s0aÞ þOðϕ̃Þ3
�
; ð2:9Þ

where sa ¼ ∂ðlnmaÞ
∂ðlnϕÞ jϕ0

and s0a ¼ ∂
2ðlnmaÞ
∂ðlnϕÞ2 jϕ0

.

Having obtained these expressions the field equations
can be expressed in the weak field limit which we will do in
the next section.

III. WEAK FIELD LIMITS

As mentioned earlier, the scope of this paper is to explore
radiation from a pulsar system at a large distance from the
source such that there is no influence of the source on the
metric and scalar field. Hence, the following perturbations
can be performed:

ϕ ¼ ϕ0 þ ϕ̃;

gμν ¼ ημν þ hμν: ð3:1Þ

This leads to a Taylor series expansion of the arbitrary
function Giðϕ; XÞ defined in (2.4).
The next thing to do is to obtain field equations in the

above limit, known as the weak field limit. Interested
readers may refer to [78,83] for the most general form of
the field equations. Furthermore, following [84] we have
neglected G2ð0;0Þ and G2ð1;0Þ as these terms have negligible
effects on gravitational waves. The linearized field equa-
tions up to OðvcÞ4 take the following form [85]:

− ðG2ð0;1Þ − 2G3ð1;0ÞÞ□ϕ̃ −G2ð2;0Þϕ̃þG4ð1;0Þð□h − ∂μ∂νhμνÞ ¼
16π

c4
∂T
∂ϕ

ð1Þ
;

G4ð0;0Þ

�
∂α∂νhαμ −

1

2
□hμν −

1

2
∂μ∂νh −

1

2
ημν∂α∂βhαβ þ

1

2
ημν□h

�
þ G4ð1;0Þημν□ϕ̃ −G4ð1;0Þ∂μ∂νϕ̃ ¼ 8π

c4
Tð1Þ
μν ; ð3:2Þ

where T ¼ gμνTμν is the trace, □ ¼ ημν∂μ∂ν and the super-
script (1) refers to the leading order term.
By introducing

h̃μν ¼ hμν −
1

2
ημνh −

G4ð1;0Þ
G4ð0;0Þ

ημνϕ̃;

h̃ ¼ −h − 4
G4ð1;0Þ
G4ð0;0Þ

ϕ̃; ð3:3Þ

the field equations can be decoupled and further using the
gauge ∂αhαβ ¼ 0, the field equations take the following
form:

□h̃μν ¼ −
16π

c4G4ð0;0Þ
Tð1Þ
μν ; ð3:4Þ

□ϕ̃ −m2
sϕ̃ ¼ 16π

c4
ξ

�
Tð1Þ −

2G4ð0;0Þ
G4ð1;0Þ

∂T
∂ϕ

ð1Þ�
; ð3:5Þ

STUDY OF ECCENTRIC BINARIES IN HORNDESKI GRAVITY PHYS. REV. D 106, 064046 (2022)

064046-3



where

m2
s ¼

G2ð2;0Þ

2G3ð1;0Þ − G2ð0;1Þ − 3
G2

4ð1;0Þ
G4ð0;0Þ

; ð3:6Þ

ξ ¼ −
G4ð1;0Þ

2G4ð0;0Þ
�
2G3ð1;0Þ − G2ð0;1Þ − 3

G2
4ð1;0Þ

G4ð0;0Þ

	 : ð3:7Þ

In this paper, we have chosen the cgs system of units which
makes the dimension of ms inverse of the length and
consequently it plays a role of inverse characteristic wave-
length of the scalar field. The scalar field, whether it is
massless or massive, depends on the value ofG2ð2;0Þ and the
perturbation of the scalar field is sourced by a combination
of energy-momentum stress tensor of the matter and the
derivative of the trace of the tensor with respect to ϕ. This is
however not the case for the equation of h̃μν, where the
energy-momentum tensor of the matter field is sourcing the
perturbation.
Now using the expansions mentioned in (3.1) and the

fact that uμuμ ¼ −c2, the energy-momentum tensor takes
the following form after expanding the expression men-
tioned in (2.7) up to the linear order:

Tαβ ¼
X
a

mauαuβ
�
1 −

1

2
hkk −

v2a
2c2

þ sa
ϕ̃

ϕ0

�
δ3ðr⃗ − r⃗aðtÞÞ:

ð3:8Þ

Note that we have to use also the expression of mðϕÞ as
defined in (2.9), and we have neglected the quadratic term
in (2.9) as we are considering fluctuations as mentioned in
(3.1). The trace of Tαβ is

T ¼ −c2
X
a

ma

�
1 −

1

2
hkk −

v2a
2c2

þ sa
ϕ̃

ϕ0

�
δ3ðr⃗ − r⃗aðtÞÞ;

ð3:9Þ

and the derivative of trace with respect to ϕ reads

∂T
∂ϕ

¼−c2
X
a

ma

ϕ0

�
sa

�
1−

1

2
hkk−

v2a
2c2

�
− ðsa−s2a− s0aÞ

ϕ̃

ϕ0

�

×δ3ðr⃗− r⃗aðtÞÞ: ð3:10Þ

Given (3.9) and (3.10), we can solve (3.5) and (3.4) up to
1PN order to obtain the leading order static solution for
ϕ̃ [85]:

ϕ̃ ¼ 4ξ

c2
X
a

ma

ra

�
1 − 2

sa
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�
; ð3:11Þ

and the tensor field h̃μν within 1PN near zone limit:

h̃00 ¼
4

c2G4ð0;0Þ

X
a

ma

ra
þO

�
v
c

�
4

;

h̃ij ¼
4vivj

c4G4ð0;0Þ

X
a

ma

ra
þO

�
v
c

�
6

;

h̃ ¼ −
4

c2G4ð0;0Þ

X
a

ma

ra
þO

�
v
c

�
4

: ð3:12Þ

Using (3.3), we get the following expressions for metric
perturbations at leading order:

h00 ¼
2

c2G4ð0;0Þ

X
a

ma

ra

þ 4ξ

c2
G4ð1;0Þ
G4ð0;0Þ

X
a

ma

ra
e−msra

�
1 − 2

sa
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�

þO
�
v
c

�
4

; ð3:13Þ

hij ¼ δij

�
2

c2G4ð0;0Þ

X
a

ma

ra

−
4ξ

c2
G4ð1;0Þ
G4ð0;0Þ

X
a

ma

ra
e−msra

�
1 − 2

sa
ϕ0

G4ð0;0Þ
G4ð1;0Þ

��

þO
�
v
c

�
4

; ð3:14Þ

h ¼ 4

c2G4ð0;0Þ

X
a

ma

ra

−
16ξ

c2
G4ð1;0Þ
G4ð0;0Þ

X
a

ma

ra
e−msra

�
1 − 2

sa
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�

þO
�
v
c

�
4

: ð3:15Þ

IV. EINSTEIN-INFELD-HOFFMANN (EIH)
EQUATIONS OF MOTION

As mentioned in Sec. II, the Horndeski theory violates
GWEP due to the fact that the mass of the binary ma
depends on ϕ which in turn is spacetime dependent. This
dependence leads to the fact that different bodies will
respond differently to different fields. They will have
different trajectories. To be more specific the mass is
dependent on sensitivity parameters. In [86], authors
suggested a method by which we can see the effects of
these sensitivities on the equations of motion and it starts
with a Lagrangian which is called the Einstein-Infeld-
Hoffmann Lagrangian, LEIH:
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LEIH ¼ −c2
X
a

Z
maðϕÞ

dτa
dt

¼ −c2
X
a

maðϕÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00 − 2g0i

via
c
− gij

viav
j
a

c2

s

¼ −
X
a

mac2


1 −

v2a
2c2

−
X
b≠a

�
1

c2G4ð0;0Þ

mb

rab
þ 2ξ

c2
G4ð1;0Þ
G4ð0;0Þ

mb

rab

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�
e−mϕ̃rab

−
4saξ
c2ϕ0

mb

rab

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�
e−mϕ̃rab

�
þO

�
v
c

�
4
�
: ð4:1Þ

Here, rab ¼ jr⃗aðtÞ − r⃗bðtÞj. The effective gravitational
constant can be read off from the above equation and
takes the following form:

Gab ¼
�

1

G4ð0;0Þ
þ 2ξ

G4ð1;0Þ
G4ð0;0Þ

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�
e−mϕ̃rab

−
�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�
e−mϕ̃rab

4saξ
ϕ0

�
: ð4:2Þ

When we substitute the Lagrangian (4.1) into the Euler-
Lagrange equation we get the n-body equations of motion
at the leading order:

a⃗i ¼ −
X
i≠j

Gijmj

r2ij
r̂ij; ð4:3Þ

with

Gij ¼
1

G4ð0;0Þ



1þ ð1þmϕ̃rabÞe−mϕ̃rab

×

�
2ξG4ð1;0Þ

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�

−
4saξG4ð0;0Þ

ϕ0

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

���
: ð4:4Þ

Here, a⃗i ≡ d2 r⃗i
dt2 is the acceleration of the ith object, and r̂ij is

the unit direction vector from the jth particle to the ith
particle. The terms having exponents cause the inverse
square law to not hold in this case. However, ms having
dimension of inverse length which is of the order of
cosmological scales and rab being small compared to ms
makesmsrij ≪ 1. Under these approximations e−mϕ̃rab → 1

and

Gab ¼
1

G4ð0;0Þ



1þ 2ξG4ð1;0Þ

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

�

−
4saξG4ð0;0Þ

ϕ0

�
1 −

2sb
ϕ0

G4ð0;0Þ
G4ð1;0Þ

��
: ð4:5Þ

Note that although the inverse square law form is restored
the GWEP violation still happens. However, due to this
inverse square law form we can now apply the usual orbital
dynamical equations to our problem. We can calculate the
orbital decay rate _P given by _P

P ¼ − 3
2

_E
E, P in turn satisfying

the usual Kepler’s third law

a3
�
2π

P

�
2

¼ G12M; ð4:6Þ

and E ¼ − G12Mμ
2a , where a is the semimajor axis and G12 is

the effective gravitational constant. M is the total mass of
this composite system. These relations will give us the
energy loss of the system. But before that we need the
energy-momentum tensor to complete the analysis which
will be done in the next section.

V. STRESS TENSOR

In this section, we want to introduce the tools to calculate
the radiation from the system. The system radiates away
energy and also suffers a loss in angular momentum. The
emission of this radiation include a scalar part and a
gravitational part, and the radiation is monopole, dipole,
octupole and dipole-octupole type. These will give us the
necessary orbital decay rate and, eventually, the change in
the orbital period. To find this, we need to first calculate the
stress tensor of this system. There are many methods to
calculate this (pseudo)stress tensor. But, all these results
give different stress tensors but lead to identical flux
expressions [87,88]. In [73], authors used Noether’s pro-
cedure to derive a nonsymmetric stress tensor. But it poses
no problem for calculating the energy flux. However,
difficulty arises during the computation of angular
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momentum, for which we have to use a symmetric
pseudotensor. In this paper, we have found a symmetric
pseudotensor using the method mentioned in [76,77] which
we describe below.
The approach works in the short-wavelength limit, where

λ ≪ 1ffiffiffi
R

p , where R are the values of the background Riemann

tensor components. Our background is flat; hence R ¼ 0
and thus the condition is always satisfied and now the task
remains is to take average of the quantities which requires
the following rules [68,89]:

(i) h∂αðh̃βγ∂δh̃Þi ¼ 0,
(ii) hh̃∂α∂βh̃γδi ¼ −h∂αh̃∂βh̃γδi.

The same rules are applied for the terms involving the
scalar field as well.
In [68], this method has been used to compute a

symmetric stress tensor in vacuum using transverse-trace-
less gauge ð∂αh̃αβ ¼ 0; h̃ ¼ 0Þ. It is given by

hTμνi ¼
�

c4

32π
G4ð0;0Þ∂μh̃;ρσ∂νh̃ρσ þ

2ξG4ð0;0Þ
G4ð1;0Þ

∂μϕ̃∂νϕ̃

þm2
ϕ̃
G4ð1;0Þϕ̃h̃μν


: ð5:1Þ

In the limit that G4 ¼ 1
GN

and the remaining Gi’s vanish
we get the effective stress tensor for GR. We now have
everything to proceed to calculate the fluxes save for the
solution of ϕ which will be done in the next section.

VI. RADIATION FROM THE BINARY PULSARS

The previous section gives us the energy-momentum
tensor. However, we are yet to find the solution of ϕ̃ so that
we can calculate the ∂μϕ̃∂νϕ̃ terms in addition to the h̃
terms. To compute the energy-momentum tensor we need
the solutions to the following equations:

□ϕ̃ −m2
sϕ̃ ¼ 16π

c4
ξ

�
Tð1Þ −

2G4ð0;0Þ
G4ð1;0Þ

∂T
∂ϕ

ð1Þ�
; ð6:1Þ

□h̃μν ¼ −
16π

c4G4ð0;0Þ
Tð1Þ
μν : ð6:2Þ

A. Solution to the tensor part

The solution to

□h̃μν ¼ −
16π

c4G4ð0;0Þ
Tð1Þ
μν ð6:3Þ

is obtained by Green’s function method and takes the
following form [79]:

h̃μν ¼
4

c4G4ð0;0Þ

Z
d3r

Tð1Þ
μν ðt − jr⃗ − r⃗0j=cÞ

jr⃗ − r⃗0j : ð6:4Þ

Since we want to find the solution at the far limit then
jr⃗0j ≪ jr⃗j, r⃗0 being the source point and r⃗0 the point where
we want to find the field to. Taking this into account and
expanding the denominator we get [79]

h̃μν ¼
4

rc4G4ð0;0Þ

X∞
l¼0

1

cll!
∂
l

∂tl

Z
d3rTð1Þ

μν ðt − r=c; r⃗0Þðn̂:r⃗0Þl

ð6:5Þ

where n̂ ¼ r⃗
r is the unit vector. Up to leading order (l ¼ 0)

we can use the conservation equation for the Tð1Þ
μν tensor to

rewrite it as

h̃ij ¼
4

rc4G4ð0;0Þ

Z
d3r0Tð1Þ

ij ðt − r=c; r⃗0Þ; ð6:6Þ

and eventually we get the following:

h̃ij ¼
2

rc6G4ð0;0Þ

∂
2

∂t2

Z
d3r0Tð1Þ

00 ðt − r=c; r⃗0Þr0ir0j: ð6:7Þ

The above relation shows that up to leading order the
tensorial radiation is dominated by quadrupole radiation
and that the monopole and dipole radiation are not present.
This is exactly like GR. This happens because the graviton

is spin-2 as well as massless. At the leading order PN, Tð1Þ
00 ,

which is the sum total energy density of matter fields, is
negligible. So

Tð1Þ
00 ¼

X
a

mac2δðr⃗ − r⃗aðtÞÞ: ð6:8Þ

Substituting this in (6.7) we get

h̃ij ¼
2

rc4G4ð0;0Þ

∂
2

∂t2
Mij

���
ret
; ð6:9Þ

where

Mij ¼
X
a

marai ðtÞraj ðtÞ ð6:10Þ

is the mass quadrupole moment [79]. To find the flux for
this tensor radiation part we first find out the transverse-
traceless (TT) part of hij by using the projection operator
Λij;kl, called the Lambda tensor. The TT part is hij;TT ¼
Λij;klhkl ¼ Λij;klh̃

kl [79].
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B. Solution to the scalar part

As mentioned earlier we need to find the solution to the
scalar equation also. From (3.5) we know that it takes the
following form:

□ϕ̃ −m2
sϕ̃ ¼ 16π

c4
ξ

�
Tð1Þ −

2G4ð0;0Þ
G4ð1;0Þ

∂T
∂ϕ

ð1Þ� ¼ 16π

c4
ξT̃ð1Þ;

ð6:11Þ

where T̃ð1Þ ¼ ½Tð1Þ − 2G4ð0;0Þ
G4ð1;0Þ

∂T
∂ϕ

ð1Þ�. Again just like the ten-

sorial part we can find the solution of the scalar equation
using the Greens function method [90]. For the sake of
simplifying the calculation we assume G2ð2;0Þ ¼ 0 to make
the equation massless. The usual Green’s function method
works:

□Gðx; x0Þ ¼ −4πδ4ðx − x0Þ ð6:12Þ

and the solution is [90]

ϕ̃ ¼ 4ξ

rc2
X∞
l¼0

1

cll!
∂
l

∂tl

Z
d3r0ðn̂:r⃗0ÞlT̃ð1Þ: ð6:13Þ

Again the integration region is similar to that of the
tensorial part; i.e., we find the field at a far point such
that jr⃗0j ≪ jr⃗j. Substituting the source term T̃ð1Þ from the
expressions from (3.9) and after doing the algebra we arrive
at the following expression [90]:

ϕ̃ ¼ 4ξ

rc2
X∞
l¼0

1

cll!
ni1ni1ni2ni3…nil∂

l
tML

l ; ð6:14Þ

where

ML
l ¼ Mi1i2i3…il

l ðt; r; zÞ ¼
X
a

Maðt − r=cÞrLa ðt − r=cÞ

ð6:15Þ

and

MaðtÞ¼ma

�
1−2

G4ð0;0Þ
G4ð1;0Þ

sa
ϕ0

−
v2a
2c2

�
1−2

G4ð0;0Þ
G4ð1;0Þ

sa
ϕ0

�

−3
X
b≠a

mb

rabðtÞc2G4ð0;0Þ

�
1−2

G4ð0;0Þ
G4ð1;0Þ

sa
ϕ0

�

þ6G4ð1;0Þξ
c2G4ð0;0Þ

X
b≠a

mb

rabðtÞ
�
1−2

G4ð0;0Þ
G4ð1;0Þ

sa
ϕ0

�

−
X
b≠a

mb

rabðtÞc2
�
1−2

G4ð0;0Þ
G4ð1;0Þ

sa
ϕ0

�

×

�
8ξsa
ϕ0

−
8

ϕ0

2G4ð0;0Þ
G4ð1;0Þ

ðsa− s2aþ saÞξ
��

: ð6:16Þ

VII. CALCULATION OF FLUXES

We now have the solution for the scalar part of the
Eq. (6.14) and also the tensorial part (5.1). Then the task
remains to put them into that of the pseudotensor. Also,
we consider a system of binaries with masses m1 and m2.
The reduced mass (μ) and the total mass (M) of the system
are defined as μ ¼ m1m2

m1þm2
and M ¼ m1 þm2, respectively.

We parametrized the orbit by polar coordinates ðr; θÞ and
set the origin at the center of mass of the system. Then we
fix our frame at the center of mass. While doing this we
choose the following parametrization [91]:

x ¼ r cos θ; y ¼ r sin θ; z ¼ 0 ð7:1Þ

with

r ¼ að1 − e2Þ
1 − e cos θ

; ð7:2Þ

where e is the eccentricity and a is the semimajor axis of
the binary orbit. The time derivative of θ can be computed
by noting that angular momentum (L) is given by
L ¼ μr2 _θ. Then utilizing this we get

_θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G12M

G4ð0;0Þa3

s
ð1 − e2Þ−3=2ð1þ e cos θÞ2; ð7:3Þ

where G12 is defined in (4.5). Also, henceforth we will label
the two bodies that the binary system is composed of by
1 and 2.

A. Energy loss for the binaries

The component of the energy-momentum pseudotensor
contributing to the energy flux of the system is T0r and
we can calculate the energy flux from the following
integral [91]:

h _Ei ¼ −cr2
Z

hT0ridΩ; ð7:4Þ

where hT0ri is defined in (5.1). At this point for calculation
ease we have set G2ð2;0Þ to zero which kills the third term in
(5.1). Also it helps to perform the orbital averaging needed
to obtain expressions for various fluxes. The contribution to
the energy flux due to the tensor part of the pseudotensor
takes the following form:
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h _ETi ¼
c5r2

16π

Z
dΩ

�
G4ð0;0Þ

2
∂0h̃

μν
∂rh̃μν



¼ −
c5r2G4ð0;0Þ

32π

Z
dΩh∂0h̃μν∂0h̃μνi: ð7:5Þ

Then putting the solution for h̃ij from (6.9) we get

h _ETi ¼ −
1

5c5G4ð0;0Þ

�
M
:::klM

:::kl −
1

3
ðM:::kkÞ2


: ð7:6Þ

Upon inserting the value ofMij from (6.10) and performing
an orbital averaging over the orbital period of the binary3

we get the following:

h _ETi ¼ −
32μ2M3G3

12

5c5G4ð0;0Þa5
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
;

ð7:7Þ

where Gab is defined in (4.5).
Now we can focus on the scalar energy flux. It takes the

following form:

h _Eϕi ¼
c5r2

16π

Z
dΩ

D G4ð1;0Þ
2G4ð0;0Þξ

∂0ϕ̃∂rϕ̃
E

¼ −
c5r2G4ð1;0Þ
32πG4ð0;0Þ

Z
dΩh∂0ϕ̃∂rϕ̃i: ð7:8Þ

Using the solution for ϕ̃mentioned in (6.13) and neglecting
the terms Oð1=r2Þ while taking the derivatives we get

h _Eϕi ¼ −
2c5G4ð1;0Þξ
G4ð0;0Þ

�
1

c6
_M0

_M0 þ
1

3c8
M̈k

1M̈
k
1 þ

1

3c8
_M0M

::: kk
2

þ 1

30c10
M
::: kl

2 M
::: kl

2 þ 1

60c10
M
::: kk

2 M
::: ll

2 þ 2

15c10
M̈k

1M
:::: kll

3


; ð7:9Þ

where

h _M0
_M0i ¼

2A2G12μ
2M3

a5ð1 − e2Þ7=2 e
2

�
1þ e2

4

�
; h _M0M

::: kk
2 i ¼ 7α̃2AÃμ2M

2a5ð1 − e2Þ7=2 e
�
1þ e2

7

�
;

hM
::: kk

2 M
::: ll

2 i ¼
α̃3μ2Ã2

a5ð1 − e2Þ7=2
�
32þ 84e2 þ 57

8
e4
�
; hM

::: kl
2 M

::: kl
2 i ¼

α̃3μ2Ã2

a5ð1 − e2Þ7=2 ð64þ 170e2 þ 21e4Þ;

hM̈k
1M

::::kll
3 i ¼ α̃3μ2

a5ð1 − e2Þ7=2
�
A1Ad

�
1 −

132

8
e2 −

51

8
e4
�
− A1Ãd

�
1 −

2192

64
e2 −

3368

64
e4 −

279

64
e6
��

;

hM̈k
1M̈

k
1i ¼

α̃2

a6ð1 − e2Þ9=2
�
A2
da

2ð1 − e2Þ2
�
1þ e2

2

�
þ Ã2

d

64
ð64þ 608e2 þ 552e4 þ 36e6Þ þ 2AdÃd

�
1þ 3e2 þ 3

8
e4
��

:

ð7:10Þ

Here we have used the multipole expansion mentioned in (7.9). The first term of (7.9) is a monopole contribution.
The second and third terms of (7.9) are the dipole-dipole and monopole-dipole cross term, respectively. The fourth and
fifth correspond to quadrupole radiation and the last term is again a cross term between dipole-octupole combination. For
more details interested readers are referred to [92]. Here we have used (6.14) and (6.16). The details of the computation is
given in the Appendix. Please note that we have truncated our expression in (7.9) up to the mixed dipole-octupole

term M̈k
2M

:::: kll
3 .

3For more details on orbital averaging the interested reader can refer to [91].
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Then finally putting all these together we get

h _Ei ¼ −
32μ2M3G3

12

5c5G4ð0;0Þa5
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
−
2G4ð1;0Þξ
G4ð0;0Þ

�
2A2G12μ

2M3

ca5ð1 − e2Þ7=2 e
2

�
1þ e2

4

�

þ α̃2

3c3a6ð1 − e2Þ9=2


A2
da

2ð1 − e2Þ2
�
1þ e2

2

�
þ Ã2

d

64
ð64þ 608e2 þ 552e4 þ 36e6Þ

þ 2AdÃd

�
1þ 3e2 þ 3

8
e4
��

þ 7α̃2AÃμ2M

6c3a5ð1 − e2Þ7=2 e
�
1þ e2

7

�
þ 1

60c5
α̃3μ2Ã2

a5ð1 − e2Þ7=2
�
160þ 424e2 þ 393

8
e4
�

þ 2

15c5
α̃3μ2

a5ð1 − e2Þ7=2


A1Ad

�
1 −

132

8
e2 −

51

8
e4
�
− A1Ãd

�
1 −

2192

64
e2 −

3368

64
e4 −

279

64
e6
���

; ð7:11Þ

where

A ¼ −
1

c2

��
3

G4ð0;0Þ
−
6G4ð1;0Þ
G4ð0;0Þ

þ γ1

�
β2 þ

�
3

G4ð0;0Þ
−
6G4ð1;0Þ
G4ð0;0Þ

þ γ2

�
β1

�
;

Ad ¼ μðα1 − α2Þ; Ã ¼ 1 − α0; A1 ¼
m2

2 −m2
1

m2
1m

2
2

−
�
α1
m2

1

−
α2
m2

2

�
;

Ãd ¼
μ

c2

��
3

G4ð0;0Þ
−
6G4ð1;0Þ
G4ð0;0Þ

þ γ1

�
m2β2 þ

�
3

G4ð0;0Þ
−
6G4ð1;0Þ
G4ð0;0Þ

þ γ2

�
m1β1

�
; ð7:12Þ

α1;2 ¼ 2
G4ð0;0Þ
G4ð1;0Þ

s1;2
ϕ0

; β1;2 ¼
�
1 −

2G4ð0;0Þ
G4ð1;0Þ

s1;2
ϕ0

�
;

γ1;2 ¼
�
8ξs1;2
ϕ0

−
8

ϕ0

2G4ð0;0Þ
G4ð1;0Þ

ðs1;2 − s21;2 þ s1;2Þξ
�
; ð7:13Þ

α0 ¼ α1m2 þ α2m1

m1 þm2

; α̃ ¼
ffiffiffiffiffiffiffiffiffiffiffi
G12M
a3

r
: ð7:14Þ

One can arrive at a simple expression for circular orbit by setting e ¼ 0. The expression in (7.11) then becomes

h _Ei ¼ −
32μ2M3G3

12

5c5G4ð0;0Þa5
−
2G4ð1;0Þξ
G4ð0;0Þ

�
α̃2

3c3a6
fA2

da
2 þ ÃdðÃd þ 2AdÞg þ

2α̃3μ2

15c5a5
f20Ã2 þ A1Ad − A1Ãdg

�
; ð7:15Þ

and a becomes the radius of the circular orbit. We now make few comments.

(i) Note that the first term in (7.15) comes from the
tensorial part of the radiation and has the same form
as GR. The corrections due to Horndeski couplings
are present inside the effective gravitational constant
G12 defined in (4.5). The next three terms are due to
the scalar radiation. In the circular limit the monop-
ole contribution, i.e., h _M0

_M0i, vanishes as evident
from (7.10).

(ii) From (7.13) and (7.14), it is evident that Ad and α̃ are
independent of c. Hence the leading contribution to
the total energy flux comes from the scalar part and

comes at Oð 1c3Þ.4 This is also observed in [73,92].
Note that, in [92], authors have considered scalar-
tensor theory, a subclass of Horndeski theory, in the
context of scalar radiation, and the results serve as a

4It is well known in the literature that the dipole radiation, due
to the presence of a scalar field, gives a dominant contribution to
the energy flux expression compared to the tensor part. This is
true even for other theories of gravity as long as a scalar field is
present in theory; e.g., interested readers are referred to [93] for
similar computation for scalar-Gauss Bonnet theory.
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consistency check for our results. It is solely coming
from the dipole term hM̈k

1M̈
k
1i. The contribution

from the monopole-dipole term vanishes in this
circular limit.

(iii) Finally, the last three terms of (7.15) correspond to
quadrupole and mixed dipole-octupole terms.5

B. Angular-momentum loss rate for the binaries

Just like in Sec. VII A where we calculated the energy
flux for the binaries using the components of the energy-
momentum tensor defined in (5.1), the part of the tensor
which contributes to the angular-momentum loss rate is
given by the Tij component. Then we can calculate the
angular-momentum flux from the following integral [91]:

h _Lii ¼ −cr2ϵijk
Z

dΩhTjki: ð7:16Þ

We can repeat the same step by step calculation from the
previous section to obtain the integrals for calculating
the tensor part and the scalar part of Tjk. The integral
for the tensor part takes the following form:

h _LTi ¼ −ϵijk
c4r2G4ð0;0Þ

32π

Z
dΩh∂0h̃μνxj∂kh̃μν − 2∂0h̃akh̃aji:

ð7:17Þ

Then putting the solution for h̃ij mentioned in (6.7) and
performing the orbital averaging we get

h _LTi ¼ −
32μ2ðG12MÞ5=2
5c5G4ð0;0Þa7=2

1

ð1 − e2Þ2
�
1þ 7

8
e2
�
; ð7:18Þ

where G12 is defined in (4.5).

For the scalar part, after using the solution for ϕ̃ in (6.14) we get

h _Li
ϕi ¼ cr2ϵikm

Z
dΩ

�
G4ð1;0Þ
2G4ð0;0Þ

c4

16π

1

ξ
∂0ϕ̃xk∂mϕ̃



¼ −
2c5G4ð1;0Þξ
3G4ð0;0Þ

ϵikm
�
1

c6
_Mk

1M̈
m
1 þ 1

5c8
M̈kp

2 M
::: mp

2 þ 1

5c10
M
::: llk

3 M̈m
1


; ð7:19Þ

where

ϵikmh _Mk
1M̈

m
1 i ¼

G12M

a7=2ð1 − e2Þ9=2


A2
dð1 − e2Þ2 þ Ã2

d

�
1þ 3e2 þ 3

8
e4
�
þ 1

2
AdÃdð1 − e2Þ

�
3þ 5

4
e2
��

; ð7:20Þ

ϵikmhM̈kp
2 M

::: mp
2 i ¼ 8

15

μ2G3
12M

3

a7=2ð1 − e2Þ
�
1þ 7

8
e2
�
; ð7:21Þ

ϵikmhM
::: llk

3 M̈m
1 i ¼

α̃5=2A1Ad

10a7=2ð1 − e2Þ2
�
1 −

7

2
e2
�
−

α̃5=2A1Ãd

10a15=2ð1 − e2Þ6
�
3 −

79

2
e2 −

81

4
e4
�
: ð7:22Þ

Like in Sec. VII A we can identify the first, second and third term in the second line of (7.19) as dipole, quadrupole and
mixed dipole-octupole contributions, respectively. Finally summing up the tensor and scalar contributions from (7.17) and
(7.19) we get the full expression for the angular-momentum flux:

h _Lii ¼ −
32μ2ðG12MÞ5=2
5c5G4ð0;0Þa7=2

1

ð1 − e2Þ2
�
1þ 7

8
e2
�
−
2G4ð1;0Þξ
3G4ð0;0Þ

�
1

c
α̃2

a6ð1 − e2Þ9=2


A2
dð1 − e2Þ2

þ Ã2
d

�
1þ 3e2 þ 3

8
e4
�
þ 1

2
AdÃdð1 − e2Þ

�
3þ 5

4
e2
��

þ 8

75c3
μ2G3

12M
3

a7=2ð1 − e2Þ
�
1þ 7

8
e2
�

þ α̃5=2A1

50c510a7=2ð1 − e2Þ2


Ad

�
1 −

7

2
e2
�
−

Ãd

a4ð1 − e2Þ4
�
3 −

79

2
e2 −

81

4
e4
���

; ð7:23Þ

5Note that our results for the e ¼ 0 case cannot be directly compared with results of [73] as our computation is valid only when the
mass of the scalar field is set to zero. However, a qualitative similarity with our results exists.
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where Ad, Ãd, A1, and α̃ are defined in Eqs. (7.12), (7.13),
and (7.14). Before ending this section, we now make few
comments.

(i) The first term in (7.23) comes from the tensorial part
of the radiation and has the same form as GR. The
corrections due to Horndeski couplings are present
inside the effective gravitational constant G12 de-
fined in (4.5).

(ii) First of all, note that no monopole contribution
exists to the angular-momentum flux. As the scalar
field is of spin zero, the monopole part of the
radiation carries energy flux as in (7.11) but not
angular-momentum flux.

(iii) Also note that α̃ and Ad are independent of c. Just like
what we have done in Sec. VII A, we can the circular
orbit limit by setting e ¼ 0 and come up with a
simplified expression easily for h _Lii. But, more
importantly, from (7.20) and (7.23) we can see that
the leading contribution to the angular-momentum
flux comes from dipole term [at Oð1cÞ] mentioned in
(7.20).6 This is consistent with the current results for
scalar radiation. We get dominant contributions from
the scalar radiation compared to the tensor part in both
the energy- and angular-momentum flux. Interested
readers are referred to [94].7

VIII. ORBIT DYNAMICS

Asdiscussed inSec. IV,wehave tacitly been able to restore
the inverse-square law in this non-GR theory. The advantage
is that at the leading order, which is supposed to be the
Newtonian order, the inverse law in this seemingly non-GR
theory allows us to use the usual planetary laws of Kepler to
study the orbit dynamics. There is a coupling between the
scalar field and the gravitational field in this theory. So there
must be a manifestation of such coupling in the dynamics of
the binaries. At the Newtonian order, we saw such effects in
Sec. IV through a redefinition of the gravitational constant,
providing an effective gravitational constant as mentioned in
(4.5).Neglecting effects like radiation reaction on the system,
we can write down the orbital energy and the orbital angular
momentum of the system as

E ¼ −
G12Mμ

2a
; L2 ¼ G12Mμ2að1 − e2Þ: ð8:1Þ

However, since the system is radiating energy we can expect
a change of the orbit structures. We can however find this
change by calculating the rate of change of energy and
angular momentum of the system. Then we can write down
change in semimajor axis and the eccentricity in the follow-
ing way by taking time derivatives of (8.1):

h _ai ¼ 2a2

G12Mμ
h _Ei; h_ei ¼ að1 − e2Þ

G12Mμe

�
h _Ei − ðG12MÞ1=2

a3=2ð1 − e2Þ1=2 h
_Li
�
: ð8:2Þ

Then using (7.11) and (7.23) we get from (8.2)

h _ai ¼ −
2a2

G12Mμ

�
32μ2M3G3

12

5c5G4ð0;0Þa5
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37
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and

6There is an Oð 1c3Þ contribution coming from the scalar radiation also which can be traced back to the term (7.21).
7Although one cannot compare our result directly with the result of [94], as they have done the analysis for a scalar-tensor theory

which is only a subclass of Horndeski theory, a qualitative similarity with our results exists.
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6c3a5ð1 − e2Þ7=2 e
�
1þ e2

7

�
þ 1

60c5
α̃3μ2Ã2
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The expressions above in combination with the Kepler law

a3
�
2π

P

�
2

¼ G12M

give an off-hand estimate that the rate of change is somewhat related to the fraction of change in the orbital period of the
binary [91]. This provides an avenue to constrain some parameters of the theory as the orbital period of the binary is
something we can measure accurately [91]. Some observations can be made from the above expressions.

(i) It can be easily seen from (8.2) and (8.4) that the part coming from tensorial radiation for both h_ei and h _ai is of the
same form as that of GR. We denote them as h_eiT and h _aiT∶

h _aiT ¼ −
64μM2G2

12

5c5G4ð0;0Þa3
1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
;

h_eiT ¼ −
304

15

μ2M3G2
12

c5G4ð0;0Þa5
e

ð1 − e2Þ5=2
�
1þ 121

304
e2
�
: ð8:5Þ

The effect of the Horndeski couplings is encoded
in the effective gravitational constant G12. This
serves as a consistency check of our computation.
We can see that the sign of both of these terms is
negative which consistent with the existing results
[90,91]. Hence the orbit will try to circularize.

(ii) The rest of the terms in (8.3) and (8.4) come from the
scalar radiation part. Following our discussions in
Secs. VII A and VII B, we can easily see that the
leading contribution comes from the scalar part
compared to the tensor part. We know from
(7.13) and (7.14) that Ad and α̃ is independent of
c. Hence, the term appearing at Oð1cÞ in (8.4) is the
leading order term8 compared to the tensor part. This
term comes from the second term of (7.23).

(iii) To get a further insight into our results, we investi-
gate the change in the orbital parameter, i.e., the
semimajor axis, with respect to the eccentricity, as
this gives physical insight into the orbital dynamics
[91]. Using (8.2) and (8.4) we apply the chain rule to
compute da

de as a function of e and then integrate it to
get a as a function of e. Following [91], we will get

aðeÞ ¼ a0
gðeÞ
gðe0Þ

; ð8:6Þ

where a0 is the initial value of the semimajor axis at
some initial e ¼ e0. In Fig. 1 we plotted this function
gðeÞ.9 In Fig. 1, the blue line indicates the result for

8This Oð1cÞ can be easily traced back to the Oð1cÞ term
appearing in (7.23) following our discussion below (7.23).

9For GR, this function gðeÞ is well known. Interested readers
are referred to [91] for more details. GR results can be recovered
by the setting all the Horndeski couplings to zero in the
expressions (8.2) and (8.4).
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GR, where we used the leading order post-
Newtonian result for radiation coming entirely from
the tensorial part. The red line represents Horndeski
theory, for which the contribution comes from both
the tensorial and scalar radiation parts. Note that,
while making the plot, we have kept only the dipole
contribution, which is the leading order contribution
as discussed in Secs. VII A and VII B. One can use
other terms in the scalar radiation as discussed in
Secs. VII A and VII B, but they will give subleading
contributions, and the qualitative features of Fig. 1
will not change.
Figure 1 rightly shows that, for a given e, the

function gðeÞ and hence the semimajor axis a of
the orbit due to radiation decrease more for the
Horndeski theory compared to GR. This is in line
with what we expect as the energy flux and angular-
momentum flux have extra contributions due to the
scalar sector of the theory, which makes the binaries
radiate away more energy than in GR.

IX. CONCLUSION

In this paper, we have looked into the Horndeski theory
without considering any screening. Our aim was to explore
the orbital dynamics of such a theory and look into the
radiation coming from eccentric binaries of such systems,
making our analysis more general than the previous studies.
The calculations have been done up to the next leading
order post-Newtonian expansion to find the solutions for
the scalar field. The theory generically violates GWEP and
admits a deviation from inverse-square law force expres-
sions. However, we managed to restore the inverse law
leading to usual planetary law relations. The radiation is
obtained from an energy-momentum tensor obtained from
short-wavelength approximation outlined in [76]. We have
also concluded that the orbital period change is related to
the changes in the major axis and eccentricity of the orbit,

which has a scalar and a tensor part. The tensor part is
precisely like GR, and the only effect on the orbital period
is the occurrence of an effective gravitational constant.
Unlike the scalar sector, it has no monopole or dipole
radiation. The monopole term in the scalar radiation
vanishes for a quasicircular case. However, since we have
considered eccentric binaries, there is a nonzero monopole
contribution in addition to the other terms. At this point the
appearance of monopole and dipole terms in the scalar
radiation is mainly a by-product of the computation.
Perhaps it will be interesting to understand the origin of
these terms from a more physical point of view along the
lines of the discussion presented here [95]. We leave this for
future study. Finally, we find that, for given value eccen-
tricity e, the semimajor axis a of the orbit due to radiation
decreases more for the Horndeski theory compared to GR.
This is in line with what we expect as the energy flux and
angular-momentum fluxes have extra contributions due to
the scalar sector of the theory, which makes the binaries
radiate away more energy than that GR. This serves as a
consistency check of our results.
It will be interesting to repeat this post-Newtonian analysis

by considering a more general matter Lagrangian [37], by
going beyond the point particle limit mentioned in (2.6). To
carry out the computation explicitly, one might have to
choose a specific form for the function AðϕÞ mentioned in
(2.1). We leave a detailed study of it for future investigation.
Also, we have simplified our computation by setting the
scalar field mass to zero. This has been done throughout
the paper, enabling us to perform the orbital average for the
eccentric orbit. It will be interesting in future to relax
this assumption and figure out how to perform the orbital
average.
But even after these simplifying assumptions, the

expressions mentioned in (7.11), (7.23), (8.2) and (8.4)
can be utilized to explore the theory-finding constraints on
the parameters of the theory just as done in using eccentric
binary pulsar data along the lines of [96–98]. Furthermore,
our analysis can be utilized to look at the imprint of the
signatures of such theories in GW chirping. Recent GW
observations offer an excellent possibility to test such
theories. The interpretation of such observations relies
on the orbital dynamics in such theories, which is where
our analysis becomes significant. One can integrate these
flux expressions mentioned in (7.11), (7.23), (8.2) and (8.4)
and find the expression of the phase that enters into the
exponent of the gravitational waveform [99]. This phase
then contains information about the Horndeski coupling
and the eccentricity parameter. Then one can do a proper
statistical analysis to constrain the coupling parameters and
search for the signature of the presence of eccentricity. Note
that, as discussed in Secs. VII A and VII B, we get a leading
order (compared to the tensorial part) contribution due to
the presence of the dipolar radiation. So our leading order
PN results should be enough for future investigation as that

FIG. 1. The variation of gðeÞ as defined in (8.6) with respect to
the eccentricity, on a logarithmic scale. For convenience we have
set various constant terms related to the coupling constants c and
mass of binaries appearing in the expression of a to be unity. One
can use other choices for these parameters but this will not change
the qualitative feature of the plot.
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will already have contributions from some of the Horndeski
couplings. We hope to report it in an upcoming publica-
tion [100].
Also, it may be the case that the effect of the Horndeski

theory at 1PN order in the presence of eccentricity may be
mimicked by other theories or even GR without eccentric-
ity but with higher-order PN terms and vice versa in the
phase of GW waveform. In that context, perhaps one can
try to explore the odds ratios along the lines of [101] to see
which theoretical waveform coming from different com-
peting theories fits better with a particular GW signal. Also,
one can look into search algorithms by constructing
appropriate template banks of this theory and provide a
statistical likelihood for finding such binaries. We would
also like to look into the theory in the presence of screening
mechanisms which will be the most general scenario.
Furthermore, one might also consider the complete set
of post-Keplerian parameters and explore the sensitivities
of such theories to see whether they can be related to some
astrophysical objects like its dependence on the star mass in
this gravity theory. These will provide an exciting avenue to
explore.
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APPENDIX: MULTIPOLE MOMENTS

We list below the expressions for time derivative of the
individual multipole moments used in the calculation of
fluxes in the main text:

_M0 ¼ −AμM
e sinθ
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ffiffiffiffiffiffiffi
G12
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::: 11

2 ¼ α̃3=2
μð1 − α̃Þa2
ð1 − e2Þ5=2 ð4þ 3e cos θÞ sin 2θð1þ e cos θÞ2;

M
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M
::: 11

2 ¼ −α̃3=2
μð1 − α̃Þa2
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Here α1, α2, α̃, A1 and A are defined in (7.12), (7.13) and (7.14). The effective gravitational constant G12 is defined in (4.4).
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