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We investigate the phase space symmetries and conserved charges of homogeneous gravitational
minisuperspaces. These (0 4 1)-dimensional reductions of general relativity are defined by spacetime
metrics in which the dynamical variables depend only on a time coordinate and are formulated as
mechanical systems with a nontrivial field space metric (or supermetric) and effective potential. We show
how to extract conserved charges for those minisuperspaces from the homothetic Killing vectors of the field
space metric. In the case of two-dimensional field spaces, we exhibit a universal eight-dimensional
symmetry algebra A = (8(2,R) @ R) & ,, based on the two-dimensional Heisenberg algebra §j, ~ R*.
We apply this to the systematic study of the Bianchi models for homogeneous cosmology. This extends the
previous results on the 8[(2,R) algebra for Friedmann-Lemaitre-Robertson-Walker cosmology and the
Poincaré symmetry for Kantowski-Sachs metrics describing the black hole interior. The presence of this
rich symmetry structure already in minisuperspace models opens new doors toward quantization and the

study of solution generating mechanisms.
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I. INTRODUCTION

One of the most useful and conceptually profound results
in modern physics comes from the work of Noether [1,2]. It
relates symmetries, which are maps between classical
solutions, to conservation laws, which are constants of
the motion along each classical solution. In gauge theories
and, in particular, general relativity, Noether’s two theo-
rems together imply that symmetry transformations (which
can be exact isometries or, more generally, asymptotic
symmetries) give rise to codimension-2 surface charges
(see [3—7] for modern references). These encode important
physical information about, e.g., the mass (or energy),
angular momentum, and possible radiation for certain
classes of spacetimes. The existence in gauge theories of
such nonvanishing charges signals the fact that boundaries
turn otherwise gauge symmetries into physical symmetries.
The charges generating these physical symmetries endow
moreover the boundary with a nontrivial algebraic struc-
ture, which in gravity has been studied extensively since the
pioneering work of Bondi and co-workers [8,9], Sachs
[10,11], and others [12—-18]. In order to understand this fine
structure of general relativity, many authors have also
turned to the study of symmetry charges and algebras in
lower-dimensional gravity (see, e.g., [19-28] and [29-38]
in two and three spacetime dimensions, respectively).

Going lower in dimension, one finds (0+ 1)-dimensional
models, in which case field theories reduce to mechanical
systems where the dynamical variables evolve only in time.
In general relativity, such models are called minisuperspa-
ces and arise from the reduction to a finite number of
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homogeneous degrees of freedom [39]. This includes, for
example, Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmologies, Bianchi models, and also the so-called
Kantowski-Sachs cosmological models [40] describing,
in particular, the black hole interior (where, due to the
exchange of the radial and temporal coordinates, the metric
does indeed become homogeneous). This article is devoted
to the study of the symmetry properties of such minisuper-
space models. As expected, they inherit from full general
relativity a remnant of diffeomorphism invariance, which
is the freedom in performing redefinitions of the time
coordinate. The generator of these reparametrizations is the
Hamiltonian itself. Our goal is to explain and show that in
most minisuperspace models the Hamiltonian can in fact
be embedded in larger symmetry algebras, which moreover
bear similarities to the boundary symmetry algebras arising
in four-dimensional general relativity. Although the min-
isuperspace models are not gauge field theories and have no
spatial boundaries, the symmetries that we unravel act as
physical symmetries (changing, e.g., the mass of a black
hole) and also interplay with the spatial cutoffs required in
order to meaningfully define the homogeneous reduction of
the Einstein-Hilbert action (and which are therefore rem-
nants of information about the boundary) [41].

The systematic study of such symmetries of minisuper-
space models was initiated in [42—47] (see also [48]), where
it was shown in the context of FLRW cosmology that the
Hamiltonian belongs to an 8[(2,R) algebra called CVH.
This latter is spanned by the Hamiltonian H together with the
volume V and the generator C of isotropic dilatations on
phase space. This was extended in [49] to include spatial
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curvature and a cosmological constant. In [50], the present
authors have studied the Kantowski-Sachs model describing
the black hole interior and found that there the CVH algebra
gets extended to an i80(2, 1) algebra of conserved charges,
encoding the dynamics of the system in an algebraic manner.
This was then extended to Schwarzschild (anti)de Sitter
(AdS) metrics in [51]. This body of results led to a
completely symmetry-based quantization of the black hole
interior model in [52]. In [53,54] (see also [55] for related
results), the infinite-dimensional enhancement of 81(2, R)
and i80(2, 1) to the Virasoro and bms; algebras, respec-
tively, has been studied, and it was shown that these
extended transformations (which are of course motivated
from three- and four-dimensional gravity) enable generation
of, e.g., a cosmological constant term in the minisuperspace
models. It was also shown that the (0 + 1)-dimensional
minisuperspace actions can be written as geometric actions
for the enhanced symmetry groups.

Although minisuperspace models seem to be very
simple, they contain a rich and physically useful symmetry
structure whose origin is not yet understood in a systematic
manner. This is what we aim at improving here. At first
sight, one could think of approaching this problem using
the Hamiltonian formulation, where roughly speaking the
requirement of homogeneity amounts to solving the vector
constraint. We are then left with the scalar constraint only,
which furthermore splits as H = Hy;, + Hyo into a kinetic
term and a potential term. The kinetic term depends on the
Arnowitt, Deser and Misner (ADM) momenta, while the
potential only depends on the Ricci scalar of the three-
dimensional slice (and the spatial volume in the presence of
a cosmological constant). As explained in Appendix A, the
kinetic term H,, always forms an 8[(2, R) algebra together
with the volume (which is the integral on the slice of /q)
and the smeared extrinsic curvature. This is, however, not
sufficient in order to obtain symmetries of the model, since
(as we will recall below) the construction of the conserved
charges (which generate the said symmetries) requires
the full Hamiltonian to be part of the algebra and not only
its kinetic part. When the minisuperspace model is such
that the three-dimensional Ricci curvature vanishes, the
Hamiltonian has only a kinetic term and we are therefore
guaranteed that the CVH algebra exists. This is what
happens, for example, in flat FLRW cosmology. In more
general models, where a nontrivial potential is present, we
are therefore left with the question of how to recover (if
possible) a CVH-type algebra. It turns out that studying this
problem frontally by computing Poisson brackets involving
the three-dimensional Ricci scalar is too cumbersome. An
alternative route, which is the one we set out to study here,
is to use the superspace formulation.

The authors [56-62] have also studied the phase space
symmetries of homogeneous cosmological models [with-
out explicit reference to an 31(2, R) CVH algebra, how-
ever], but using a field space formulation. This formulation

is based on the following simple observation: When
evaluating the Einstein-Hilbert action on a minisuperspace
line element, the action reduces to a one-dimensional
mechanical model of the form

s= [ (%g,wez”qv - U(q))

For simplicity and illustrative purposes, we have set here the
lapse inherited from the line element to N = 1. Its choice (in
afield-dependent manner) will, however, be fundamental for
the construction, as we explain in detail in the rest of the
article. Here g, is not the spacetime metric, but rather the
metric on field space, or superspace. It controls the form of
the kinetic term that depends on the coordinates ¢* on field
space. N is the lapse inherited from the line element, and U is
the potential inherited from the spatial integral of the three-
dimensional Ricci scalar (i.e., it is essentially the potential
Hpor appearing in the Hamiltonian). As noticed in [56-62],
the symmetry properties of the minisuperspace model can be
inferred from the symmetries of the supermetric and the
potential. To explain how this comes about, suppose we
identify a vector field such that £:g,, = 4g,, and £:U =
—AU with 4 = constant. Then the quantity C=&'p,
obtained by contracting the vector field with the momentum
is such that its Poisson bracket with the Hamiltonian gives
{C, H} = 2H.From this one can immediately conclude that
Q= C-1tAH is a conserved quantity, which therefore
generated a symmetry of the theory. This is in essence
the relationship between the field space geometry g, and the
symmetries of the minisuperspace phase space. In the CVH
algebra, the volume V gives rise to a conserved quantity that
is quadratic in time, at the difference with C which is linear.
Our goal is to generalize the construction of [56-62]
outlined above and explain how such quadratic charges
(and therefore a CVH algebra) can be constructed. As we are
going to see in detail, this depends heavily on the choice of
the lapse and on the potential U, which is what makes the
analysis involved.

In summary, we show that the above construction based on
conformal Killing symmetries of the supermetric g, can, for
some minisuperspace models, identify many more conserved
charges than that forming the CVH algebra. For FLRW
cosmology with a scalar field, Kantowski-Sachs cosmolo-
gies and the Bianchi models (III, V, VI), we exhibit an eight-
dimensional symmetry algebra A = (8[(2,R) & R) & b,
where §j, ~ R* is the two-dimensional Heisenberg algebra.
For the Bianchi models (VIII, IX), only the 8[(2,R) CVH
subalgebra survives; while, oddly enough, for the Bianchi
models (IV, VII), we find that the construction fails and does
not lead to an algebra. These are all models with a two-
dimensional field space (spanned essentially by two scale
factors or one scale factor and the scalar field in the case of
FLRW with matter). We conclude the paper with a study of
three-dimensional field spaces, which arise in the Bianchi I

(1.1)
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and [T models. In the case of Bianchi I, we find an algebra that
has dimension 30, while for Bianchi II the algebra is four
dimensional. In both cases, the 81(2,R) CVH algebra
appears as a subalgebra. The reason for which some of these
algebras are much bigger than the dimensionality of the
phase space is that the generators satisfy dependency
relations. In the case of the algebra A these are analogous
to Sugawara constructions starting from four building
blocks, which are the generators of the two-dimensional
Heisenberg algebra ),. The choice of a preferred subalgebra
on which to base the group quantization will therefore
depend on which physical variable we wish to represent in
the quantum theory [41,52]. It is therefore desirable to obtain
these enlargements of the 8[(2, R) symmetry algebra, even if
classically these may seem a redundant description of the
dynamics and the symmetries. We note that this article is
devoted to the presentation of the technical construction of
these algebras and to their classification in the case of FLRW,
Kantowski-Sachs, and Bianchi models. Physical applica-
tions (e.g., to quantization and solution generating trans-
formations) will be presented elsewhere.

This article is organized as follows. We start in Sec. II by
discussing, in general, about homogeneous reductions of
general relativity. This shows how minisuperspace models
are formulated as mechanical Lagrangians of the form
(2.10) with a given field space geometry. We then explain
the relationship between conformal Killing vectors of this
field space geometry and conserved quantities. We clarify
the role of the potential and of the lapse in this procedure.
Section III is then devoted to the study of models that give
rise to a two-dimensional field space. We explain how the
algebra A arises from the geometry of two-dimensional
Minkowski field space and how the presence of a non-
vanishing potential may actually restrict this algebra to a
subalgebra. We then apply these criteria to the Bianchi
models and to the black hole interior. Finally, Sec. IV
presents the example of three-dimensional field spaces,
which arise in the case of the Bianchi I and II models
(which have three scale factors). Appendix D presents a
useful summary of the properties of the various Bianchi
models, listing their line elements, potentials, and fiducial
volumes.

I1. MINISUPERSPA CES

In this section, we present the formalism used to describe
homogeneous minisuperspace models in general relativity
and to study their symmetries. We start by reviewing the
homogeneous reduction of gravity and introduce a triad
formulation, which allows us to separate the homogeneous
dynamical fields from the background geometric structure
of the various minisuperspace models. This enables us to
identify an internal metric on field space (or superspace),
whose geometry controls the dynamics of the homo-
geneous symmetry-reduced action. We then explain how
the symmetries of this field space geometry can be

translated into algebraic and symmetry structures on the
phase space of the minisuperspace models.

A. Homogeneous reduction of gravity

In this work, we are interested in the study of homo-
geneous minisuperspace models, for which the Einstein-
Hilbert action reduces to a mechanical action integrated
over a single time variable. In order to set the stage, let us
consider a four-dimensional spacetime equipped with a
metric of the general form

dsip = —N(1)2dF 4 qup(x, 1)dx*dx?,

Qap(x. 1) = €f(x)ep(x)7(1)- (2.1)

In this parametrization, the spatial triad e, does not depend
on the time coordinate, but only on the position on the
spatial slice. All the dynamical information is therefore
captured in the spatially homogeneous but time-dependent
fields y;;. This parametrization is a convenient way to keep
track of the fact that in, e.g., Bianchi models (see
Appendix D), the metric can depend explicitly on the
spatial coordinates but the dynamical fields that evolve in
time are homogeneous. In the full ADM field theory, the
temporal and spatial dependencies cannot be disentangled
and are captured by a single field g,;(z,x), which is the
metric on a slice. Here, however, because of homogeneity,
the gravitational action will reduce to a mechanical model
with only evolution in time.

In minisuperspace models, a leftover of the ADM formu-
lation is encoded in the fact that the Hamiltonian of the
mechanical model is the scalar constraint of general rela-
tivity. Because the line element (2.1) does not contain shift
terms, i.e., space/time cross terms proportional to drdx®, we
need, however, to ensure for consistency that the ADM
vector constraints are satisfied (which amounts to requiring
that the projection of the Einstein equations on the spatial
slice are satisfied). To this purpose, let us first compute the
extrinsic curvature of the three-dimensional slice,

. 1 i, ap 1 ijy
:ﬁ%ﬂ:ﬁeaeﬂu, K:=q Kaﬂ:ﬁy Vijs

(2.2)

K

where y"/ is the inverse of the internal metric, y"y ; = &;.

Writing D, for the three-dimensional covariant deriva-
tive' with respect to the hypersurface metric g4, imposing
the vector constraint amounts to the requirement that

1Using the convention D, for the 3D covariant derivative, we
keep the notation V,, for the covariant derivative with respect to
the metric g, on field space.
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D,(efe) = 0.

1 o
o (M7 )y +77)Dy el

D(I(anﬁ _ Ka/i) — N

(2.3)

The internal metric y;; must be chosen such that this
equation is satisfied (if this is not already the case given
the form of e¥). As we will see shortly, it turns out that in
the majority of the cases relevant for general relativity the
internal metric only depends on two dynamical fields,
which will be denoted by a(f) and b(z).

When the constraint (2.3) is satisfied, the dynamical
evolution is described by the scalar constraint alone, and
the evolution equations derived from the symmetry-
reduced homogeneous action coincide with the homo-
geneous reduction of the full Einstein field equations.
The Einstein-Hilbert action for the line element (2.1)
reduces to

1 5 4
/= —2A
16ﬂGA /d *=9(R )

dxN
16ﬂG[f/ V(K

d3x\/_K

KyK? + RO —2A)

8G

Vo [ 1 i o
B G[f dt‘/_LN((y 7i)* + 777 2NA}

1 t
d3xN/gR®) + Sguy. 2.4
+ e /q é xN\/q + OGHY (2.4)
Here we have introduced the fiducial volume
V ! d3 le] (2.5)
= xlel, .
0 ]671' b

where e = det(e!,), which we want to be finite. Depending
on the topology of X, this may require the introduction of
cutoffs (i.e., further fiducial quantities) on the spatial
integrations, as done in Appendix D for the various models
of interest. Finally, the Gibbons-Hawking-York (GHY)
term is a total derivative and does not play any role in
the evolution of the classical system.

This symmetry-reduced action (2.4) should be seen as
the action for a mechanical model, describing the evolution
in time of the degrees of freedom y;;(). The kinetic term
comes from the extrinsic curvature contribution to the four-
dimensional curvature in the Einstein-Hilbert Lagrangian,
while the three-dimensional Ricci scalar R©®) plays the role
of the potential. Unfortunately, there is no general formula
at this stage for splitting R®) into a time-dependent
dynamical part and a purely spatial frame-dependent piece
(see Appendix B for the explicit computation of the 3D
curvature), and its expression will be evaluated on a case-
by-case basis. The equation of motion obtained from the

variation of this action with respect to the lapse imposes, as
expected, the scalar constraint.

Let us now illustrate this general construction with the
example of the Bianchi III line element (we give all the
other minisuperspace examples in Sec. I C),
ds; = —=N(1)?d7* + a(1)?dx? + b(1)>L2(dy? + sinh?yd¢?).

(2.6)
For this line element, the triad and the internal time-
dependent metric are given by
eldx® = dx,
eldx® = L,

e2dx® = Ldy,

sinh ydg, yij = diag(a®, b*,b?).  (2.7)
One can easily check that the condition (2.3) is indeed
satisfied. The length scale L has been introduced in order
to have dimensionless fields a and b. Since the spatial slice
has the topology R? x S', we need to introduce two fiducial
scales in order to have a finite spatial volume. Introducing
cutoffs” in the two noncompact x and y directions, we get

Vo=1gz [ ar [T ay [T apriisinny
1

= — L, L2sinh® Yo,
4 2

Up to the total time derivative, the action (2.4) evaluated for
(2.6) then gives

(2.8)

Vo

S=-3G

/ dt{ (4ba b +2ab*) + 2N <L“’2 + Aabz)] .
S (2.9)

This is indeed a mechanical system encoding the evolution
in time of the 2 degrees of freedom a and b, which are the
dynamical components of the minisuperspace line element.
Our goal is to now describe the phase space symmetries of
such minisuperspace models, that is identify the (possibly)
time-dependent constants of motion, to be interpreted as
Noether charges generating the symmetries of the system.
For this, we turn to a field space formulation.

B. Field space formulation

The mechanical actions of the form (2.9), obtained from
a homogeneous reduction of general relativity, always
describe a particle moving in an auxiliary curved spacetime

Note that there are several fiducial scales entering the
equations. L is used to ensure that the dynamical fields are
dimensionless, while L,, L, ... are dimensionful cutoffs (fiducial
lengths) on the variables x, y, ..., while xg, yy, ... are dimension-
less cutoffs.
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and subject to a potential. The coordinates on this space-
time are the independent fields that appear in the internal
metric y;;. This dynamics is described by mechanical
Lagrangians of the form

c (2.10)

— L G - NO(g)
—2N9;wqq q)-

The tensor g, (g) is the invertible metric on the field space,
on which the ¢’s are coordinates. We will denote by d3?

mini
the corresponding line element. These quantities should not
be confused with the original spacetime metric and coor-
dinates.’ In particular, note that the dimension of the field
space metric can vary on a model-dependent basis even
when the dimension of spacetime is fixed.

In what follows, it will sometimes be useful to perform
redefinitions of the fields entering the minisuperspace
model (2.1). This induces a redefinition of the coordinates
g" in the field space and, in turn, a redefinition of the field
space metric. It will, for example, be convenient to write the
flat field space metrics in explicit Minkowski form. These
changes of coordinates simply exploit the freedom in
changing variables in the minisuperspace model. For
example, in FLRW cosmology, one can work with the
scale factor a or with the volume a?. The range of the
coordinates in the field space formulation simply follows
the range of the dynamical variables in the minisuperspace
model. The equivalence between the equations of motion
derived from the homogeneous Lagrangian (2.10) and the
homogeneous reduction of Einstein field equations ensures
the consistency of the field space approach. The presence of
singularities or degenerate metrics occurs then in the same
way as in the standard general relativity formulation.

In the example of the Bianchi III model described above,
the Lagrangian corresponding to the reduced action (2.9) is
indeed of the form (2.10) with ¢* = (¢', ¢*) = (a, b) and

ds?

mini

~ a

N

0 b
= —8bhdadb — 4adb?, Gy = _4< ),
nw
b a

(2.11)

The lapse function N is a remnant of the diffeomorphism
invariance inherited from the full theory. It plays the role of

*We still use greek letters to denote the coordinates on the field
space. In summary, we have three kinds of indices:

(i) The coordinates and the metric on the hypersurface are x*
and Gap> where a,fB,y,...=1,....,3.

(i) The internal indices for the internal metric and the frame
are I, j, k,... = 1,...,3. We also use latin letters to label
the Killing vectors below, but place them between
parentheses: (i), (j), -...

The coordinates and the metric on field space are ¢ and
Juv» but the range can vary on a model-dependent basis.

(iii)

a Lagrange multiplier enforcing the Hamiltonian constraint,
and it ensures that the model is invariant under time
reparametrizations. The Lagrangian (2.10) is indeed invari-
ant under the symmetry
Seq" = fq*,  S§N=fN+fN, (2.12)
for a generic function f which can also be field dependent.
Performing a Legendre transform of (2.10), we obtain the
Hamiltonian on the phase space {¢*, p,} = &, which is

..
pﬂ :ﬁgﬂbqy7

1 ~
H:=NH = EN‘awpﬂpl/ + NU(q),

L= p,¢" - NH,
(2.13)

with H =~ 0 on shell. At the classical level, any choice of
lapse leads to an equivalent description of the dynamics. It
is indeed common to simply view a choice of lapse, which
can also be field dependent, as a choice of clock. For
example, working with the proper time 7z, defined by
dr = Ndt, is equivalent to setting N = 1.

As we are about to see, in order to study the symmetries
it will, however, be important to choose the lapse as a field-
dependent function N(g) and to keep track of its interplay
with the field space metric and the potential. For this
reason, we will stick to the time variable # and denote d/d¢
by a dot, and we view the lapse as a conformal factor in
front of the field space metric. We therefore introduce a
rescaled metric such that

1

g;w = Ng;wv p” = g”ypu = q”v
0
gﬂ = gﬂbfﬂ’ aﬂ = a—q”’ (214)

for any vector on the field space &“. The evolution of a
phase space observable O with respect to ¢ is given by

.d 1 ~
ozzd_(f:at0+{(9,H}, H==NH=§p"pﬂ+NU-

(2.15)

Below we will interpret a change of lapse as a change of
field space metric instead of a change of time (although
the two pictures are equivalent at the end of the day). We
would like to remark that the phase space is actually
independent of the choice of lapse, and hereafter we will
think of it as a function of phase space, instead of a
free field.

When working with the rescaled metric g,,, the equation
of motion obtained by varying (2.10) with respect to g* is

G* +Thed”q° + ¢0,U = 0, (2.16)
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where I is the Christoffel connection of the field space
metric G- In the free case, i.e., without potential, this is
simply the geodesic equation, and the scalar constraint
H = ptp,/2 =0 restricts us to the null geodesics. In this
case, the evolution of a phase space functions O along any
trajectory is given by

0 =09,0+p"3,0,  po,p*=0. (2.17)
In order to unravel the symmetries on the phase space of
this system, we first need to study the Killing vectors of the
field space metric g, and to understand their relation with
conserved quantities.

1. Killing vectors and conserved quantities

We now turn to the core of the discussion and explain
how the phase space symmetry algebra is related to the
symmetries of the field space metric. We begin with the
analysis of the free case, for a vanishing potential. Let us
start by considering the initial field space metric g,, without
conformal rescaling by the lapse. We are interested in its
conformal Killing vectors &, which by definition are
such that
£:9u = V.6, + V.6, = 17, £:9% = —Ag". (2.18)
Here V is the covariant derivative with respect to g.
Whenever /1 is constant and nonvanishing, we refer to
these conformal Killing vectors as homothetic Killing
vectors, while in the vanishing case we have frue Killing
vectors. It is now easy to see that the presence of a
conformal factor N does not change the fact that a given
vector & is conformal, but changes, however, the value of
A. Indeed, we have

1
£§g;w =V 51/ + vl/éﬂ - ‘£§< g/u/)

N 1
= (/1 - £.f IOg N) <Ng””> ==/19m,. (219)

This means that a field-dependent change of lapse can
change the nature of a conformal Killing vector, by making
the weight nonconstant, constant, or vanishing. This is a first
indication of the importance of the lapse in this analysis.
In order to set the stage and continue the discussion, let
us now assume that we have fixed the lapse once and for all
and that we have found the homothetic Killing vectors of
the metric g,,, i.e., the vectors such that 4 is constant (and
possibly vanishing). The whole set {£;) } of homothetic and
true Killing vectors then forms an algebra with commuta-
tion relations
[5(1’)’ 5(])] = (Zjl(li)vpé?j) - gf(lj)v”é«z(/l))a (220)

v = Cijkf(k)v

where the coefficients c,-j" are the structure constants.

Furthermore, as shown in Appendix C, these Killing vectors
are also solutions of the geodesic deviation equation

PV E, =

With these vectors at hand let us now consider the phase
space functions

/mup” uéa (221)

C(,') = pﬂf’(‘i). (222)
By construction, we then get that
1
{Ci HY = p*0,(pucly) =340 9P P =4 . (2.23)

which immediately implies that we have conserved quan-
tities defined as

Qi) = Cy) — Ay H

Q(i) =0,Q) +{Qu H} =0. (2.24)

These conserved charges are linear in time, they are evolv-
ing constants of motion, as uncovered for FLRW cosmol-
ogy and black hole mechanics in the previous works
[42,45,47,50,52,54]. The charge Q<,-) can indeed be under-
stood as the initial condition at # = O for the observable C ;).
This set of conserved charges form part of the phase space
symmetry algebra that we set out to unravel. One can already
add to this set the Hamiltonian at this stage. Then the question
that remains is whether we can extend the construction to
include charges that are quadratic (or higher polynomials) in
time. This will be the goal of the next section.

As conserved quantities, the charges (2.24) are gener-
ators of symmetries of (2.10) whose infinitesimal action is
6q" ={q". Qi} =& -

lp = {:/(‘1) — l%(i)é]”, (22521)

6Py = Py Qi} = =10 +5 A1) PuP,y0ug” . (2.25b)

The interpretation of this symmetry transformation is as
follows. Let us start with a geodesic that is affinely
parametrized. Since the conformal Killing vectors are
solutions of the geodesic deviation equation, the result
of the transformation is to first move the point g* to a
nearby geodesic. Then, is shifts along this new geodesic by
—tA(; p", in order to account for a potential dilatation of the
spacetime generated by &;), so as to obtain again an affine
parametrization of the new solution.

Using the Poisson bracket on phase space, we can finally
show that the conserved charges constructed from the &;)’s
form an algebra that reproduces the Lie algebra of the
Killing vectors, i.e.,

Qi Qi) =

_ciij(k)' (226)
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As we will illustrate below, it should be noted that the size
of this algebra (or even its existence) depends on the choice
of the lapse (or conformal factor for the metric) N. This
does not mean that we cannot recover the corresponding
conserved charges in any time parametrization, but con-
versely that their form might depend on the history of the
system. This happens because the factors of ¢ that appear in
the expressions of the conserved charges (2.24), when
expressed in terms of another time 7, would lead to nonlocal
terms given by the integral of the ratio of the two lapses,
associated with the original and the new times: Ndf =
Ndi = ¢t = [di(N/N) [41].

Inspired by the symmetry structure that has been
exhibited in previous work for cosmological minisuper-
spaces [43,45-47,49,53] and for the black hole interior
[50,51,54], we would like to extend the above construction
to charges that are quadratic in time. This can be done in a
systematic manner in the case of two-dimensional field
spaces, which fortunately enough covers many homo-
geneous models of general relativity. The construction in
the case of higher-dimensional field spaces has to be done
on a case-by-case basis.

2. Inclusion of a potential

Before turning to the study of the two-dimensional field
space geometries, we present a first brief discussion
concerning the inclusion of a nonvanishing potential.
Once again, this is an aspect that is heavily impacted by
the choice of lapse and that we illustrate below with many
examples. Let us assume that the lapse has been chosen to
be field dependent.

If the product N(g)U(q) is equal to a constant U, then
this constant does not play any fundamental role from the
point of view of the symmetry algebra. All of the above
discussion is still valid, except for the fact that previously
null trajectories now become massive or tachyonic. Indeed,
such a constant potential is a boundary term for the point of
view of the action. In the charge algebra, the effect of a
constant term U, is simply to shift the value of the
Hamiltonian to obtain the charge

QO = H - U(), {O, H} — {O, Q()} (227)
This is exactly what happens in the case of Kantowski-
Sachs (KS) cosmologies and the black hole interior [50,54].
We will review the explicit examples below.

Now, if the potential contains a nonconstant piece, we
use the following notation:

N(q)U(q) = U(q) + Uy, (2.28)
to disentangle between a possibly constant term U, and a
field-dependent piece U(g). This separation evidently
depends on the choice of lapse, and the constant piece is
not uniquely determined. However, we must add an extra

condition on the Killing vectors in order to be able to define
the charges (2.24). This condition is the requirement that
the nonconstant piece gets rescaled similar to the super-
metric, 1.€.,

£:U = §9,U = —AU. (2.29)

Indeed, this is necessary in order to ensure that we still have

1 1
{Ci» Qo = {C(i)’ipﬂpy + U} = Eﬂ(z‘)l’”l’y =&, U

= () 9o, (2.30)

so that we can once again define the conserved quantities

Q(,') = C(i) - M(,’) Qo, Q(,-) =0, (231)
which in turn generate symmetries and form an algebra.
Moreover, the condition (2.29), for 1 # 0, uniquely fixes
the constant piece Uy, so that the separation (2.28) actually
depends both on the lapse and the vector &.

It is important to notice that, under a conformal rescaling
9w = Ng,, of the metric, corresponding to a change of

lapse, the initial requirement £:U = —AU implies

£§g;w = (’1 + £§ logN)g,uz/ = igﬂw

£:0= —(,1+£¢1og1v)17+/1%: —ZU+A%. (2.32)
This means that in the presence of a nontrivial potential the
desired properties on the transformation of the metric and
the potential are not covariant under changes of the lapse.
This makes the analysis of the symmetries and their algebra
very involved, since both the number of homothetic Killing
vectors (satisfying the homothetic conditions on both the
metric and the potential) and the decomposition of the
potential (2.29) depend on the lapse. This is why we will
have to perform this analysis on a case-by-case basis.
Another method to deal with a nontrivial potential is to
use the so-called Eisenhart lift [63]. This consists in
extending the field space by the addition of a new field
v, in order to map the n-dimensional problem with potential
to an (n 4 1)-dimensional free system. The Eisenhart lift is
explicitly given by an enlarged supermetric G,p, with

G = (ggy 1/((;U>>

and where the new coordinates (encoding the fields) are
x4 = (¢*,y). The null geodesic equation of G,z on the
configuration space (g*, y) gives exactly the same equation
as H = p"p, + U, as can easily be verified by computing
the Hamiltonian equation for Hyz = GA8p,pp with
pa = (Pu. py). In particular, the equation of motion for

(2.33)

064013-7



GEILLER, LIVINE, and SARTINI

PHYS. REV. D 106, 064013 (2022)

p, states that it is a constant. Once we pull this back into the
equations for ¢* and p,, these become equivalent to the
original equations for the n-dimensional problem.

It is possible to show that searching for the homothetic
Killing vectors of the supermetric G 45 of the enlarged space
is the same as finding a simultaneous solution of the
rescaling equations (2.29) and (2.19) for the supermetric
and potential, £:g,, = 4g,, and £:U = —AU. Although this
apparently looks equivalent, it nevertheless allows for
vector fields &, which can depend on the new coordinate
y and have nontrivial components along d,. Unfortunately,
this new coordinate does not have a physical meaning and
there is no way to extract nontrivial Dirac observables from
such a homothetic Killing vector on the Eisenhart lift metric.

Nevertheless, there exists an improved version of the lift,
called the Eisenhart-Duval lift [64,65], which adds two new
coordinates (u,w) instead of the one y and uses a
Brinkmann supermetric

G dxtdx? — 2Udu? + dudw. (2.34)
As shown in [66], this improved lift identifies the new
coordinate u to the time coordinate ¢ along null geodesics,
and its Killing vectors directly provide time-dependent
conserved charges.

Finally, we would like to stress that the construction
presented here strongly relies on the separation between
configuration space and momenta. However, the classical
description is, of course, invariant under any canonical
transformation that could mix the two. In the case of a
momentum-dependent potential, we could proceed as fol-
lows: find a canonical transformation that maps the
Hamiltonian to a form like (2.13), then apply the construction
above, and finally go back to the original variables.

III. TWO-DIMENSIONAL FIELD
SPACE GEOMETRIES

We now discuss the extension of the algebra (2.26) to
charges that are quadratic in time. We will focus initially on
the case of field space geometries that are two dimensional
and flat. Interestingly, this is sufficient to cover many
minisuperspace models of general relativity, as we will
detail in Sec. I C.

A. Free case
Let us consider the case of two-dimensional field spaces.
Since every two-dimensional metric is conformally flat, we
can use coordinates such that in Lorentzian signature (which
is the field space signature of interest for us) we have
ds?

2 = —2e~vddd. (3.1)

Here all the dynamical information is encoded in the
conformal factor ¢(i, 7). The structure of the homothetic

Killing vectors depends on the Ricci scalar curvature, which
is given by
R = —26(/'0,;017(,0. (32)
In the nonflat case R # 0 the number of independent
homothetic Killing vectors varies on a case-by-case basis.
For example, we have the following cases:
(i) For (A)dS,, which corresponds to ¢ = 2log(u F v),
there are only the three Killing vectors

f"dﬂ = (Cluz +C2M+C3)au —+ (Zl:ClUZ—FCQU:tC:;)aU,

£:9,, =0, ¢;=const., (3.3)
where the upper sign is for AdS and the lower one is
for dS.

(ii) For ¢ = u?v there is only one homothetic Killing
vector given by
&', = —Aud, —2v9,), £:0w = A (3.4)

(iii) For ¢ = uw, there is only one true Killing vector
given by

&0, = —ud, + va,,

£:9, =0. (3.5)

The case of interest for us is that of a flat field space geometry.

In the free case (i.e., with vanishing potential), it is
always possible to reduce the problem to that in a flat field
space by a suitable choice of lapse. Indeed, in the
Lagrangian (2.10), with coordinates such that the metric
is (3.1), we can simply choose the lapse to be N = ¢, so
that g,, = g,,/N is indeed flat. Alternatively, it might be
the case that there are null coordinates such that g, by itself
is already flat. This is the case whenever we can separate
(i1, D) = @ (@t) + @,(?). In this case, we can simply take,
e.g., N = 1, or any lapse of the form N = N, (it)N, (7). Let
us now assume that we are in the flat case and use standard
null coordinates to write

ds?. . = =2dudw.

mini

(3.6)

This metric has three true Killing vectors (two translation
and one boost) and one homothetic vector corresponding to
the dilatation of the plane. For each of these vectors, we can
compute the factor 4(;) and the phase space function (2.22).
In null coordinates we find

Time translation: &0, =9, +9, A4 =0 C,=p,+p,.
(3.7a)

Cx =Pu—Puv
(3.7b)

Space translation: &0, =0, —0, A =0
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Boost: &0, =ud,—vd, 4 =0 Cy=up,—vp,, (3.7c)

1 1
Dilatation: &0, :E(uau +vd,) 44=1 Cdzi(upu—i-vpv).
(3.7d)

Thanks to these Killing vectors, in addition to the
Hamiltonian Q,:= H = —p,p,, we therefore get from
(2.24) the four conserved charges (Q, = C,, Q, = C,,
Q, = Cy, Q4 = Cyq —19Qy), which are linear in time.

In two dimensions, the vanishing of the Ricci scalar and
of the Riemann tensor are equivalent. This has an imme-
diate implication on the existence of another set of charges.
One can indeed show (see Appendix C) that the following
quantities have a vanishing third derivative:

iy = 9usuéiy Vi =0. (3.8)
The observables V;; are similar to the 3D volume (or the
scale factor) in FLRW cosmologies [45,47] or the metric
components for the Kantowski-Sachs black hole ansatz
[51,54]. With the Killing vectors (3.7) at hand, we can
explicitly calculate the scalar products V;;) and find the
nontrivial combinations

Vbt:—ZVdX = U—M=:Vl,
Vbb = _4Vdd =2uv=: V3,

Vbx = —2th = Uu + V= Vz,
(3.9)

as well as the central elements V,, = —V, = 2. By con-
struction, the second derivative of the V/;;)’s is a constant

and, in particular, the following charges are conserved:

Ql = Vl + th, Q2 = Vz + tCt,

Q3 = V3 + 4th - 2t2Q0. (310)

This can be checked using the fact that the brackets with the
Hamiltonian are {C;), @y} = 4(; Qo and
{Vl’ QO} = _va

{V2.Qo} =-C.  {V3.Qp} =—4C,.

(3.11)

Together with the charges (Qy, Q;, Oy, Qp, Q¢) found
previously, these charges form an eight-dimensional alge-
bra isomorphic to the semidirect sum (81(2, R) @ R) & b,,
where §, is the two-dimensional Heisenberg algebra.4

One should note that the charges (Qy, Q;, Q,, Qs,
Q., Oy, Qp, Qq) are the initial conditions of the phase
space functions (Q, V, V,, V3, C, Cy, Cy, Cy), obtained
by setting t = 0. This explains why only the former set is
conserved.

“Note that this algebra has four generators, which are analo-
gous to the two positions and two momenta of a two-dimensional
space obeying the Heisenberg commutation relations.

This procedure, which we have outlined here in the two-
dimensional case, can be extended to a field space of
arbitrary dimension, although it is of course not guaranteed
to then lead to the same results. If the field space is nonflat
and higher dimensional, we are indeed not guaranteed that
homothetic Killing vectors exist, nor that the observables
C(;) and V;;), if they exist, form a closed algebra with the
Hamiltonian. We give in Appendix C the equation (C12),
which has to be satisfied by the Killing vectors in order for
this to be the case. Although this equation has a simple
form, one cannot find an a priori condition on the field
space geometry (and on the potential if this latter is
nontrivial) that guarantees the existence of an algebra on
phase space. With the construction presented here, we have,
however, the tools to investigate this on a case-by-
case basis.

1. Charge algebra

In order to study the charge algebra, it is convenient to
slightly rewrite the above generators and first introduce the
four quantities

1
Loa==Q Lo=Qu Li=79. Dy=Q. (3.12)

which span 8[(2,R) @ R, as well as the four generators

I I
Sip=5(Q+Q).  Sh,=5(&+Q). (.13)

which span §,. These generators can finally be repackaged
in the compact form

1.. .
ﬁ,,szV3+de—fQ0, fO)=r"1 ne{-1,0,1},

(3.14a)
1, . .
Sy = 5 ((gVa+9C) £ (§V1 + 9Cy)).
11
— s+1/2 —— -\ 14
g(r) =t , se{ 2,2} (3.14b)
We then find that they form the algebra
{‘Cn’ 'Cm} =(n- m)‘Cner’ (3.15a)
{£,. Do} =0, (3.15b)
{85, 85} =2n8,, 08,4y, (3.15¢)
@nsiy = (3-5)sie G150
{Dy, S} = £S5, (3.15¢)
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with n,m € {0, £1} and s, s" = +1/2. As announced, this
algebra is

A=(8l2,R)®R) & h, (3.16)
where the direct sum corresponds to the two brackets
(3.15a) and (3.15b), the Heisenberg part comes from the
centrally extended bracket (3.15¢), and the remaining two
brackets encode the semidirect structure.

Because the physical system that we are describing has a
four-dimensional phase space spanned by the coordinates
{u,v, p,, p,}, these charges cannot be all independent.
Indeed, one can show that they are related by the quadratic
construction

1/2
L= & (g + k> (SFS7_, + SSI,).
k=—1/2
1/2
Dy=2 Y kSiSh. (3.17)
k=—1/2

From this point of view, one may see the four generators S;
of b, as the fundamental building blocks of the symmetry
algebra. They represent the four constants of the motion
that are preserved in the evolution, and any (possibly
nonlinear) combination of them will again be conserved
on trajectories and generate a symmetry. The relations
(3.17) are analogous to the Sugawara construction.

In order to make contact with the symmetry algebra
discussed in [50,54], we can start from the linear charges S¢
to build two sets of generators as

1/2
Ti= Y k<f+k)3kisf_k. (3.18)

k=—1/2 z

Because of the Heisenberg central extension, these two
Abelian sets of generators do not commute and give

{T. Ty} =0,

1 1
{T). T} = E(n —m)L, —‘—‘(n2 +m? —nm —1)D,.

(3.19)
Finally, these generators can be combined into
Pr=T, 40T, (3.20)
for which we find
{Pr. Pt =o(n—m)L,p.
{P3,.L,} = (n—m)P7,,,. (3.21)

Together with the brackets (3.15a), these commutation
relations show that (P9, L,) span an algebra g, which,
depending on the sign of o, is either the isometry algebra
8,0 = 80(1,3) of dS, the isometry algebrag,_, = 80(2,2)
of AdS, or the isometry algebra g,_o = 180(2,1) of
Minkowski. This latter, which is the (2 + 1)-dimensional
Poincaré algebra, is the algebra that was studied in [50,54].

2. Symmetry transformations

Let us now focus on the eight-dimensional algebra (3.16)
and investigate the corresponding symmetry group. Indeed
we view the conserved charges as Noether charges, whose
Poisson brackets have an exponentiated flow that generates
finite symmetry transformations. Thus, we start by com-
puting their infinitesimal action given by their Poisson
brackets with the field space coordinates ¢* = (u, v). The
action on these null coordinates is found to be

<6u) _ <%f(t)u—f(t)it—|—ku—|—g(t)
ov LF()v = f()b — kv + h(2)

where k € R, the function f(r) is quadratic in ¢, and the
functions ¢(7) and h(r) are linear in 7. A straightforward
calculation shows that these finite transformations are
indeed symmetries of the action

S:—/dn’m}.

The algebra of these transformations is

[5(f1’91»h1 ) kl)’ 5(f2’927 hy, kz)]Lie = 5(f12, 912, o, klz),

), (3.22)

(3.23)

(3.24)
with

fio=Ffifa—(1<2), (3.25a)
ki =0, (3.25b)

1 ,
9 = _Egle + 291 —kigr — (1 < 2), (3.25¢)

1 . .
iy = =5mfr+ fahi + kil = (1 & 2).  (3.25d)

This is equivalent to the charge algebra (3.15), up to
the Heisenberg central extension. Each £, generates the
coefficient #"*! in the function f, each Sy generates the
coefficient #*+1/2 of h, and each S} generates the coef-
ficient #*+1/2 of ¢. Finally, D, corresponds to k.

These infinitesimal transformations can be integrated to
a finite group action. The exponentiated generators (3.12)
give the scaled Mobius transformations, acting as the group
SL(2,R) x R on the null coordinates via
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u o1 ku R 1 (ku)o (-1)
(1) e S) err =i (2 ) o7,

at+b

where f (1) = rd

(3.26)

for constants coefficients (k, a, b, ¢, d) such thatad —bc=1.
The action of the Heisenberg generators (3.13) exponen-
tiates to that of the Abelian group R* acting as

<u> <u+at+ﬂ>
— .
v v+yt+0

Again, one can check that these are symmetries of (3.23).

(3.27)

B. Inclusion of a potential

The algebra A obtained above always exists in the free
case. We now would like to tackle the case of a non-
vanishing potential and determine if this algebra (or a
suitable deformation thereof) exists, if a subalgebra sur-
vives, or if there is no symmetry structure. In Sec. [ B 2, we
have briefly discussed our strategy for the case with a
nonvanishing potential, looking for Killing vectors along
which the potential gets rescaled. With the explicit expres-
sion for the Killing vectors for the free theory at hand, we
can now push this analysis further.

Considering an arbitrary minisuperspace model with
two-dimensional field space, one can always pick null
conformally flat coordinates such that the metric on field
space simply takes the form d32. . = —2¢~“diid®, so that
the Lagrangian reads

£=-Levis_no (3.28)
=5 , .
where the potential U and the conformal factor ¢ follow
from the definition of the minisuperspace, while the lapse
N can be chosen arbitrarily. We see two natural possibilities
for studying this Lagrangian.

(1) Choose N =1/U so as to trivialize the poten-

tial term.

(1.1)  If the resulting conformal factor Ue™* is such that
the supermetric is flat, then the whole algebra A
survives by the above construction.

(1.2)  If the resulting supermetric is not flat, one should

go back to the beginning of the analysis to study

the conformal Killing vectors &;), construct the

objects C(;) and V;;), and compute their algebra.

(2) Choose N = e “N,(it)N,(?) such that the super-

metric is flat, and then study whether the resulting
potential U = NU satisfies £:U = =AU for (3.7).

This procedure has to be implemented on a case-by-case

basis, and we give the examples of physical interest in

Sec. III C below. In general, we expect that demanding that

the homothetic Killing vectors of the metric also be Killing

vectors of the potential will reduce the number of admis-
sible vectors and, therefore, also reduce the size of the
symmetry algebra.

In order to illustrate this, let us consider an example,
relevant for the Bianchi models, where the shifted potential
U(q) = N(q)U(q) — Uy, as defined earlier in (2.28), is
after a suitable choice of lapse a monomial in the two null
coordinates, i.e., of the form U = u"v™. This leads to three
possibilities:

(1) Ifn =0, m # 0, then there are two vectors satisfying

(2.29), given by

& =&+ <& & = (2+m)é, + 2méy,

A =0, J=2m (3.29)
2) If n #0, m =0, we have

& =4&-¢ & = (2+n)&, —2n&,,

4 =0, Jh—-2n (3.30)

(3) If n, m # 0, then there is a single admissible vector
given by

§1 =2+ n+m)é +2(m—n)éy,

Ay =2(m — n). (3.31)
This shows that the existence and the number of the linear
charges Q;) defined in (2.24) depends on the potential.
Then, in order for the quadratic charges to exist and close
the algebra, we need to have closed brackets as in (3.11)
between the phase space functions V;;) = gﬂyf’(i)é’(’j), the
Hamiltonian Qy, and the functions C ;. For example, in the
third case above, with n, m # 0 we compute

Vip =& = 2+ n+m)*E —4(m—n)*&;

= 4(1 +m)(1 +n)Vs, (3.32a)
Cy = p,& = (2+n+m)Cy—2(m—n)Cq, (3.32b)
{C1, Vi) =2(n=m)Vyy, (3.32¢)
{Qo. Vi1 } = 8(1 +m)(1 + n)Cy. (3.32d)

In order for the last bracket to close on C, the potential

must be such that 2 + n + m=0. In this case, the algebra of
the charges reduces to 8[(2, R) C .A. This situation, which
corresponds to a potential U « u"v™ with (n +m) = =2
which is homogeneous of degree —2, is the two dimen-
sional equivalent of the conformal potential U = 1/¢*. We
shall remark that also for the cases m = —1, n = —1 the
algebra closes, but V;; is trivial and the algebra is two
dimensional, containing only O, and Cj.
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We note in passing that the case of a model with
one-dimensional field space is trivial and always admits
an 8[(2,R) algebra. Indeed, if the Lagrangian is £ =
9(q)4*/N — NU one can choose N = 1/U and work with
the rescaled metric g = § U. The resulting phase space with
Hamiltonian H = ¢g~'p?/2 + 1 then supports an 81(2,R)
algebra spanned by (C,V, Q) with

Q():H_lv V:§2’

E=q¢ +%/qdq’\/9(q’),

where ¢; and ¢, # O are otherwise arbitrary constants. This
simple setup is here deliberately presented in an analogous
way to the case of a higher-dimensional field space.

C=g'pé

(3.33)

C. Applications

Let us now apply the construction presented above to
some examples of supermetrics on field space inherited
from minisuperspace models of general relativity. We study
KS cosmologies describing the black hole interior, Bianchi
models, and then FLRW cosmology with a scalar field.

1. Black holes and Bianchi models

The Bianchi classification is based on the nature of the
three-dimensional Lie algebra of spacetime vector fields
which leaves the spatial triads e (x) invariant. This clas-
sification does, however, leave the internal metric y;;
completely arbitrary. Here we are interested in the choices
that solve the vector constraint, as explained in Sec. II A.
The classification restricted to the case of metrics solving
the vector constraint is given in Appendix D. For instance,
KS cosmologies do not belong to the family of Bianchi
models, because their spatial slices do not admit a three-
dimensional algebra of isometries. They are nonetheless
minisuperspaces satisfying the vector constraint, with a
field space geometry actually analogous to that of Bianchi
models, and they therefore naturally enter the scope of the
present analysis.

All the Bianchi models have a two-dimensional field
space, apart from Bianchi I and II, which we discuss in
Sec. IV. The KS model and the Bianchi models’ with two-
dimensional field space have an internal metric given by

11, VI, VIIL IX, KS — y,; = diag(a®, b%,b%),  (3.34a)
a4
IV, V, VIl - y;; = diag <a2,ﬁ,b2>. (3.34Db)

>To the list that is studied here we should add the model VI,.
This has, however, the same symmetry properties as VI, but its
treatment involves some lengthy expressions. The interested
reader can look at [41], where the formulas pertaining to the
VI, model are reported.

The kinetic term of the symmetry-reduced action (2.4),
from which we read the supermetric g,,, depends only on
the internal metric y;;. We find

2V,

-y (3.35)

0 ije coeid ~ c ey
aon VI (1) + 1) = G d"q"
with the configuration variables ¢* = (a, b) and the fol-
lowing supermetrics:

0 b
I, VI,, VIIL, IX, KS — g = <b ) (3.36a)
a

a

V.V VT g = 5 ( o (3.36b)

2b*>  ab >

Now, we can use the following change of coordinates to the
null conformal parametrization (3.1):

26V/2
101, VI, VIIL, IX, KS — i1 = 6\/_a\/i5,
V3
22
= ibw, (3.37a)
oV3
IV, V, VIl - it = wa@*ﬂ)/zb‘ﬁ/z,
V3
b= %a(3—\/§>/2b\/§/2’ (3.37b)

V3

where o is an arbitrary real parameter. With this, we find
that all the models under consideration, i.e., (I, IV, V, VI,
VII, VIII, IX, KS), lead to actions that can all be written in
the same compact form

Vo oo -
= d —_ -
S / t{ GNMU NU]

and which are distinguished by their potential /. Comparing
to the general form of the Lagrangian (3.28), we see that all
these models also have a vanishing conformal factor, ¢ = 0.
Finally, one should note that here we are keeping track of the
dimensional constants V,, and G.

We now distinguish two families of models depending

on their potential:

(1) the models (III, V, VI, KS), for which the potential
separates in the product of two functions of the null
directions and

(2) the models (IV, VII, VIII, IX), for which this does
not happen.

Models (11, V, VI, KS).—In this case we simply need to
take N = 1/U. Indeed, this trivializes the potential term in
(3.38) and leads to a flat field space metric for which we
already know the construction of the algebra .4 following
the previous sections. In order to import verbatim these
previous results, we may need to change coordinates one

(3.38)
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last time in order to put the (already) flat supermetric in the
precise form (3.6).

Let us illustrate this construction by focusing on the
Bianchi III model. The other models are all explicitly
analyzed in Appendix D. In conformal null coordinates, the
action (2.9) for the Bianchi III model reads

Vo oo - - 318y, @
SIH:/dt|:—G—]?]MU—NU:|, U:_&TG&W

(3.39)

Taking N = V3/(G?>L2U) (where the dimensional factors
enter the relation between the Hamiltonian A and the
charge Q) and changing coordinates to

3i? 2 252\1/3
u:—4—62:—2a b, v=36°9%)"°> =2b  (3.40)
finally puts the action in the form

..V
SHI = /dt|:—MU—G2[(12:| (341)

This is precisely the setting discussed in Sec. III for the free
case, but now with a constant potential U, which simply
shifts the Hamiltonian. Using the canonical transformation
(3.40) we can import the charges obtained previously to
find the explicit expression for the conserved charges of the
Bianchi III model. These are

Pa_ 4P +2bpy ’

C=-37 ) Co=—ap,—bp,. (3.42a)
Pa  apg+2bp, bp,

C, =—ra ZPaT 270D Cy =Lt 3.42b

x 4ab 4b ) ( )

V, =2b(1 - a%), Vs = 84212, (3.42¢)

_ V& _ palap,—2bps)
G’L? 16ab?
(3.42d)

V2:2b(1+612>, Q():H

By construction these charges obey the algebra A, which is
therefore fully implemented in the models (III, V, VI, KS).6
Note that we have kept track of the dimensional factors in

°In [50,54] we have used for the KS model the line element
dskg = —N2dt + (8v,/v;)dx? + v, L2dQ?, related to the one used
here by (vy,8v,/v,) = (b*,a?) and (v, v,) = (u*/4,uv). On
these variables we found that the transformation generated by £, is
Spv; = fv; = fi; with f(¢) = ! (these are the superrotations
when n € Z), while T, acts as 6,(v1, v,) = (0, gv; — gi;) with
g(t) = "1 (these are the supertranslations when n € Z). The
action of 7,7, which we have not studied in these two references,
is 8,(vy,v2) = (1, 02/ (201)) (029 + g(01v2/v) —20,))/4 with
g(t) = "*1. This is also a symmetry of the symmetry-reduced
KS action.

order to have a shift of the Hamiltonian defining 9, with
dimension of inverse length squared.

Models (1V, VII, VIII, IX).—The study of this family is a
little more subtle. First, one should notice that setting
N = 1/U for these models does not lead to a flat super-
metric. Second, it turns out that this nonflat supermetric
does not admit any Killing vectors, so the method fails
when the lapse is chosen as the inverse of the full potential.
However, it turns out that for these models the potential is
actually a sum of two or three monomials of the form #" 7™.
This opens the possibility of choosing the lapse so as to
set one of these terms of the potential to a constant. By
construction, for these models since ¢ = 0 such a choice of
lapse will lead to a flat field space metric. One can then
choose coordinates to put this metric in the form (3.6), and
finally study the condition (2.29) for the remaining terms in
the potential.

Let us illustrate this construction on the general action of
the form

W

S
G

1..
dr [— PN B+ i) | (3.43)

Without loss of generality, we can now choose the lapse
and the coordinates (with m;, n; # —1) as

Vo 1 gl pmtl
N:_—’ — s = , 3.44
G “TTia "Tiimy G4
to obtain
S:i/d¢Mb—U]+U@L (3.45)
with the potential
VZ
UO:—G—gC],
V3 mp=ny o
U == Zex((ny + D) ((my + Do) 7. (3.46)

We are now exactly in the case (3.31) discussed above.
There is a single homothetic Killing vector, and an
3[(2, R) subalgebra of A survives, spanned by the charges
(C1, Vi1, Qyp), if and only if

24n +ny+my+my+nmy+nm =0.  (3.47)
It turns out that this equation is satisfied for the potentials of
the Bianchi models VIII and IX, but not for the Bianchi
models IV and VIIL.

In summary, we have shown that the full algebra A
(3.16) can be obtained for the models (III, V, VI, KS), while
for the models (VIII, IX) only the conformal subalgebra
survives. The Bianchi models IV and VII are particular in
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the sense that they cannot be assigned an 8[(2, R) algebra
of phase space functions with the construction presented
here. This deserves more investigation. A classical change
of variable does not alter this conclusion, as our analysis is
completely covariant on the field space; however, a differ-
ent choice of internal metric (e.g., nondiagonal) might
change the results.

2. FLRW cosmology with scalar field

In the case of FLRW cosmology with curvature k, we
only have a single scale factor a, so the field space is one
dimensional and (3.33) easily applies. This also extends to
the case of a nonvanishing cosmological constant, where it
reproduces the results of [49]. On the other hand, without
any matter content the dynamics itself is trivial.

Let us therefore consider the addition of a scalar field ®
and apply the above formalism to the two-dimensional field
space parametrized by the coordinates @ and a. With the
line element

2

dr .
dsi; pw = —N2d? +a(t)? <1 —2t r?(d6?* + sin? 9d¢2)> :

(3.48)
the symmetry-reduced action reads

1 3aad? 3ka
StLrw = V 3¢? — N—|,
FLRW = 70 / [21\7( 4ﬂG> + SIIG]

r?sin @

\/l—kr

This reduced action is of the same form as the others treated
above in this article, the supermetric and the potential being

Vo = d3 (3.49)

3V0a daz, 07 3kaV0

ds2. Vod’ =—
4zGN 87G

mini — N do? —

(3.50)

Along the lines of the above discussion in the case of the
Bianchi models, we choose the lapse that sets the potential
to a constant NU = Uy, ie.,

87TVO VZ
N=— , Uy = —k -2,
3Ga 0 G?

(3.51)

and find a map to the null coordinates (3.6) given by

47rapal<+3pq,

3 2 ,2k®
= /3 —2k®/3
“Tler® ¢ T 2 ’
3 _drmap,k—3pe
_ 2 2 ,-2k®/3 e U0 %P/3 3.52
"Tlert ¢ Ty &2 (3:52)

with k> = 127G. The charges and their algebra are found
by mapping A under this transformation.

IV. THREE-DIMENSIONAL FIELD
SPACE GEOMETRIES

We now briefly discuss an application of the framework
to three-dimensional field spaces, which appear, e.g., in the
Bianchi I and IT models. Using the line element (D1), we
find that the reduced action for these Bianchi models takes
the form

N 2
/d{N (ab & +bac+cab) + 53%

Vo

SZG

(4.1)

where Bianchi I has a vanishing potential with € = 0, and
Bianchi IT has ¢ = 1. The three-dimensional field space
metric is diagonalized by the change of (field space)
coordinates

a= e\/iu—2w’ b = €v+w’ c = e\/§u—2v’ (42)

leading to

— V() 2V 2u—v—w 2 <2 N 2/ 2u+v=Tw
S=- G/dt[N (> = w)—i—eze

Vo N :
—_ dr iy 2V2u+v=Tw
G/ [2Ng,,,,q q° —l—eze ]

where we denote the new coordinates by ¢* = (u, v, w)
even though these are not null coordinates as in the two-
dimensional case. The field space metric g, is not flat and,
in the case of Bianchi II, we have, moreover, to take into
account the presence of the potential.

(4.3)

A. Bianchi I

In the case of the Bianchi I model, we have a free theory
with € = 0. We identify two interesting choices of lapse,
which both lead to an 8[(2, R) symmetry algebra.

A first possibility is to choose N = ez‘/i“‘”‘w, so that the
conformally rescaled metric g,,, is thatof (2 + 1)-dimensional
Minkowski space. The metric then admits six exact Killing
vectors corresponding to the six Poincaré isometries. They are
given by

&=10,+¢€',,0,q4"C", (4.4)
where t = (11,1, t3) are translations and £ = (£, %5, ¢3)

are Lorentz transformations. The metric also admits an
homothetic Killing vector, corresponding to a dilatation
with
&y = uo, + vo, +wo,,, A =2,
Cd =up,+ovp,+wp,, (45)

which generalizes the scaling symmetry (3.7d) of the two-
dimensional models to the three-dimensional case. Starting
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with these seven conformal Killing vectors, we follow the
same procedure as above and define the quantities C;) =

p,,é’(l.) and V) = gﬂbg?i)éﬂ(/j)' There are seven nontrivial
C(;)’s and ten nontrivial V;;)’s, given by

u
v
Pu w
P uv
Pw uw
VD)~ WP, € Cp). o € Viij)-
up,, +wp, 2 o?
—Upy,—Upy W2 — w2
up,+vp,+wp, E
u? — > —w?
(4.6)

Computing the triply iterated bracket of these V/;;’s with H

reveals that Vl- ; = 0, in agreement with Eq. (C9) and the
fact that the field space geometry is flat. In order to have
phase space functions that form a closed algebra with C;,
Vi, and H, we need, however, to include six new
functions produced by the time evolution V(ij>, as well
as another six new functions produced by V(,- j)- These are
given explicitly by

up, + vp, PuPs

Up, +wp,, PuPw

1;1;@; V:;’;v eV, p’; P ;% €V (47)
up,, = wp, P =D

vpy +wp, P+ pi

At the end of the day, we find 7+ 104+ 14646 =30
generators forming a closed algebra. There are, in particu-
lar, three generators forming an 8[(2,R) algebra. This
symmetry algebra is spanned by

2 2 2

Cd:“pu+1}pv+wpwa Vdd:u — U7 = w7,

H = py = pi = pis (4.8)
which is in agreement with the results of [43] concerning the
existence of an 81(2, R) algebra in the case of the Bianchi I
model. We should note that the 30 phase space functions
given above are not all independent: they satisfy linear as
well as quadratic dependency relations. For instance, one
recovers V4 as a linear combination of three other elements
of V(;j). Similarly, one recovers Cy as a linear combination of

three other elements of V< ij) and finally, one recovers H as a
linear combination of three other elements of V(i j)- These
linear and quadratic dependency relations are obvious from
the fact that C(;) and V;; contain the phase space variables
(u, v, W, pys Pys Pw), Which can therefore be combined in
order to reproduce all the other 24 generators. The fact that
the above 30 functions have closed brackets is nonetheless a
nontrivial statement.

Alternatively, one could choose the lapse N =1
and work with the nonflat field space metric g, =

¢2V2=r=vdiag(1, —1, —1). This metric admits three homo-
thetic vectors given by

G
&= mau + €0, + 30y,
where the ¢;’s are constants (which can evidently be chosen
so as to obtain true Killing vectors). Out of the six possible
observables V;;) obtained by contracting these homothetic
vectors, we find that only three are nontrivial, and fur-

A= € — € — (3, (49)

thermore all proportional to V = e2V2u=0=w — ghe, which
is simply the 3D volume of the spatial slices. This function
forms an 81(2, R) algebra together with H and the function
C= 2\/§pu + p, + pw, which is the sum of the three
C(;)’s and defines the isotropic dilatation generator. As
expected, this is simply a canonical transformation of the
algebraic structure found with the previous choice of lapse.
This 81(2, R) algebra controls the evolution of the isotropic
volume V = abc, whose speed is given by the dilatation
generator C and acceleration by the Hamiltonian H.

B. Bianchi II

Finally, we turn to the subtler case of the Bianchi II
model, with both a nontrivial potential and an a priori
nonflat field space geometry. In order to treat this case, we

choose N = 2/¢2V20+v=T go as to set the potential to a
constant. Note that here, for simplicity’s sake, we do not
include the dimensional factors in the lapse, so the value of
the Hamiltonian will be shifted simply by 1. The con-
formally rescaled metric then admits one true and two
homothetic Killing vectors with

51 = OU, ),1 = O, Cl = Pyp> (4103)
& =0,  lh=4V2, C,=p,  (4.10b)
53 = 6W, /13 = —8, C3 = Py- (410C)

All three V(y’s are proportional to V = eMV2u=8w — g4,
Together with the shifted Hamiltonian Q, = H — 1, this
leads to the charge algebra
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{Cw-Cyy=0.  {C1.Q}=0={C\.V}.
{V,Qy} = 8(V2C, 4 2C5), (4.11a)

{C27 QO} = 4\/590’ {C37 Qo} = —SQO,

{C,,V} =42V,  {C5,V} =8V, (4.11b)

which therefore also contains an 8[(2,R) spanned by

C:= \/ZCZ + 2Cj3, the volume V, and Q,. This algebra
encodes the evolution of the scale factor a.

V. PERSPECTIVES

In this paper, we have studied the symmetry structure of
gravitational minisuperspaces. For this, we have considered
reductions of general relativity to one-dimensional models,
for which the variable components of a given spacetime
metric ansatz depend on a single coordinate, chosen as the
time coordinate. In that case, the Einstein-Hilbert action
reduces to mechanical systems. Imposing that the metric
ansatz satisfies the ADM vector constraint ensures that the
equations of motion resulting from the reduced action are
equivalent to the full Einstein equations for the original line
element.

We have based our study of the symmetries on the
observation that the dynamics is described by a Lagrangian
of the form (2.10). Here the variables g, are components of
the spacetime line element, i.e., the dynamical fields of the
minisuperspace models. They depend on the time coor-
dinate ¢ and this Lagrangian describes their evolution in
time. It depends on a metric in field space, or “supermetric,”
gu- The isometries of this supermetric and the scaling
properties of the potential U are directly connected to
the symmetries of the mechanical model. In particular,
once we identify a homothetic vector field & satisfying the
conditions

£U = -2U, (5.1)

£§g;w = lg;wv
then the quantity Q = & p, — tAH is conserved and, in
turn, it generates a symmetry of the system. However, the
noncovariance of the conformal properties of the super-
metric and the potential under (field-dependent) changes
of lapse render a systematic analysis quite involved.
This subtlety reflects the deeper fact that the conserved
charges associated with these minisuperspace symmetries
are local only with respect some particular choices of
clocks, while they might depend on the history of the
system through a nonlocal factor for a more general time
coordinate [41].

The majority of cases of interest (the black hole
interior and some Bianchi models) fall in the class of
two-dimensional field spaces, where we can always pick
coordinates in which the supermetric is conformally flat.

The advantage of this observation is twofold. On the one
hand, we can easily handle the question of the existence of
homothetic killing vectors and the related choice of lapse,
and on the other hand, it allows us to determine the
presence of charges that are quadratic in time. These are
built for flat supermetrics starting from the scalar products
between vector fields, V ;) = f(iw.f’(‘j). Thanks to the study
of two-dimensional superspaces, we were able to identify
the existence of an eight-dimensional algebra A =
(8L(2,R) ® R) & b, for FLRW cosmology with a scalar
field, Kantowski-Sachs cosmologies, and the Bianchi
models III, V, and VL. Therein, the 8[(2,R) sector is a
generalization of the CVH algebra originally found in flat
cosmologies. For the Bianchi VIII and XI models, only the
CVH sector survives, while for the models IV and VII we
find that the nontrivial potential spoils the construction and
that our procedure does not produce any algebra. The
reason behind this peculiar property of the Bianchi models
IV and VII is still unclear.

We have also included a brief study of the Bianchi I and
II models, which represent two examples of three-dimen-
sional superspaces. For the Bianchi I model, we find an
algebra with 30 generators (4.6), while Bianchi II leads to a
four-dimensional algebra, still containing an 8[(2,R)
subalgebra.

Despite their apparent simplicity, the minisuperspaces
contain a rich symmetry structure. However, a clear under-
standing of the origin and physical role of this structure is
still needed. For black holes and cosmology, a subtle
relationship with the spatial boundaries and the scaling
properties of the model have already been unraveled and
studied [41,45,50], and a possible consequence on pertur-
bation theory has been recently pointed out [67]. It would
be interesting to see to what extent this feature generalizes
to the other Bianchi models.

For flat cosmologies and black holes, the infinite-
dimensional extension of the symmetry group gives a
solution generating tool that allows us to turn on an
effective cosmological constant or a scalar field
[51,53,54]. The infinite-dimensional group acts as a rescal-
ing of the coupling constants of the theory, in a manner
reminiscent of a renormalization group flow. A generali-
zation to the Bianchi models is an ongoing work and might
help us obtain a better understanding of these symmetry
structures.

Finally, the simplicity of the mechanical models allows
for a straightforward quantization, where the conserved
charges naturally provide a (full) set of Dirac observables
[41,52], that can be straightforwardly quantized by means
of the representation theory of the symmetry group. The
requirement of protection of the symmetry gives also a
valuable tool to discriminate between different effective
dynamics [43,44,50,52]. It also opens the door toward a
possible emerging description of spacetime itself, out of the
symmetry group [68].
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In the end, a deeper comprehension of the origin of the
minisuperspace symmetries could enlighten many aspects
of the holographic properties of general relativity and
hopefully help us to understand the proper notion of
observables for a quantum theory of gravity.

APPENDIX A: ADM APPROACH TO THE
CVH ALGEBRA

We have explained in the core of the article how
homogeneous minisuperspace models lead to mechanical
Lagrangians of the form (2.10) and used the field space
geometry of these Lagrangians to characterize the presence
of a CVH algebra and possible extensions thereof. A
natural question is therefore that of the relationship
between this approach and the standard ADM field theory
approach, in which one deals directly with the geometry of
the 3 4 1 foliation instead of considering the geometry of
an auxiliary field space. The spacetime ADM approach
enables us to show that a CVH algebra always exists if the
three-dimensional Ricci scalar of the spatial slice is
vanishing, regardless of the value of the cosmological
constant. Here we recall this calculation.

Let us denote the spatial indices by a,f,y,.... We
consider the standard ADM approach where the canonical
variables are the spatial metric ¢,; and its momentum
p? = /q(Kq®” — K*). We denote g = det(q,z). The
smeared Hamiltonian constraint is

H= / d>xNH,
z
1

H=—/q(R® —2A) - NG

Qaﬂyﬁpaﬂpyé’ (Al)

where R®) is the Ricci scalar of the three-dimensional
slice and

1
Qa/)’yé = EQaﬁqy(S - Q(lyQﬂ(S' (AZ)

From this expression of the ADM Hamiltonian, it is
immediate to identify which term gets mapped to the terms
of the field space Hamiltonian derived from the Lagrangian
(2.10). Under the symmetry reduction to homogeneous
minisuperspaces, we have indeed that

sym. red. 1 -
H = A(P)CNH y:> VON(EQ”DP,,PD—?— U)v (A3)

so R® —2A in the ADM Hamiltonian becomes the
potential U of the superspace Hamiltonian, while the
DeWitt supermetric Q5,5 becomes the field space metric
G- 1t should be noted, however, that this identification,
although unambiguous, cannot be made much more

explicit. It is really just an identification. This is the reason
for which exact calculations on the side of ADM or of the
superspace formulation cannot easily be compared to one
another.

An example illustrating this is the proof that the CVH
algebra always exists when R®) = 0. This proof is possible
in the ADM language, but not in the superspace formu-
lation. In order to see this, we assume that the vector
constraint has been solved by the requirement of homo-
geneity, although here we keep working in a mixed
framework where we keep all the spatial integrals explicit
[this is because there might be a spatial dependency in the
frames e/,(x) introduced in (2.1), although these are not
the dynamical variables of the homogeneous theory]. The
Poisson bracket is {q,5(x), p°(y)} = ’(’aég)éd (x,y). In
order to obtain the CVH algebra and compute Poisson
brackets, we define the smeared Hamiltonian and a volume

variable by
V= / d*xq,
)

and we choose the lapse to be N = 1/,/g. With this choice
of lapse, it is then immediate to compute

H= / d*xNH, (A4)
X

1
C:={V,H} = —ZLd%p“/jqaﬂ (A5)

and to show that we have the closed brackets

(v.C}=-18V,  {C.H}= —3H+6A/d3x, (A6)
z

where in the last bracket the integral (over a finite region
with fiducial cutoffs) produces a numerical factor L, that
plays the role of shift in the Hamiltonian when defin-
ing QO =H - L().

As announced, this simple calculation shows that it is
always possible to chose the lapse so as to obtain a closed
algebra between (C, V, Q,) when R®) = 0. However, this
calculation carried out in the ADM formulation cannot be
reproduced in the field space formulation, since there it is
not possible to write an analog of ¢ = det(g,;). Of course,

for any minisuperspace model for which R®) = 0, the field
space calculation will also lead to an 8[(2,R) algebra
formed by (C,V, Qy), and we are guaranteed by the above
ADM calculation that this will always work, but this has to
be computed on a case-by-case basis.

APPENDIX B: TRIAD DECOMPOSITION

The viewpoint we have taken in Sec. II A is to define
a minisuperspace as a manifold sliced in such a way
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that the line element separates into a temporal (i.e.,
orthogonal to the slice) and spatial (i.e., tangential to
the slice) dependence as in (2.1). This implies that the
trace of the extrinsic curvature and the ADM kinetic term
depend only on the internal metric y;;, up to the deter-
minant of the spatial triad. This latter, once integrated out,
gives the volume V), of the fiducial cell. More precisely,
we have

1

Koy = ﬁQa/}
ap lelv7 o N2 oy i
= \/6( -K Kaﬁ) 4N2 ((7 J/ij> +7ij7 )’ (Bl)

where ¢ := det(e!,) and y = det(y;;).

In order to analyze the three-dimensional curvature, it
turns out to be useful to introduce the spin connection
|

H* = 2D/}(anﬂ _ K(lﬂ)

1 , y

=5 Do ety + ety
1

=y Dulef

ﬂij Vi

= - (9p(efe)) + (efeqra)y +

Vovi

= +ey,fea)
VO\/*M k P

) vier' + i)

where we have introduced the momenta

oL Y . L
——ADM _ —Voi (P 7o)y + 7).

i o= 2EADM

(BS)

which are the conjugate momenta to the internal metric in
the ADM form of the action (2.4). The vanishing of the
vector constraint is therefore equivalent to the requirement
that 7/e.” eﬂ)a)}),k =0.

APPENDIX C: PROPERTIES OF HOMOTHETIC
KILLING VECTORS

In the main text, we have used some properties of the
conformal Killing vectors, such as the fact that they are
solutions to the geodesic deviation equation. We give here a
proof of this statement as well as other properties of the
conformal Killing vectors.

Given an invertible metric g,, we recall that the
homothetic Killing vectors are defined by the property

a)g '=eﬂla[a /j] -’ a[ae ]_e&eweaa[&ey]k

=77 (hopel) =1 (hoyel ) —rar"y" (henenpel)

=y"l(0,e)) —yl(Logel) —y iy (ed el 05ek).

(B2)

One can see that this expression does not simply split into
the product of quantities depending separately on the triad
and on the internal metric. The same happens for the
curvature, which is given by

Fflj)i = 2(0[(10)% + }’kfwfiw;]j)’

1 .
RO = —%oe ek Fr. (B3)

le]

The vector constraint (2.3) depends explicitly on the spin
connection and reads

efdgel)efe + (e ot @+ egaﬂe’;)e?e;’)

W+ e;lyfjelljw;f - aﬁejbe‘lf)’ (B4)
|
V&, + V8, =2V &) = g, A=const. (CI)

We then have the following result:
Theorem [.—Any homothetic killing vector & is a
solution of the geodesic deviation equation [69]

ppV,V.¢, = (C2)

p;vaﬂ Dfa

where p* is the tangent vector to a geodesic (i.e., a curve
describing a solution of the equations of motion). This
vector satisfies the property p*V,p* = 0.

Proof.—We start from the definition of the conformal
Killing vectors to get

PV N E, = —ptprN N E 4 Apt pP N

= _pﬂpyRuaypég + pﬂpvvpvygw (C3)
where the second line is obtained from the definition of the
Riemann tensor as a commutator of covariant derivatives.
The last term in this expression is now vanishing when & is
conformal with constant 4, since it gives
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pﬂpvvpv/zgv = pﬂpyvpv(ﬂ&/) = Apﬂpbvpgﬂy =0. <C4)
This therefore proves the above statement using the
following properties of the Riemann tensor:
PP*VVE, = =P P Ry E” = Ry 0" p?E7. (C5)
u
We now give a few properties of the homothetic Killing

vectors and of the phase space functions C(;) and V(;;
|

['[i,j]gm/ = vﬂ (gt(yi)vag(j)y - é?j)vaé(i)v) + (/’l <~ y)

constructed out of them. First, they form an algebra under
the Lie bracket

[Ea)- €] = €i* €y
[5(1)7 ‘f(])]ﬂ = 51(/,)vy§/(l/) - fl(//)vvg(l,y (C6)

and the commutator of two vectors is actually a Killing
vector, as one can check explicitly by computing

= vyf?i)vo'é(j)y + 6((:)vyvrr'§(])u - vy'f?j)vo’é(i)u + gt(yj)vyvo'é(i)y + (ﬂ <~ I‘/)

= Vi€ini) = Nl Vol iy + 60 ViV i = Vil

)u)“(i) + W&(z)a + §€i)vﬂv{7§(i)l/ + (ﬂ <~ 1/)

= g 20) + €y Ropuosy = €0y Vo Vil = 9t A0) = £0y Ropuallsy + €0 Vo Vbl + (1 < 1)
= ‘fl(ji)‘fc(fj)(Rwﬂp + Rﬂvrfﬂ) - §E’i)vg(gﬂy)/1(j) + éZj)v”(gﬂV)ﬂ(i)

=0.

Here we have used (C1) when going from the second to the
third line and eliminated the antisymmetric terms in u, v.
We have then used (C1) once again, as well as the definition
of the Riemann tensor, and finally concluded by using the
antisymmetry of the Riemann tensor. This result implies
that the structure constants of the algebra of homothetic
Killing vectors satisfy

Cijkll(k) =0. (CS)

Let us now consider the phase space functions V;;) =
gﬂyf’(‘i>§’(’j> and C(; = pﬂ‘fl(li)' First, we have that the third
time derivative of the squared vectors gives

d3 0 (2
Vi =P PV, (€€ )o)

dr
= 2p”p”p/’vﬂ((vp§?,-> ) (vpg(j)o') - f?i)R()'l/Kpgl((j)))
= —2pﬂpl/p/)(z(v/}gz}:j))RO—ﬂKygl((i)

+ Z(V,)fﬂ))meéfj) + 5((;,)56) (v/)R(mxv))' (C9)

This shows, in particular, that V(ij) =0 whenever the
Riemann tensor vanishes (this is of course sufficient, but
not necessary), as in the case of the flat field space
geometry discussed in Sec. IIL

We are interested in the condition for which the functions
V(i) and C(;) form a closed algebra with the Hamiltonian
H. In the free case where H = p,p*/2, we find

[
{V(ij) H} :P”ay(éﬂ(',-)é:(j)u)
=P Vi + " Vidan
=41 Cj) 4 Cloy =P () Vil (i +E() Vb i)

(C10)
and
{V(U)’ C(k)} = étl(lk)aﬂ(fl(/,-)i(j)u)
- g?k)‘fl(/i)vﬂf(j)v + ‘f}(tk)‘f?j)vyf (i
= AoV ir + 40 Vi
= & (& Vil + &, Vil (Cl1)
which closes if and only if
E Vil + &0 Vil = D @€y (CI12)
k

for some combination of the vectors on the rhs.

APPENDIX D: BIANCHI CLASSIFICATION

This appendix gathers all the properties of the Bianchi
models that are needed for the study of the phase space
symmetry algebra. First, we give a list of the Bianchi line
elements that satisfy the vector constraint (2.3). These are’

"To this list we should add the model VI, which has the same
symmetry properties as VI, but whose treatment involves some
lengthy expressions. It is reported in [41].
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(I) ds? = =N2d7? + a*dx? + b*dy?* + *dZ?, (Dla)

(I1) ds? = =N2d#? + a®(dx — zdy)? + b*dy?* + c*dz?,
(D1b)

(II) ds? = —=N?de? + a?dx? + b>L2(dy? + sinh? ydg?),
(Dlc)

4
IV) ds? = —N2d + a®L2dx? + & e 2dy?
b2

+ b?e > (dz — xdy)?, (D1d)

4
(V) ds?=—-N2dr* + a®L32dx? + %e‘z)‘dy2 + b*e*dz?,
(Dle)

(VIp) ds? = =N2de?> + a>L2dx? + b? (e >dy? + e**dz?),

(VII,) ds? = —=N?df* + a®L2dx?

+ b*e™2(cos xdz — sin xdy)?

4

+ % e (cos xdy + sinxdz)?,

(VII) ds? = —=N?df* + a*(dx + L cosh ydg)?

+ L2b?(dy* + sinh ydg)2, (D1h)

(IX) ds?> = =N2ds* + a*(dx + L, cos 0d¢h)?
+ L2b*(d6” + sin 0dgh)*. (D1i)

The length scale L, has been introduced in order to
have dimensionless fields. In terms of the decomposition
(2.1), the fundamental triads corresponding to these line

(DIf) elements are
|

el = e’ = ed = (D2a)
() dx dy dz (D2b)
(10 dx — zdy dy dz (D2c)
() dx L.dy L, sinh yd¢ (D2d)
(V) Lydx e~*dy e *(dz — xdy) (D2e)
(V) Lydx e~*dy e~*dz (D2f)
(V) L,dx e*dy e*dz (D2g)
(VIL,) Ldx e "™(cosxdy + sinxdz) e~ (cos xdz — sin xdy) (D2h)
(VII) dx 4+ L, cosh ydz L.dy L, sinh yd¢ (D2i)
(IX) dx + L, cos ydz L,do L, sin6d¢ (D2j)

One should note that for each triad the line elements given above are not the only solutions to the vector constraint. We have
focused here on the diagonal case (i.e., when the internal metric is diagonal); a more involved analysis is needed if we want
to account for all the possible internal degrees of freedom [70]. The finite volumes of the fiducial cells are V, = ﬁ Js el

and given by

1

LI —
(L0 167

Vo = L.L,L,

1
(ILVID) Yy = L, Lisinh’ <y2°> xe[0,L,].y €[0.y].¢ € [0.24],

1
V.,V
(V. V) 167

Vo = ——L,L,L e~ sinhx,

€[0.L,].ye€[0,L,].z€[0.L,], (D3a)
(D3b)
x €[0,x).y€[0.L,].z€[0,L,], (D3c¢)
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1

(VI) Vo = ELsLyLZxO x€[0,x),y€[0,L,],z€[0,L,], (D3d)
1
(VIIh) VU = ﬂLsLyLz(l - e_tho) X e [O, .X()],y S [0, L)’]’ zE [0, Lz]y (D3e)
1
(IX) Vo= ZLXL§ x€[0,Ly],0 €[0,z],¢ €0, 2x]. (D3f)
/3 =
The models can be divided into three categories depend- U = 2_a = 3—L (D10)
. . . . m 12 2 4/3 ~1/3°
ing on the internal metrics, which are s L5o" 0
(L) y;; = diag(a®,b%,¢*),  (D4a)  _  6a b
| Un=12t572
Ly 2Lja?
(I, VIy, VIILIX)  y;; = diag(a?,b*,b%),  (D4b) |
:m(3ai)1/3(12+16ﬂ811/ﬂ(ao2/a)4/¢3), (D11)
4 0
(IV, V, VII) y;; = diag <a2,% : b2>. (Ddc)
_ 6a 3(3uv)'/3
We see that for the Bianchi I and II models the field space is Uy = 12~ 2 (D12)
three dimensional, while for the other Bianchi models it is 0 0
only two dimensional. ) =51/
To the second category (D4b) we can also add the Ton — & _ (36°9%)" (D13)
Kantowski-Sachs cosmology, for which the line element, Vio Lia aL3 -’
the triad, and the fiducial volume are given by
8 2 474 4 18
dstg = —N2dP + a2dx? + BPLA(d6? + sin20d¢?), (D5a) . _ @ +2(6h° —1)a'b" +b
VI, 2 314
2L5a’b
e! =dx, e? = L,do, e’ = Lysinddgp,  (D5b) Gav)'?, (3 p)1/3
=————(6h"—1)+—F—
! 2L3 413
V():ZLXL%’ X e [O,Lx},ee [0,7T],¢€ [O,Zﬂ'] (DSC) % (16_\/§(3562/ﬁ)_4/\/§+ 16\/5(31702/11)4/\/?),
The KS model does not belong to the Bianchi classification (D14)
because it does not admit three independent spacelike
Killing vectors forming a closed Lie algebra. Apart from . @ +4ab® 33 (i + 4iav’e?)
this difference, it fits entirely in the setup of our discussion. Uvmi = 5.5 — 2-7/3.-16/3  ° (DIS )
2L5b 410" o
We now give the expression, for each of the above ‘
models, of the potential coming from the minisuperspace 5 ) 43 o
reduction of the three-dimensional Ricci scalar. This is Uiy = a’ —4ab® 31/ (° — 4uv’o”) (D16)

1

V, -
— | & R®) = —ONT_ .1, D6
162G s x\e|\/7 G model ( )
with
. 2a 313 g
UKSZ_E:_WW’ (D7)
U =0, (D8)
3
~ a
= , D9
=5 (D9)

2L21° 4L2773616/3
where we have used the map (3.37) (which is different for
the two families of internal metrics) to also express these
quantities in the conformal null coordinates.

We see that the potentials of the Bianchi III and KS
models differ by the relative sign between potential and the
kinetic terms, i.e., of the “mass of the particle moving on
the field space.” The potential in these two cases and in the
Bianchi V and VI models have a single term, so they can be
removed with a change of lapse, while keeping the field
space metric flat. This can be achieved with the choice of
lapse and coordinates
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u=-2a%b,
(ILKS) N = ﬁ, {
ZGa v = 2b,
Vo w=23a""
(V) N=cor { -
v=23a" V3
2
Voa u=2logab,
VI N = ,
(VD) 2Gb> { v = b*,

We can then use these changes of coordinates in the
expression of the generators to obtain the algebra A in
terms of the scale factors and their momenta.

For the other models, it is not possible to obtain a flat
field space geometry by choosing the lapse to be the inverse
of the potential. However, looking at the potentials for the
models VIII and IX, we see that the two monomials are the
same and only differ by a sign. Furthermore, they satisfy
the condition (3.47). In these two cases, we have two
possible choices of lapse that lead to the 3[(2,R) sub-
algebra of A. The first choice of lapse and coordinates is

N2 2a*b, v =2b, (D20)
2Ga
and it leads to the charges

bb
Cd = Tp, V3 = 8a2b2,

Palaps =2bp,) = Voa?

= . D21

2 16ab> TR (D21)

Pu " dab>
p __2bpy+ap, (D17)
o T T4
— (a\— 3a a+(1_\/§)b
) Pu = (z) 2/ﬁw’ (D18)
_ (a a a+(1+\/§)b
P, = (Z)z/x/i W
Pu =%,
p, = 2bl’bb—apa (D19)
v 8
|
The second choice of lapse and coordinates is
2V,b? a‘*b? 1
N:—W, M:T, 1}:2—b2, (D22)
and it leads to the charges
bb a*
Ca=—L,  Vi=—,
172 )
Pa(ap, —2bpy) _ 4Vob?
Q= - A T 222 (D23)

where the (—) sign is for Bianchi VIII and the (+) sign is for
Bianchi IX. Unfortunately (3.47) is not satisfied for the
Bianchi models IV and VII, meaning that they do not
exhibit the 8[(2,R) symmetry.
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