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A scalar charged particle moving in a curved background spacetime will emit a field affecting its own
motion; the resolving of this resulting motion is often referred to as the self-force problem. This also serves
as a toy model for the astrophysically interesting compact-body binaries, extreme mass ratio inspirals,
targets for the future space-based gravitational wave detector, LISA. In the modeling of such systems, a
point-particle assumption leads to problematic singularities which need to be safely removed to solve for
the motion of the particle regardless of the scenario; scalar, electromagnetic, or gravitational. Here, we
concentrate on a scalar charged particle and calculate the next order of the Detweiler-Whiting singular field
and its resulting regularization parameter when employing the mode-sum method of regularization. This
enables sufficiently faster self-force calculations giving the same level of accuracy with significantly less l
modes. Due to the similarity of the governing equations, this also lays the groundwork for similar
calculations for an electromagnetic or mass charged particle in Kerr spacetime and has applications in other
regularization schemes like the effective source and matched expansion.
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I. INTRODUCTION

The scalar model of the two-body problem, a legitimate
problem in itself, also serves as a toy model towards solving
the motion of two massive particles. The motion of two
masses in a vacuum has garnered a new generation of
attention due to the rather recent field of gravitational wave
astronomy. Current ground-based detectors, Advanced
LIGO [1], Advanced VIRGO [2], GEO600, and KAGRA
[3], are live, and to date have produced a catalog of 90
detections [4,5]. Indeed the future ESA-led space-based
detector, LISA [6] is due to launch in 2034 opening the
window to a new frequency band of gravitational waves.
A key source for LISA, with exceptional science reward,

are Extreme Mass Ratio Inspirals (EMRIs) [7] - when a
‘small’ stellar-mass compact body falls into the grasp of a
massive black hole ð107–109 M⊙Þ. LISA is expected to see
anywhere from several to thousands of these during its
mission [8,9] through multiple formation channels [10]. To
enable detection and disentangle the cacophony of signals
expected from LISA, one must have knowledge of the
possible waveforms. In modeling EMRI’s, current numeri-
cal relativity has not quite got to the mass ratios required

(∼1=100) [11] while post-Newtonian approximations will
break down as the particles approach [12], leaving self-
force as the current state of the art.
In the self-force regime, one perturbs the Einstein field

equations in the mass ratio; at zero order, the particle
follows a geodesic of the background spacetime, usually
taken as Schwarzschild (nonspinning) or Kerr (spinning).
At first order, the particle’s effects on its local curvature
result in the particle moving off this geodesic, hence the
so-called self-force. When modeling the self-force it
has become standard to use a point-particle description;
although point particles do not exist in nature, one con-
siders a small enough distribution of mass or charge so that,
to the desired order, the point particle suffices [13,14].
One issue that immediately arises, from the point-

particle assumption, is the singular structure of the
potential—singularities are obviously not ideal for numerics,
as well as being unnatural. For efficient computation of the
nonsingular or regular potential and resulting equations of
motion, one must safely remove this singularity. The first
successful regular-singular split implementation was pro-
duced by Barack and Ori [15] via a mode-sum decompo-
sition; however, their regular and singular fields were not
independent solutions to the homogeneous and sourcedwave
equations respectively. This more physically intuitive con-
ceptwas later introduced byDetweiler andWhiting [16], and
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has been the practical gold standard since (and what we
use here). The full physical picture was later completed
by Harte [17–19], who illustrated that regularization by
the removal of the Detweiler-Whiting singular field,
although this arose as a band-aid to the point-particle
assumption, quite beautifully is the point-particle limit
to a more complete set of laws of motion that govern
the more physically relevant system of an extended body,
or nonsingular distribution of charge, moving in curved
spacetime.
Although mode-sum was the first, and to date the most

successful, regularization scheme, the effective source
[20,21] and matched expansions [22] have also been
successfully implemented. In developing self-force tech-
niques, it has become standard to initiate the calculations in
the toy model of a scalar charged particle, and increase
complexity in several directions; upgrading to the gravita-
tional case of two masses, moving from Schwarzschild to
Kerr spacetime and tackling more challenging orbits like
eccentric or inclined. To this extent, mode-sum and the
effective source have been implemented for a massive
particle on an eccentric orbit and circular orbit in
Schwarzschild spacetime, respectively [23,24]. In Kerr
spacetime, mode-sum was used for generic orbits of a
massive particle [25] while the effective source is still
restricted to circular orbits in this scenario [26].
In the case of a scalar charged particle in Schwarzschild

spacetime, mode-sum has grown from circular [27] to
eccentric [28], while in Kerr, calculations have evolved
through circular equatorial [29], eccentric equatorial [30],
inclined spherical [31] to fully generic [32]. The effective
source has gone through a similar development for a
scalar field, with Schwarzschild circular [20] leading to
eccentric [33] and Kerr equatorial circular [34] growing to
equatorial eccentric [35]. The matched-expansions method,
although the least successful thus far, as a semianalytic
method, is the most powerful. To date, it has been used to
calculate eccentric orbits for a scalar charged particle in
Schwarzschild spacetime [22].
It should be noted for waveform generation, it is also

necessary to evolve the orbit, while parameter estimation
will require second order self-force contributions. Orbit
evolution for a scalar charge with higher orders was first
successfully implemented borrowing from effective field
theory [36,37]. This is closely related to evolving the Green
function methods (analogous to matched expansions) [38]
that have been successfully implemented for eccentric
orbits in Schwarzschild and which have received a recent
boost in numerical efficiency [39]. Evolving orbits for the
gravitational case of massive particles using osculating
geodesics with first order mode-sum self-force calculations
have been accomplished for equatorial eccentric orbits in
both Schwarzschild [40] and Kerr [41]. More recently the
first waveforms for a massive particle with second order
contributions have been successfully generated for a

circular orbit in Schwarzschild spacetime via a two-time-
scale expansion [42], with work on a spinning secondary
well is under way [43].
One of the nice benefits of the mode-sum scheme was

observed by Detweiler et al. when they noted through
circular orbits of a scalar particle in Schwarzschild [27],
higher accuracy of the singular field leads to faster
convergence when summing over the l modes via high-
order regularization parameters. Whereas Barack and
Ori, in their pioneering work, provided the first two orders
for generic orbits of scalar, electromagnetism and mass
charged particles in both Schwarzschild and Kerr spacetime
[44–46], the higher terms had been somewhat neglected.
This led to further techniques in calculating high-order
expressions of the Detweiler-Whiting singular field, with
Haas and Poisson initially extending their work to eccentric
orbits for a scalar charge in Schwarzschild [47]. Heffernan
et al. exploited various techniques to produce higher
parameters for eccentric orbits of a scalar, electromagnetic
and mass charged particle in Schwarzschild [48], eccentric
equatorial orbits in Kerr [49] and nongeodesic motion of a
scalar charged particle in Schwarzschild [50]. We build on
this previous work by calculating the first higher-order
expressions for a generic orbits in Kerr for a scalar charged
particle. In the case of mode-sum, we make available
the fourth order regularization parameter, which reduces
computation time of the scalar self-force by an order of
magnitude, via a Mathematica package on Zenodo [51].
This has already proven important particularly when
resonances occur [52,53] with large uncertainties propa-
gating without their inclusion.
With the governing equations of the scalar self-force so

closely relating to those of electromagnetic or mass charged
particles to first order in the mass ratio, we thus are laying
the necessary ground work for the more physically relevant
massive particles. Indeed with the ultimate goal of pro-
ducing a wave bank of computationally expensive gravi-
tational waveforms, increasing computer efficiency is of the
utmost importance. Add in the more recent application of
self-force waveforms to binary sources of less extreme
mass ratios [54], i.e., those used by the ground-based
detectors, and the applications of this work are extensive.
This article is organized by the following: Sec. II gives

the background of the scalar self-force, from deriving the
wave equation and equations of motion to the first
regularization procedure by Quinn [55]. Section III recaps
the emergence of the Detweiler-Whiting singular field and
its superseding of Quinn’s regularization; here we also
outline the technique in producing high-order coordinate
invariant expressions for both the scalar field and the scalar
self-force. Sections III B and IV are the main work of this
article where in IV we illustrate how to calculate higher-
order mode-sum regularization parameters for generic
orbits in Kerr spacetime. The results are illustrated in
Sec. V and discussed in Sec. VI.

ANNA HEFFERNAN PHYS. REV. D 106, 064031 (2022)

064031-2



Throughout this paper, we use units in which
G ¼ c ¼ 1 and adopt the sign conventions of [56]. We
denote symmetrization of indices using parenthesis, ðabÞ,
antisymmetrization using square brackets, ½ab�, and
exclude indices from (anti)symmetrization by surrounding
them by vertical bars, ðajbjcÞ and ½ajbjc�. For spatial
and four-velocity vectors we use the notation,
xaxb � � �≡ xabc…, uaub � � �≡ uab… or _zabc… ≡ _za _zb _zc…,
while biscalars with indices imply covariant differentiation,
e.g., ∇a∇bσðx; x0Þ≡ σab. We also make reference to
several points; to clarify we direct the reader to Fig. 1 where
(a) zðτÞ refers to a point on the worldline γ of the

source, parametrized by proper time τ, with shorthand
notation x0 ≡ zðτ0Þ,

(b) x refers to a field point off the worldline,
(c) zðτ̄Þ refers to a fixed point on the worldline living on

the same constant time spacelike hypersurface as the
field point x, also shortened to x̄≡ zðτ̄Þ.

(d) zðτretÞ and zðτadvÞ are the retarded and advanced points
respectively—those points on the worldline connected
by a null geodesic to the field point x.

(e) Δx ¼ x − x̄ refers to the distance between the field
point x and x̄ on the worldline.

(f) δx0 ¼ x − x0 refers to the distance between the field
point x and x0 on the worldline.

(g) Δτ ¼ τ0 − τ̄ refers to the difference in proper time
between x̄ and another point on the worldline x0, often
chosen to be the retarded or advanced points.

(h) ϵ ∼ Δx ∼ δx0 ∼ Δτ is a dimensionless parameter in-
troduced to keep track of the order of each expansion.

II. A SCALAR CHARGED PARTICLE MOVING IN
CURVED SPACETIME

A. Equations of motion for a point charge

The motion of a scalar charge q on a worldline γ, with
affine parameter λ, in curved spacetime is described by its
position vector zaðλÞ. The action, S, of such a system allows
a Lagrangian density description of the (assumed point)
particle, its generated scalar potential ϕ and the interaction
between the two, that is

S ¼
Z

ðL̂particle þ L̂field þ L̂interactionÞ
ffiffiffiffiffiffi
−g

p
d4x; ð2:1Þ

where

L̂particle ¼ −m0

Z
γ
δ4ðx; zÞdτ; ð2:2Þ

L̂field ¼ −
1

8π
ðgabϕaϕb þ ξRϕ2Þ; ð2:3Þ

L̂interaction ¼ q
Z
γ
ϕðxÞδ4ðx; zÞdτ; ð2:4Þ

g and R are the determinant and Ricci scalar of the
metric respectively, m0 is the bare mass of the particle,
dτ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gab _za _zb

p
dλ is the differential of proper time, the

overdot refers to differentiation with respect to λ, the scalar
field ϕa ≡∇aϕ is the usual covariant derivative of the
scalar potential, ξ is a dimensionless coupling factor linking
the scalar potential ϕ to the curved spacetime, and δ4ðx; zÞ
is an invariant Dirac functional in curved spacetime as
defined in Eq. (13.2) of [57]; this is related to the standard
coordinate Dirac distribution functional δ4ðx − x0Þ by

δ4ðx; x0Þ ¼
δ4ðx − x0Þffiffiffiffiffiffi−gp ¼ δ4ðx − x0Þffiffiffiffiffiffiffi

−g0
p : ð2:5Þ

Varying this action with respect to the potential ϕ and
finding the stationary point leads to the usual associated
Euler-Lagrange equation,

∂L̂
∂ϕ

−∇a

�
∂L̂

∂ _ϕ

�
¼ 0: ð2:6Þ

Inserting the Lagrangian density of the field and interaction
terms results in the scalar wave equation,

FIG. 1. The worldline γ of the point-particle source zðτÞ where
x is the field point and x̄≡ zðτ̄Þ is that point on the worldline that
lives on the same constant time hypersurface as the field point x
with Δx ¼ x − x̄ as their spatial separation. δx0 ¼ x − x0 is the
separation of the field point x and a point x0 on the worldline
(often taken to be the advanced zðτadvÞ or retarded point zðτretÞ—
those points on the worldline connected by a null geodesic to the
field point x).
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ð□ − ξRÞϕ ¼ −4πq
Z
γ
δ4ðx; zðτÞÞdτ;

≡ −4πμðxÞ; ð2:7Þ

where we have defined the source,

μðxÞ ¼ q
Z
γ
δ4ðx; zðτÞÞdτ: ð2:8Þ

For varying the action with respect to the position zaðλÞ,
one need only consider the particle and interaction terms,
resulting in a simplified system,

S ¼
Z
γ
ðLparticle þ LinteractionÞdλ; ð2:9Þ

where

Lparticle ¼ −m0½−gabðzÞ_za _zb�1=2; ð2:10Þ

Linteraction ¼ qϕðzÞ½−gabðzÞ_za _zb�1=2: ð2:11Þ

The associated Euler-Lagrange equations,

∂L
∂za

−
d
dλ

�
∂L
∂_za

�
¼ 0; ð2:12Þ

on taking λ as proper time, lead to the equations of motion,

1

2
ðgde _zdeÞ−1=2½mðτÞ_zbcgbc;a þ 2qϕaðzÞgbc _zbc�

−
d
dλ

½mðτÞgab _zbð−gcd _zcdÞ−1=2� ¼ 0;

⇒ mðτÞ
�
D_za

dτ

�
¼ qϕbðzÞð_zab þ gabÞ;

⇒ Fa ≡ D
dτ

½mðτÞ_za� ¼ qϕaðzÞ; ð2:13Þ

where one takes mðτÞ≡m0 − qϕðzÞ to be a time-
dependent mass with

dm
dτ

¼ −qϕaðzÞ_za: ð2:14Þ

We now have a set of coupled equations; Eq. (2.7)
describes the field produced by the movement of the scalar
charged particle, while Eq. (2.13) depicts the motion of tha
t scalar charged particle, which in turn is influenced by the
field through the presence of ϕa. In this manner, the field
generated by the particle’s motion is seen to produce a force
that affects the motion of that particle, hence the so-called
self-force. Fortunately, these equations bear a very close
resemblance to those generated by the gravitational per-
turbation in the mass ratio to first order for a point mass in

curved spacetime; therefore the techniques developed here
can be extended to the astrophysically interesting gravita-
tional case.
Before one attempts to solve this coupled system, it is

important to note that the scalar wave Eq. (2.7) describes a
field that diverges on the worldline—a consequence of our
point-particle assumption. In reality, in particular when
considering the electromagnetic or gravitational counter-
parts of electric or ‘mass’ charged point particles, one can
imagine that the charged particle does have an extended
body (or distribution of charge), and in turn an extended
body would not result in this singularity on the worldline.
Extended body calculations are hard; fortunately it has been
shown the resulting equations of motion for an extended
charge distribution are identical to that of the (regularized)
point-particle assumption for a sufficiently small charge
distribution [17,19,55]; hence the point-particle assumption
has been validated.
In place of a full extended-body calculation, the self-

force modeling program resolves to treat the field as the
summation of two parts, a regular and singular field. In this
scenario for a scalar potential ϕ, we write

ϕ ¼ ϕðRÞ þ ϕðSÞ: ð2:15Þ

By design, as will be described in the next section, the
regular potential, ϕðRÞ, is a solution to the homogeneous
version of the wave Eq. (2.7), and hence smooth on the
worldline; it captures all effects on the particle’s motion.
The singular potential, ϕðSÞ is a solution to the sourced
wave Eq. (2.7), capturing the singularity of the field but
with no impact on the motion of the particle. That is

ð□ − ξRÞϕ ¼ ð□ − ξRÞðϕðRÞ þ ϕðSÞÞ;

¼ 0 − 4πq
Z
γ
δ4ðx; zÞdτ; ð2:16Þ

and

Fa ≡ FðRÞ
a ¼ qϕðRÞ

a ðzÞ: ð2:17Þ

Such a decomposition allows a simpler calculation of the
resulting motion as one can safely remove problematic
singularities. It also allows the more physical interpretation
of a smooth or regular field as would be expected from
an extended particle, although this is not quite what is
calculated here.
Harte has illustrated that this regularization, a require-

ment due to the point-particle approximation, is in fact the
point-particle limit of more general laws of motion that
affect a nonsingular, hence more realistic, distribution of
charge (or extended body) [17,19]. Alternatively, if one
ignores the required regularization and rethinks the prob-
lem as separating the field into two; one that affects the
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motion and one that does not. Harte has illustrated this
(Detweiler-Whiting) procedure extends to the scenario of a
distribution of charge and is nonsingular. The point-particle
limit of this separation results in the Detweiler-Whiting
singular-regular field split.

B. Regularization in flat spacetime

To understand the complications that arise for regulari-
zation procedures in curved spacetime, it is beneficial to
recall the regularization procedures adopted for the Klein
Gordon equation in flat spacetime,

□ϕðxÞ ¼ −4πμðxÞ; ð2:18Þ

where μ is prescribed source as described by Eq. (2.8).
Using Green functions we have

ϕ�ðxÞ ¼
Z

G�ðx; x0Þμðx0Þd4x0; ð2:19Þ

¼ q
Z
γ
G�ðx; zðτÞÞdτ; ð2:20Þ

where

□G�ðx; x0Þ ¼ −4πδðx − x0Þ; ð2:21Þ

and zðτÞ describes the worldline γ of the source point
parametrized by proper time τ as illustrated in Fig. 2.

The explicit Green function that formulate the solution of
Eq. (2.19), which can be derived via a Fourier transform,
are the well-known retarded Gþ and advanced G− flat
spacetime Green functions,

G�ðx; x0Þ ¼
δðct − ct0 ∓ jx − x0jÞ

jx − x0j ; ð2:22Þ

¼ 2Θ½�ðct − ct0Þ�δ½ðct − ct0Þ2 − jx − x0j2�;
¼ δ�ðσÞ; ð2:23Þ

where Θ is the usual Heaviside step function; σ ¼
1
2
ηabΔxab is the flat spacetime Synge world function,

equivalent to half the distance squared in flat spacetime
(hence zero on the null cone); and Δx is the spacelike
distance (same coordinate time) between our field point and
our source point. We have made use of the scaling and
factorizing properties of the Dirac delta function,

δðaxÞ ¼ 1

jaj δðxÞ; ð2:24Þ

δðx2 − z2Þ ¼ 1

2jzj ½δðx − zÞ þ δðxþ zÞ�: ð2:25Þ

We also introduced

δ�ðσðx; x0ÞÞ ¼ Θ�ðΣðxÞ; x0Þδðσðx; x0ÞÞ; ð2:26Þ

where Θ�ðΣðxÞ; x0Þ is a generalized step function;
ΘþðΣðxÞ; x0Þ is equal to 1 when x0 is in the past of the
spacelike hypersurface ΣðxÞ that connects the field point x
to the worldline of x0 as shown in Fig. 2; Θ−ðΣðxÞ; x0Þ ¼
1 − ΘþðΣðxÞ; x0Þ is equal to 1 when x0 is in the future of
ΣðxÞ. In this manner, δ�ðσÞ is only nonzero when the two
points are connected by a null geodesic with the support of
δþ restricted to where the worldline of x0 coincides with the
past directed null cone of x, known as the retarded time, τret.
Similarly δ− ¼ 0 everywhere except where the worldline of
x0 coincides with the future directed null cone of x, that is
the advanced time τadv. Therefore, when one carries out the
integration over γ of Eq. (2.19), ϕðxÞ only depends on
the source at τret or τadv, depending on whether we take the
retarded or advanced solution accordingly (Fig. 2).
However, the solution Eq. (2.19) becomes problematic

when one considers the equations of motion for the source
particle. These will contain the generated field of ϕ via its
gradient, which due to our point-particle assumption, will
contain singularities. As discussed previously, singularities
are often considered nonphysical, and in this scenario, a
direct consequence of the point-particle assumption.
They therefore need to be removed in a careful regulari-
zation procedure that has no impact on the motion of the
particle.

FIG. 2. The worldline γ of the point-particle source zðτÞ in flat
spacetime. The retarded potential at x depends only on expres-
sions evaluated at τret, where its past light cone intersects the
worldline of the source. Similarly, the advanced potential only
has support at τadv. The singular and regular potentials depend
on both.

REGULARIZATION OF A SCALAR CHARGED PARTICLE FOR … PHYS. REV. D 106, 064031 (2022)

064031-5



Fortunately, regularization in flat spacetime is straight-
forward. One designs the singular potential as the averaged
sum of the retarded and advanced potentials,

ϕðSÞ ¼
1

2
ðϕðretÞ þ ϕðadvÞÞ: ð2:27Þ

As the retarded potential, ϕðretÞ ≡ ϕþ is associated with
outgoing radiation from the source particle, and the
advanced potential ϕðadvÞ ≡ ϕ− is associated with incoming
radiation, the singular potential can be interpreted as a
standing wave, evident by the reciprocity relation of the
Green functions,

Gþðx; x0Þ ¼ G−ðx0; xÞ: ð2:28Þ

The singular potential therefore leads to no net gain or loss
of energy to the system, and is a solution of the wave
equation, Eq. (2.18). Taking the retarded solution as the
causal satisfying physical solution, we can then define the
regular potential as

ϕðRÞ ¼ ϕðretÞ − ϕðSÞ ¼
1

2
ðϕðretÞ − ϕðadvÞÞ: ð2:29Þ

As the singular potential results in no net loss or gain of
energy, it can be safely removed without affecting the
motion of the particle. The resulting regular potential, ϕðRÞ,
is a solution to the homogeneous wave equation; by design,
it is smooth on the worldline of the charged particle and
captures all effects on the particle’s motion.

C. Problems regularizing in curved spacetime

In curved spacetime the solution of the scalar potential
wave Eq. (2.7), like flat spacetime is constructed via Green
functions, that is

ϕ�ðxÞ ¼
Z

G�ðx; x0Þμðx0Þ
ffiffiffiffiffiffi
−g

p
d4x0;

¼ q
Z
γ
G�ðx; zðτÞÞdτ; ð2:30Þ

where

ð□0 − ξRÞG ¼ −4πδ4ðx; x0Þ: ð2:31Þ

However the Green function here account for curved
spacetime, and are given, at least locally, by the
Hadamard construction [58,59],

G�ðx; x0Þ ¼ Uðx; x0Þδ�ðσÞ − Vðx; x0ÞΘ�ð−σÞ; ð2:32Þ

where x0 is constrained to the normal convex neighbour-
hood of x,N ðxÞ; U and V are smooth biscalars. The Synge
world function σ in curved spacetime is

σðx00; x0Þ ¼ 1

2
ðλ00 − λ0Þ

Z
λ00

λ0
gabðzÞ

dza

dλ
dzb

dλ
dλ; ð2:33Þ

¼

8>><
>>:

− 1
2
Δτ2 timelike β;

0 lightlike β;
1
2
Δs2 spacelike β;

ð2:34Þ

where going from the first line to the second we assumed x00
and x0 are connected by a geodesic β (parametrized by λ).
By placing our retarded Green function composition of
Eq. (2.32) into its governing equation, Eq. (2.31), as shown
in [57,60], one retrieves

Uðx; x0Þ ¼ Δ1=2ðx; x0Þ; ð2:35Þ

ð□0 − ξRÞVðx; x0Þ ¼ 0; ð2:36Þ

2σaV;a þ ðσaa − 2ÞV ¼ −ð□0 − ξRÞUjσ¼0; ð2:37Þ

whereΔ1=2ðx; x0Þ is the Van Vleck determinant. The second
of these illustrates that our V potential is a solution to the
homogeneous wave equation, while the third leads to a
recursion relationship to obtain an expression for V [61]. It
should be noted here that our V differs slightly from that of
[57] by a minus sign as we used the convention of [61,16].
As in flat spacetime, the Green functions of Eq. (2.32)

have a ‘direct’ part, U, that is only supported on the light
cone. In addition there is now a ‘tail’ potential V, resulting
from the radiation scattering off the curvature and thus
arriving later; in this manner the advanced and retarded
Green functions G� depend on the entire future and past
of the source respectively. Explicitly, Eq. (2.30) with
Eq. (2.32) becomes

ϕ�ðxÞ ¼ �q
Z

τ�

τ<=>

Uðx; zðτÞÞδ�ðσÞ − Vðx; zðτÞÞΘ�ð−σÞdτ � q
Z

τ<=>

∓∞
G�ðx; zðτÞÞdτ;

¼ �q
Uðx; zðτ�ÞÞ
ðσauaÞjτ�

∓ q
Z

τ�

τ<=>

Vðx; zðτÞÞdτ � q
Z

τ<=>

∓∞
G�ðx; zðτÞÞdτ;

¼ �q
Uðx; zðτ�ÞÞ
ðσauaÞjτ�

� lim
ϵ̃→0

q
Z

τ�∓ϵ̃

∓∞
G�ðx; zðτÞÞdτ; ð2:38Þ
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where σa ≡∇aσ, ua is the four-velocity of the charged
particle, τ< and τ> mark the intersection of the worldline of
the charged particle with the boundary of the normal
neighborhood of x, N ðxÞ as illustrated in Fig. 3; ‘þ’
and ‘−’ refer to retarded and advanced respectively. We
used

dτ ¼
�
dτ
dσ

�
dσ ¼ dσ

_σ
¼ dσ

σaua
; ð2:39Þ

where Eq. (2.39) holds because of the direction of the dτ
integral in Eq. (2.38); in the retarded and advanced case τ is
moving in the direction from where σ is timelike to null-
like to spacelike, i.e., σ is increasing with τ even though τ is
increasing in the retarded case and decreasing in the
advanced case. In the second integral, ϵ̃ is introduced as
a small parameter to move off the light cone of x, that is

Z
τ�

τ<=>

Vðx; zðτÞÞdτ ¼ lim
ϵ̃→0

Z
τ�∓ϵ̃

τ<=>

G�ðx; zðτÞÞdτ: ð2:40Þ

If one now forms a symmetric singular potential as in flat
spacetime, by averaging the advanced and retarded Green
functions, one gets a singular, and resulting regular field,
that depend on the entire past and future of the source
particle; clearly this is not a realistic solution.

The resulting diverging forces are then given by

∂aϕ�ðxÞ ¼ �q
∂aUðx; zðτÞÞ

σbub

����
τ�

∓ q
Uðx; zðτÞÞ∂aðσbubÞ

ðσbubÞ2
����
τ�

� q

�
_Uðx; zðτÞÞ
σbub

−
Uðx; zðτÞÞ∂τðσbubÞ

ðσbubÞ2

− Vðx; zðτÞÞ
�
τ�
∂aðτ�Þ ∓ q

Z
τ�

τ<=>

∂aVðx; zðτÞÞdτ

� q
Z

τ<=>

∓∞
∂aG�ðx; zðτÞÞdτ; ð2:41Þ

where one has

0 ¼ δa½σðx; xðτ�ÞÞ� ¼ σaðx; xðτ�ÞÞ þ _σðx; xðτ�ÞÞ∂ðτ�Þ;

⇒ ∂aðτ�Þ ¼ � σaðx; xðτ�ÞÞ
ðσbubÞjτ�

: ð2:42Þ

D. The Quinn-Wald regularization procedure

The first correct expression for a regularized self-force in
the case of a scalar charge was produced by Quinn [55],
which used the same regularization procedure developed by
Quinn and Wald [13], often referred to as the axiomatic
approach. Here one considers two worldlines, that of the
particle and that of a field point; these can exist in two
different spacetimes. Initially the field point is considered
to be the worldline of another charged particle, producing
its own field. If these two particles have the same singular
structure, Quinn asks and answers; can you subtract the
forces generated by one from that of the other so the
divergences cancel exactly, leaving a finite result?
Following [13], they suggest the finite subtraction be

carried out via

fa1 − f̃a2 ¼ lim
r→0

qh∇aϕ1 − ∇̃aϕ2i; ð2:43Þ

where ∼ indicates a different spacetime, r ¼ ðσbubÞτþ and
the angular brackets are introduced to average out any
directional dependence. Although technically a time delay,
r is an affine parameter on the null geodesic connecting the
field point x to the retarded point zðτretÞ on the worldline γ
(Fig. 3) and equates to a distance when c ¼ 1; thus it is
often referred to as the retarded distance between x and γ
[57]. When considering forces of the type in Eq. (2.41),
apart from the integral extending to infinity, we can
examine the nature of the more local terms by means of
an expansion in r. We can safely assume r ∼ ϵ ∼ Δx as it is
represents the separation of x and x0. Such an expansion as
carried out in [59] (or [57] for a more recent version) gives

FIG. 3. The worldline γ of the source point particle zðτÞ in
curved spacetime. The point x̄ ¼ zðτ̄Þ lives on the same hyper-
surface as the field point x with Δx ¼ x − x̄ representing their
separation. The retarded potential at x depends on expressions
evaluated at τret, where its past light cone intersects the worldline
of the source as well as the worldline history previous to τret.
Similarly, the advanced potential only has support at τadv and its
future afterwards. The singular average of both depends on the
entire future and history of the charged particle.
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Uðx; xðτ�ÞÞ ¼ 1þOðϵÞ2;

Vðx; xðτ�ÞÞ ¼ −
1

12
Rðxðτ�ÞÞ þOðϵÞ;

σaðx; xðτ�ÞÞ ¼ OðϵÞ:

From Eq. (2.38), we see the leading, and divergent term, is

ϕ�ðxÞ ¼
q
r
ϵ−1 þOðϵÞ0;

which leads to the resulting force

∇aϕ�ðxÞ ¼ −
q
r2
r̂aϵ−2 þOðϵÞ−1;

≡ −
q
r2
r̂aϵ−2 þ ϕa

�½−1�r
−1ϵ−1 þ ϕa

�½0�r
0 þOðϵÞ1;

ð2:44Þ

where ^ indicates the usual outward pointing normal vector.
A suitable parallel transport gab0 to allow the subtraction in
Eq. (2.43) would be by means of Riemann normal
coordinates; the two leading divergent terms are only
dependent on the scalar charge q, the four-velocity ua,
and in the case of nongeodesic motion the four-acceleration
aa [50,55]. By choosing a particle with equal scalar, four-
velocity and four-acceleration, then in Riemann normal
coordinates,

gab̃ ¼ gab þ
1

6
r2Racbdr̂cdϵ2 þOðϵÞ3;

acts on Eq. (2.44), ensuring the finite subtraction of
Eq. (2.43). That is we get

gab̃∇b̃ϕ�ðxÞ ¼ −
q
r2
r̂aϵ−2 þϕa�½−1�ðxÞr−1ϵ−1 þϕa�½0�ðxÞr0

þ q
6
Racbdr̂bcd þOðϵÞ; ð2:45Þ

where the Riemann tensor term will go to zero due to
symmetries in ðb; dÞ. We can therefore safely carry out the
subtraction in Eq. (2.43) with our divergent terms exactly
canceling and no new terms introduced due to the parallel
transport (terms OðrÞ → 0 in the limit).
To complete the design of our secondary field, in

addition to having the same singular structure, we need
it to have a resultant force of zero, that is f̃a2 ¼ 0 in
Eq. (2.43). For this, we simply borrow from flat spacetime;
the averaged sum of the retarded and advanced fields in flat
spacetime results in no force due to its standing wave
nature. That is, recalling our flat spacetime Green function,
Eq. (2.22), we have

ϕ2ðxÞ ¼
q
2

1

ðσauaÞ
����τþ
τ−

; ð2:46Þ

where again we must be careful of the direction of our
integration, flipping the limits for τ− ensures τ is decreasing
as it crosses the advanced time. Similarly, one can use the
curved spacetime counterpart,

ϕ2ðxÞ ¼
q
2

Uðx; xðτÞÞ
ðσauaÞ

����τþ
τ−

; ð2:47Þ

with the two options of ϕ2ðxÞ differing by OðrÞ from our
local expansion of U above. When substituted into
Eq. (2.43), we get a finite and nondiverging fa1 ¼ Oðr0Þ
where any directional dependence on how one takes the
limit is averaged over the 2-sphere. That is, taking our
retarded field as the causal sensible field, ϕ1 ¼ ϕþ, the self-
force is the gradient of

ϕðselfÞ ¼ ϕþ −
q
2

Uðx; xðτÞÞ
ðσauaÞ

����τþ
τ−

;

¼ q
2

Uðx; xðτÞÞ
ðσauaÞ

����τ−
τþ

þ lim
ϵ→0

q
Z

τþ−ϵ
−∞

Gþðx; zðτÞÞdτ;

averaged over the 2-sphere and in the limit x → x0.

III. THE DETWEILER-WHITING
SINGULAR FIELD

A. The direct and tail fields

Although the Quinn-Wald regularization was inspired by
its flat spacetime counterpart, it does not quite capture the
same essence; in flat spacetime the singular and regular
fields are solutions to the wave equation. Inspired by this,
Detweiler and Whiting observed that the OðϵÞ0 term that
arises from

−qVðx; zðτþÞÞ∂aðτþÞ ¼ −
q
12

RðxÞr̂a þOðϵÞ;

in Eq. (2.41), with the local expansion Eq. (2.44), integrates
to zero over the 2-sphere. This term arises from the gradient
hitting the limit

R
τþ
−∞ on the integral over V. However,

consider the integral,

lim
x→x0

∇a
1

2

Z
τ−

τþ
Vðx; zðτÞÞdτ ¼ 1

2
Vðx; xÞ∇aðτ− − τþÞ;

¼ Vðx; xÞ∇arþOðϵÞ;

¼ −
1

12
RðxÞr̂a þOðϵÞ;

where ðτ− − τþÞ ¼ rþOðr2Þ and we note this cancels
exactly the previous term. This led Detweiler and Whiting
to amend the singular field, Eq. (2.47), to

ANNA HEFFERNAN PHYS. REV. D 106, 064031 (2022)

064031-8



ϕðSÞ ¼ q
2

Uðx; xðτÞÞ
ðσauaÞ

����τþ
τ−

þ q
2

Z
τ−

τþ
Vðx; zðτÞÞdτ: ð3:1Þ

Indeed a separate derivation found in [57], notes that by
adding an unknown biscalar Hðx; x0Þ to the averaged sum
of the singular and regular, one can make sensible demands
that result in the same Detweiler-Whiting singular field,

GðSÞðx; x0Þ ¼ 1

2
½GðretÞðx; x0Þ þ GðadvÞðx; x0Þ −Hðx; x0Þ�;

GðRÞðx; x0Þ ¼ GðretÞðx; x0Þ −GðSÞðx; x0Þ;

¼ 1

2
½GðretÞðx; x0Þ −GðadvÞðx; x0Þ þHðx; x0Þ�:

One can determine a suitable Hðx; x0Þ by demanding when
x0 is in the past of x, GðSÞðx; x0Þ does not depend on the
history of the worldline zðτÞ. Similarly when x0 is in the
future of x, GðSÞðx; x0Þ does not depend on the future of
zðτÞ. From Eq. (2.32), we have

GðSÞðx; x0Þ ¼ 1

2
Uðx; x0ÞδðσÞ − 1

2
Hðx; x0Þ

þ 1

2
Vðx; x0Þ½Θþð−σÞ þ Θ−ð−σÞ�;

where we used δ ¼ δþ þ δ−. When x0 is in the past of x,

GðSÞðx;x0Þ¼1

2
½Uðx;x0ÞδðσÞþVðx;x0ÞΘþð−σÞ−Hðx;x0Þ�:

Similarly, when x0 is in the future of x,

GðSÞðx;x0Þ¼1

2
½Uðx;x0ÞδðσÞþVðx;x0ÞΘ−ð−σÞ−Hðx;x0Þ�:

Both of these can be solved by Hðx; x0Þ ¼ Vðx; x0Þ (this
also preserves reciprocity of the Green functions and is a
solution to the homogeneous wave equation). The singular
field then becomes

GðSÞðx; x0Þ ¼ 1

2
Uðx; x0ÞδðσÞ þ 1

2
Vðx; x0ÞðΘþð−σÞ − 1Þ

¼ 1

2
Uðx; x0ÞδðσÞ þ 1

2
Vðx; x0ÞΘðσÞ; ð3:2Þ

which is the Green function that would generate the
Detweiler-Whiting singular field above [Eq. (3.1)].
We can now see the linear combination of GðretÞðx; x0Þ,

GðadvÞðx; x0Þ, and Vðx; xÞ that makes up GðSÞðx; x0Þ is a
solution to the full scalar wave equation while the combi-
nation formingGðRÞðx; x0Þ is a solution to the homogeneous
wave equation as desired. This also removes the need for
averaging over the 2-sphere, indeed as is shown later, one
must simply ensure the limit x → x0 is taken in the same

direction for both the retarded and singular field to ensure a
safe subtraction.

B. Explicit calculation of the Detweiler-Whiting
singular field

Our starting description of the singular field Eq. (3.1) is

ΦðSÞðxÞ ¼ q
2

�
Uðx; x0Þ
σc0uc

0

�
x0¼xðadvÞ

x0¼xðretÞ
þ q

2

Z
τðadvÞ

τðretÞ
Vðx; zðτÞÞdτ;

ð3:3Þ

where we remind the reader that the term r ¼ ðσc0uc0 Þx0¼xðretÞ
is the same retarded distance of Sec. II D, with radv ¼
−ðσc0uc0 Þx0¼xðadvÞ often defined as the advanced distance

between the field point x and the worldline γ [57]. To obtain
explicit expressions, we use

Δxā ¼ xa − xā; ð3:4Þ

δxa
0 ¼ xa − xa

0
; ð3:5Þ

where x̄≡ xā is where the worldline intersects the hyper-
surface of x as shown in Fig. 3 and we assume bothΔxa and
δxa

0
are of similar magnitude ∼ϵ. As previously described

in [48,49], one can expand all biscalars of ðx; x0Þ in δxa
0

and use governing equations to determine unknown
coefficients.
The direct potential Uðx; x0Þ, which is equivalent to the

Van Vleck (Eq. (2.35)), was previously determined to be

Uðx; x0Þ ¼ Δ1=2ðx; x0Þ ¼ 1þOðϵÞ4; ð3:6Þ

in Eq. (B5) of [48]. Similarly the tail potential Vðx; x0Þ
described by Eq. (2.37) was illustrated to be

Vðx; x0Þ ¼ V0ðx; x0Þ þOðϵÞ2 ¼ OðϵÞ2; ð3:7Þ

in Eq. (B9) of [48]. With the Synge world function σðx; x0Þ
having leading order OðϵÞ2, we can immediately see from
Eq. (3.3) that the singular field will be of leading order
OðϵÞ−1 through the direct potential. As we are targeting the
leading four orders (the next two unknown orders), and
the tail potential Vðx; x0Þ will pick up an order through
integration, we now need only calculate

ΦðSÞðxÞ ¼ q
2

�
1

σc0uc
0

�
x0¼xðadvÞ

x0¼xðretÞ

þOðϵÞ3: ð3:8Þ

Interestingly this means for the desired order, one does not
require/observe the effects of the tail potential, illustrating
an even closer link to the flat spacetime singular field of
Eqs. (2.27) and (2.46).
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To produce expressions for the Synge world function, we
have

σðx; x0Þ ¼ 1

2
gabðxÞδxa0δxb0 þ AabcðxÞδxa0δxb0δxc0

þ BabcdðxÞδxa0δxb0δxc0δxd0

þ CabcdeðxÞδxa0δxb0δxc0δxd0δxe0 þOðϵÞ6: ð3:9Þ

Taylor expanding the functions of x as ðx̄þ ΔxÞ and using
2σ ¼ σa0σ

a0 , one arrives at the coefficients,

Aabc ¼ −
1

2
Γðab;cÞ;

Babcd ¼
1

6
Γðabc;dÞ −

1

24
Γe
ðabΓjejcdÞ;

Cabcde ¼ −
1

24
Γðabc;deÞ −

1

24
Γf
ðabΓcdeÞ;f þ

1

24
Γf
ðabΓjfjcd;eÞ

þ 1

24
Γf
ðabΓcdjfj;eÞ −

1

24
Γf
ðabΓ

jgj
deΓjfjcÞg:

One can then obtain σa0 from a simple partial derivative
of Eq. (3.9).
For the advanced and retarded points on the worldline,

we Taylor expand in Δτ ¼ τ0 − τ̄,

xa
0 ðτ0Þ¼xa

0 ðτ̄þΔτÞ

¼xāþuāΔτþ 1

2!
_uāΔτ2þ 1

3!
üāΔτ3þ��� ;

⇒ δxa
0 ¼Δxā−uāΔτ−

1

2!
_uāΔτ2−

1

3!
üāΔτ3þ��� ; ð3:10Þ

where uā is the contravariant four-velocity along the
worldline of the particle evaluated at x̄ and an overdot
denotes differentiation with respect to τ. Practically imple-
menting Eq. (3.10), we find the resulting expressions
greatly reduce in complexity if we rewrite the higher
derivatives of the four-velocity in terms of Christoffels,

_uā ¼ −Γā
b̄c̄u

b̄c̄; ð3:11Þ

üā ¼ ð2Γā
b̄ēΓē

c̄d̄ − Γā
b̄c̄;d̄Þub̄c̄d̄; ð3:12Þ

u
…ā ¼ −½Γā

b̄ c̄;d̄ē − Γf̄
b̄c̄ðΓā

d̄ē;f̄ þ 4Γā
d̄f̄;ē − 2Γā

f̄ḡΓḡ
d̄ ēÞ

− Γā
b̄f̄ð2Γf̄

c̄d̄;ē − 4Γf̄
c̄ḡΓḡ

d̄ēÞ�ub̄c̄d̄ē: ð3:13Þ

An expression for Δτ can be found from combining our
expression for δx0 of Eq. (3.10) with the Synge world
function of Eq. (3.9). As we define x0 to be those points on
the worldline connected by a null geodesic to x, we use
σðx; x0Þ ¼ 0 to solve for

Δτ ¼ ϵτ1 þ ϵ2τ2 þ ϵ3τ3 þ ϵ4τ4 þOðϵÞ5; ð3:14Þ

to obtain

τ1 ¼ −uāΔxā � ρ; ð3:15Þ

τ2 ¼
1

2ρ
ðΔxc − uc̄τ1ÞΓā b̄ c̄Δxab; ð3:16Þ

τ3 ¼ −
1

24ρ
f12τ22 − ½4τ21uā b̄ − ð4τ1uā − ΔxaÞΔxb�Γē c̄ d̄Γē

ā b̄Δxcd

þ 4½τ21Γē b̄ d̄Γē
ā c̄uā b̄Δxd þ 3τ2Γā b̄ c̄u

āΔxb þ ðτ1uā − ΔxaÞΓā b̄ c̄;d̄Δxbd þ 2τ21Γc̄ ā½b̄;d̄�uā b̄Δxd�Δxcg; ð3:17Þ

τ4 ¼
1

24ρ
f½Γā b̄ c̄;d̄ ē þΓf̄

ā b̄ðΓf̄ c̄ īΓī
d̄ ē − 2Γc̄ d̄½f̄;ē� − Γf̄ c̄ d̄;ēÞ�Δxabcde þ 16τ2τ1ðΓc̄ ā½d̄;b̄� þΓē

c̄½d̄Γjējā�b̄Þuā b̄Δxcd

− τ1½4Γf̄
b̄ āΓh̄

c̄ d̄Γðh̄ f̄Þē þΓā b̄ c̄;d̄ ē − Γf̄
b̄ c̄ðΓf̄ ā h̄Γh̄

d̄ ē þ 2Γā d̄½f̄;ē� þΓf̄ d̄ ā;ēÞ− 2Γf̄
b̄ āð2Γc̄ d̄½f̄;ē� þΓf̄ c̄ d̄;ēÞ�uāΔxbcde

þ τ21½2Γc̄ ā½d̄;b̄�ē þ Γf̄
ā b̄ð2Γc̄ d̄½f̄;ē� þΓf̄ c̄ d̄;ēÞ þ 2Γf̄

c̄ āð2Γf̄ d̄
h̄Γh̄ ē b̄ − 2Γh̄

d̄ ēΓðf̄ h̄Þb̄ − Γf̄ d̄ b̄;ē þ 2Γb̄ d̄½ē;f̄�Þ
þΓf̄

c̄ d̄ð2Γē ā½f̄;b̄� þ 2Γ½h̄
ē�f̄Γh̄ ā b̄ þ Γf̄ ē ā;b̄Þ�Δuā b̄Δxcde þ 4τ2ðΓē b̄ āΓē

c̄ d̄ − Γā b̄ c̄;d̄ÞuāΔxbcd − 24τ3τ2

þ τ31½Γf̄
d̄ ēð2Γā b̄½f̄;c̄� þ Γf̄ ā b̄;c̄ − 3Γf̄ ā

h̄Γh̄ b̄ c̄ − Γh̄ c̄ f̄Γh̄
ā b̄Þ þ 2Γf̄

d̄ āð2Γf̄ c̄ h̄Γh̄
ē b̄ þ Γf̄ ē

h̄Γh̄ b̄ c̄ − Γf̄ ē b̄;c̄ þ 2Γē b̄½c̄;f̄�Þ
þ Γh̄

ā b̄ð4Γd̄ c̄½h̄;ē� þΓh̄ d̄ c̄;ē þ 2Γc̄ d̄½ē;h̄� − 2Γh̄ d̄
f̄Γf̄ ē c̄Þ þ 2Γd̄ ā½ē;b̄�c̄ þ 2Γā b̄½c̄;d̄�ē�uā b̄ c̄Δxde − 12τ3Γā b̄ c̄u

āΔxbcg;
ð3:18Þ
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where

ρ2 ¼ ðgā b̄ þ uā b̄ÞΔxab: ð3:19Þ

One can think of ρ simply as the square root for the
quadratic solution of

σ ¼ 1

2
gā b̄ðΔxab − uā b̄τ1Þϵ2 þOðϵÞ3 ¼ 0; ð3:20Þ

as in Eq. (3.19). For the retarded solution, we haveΔτðretÞ ¼
τðretÞ − τ̄ with τ1 corresponding to the negative ρ. Similarly,
the advanced solution ΔτðadvÞ ¼ τðadvÞ − τ̄ equates to τ1
taking the positive root. A more physical picture of ρ is
its equivalence to the retarded distance rðx; x0Þ, more

specifically its leading order when converted to a coor-
dinate expansion. This type of Riemann normal expansion
has benefits over rðx; x0Þ as it allows one to avoid tetrad
decompositions—in previous work this has enabled much
higher expansions [48,49].
Combining the above for the unknown expressions in

Eq. (3.3), we arrive at the singular field,

ΦðSÞ
½−1�ðxÞ ¼

1

ρ
; ð3:21Þ

ΦðSÞ
½0� ðxÞ ¼ −

1

2ρ3
ðΓā b̄ c̄ þ Γd̄

ā b̄uc̄ d̄ÞΔxabc; ð3:22Þ

ΦðSÞ
½1� ðxÞ ¼

uā b̄Δxcd

3ρ
ðΓc̄ ā½d̄;b̄� þ Γē

c̄½d̄Γjējā�b̄Þ þ
3Δxcdef

8ρ5
Γā ē f̄Γb̄ c̄ d̄½Δxab þ 2uāΔxbðu · ΔxÞ þ uā b̄ðu · ΔxÞ2�

þ Δxcd

24ρ3
fΔxabðΓē c̄ d̄Γē

ā b̄ − 4Γā b̄ c̄;d̄Þ þ 4uāΔxbðu · ΔxÞðΓf̄ c̄ āΓf̄
d̄ b̄ − Γā c̄ d̄;b̄Þ

− uē f̄½3ΔxabΓē c̄ d̄Γf̄ ā b̄ þ 8ðu · ΔxÞ2ðΓc̄ ē½f̄;d̄� þ Γī
c̄½ēΓjījd̄�f̄Þ�g; ð3:23Þ

ΦðSÞ
½2� ðxÞ ¼

uā b̄Δxde

24ρ
fΔxīðgc̄ ī − 3uc̄ īÞ½Γf̄

ā b̄Γf̄ c̄ d̄;ē þ Γf̄
d̄ ēΓf̄ c̄ ā;b̄ þ Γf̄

ā d̄ðΓf̄ ē
h̄Γh̄ b̄ c̄ − 2Γf̄ ē b̄;c̄Þ�

þ Δxīðgc̄ ī þ 3uc̄ īÞ½Γf̄
c̄ d̄ð2Γē ā½f̄;b̄� − Γh̄ ā b̄Γf̄ ē

h̄Þ þ 2Γf̄
ā b̄Γc̄ d̄½f̄;ē� þ 2Γc̄ ā½d̄;b̄�ē þ Γf̄

d̄ ēΓh̄
ā b̄Γh̄ c̄ f̄

þ 2Γf̄
ā c̄Γf̄ d̄

h̄Γh̄ ē b̄� þ Δxc½Γf̄
c̄ āðΓf̄ d̄

h̄Γh̄ ē b̄ þ 4Γb̄ d̄½ē;f̄�Þ − 4Γf̄
c̄ d̄Γh̄

ē āΓðf̄ h̄Þb̄�
− 3ðu · ΔxÞuc̄½Γf̄

c̄ d̄ð4Γh̄
ē b̄Γf̄ ā h̄Þ þ 2Γd̄ ā½ē;b̄�c̄ þ Γf̄

d̄ ēð2Γā b̄½f̄;c̄� − 3Γf̄ ā
h̄Γh̄ b̄ c̄Þ þ 4Γf̄

ā b̄Γd̄ c̄½f̄;ē��g

þ Δxde

24ρ3
fΔxīðgā ī þ uā īÞ½ΔxcΔxjΓf̄

b̄ c̄ðgb̄ j̄ þ 2ub̄ j̄Þð2Γā d̄½f̄;ē� þ Γf̄ ā d̄;ēÞ − ΔxbcΓā b̄ c̄;d̄ ē�

− ΔxbcΔxīðgā ī − uā īÞΓf̄
b̄ c̄Γh̄

d̄ ēΓf̄ ā h̄ − ub̄ΔxcΔxīðgā ī − uā īÞðu · ΔxÞ½4Γh̄
c̄ b̄Γf̄

ē d̄Γðf̄ h̄Þā�
þ ub̄ c̄Δxīðgā ī þ uā īÞðu · ΔxÞ2ð2Γā c̄½b̄;d̄�ē þ 2Γf̄

c̄ b̄Γā d̄½ē f̄� − 2Γf̄
ā c̄Γf̄ d̄

h̄Γh̄ ē b̄ − Γf̄
d̄ ēΓh̄

ā f̄Γh̄ c̄ b̄Þ
− ub̄ c̄Δxīðgā ī − uā īÞðu · ΔxÞ2½Γf̄

c̄ b̄Γf̄ ā d̄;ē þ Γf̄
ē d̄ð2Γā c̄½f̄;b̄� þ Γf̄ ā c̄;b̄ − Γf̄ ā

h̄Γh̄ c̄ b̄Þ þ 2Γf̄
d̄ c̄Γf̄ ē

h̄Γh̄ ā b̄�
þ 2uā b̄Δxfh½ΔxcΓā c̄ d̄ðΓī

f̄ h̄Γī ē b̄ − Γb̄ ē f̄;h̄Þ þ 2Δxiðgc̄ ī þ 3uc̄ īÞΓc̄ d̄ ēðΓī
f̄½āΓjījh̄�b̄ þ Γf̄ ā½b̄;h̄�Þ�

þ 2uā b̄ c̄ðu · ΔxÞ3½Γd̄ ā½ē;b̄�c̄ − Γf̄
d̄ ēΓf̄ ā

h̄Γh̄ b̄ c̄ þ 2Γf̄
ā b̄Γd̄ c̄½f̄;ē� þ Γf̄

d̄ āð2Γh̄
ē b̄Γf̄ c̄ h̄ þ 2Γē b̄½c̄;f̄� − Γf̄ ē b̄;c̄Þ�g

þ Δxdefh

16ρ5
Γā d̄ ēfΔxjðgā j̄ þ uā j̄Þ½Δxbcð4Γb̄ c̄ f̄;h̄ − Γī

b̄ c̄Γī f̄ h̄Þ þ 4ub̄Δxcðu · ΔxÞðΓb̄ c̄ f̄;h̄ − Γī
f̄ h̄Γī c̄ b̄Þ

þ 8ub̄ c̄ðu · ΔxÞ2ðΓī
f̄½h̄Γjījc̄�b̄ þ Γf̄ c̄½h̄;b̄�Þ� þ uā b̄ΔxijΔxkð2gc̄ k̄ þ 3uc̄ k̄ÞΓb̄ f̄ h̄Γc̄ ī j̄g

−
5Δxdefhij

16ρ7
Γā d̄ ēΓb̄ f̄ h̄Γc̄ ī j̄½Δxabc þ 3uāΔxbcðu · ΔxÞ þ 3uā b̄Δxcðu · ΔxÞ2 þ uā b̄ c̄ðu · ΔxÞ3�: ð3:24Þ
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C. The scalar self-force

Once we have the singular scalar field, a simple partial
derivative gives the required singular self-force of
Eq. (2.13) in the form,

FðSÞ
a ðxÞ ¼

X∞
n¼−1

Xbðn−1Þ=2c

p¼−n−2
b½n�āc̄1…c̄ðn−2pÞ ðx̄Þ

× Δxc1…Δxcðn−2pÞρ2p−1ϵn−1; ð3:25Þ

where one might note the different upper limit on the p-sum
differs from that of the accelerated scalar self-force [50].
Explicitly, this looks like

FðSÞ
a½−1� ¼

−Δxb

ρ3
ðgā b̄ þ uā b̄Þ; ð3:26Þ

FðSÞ
a½0� ¼ −

Δxbc

2ρ3
½ðΓd̄ b̄ c̄uā þ 2Γd̄ ā b̄uc̄Þud̄ þ Γā b̄ c̄ þ 2Γb̄ ā c̄�

þ 3Δxbcde

2ρ5
ðgā b̄ þ uā b̄ÞðΓc̄ d̄ ē þ Γf̄

c̄ d̄uē f̄Þ; ð3:27Þ

FðSÞ
a½1� ¼

1

3ρ
ub̄ c̄Δxdð2Γē

ā½d̄Γjējb̄�c̄ þ Γd̄ b̄½ā;c̄� þ Γā b̄½d̄;c̄�Þ

þΔxd

6ρ3
½2ub̄ c̄Δxefðgā f̄ þ 3uā f̄ÞðΓh̄

b̄½d̄Γjh̄jc̄�ē þΓd̄ b̄½c̄;ē�Þ þ uāub̄ΔxceðΓf̄
b̄ c̄Γf̄ d̄ ē − Γb̄ c̄ d̄;ēÞ

þΔxbcðΓē
b̄ āΓē c̄ d̄ − 2Γb̄ c̄ ā;d̄ − Γā b̄ c̄;d̄ − Γb̄ c̄ d̄;āÞ þ 2ub̄ c̄ðu ·ΔxÞ2ð2Γē

b̄½āΓjējc̄�d̄ þ Γd̄ b̄½c̄;ā� þΓā b̄½c̄;d̄�Þ
þ ub̄Δxcðu ·ΔxÞð2Γf̄

b̄ d̄Γf̄ c̄ ā þ Γf̄
b̄ āΓf̄ c̄ d̄ − 2Γb̄ c̄ ā;d̄ − Γb̄ c̄ d̄;āÞ− 3ub̄ c̄ΔxefΓb̄ d̄ āΓc̄ ē f̄�

þΔxdef

8ρ5
fðgā d̄ þ uā d̄Þ½Δxbcð4Γb̄ c̄ ē;f̄ − Γh̄

b̄ c̄Γh̄ ē f̄Þ þ 4ub̄Δxcðu ·ΔxÞðΓb̄ c̄ ē;f̄ − Γh̄
b̄ c̄Γh̄ ē f̄Þ

þ 8ub̄ c̄ðu ·ΔxÞ2ðΓh̄
b̄½c̄Γjh̄jē�f̄ þΓē b̄½f̄ ;c̄�Þ� þ 3ub̄Δxc½uh̄Δxiðgā ī þ 3uā īÞ þ 2uāΔxh�Γb̄ c̄ d̄Γh̄ ē f̄

þ 6ub̄Δxcðu ·ΔxÞ½2Γb̄ c̄ āΓd̄ ē f̄ þΓb̄ ē f̄ð2Γc̄ d̄ ā þ Γā c̄ d̄Þ� þ 12ub̄ c̄ðu ·ΔxÞ2Γb̄ d̄ āΓc̄ ē f̄ þ 6ΔxbcΓd̄ ē f̄ð2Γb̄ c̄ ā þΓā b̄ c̄Þg

−
15Δxbefhi

8ρ7
ðgā b̄ þ uā b̄Þ½ΔxdΔxjðgc̄ j̄ þ 2uc̄ j̄ÞΓc̄ d̄ ēΓf̄ h̄ ī þ uc̄ d̄ðu ·ΔxÞ2Γc̄ ē f̄Γd̄ h̄ ī�; ð3:28Þ

where we have omitted the larger term of FðSÞ
a½2� due to its

size, however it is provided in a usable format as regu-
larization parameters online [51,62]. From Eqs. (3.26),
(3.27), and (3.28), one can simply read off the b coefficients
of Eq. (3.25), e.g.,

b½0�
ā b̄ c̄

ðx̄Þ ¼ −
1

2
½ðΓd̄ b̄ c̄uā þ 2Γd̄ ā b̄uc̄Þud̄ þΓā b̄ c̄ þ 2Γb̄ ā c̄�;

b½0�
ā b̄ c̄ d̄ ē

ðx̄Þ ¼ 3

2
ðgā b̄ þ uā b̄ÞðΓc̄ d̄ ē þ Γf̄

c̄ d̄uē f̄Þ: ð3:29Þ

IV. MODE-SUM REGULARIZATION

Once we have the singular self-force, regularization is
obtained by simply subtracting the singular from the
(numerically calculated) retarded self-force. However, sub-
tracting an infinity from an infinity can prove problematic;
this lead Barack and Ori [15] to propose a spherical
harmonic decomposition of both, allowing subtractionmode
by mode,

Faðx̄Þ ¼
X∞
l

�
FlðretÞ
a ðx̄Þ − FlðSÞ

a ðx̄Þ
�
; ð4:1Þ

where

FlðSÞ
a ðx̄Þ¼

X
m

FlmðSÞ
a ðt̄; r̄ÞYlmðθ̄;ϕ̄Þ;

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

4π

r
Fl0ðSÞ
a ðt̄; r̄Þ;

¼ lim
Δr→0

2lþ1

4π

Z
FðSÞ
a ð0;Δr;α;βÞPlðcosαÞdΩ:

ð4:2Þ
Here, as has become standard inmode-sumcalculations [44],
we are operating in a rotated coordinate system ðθ;ϕÞ →
ðα; βÞ where the particle is on the pole ðᾱ ¼ 0 ¼ β̄Þ,
immediately reducing the sum of m modes to m ¼ 0 in
the second equality. The format of Eq. (3.25) and the
assumption that both x and x̄ are on the same hypersurface
allows us to write

FðSÞ
a ðxÞ ¼ FðSÞ

a ðΔt ¼ 0;Δr;Δα ¼ α;Δβ ¼ βÞ:
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In the third equality, it is necessary to take the limit x → x̄, to
avoid the discontinuity at the particle. As is typical, this limit
is taken in the radial direction; this must be mirrored in the
calculation of the retarded self-force to insure the singular-
ities cancel exactly, in particular from which direction along
the radial axis.

A. Coordinate system

In order to carry out the integration in Eq. (4.2), it is
important to choose suitable coordinates. As already
mentioned, placing the particle on the pole is the first
step; for Schwarzschild, this previously entailed a counter-
clockwise rotation of π=2 around the x-axis [44]. When
considering generic orbits in Kerr, we require two rotations
usually obtained by the first two Euler angles as illustrated
in Fig. 4. Indeed we choose the rotated coordinate system
described by the Euler angles ðϕ̄þ π

2
; θ̄;−β0Þ or explicitly

sin α cos ðβ − β0Þ ¼ sin θ sin ðϕ − ϕ̄Þ;
sin α sin ðβ − β0Þ ¼ cos θ sin θ̄ − sin θ cos θ̄ cos ðϕ − ϕ̄Þ;

cos α ¼ cos θ cos θ̄ þ sin θ sin θ̄ cos ðϕ − ϕ̄Þ;
ð4:3Þ

where we reserve β0 for later simplification; for comparison
Barack and Ori [46] used ðϕ̄þ π

2
; θ̄;−β0 − π

2
Þ as described

in Barack’s later review [63].
These rotated coordinates are not well behaved at

the particle (as it is on the pole); to enable coordinate
expansions off the particle’s worldline, a further coordinate
transformation to “locally Cartesian coordinates”, or ðx; yÞ

in [44], is required. More recent literature [48–50] have
these labeled ðw1; w2Þ; we therefore settle on ðwx; wyÞ,

wx ¼ wðαÞ cosðβ − β0Þ ¼ 2 sin

�
α

2

�
cosðβ − β0Þ; ð4:4Þ

wy ¼ wðαÞ sinðβ − β0Þ ¼ 2 sin

�
α

2

�
sinðβ − β0Þ; ð4:5Þ

where wðαÞ is selected due to its regularity, that
wðαÞ ¼ αþOðαÞ3 ≈ sin α, and that it monotonically
increases for α ∈ ½0; πÞ. These coordinates align with those
of our second rotation ðx00; y00Þ as illustrated in Fig. 5.
The singular scalar self-force from Eq. (3.25) of a field

point ‘close’ to that particle at ðr̄; θ̄; ϕ̄Þ on the same
hypersurface can now be written

FðSÞ
a ðxÞ ¼ FðSÞ

a ðΔt ¼ 0;Δr;Δwx ¼ wx;Δwy ¼ wyÞ;

where again we see the sign of Δr will depend from which
direction the limit is taken; above or below the plane. To
obtain such an expression, the initial mode-sum papers

[27,44,47] calculated FðSÞ
a ðxÞ in Cartesian coordinates, and

reexpanded into the w coordinates to then carry out the
integration of Eq. (4.2). Here we follow Heffernan et al.
[48,49] who illustrated this reexpansion was a limiting
feature in pushing to higher orders. It is more efficient to

calculate FðSÞ
a ðxÞ in the w coordinates and carry out a

coordinate transformation back to spherical coordinates
for integration. The coordinate transformation does not
affect ðt; rÞ components, however, for the angular compo-
nents, one has

FIG. 4. Taking the particle to have spherical coordinates
ðr̄; θ̄; ϕ̄Þ, we rotate through the Euler angles ðϕ̄þ π

2
; θ̄;−β0Þ,

that is ϕ̄þ π
2
and θ̄ around the original z-axis and rotated x0-axis

respectively (resulting in the green and orange axes). Our new
coordinates have the particle on the pole. We rotate through a
third Euler angle, −β0, that is a clockwise rotation β0 around the
z00-axis resulting in the red axis.

FIG. 5. Locally Cartesian coordinates ðwx; wyÞ align with our
second rotation axes ðx00; y00Þ and allow coordinate expansions off
the particle and its worldline. The z-axis of these coordinates is
parallel to the rotated z00-axis. With the particle on (0,0,0) in these
coordinates, we note a neighbouring particle will have coordi-
nates ðwx; wy;ΔrÞ.
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Fθ ¼ −Fwy½−1�ϵ
−2 − ðFwy½0� − wx cot θ̄Fwx½−1�Þϵ−1

−
�
Fwy½1� − wx cot θ̄Fwx½0� þ

1

4
wxwyð1 − 4csc2θ̄ÞFwx½−1� þ

1

8
½w2

xð5 − 4csc2θ̄Þ − w2
y�Fwy½−1�

	
ϵ0

−
�
Fwy½2� − wx cot θ̄Fwx½1� þ

1

4
wxwyð1 − 4csc2θ̄ÞFwx½0� þ

1

8
½w2

xð5 − 4csc2θ̄Þ − w2
y�Fwy½0�

þ 1

4
w2
xwy cot θ̄ð3 − 4csc2θ̄ÞFwy½−1� þ

1

8
wxcsc2θ̄ cot θ̄½w2

xð3þ 2 cos 2θ̄Þ − 8w2
y�Fwx½−1�

	
ϵþOðϵ2Þ; ð4:6Þ

Fϕ ¼ sin θ̄Fwx½−1�ϵ
−2 þ sin θ̄½Fwx½0� þ cot θ̄ðwxFwy½−1� − wyFwx½−1�Þ�ϵ−1

þ sin θ̄

�
Fwx½1� þ cot θ̄ðwxFwy½0� − wyFwx½0�Þ þ

1

8
½2wxwyFwy½−1� − ðw2

x þ 3w2
yÞFwx½−1��

	
ϵ0

þ sin θ̄

�
Fwx½2� þ cot θ̄ðwxFwy½1� − wyFwx½1�Þ þ

1

8
½2wxwyFwy½0� − ðw2

x þ 3w2
yÞFwx½0��

	
ϵþOðϵ2Þ: ð4:7Þ

In previousKerr calculations, the constraint of an equatorial plane [49] or a lower order [46]meant one could discardFa½1� as it
only appeared in the ϵ0 term (which always integrates to zero as outlined in the next section). It is therefore worth noting that
Fa½1� will be required due to its presence in the ϵ1 term.
In Eq. (3.25), all b coefficients, which concern the metric, four-velocity, Christoffel symbols and their derivatives, are

evaluated at the particle (see Eq. (3.29) for example). It is still necessary to calculate the Christoffel symbols at x to allow
differentiation before evaluating at x̄. We use Boyer-Lindquist as our base coordinates,

gðBLÞtb ¼
�
−1þ 2mr

Σ
; 0; 0;−

2amrsin2θ
Σ

	
;

gðBLÞrb ¼
�
0;
Σ
Δ
; 0; 0

	
;

gðBLÞθb ¼ f0; 0;Σ; 0g;

gðBLÞϕb ¼
�
−
2amrsin2θ

Σ
; 0; 0;

�
Δþ 2mr

r2 þ a2

Σ

�
sin2θ

	
; ð4:8Þ

where m is total mass, a ¼ J=m, J is the angular momentum and

Σ ¼ r2 þ a2 cos θ; Δ ¼ r2 − 2mrþ a2: ð4:9Þ

Those components of the metric that differ in the w coordinates are

gðwÞtwx
¼ gðBLÞtϕ

4sin2θ

2
64wyðw2

x þ w2
y − 4Þ cos θ̄ þ ð8 − 6w2

y þ w2
xw2

y þ w4
yÞ sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
3
75;

gðwÞtwy
¼ −

wxg
ðBLÞ
tϕ

4sin2θ

2
64ðw2

x þ w2
y − 4Þ cos θ̄ þ wyðw2

x þ w2
y − 6Þ sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
3
75;

gðwÞwxwx ¼
w2
xg

ðBLÞ
θθ

4sin2θ

0
B@2 cos θ̄ þ wy sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
1
CA

2

þ gðBLÞϕϕ

16sin4θ

2
64wyðw2

x þ w2
y − 4Þ cos θ̄ þ ð8 − 6w2

y þ w2
xw2

y þ w4
yÞ sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
3
75
2

;
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gðwÞwxwy ¼
wxg

ðBLÞ
θθ

8sin2θ

8<
:wy½3w2

x − 12þ 2w2
y þ ð5w2

x þ 6w2
y − 20Þ cos 2θ̄�

w2
x þ w2

y − 4
þ 2ðw2

x þ 3w2
y − 4Þ sin 2θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
9=
;

þ wxg
ðBLÞ
ϕϕ

16sin4θ

�
wy

�
w2
x

�
8 − 3w2

y þ
4

w2
x þ w2

y − 4

�
− 2ð14 − 8w2

y þ w4
yÞ − w4

x

�
cos θ̄2

þ wyðw2
x þ w2

y − 6Þð8 − 6w2
y þ w2

xw2
y þ w4

yÞ
w2
x þ w2

y − 4
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − w2

x − w2
y

q
½4 − 6w2

y þ w2
xw2

y þ w4
y� sin 2θ̄

	
;

gðwÞwywy ¼
gðBLÞθθ

sin2θ

2
64wy cos θ̄ þ

ðw2
x þ 2w2

y − 4Þ sin θ̄
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − w2

x − w2
y

q
3
75
2

þ w2
xg

ðBLÞ
ϕϕ

16sin4θ

2
64ðw2

x þ w2
y − 4Þ cos θ̄ þ wyðw2

x þ w2
y − 6Þ sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − w2
x − w2

y

q
3
75
2

; ð4:10Þ

where from Eqs. (4.3) to (4.5),

sin2θ¼1−
1

4
½ðw2

xþw2
y−2Þcos θ̄−wy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−w2

x−w2
y

q
sin θ̄�2:
ð4:11Þ

The four-velocity, uā which also arises in the b coefficients
are evaluated at the particle in our w coordinates,

uā ¼ fut̄; ur̄; sin θ̄uϕ̄;−uθ̄g; ð4:12Þ

where the prerotated Boyer-Lindquist four-velocities are
given by

ut̄ ¼ E

�ða2 þ r̄2Þ2
ΔΣ

−
a2sin2θ̄

Σ

�
−
2aLmr̄
ΔΣ

;

ður̄Þ2 ¼ 1

Σ2
f½Eðr̄2 þ a2Þ− aL�2 −Δ½r̄2 þ ðL− aEÞ2 þQ�g;

ðuθ̄Þ2 ¼ 1

Σ2
½Q−L2cot2θ̄− a2ð1−E2Þcos2θ̄�;

uϕ̄ ¼ Lcsc2θ̄
Σ

þ að2Emr− aLÞ
ΔΣ

; ð4:13Þ

and fE;Q; Lg are the energy, Carter constant and azimuthal
angular momentum, respectively.

B. Integration

The first thing to note about the integration of Eq. (4.2) is

that the leading order of the singular self-force, FðSÞ
a½−1� is

treated differently than the higher terms. The regularity of
the higher terms enables the interchanging of the limit
Δr → 0 and the integral (see Appendix B of [44]).

1. Format of ρ2

Regardless of the term, one can use the rotated coor-
dinates to target problematic expressions. In particular, we
adapt the method first introduced for Schwarzschild by

Detweiler et al. [27], later refined by Haas and Poisson [47]
with eccentric orbits and extended to higher-order terms,
equatorial Kerr and nongeodesic motion by Heffernan et al.
[48–50]. For higher terms, the key to the method is the
rewriting of

ρðxÞ ¼ ρðΔt ¼ 0;Δr ¼ 0;Δwx ¼ wx;Δwy ¼ wyÞ;

in the format,

ρð0; 0; wx; wyÞ2 ¼ ðgā b̄ þ uā b̄ÞΔxab;

¼ 4sin2
�
α

2

�
fðx̄Þχðx̄; βÞ; ð4:14Þ

where

χðx̄; βÞ ¼ 1 − kðx̄Þsin2β: ð4:15Þ

This translates to having no ΔwxΔwy cross terms. In the
case of Schwarzschild and equatorial orbits in Kerr, this is
automatic as gθ̄ ϕ̄ ¼ 0 ¼ uθ̄; for generic orbits in Kerr, this
is not the case.
Similar to [49,50,60], we rewrite ρ as

ρ2ð0; 0; wx; wyÞ ¼ ζ2w2
x þ 2μwxwy þ ξw2

y; ð4:16Þ

where

ζ2 ≡ gwxwx
þ uwxwx

;

¼ L2csc2θ̄ þ 2a2mr̄þ 2mr̄3 þ ΔΣ
Σ

;

ξ2 ≡ gwywy
þ uwywy

¼ Σþ Σ2ðuθ̄Þ2;
μ≡ gwxwy

þ uwxwy
¼ −LΣ csc θ̄uθ̄: ð4:17Þ

Recalling the definition of our w coordinates from
Eqs. (4.4) and (4.5), we have
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ρð0; 0; wx; wyÞ2 ¼ 4sin2
�
α

2

�
½ζ2cos2ðβ − β0Þ þ μ sin 2ðβ − β0Þ þ ξ2sin2ðβ − β0Þ�;

¼ 4sin2
�
α

2

��
1

2
½ζ2 þ ξ2 − ðξ2 − ζ2Þ cos 2β0 − 2μ sin 2β0� þ sin2β½ðξ2 − ζ2Þ cos 2β0 þ 2μ sin 2β0�

− cos β sin β½ðξ2 − ζ2Þ sin 2β0 − 2μ cos 2β0�
	
: ð4:18Þ

The cos β sin β term can now be eradicated using the
freedom of β0, that is we choose β0 so that

tan 2β0 ¼
2μ

ξ2 − ζ2
: ð4:19Þ

Alternatively,

sin 2β0 ¼ −
2μ

η
; cos 2β0 ¼

ζ2 − ξ2

η
; ð4:20Þ

where

η2 ¼ 4μ2 þ ðξ2 − ζ2Þ2: ð4:21Þ

Substituting our choice of β0 back into ρ2 via Eq. (4.18),
we get

ρðwx; wyÞ2 ¼ 2 sin2
α

2
½ξ2 þ ζ2 þ η − 2η sin β�; ð4:22Þ

¼ 2 sin2
α

2
ðξ2 þ ζ2 þ ηÞ½1 − kðx̄Þ sin2 β�;

¼ 4 sin2
α

2

�
η

k

�
χ; ð4:23Þ

where

kðx̄Þ≡ 2η

ξ2 þ ζ2 þ η
: ð4:24Þ

This, combined with our w-coordinate definitions of

Eqs. (4.4) and (4.5), allows us to rewrite FðSÞ
a of

Eq. (3.25) as

FðSÞ
a ð0; 0; α; βÞ ¼

X∞
n¼−1

Xbðn−1Þ=2c

p¼−n−2

Xn−2p
q¼0

b½n�āðn−2p;qÞðx̄Þ
�
2sin2

α

2

�ðn−1Þ=2
2ðn−1Þ=2

�
n − 2p

q

�

× cosqðβ − β0Þsinðn−2p−qÞðβ − β0Þ
�
ηχ

k

�ð2p−1Þ=2
ϵn−1; ð4:25Þ

where we have relabeled the b½n�āðn−2p;qÞ coefficient,

b½n�āðn−2p;qÞ ≡ b½n�āc̄1…c̄ðn−2pÞ ; ð4:26Þ

where n − 2p is the total number of wx ’s and wy’s in the
sequence c̄1…c̄ðn−2pÞ and q the number of wx ’s.

2. α integral

For the α integral, we follow the techniques of
Appendix D in [27]; we rewrite the integral in Eq. (4.2)
for the subleading (n ≥ 0) orders as

2lþ 1

4π

Z
π

0

FðSÞ
a½n�ð0; 0; α; βÞPlðcos αÞ sin αdα

¼ fa½n�ðβÞϵn−1
2lþ 1

4π

Z
1

−1
ð1 − yÞðn−1Þ=2PlðyÞdy;

¼ fa½n�ðβÞϵn−1
1

2π
Al

½n�; ð4:27Þ

where we have expanded ð1 − yÞðn−1Þ=2 in Legendre poly-
nomials

ð1 − yÞðn−1Þ=2 ¼
X
l¼0

Al
½n�PlðyÞ; ð4:28Þ

and used their orthogonality,

Z
1

−1
PlðyÞPl0 ðyÞdy ¼ 2δll0

2lþ 1
: ð4:29Þ

For odd n, the left-hand side of Eq. (4.28) gives a finite
polynomial and we observe the sum over l will truncate at
l ¼ ðn − 1Þ=2. For n ¼ 1, we get Al

½1� ¼ δl0 and by

considering y ¼ 1 for odd n ≥ 3, we have

Xðn−1Þ=2
l¼0

A½n� ¼ 0: ð4:30Þ
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Therefore, as long as we are summing l ≥ ðn − 1Þ=2, odd
n ≥ 3 orders will not have a contribution. Indeed, for even
n > 0, we similarly have

X∞
l¼0

A½n� ¼ 0: ð4:31Þ

However, as summing over all l is not practical, we require
the parameters to the designated truncation l.
For n ¼ 0, taking the Legendre generating function for

jtj < 1,

ðt−1 − 2yþ tÞ−1=2 ¼
X
l¼0

tlþ1=2PlðyÞ; ð4:32Þ

and making the substitution t ¼ e−dδ → 1þOðδÞ where
0 < d ∈ R. In the limit δ → 0, one gets

ð1 − yÞ−1=2 ¼
X
l

ffiffiffi
2

p
PlðyÞ þOðlδÞ; ð4:33Þ

giving Al
½0� ¼

ffiffiffi
2

p þOðlδÞ in Eq. (4.28).

For even n ≥ 2, we make use of the formula,

Al
½n� ¼

P½n�ð2lþ1Þ
ð2l−nþ1Þð2l−nþ3Þ���ð2lþn−1Þð2lþnþ1Þ ;

ð4:34Þ

where

P½n� ¼ ð−1Þn=22ðnþ1Þ=2½ðn − 1Þ!!�2: ð4:35Þ

derived by induction in Appendix D of [27]. We now have
as a refinement of Eq. (4.2),

FlðSÞ
a ðx̄Þ ¼ lim

Δr→0

2lþ 1

4π
ϵ−2

Z
FðSÞ
a½−1�ð0;Δr; α; βÞ

× Plðcos αÞdΩþ 1

2π
δl0ϵ

0

Z
2π

0

fa½1�ðβÞdβ

þ 1

2π

X
n¼0
evenn

Al
½n�ϵ

n−1
Z

2π

0

fa½n�ðβÞdβ: ð4:36Þ

3. β integral

From Eqs. (4.25) and (4.27), we read off

fā½n�ðβÞ ¼
Xbðn−1Þ=2c

p¼−n−2

Xn−2p
q¼0

b½n�āðn−2p;qÞðx̄Þ2ðn−1Þ=2

×

�
n − 2p

q

�
cosqðβ − β0Þsinðn−2p−qÞðβ − β0Þ

×

�
ηχ

k

�ð2p−1Þ=2
; ð4:37Þ

where we have used Eq. (4.24) to introduce k. For the
remaining odd n ¼ 1 case, the powers of sin β and cos β
will always sum to an odd number. For odd powers of sin β
this will integrate to zero as χ is an even function of β. Odd
powers of cos β will also integrate to zero; this can be
shown with the standard trick of splitting the integral,Z

2π

0

¼
Z

3π=2

0

þ
Z

2π

3π=2
¼

Z
3π=2

0

þ
Z

0

−π=2
¼

Z
3π=2

−π=2
;

where the second equality shifts the second integral by 2π
without affecting the trigonometric functions. A shift of
β → β − π=2 now gives

Z
3π=2

−π=2

cosa β sinb β
χ½sin2ðβÞ�c dβ ¼

Z
2π

0

sina βð− cos βÞb
χ½cos2ðβÞ�c dβ; ð4:38Þ

which is now odd in β for odd a and will integrate to zero.
We are now left with only our leading and even n terms
in Eq. (4.37).
When expanding out the ðβ − β0Þ functions in the

remaining even n terms, it should be noted that any odd
partitions of cos β and sin β will also integrate to zero as
again χ is an even function of β. We are therefore always
dealing with even powers of cos β and sin β. Recalling our
definition of χ, Eq. (4.15), we have

cos2ðβÞ ¼ 1

k
ðk − 1þ χÞ;

sin2ðβÞ ¼ 1

k
ð1 − χÞ: ð4:39Þ

Substituting this back into Eq. (4.37) gives

fā½n�ðβÞ ¼
Xbðn−1Þ=2c

p¼−n−2

Xn−2p
q¼0

b½n�āðn−2p;qÞðx̄Þ
�
2

k

�ðn−1Þ=2Xq
s

Xn−2p−q
t

ðn− 2pÞ!
s!t!ðq− sÞ!ðn− 2p− q− tÞ! ðk− 1þ χÞðsþtÞ=2cosðn−2p−q−tþsÞβ0

× ð−1Þtð1− χÞðn−2p−s−tÞ=2ðηχÞð2p−1Þ=2 sinðqþt−sÞβ0; ð4:40Þ
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where the zero contribution of odd powers in cos β and
sin β requires (sþ t) be even. With n also even, we can
multiply out the two brackets containing χ to give a
polynomial in χ.
To integrate Eq. (4.40), we follow the methods of

Appendix C in [27], and use

1

2π

Z
dβ

χðβÞn=2 ¼ hχ−n=2ðβÞi ¼ 2F1

�
n
2
;
1

2
; 1; k

�
;

where ðnþ 1Þ=2 ∈ N ∪ f0g and 2F1 are hypergeometric
functions. We use the recurrence relation in Eq. (15.2.10)
of [64],

Fpþ1ðkÞ ¼
p − 1

pðk − 1ÞFp−1ðkÞ þ
1 − 2pþ ðp − 1

2
Þk

pðk − 1Þ FpðkÞ;

ð4:41Þ

to reduce the number of hypergeometric functions to two,

2F1ð� 1
2
; 1
2
; 1; kÞ. These in turn translate to elliptic integrals

hχ−1
2i ¼ 2F1

�
1

2
;
1

2
; 1; k

�
¼ 2

π
K; ð4:42Þ

hχ1
2i ¼ 2F1

�
− 1

2
;
1

2
; 1; k

�
¼ 2

π
E; ð4:43Þ

where

K≡
Z

π=2

0

ð1 − k sin2 βÞ−1=2dβ; ð4:44Þ

E ≡
Z

π=2

0

ð1 − k sin2 βÞ1=2dβ; ð4:45Þ

are complete elliptic integrals of the first and second kinds,
respectively.

V. RESULTS

A. The leading term

We have successfully carried out the integration of
Eq. (4.2) up to order ϵ or Fa½2� (Da in the older notation
of [27,47]); all except the leading term as shown in
Eq. (4.36),

FlðSÞ
a½−1�ðx̄Þ ¼ −

2lþ 1

4π
ϵ−2ðgā b̄ þ uāub̄Þ limΔr→0

Z
Δxb̄

ρ3

× Plðcos αÞdΩ; ð5:1Þ

where we have used Eq. (3.26). In our rotated coordinates
without Δr ¼ 0, we have

ρ2 ¼ ðgā b̄ þ uā b̄ÞΔxab;

¼ ΔrðνrΔrþ 2νxwx þ 2νywyÞ þ 4 sin2
α

2

�
η

k

�
χ: ð5:2Þ

All the techniques we exploited in integrating the
higher orders were developed to tackle the cross term in
ρ2 [27,47–50] for Schwarzschild and equatorial Kerr,
wxΔr. As uθ ¼ 0 in these scenarios, wxΔr is the only
cross term that arises, and it promptly disappears in the
higher orders. As the use of hypergeometric functions
scales well to higher-order expansions (little hand holding
required), we adapted these techniques and targeted the
wxwy terms in the higher orders. Unfortunately, for generic
Kerr orbits, two rotations were used to bring the particle to
the pole, leaving only one rotation β0 to tackle the cross
terms. We therefore do not have any more coordinate
freedom to exploit in removing the cross terms wxΔr and
wyΔr of Eq. (5.2).
All is not lost however, as we do not need to reinvent the

wheel. Indeed, Barack and Ori tackled the leading term in
their original paper [46] (with notation Aa) with more in-
depth details appearing in Barack’s review [63]. As
previously mentioned, they used a slightly different coor-
dinate system ðϕ̄þ π

2
; θ̄;−β0 − π

2
Þ and used β0 to set

uwy
→ 0. They proceeded by expanding Plðsin αÞ and

scaling the coordinates by Δr. Due to a typo in [63], we
give the correct leading-order parameters here (in agree-
ment with [46]). Here and in all our parameters, the P½n�
term of Eq. (4.35) is included; this means we have a factor
of 1=2 differing from [46] and Eq. (4.34) gives the l
dependency of Al

½−1� ¼ 1þ 2l,

Ft½−1� ¼ −
ur̄

ut̄
Fr½−1�; Fθ½−1� ¼ 0; Fϕ½−1� ¼ 0;

Fr½−1� ¼ −
sgnΔr
2V

ffiffiffiffiffiffiffiffiffiffiffi
sin2 θ̄
gϕ̄ ϕ̄Δ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V þ Δu2r̄

Σ

r
;

where

V ¼ 1þ u2
θ̄

Σ
þ L2

gϕ̄ ϕ̄
:

B. Higher terms

Carrying out the integration of Eq. (4.40) as outlined in
Sec. IV B for the next-to-leading order, where we have
included P½0� ¼

ffiffiffi
2

p
and Eq. (4.34) gives Al

½0� ¼ 1,

Fa½0� ¼
ffiffiffi
k

p ½2FE
a½0�E þ ðk − 1ÞFK

a½0�K�
12πη5=2ðk − 1Þ2 ; ð5:3Þ

where
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FE
a½0� ¼ ð2 − kÞðk2 þ 4k − 4Þ sin ð4β0Þðb½0�āð4;1Þ − b½0�āð4;3ÞÞ þ ð2 − kÞðk2 þ 4k − 4Þ cos ð4β0Þðb½0�āð4;0Þ − b½0�āð4;2Þ þ b½0�āð4;4ÞÞ

þ sin ð2β0Þ½6ηðk − 2Þðk − 1Þb½0�āð2;1Þ þ 2kðk2 − kþ 1Þðb½0�āð4;1Þ þ b½0�āð4;3ÞÞ�
þ cos ð2β0Þ½6ηðk − 2Þðk − 1Þðb½0�āð2;0Þ − b½0�āð2;2ÞÞ þ 4kðk2 − kþ 1Þðb½0�āð4;0Þ − b½0�āð4;4ÞÞ�
þ k½kð2 − kÞð3b½0�āð4;0Þ þ b½0�āð4;2Þ þ 3b½0�āð4;4ÞÞ − 6ηðk − 1Þðb½0�āð2;0Þ þ b½0�āð2;2ÞÞ�;

FK
a½0� ¼ ðk2 þ 16k − 16Þ sin ð4β0Þðb½0�āð4;1Þ − b½0�āð4;3ÞÞ þ ðk2 þ 16k − 16Þ cos ð4β0Þðb½0�āð4;0Þ − b½0�āð4;2Þ þ b½0�āð4;4ÞÞ

þ k2ð3b½0�āð4;0Þ þ b½0�āð4;2Þ þ 3b½0�āð4;4ÞÞ − sin ð2β0Þ½24ηðk − 1Þb½0�āð2;1Þ þ 2kðk − 2Þðb½0�āð4;1Þ þ b½0�āð4;3ÞÞ�
þ cos ð2β0Þ½24ηðk − 1Þðb½0�āð2;2Þ − b½0�āð2;0ÞÞ þ 4kðk − 2Þðb½0�āð4;4Þ − b½0�āð4;0ÞÞ�; ð5:4Þ

where we provide the b½0�ā coefficients in Appendix below.
The third order is always zero due to the odd functions
arising during the integrations outlined in Sec. IV B, that is

Fa½1� ¼ 0: ð5:5Þ

The fourth order, and the main result of this paper, where
we have included P½2� ¼ −2

ffiffiffi
2

p
and Eq. (4.34) gives

Al
½2� ¼

1

ð2l − 1Þð2lþ 3Þ ; ð5:6Þ

(a) (b)

(c) (d)

FIG. 6. Regularization of the ðt; r; θ;ϕÞ component of the self-force for a scalar particle with initial orbit eccentricity of 0.2 and spin
a ¼ 0.9 with data from [32]. In this log-log plot, one can observe by subtracting the new parameter Fl

a½2� the progressing sum becomes

more accurate with less l’s. We also see the expected reduction with l−2 for Fl
a½0� and l−4 with the new Fl

a½2�. Figure (a) gives

t component Ft, Fig. (b) gives r component Fr, Fig. (c) gives θ component Fθ, and Fig. (d) gives ϕ component Fϕ.
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so we have

Fa½2� ¼ −
2FE

a½2�E þ ðk − 1ÞFK
a½2�K

6720πη9=2
ffiffiffi
k

p ðk − 1Þ4 ; ð5:7Þ

where FE
a½2� and FK

a½2� can be found in the Appendix,

however the b½2�ā coefficients are not provided here. Even
at next-to-leading order, Fa½0�, one can see the exceptional
increase in the size of the parameters compared to the
Schwarzschild case [48] or even the equatorial Kerr
scenario [49]. As the higher terms are quite unwieldy
we make them available online in the form of an open
source Mathematica [65] package on Zenodo [51], and
shortly on black hole perturbation Toolkit [62]. To ensure
confidence in the resulting expressions, we set the spin a ¼
0 and constrict orbital motion to the equatorial plane,
θ ¼ π=2, and safely recovered the Schwarzschild counter-
parts in [48]—this is explicitly illustrated in the readme
notebook provided with the Mathematica package on
Zenodo [51]. In addition, Nasipak and Evans generously
shared their numerical data [32,52,53] for generic orbits of
a scalar particle in Kerr spacetime, which we use in Fig. 6 to
successfully illustrate the increased l-mode convergence
with the additional regularization parameters. The gener-
ation of these figures is also provided in the readme
notebook on Zenodo [51]. From these one can clearly
see by subtracting the new Fl

a½2� the accuracy of the l sum
increases drastically. We also see the expected convergence
with l−2 for Fl

a½0� and l−4 with the new Fl
a½2�.

VI. DISCUSSION

The regularization parameters produced successfully
increased convergence in l of the scalar self-force calcu-
lations. However this high-order expansion can also be
employed in the effective source m-mode scheme [66] as
previously illustrated in the case of equatorial orbits in Kerr
[49]. The expansion in Riemann normal coordinates can
also be exploited for high-order tail expressions Vðx; x0Þ
which are required in the matched expansions method [22].
The work here also serves as the groundwork for the

more physically interesting cases of an electric charge or
mass on a generic orbit in Kerr spacetime. The decom-
position and integration techniques are all viable, one just
requires expansions for slightly more complex expressions.
Another interesting avenue forward would be to consider
the decomposition into tensor harmonics [67]. One can also
consider nongeodesic motion in Kerr spacetime building on
work previously done in Schwarzschild [50].

Lastly, it should be noted that this work comes with a
caveat, in extending this work to electromagnetism or
gravity, these methods are mainly adaptable to the
Lorenz gauge. The current state of art in gravitational
self-force for generic orbits in Kerr spacetime is calculated
in the radiation gauge [25] where only the first two
parameters, previously calculated by Barack and Ori
[46], are viable. Saying that, Thompson et al. were able
to transform the higher-order regularization parameters in
Schwarzschild from the Lorenz gauge to the Regge-
Wheeler and Detweiler’s easy gauge [68]. This remains
to be seen for the radiation gauge.
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APPENDIX: REGULARIZATION PARAMETER
COEFFICIENTS FOR THE SELF-FORCE

We provide the coefficients that appear in Eq. (5.4) with t
components,
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b½0�t̄ð2;0Þ ¼ −
1

2
Er̄ur̄ −

auθ̄

4Σ
½aEð4mr̄þ ΣÞ sin 2θ̄ − 8Lmr̄ cot θ̄�;

b½0�t̄ð2;1Þ ¼
am
Σ2

½2r̄ðE2 − 1Þða2 þ r̄2 − ΣÞ cos θ̄ − 2r̄L2 cot θ̄ csc θ̄ þ 2r̄uθ̄2Σða2 þ r̄2Þ cos θ̄ þ ur̄uθ̄ΣðΣ − 2r̄2Þ sin θ̄�;

b½0�t̄ð2;2Þ ¼
1

2Σ2
ður̄½2mr̄2ða2Eþ 2aLþ r̄2EÞ þ Eðm − rÞΣ2 −mða2Eþ 2aLþ 3r̄2EÞΣ�

− auθ̄f4Lmr̄ða2 þ r̄2Þ cot θ̄ þ aE½Σ2 þ 2mr̄Σþ 2mr̄ða2 þ r̄2Þ� cos θ̄ sin θ̄gÞ;

b½0�t̄ð4;0Þ ¼
3

4
Euθ̄Σ½a2ðΣuθ̄2 þ 1Þ sin 2θ̄ þ 2r̄ur̄uθ̄Σ�;

b½0�t̄ð4;1Þ ¼ −
3a cos θ̄

2Σ
f2mr̄ða2 þ r̄2 − ΣÞ½ð2ΣE2 þ ΣÞuθ̄2 þ 1� þ aELΣ½2ðΣ − 2mr̄Þuθ̄2 þ 1�g

− 3r̄ur̄uθ̄ðELΣ csc2 θ̄ þ amr̄Þ sin θ̄;

b½0�t̄ð4;2Þ ¼
3

4

�
a2Euθ̄3½2mr̄a2 þ Σ2 þ 2mr̄ðr̄2 þ ΣÞ� sin 2θ̄ þ 2Eur̄uθ̄2½ðr̄ −mÞΣ2 þmða2 þ 3r̄2ÞΣ − 2mr̄2ða2 þ r̄2Þ�

þ 2a2uθ̄

Σ2
fmr̄½Ea2ð4mr̄ − ΣÞ þ Lað4ΣE2 − 4mr̄þ ΣÞ þ Eð4mr̄ − ΣÞðr̄2 − ΣÞ� sin 2θ̄

þ EΣ½L2ðΣ − 8mr̄Þ cot θ̄ þ Σ2 cos θ̄ sin θ̄�g þ 2Lr̄ur̄

Σ
ðELΣ csc2 θ̄ þ 2amr̄Þ

�
;

b½0�t̄ð4;3Þ ¼
3

2Σ3
f2ur̄uθ̄Σ½2mr̄2ða2 þ r̄2Þ þ ðm − r̄ÞΣ2 −mða2 þ 3r̄2ÞΣ�ðELΣ csc2 θ̄ þ amr̄Þ sin θ̄

− 2aΣuθ̄2½mr̄a2 þ aELΣþmr̄ðr̄2 − ΣÞ�½2mr̄a2 þ Σ2 þ 2mr̄ðr̄2 þ ΣÞ� cos θ̄
þ að4a2mr̄L2ð2mr̄ − E2ΣÞ cos θ̄ þ 2mr̄ða2 þ r̄2 − ΣÞ½2mr̄ða2 þ r̄2 − ΣÞ − Σ2� cos θ̄
þ aELf4mr̄L2Σ csc2 θ̄ − Σ3 − 2mr̄Σ2 þ 2mr̄Σ½a2 þ r̄ð4mþ r̄Þ� − 8m2r̄2ða2 þ r̄2Þg cos θ̄Þg;

b½0�t̄ð4;4Þ ¼
3L
2Σ3

fa2uθ̄½2mr̄a2 þ Σ2 þ 2mr̄ðr̄2 þ ΣÞ�ðELΣ cot θ̄ þ amr̄ sin 2θ̄Þ
þ ur̄½Σ2ðr̄ −mÞ þmΣða2 þ 3r̄2Þ − 2mr̄2ða2 þ r̄2Þ�ðELΣ csc2 θ̄ þ 2amr̄Þg; ðA1Þ

r components,

b½0�r̄ð2;0Þ ¼
1

2Δ
½3a2ur̄uθ̄Σ cos θ̄ sin θ̄ þ r̄ður̄2Σ − Δ − 2uθ̄2ΔΣÞ�;

b½0�r̄ð2;1Þ ¼
1

ΔΣ
ðuθ̄ csc θ̄famE½a2ð2r̄2 − ΣÞ þ r̄2ð2r̄2 þ ΣÞ� sin2 θ̄ − 2mr̄2Lða2 þ r̄2Þ
þ LΣ½a2ðmþ r̄Þ − ðm − r̄Þðr̄2 þ ΣÞ�g − aur̄½aLðΣ − 2mr̄Þ þ 2mr̄Eða2 þ r̄2 − ΣÞ� cos θ̄Þ;

b½0�r̄ð2;2Þ ¼
1

2ΔΣ2
fa2ur̄uθ̄Σ½Σ2 þ 2mr̄Σþ 2mr̄ða2 þ r̄2Þ� cos θ̄ sin θ̄ − 2mr2ða2 þ r̄2Þð2aEL − ΔÞ

þ 2L2½mð2r̄2 − ΣÞða2 þ r̄2Þ þ ðm − r̄ÞΣ2� csc2 θ̄ − 2mΣ½r̄2ða2 þ r̄2Þur̄2 þ aELðr̄2 − a2Þ�
þ Σðma2 þ 3mr̄2 −mΣþ r̄ΣÞður̄2Σ − ΔÞg;

b½0�r̄ð4;0Þ ¼ −
3ur̄uθ̄Σ2

4Δ
½a2ðΣuθ̄2 þ 1Þ sin 2θ̄ þ 2r̄ur̄uθ̄Σ�;

b½0�r̄ð4;1Þ ¼
3ur̄Σ
2Δ

ðaf4mr̄Euθ̄2ða2 þ r̄2 − ΣÞ þ aL½2uθ̄2ðΣ − 2mr̄Þ þ 1�g cos θ̄ þ 2r̄Lur̄uθ̄Σ csc θ̄Þ;

b½0�r̄ð4;2Þ ¼
3ur̄

4Δ
ða2uθ̄f2mr̄ða2 − 4ELaþ r̄2Þ − uθ̄2Σ3 − ð2mr̄uθ̄2 þ 1ÞΣ2 − 2mr̄Σ½ða2 þ r̄2Þuθ̄2 þ 1�g sin 2θ̄

þ 2a2L2uθ̄ð8mr̄ − ΣÞ cot θ̄ þ 2ur̄Σfuθ̄2½2mr̄2ða2 þ r̄2Þ þ Σ2ðm − r̄Þ −mΣða2 þ 3r̄2Þ� − r̄L2 csc2 θ̄gÞ;
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b½0�r̄ð4;3Þ ¼
3Lur̄

2ΔΣ
ða2f2uθ̄2Σ3 þ Σ2ð4mr̄uθ̄2 þ 1Þ þ 2mr̄Σ½2ða2 þ r̄2Þuθ̄2 þ 1� − 2mr̄ða2 − 2ELaþ r̄2Þg cos θ̄

− 2fur̄uθ̄Σ½2mr̄2ða2 þ r̄2Þ − Σ2ðr̄ −mÞ −mΣða2 þ 3r̄2Þ� þ 2a2L2mr̄ cot θ̄g csc θ̄Þ;

b½0�r̄ð4;4Þ ¼
3L2ur̄ csc θ̄

2ΔΣ
fur̄½2mr̄2ða2 þ r̄2Þ þ Σ2ðm − r̄Þ −mΣða2 þ 3r̄2Þ� csc θ̄ − a2uθ̄½Σ2 þ 2mr̄Σþ 2mr̄ða2 þ r̄2Þ� cos θ̄g;

ðA2Þ

θ components,

b½0�
θ̄ð2;0Þ ¼

3

4
½a2 sin2θ̄ðΣuθ̄2þ1Þþ2r̄Σur̄uθ̄�;

b½0�
θ̄ð2;1Þ ¼

Lcsc θ̄
Σ

ðuθ̄ cot θ̄f4mr̄ða2þ r̄2Þ−Σ½a2þ r̄ð4mþ r̄Þ�þ2Σ2g−rur̄ΣÞ−4amr̄Euθ̄ cos θ̄
Σ

ða2þ r̄2−ΣÞ;

b½0�
θ̄ð2;2Þ ¼

1

4Σ2
ða2 sin2θ̄f2a2mr̄Σuθ̄2þ4amr̄ELþΣuθ̄2½2mr̄ðr2þΣÞþΣ2�g

−2cot θ̄½2mrða2þ r̄2Þ−2mr̄ΣþΣ2�ða2þ2L2csc2θ̄þ r̄2þΣÞ
þ2Σur̄uθ̄½mΣða2þ3r̄2Þ−2mr̄2ða2þ r̄2ÞþΣ2ðr̄−mÞ�Þ;

b½0�
θ̄ð4;0Þ ¼−

3Σ
4
ðΣuθ̄2þ1Þ½a2 sin2θ̄ðΣuθ̄2þ1Þþ2r̄Σur̄uθ̄�;

b½0�
θ̄ð4;1Þ ¼3auθ̄ cos θ̄ðΣuθ̄2þ1Þ½2a2mr̄EþaLðΣ−2mr̄Þþ2mrEðr̄2−ΣÞ�þ3

2
r̄ΣLur̄ csc θ̄ð2Σuθ̄2þ1Þ;

b½0�
θ̄ð4;2Þ ¼−

3

4Σ
½2a2L2cot θ̄½Σ2uθ̄2−4mð2r̄Σuθ̄2þ r̄Þ�þa2 sin2θ̄ð2a2mr̄ðΣ2uθ̄4−1Þþ4amr̄ELð2Σuθ̄2þ1Þ

þðΣuθ̄2þ1Þf2mr̄½r̄2ðΣuθ̄2−1ÞþΣþΣ2uθ̄2�þΣ2ðΣuθ̄2þ1ÞgÞ
þ2Σur̄uθ̄fðΣuθ̄2þ1Þ½mΣða2þ3r̄2Þ−2mr̄2ða2þ r̄2ÞþΣ2ðr̄−mÞ�þL2r̄Σcsc2θ̄g�;

b½0�
θ̄ð4;3Þ ¼

3L
2Σ

f4a3mr̄ELuθ̄ cos θ̄þ2a2uθ̄ðΣcos θ̄fuθ̄2½2mr̄ða2þ r̄2þΣÞþΣ2�þ2mr̄þΣg−2mr̄L2cot θ̄csc θ̄Þ
−ur̄ csc θ̄ð2Σuθ̄2þ1Þ½Σ2ðm− r̄Þ−mΣða2þ3r̄2Þþ2mr̄2ða2þ r̄2Þ�g;

b½0�
θ̄ð4;4Þ ¼

3L2uθ̄ csc θ̄
2Σ

fur̄ csc θ̄½Σ2ðm− r̄Þ−mΣða2þ3r̄2Þþ2mr̄2ða2þ r̄2Þ�−a2uθ̄ cos θ̄½2mr̄ða2þ r̄2þΣÞþΣ2�g; ðA3Þ

and ϕ components,

b½0�
ϕ̄ð2;0Þ ¼

1

2Σ
f2amr̄Euθ̄ sin 2θ̄ða2 þ r̄2 − ΣÞ þ Luθ̄ cot θ̄½−4mr̄ða2 þ r̄2Þ þ Σða2 þ 4mr̄þ r̄2Þ − 3Σ2� þ Lr̄Σur̄g;

b½0�
ϕ̄ð2;1Þ ¼

1

Σ2
ðL2 cot θ̄ csc θ̄½4mr̄ða2 þ r̄2Þ − 4mr̄Σþ Σ2� þ Σur̄uθ̄ sin θ̄½mð2r̄2 − ΣÞða2 þ r̄2 − ΣÞ − r̄Σ2�
− 4amr̄EL cos θ̄ða2 þ r̄2 − ΣÞ þ cos θ̄f2mr̄ða2 þ r̄2Þða2 þ r̄2 − ΣÞ − Σuθ̄2½2mr̄ða2 þ r̄2Þ2 þ ΔΣ2�gÞ;

b½0�
ϕ̄ð2;2Þ ¼

L
2Σ2

f3ur̄½mΣða2 þ 3r̄2Þ − 2mr̄2ða2 þ r̄2Þ þ Σ2ðr̄ −mÞ� þ uθ̄ cot θ̄½6mr̄ða2 þ r̄2Þ2 þ 3ΔΣ2 − Σ3�g;

b½0�
ϕ̄ð4;0Þ ¼ −

3

4
ΣLuθ̄½a2 sin 2θ̄ðΣuθ̄2 þ 1Þ þ 2r̄Σur̄uθ̄�;
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b½0�
ϕ̄ð4;1Þ ¼

3

2

�
cos θ̄

�
a2L2½2uθ̄2ðΣ−2mr̄Þþ1�þ

�
1

Σ
þuθ̄2

�
ða2þ r̄2−ΣÞ½a2ð2mr̄þΣÞþ2mr̄3þ r̄Σðr̄−2mÞ�

	

þ4amr̄ELuθ̄2cos θ̄ða2þ r̄2−ΣÞþrur̄uθ̄ sin θ̄½2mr̄ða2þ r̄2ÞþΔΣþ2ΣL2csc2θ̄�
�
;

b½0�
ϕ̄ð4;2Þ ¼−

3

2Σ2
½4amr̄Euθ̄fa2L2Σsin2θ̄þsin θ̄cos θ̄ða2þ r̄2−ΣÞ½a2ð2mr̄þΣÞþ2mr̄3þ r̄Σðr̄−2mÞ�g

þLða2uθ̄fsin θ̄cos θ̄½ða2þ r̄2Þð2mr̄Σ2uθ̄2þΣ2−8m2r̄2Þ−4Δmr̄ΣþΣ3ð2mr̄uθ̄2þ1ÞþΣ4uθ̄2�
þL2Σcot θ̄ðΣ−8mr̄ÞgþΣur̄fmða2þ r̄2−ΣÞ½r̄2ð2−2Σuθ̄2ÞþΣ2uθ̄2�
þrΣða2þ r̄2þΣ2uθ̄2þL2csc2θ̄ÞgÞ�;

b½0�
ϕ̄ð4;3Þ ¼

3

2Σ3
ð4amr̄ELcos θ̄fa2L2Σþða2þ r̄2−ΣÞ½a2ð2mr̄þΣÞþ2mr̄3þ r̄Σðr̄−2mÞ�g−4a2mr̄ΣL4cot θ̄csc θ̄

−Σur̄uθ̄ sin θ̄½Σ2ðm− r̄Þ−mΣða2þ3r̄2Þþ2mr̄2ða2þ r̄2Þ�½2mr̄ða2þ r̄2ÞþΔΣþ2L2Σcsc2θ̄�
þa2L2cos θ̄f8m2r̄2ðΣ− r̄2Þ−2a2mr̄½4mr̄þΣð3−2Σuθ̄2Þ�þ2mrΣ½r̄2ð2Σuθ̄2−3ÞþΣþ2Σ2uθ̄2�
þΣ3ð2Σuθ̄2þ1Þgþcos θ̄ða2þ r̄2−ΣÞ½a2ð2mr̄þΣÞþ2mr̄3þ r̄Σðr̄−2mÞ�

×f2mr̄Σ½uθ̄2ða2þ r̄2Þþ1�−2mr̄ða2þ r̄2ÞþΣ2ð2mr̄uθ̄2þ1ÞþΣ3uθ̄2gÞ;

b½0�
ϕ̄ð4;4Þ ¼

3L
2Σ3

fur̄½Σ2ðm− r̄Þ−mΣða2þ3r̄2Þþ2mr̄2ða2þ r̄2Þ�½2mr̄ða2þ r̄2ÞþΔΣþL2Σcsc2θ̄�
−a2uθ̄½2a2mr̄þ2mr̄ðr2þΣÞþΣ2�½mr̄ða2þ r̄2Þsin2θ̄þΔΣsin θ̄cos θ̄þL2Σcot θ̄�g: ðA4Þ

The fourth-order coefficients of Eq. (5.7) are

FE
a½2� ¼ 3 cos 10β0ð8k8 þ 36k7 þ 169k6 þ 1254k5 − 37555k4 þ 136064k3 − 198272k2 þ 131072k − 32768Þ

× ðb½2�āð10;0Þ − b½2�āð10;2Þ þ b½2�āð10;4Þ − b½2�āð10;6Þ þ b½2�āð10;8Þ − b½2�āð10;10ÞÞ − cos 8β0½14ηðk − 1Þð8k6 þ 41k5 þ 279k4

− 6784k3 þ 18752k2 − 18432kþ 6144Þðb½2�āð8;0Þ − b½2�āð8;2Þ þ b½2�āð8;4Þ − b½2�āð8;6Þ þ b½2�āð8;8ÞÞ
þ 24kðk − 2Þðk2 þ 4k − 4Þð2k4 − k3 þ 33k2 − 64kþ 32Þð5b½2�āð10;0Þ − 3b½2�āð10;2Þ þ b½2�āð10;4Þ þ b½2�āð10;6Þ

− 3b½2�āð10;8Þ þ 5b½2�āð10;10ÞÞ� þ cos 6β0½ð24k6 − 20k5 − 21k4 − 46k3 þ 343k2 − 384kþ 128Þ
× ð45b½2�āð10;0Þ − 13b½2�āð10;2Þ − 3b½2�āð10;4Þ þ 3b½2�āð10;6Þ þ 13b½2�āð10;8Þ − 45b½2�āð10;10ÞÞk2

þ 56ηðk − 2Þðk − 1Þð8k4 þ 29k3 þ 99k2 − 256kþ 128Þð2b½2�āð8;0Þ − b½2�āð8;2Þ þ b½2�āð8;6Þ − 2b½2�āð8;8ÞÞk
þ 560η2ðk − 1Þ2ðk4 þ 7k3 − 135k2 þ 256k − 128Þðb½2�āð6;0Þ − b½2�āð6;2Þ þ b½2�āð6;4Þ − b½2�āð6;6ÞÞ�
− 8 cos 4β0½12ðk − 2Þðkþ 1Þð2k − 1Þðk2 − kþ 1Þ
× ð15b½2�āð10;0Þ − b½2�āð10;2Þ − b½2�āð10;4Þ − b½2�āð10;6Þ − b½2�āð10;8Þ þ 15b½2�āð10;10ÞÞk3

þ 7ηðk − 1Þð8k4 − 7k3 − 9k2 þ 32k − 16Þð7b½2�āð8;0Þ − b½2�āð8;2Þ − b½2�āð8;4Þ − b½2�āð8;6Þ þ 7b½2�āð8;8ÞÞk2

þ 140η2ðk − 2Þðk − 1Þ2ðk2 þ 4k − 4Þð3b½2�āð6;0Þ − b½2�āð6;2Þ − b½2�āð6;4Þ þ 3b½2�āð6;6ÞÞk
þ 420η3ðk − 1Þ3ðk2 − 16kþ 16Þðb½2�āð4;0Þ − b½2�āð4;2Þ þ b½2�āð4;4ÞÞ� þ cos 2β0½6ð8k4 − 28k3 þ 33k2 − 10kþ 5Þ
× ð105b½2�āð10;0Þ þ 7b½2�āð10;2Þ þ b½2�āð10;4Þ − b½2�āð10;6Þ − 7b½2�āð10;8Þ − 105b½2�āð10;10ÞÞk4

þ 56ηðk − 2Þðk − 1Þð8k2 − 3kþ 3Þð14b½2�āð8;0Þ þ b½2�āð8;2Þ − b½2�āð8;6Þ − 14b½2�āð8;8ÞÞk3

þ 560η2ðk − 1Þ2ðk2 − kþ 1Þð15b½2�āð6;0Þ þ b½2�āð6;2Þ − b½2�āð6;4Þ − 15b½2�āð6;6ÞÞk2
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þ 13440η3ðk − 2Þðk − 1Þ3ðb½2�āð4;0Þ − b½2�āð4;4ÞÞkþ 26880η4ðk − 1Þ4ðb½2�āð2;2Þ − b½2�āð2;0ÞÞ�
− 2k2½4ðk − 2Þð6k2 − 11kþ 11Þð63b½2�āð10;0Þ þ 7b½2�āð10;2Þ þ 3b½2�āð10;4Þ þ 3b½2�āð10;6Þ þ 7b½2�āð10;8Þ þ 63b½2�āð10;10ÞÞk3

þ 7ηðk − 1Þð8k2 − 23kþ 23Þð35b½2�āð8;0Þ þ 5b½2�āð8;2Þ þ 3b½2�āð8;4Þ þ 5b½2�āð8;6Þ þ 35b½2�āð8;8ÞÞk2

þ 560η2ðk − 2Þðk − 1Þ2ð5b½2�āð6;0Þ þ b½2�āð6;2Þ þ b½2�āð6;4Þ þ 5b½2�āð6;6ÞÞk
þ 1680η3ðk − 1Þ3ð3b½2�āð4;0Þ þ b½2�āð4;2Þ þ 3b½2�āð4;4ÞÞ�

þ sin 2β0½6ð8k4 − 28k3 þ 33k2 − 10kþ 5Þð21b½2�āð10;1Þ þ 7b½2�āð10;3Þ þ 5b½2�āð10;5Þ þ 7b½2�āð10;7Þ þ 21b½2�āð10;9ÞÞk4

þ 28ηðk − 2Þðk − 1Þð8k2 − 3kþ 3Þð7b½2�āð8;1Þ þ 3b½2�āð8;3Þ þ 3b½2�āð8;5Þ þ 7b½2�āð8;7ÞÞk3

þ 560η2ðk − 1Þ2ðk2 − kþ 1Þð5b½2�āð6;1Þ þ 3b½2�āð6;3Þ þ 5b½2�āð6;5ÞÞk2

þ 6720η3ðk − 2Þðk − 1Þ3ðb½2�āð4;1Þ þ b½2�āð4;3ÞÞk − 26880η4ðk − 1Þ4b½2�āð2;1Þ�
− 4 sin 4β0½24ðk − 2Þðkþ 1Þð2k − 1Þðk2 − kþ 1Þð6b½2�āð10;1Þ þ b½2�āð10;3Þ − b½2�āð10;7Þ − 6b½2�āð10;9ÞÞk3

þ 7ηðk − 1Þð8k4 − 7k3 − 9k2 þ 32k − 16Þð7b½2�āð8;1Þ þ b½2�āð8;3Þ − b½2�āð8;5Þ − 7b½2�āð8;7ÞÞk2

þ 560η2ðk − 2Þðk − 1Þ2ðk2 þ 4k − 4Þðb½2�āð6;1Þ − b½2�āð6;5ÞÞk
þ 840η3ðk − 1Þ3ðk2 − 16kþ 16Þðb½2�āð4;1Þ − b½2�āð4;3ÞÞ�

þ sin 6β0½ð24k6 − 20k5 − 21k4 − 46k3 þ 343k2 − 384kþ 128Þ
× ð27b½2�āð10;1Þ − 3b½2�āð10;3Þ − 5b½2�āð10;5Þ − 3b½2�āð10;7Þ þ 27b½2�āð10;9ÞÞk2

þ 28ηðk − 2Þðk − 1Þð8k4 þ 29k3 þ 99k2 − 256kþ 128Þð3b½2�āð8;1Þ − b½2�āð8;3Þ − b½2�āð8;5Þ þ 3b½2�āð8;7ÞÞk
þ 560η2ðk − 1Þ2ðk4 þ 7k3 − 135k2 þ 256k − 128Þðb½2�āð6;1Þ − b½2�āð6;3Þ þ b½2�āð6;5ÞÞ�

− sin 8β0½48kðk − 2Þðk2 þ 4k − 4Þð2k4 − k3 þ 33k2 − 64kþ 32Þð2b½2�āð10;1Þ − b½2�āð10;3Þ þ b½2�āð10;7Þ − 2b½2�āð10;9ÞÞ
þ 14ηðk − 1Þð8k6 þ 41k5 þ 279k4 − 6784k3 þ 18752k2 − 18432kþ 6144Þðb½2�āð8;1Þ − b½2�āð8;3Þ þ b½2�āð8;5Þ − b½2�āð8;7ÞÞ�

þ 3 sin ð10β0Þð8k8 þ 36k7 þ 169k6 þ 1254k5 − 37555k4 þ 136064k3 − 198272k2 þ 131072k − 32768Þ
× ðb½2�āð10;1Þ − b½2�āð10;3Þ þ b½2�āð10;5Þ − b½2�āð10;7Þ þ b½2�āð10;9ÞÞ;

FK
a½2� ¼ 3 cos 10β0ðk − 2Þð8k6 þ 59k5 þ 325k4 þ 32000k3 − 97920k2 þ 98304k − 32768Þ

× ð−b½2�āð10;0Þ þ b½2�āð10;2Þ − b½2�āð10;4Þ þ b½2�āð10;6Þ − b½2�āð10;8Þ þ b½2�āð10;10ÞÞ
þ cos 8β0½112ηðk − 2Þðk − 1Þðk4 þ 8k3 þ 760k2 − 1536kþ 768Þðb½2�āð8;0Þ − b½2�āð8;2Þ þ b½2�āð8;4Þ − b½2�āð8;6Þ þ b½2�āð8;8ÞÞ
þ 6kð8k6 þ 19k5 þ 45k4 þ 1920k3 − 6080k2 þ 6144k − 2048Þ
× ð5b½2�āð10;0Þ − 3b½2�āð10;2Þ þ b½2�āð10;4Þ þ b½2�āð10;6Þ − 3b½2�āð10;8Þ þ 5b½2�āð10;10ÞÞ�

− cos 6β0½ðk − 2Þð24k4 þ 49k3 þ 79k2 − 256kþ 128Þ
× ð45b½2�āð10;0Þ − 13b½2�āð10;2Þ − 3b½2�āð10;4Þ þ 3b½2�āð10;6Þ þ 13b½2�āð10;8Þ − 45b½2�āð10;10ÞÞk2

þ 224ηðk − 1Þð2k4 þ 5k3 þ 123k2 − 256kþ 128Þð2b½2�āð8;0Þ − b½2�āð8;2Þ þ b½2�āð8;6Þ − 2b½2�āð8;8ÞÞk
þ 560η2ðk − 2Þðk − 1Þ2ðk2 þ 128k − 128Þðb½2�āð6;0Þ − b½2�āð6;2Þ þ b½2�āð6;4Þ − b½2�āð6;6ÞÞ�

þ 8 cos 4β0½3ð8k4 − 13k3 − 3k2 þ 32k − 16Þð15b½2�āð10;0Þ − b½2�āð10;2Þ − b½2�āð10;4Þ − b½2�āð10;6Þ − b½2�āð10;8Þ þ 15b½2�āð10;10ÞÞk3
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þ 56ηðk − 1Þðk3 − 6kþ 4Þð7b½2�āð8;0Þ − b½2�āð8;2Þ − b½2�āð8;4Þ − b½2�āð8;6Þ þ 7b½2�āð8;8ÞÞk2

þ 140η2ðk − 1Þ2ðk2 þ 16k − 16Þð3b½2�āð6;0Þ − b½2�āð6;2Þ − b½2�āð6;4Þ þ 3b½2�āð6;6ÞÞk
þ 6720η3ðk − 2Þðk − 1Þ3ðb½2�āð4;0Þ − b½2�āð4;2Þ þ b½2�āð4;4ÞÞ�

− cos 2β0½6ðk − 2Þð8k2 − 5kþ 5Þð105b½2�āð10;0Þ þ 7b½2�āð10;2Þ þ b½2�āð10;4Þ − b½2�āð10;6Þ − 7b½2�āð10;8Þ − 105b½2�āð10;10ÞÞk4

þ 224ηðk − 1Þð2k2 − 3kþ 3Þð14b½2�āð8;0Þ þ b½2�āð8;2Þ − b½2�āð8;6Þ − 14b½2�āð8;8ÞÞk3

þ 560η2ðk − 2Þðk − 1Þ2ð15b½2�āð6;0Þ þ b½2�āð6;2Þ − b½2�āð6;4Þ − 15b½2�āð6;6ÞÞk2

þ 53760η3ðk − 1Þ3ðb½2�āð4;0Þ − b½2�āð4;4ÞÞkþ 26880η4ðk − 2Þðk − 1Þ3ðb½2�āð2;0Þ − b½2�āð2;2ÞÞ�
þ 2k½ð24k2 − 71kþ 71Þð63b½2�āð10;0Þ þ 7b½2�āð10;2Þ þ 3b½2�āð10;4Þ þ 3b½2�āð10;6Þ þ 7b½2�āð10;8Þ þ 63b½2�āð10;10ÞÞk4

þ 56ηðk − 2Þðk − 1Þð35b½2�āð8;0Þ þ 5b½2�āð8;2Þ þ 3b½2�āð8;4Þ þ 5b½2�āð8;6Þ þ 35b½2�āð8;8ÞÞk3

þ 560η2ðk − 1Þ2ð5b½2�āð6;0Þ þ b½2�āð6;2Þ þ b½2�āð6;4Þ þ 5b½2�āð6;6ÞÞk2 þ 13440η4ðk − 1Þ3ðb½2�āð2;0Þ þ b½2�āð2;2ÞÞ�
− sin 2β0½6ðk − 2Þð8k2 − 5kþ 5Þð21b½2�āð10;1Þ þ 7b½2�āð10;3Þ þ 5b½2�āð10;5Þ þ 7b½2�āð10;7Þ þ 21b½2�āð10;9ÞÞk4

þ 112ηðk − 1Þð2k2 − 3kþ 3Þð7b½2�āð8;1Þ þ 3b½2�āð8;3Þ þ 3b½2�āð8;5Þ þ 7b½2�āð8;7ÞÞk3

þ 560η2ðk − 2Þðk − 1Þ2ð5b½2�āð6;1Þ þ 3b½2�āð6;3Þ þ 5b½2�āð6;5ÞÞk2 þ 26880η3ðk − 1Þ3ðb½2�āð4;1Þ þ b½2�āð4;3ÞÞk
þ 26880η4ðk − 2Þðk − 1Þ3b½2�āð2;1Þ�

þ 8 sin 4β0½3ð8k4 − 13k3 − 3k2 þ 32k − 16Þð6b½2�āð10;1Þ þ b½2�āð10;3Þ − b½2�āð10;7Þ − 6b½2�āð10;9ÞÞk3

þ 28ηðk − 1Þðk3 − 6kþ 4Þð7b½2�āð8;1Þ þ b½2�āð8;3Þ − b½2�āð8;5Þ − 7b½2�āð8;7ÞÞk2

þ 280η2ðk − 1Þ2ðk2 þ 16k − 16Þðb½2�āð6;1Þ − b½2�āð6;5ÞÞkþ 6720η3ðk − 2Þðk − 1Þ3ðb½2�āð4;1Þ − b½2�āð4;3ÞÞ�
− sin 6β0½560η2ðk − 2Þðk − 1Þ2ðk2 þ 128k − 128Þðb½2�āð6;1Þ − b½2�āð6;3Þ þ b½2�āð6;5ÞÞ
þ 112ηðk − 1Þð2k4 þ 5k3 þ 123k2 − 256kþ 128Þð3b½2�āð8;1Þ − b½2�āð8;3Þ − b½2�āð8;5Þ þ 3b½2�āð8;7ÞÞk
þ ðk − 2Þð24k4 þ 49k3 þ 79k2 − 256kþ 128Þð27b½2�āð10;1Þ − 3b½2�āð10;3Þ − 5b½2�āð10;5Þ − 3b½2�āð10;7Þ þ 27b½2�āð10;9ÞÞk2�

þ sin 8β0½112ηðk − 2Þðk − 1Þðk4 þ 8k3 þ 760k2 − 1536kþ 768Þðb½2�āð8;1Þ − b½2�āð8;3Þ þ b½2�āð8;5Þ − b½2�āð8;7ÞÞ
þ 12kð8k6 þ 19k5 þ 45k4 þ 1920k3 − 6080k2 þ 6144k − 2048Þð2b½2�āð10;1Þ − b½2�āð10;3Þ þ b½2�āð10;7Þ − 2b½2�āð10;9ÞÞ�

− 3 sin 10β0ðk − 2Þð8k6 þ 59k5 þ 325k4 þ 32000k3 − 97920k2 þ 98304k − 32768Þ
× ðb½2�āð10;1Þ − b½2�āð10;3Þ þ b½2�āð10;5Þ − b½2�āð10;7Þ þ b½2�āð10;9ÞÞ; ðA5Þ

where, due to their large format, we have made the higher-order b½2� coefficients available online via a Mathematica package
on Zenodo [51] and shortly on the black hole perturbation toolkit [62].
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