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Recently, as a generalization of general relativity, a gravity theory has been proposed in which
gravitational field equations are described by the Cotton tensor. That theory allows an additional
contribution to the gravitational potential of a point mass that rises linearly with radius as
Φ ¼ −GM=rþ γr=2, where G is the Newton constant. The coefficients M and γ are the constants of
integration and should be determined individually for each physical system. When applied to galaxies, the
coefficient γ, which has the dimension of acceleration, should be determined for each galaxy. This is the
same as having to determine the mass M for each galaxy. If γ is small enough, the linear potential term is
negligible at short distances, but can become significant at large distances. In fact, it may contribute to the
extragalactic systems. In this paper, we derive the effective field equation for Cotton gravity applicable to
extragalactic systems. We then use the effective field equation to numerically compute the gravitational
potential of a sample of 84 rotating galaxies. The 84 galaxies span a wide range, from stellar disk-
dominated spirals to gas-dominated dwarf galaxies. We do not assume the radial density profile of the
stellar disk, bulge, or gas; we use only the observed data. We find that the rotation curves of 84 galaxies can
be explained by the observed distribution of baryons. This is due to the flexibility of Cotton gravity to allow
the integration constant γ for each galaxy. In the context of Cotton gravity, “dark matter” is in some sense
automatically included as a curvature of spacetime. Consequently, even galaxies that have been assumed to
be dominated by dark matter do not need dark matter.

DOI: 10.1103/PhysRevD.106.064044

I. INTRODUCTION

The missing gravity problem in extragalactic systems
appears when gravity is extremely weak. Empirically, the
typical magnitude of gravitational acceleration is
1 km2 s−2 pc−1 ∼ 10−11 ms−2 or less. If gravity is much
stronger than that scale, no acceleration discrepancy has
been observed. For understanding the missing gravity
problem, it is necessary to test the laws of gravity at the
extremely weak regimes. To date, no gravity theory has
been experimentally established applicable to such
extremely weak regimes.
Recently, a new gravity theory has been proposed [1], in

which gravitational field equations are described by the
Cotton tensor (named after mathematician, Émile Cotton)
[2]. Here, the theory is called Cotton gravity. Cotton gravity
is a generalization of general relativity. The field equations of
Cotton gravity have solutions that are not solutions of
Einstein equations. In particular, Cotton gravity allows an
extra contribution to the gravitational potential of a point
mass that rises linearly with radius, Φ ¼ −GM=rþ γr=2.
Thus,Cotton gravitymay give the extra contributions at large
distances, which cannot be explained by general relativity.

The purpose of this paper is to report that in Cotton
gravity, the galaxy rotation curves can be explained by the
observed distribution of baryons. We investigate 84 rotating
galaxies with very different properties; galaxies extend a
wide range from largest galaxies known to the smallest, low
mass to high mass, low surface brightness to high surface
brightness, and low gas fraction to high.
In this paper, we do not assume a radial density profile

for the stellar disk, bulge, or gas—only the data is used. We
also do not assume any profiles for the dark matter halo. As
we will see, the observed baryonic mass and the gravita-
tional field equation of Cotton gravity alone can explain
galaxy rotation curves.
Before beginning this work, it should be mentioned

about Milgromian dynamics (MOND) [3]. MOND is one
of the most extensively studied modified gravity
approaches to the missing gravity problem. The very
detailed recent review of MOND (and its applications) is
given in [4], and the detailed fits to the galaxy rotation
curves without an extra free parameter per galaxy was given
in [5]. The comparison between MOND and dark matter
approach was presented in [6].
It may be also mentioned about conformal gravity.

Conformal gravity also allows the linear term in the
potential of a point mass [7]. Applications of conformal*jharada@hoku-iryo-u.ac.jp
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gravity to galaxy rotation curves were reviewed in [8], but
some severe problems have been reported in [9–11].
Although a spherically symmetric exact solution of con-
formal gravity is approximately equivalent to that of Cotton
gravity, it should be noted that Cotton gravity is a different
theory from conformal gravity [1].
This paper is organized as follows. Section II briefly

summarizes Cotton gravity. In Sec. III, the effective field
equation of Cotton gravity is derived. Section IV plots the
rotation velocities of 84 galaxies. Section V is devoted to
discussion and conclusions. The appendix shows the details
of the calculations. The signature of metric is ð−;þ;þ;þÞ
throughout the paper.

II. COTTON GRAVITY

In Cotton gravity, the field equations are given by [1]

Cνρσ ¼ 16πG∇μTμ
νρσ; ð1Þ

where Cνρσ is the Cotton tensor, G is the Newton constant,
∇μ is a covariant derivative associated with the Levi-Civita
connection, and Tμνρσ is defined by Eq. (3).
Equation (1) is a generalization of Einstein equations of

general relativity. Indeed, Eq. (1) has all solutions of
Einstein equations—with or without the nonzero cosmo-
logical constant—and other solutions that are not solutions
of Einstein equations [1]. This means the following; if the
Einstein equations (Gμν ¼ 8πGTμν) are satisfied, then
Eq. (1) is also satisfied. Furthermore, if the Einstein
equations with the nonzero cosmological constant
(Gμν þ Λgμν ¼ 8πGTμν) are satisfied, then Eq. (1) is still
satisfied (note that Eq. (1) does not include the cosmo-
logical constant Λ). Most importantly, even if Einstein
equations are not satisfied, Eq. (1) can be satisfied.
Cotton gravity is more general than general relativity in

that sense. Since Eq. (1) has solutions that are not solutions
of Einstein equations, it may describe physics that cannot
be explained by general relativity. This paper shows that
galaxies may be typical systems, in which deviations from
general relativity are significant.
In Eq. (1), the Cotton tensor Cνρσ is defined by [2]

Cνρσ ¼ ∇ρRνσ −∇σRνρ −
1

6
ðgνσ∇ρR − gνρ∇σRÞ; ð2Þ

where Rμν is the Ricci tensor andR is the Ricci scalar. Here
and hereafter, we denote the Ricci scalar with R—follow-
ing the convention in astronomy, we will denote the radial
distance in a cylindrical coordinate system with R. The
tensor Tμνρσ in Eq. (1) is defined by [1]

Tμνρσ ¼
1

2
ðgμρTνσ − gνρTμσ − gμσTνρ þ gνσTμρÞ

−
1

6
ðgμρgνσ − gνρgμσÞT; ð3Þ

where T ≔ gμνTμν, and gνσTμνρσ ¼ Tμρ holds.
Multiplying Eq. (1) by gνσ, we find that the conservation

law ∇μTμ
ν ¼ 0 is a consequence of Eq. (1) as

gνσCνρσ ¼ 16πG∇μTμ
ρ ¼ 0; ð4Þ

where the Bianchi identity gνσCνρσ ¼ 0 has been used. With
∇μTμ

ν ¼ 0, the right-hand side of Eq. (1) is

∇μTμ
νρσ ¼

1

2
ð∇ρTνσ−∇σTνρÞ−

1

6
ðgνσ∇ρ−gνρ∇σÞT: ð5Þ

In the next section, we will derive the effective field
equation of Eq. (1) applicable to galaxies.

III. EFFECTIVE FIELD EQUATION

When gravity is weak, a metric can be written as

gμν ¼ ημν þ hμν; ð6Þ

where ημν is the Minkowski metric, and hμν is small. For
galaxies studied in this work, the energy-momentum tensor
Tμν is approximately given by

T00¼ ρ; Tij¼ 0; T0i¼ 0; T¼−ρ; ð7Þ

where ρ is a mass density. We assume that hμν and ρ are
time independent (or assume that their time dependence
sufficiently small so that time derivative can be ignored).
For ν ¼ σ ¼ 0 and ρ ¼ 1, 2, 3 in Eq. (1), we have

∇
�
R00 þ

1

6
R
�

¼ 16πG
3

∇ρ; ð8Þ

or equivalently

R00 þ
1

6
R ¼ 16πG

3
ρþ const: ð9Þ

The constant in Eq. (9) is the cosmological constant—recall
that in Cotton gravity, the cosmological constant is a
constant of integration [1]. We assume that the contribu-
tions of the cosmological constant are negligible at galactic
scales. In that case, Eq. (9) reduces to

R00 þ
1

6
R ¼ 16πG

3
ρ: ð10Þ

Let us calculate R00 and R in Eq. (10). At far from a
center, a metric can be approximately written by
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ds2 ¼ −ð1þ 2ΦÞdt2 þ ð1 − 2ΦÞdr2 þ r2dΩ2; ð11Þ

where dΩ2 ¼ dθ2 þ sin2 θdϕ2, and Φ is the potential.
Transforming from spherical to Cartesian coordinates,
we find that

h00 ¼ −2Φ; hij ¼ −2Φninj; h0i ¼ 0; ð12Þ

where n ≔ r=jrj, and h ≔ ημνhμν ¼ 2Φ − 2Φn · n ¼ 0. At
a linear order in hμν, the Ricci tensor is given by

Rμν ¼
1

2
ð−∂μ∂νhþ ∂μ∂

ρhνρ þ ∂ν∂
ρhμρ −□hμνÞ: ð13Þ

Plugging Eq. (12) into Eq. (13), we obtain

R00 ¼ −
1

2
∇2h00 ¼ ∇2Φ: ð14Þ

If Einstein equations are satisfied, then the field equa-
tion (10) just reduces to the usual Poisson equation as

∇2Φ ¼ 16πG
3

ρ −
8πG
6

ρ ¼ 4πGρ; ð15Þ

where the Ricci scalarR ¼ 8πGρ has been used. In Cotton
gravity, however, Einstein equations are not necessarily
satisfied [1]. In that case, the field equation (10) does not
reduce to the Poisson equation as follows.
At a linear order in hμν, the Ricci scalar is given by

R ¼ ∂
μ
∂
νhμν −□h: ð16Þ

Plugging Eq. (12) into Eq. (16), we find that

R ¼ −
2

jrj2 ððr ·∇Þ2 þ 4ðr ·∇Þ þ 2ÞΦ; ð17Þ

and the field equation (10) reduces to

�
∇2−

1

3jrj2 ððr ·∇Þ2þ4ðr ·∇Þþ2Þ
�
Φ¼ 16πG

3
ρ: ð18Þ

This is the effective field equation of Eq. (1). Thus,
operators other than ∇2 are necessary to determine Φ.
Equation (18) yields a crucial difference from the

Poisson equation (15) at large distances. To see it, in the
spherically symmetric system for example, we have

R00 ¼ ∇2Φ ¼ 1

r2
∂

∂r
ðr2Φ0Þ ¼ Φ00 þ 2Φ0

r
; ð19Þ

where the primes denote the derivative with respect to the
radial coordinates r. From Eq. (17), we also have

R ¼ −2
�
Φ00 þ 4Φ0

r
þ 2Φ

r2

�
: ð20Þ

Therefore, the left-hand side of Eq. (18) is given by

R00 þ
1

6
R ¼

�
∇2 −

1

3jrj2 ððr · ∇Þ
2 þ 4ðr ·∇Þ þ 2Þ

�
Φ

¼ 2

3

�
Φ00 þΦ0

r
−
Φ
r2

�
¼ 2

3r2
∂

∂r

�
r3

∂

∂r

�
Φ
r

��
:

ð21Þ

Then, Eq. (18) is given in a simple form as,

∂

∂r

�
r3

∂

∂r

�
Φ
r

��
¼ 8πGr2ρðrÞ: ð22Þ

For the mass density ρðrÞ ¼ 0ðr ≥ aÞ and
ρðrÞ ≠ 0 ðr ≤ aÞ, the solution of Eq. (22) is given by

Φðr ≥ aÞ ¼ −
GM
r

þ γ

2
r; M ¼

Z
a

0

4πξ2ρðξÞdξ;

Φðr ≤ aÞ ¼ −
G
r

Z
r

0

4πξ2ρðξÞdξ

−Gr
Z

a

r
4πρðξÞdξþ γ

2
r; ð23Þ

where γ is an integration constant (1=2 is a convention).
While the mass M is determined by ρðrÞ, γ is arbitrary
unless the boundary condition will be determined. The
linear potential term γr=2—which cannot be obtained from
general relativity—is significant at large r.
In Sec. IV, it is shown that Eq. (18) can explain galaxy

rotation curves from the distribution of baryons.
In the context of Cotton gravity, the missing gravity
problem is originated from the Ricci curvature (17), rather
than dark matter.

IV. GALAXY ROTATION CURVE

A. Data and galaxy sample

We use the SPARC database [12] (Spitzer Photometry
and Accurate Rotation Curves). SPARC includes near-
infrared (3.6 μm) observations that trace the distribution of
stellar mass. The surface density profiles of the stellar disk
and bulge are available from the database. SPARC also
includes the observed rotation velocity VobsðRÞ.
In this work, we investigate 84 galaxies listed in Table I.

The list includes galaxies with the morphologies from S0 to
Im, baryonic masses 4 × 107 < Mbar=M⊙ < 5 × 1011, gas
fraction 0.03 < fgas ¼ Mgas=Mbar < 0.94, and rotation
velocities 30 < Vflat=ðkm s−1Þ < 330. This range extends
from the largest galaxies known to the smallest. Of 84
galaxies, 53 galaxies are disk-dominated (fdisk ¼ Mdisk=
Mbar > 0.5), 30 galaxies are gas-dominated (fgas > 0.5),
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TABLE I. Parameters for galaxies. Column (1) gives the galaxy name. Column (2) gives the numerical Hubble type adopting the
following scheme: 0 ¼ S0, 1 ¼ Sa, 2 ¼ Sab, 3 ¼ Sb, 4 ¼ Sbc, 5 ¼ Sc, 6 ¼ Scd, 7 ¼ Sd, 8 ¼ Sdm, 9 ¼ Sm, 10 ¼ Im. Column
(3) gives the assumed distance. Column (4) gives the assumed inclination angle (i). The parenthesis shows the error. Columns (3) and (4)
are obtained from the SPARC [12]. Column (5) gives the constant in Eq. (24). Column (6) gives the mass-to-light ratio at 3.6 μm band
(ϒ⋆) of the stellar disk. Column (7) gives the baryonic mass (Mbar). The baryonic mass is a sum of the stellar massM⋆ and the gas mass
Mgas. The stellar mass is a sum of the masses of the stellar disk Mdisk and the central bulge Mbulge. Column (8) gives the disk fraction
(fdisk ¼ Mdisk=Mbar). Column (9) gives the bulge fraction (fbulge ¼ Mbulge=Mbar). The mass-to-light ratio for the bulge is assumed to be
1.4ϒ⋆ for all galaxies with the bulge. Column (10) gives the gas fraction (fgas ¼ Mgas=Mbar). Gas mass is estimated byMgas ¼ 1.33MHI,
whereMHI is the H I mass and 1.33 represents an enhancement factor to account for the cosmic abundance of helium. Columns (5), (6),
(7), (8), (9), and (10) are obtained in this work. Column (11) gives the references for the radial H I surface density profiles (ΣH I) used in
this work: Al15 [13], An22 [14], Ba05 [15], Ba06 [16], BC04 [17], BW94 [18], Ca90 [19], CB89 [20], Co91 [21], Co00 [22], CP90
[23], Fr02 [24], Fr11 [25], Ga02 [26], Ge04 [27], Ha14 [28], Ho01 [29], JC90 [30], Ke07 [31], Le14 [32], MC94 [33], No05 [34], Rh96
[35], SG06 [36], Sw02 [37], VH93 [38], VS01 [39].

Name Type D (Mpc) i (°) γgalaxy=2 (km2 s−2 pc−1) ϒ⋆ ðM⊙=L⊙Þ Mbar ð109 M⊙Þ fdisk fbulge fgas Ref.

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

DDO064 10 6.80 60(5) 0.75 0.50 0.391 0.208 0.000 0.792 Sw02
DDO154 10 4.04 64(3) 0.39 0.65 0.385 0.084 0.000 0.916 CB89
DDO161 10 7.50 70(10) 0.28 0.34 2.778 0.066 0.000 0.934 Co00
DDO168 10 4.25 63(6) 0.67 0.50 0.432 0.212 0.000 0.788 Ho01
DDO170 10 15.40 66(7) 0.31 0.50 1.033 0.244 0.000 0.756 Ho01
ESO079-G014 4 28.70 79(5) 1.38 0.67 37.932 0.886 0.000 0.114 Ge04
ESO116-G012 7 13.00 74(3) 1.15 0.77 4.837 0.683 0.000 0.317 Ge04
ESO444-G084 10 4.83 32(6) 1.20 0.50 0.209 0.168 0.000 0.832 Co00
IC2574 9 3.91 75(7) 0.37 0.20 1.595 0.142 0.000 0.858 MC94
KK98-251 10 6.80 59(5) 0.26 0.55 0.197 0.222 0.000 0.778 BC04
NGC0055 9 2.11 77(3) 0.51 0.55 4.108 0.571 0.000 0.429 Ho01
NGC0100 6 13.50 89(1) 0.83 0.57 4.574 0.405 0.000 0.595 Rh96
NGC0247 7 3.70 74(3) 0.53 1.10 10.065 0.772 0.000 0.228 CP90
NGC0300 7 2.08 42(10) 0.75 1.20 4.386 0.773 0.000 0.227 Ho01
NGC0801 5 80.70 80(1) 0.39 0.57 212.118 0.882 0.000 0.118 Ho01
NGC0891 3 9.91 90(1) 1.50 0.38 61.876 0.728 0.179 0.093 Fr11
NGC1003 6 11.40 67(5) 0.38 0.75 25.349 0.191 0.000 0.809 BW94
NGC1090 4 37.00 64(3) 0.60 0.60 72.626 0.791 0.000 0.209 Ge04
NGC2366 10 3.27 68(5) 0.43 0.90 1.030 0.204 0.000 0.796 Le14
NGC2403 6 3.16 63(3) 0.82 1.00 14.418 0.696 0.000 0.304 Fr02
NGC2841 3 14.10 76(10) 1.20 1.00 234.347 0.608 0.296 0.096 Ho01
NGC2903 4 6.60 66(3) 1.40 0.45 37.783 0.933 0.000 0.067 Ho01
NGC2998 5 68.10 58(2) 0.89 0.60 118.241 0.788 0.000 0.212 Ho01
NGC3109 9 1.33 70(5) 0.68 0.60 0.651 0.174 0.000 0.826 JC90
NGC3198 5 13.80 73(3) 0.42 1.00 49.745 0.763 0.000 0.237 Ho01
NGC3726 5 18.00 53(2) 0.72 0.50 42.923 0.770 0.000 0.230 VS01
NGC3741 10 3.21 70(4) 0.42 1.00 0.238 0.102 0.000 0.898 An22
NGC3769 3 18.00 70(2) 0.35 0.75 17.697 0.635 0.000 0.365 VS01
NGC3893 5 18.00 49(2) 1.07 0.62 39.662 0.808 0.000 0.192 VS01
NGC3972 4 18.00 77(1) 1.64 0.59 9.851 0.840 0.000 0.160 VS01
NGC4010 7 18.00 89(1) 1.10 0.45 12.257 0.623 0.000 0.377 VS01
NGC4068 10 4.37 44(6) 0.43 0.50 0.362 0.324 0.000 0.676 Le14
NGC4085 5 18.00 82(2) 1.75 0.30 7.948 0.781 0.000 0.219 VS01
NGC4088 4 18.00 69(2) 1.00 0.32 43.415 0.757 0.000 0.243 VS01
NGC4100 4 18.00 73(2) 0.90 0.48 29.897 0.864 0.000 0.136 VS01
NGC4157 3 18.00 82(3) 0.80 0.45 57.581 0.785 0.024 0.191 VS01
NGC4214 10 2.87 15(10) 1.05 1.05 1.746 0.664 0.000 0.336 Le14
NGC4559 6 9.00 67(1) 0.41 0.70 22.080 0.605 0.000 0.395 Ba05
NGC5055 4 9.90 55(6) 0.55 0.50 82.099 0.894 0.000 0.106 Ba06
NGC5585 7 7.06 51(2) 0.65 0.82 4.253 0.563 0.000 0.437 Co91

(Table continued)
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and only 1 galaxy—NGC 7814—is bulge-dominated
(fbulge ¼ Mbulge=Mbar > 0.5). Only 11 of 84 galaxies have
the central bulge. The radial H I (atomic hydrogen) surface
density profiles are not available from the SPARC database.
We collect them from the references listed in column (11)
of Table I.

B. Gravitational potential

We solve the effective field equation (18) numerically to
determine the gravitational potential Φ—we also solve the
Poisson equation (15) for comparison. The appendix
presents the formulas and the details of calculations. The
mass density is totally from the stellar disk, bulge, and gas.

TABLE I. (Continued)

Name Type D (Mpc) i (°) γgalaxy=2 (km2 s−2 pc−1) ϒ⋆ ðM⊙=L⊙Þ Mbar ð109 M⊙Þ fdisk fbulge fgas Ref.

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

NGC5907 5 17.30 88(2) 0.70 0.59 125.032 0.838 0.000 0.162 Al15
NGC6195 3 127.80 62(5) 0.50 0.55 278.553 0.568 0.309 0.123 SG06
NGC6503 6 6.26 74(2) 0.60 0.75 11.367 0.822 0.000 0.178 Ho01
NGC6674 3 51.20 54(6) 0.55 1.00 255.953 0.775 0.117 0.108 Ho01
NGC7331 3 14.70 75(2) 1.10 0.40 114.914 0.827 0.061 0.112 Ho01
NGC7793 7 3.61 47(9) 0.35 0.90 7.658 0.821 0.000 0.179 Ca90
NGC7814 2 14.40 90(1) 1.90 0.55 56.548 0.233 0.741 0.026 Fr11
UGC00128 8 64.50 57(10) 0.25 2.30 38.381 0.716 0.000 0.284 VH93
UGC01281 8 5.27 90(1) 0.75 0.38 0.533 0.264 0.000 0.736 Sw02
UGC02487 0 69.10 36(5) 0.95 1.00 564.712 0.667 0.298 0.035 No05
UGC02885 5 80.60 64(4) 0.75 0.80 404.295 0.698 0.146 0.155 Ho01
UGC03546 1 28.70 55(5) 1.05 0.43 52.426 0.607 0.342 0.051 No05
UGC04278 7 9.51 90(3) 1.05 0.45 2.142 0.275 0.000 0.725 Sw02
UGC04483 10 3.34 58(3) 0.42 0.65 0.045 0.184 0.000 0.816 Le14
UGC04499 8 12.50 50(3) 0.60 0.60 2.511 0.339 0.000 0.661 Sw02
UGC05414 10 9.40 55(3) 0.72 0.50 1.539 0.402 0.000 0.598 Sw02
UGC05829 10 8.64 34(10) 0.52 0.65 1.813 0.209 0.000 0.791 Sw02
UGC05986 9 8.63 90(3) 1.15 1.00 7.904 0.583 0.000 0.417 Sw02
UGC06399 9 18.00 75(2) 1.00 0.50 2.187 0.571 0.000 0.429 VS01
UGC06446 7 12.00 51(3) 0.55 3.00 4.666 0.612 0.000 0.388 VS01
UGC06917 9 18.00 56(2) 0.57 1.37 11.685 0.782 0.000 0.218 VS01
UGC06923 10 18.00 65(2) 0.75 0.70 2.880 0.651 0.000 0.349 VS01
UGC06973 2 18.00 71(3) 3.00 0.20 12.632 0.668 0.175 0.157 VS01
UGC06983 6 18.00 49(1) 0.37 2.20 14.421 0.731 0.000 0.269 VS01
UGC07089 8 18.00 80(3) 0.58 0.32 2.979 0.393 0.000 0.607 Ga02
UGC07151 6 6.87 90(3) 0.72 0.80 2.804 0.707 0.000 0.293 Sw02
UGC07261 8 13.10 30(10) 0.70 0.75 3.256 0.377 0.000 0.623 Sw02
UGC07323 8 8.00 47(3) 0.96 0.35 2.467 0.604 0.000 0.396 Sw02
UGC07399 8 8.43 55(3) 1.55 2.00 3.379 0.700 0.000 0.300 Sw02
UGC07559 10 4.97 61(3) 0.29 0.60 0.309 0.207 0.000 0.793 Sw02
UGC07603 7 4.70 78(3) 0.78 1.20 0.761 0.576 0.000 0.424 Sw02
UGC07608 10 8.21 25(10) 0.94 0.70 0.949 0.235 0.000 0.765 Sw02
UGC07690 10 8.11 41(5) 0.26 1.20 1.509 0.613 0.000 0.387 Sw02
UGC07866 10 4.57 44(5) 0.35 0.50 0.243 0.265 0.000 0.735 Sw02
UGC08490 9 4.65 50(3) 0.45 2.20 3.111 0.696 0.000 0.304 Sw02
UGC08550 7 6.70 90(3) 0.55 0.70 0.613 0.325 0.000 0.675 Sw02
UGC08837 10 7.21 80(5) 0.38 0.30 0.603 0.249 0.000 0.751 Sw02
UGC09037 6 83.60 65(5) 0.55 0.50 58.087 0.520 0.000 0.480 Ha14
UGC11455 6 78.60 90(1) 1.00 0.65 373.377 0.918 0.000 0.082 SG06
UGC11557 8 24.20 30(10) 0.28 0.40 8.554 0.571 0.000 0.429 Sw02
UGC12506 6 100.60 86(4) 0.48 1.50 250.494 0.811 0.000 0.189 Ha14
UGC12732 9 13.20 39(6) 0.55 2.20 8.785 0.410 0.000 0.590 Sw02
UGCA442 9 4.35 64(7) 0.55 0.50 0.489 0.137 0.000 0.863 Co00
UGCA444 10 0.98 78(4) 0.51 0.50 0.107 0.056 0.000 0.944 Ke07
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In particular, we do not assume a radial profile for the
stellar disk, bulge, or gas—we use only the data. For the
vertical distributions from the galactic planes, we assume
the finite thickness for the stellar disk and gas. We assume
that bulge is spherical as an approximation. These details
are shown in the appendix.
When we solve Eq. (18), following the solution (23), we

adopt the boundary condition at far from the center,

Φ ¼ γgalaxy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ z2

p
=2; ð24Þ

where R is the radius in a cylindrical coordinate system, z
is the vertical coordinate, and γgalaxy is a constant. The
values of γgalaxy should be determined for each galaxy. This
is the same as the mass M should be determined for each
galaxy. The constant γgalaxy is just an integration constant
rather than a fundamental parameter of the theory—the
field equations (1) does not include γgalaxy. We determine
the value of γgalaxy as a fitting parameter for each galaxy. We
find that many galaxies have typically γgalaxy ∼
1 km2 s−2 pc−1 (column (5) in Table I). The flexibility to

allow the individual values γgalaxy for each galaxy is a
significant advantage of Eq. (1).

C. Rotation curves

In Cotton gravity, the observed rotation curves can be
explained by the distributions of baryons (Fig. 1). The flat
shape of rotation curves (NGC 5907, UGC 2885, UGC
2487, and NGC7331 in Fig. 1) and the nonflat/rising shape
(NGC 3109 and NGC 100 in Fig. 1) can be obtained in
the same context without assumptions. In the context of
Cotton gravity, the calculated shape of rotation curves are
essentially determined by the distributions of baryons. This
is in agreement with one of the most important observa-
tions: “For any feature in the luminosity profile there is a
corresponding feature in the rotation curve and vise
verse” [40].
In Cotton gravity, both large galaxies (UGC 2885 and

UGC 2487 in Fig. 1) and small galaxies (NGC 3109 and
NGC 100 in Fig. 1) can be explained. Figure 2 shows the
rotation curves of 84 galaxies. The 84 galaxies are very
different in morphologies, luminosities, masses, sizes, and
gas fractions. Nevertheless, 84 galaxy rotation curves can
be explained by the single field equation (18).
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FIG. 1. Examples of rotation curves for galaxies. The points with error bars are the observed rotation velocity VobsðRÞ, which are
available from the SPARC database [12]. Four thin lines (solid, dashed, dotted, dash-dotted) represent the calculated rotation velocity
VðRÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R∂Φ=∂R
p

, whereΦ is determined by solving the Poisson equation (15). Each baryonic component is represented: dotted lines
for the gas, dashed lines for the stellar disk, dash-dotted lines for the bulge when present, and thin solid lines for the sum of these
components. In all galaxies, the observed data exceed the thin solid lines, indicating the need for dark matter. Thick solid lines represent
the calculated rotation velocity VðRÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R∂Φ=∂R
p

, where Φ is determined by solving the effective field equation (18), rather than the
Poisson equation. In all galaxies, the observed data are consistent with the thick solid lines. NGC 3109 has been assumed that dark
matter dominates. Nevertheless, in the context of Cotton gravity, the rotation velocities can be explained without the need for dark
matter. UGC 2885 (Rubin’s galaxy, named after Vera Rubin) is one of the largest known. Even for such largest galaxies, the calculated
velocities are in agreement with the observed data. Some galaxies have large mass density at small radii. In those cases, the surface
brightness profiles are very sensitive to the results at small radii, and lines are not shown near the center (NGC 5907). Further
investigations are required for those cases.
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FIG. 2. 84 rotation curves and mass models for individual galaxies. Points and lines represent the same as those in Fig. 1. All galaxies
except DDO 154 show the observed rotation velocity obtained from SPARC database [12]; only DDO 154 shows the observed rotation
velocity obtained from THINGS [41,42] (The H I Nearby Galaxy Survey).
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FIG. 2. (Continued).
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FIG. 2. (Continued).
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FIG. 2. (Continued).
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FIG. 2. (Continued).
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FIG. 2. (Continued).
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D. Radial acceleration relation

Figure 3 shows the radial acceleration relation [43] for
the present study. Here, the radial acceleration relation is a
relation between the observed acceleration (gobs) and the
calculated acceleration (gbar) for the baryons, where

gobs ¼
V2
obsðRÞ
R

; and gbar ¼
∂Φ
∂R

: ð25Þ
The potential Φ is determined by solving the Poisson
equation and the field equation (18) of Cotton gravity.
Figure 3 shows two cases: (a) for the Poisson equation, and
(b) for Cotton gravity.
For the case of the Poisson equation, the calculated

acceleration gbar is smaller than the observed acceleration

gobs for gobs ∼ 1 km2 s−2 pc−1 or less [(a) in Fig. 3]. It
indicates the need for dark matter.
For the case of Cotton gravity, the calculated acceleration

gbar is in agreement with the observed acceleration gobs
even for gobs ∼ 1 km2 s−2 pc−1 or less [(b) in Fig. 3]. Thus,
in Cotton gravity, the gobs can be explained by the baryons
without the need for dark matter.

E. Baryonic Tully-Fisher relation

The baryonic Tully-Fisher relation is an empirical
relation between the total baryonic mass Mbar and the flat
rotation speed Vflat [44]. Figure 4 shows the baryonic
Tully-Fisher relation for the present study. From the data,
we find that
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FIG. 2. (Continued).
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Mbar=M⊙ ¼ 102.37
�
Vflat

km=s

�
3.72

; ð26Þ

or equivalently

Mbar=ð109 M⊙Þ ¼ 6.5

�
Vflat

100 km=s

�
3.72

; ð27Þ

for 1 × 108 < Mbar=M⊙ < 6 × 1011. Equation (27) is a
convenient form, because the coefficient is dimensionless
and has a value of Oð1Þ. In Cotton gravity, this relation is
obtained as a consequence of the field equations. Here, it
should be noted that Vflat is just an effective concept—the
rotation velocities should not be necessarily flat in Cotton
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FIG. 3. Radial acceleration relation [43]: the observed gravitational acceleration, gobs ¼ V2
obsðRÞ=R, is plotted against that calculated

for the observed distributions of baryons, gbar ¼ ∂Φ=∂R, where the gravitational potential Φ is determined by solving (a1) the Poisson
equation (15), and (b1) the effective field equation (18) in Cotton gravity. 1388 data points for 84 galaxies are shown in both panels. The
data points in the most inner regions are rejected to minimize the affects of regularization in numerical computations (see, the appendix).
The dashed line is the line of unity (a1 and b1). The middle panels (a2) and (b2) show the same as those of the top panels, but the
horizontal axis is replaced by log10ðgbar=gobsÞ. The bottom panels (a3) and (b3) show the distribution of log10ðgbar=gobsÞ, where the
horizontal axis is the same as that of the middle panel. The (a3) shows that 1239 data points (89%) are distributed in the range of
log10ðgbar=gobsÞ < −0.07 (gbar=gobs < 0.85). It indicates the need for dark matter. The (b3) shows that 1179 data points (85%) are
distributed in the range of −0.07 < log10ðgbar=gobsÞ < 0.07 (0.85 < gbar=gobs < 1.17). The distribution of (b3) is very tight—indeed, it
is not even the Gaussian (it is described by the Cauchy distribution with the location −0.008 and the scale 0.024). It indicates that dark
matter is unnecessary.
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gravity (Fig. 2). In general, the exponent is not exactly
equals to 4 in the context of Cotton gravity.

F. Distribution of γgalaxy
The parameter γgalaxy should be determined for each

galaxy. In Cotton gravity, it is theoretically unnatural to
assume that γgalaxy takes a single value for all galaxies. The
particular value of γgalaxy per galaxy is allowed, and it is a
significant advantage of Cotton gravity.
There is no correlation between the baryonic mass Mbar

and the value of γgalaxy (Fig. 5). We find that 76 of 84
galaxies have the values in the range 0.2 < γgalaxy=2 <
1.3 km2 s−2 pc−1 (Fig. 5). We also find that UGC 6973 has
an exceptionally large value, γgalaxy=2 ¼ 3.0 km2 s−2 pc−1.

G. Changing γgalaxy
Figure 6 shows the rotation velocities when changing the

values of γgalaxy=2 by 50% from the best fit values. We find
that changing the values of γgalaxy=2 does not affect the
whole shape of the curves.
Cotton gravity is flexible in the sense that it allows an

additional parameter γgalaxy for each galaxy. Therefore, one
may think that the observed rotation curves can be easily
explained by adjusting arbitrarily γgalaxy. Figure 6 indicates
that it is not true; the changes of γgalaxy affect only details,
and does not affect the whole shape. In fact, it is nontrivial
whether Cotton gravity can explain the observed rotation
curves, even though the parameter γgalaxy is allowed for
each galaxy.

V. DISCUSSION AND CONCLUSIONS

We found that Cotton gravity can explain the rotation
curves of 84 galaxies without the need for dark matter. In
Cotton gravity, the flat rotation curves and the nonflat rising
shape of rotation curves can be explained in the same
context without special assumptions (Fig. 2). All we need is
the data on the distribution of stars and gas, and the
gravitational field equation (18). This is satisfactory
because the observed data (surface density) explains the
observed data (rotation velocity).
Cotton gravity allows an extra linear term in the

gravitational potential of a point mass. The coefficient of
the linear term γgalaxy is a constant of integration. Therefore,
it (and the mass M) should be determined separately for
each galaxy. Various values of γgalaxy are completely
consistent with Eq. (1). According to this flexibility of
Cotton gravity, galaxy rotation curves can be explained.
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FIG. 4. Baryonic Tully-Fisher relation [44]: the baryonic mass
Mbar as a function of the flat rotation speed Vflat. The baryonic
mass Mbar, a sum of the stellar mass (M⋆ ¼ Mdisk þMbulge) and
the mass of gas (Mgas), is listed in column (7) of Table I. The flat
rotation speed Vflat are available from the SPARC database [12].
The dashed line represents a linear fit in the log-log plot: the slope
is 3.72.
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is UGC 6973.
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From this work, we have observed the following: the
observed potential Φ and the observed mass densities of 84
galaxies does not satisfy the Poisson equation, but (at least
approximately) satisfy the effective field equation (18).
This is empirical. That is, what we found is that the
effective field equation (18) has the particular solution
that is consistent with the observed gravitational potential
Φ and the baryonic masses.
Here it should be also mentioned the following. Cotton

gravity was proposed with the pure theoretical motivation
as a generalization of general relativity [1]. It was not
intended to solve a particular problem in astrophysics. In
particular, the galaxy rotation curve was not the motivation
for Cotton gravity. Nevertheless, Cotton gravity can explain
the rotation curves—it is just a consequence of the field
equations of Cotton gravity.
The results of this paper suggest the following:
(1) When gravity is extremely weak, the law of gravity

may deviate from general relativity.
(2) Galaxies are typical systems in which such devia-

tions from general relativity cannot be ignored.
(3) Galaxies have no dark matter halos.
These may be alternative to the dark matter paradigm.

For understanding gravity and matter in the universe, it is
necessary to test the laws of gravity in the extremely weak
regimes. Galaxies are unique physical systems in which the
effects of very weak gravity can be precisely observed.
Investigating galaxies would help to test the law of gravity
applicable to extremely weak regimes.
This work is the first quantitative test of Cotton gravity.

The first test suggests that Cotton gravity is a possible
candidate as a generalization of general relativity. Further
investigations would be expected.
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APPENDIX: NUMERICAL CALCULATIONS

1. Poisson equation

In the axially symmetric system—we assume that the
rotating galaxies have the axial symmetry—, the Poisson
equation (15) can be written in a cylindrical coordinate,

�
∂
2

∂R2
þ 1

R
∂

∂R
þ ∂

2

∂z2

�
ΦðR; jzjÞ ¼ 4πGρðR; jzjÞ; ðA1Þ

where R is the radial distance and z is the height.
The mass density of baryons has two components,

ρbar ¼ ρdisk þ ρgas: ðA2Þ

For galaxies with the central bulge, ρbulge should be added
(only 11 galaxies in this work). We assume that the stellar
disk and gas have a small but finite thickness—though, we
find that the results are not sensitive to finite thickness. We
assume that the bulge is spherical.
For the stellar disk, we adopt the following profile,

ρdiskðR; jzjÞ ¼ ϒ⋆ΣdiskðRÞ
e−jzj=zd

2zd
; ðA3Þ

where ϒ⋆ is the mass-to-light ratio (listed in column (6) of
Table I), ϒ⋆ΣdiskðRÞ is the surface density, and zd is the
scale height. We use zd ¼ 0.196ðRd=kpcÞ0.633 kpc [12,45],
where Rd is the scale length. Consequently, we obtain

4πGρdisk

¼ 137.9e−jzj=zd

ðRd=kpcÞ0.633
ϒ⋆

M⊙=L⊙

ΣdiskðRÞ
L⊙=pc2

km2 s−2kpc−2: ðA4Þ

The values of the surface brightness ΣdiskðRÞ and the scale
length Rd are available from SPARC [12].
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FIG. 6. Examples of rotation curves with 50% changes of γgalaxy=2. The points with error bars and the thick solid lines represent the
same as those in Fig. 1. The calculated rotation velocities in Cotton gravity are shown when changing the values of γgalaxy=2 by 50%
from the best fit values; dashed lines for the 50% larger case, and dotted lines for the 50% smaller. Changing the values of γgalaxy does not
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For the gas, we adopt the following profile,

ρgasðR; jzjÞ ¼ 1.33ΣHIðRÞ
sech2ðz=zgÞ

2zg
; ðA5Þ

where 1.33 is a factor to account for the cosmic abundance
of helium, ΣHIðRÞ is the radial H I surface density, and zg is
the scale height. We assume that zg ¼ zd for simplicity. We
collect the data of ΣHIðRÞ from the references in column
(11) of Table I. Consequently, we have

4πGρgas

¼ 183.4sech2ðz=zgÞ
ðRd=kpcÞ0.633

ΣHIðRÞ
M⊙=pc2

km2 s−2 kpc−2: ðA6Þ

For the bulge, we adopt the mass-to-light ratio 1.4ϒ⋆ for
all galaxies. Therefore, the bulge density is given by

ρbulgeðrÞ ¼ −
1.4ϒ⋆
π

Z
∞

r

dΣbulgeðRÞ
dR

dRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p : ðA7Þ

The values of the surface brightness ΣbulgeðRÞ are available
from SPARC [12].
We consider the following discrete coordinates,

R¼Ri≥ 0; jzj¼ zj≥0; i;j¼ 0;1;2;… ðA8Þ

where we set R0 ¼ 0 and z0 ¼ 0. These coordinates are not
necessarily homogeneous as Riþ2 − Riþ1 ≠ Riþ1 − Ri
and zjþ2 − zjþ1 ≠ zjþ1 − zj.
The central finite differences are given by

∂

∂R
ΦðR; jzjÞ ¼ Φiþ1;j −Φi−1;j

Riþ1 − Ri−1
; ðA9aÞ

∂

∂z
ΦðR; jzjÞ ¼ Φi;jþ1 −Φi;j−1

zjþ1 − zj−1
; ðA9bÞ

where ΦðRi; zjÞ ¼ Φi;j.
The second order finite difference is given by

∂
2

∂R2
ΦðR; jzjÞ ¼ 4ðΦiþ1;j þΦi−1;j − 2Φi;jÞ

ðRiþ1 − Ri−1Þ2

−
4ðRiþ1 þ Ri−1 − 2RiÞðΦiþ1;j −Φi−1;jÞ

ðRiþ1 − Ri−1Þ3
; ðA10Þ

where the second term is necessary when the coordinate Ri
is not homogeneous—if the coordinate Ri is homogeneous,
then the second term vanishes. Similarly we have

∂
2

∂z2
ΦðR; jzjÞ ¼ 4ðΦi;jþ1 þΦi;j−1 − 2Φi;jÞ

ðzjþ1 − zj−1Þ2

−
4ðzjþ1 þ zj−1 − 2zjÞðΦi;jþ1 −Φi;j−1Þ

ðzjþ1 − zj−1Þ3
: ðA11Þ

The following comes from the operator ðr ·∇Þ2 in Eq. (18),

∂
2

∂R∂z
ΦðR; jzjÞ

¼ Φiþ1;jþ1 −Φiþ1;j−1 −Φi−1;jþ1 þΦi−1;j−1

ðRiþ1 − Ri−1Þðzjþ1 − zj−1Þ
: ðA12Þ

Equation (A12) holds even if the coordinates Ri and zj are
not homogeneous.
For i, j > 0, from Eqs. (A9), (A10), and (A11), the

Poisson equation (A1) is written by

4ðΦiþ1;j þΦi−1;j − 2Φi;jÞ
ðRiþ1 − Ri−1Þ2

−
4ðRiþ1 þ Ri−1 − 2RiÞðΦiþ1;j −Φi−1;jÞ

ðRiþ1 − Ri−1Þ3
þ Φiþ1;j −Φi−1;j

RiðRiþ1 − Ri−1Þ

þ 4ðΦi;jþ1 þΦi;j−1 − 2Φi;jÞ
ðzjþ1 − zj−1Þ2

−
4ðzjþ1 þ zj−1 − 2zjÞðΦi;jþ1 −Φi;j−1Þ

ðzjþ1 − zj−1Þ3
¼ 4πGρi;j for i; j > 0; ðA13Þ

where ρðRi; zjÞ ¼ ρi;j.
Solving Eq. (A13) with respect to Φi;j, we find the formula for i, j > 0,

�
2

ðRiþ1 − Ri−1Þ2
þ 2

ðzjþ1 − zj−1Þ2
�
Φi;j ¼

Φiþ1;j þΦi−1;j

ðRiþ1 − Ri−1Þ2
−
ðRiþ1 þ Ri−1 − 2RiÞðΦiþ1;j −Φi−1;jÞ

ðRiþ1 − Ri−1Þ3

þ Φiþ1;j −Φi−1;j

4RiðRiþ1 − Ri−1Þ
þΦi;jþ1 þΦi;j−1

ðzjþ1 − zj−1Þ2
−
ðzjþ1 þ zj−1 − 2zjÞðΦi;jþ1 −Φi;j−1Þ

ðzjþ1 − zj−1Þ3
− πGρi;j for i; j > 0: ðA14Þ

For i > 0 and j ¼ 0, we obtain the formula by replacing as zj−1 ¼ −zjþ1 and Φi;j−1 ¼ Φi;jþ1 in Eq. (A14),
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�
2

ðRiþ1 − Ri−1Þ2
þ 1

2z2jþ1

�
Φi;j ¼

Φiþ1;j þΦi−1;j

ðRiþ1 − Ri−1Þ2
−
ðRiþ1 þ Ri−1 − 2RiÞðΦiþ1;j −Φi−1;jÞ

ðRiþ1 − Ri−1Þ3

þ Φiþ1;j −Φi−1;j

4RiðRiþ1 − Ri−1Þ
þΦi;jþ1

2z2jþ1

− πGρi;j for i > 0 and j ¼ 0: ðA15Þ

For i ¼ 0, the second term in Eq. (A1) is singular. We
can avoid it as follows. Consider the two dimensional case,
as example. Transforming the cylindrical coordinates
ðR;φÞ to the Cartesian coordinates ðx; yÞ in two dimen-
sions, the central finite Laplacian at the origin is given by

∇2Φ ¼ ΦðΔx; 0Þ þΦð−Δx; 0Þ − 2Φð0; 0Þ
ðΔxÞ2

þΦð0;ΔyÞ þΦð0;−ΔyÞ − 2Φð0; 0Þ
ðΔyÞ2 : ðA16Þ

When Δx ¼ Δy ¼ δ, Eq. (A16) is given by

∇2Φ ¼ 1

δ2
ðΦðδ; 0Þ þΦð−δ; 0Þ þΦð0; δÞ

þΦð0;−δÞ − 4Φð0; 0ÞÞ

¼ 4

δ2
ðΦðδ; 0Þ −Φð0; 0ÞÞ; ðA17Þ

where Φðδ; 0Þ ¼ Φð−δ; 0Þ ¼ Φð0; δÞ ¼ Φð0;−δÞ has been
used (this holds in the axially symmetric system).
Applying Eq. (A17) to the present case, we find that

�
∂
2

∂R2
þ 1

R
∂

∂R

�
ΦðR;jzjÞ¼4ðΦiþ1;j−Φi;jÞ

R2
iþ1

for i¼ 0: ðA18Þ

Therefore, for i ¼ 0 and j > 0, the Poisson equation (A1)
is written by

4ðΦiþ1;j −Φi;jÞ
R2
iþ1

þ 4ðΦi;jþ1 þΦi;j−1 − 2Φi;jÞ
ðzjþ1 − zj−1Þ2

−
4ðzjþ1 þ zj−1 − 2zjÞðΦi;jþ1 −Φi;j−1Þ

ðzjþ1 − zj−1Þ3
¼ 4πGρi;j for i ¼ 0 and j > 0: ðA19Þ

Solving Eq. (A19) with respect to Φi;j, we obtain the
formula for i ¼ 0 and j > 0,

�
1

R2
iþ1

þ 2

ðzjþ1 − zj−1Þ2
�
Φi;j

¼ Φiþ1;j

R2
iþ1

þΦi;jþ1 þΦi;j−1

ðzjþ1 − zj−1Þ2

−
ðzjþ1 þ zj−1 − 2zjÞðΦi;jþ1 −Φi;j−1Þ

ðzjþ1 − zj−1Þ3
− πGρi;j for i ¼ 0 and j > 0: ðA20Þ

For i ¼ j ¼ 0, we obtain the formula by replacing as
zj−1 ¼ −zjþ1 and Φi;j−1 ¼ Φi;jþ1 in Eq. (A20),

�
1

R2
iþ1

þ 1

2z2jþ1

�
Φi;j ¼

Φiþ1;j

R2
iþ1

þΦi;jþ1

2z2jþ1

− πGρi;j

for i ¼ j ¼ 0: ðA21Þ

Using the formulas (A14), (A15), (A20), and (A21), we
can compute the gravitational potential Φ via the Poisson
equation. Following the 1=r solution of the Poisson
equation, we set the boundary condition Φ ¼ 0 at far from
the center of galaxies. This boundary condition enables us
to compute Φ for each baryonic component: stellar disk,
bulge, and gas. (In Cotton gravity, following the solution
(23), we adopt the boundary condition (24). So we can
compute Φ only for the sum of the baryonic components,
rather than the each component.)
Our results are completely consistent with the previous

ones (Fig. 7) for each baryonic component. In the previous
study [12], the potential Φ was computed by using the
different method. Therefore, this is a good check for our
numerical calculations.

2. Cotton gravity

For Cotton gravity, we numerically solve the effective
field equation (18), rather than the field equations (1). In the
effective field equation (18), 1=jrj2 term is singular at the
origin. To avoid it in the numerical computations, we
introduce the functions F1 and F2 to regularize the effective
field equation (18) as follows,

�
∇2−

F1

3jrj2 ððr ·∇Þ
2þ4ðr ·∇Þþ2Þ

�
Φ¼ 16πG

3
ρ

�
1−

F2

4

�
;

ðA22Þ
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where F1 and F2 satisfy

F1ðrÞ → 1; F2ðrÞ → 0 for jrj → ∞; ðA23aÞ

F1ðrÞ ≃ 1; F2ðrÞ ≃ 0 except for jrj ≃ 0; ðA23bÞ

F1ðrÞ=jrj2 → 0; F2ðrÞ → 1 for jrj → 0: ðA23cÞ

This guarantees that Eq. (A22) reduces to Eq. (18) except
near the origin; it also guarantees that Eq. (A22) reduces to
Eq. (15) at the origin as an approximation.
Here, we adopt the following functions,

F1ðR; jzjÞ ¼ tanh2
�
R2 þ z2

r2c

�
; ðA24Þ

and F2ðR; jzjÞ ¼ 1 − F1ðR; jzjÞ, where we set rc ¼ Rd=3
(we set rc ¼ Rd for some larger galaxies). The particular
choice of F1 and F2 is not sensitive to the results except
near the origin. To minimize the affects of regularization,
the points for R < 0.1Rlast (where Rlast is the radius at the
most outer data) are rejected in Fig. 3.
We write the functions F1 and F2 as

F1ðRi; zjÞ ¼ F1i;j; F2ðRi; zjÞ ¼ F2i;j: ðA25Þ

In the axially symmetric system, the regularized effective
field equation (A22) is written by

�
∂
2

∂R2
þ 1

R
∂

∂R
þ ∂

2

∂z2
−

F1ðR; jzjÞ
3ðR2 þ z2Þ

�
R2

∂
2

∂R2
þ z2

∂
2

∂z2
þ 2Rz

∂
2

∂R∂z
þ 4R

∂

∂R
þ 4z

∂

∂z
þ 2

��
ΦðR; jzjÞ

¼ 16πG
3

ρðR; jzjÞ
�
1 −

F2ðR; jzjÞ
4

�
: ðA26Þ

For i, j > 0, from Eqs. (A9a), (A9b), (A10), (A11), and (A12), the field equation (A26) is written by

4ðΦiþ1;jþΦi−1;j−2Φi;jÞ
ðRiþ1−Ri−1Þ2

−
4ðRiþ1þRi−1−2RiÞðΦiþ1;j−Φi−1;jÞ

ðRiþ1−Ri−1Þ3
þ Φiþ1;j−Φi−1;j

RiðRiþ1−Ri−1Þ
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FIG. 7. Examples of rotation curves of galaxies. Three lines (dashed for the stellar disk; dotted for the gas; dash-dotted for the bulge
when present) are computed by using the formulas for the Poisson equation given in the appendix. Three open symbols (square for the
stellar disk; triangle for the gas; circle for the bulge when present) represent the previous results [12]. In all cases, lines and symbols are
shown for the mass-to-light ratioϒ⋆ given in Table I. Our results are completely consistent with the previous ones [12], though different
computational methods are used. For NGC 4157, a tiny deviation for the gas component (dotted line and open triangle) is found, but it
would be due to the difference of the input data for the H I surface density.
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Solving Eq. (A27) with respect to Φi;j, we obtain the formula for i, j > 0,
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For i > 0 and j ¼ 0, we obtain the formula by replacing as zj−1 ¼ −zjþ1, Φi;j−1 ¼ Φi;jþ1, and Φi�1;j−1 ¼ Φi�1;jþ1 in
Eq. (A28) and by using z0 ¼ 0,
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For i ¼ 0 and j > 0, the field equation (A26) can be written by
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Solving this equation with respect to Φi;j, we obtain the formula for i ¼ 0 and j > 0,
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For i ¼ j ¼ 0, we confirm that the field equation reduces
to Eq. (A21) by replacing as zj−1 ¼ −zjþ1, Φi;j−1 ¼ Φi;jþ1

in Eq. (A31) and by using z0 ¼ 0, F1i;j ¼ 0, and F2i;j ¼ 1.
This is just a convenient approximation for i ¼ j ¼ 0.

Using the formulas (A28), (A29), (A31), (A21) and the
boundary condition (24), we can numerically compute the
potential Φ via the effective field equation in Cotton
gravity. The results are shown in Fig. 2.
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