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Doubly special relativity (DSR) theories consider (quantum-gravity motivated) deformations of the
symmetries of special relativity compatible with a relativity principle. The existence of time delays for
massless particles, one of their proposed phenomenological consequences, is a delicate question since,
contrary to what happens with Lorentz invariance violation scenarios, they are not simply determined by
the modification in the particle dispersion relation. While some studies of DSR assert the existence of
photon time delays, in this paper we generalize a recently proposed model for time delay studies in DSR
and show that the existence of photon time delays does not necessarily follow from a DSR scenario,
determining in which cases this is so. Moreover, we clarify long-standing questions about the arbitrariness
in the choice of the energy-momentum labels and the independence of the time delay on this choice, as well
as on the consistency of its calculation with the relative locality paradigm of DSR theories. Finally, we
show that the result for time delays is reproduced in models that consider propagation in a noncommutative

spacetime.
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I. INTRODUCTION

A quantum gravity theory (QGT) has been pursued
during the last decades. This theory would reconcile
quantum field theory (QFT) and general relativity (GR)
and should be able to describe particles with extremely high
energies, indispensable for studying the first instants of the
Universe.

Several attempts have been presented in order to avoid the
inconsistencies between QFT and GR, such as string theory
[1-3], loop quantum gravity [4,5], causal dynamical triangu-
lations [6], or causal set theory [7-9]. In most of these theories,
a minimum length appears [10-12], which is normally
associated with the Planck length #p ~ 1.6 x 1073% cm,
and therefore, there is associated a high-energy scale.
Unfortunately, the aforementioned theories are not yet fully
satisfactory in the sense that they still do not have well-defined
testable predictions, which might serve us as a guidance in
building a definitive theory of quantum gravity.

Another way of thinking arose not long ago: instead of a
fundamental QGT, one can consider a bottom-up approach
in which residual effects of such a theory can be described.
This opens up the possibility of testing phenomenological
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effects without an ultimate theory of quantum gravity (see
[13] for a recent review). In particular, one way of
effectively describing these possible effects is to consider
a modification of the kinematics of special relativity (SR).
A crucial ingredient in this approach is the fate of the
relativistic principle that characterizes SR, or in other
words, of the Lorentz invariance of the theory. In particular,
its breaking for high energies leads to Lorentz invariance
violation (LIV) scenarios [14,15], in which there is a
privileged observer. The main modification of the kinemat-
ics of SR is a modified dispersion relation, where usually
new terms, proportional to the energy divided by the high-
energy scale A describing the SR deviation, are added to the
expression of SR.

On the other hand, in doubly/deformed special relativity
(DSR) theories [16] the Lorentz symmetry is not violated
but deformed. In these scenarios, in addition to a defor-
mation of the dispersion relation, there is a deformed
(nonadditive) composition law for the momenta and, in
order to save a relativity principle, some deformed Lorentz
transformations for the one- and multiparticle systems.
These relativistic deformed kinematics are usually con-
structed within the approach of Hopf algebras [17], being
k-Poincaré kinematics [18-21], the most studied example
in this context (see, however, [22] for a geometrical inter-
pretation of these kinematics). There are different bases of
k-Poincaré, i.e., different representations of the algebraic
structure (see [23] for some of them). It is important to note
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that the deformed Casimir depends on the chosen basis. For
example, in the so-called “classical basis” of x-Poincaré
[24], it is the same as in SR. However, the composition of
momenta is always deformed in these kinematics, inde-
pendently of the basis.

Owing to the differences between LIV and DSR scenar-
ios regarding Lorentz invariance, their phenomenological
implications are rather different. While forbidden decays in
SR are also not allowed in DSR (due to the relativistic
principle), they can occur in a LIV scenario above some
threshold energy [25,26]. Also, the thresholds for allowed
reactions are different. In LIV, the modification is of the
order of E%/(m?A), where E is one of the energies involved
in the process in our (Earth-based) laboratory frame, and m
is a mass that controls the corresponding threshold in SR.
However, in DSR, due to cancellations of effects of the
deformed dispersion relation and momentum composition
law, these modifications are of the order of E/A, so that
they are only relevant when the energy of the particles are
of the order of the high-energy scale [27-30].

Moreover, in both scenarios, the possible existence of a
time delay of photons has been proposed as an observable
effect of a modification of special relativistic kinematics:
due to an energy dependent velocity for massless par-
ticles, photons with different energies emitted simulta-
neously by a distant local source could be detected at
different times. There is a clear consensus within the LIV
community concluding that there is a time delay in this
scenario [31-33]. Accordingly, the analysis of signals
from different astrophysical sources (active galactic nuclei
[34,35], gamma ray burst [36,37], and pulsars [38—40])
have been used to put limits on, and in the case of some
analyses [41,42] identify hints of, an energy dependence
of the velocity of propagation of photons due to a violation
of Lorentz invariance (see [13] for a more detailed
discussion).

However, it is an open question whether one would
expect time delays in the DSR framework. While there are
several papers [43—46] affirming the existence of such an
effect, some works point to the opposite [29,47—-49]. The
reason behind the different contradictory answers to this
question is the fact that the deformed implementation of the
Poincaré transformations, in particular the translations
between different frames, adds a new ingredient together
with the velocity of propagation of photons in the discussion
on time delays. This was considered in [43], where, besides a
deformed dispersion relation, a noncommutativity of space-
time was present. A noncommutative spacetime was also the
main ingredient in the analysis made in Ref. [47].

In a recent work [50], a systematic way for the study of
time delays in DSR, based on postulating a representation
of a deformed Poincaré algebra in canonical phase-space
variables, was considered. Our aim in the present paper is to
generalize this analysis to show that there is no contra-
diction between the different previous works claiming the

presence or absence of time delays. In fact, both possibil-
ities correspond to different cases of DSR, i.e., different
bases of x-Poincaré describe different physics. Moreover,
we interpret different choices of energy-momentum labels
as the result of canonical transformations. The identifica-
tion of energy and momentum with the generators of
translations has been a source of confusion in the literature
[23,51]. We will explicitly check that the expression of time
delays is indeed independent of energy-momentum labels if
they are identified with the momentum coordinates of the
canonical phase space. This will allow us to single out
specific choices for these labels in DSR theories. We will
see that the choice of phase-space variables is also behind a
nonconventional implementation of translations in the
system of one particle. In contrast to what is commonly
assumed, such nonstandard translations in the one-particle
system are not a consequence of the relative locality
paradigm of DSR and, in fact, can be removed by an
appropriate choice of the phase-space coordinates. We will
show, however, that the analysis of time delays presented in
the paper is consistent with the DSR formulation of the
relative locality of interactions.

The paper is organized as follows. In Sec. II, we
introduce the ingredients we will use in the computation
of time delays: the most generic first-order deformation of
the representation of translations and boosts in a canonical
phase space and the corresponding deformed dispersion
relation. The parameter of the deformation will be iden-
tified with the inverse of a high-energy scale, which
characterizes the effects of new physics. We analyze, in
detail, the computation of time delays in Sec. III, including
a discussion of the choice of the energy-momentum
variables. In Sec. IV, we see that the same expression
for time delays is obtained if, instead of considering a
commutative spacetime, we use a noncommutative one, as
it is done in some approaches of DSR. In Sec. V we study
the consistency of the previous discussion of time delays
with the main ingredients of DSR theories, a modified
composition law and the relative locality of interactions.
Finally, we end with the conclusions in Sec. VI.

II. RELATIVISTIC DEFORMED SYMMETRY

From an algebraic point of view, DSR introduces a
deformed Poincaré algebra characterized by a parameter in
terms of which one can consider a power expansion of the
deformation. Its inverse, which we will call A, has
dimensions of energy, and we will associate it to a high-
energy scale of new physics.

Let us consider the most general first-order deformation
of the Poincaré transformations acting on the canonical
phase space of one particle. These will be the ingredients
that will enter the calculation of time delays that we will
carry out in the following section. We denote by E, P, and
N the generators of translations and boosts in a 1+ 1
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dimensional spacetime] with coordinates (x, 1). The canoni-
cal phase space is composed, together with the space-time
coordinates, by its canonical conjugated momentum
coordinates (I1, ), such that {x,IT} =1,{r,Q} = —1,
{x,Q} =0, and {7,II} =0, where the {,} operation
stands for the Poisson bracket. The most general expression
for the generators of the Poincaré transformations in terms
of the canonical phase-space variables is> (here and in the
following, equalities have to be understood neglecting
O(1/A?) terms):

a ) ay ) as
E=0+%@ 2. p=n+%arm
A TA A
N=xQ- tH—I—%xQZ +%xn2 —%tQH, (1)

where the a; are adimensional coefficients determining the
deformation of the Poincaré transformations in phase space.
Equation (1) is a generalization of the model presented
in [50].

The Casimir of this algebra will have the general form

C:QZ—H2+%Q3+%QH2, 2)

where the coefficients a;, a, are determined, in terms of the
coefficients (ay, as, ag) in N, by the condition {N, C} = 0.
One obtains

(—2614 + 2616 + 3&1 -+ 2&2)

A

(—205 ‘I’(Zz)
+ A

{N.C} = QI

IT, (3)

so that

(204 - 4(15 — 2(16)
3

a; = and Qy = 205. (4)

The Casimir also determines the deformed energy-momen-
tum relation, also known as dispersion relation. In the case
of a massless particle (C = 0), one finds

a + )

2
2A 3A .6

One can also identify the deformed Poincaré algebra that
these deformed generators satisfy,

!The extension of the results to the case of 3 + 1 dimensions is
straightforward.

We have assumed the invariance of these expressions under
the discrete transformation IT — —II, P - —P, x - —x, and
N — —N in order to have an analogue in 1 + 1 dimensions of
the restrictions due to rotational invariance in the case of 3 + 1
dimensions.

+2a; +2
(N E} =114 G20 H20) o
a, +a as +a

which is more naturally written in terms of the generators
themselves,

{N,E}:P+%EP, {N,P}:E+%E2+@P2,

A
(7)
where the coefficients w; are given by
wy = a4 —ap; + as, Wy = as — ap + as,
W3 = (16+2(11 +2a2—a3. (8)

Similarly, the Casimir can also be written in terms of £ and
P’

2(W1 - 2W2 - W3)
3A

2
C=E-P+ E3+%EP2. 9)

Note that the energy and momentum are denoted by
(Q, 1), so that one has to see the relation between Q and I1,
derived from the equation C(Q,TI) = m?, as the particle
dispersion relation which intervenes in the deformed
kinematics, and it should not be confused with the relation
between E and P that one could derive equating C(E, P) to
m?. As we will remark in the following section, this is a
source of confusion regarding the arbitrariness in the choice
of energy-momentum labels for the physics under study.

III. CALCULATION OF TIME DELAYS

Once the implementation of a deformed Poincaré algebra
in the phase space of one particle has been set, it is possible
to study its physical consequences for photon time delays,
as we will do in the present section.

The deformed Casimir C determines the propagation of
particles in spacetime by identifying it with the generator of
translations in a parameter 7z along the worldline of the
particle,

dx dt

— = A2){C,x}, — = A0){C, 1}, 10

CoAmica),  S=awicd. (10)
where A(z) is an arbitrary function implementing the
invariance under reparametrizations of the worldline. The
trajectory x(7) will be a solution of

dx_{C.x}  oc/ol

dt {C.t}  oC/oQ’

dQ dIl
—="=0, C(Q1I)=m3
dr dr ( )=m

(11)
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v#1

(L, L+ 5t)

FIG. 1. In LIV, only one observer is necessary for the
calculation of time delays. An observer at the emission is able
to assign coordinates to the detection of both photons.

Using the dispersion relation for a massless particle,
Eq. (5), which is the relevant one for the discussion of
photon time delays, one obtains that the velocity of
propagation for photons is

@:1_(“1+“2)H:1_2(a4+a5—a6)
dt A 3A

m (12)

a result that could have been derived directly from the
energy-momentum relation identifying the velocity
with dQ/dIl.

In order to discuss time delays, we consider the propa-
gation of two photons, one of high energy, whose trajectory
will be characterized by Eq. (12), and one with low energy,
that propagates with dx/dt ~ 1, as in SR. We will define the
time delay as the difference in the detection times of the two
photons if their emission was simultaneous.

In the case of a LIV scenario, one only needs to consider
a single observer to discuss time delays. If the two photons
are emitted at the origin of the space-time coordinates, the
low-energy photon is detected at coordinates (L, L) and the
high-energy photon, propagating at speed v, at coordinates
(L,L + 6t), where 6t is the time delay, which is equal to
L[(1/v)—1] (Fig. 1).

In contrast, the analysis of time delays is much more
subtle in a DSR scenario. The reason is the principle of
relative locality [52], which states that in DSR, for a given
interaction (e.g., either the emission or the detection of the
high-energy photon), there exists only one observer’ which
sees this interaction as local. For this “local” observer, the
interaction takes place at the origin of the space-time
coordinates. The nonlocality of all other interactions is,
nevertheless, negligible when all the intervening momenta

*We are here identifying observers related by a Lorentz trans-
formation so that different observers are related by a translation.

v#1 v#1
t
r 3
N (0,0)

1I(—=L,—L — 6t)

FIG. 2. In DSR, due to relative locality, the observer (' (left
figure) sees the emission of the high-energy photon as local, but
not the detection. The opposite behavior is shown for O (right
figure), which sees the detection of the high-photon as local, but
not the emission. The emission and detection of the low-energy
photon is local for every observer.

are sufficiently small compared with the scale A. We will
analyze in more detail the connection between the present
calculation of time delays and relative locality in Sec. V.

Relative locality makes necessary the presence of two
observers to compute the time delay, one of them local to the
emission of the high-energy photon and the other one local to
its detection. Let us call O the observer for which the
detection of the high-energy photon happens at its origin of
space-time coordinates, (x, 1) = (0, 0) (Fig. 2, right), and ¢
the observer for which the emission of the high-energy
photon takes place at (x',7) = (0,0) (Fig. 2, left).

If the source and the detector are at relative rest, then the
coordinates of the points of the photon worldline assigned
by each observer will be related by a translation
with parameters (e,¢y) that we need to determine.
Since the Poisson brackets of E or P with {P,x},
{P,t}, {E,x}, and {E,t} are zero, one can compute the
finite transformation as

X =x—e{P,x} +¢{E, x},

! =t—e{P,t} +€{E, t}. (13)
As for both observers the worldline of the high-energy
photon contains their corresponding origin of spacetime, its
trajectory will be x = vt for observer O, and x' = v’ for

observer (O, where v is given by Eq. (12). This imposes a
relation between the parameters of the translation,

eo[v{E, 1} —{E,x}] = e [v{P, 1} = {P,x}]. (14)

Using that
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2
{E,t}:l+%§2, {Ex}_—2 21,

{Rﬁ:%ﬂ,am (Px}y=-1-20, (15)

A

and the energy-momentum relation, Eq. (5), one gets

@:1+2(a4+as—a6)n 2(a; + a; — a3)

€1 3A a A

I (16)

In order to determine these parameters, let us consider
the simultaneous emission of a low-energy photon, that is,
emitted at (x', #') = (0, 0), whose trajectory is characterized
by dx/dt ~ 1. The nonlocality of the emission and detec-
tion of this photon can be neglected for all observers if one
assumes that these are low-energy processes. Observer O
defines the detection of the high-energy photon at x = 0.
Disregarding the size of the detector, the detection of the
low-energy photon will also happen at x = 0 for O. The
coordinates of the detection of the low-energy photon will
be then (x, ) = (0, —5t), where 6t is the time delay of the
high-energy photon with respect to the one of low energy.
This detection will correspond to a point (x',7) = (L, L)
for O’ (see Fig. 2). The relation between the coordinates
assigned by both observers to the worldline of the low-
energy photon is then

X =x+1L, ' =1t+4 (L + ). (17)
This gives the values of the parameters of the translation in
Eq. (13), ¢y = L, ¢y = L + 6t, and then,

€ ot
—=14—. 18
o T (18)

From Eq. (16) we get

2(614 + as — 06) - 2(&1 + a, — a3)

iy
ot 3A A

nj. (19

We see that the time delay is a sum of two contributions.
The first one, due to the momentum dependence of the
velocity of propagation of photons, can be read from the
equation for the trajectory, Eq. (12), and the second one,
due to the nontrivial translations relating the two observers
O and O'.

One will have a cancellation of the two contributions in
(19), and then no observable consequences at the level of
time delays, when the deformations of the boost and space-
time translation generators are such that

as +as —ag =3(a; + a, — az). (20)

A. Independence of the choice
of energy-momentum variables

In the previous study, we have identified the energy-
momentum variables with the momentum coordinates
(I1, Q) of the canonical phase space; however, there is
not a unique choice for these coordinates, since one can
consider a canonical change of phase-space variables

(x, 1,11, Q) - (.7, fI,Q), with
_ 5 5 _ 5
Q=0+ IQZ+X n:n+—3§m,
_ 26, 5, 252 5,
it PTe WERESY | Za-=xQ. (21
[ = At +A X+ A A (21)

The generators of the deformed Poincaré algebra acting on
the new phase-space coordinates are then

E=0Q+-10% + 22112 P=fi+%a0
* A + AT + A ’
N=xQ-1+% 502 + Bam - 2700, (22)
A A
with
a, =a; -6y, ay = a; — 6, as = az — 63,
6_14:614—5|+53, 6_152615—52+53,
C_lé = dg + 25] + 252 - 53. (23)
Hence one can check that
5E:L2(a4+as—a6—3al—3a2+3a3)ﬁ
3A
_ L2(Cl4 + as — dg —3;611 — 3612 + 3Cl3)n — 5t (24)

From this result one concludes that the value of the time
delay, i.e., Eq (19), is independent of the choice of energy-
momentum variables.

B. Coordinate-independent expression of the time delay

We can use this freedom of choice of the energy-
momentum variables to simplify the computation of the
time delay. For example, from Eq. (12), one can check that
the condition to have a momentum-independent velocity
for massless particles is (a4 + as — ag) = 0. Therefore,
when performing a change of phase-space variables such
that &; + 6, — 63 = (1/3)(ay4 + as — ag), the time delay
will have a contribution only from the nontrivial trans-
lations. On the other hand, from Eq. (19), we see that the
condition to have trivial translations is (@, + a, — az) = 0.
Then, when performing a change of phase-space variables
such that &; + 6, — 63 = (a; + a, — a3), the time delay
will be due exclusively to the momentum dependence of
the velocity.
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Let us use a choice of energy-momentum variables such
that they coincide with the generators of space-time trans-
lations, (Q,IT) = (E, P), and so

—%xg. (25)

With this choice of coordinates, the space-time trans-
lations are not deformed, so the time delay is only due to
the momentum dependence of the velocity, i.e.,
6t = L[1/v — 1]. Moreover, the velocity can be read
directly from the Casimir in terms of E and P,

di  dQ  dE

& dfi - dp (26)

v =

C=0

Then the time delay, Eq. (19), can also be written in terms
of the relation between E and P, which does not depend on
the choice of phase-space variables,

- E -1 2 _
5t =6i=1L| (L ] 2wy =)
dP|c— 3A

(27)

Therefore, the condition of absence of time delays
can be written as a condition over the algebra of
(E,P,N),

wq + Wy — W3 = O, (28)

which is independent of the choice of phase-space varia-
bles. Without losing generality, then, one can say that there
will be no time delay as long as the Casimir expressed in
terms of E and P is such that the solution of the equation
C(E,P) =0 is the same as in SR, i.e., E = pt

We can now show some examples of different bases of x-
Poincaré, for which the previous condition is satisfied:

(i) Classical basis [24].

In this basis, the Casimir is unmodified with
respect to the SR case. Therefore, E = P trivially
for photons.

(i) Magueijo-Smolin basis [53].

The Casimir in this basis is

E2 _PZ
CTu-Ea >

for which E = P for massless particles.

*Note that this is not the same as saying that the energy is equal
to the modulus of the momentum for a photon since the energy
and momentum of the photon are Q and I, respectively, and, in
general, they do not coincide with the generators of the space-
time translations E and P.

(iii) DCLI basis [54]
The Casimir in this case is given by
E? — P?

Again, E = P for massless particles.

C. Change of basis of x-Poincaré

Let us notice that a very different situation arises if one,
instead of making a change of phase-space coordinates,
now changes the deformed generators of space-time trans-
lations, i.e., if one changes the basis of x-Poincaré. This
implies that we change (E,P,N) — (E,P,N), with

_ A _ A
E=E+='E*+=2P, P=P+-2EP. (31
AT A A 1)

Then we have a new deformed algebra given by

L Wi, Wi, I

N,P} = FE+—FE*+—=P~, N,E} =P+ —=FEP,

NP =B+ S 2225 (N B =P
(32)

with

wp =w; — A+ As, Wy =wy — Ay + Ag,

W?’ :W3 +2A1 +2A2—A3, (33)

and, as a consequence, the result for time delays is also
modified,

5E:L2(W' +W2—W3)H:L2(W1 +W2—W3)H
3A 3A
—Lz(Al+§2_A3>H:51—L2(A1+22_A3)H

(34)

Different bases of x-Poincaré, therefore, correspond to
different physical models going beyond SR.

IV. TIME DELAYS IN A
NONCOMMUTATIVE SPACETIME

Some works have considered a noncommutative space-
time as the physical spacetime where trajectories of
particles should be defined [43,46,47,49]. In particular,
the k-Minkowski spacetime is associated naturally to a x-
Poincaré deformation of the algebra of special relativity
[51], which has been extensively studied in connection with
DSR theories. In this section we will examine how the
previous discussion of time delays is modified if one
considers that the propagation and detection of photons
are described in such a spacetime.

In order to introduce this noncommutative spacetime, let
us consider the deformation of Poincaré transformations
acting on momentum space which include, together with
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the generator of boosts N, the deformed generators of
translations (X, 7) acting on the momentum variables
(I1, Q). Such a deformation is necessarily of the form’

1

1
{T.X}=_X.  {NX}=T. {N.T}=X+_N

(35)

A general expression for these deformed generators that
is linear in the space-time coordinates is

b, by b by
e %2 a2 Y40
X=x+—xQ+—=M1, T=t+-—=xI14+--1Q. (36)

The coefficients b; are determined by the Lie algebra.
Using

<b1 +b2—2615) (bl +b2 +d6)

{N. X} =1+ A xIT + A 1Q,
(N T}—x+(b3+b4+2a4)x9+<b3+b4_a6)tﬂ
’ - A A )
b b
oy = Gt (37)

and Egs. (35) and (36), we get

b1:2a4+2a5+a6_1’ b2:—4a4+2615—26l6+1,
3 3
b3 _ —204 —3615 —dg 7 b4 _ —2614 +4305 + 206 ' (38)

One can make a model in which the physical space-time
coordinates are (X,7") instead of the canonical ones (x,r)
used in the previous section. From Eq. (36), we find

dX_dx

b
ad _dx _]dxg bz
dt dt

Adt A dr
(39)
and then, merging both equations and expanding until order

1/A, we get that the velocity in the noncommutative
spacetime is given by

dX_dX (b1+b2—b3—b4)l_[
dT  dt A
2(&4 + as — 616) 2(614 + as — (16)
< 3A + 3A :
(40)

where in the next-to-last step we have substituted the values
of (by, by, b3, by), given by Eq. (38). Then, we get that the

Note that the first parenthesis of (35) is a definition of the
scale A used in the previous sections.

velocity of a massless particle in this noncommutative
spacetime is simply (dX/dT) = 1.

A point with coordinates (x, #) = (0,0) has coordinates
(X,T) = (0,0). Then, the detection of the high-energy
photon happens at (X,T) = (0,0) for observer O and its
emission at (X', T7") = (0, 0) for observer (. The worldline
for the photon is then X = T for observer O, and X' = T’
for observer (0. Imposing once more that one can go from
observer O to observer (' by a translation with parameters
(€1,€p), one has

X' =X+ ef{E.X} —e{P, X},
T' =T +e{E T} —e{P.T}. (41)

Applying the translation to the worldline X = T of the
observer O, one has to find the worldline X’ = 7" for the
observer (7. This implies the relation

e[{E. T} —{E.X}] = e [{P. T} - {P.X}]. (42)

Combining the expressions of the noncommutative
space-time coordinates, in terms of the canonical phase-
space variables in (36), with the expressions of (E, P), in
terms of the momentum variables (€2, IT) in (1), one has

{E’T}:ng’ {E,X}:@H,
{P,T}:@H, {P,X}:—1—<blxa3>9_
(43)

Using once more the energy-momentum relation, Eq. (5),
one finds

€0 _ (b1+b2—b3—b4)n_2(a1+a2—a3)H
€1 A A
2(ay + as — ag) 2(a; + a; — a3)
=1 I1— I 44
+ 3A A (44)

The parameters of the translation between observers O and
(' defined in a noncommutative spacetime satisfy exactly
the same relation, Eq. (16), obtained previously. This is just
a consequence that a point with coordinates (x, #) = (0, 0)
is a point with coordinates (X, 7T) = (0,0), which is what
defines the two observers, O and (7, in the model of time
delays. Since for the trajectory of the low-energy photon,
which allows one to define the time delay, there is no
distinction between commutative and noncommutative
coordinates, the result for the time delay 67 coincides
with the result for 6t, Eq. (19), obtained in Sec. III.
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V. MODIFIED COMPOSITION LAW AND
RELATIVE LOCALITY IN DSR

DSR contains an essential feature in comparison with SR
and LIV: a nonadditive composition law for momenta,
which can be seen as a reflection of a curved momentum
space. As a consequence of this feature, a relative locality
of interactions arises since translations in spacetime must
be deformed accordingly [52]. In this section we will
explore how the properties of a modified composition law
and relative locality are related to the discussion of time
delays of the preceding sections.

A. Modified composition law

In all the previous discussion we have considered a
deformation of the Poincaré transformations acting on the
one-particle system. This is an ingredient required to study
the presence of time delays in the detection of photons of
different energies emitted simultaneously by a local source
as a possible consequence of the relativistic deformation of
SR. But the physical content of a relativistic deformation is
in the nontrivial step going from one-particle to multi-particle
states. This is manifest in the algebraic framework at the level
of the coalgebra involved in the Hopf algebra that character-
izes the deformed relativistic symmetry [20]. In the purely
kinematic perspective, a DSR theory has a nonsymmetric
composition law of momenta as the ingredient defining the
deformation of the kinematics. We will now see how this key
feature of DSR is related with the ingredients used in the
calculation of the time delay.

Let us consider a translation in momentum space, with
generators (X,T) and parameters (7, ®). Using Eq. (36), we
get

b b
I =M= {X.1} — {711} =7 +—£7Q 20l

b b
Q-Q=r{X.Q} -w{T.Q} = w—fnn+x“wsz. (45)

Defining a composition of two momentum variables

q=(41.99) = (ILQ) and p = (py. py) = (7. 0) as the
momentum variable that results from the previous trans-
lation

71 V2 .
(P®q), =p1+q +poq1 + = p1go =11,

A A
o ﬂl ﬂz -~ 0O
(P@Q)o—Po+CIO+XPOCI0+XP1Q1—Q, (46)
one has
Y1 =—bs, Y2 =by, P = by, pr=—b,. (47)

The coefficients defining the deformed composition of
momenta (3, ,,y1,7>) are in one-to-one correspondence
with the coefficients (b;, b,, b3, b,). This way, the

deformed composition of momenta determines the coef-
ficients (ay, as, ag) of the deformed boost generator using
Eq. (38). The latter also determines the modified energy-
momentum relation, or dispersion relation, given by
Eq. (5). In fact, one has

2a, — das -2
W:_b“:_ﬁl’

ay =2as =b;+by—bs =y, +7y,—f, (48)

ay =

which are the golden rules of a relativistic kinematics
derived in a previous work [55] from the compatibility of
the deformed composition of momenta and the implemen-
tation of Lorentz transformations in a two-particle system.

A DSR theory always has a modified composition law of
momenta, giving rise to nonstandard conservation laws in
particle processes, and therefore, to possible observable
effects beyond time delays. This fact is what makes a DSR
model without time delays different from standard SR (see,
however, [56-58] for recent works discussing a possible
effect of DSR in the lifetime of particles).

B. Relative locality

A modified composition law leads to a loss of absolute
locality in canonical spacetime [48,49,52,54,59-61].
Qualitatively, since the total momentum, which is con-
served in an interaction, is a nonlinear composition of
momenta, translations (generated by the total momentum)
of the worldlines participating in the interaction are not
constant displacements (as it would be the case if the total
momentum were a linear sum of momenta) but momentum-
dependent displacements: a local interaction for one
observer is then seen as nonlocal for a translated observer.

A realization of the relative locality of interactions in
DSR is the action formulation of an interaction that was
introduced in Ref. [52]. The action is of the form

S = Zsl;ree + Sint’ (49)

where i labels the particles (both incoming and outgoing)
participating in the interaction. The free part is

siee — / de (x11; = 1,Q; + N.C)), (50)

where the integral extends from —oco to O (if we set the
interaction to take place at 7 = 0 for each of the particles) in
the case of the in particles and from 0 to +oo in the case of
the out particles. In the previous expression, N; are
Lagrange multipliers that impose the modified dispersion
relations C; = 0. The interacting part is

Sint =z [7)1[1(0) _ fpout(o)} -2 [Ein (O) _ Sout(o)]’ (51)
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where £ and P are the total energy and momentum, which
are obtained from the modified composition law of the
incoming or outgoing momenta, and (z;,zq) are again
Lagrange multipliers.

From the variational principle, one obtains that the “in”
and “out” worldlines are characterized by constant momenta,
independent of 7, and gets the space-time coordinates of their
corresponding end or starting points,

oP o€
1;(0) = —z a—Q,-Jr Zoa—Qi = —z{P. t;} + zo{&. t;},
oP o€
x(0) =z oL, 20 ol ==z {P,x;} + z20{& x;}.  (52)

The set of momenta and the values of (z;, z,) determine the
end or starting points of the in and out worldlines, respec-
tively, and the interaction is seen as local only for the observer
which establishes the origin of space-time coordinates at the
interaction vertex (corresponding to z; = zo = 0), as shown
in Eq. (52). An observer who assigns a different value of the
pair (z;,zp) to the interaction is related with the local
observer by a translation generated by the total energy
and momentum with parameters (z;, zy), as the expressions
in terms of Poisson brackets in Eq. (52) indicates.
Translations correspond then to constant displacements in
the Lagrange multipliers, and translated observers with
respect to the local one do not see the worldlines meet at
a single space-time point.

|

Note that the notion of relative locality allows one to
define an observer with the property of seeing a given high-
energy process [that is, one which includes corrections of
order £/A or P/A in the notation of Eq. (51)] as a local
event. This property also defines the origin of space-time
coordinates for this observer. The approach that we have
followed in Sec. III for calculating the time delay of a high-
energy photon is consistent with this idea since we
introduced two observers, @ and (', who establish their
respective origin of space-time coordinates using specific
high-energy interactions that they see as local: the detection
and the emission of a high-energy photon, respectively.

Since the procedure presented in Sec. III allowed us to
relate the space-time coordinates of the worldline of the
particle, whose detection and emission defines the observ-
ers O and (O, we may ask how observer O would “see” the
process of emission of this particle, which must be nonlocal
for this observer, or how (' would see the process of its
detection, that is, which coordinates they would associate to
the starting or ending points of worldlines of particles
participating in these interactions.

If we would know the values of (z;, zg) in the description
by observer O of the interaction that produces the high-
energy photon, then one could use Eq. (52) to obtain the
space-time coordinates that this observer would assign to the
end or start of the worldlines of all the particles participating
in the interaction, including the starting point of the trajectory
of the high-energy photon. Alternatively, one can determine
these last coordinates from Eq. (13) with X' = ¢ =0,

-2
x—el{P,x}—eo{E,x}——L{l—l-wn ,

-2 2 -
IZGI{P,t}_Eo{E,t}:_L[l—f—( a2/\+a3)1—[+ (a4+3jl\5 a6)H . (53)

The compatibility of the two expressions for the coordinates (x, r) that observer O assigns to the starting point of the
worldline of the high-energy photon allows us to determine the values of the parameters (z;, zy) in the description of the

emission by observer . One finds

(—2612 + 613) o oJP
=-L|l+—="T1I l+—-—
21 [ + A + + ol ori/ 1’
(—2a; + a3) 2(ay + as — ag) o OP
=-L|l =211 I l——4+—=]]|. 54
<0 [ A + A T\ (54)
|
One has corrections to the result in SR, z; = z5 = —L,due  energy () and total momentum (P) with respect to the

to the deformation of the generators (E, P) of translations
[terms proportional to (—2a, + a3)], to the deformation of
the boost generator [term proportional to (as + as — ag)],
and to the modification of the composition of energy and
momentum (terms depending on the derivatives of the total

energy () and momentum (IT) of the high-energy photon).

The method used to determine the parameters (z;, zg) in
the description of the emission by observer O can also be
used to determine the parameters (z}. z;), in the description
of the detection by observer (7, reproducing the space-time

064045-9



CARMONA, CORTES, RELANCIO, and REYES

PHYS. REV. D 106, 064045 (2022)

coordinates (x', 7) of the end point of the trajectory of the
high-energy photon.

It is remarkable that the derivation of the time delay of a
high-energy photon emitted by a source that we got from a
model describing its propagation from the source to the
detector is consistent with the nonlocality obtained with the
action formulation of either its emission or its detection,
which incorporates the modified kinematics (modified
dispersion relation and modified composition law) of the
corresponding interaction. The description of each process
by one of the two observers is very complicated and
depends on the four-momenta of all the particles involved
in the interaction, but the result of the time delay itself is
independent of them and depends only on the four-
momentum of the high-energy photon.

Note that we did not try to build a model of multiple
interactions, which is not as well defined as the action
formulation of one interaction (49), and which poses
important difficulties, such as the spectator problem
[60], to try to obtain an expression for the time delay in
DSR. In such a model we would not have been able to treat
independently the two interactions (emission and detection
of the high-energy photon), and we would have found an
obstruction to reproduce the photon’s trajectory used in the
calculation of the time delay in Sec. IIL

VI. CONCLUSIONS

In the present work we have analyzed in detail the
calculation of time delays in doubly special relativity
theories in terms of the parameters that define the defor-
mation of special relativity at first order. We have clarified
long-standing questions related to this problem: first, the
independence of the result of an observable, the time delay,
of the energy-momentum variables one is free to choose;
second, the consistency of the calculation of the time delay
with the relative locality of the interactions, leading to a
result which is independent of the details of the emission or
detection of the high-energy photon; and third, the exist-
ence of DSR models without time delays.

The fact that observables in DSR should be independent
of the choice of energy-momentum variables seems rea-
sonable and is normally advocated in the literature [62], but
its physical interpretation was not clear because a change of
energy and momentum was usually related to a change of
bases in a Hopf algebra, which are assigned to different
DSR models [23,51]. However, already in Sec. II we have
been very careful to distinguish between the physical
energy and momentum, (Q,II), which are variables in a
canonical phase space, and the generators of translations in
spacetime, E, P, which are the operators that appear in the
deformed Poincaré algebra. We showed in Sec. III A that
the result for time delays is, indeed, independent from the
choice of phase-space variables.

On the other hand, the use of a canonical phase space as
the physical spacetime and energy-momentum is consistent

with the action formulation of relative locality that we
reviewed in Sec. V B. This formalism gives the space-time
coordinates of ending and starting points of worldlines of
particles participating in an interaction, as a function of the
momenta of all those particles, the total momentum which
is conserved in the interaction, and the Lagrange multipliers
that a given observer assigns to it. A consequence of
relative locality is that each (high-energy) process is only
seen as local by a single observer, who assigns zero
Lagrange multipliers, corresponding to the origin of
space-time coordinates, to the interaction. The procedure
of calculation of time delays carried out in Sec. III was
indeed compatible with this formulation of relative locality.
Remarkably, we obtained a formula for time delays in DSR,
which depends on the four-momentum of the high-energy
photon but is independent of the details of its emission and
detection. We also showed in Sec. IV that considering the
propagation and detection of the photon in a noncommu-
tative spacetime is an equivalent description up to order
(I/A) that leads to same result for the time delay.

An important observation is that the nonstandard space-
time translations generated by E and P, which was the
starting point in Sec. II, have nothing to do with imple-
menting the relative locality of interactions, but with the
choice of phase-space variables. In fact, there exists a
choice of these variables (when Q = E, Il = P) where
space-time translations are undeformed in the one-particle
system. The translational invariance of DSR is, indeed,
different from that of SR because in DSR, the total
momentum which is conserved is not a sum of momenta,
but a nonlinear combination of them. Translations are not,
then, constant displacements in the coordinates of the
different particles. Deformed translation generators in the
one-particle system do not correspond to a translation
between observers in the DSR formulation of an inter-
action, which has the total energy and momentum as
the generators of the transformations, and not the func-
tions of the energy and momentum of a single particle £
and P.

Finally, we have seen that the expression for the time
delay has a sum of two contributions, one due to the
momentum dependence of the velocity of propagation of a
massless particle, and a second one due to the nontrivial
implementation of translational invariance. We have shown
that it is possible to have a DSR theory without time delays
when these two contributions cancel each other. From the
perspective of the representation of deformed Poincaré
transformations in terms of the canonical phase-space
coordinates, the absence of such an effect requires the
condition (20) to be satisfied. However, one can also see
the condition in a coordinate-free form, as a condition over
the deformed algebra of the generators, Eq. (28). As a
consequence, we find the possibility to identify the exist-
ence of time delays directly from the deformation of the
Casimir. It is also relevant to note that one can have an
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absence of time delays, and still, a photon dispersion
relation (which, let us remark once again, must be seen
as a relation between Q and I1, and not between E and P),
which is different from the one of special relativity.

The absence of time delays in a DSR theory does not
contradict the existence of a modified composition law
(which we related to the parameters of the relativistic
deformation in Sec. VA), nor the relative locality of the
interactions. As commented in the introduction, in the case of
DSR there are cancellations of corrections due to the
modification of the dispersion relation and the modification
of the composition of momenta in the kinematics of processes
at energies below the energy scale of the deformation. As a
consequence, in contrast to the case of a Lorentz invariance
violation, there are no observable effects in the high-energy
interactions of particles that are relevant in high-energy
astroparticle physics when the scale of the deformation is
of the order of the Planck energy scale. This raises the
question of which is the most restrictive present bound on the
scale of a DSR without time delays and what could be the first
observable effect of such a deformation of SR. The first steps

to answer this question have already started [30], but it
certainly deserves further investigation.
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