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Intermediate mass-ratio inspirals with dark matter minispikes
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The dark matter (DM) distributed around an intermediate massive black hole (IMBH) forms an
overdensity region called DM minispike. We consider the binary system which consists of an IMBH with
DM minispike and a small black hole inspiralling around the IMBH in eccentric orbits. The factors which
affect the evolution of the orbit include the gravity of the system, the dynamical friction and accretion of the
small black hole caused by the DM minispike, and the radiation reaction of gravitational waves (GWs).
Using the method of osculating orbit, we find that when the semi-latus rectum p < 10°R, (R, is the
Schwarzschild radius of the IMBH) the dominated factors are the dynamical friction and accretion from the
DM minispike, and the radiation reaction. When p > 10°R,, the gravity from the DM minispike dominates
the orbital evolution. The existence of DM minispike leads to the deviation from the Keplerian orbit, such
as extra orbital precession, henceforth extra phase shift in the GW waveform. By calculating the signal-to-
noise ratio for GWs with and without DM minispikes and the mismatch between them, we show that the
effect of the DM minispike in GW waveforms can potentially be detected by future space-based GW
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detectors such as LISA, Taiji, and Tiangin.
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I. INTRODUCTION

Although there is a large amount of observational
evidence from different scales on the existence of dark
matter (DM) which accounts for 26% of the total mass of
the Universe [1-3], we still know nothing about the nature
and origin of DM. The study of DM is of great importance
for understanding the formation and evolution of the
Universe and finding possible breakthrough in fundamental
physics [1,4].

Because of the extremely strong gravity around black
holes (BHs), there might exist DM halos around them. It
was pointed out by Navarro, Frenk, and White (NFW) that
all equilibrium density profiles of DM halos have the same
shape, which is called NFW profile [5]. Then, Gondolo and
Silk suggested that the adiabatic growth of supermassive
black holes (SMBHs) with masses 10°~10° My would
generate overdensity DM regions around them, called DM
spikes [6]. However, for SMBHs, DM spike could be
disrupted and form a light density region as a result of
galaxy merger or other astronomical activities [7-10]. With
the role of these effects in doubt [11,12], it is more likely
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that DM spike exists around the intermediate-massive black
holes (IMBHs) with masses 10°~10° M, which is called a
minispike [13,14]. The gravity of DM spike could affect the
orbit of the small object moving around the central BH
[15,16]. Optical observation of the orbital motion of the
small object can be used to test the existence of a DM spike
indirectly and constrain the density profile of the spike
[1,17]. Due to the effect of the DM minispike on the orbital
motion of binaries, the observations of gravitational waves
(GWs) emitted by these binaries can also be used to detect
DM minispikes [18-25].

Since the detection of the first binary BH and the first
binary neutron star mergers [26,27], there have been tens of
GW events detected which opened a new window for the
test of gravity in the strong field and nonlinear regions
[28-32]. In particular, the 90% credible intervals for the
mass of the remnant BH in GW190521 are 163.97372 M,
[33]. This is the most massive merger remnant observed so
far and it provides a direct observation of the formation
of an IMBH [34]. Additionally, there are four more GW
events—GW190519, GW190602, GW190706, and
GW190929—with the mass of the remnant BH heavier
than 100 M. IMBHs may come from primordial BHs
formed as a result of gravitational collapse in overdense
regions with their density contrasts at the horizon reentry
during radiation domination exceeding the threshold
value [35,36]. Astrophysically, IMBHs may form from
the evolution of nearly zero metallicity Population III stars
[37]; the mass segregation, runaway collision and merging
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in dense, young clusters [38—42], the gas accretion on to
stellar-mass BHs [43,44], binary dynamical interaction, and
mass transfer in binaries in dense star clusters [45]. Stars
are removed from the cluster by tidal stripping and ejection
and the IMBH is released [43,46]. It was suggested IMBHs
with the mass of ~10° may exist in some tens of per cent of
current globulars [43], and even hundreds of IMBHs are
present in the Galactic bulge and halo [47,48]. However,
there is a great uncertainty about the population of IMBHs
and observational evidence of IBMHs remains in dispute.
For a review on the formation and evidence of IMBHs,
please see Refs. [49-51].

As an IMBH sinks to the center, it is possible for the
IMBH to capture a companion and the binary was hardened
by repeated interactions. A small compact object captured
into the inspiral orbits around an IMBH/SMBH forms an
intermediate-mass-ratio (10°~10*) inspiral (IMRI) or an
extreme-mass-ratio (10*~10%) inspiral (EMRI) system. For
EMRI/IMRI, the small compact object spends the last few
years inspiralling deep inside the strong gravitational field
around the massive BH (MBH) with a highly relativistic
speed. The emitted GWs from EMRI/IMRI encode rich
information about the spacetime geometry around the
MBH and the environment of the host galaxy, so they
can be used to confirm whether the MBH is a Kerr BH
predicated by GR. Therefore, the study of IMRIS/EMRIs
cannot only tell us information about the dynamics of large-
mass-ratio binaries and the property and growth of BHs,
but also sheds light on fundamental physics such as dark
matter, dark energy, and quantum gravity [52,53]. As long-
duration sources of GWs, there are thousands of GW cycles
in the detector band of space-based GW detectors such as
LISA [54], Taiji [55], and TianQin [56,57]. The event rate
depends on a number of factors, such as the fraction of star
clusters with a MBH, the mass distribution of BHs and the
mechanism for the formation of MBHs, etc., [49]. It was
estimated that LISA could detect IMRIs with an event rate
~3-10 Gpc3 yr~! [58], or 10 IMRIs consisting of BHs
with 103 Mg and 10 M, at any given time [43], or a few
IMRIS/EMRIs consisting of an IMBH and a SMBH per
year [46].

When a small object moves around an IMBH with DM
minispike, it is affected by the gravity of the central BH
and the DM minispike [18-25]. Besides, the small object
is driven by the gravitational drag (dynamical friction)
(DF) of the DM minispike while moving through the
DM minispike [59-61]. Considering the effects of gravity
and the DF of DM minispike and GW reaction, analytical
GW waveforms were derived in [19] for IMRIs in quasi-
circular orbits to Newtonian order by assuming a single
power-law model for the DM minispike, and the power-
law index a can be determined to 10% accuracy for
a ~ 1.7 with LISA for IMRIs composed of an IMBH with
mass 10° My and a compact object with mass 1 M, in
quasi-circular orbits [19]. Due to its gravitational

interaction with the binary, the DM minispike surrounding
an IMBH could evolve [62]. The DM density profile is not
static because there is an efficient transfer of energy from
the binary to the DM spike and the energy dissipated
by the compact object through DF can be much larger than
the gravitational binding energy in the DM distribution,
so the dephasing of the gravitational waveform induced by
the DF was overestimated with the assumption of a fixed
DM density profile, but it is still potentially detectable
with LISA even if the evolution of the DM minispike is
taken into account [62]. If the small object is a BH, it also
accretes the medium surrounding it [63,64]. Different
types of accretion and DF of the DM minispike have
different effects on the evolution of IMRIs [65]. Including
the effect of accretion in addition to the effects of gravity,
DF and GW reaction, the authors of [21] calculated the
time and phase differences caused by DM minispikes
using the same method used in [19] and they found that
the inspiral time is reduced dramatically for smaller
IMBHSs and larger « and the time difference is detectable
with LISA. They [21] also compared the contribution to
the phase difference, with and without the accretion effect,
and they found that the contribution to the phase differ-
ence is dominant by the DF and the accumulated phase
shift caused by the accretion effect only can be detected
with LISA, Taiji, and TianQin. Because DF and accretion
cause the orbit of the binary to decay faster, the existence
of the DM minispikes could be an efficient catalyst for the
merger of IMRIs [22].

The eccentricity of a binary may not be small at merger
[66-70], so it is necessary to consider eccentric IMRIs to
understand astrophysical formation channels of binaries
and the properties of DM minispikes [71]. The orbital
eccentricity could increase under the influence of dynami-
cal friction (DF) of the surrounding medium such as DM
and decrease by GW reaction [71,72]. In this paper, we
study the effects of DM minispike on the orbital motion
and GW waveforms by using the method of osculating
orbital perturbation [73,74]. We consider an IMRI with a
DM minispike in eccentric orbit to discuss the effects of
the gravity of the central IMBH and DM minispike, the
DF of DM minispike, the accretion of the small BH and
the radiation reaction of GWs, separately and concur-
rently. The paper is organized as follows. In Sec. II, we
discuss each of the above effects on the orbital motion.
The combined effects on the orbital motion and GW
waveforms are discussed in Sec. III. We also calculate the
signal-to-noise ratio (SNR) for and the mismatch between
GWs from IMRIs in eccentric orbits with and without DM
minispikes in Sec. III. We draw the conclusion in Sec. IV.
The details of the method of osculating orbital perturba-
tion is presented in Appendix A. We present the results
of parameter estimation for IMRIs in circular orbits with
the method of Fisher information matrix (FIM) in
Appendix B.
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II. THE EFFECTS OF THE DM MINISPIKE

In this section we consider an IMRI consisting of an
IMBH surrounded by a DM minispike and a stellar mass
BH inspiralling around the IMBH. The motion of the IMRI
is affected by several dynamical factors, such as the gravity
of both the IMBH and the DM minispike, the DF, the
accretion of the small BH, and the radiation reaction of
GWs. We discuss the effect of each factor in this section.

A. Gravity of the DM minispike

We choose the mass of the IMBH as M = 10° M, and
the mass of the small BH as y = 10 M. For this IMRI,
the reduced mass € and total mass m are approximately
equal to u and M, respectively, ¢ = Mu/(M + p) ~ u and
m =M + pu~ M. Following [18,19], we adopt the distri-
bution of DM

r
psp(%)a’ T'min <r< rsp7
r)= 1
pom(r) { ; e (1)

where r is the distance from the test point to the central
IMBH, r, is used to characterize the range of the DM
minispike, p, is the DM density at the distance rg,, and 7,
is chosen to be the innermost stable circular orbit (ISCO)
of the central IMBH, 7y, = risco = 3R, = 6GM/c>.
For the central IMBH with the mass 103 Mg, we have
ro = 0.54 pc and pg, = 226 M /pc® [18,19]. The power
index a = (9 —2a;,)/(4 — &) with the initial profile
parameter «;,; describing the final profile of DM halo,
which depends on the formation history of the central
IMBH. Take the NFW case as an example, the initial profile
parameter is a;,; = 1, henceforth @ = 7/3 [5]. For the DM
spike, 0 < a;,; <2, so 2.25 <a <2.5 [6]. For the DM
region distributed around IMBH, the range of a maybe
wider [18,19]. In this paper, we adopt 2.25 < a < 2.5. The
mass of the DM minispike within 7 is

4P (L 3—a 3-a

———=(r -1 Tmin < 7' < T,

MDM — 3—a ( min )’ min sp» (2)
0, 7 < Fmin-

With Eq. (2), the acceleration of the small BH is

GM GF
——;ffn - —n, (3)

r r

ag =

where Mg =M —4npg,rérmin® /(3 —a), F = 4npy,rd/
(3 —a) and n is the unit vector pointing from the central
IMBH to the small BH. The first term in Eq. (3) mainly
comes from the gravitational interaction of IMBH and the
second term is from the DM minispike. When a — 1 # 2,
the second term is not in the form of inverse square law,
so the orbit of the small BH is no longer Keplerian. We take
the second term as perturbation and use the osculating orbit

method to discuss the deviation from the Keplerian orbit.
Comparing Eq. (3) with Eq. (A1) in Appendix A, we have

GF
fG:_Fn:RGn' (4)

Substituting Eq. (4) into Egs. (A7)—(A10), the osculating
equations can be written as

dp _

=0, 5
= 0
de p>eF sin ¢
7 3—a’ <6)
dp~ M (1+ecose)
do p*°F cos ¢
T 3—a’ (7)
dp My e(1+ e cosep)
a_ [
dp  \ GMy (1 + e cos ¢)?
3—a
|14 p>~%F cos ¢ . (8)
Mse(1 + e cosp)’™

where ¢ is the true anomaly angle, p is the semilatus
rectum, e is the orbital eccentricity, @ is the longitude of
pericenter, dw/d¢ describes the pericenter precession of
the orbit. Comparing with the Keplerian motion, the terms
including p3~¢ in the above equations are the correction
from the DM minispike.

Combining Eqgs. (6), (7), and (All), we obtain the
accumulated changes of e and @ over one period,

Ae =0, 9)
3—a
pYF
Awpy :M—HWDM(e)’ (10)

where Wpy(e) = |27 cos¢(1 + e cosp)® e 'dgp, and
the subscript DM means the gravitational effect of the
DM minispike. Note that Wpy, is always less than zero
whenO<e<landl <a < 3. prSp = 0, i.e., there is no
DM, then the right-hand side of Eq. (10) becomes zero and
Awpy 1s zero. From Eq. (9), we see that the accumulated
change of e in one period is zero. The accumulated change
of @ will cause an additional orbital precession, as seen
from Eq. (10). We plot the accumulated @ versus ¢ for
different p and a in Fig. 1. As shown in Fig. 1, @ does not
evolve much for p = 10°R, regardless the value of a, but
its change is not small for p = 10°R,. The larger value of ,
the larger amplitude of the precession. These results can
be easily understood because the total mass of the DM
minispike within the region p < 10°R, is small, so the
gravitational effect of DM minispike is negligible. At large
orbital distance p = 10°R,, the gravity caused by the DM
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FIG. 1. The accumulated @ versus ¢ for different p and a under

the influence of the gravity from the DM minispike. The
eccentricity e is 0.6, and the values of a are chosen as 2.25,
7/3 and 2.5. The semilatus rectum p are chosen as 10°R;, 10*R,
10°R, and 10°R;.

minispike can not be ignored, so the effect of the DM
minispike on the orbital motion becomes important.

However, the orbit also experiences the relativistic
precession caused by the higher-order effect of gravita-
tional interaction [75,76]. Using the post-Newtonian results
[74], the change of the relativistic precession with a DM
minispike over one orbital period is

67Z'GMeff GF

~ — p*W, , 11
a)rp C2P + C2 p I'p(e) ( )

er(e) _ Azn (3- e2) cos ¢ — Se cos2¢ + 3e .

e(l +ecosg)’

The subscript ‘rp” means the relativistic precession. W, is
greater than zero when 0 < e <1 and 1 < a < 3.

To compare the effects of gravitational interaction and
relativistic precession at different orbital distance, we show
Awpy/Awy, with respect to p for different values of « in
Fig. 2. We see that at small orbital distance p < 10°R,
Awyy, is greater than Awpy, and it may even be ~4-5 orders
of magnitude greater, so the effect of the relativistic
precession dominates in this region. At large orbital
distance p > 10°R,, Awpy is much larger. For example,
Awpy/Awyg, ~ 10* when p = 107R;. Therefore, the effect
of the gravity of the DM minispike dominates at large
orbital distance where p > 10°R,.

B. Dynamical friction and accretion

Chandrasekhar suggested that moving objects may be
dragged by the gravity of the interstellar medium particles,
this is called DF [59]. The property of DF depends on the

4 L
B [
3 2
3
=
A 0
3
= 2}
en
o
— _4t

-6}

1 2 3 4 5 6 7
Log,o(p/Rs)

FIG.2. Theratio Awpy/Awy,, versus the semi-latus rectum p in
the range 3R, to 108R, for different values of a. We take the
orbital eccentricity e = 0.6.

velocity of the moving object, the density and the sound
speed of the medium [60,61].

While moving through the DM minispike around the
central IMBH, the small BH is dragged by the DF of
the DM minispike. Without loss of generality, we discuss
cases in supersonic regime that the DF can be described
as [71]

472G’ 1 ppml, y

Jfor=——"73—""", (12)
v

where v is the velocity of the small BH, I, is the Coulomb
logarithm which depends on v and the sound speed of the
DM minispike. In this paper, we adopt [, = 3 [19].

Substituting Eq. (12) into Egs. (A7), (A8), and (A9) and
averaging the result [the orbital average of a physical
variable is defined in Eq. (A12)], we have

A (D
()
where
g(e):Ah(l+2ecos¢+e;;gb/2(1Jrecosd))z‘“’ (16)

_[* (cosgp+e)dep
fle) _A (1+2e cos¢+e2)3/2(1 +ecosg)
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and the subscript ‘DF’ means that it is due to the effect of DF. It is obvious that g(e) is always greater than 0. When
O<e<land 1 <a<3, f(e) is less than zero. Combining Egs. (12) and (A10), we obtain

p’/(GM)

dt
(@)DF T (1 +ecosg) ( ~ m2e(1+2e cosg + €2)32(1 + e cosh)>*

In the above equation, the second term in the brackets is
the correction from DF. Take the orbital average of
Eq. (18), we get

dt p’ .
<d¢>DF = Vou'
which is the same as Keplerian motion.

From Egs. (13), (14), and (15), we see that DF acts as a
dissipated force. Under the influence of DF, the orbital
radius of the system decreases and the eccentricity
increases. However, DF does not affect the orbital pre-
cession. We plot the evolution of e versus p for different p,),
ep, and a in Fig. 3, and show the changes of p with respect
to ¢ for different values of p, and « in Fig. 4.

As shown in Fig. 3, the eccentricity e increases as p
decreases under the influence of DF, so all orbits will
evolvetoe — 1 as p — 0, i.e., head-to-head collision of the
binary if only DF is considered and post-Newtonian result
is valid. From Fig. 4 we can see the orbit decays with time.
Before the orbit shrink in a short time, it evolves slowly for
a long time, even more than thousands of years. The value
of « is greater, the orbit starts the fast shrink earlier.

Now we turn to the discussion of accretion. The
accretion of the small BH we considered is characterized

_ 62)_3/2, (19)

1.0 \ .....
0.9 | — (107R,08,2.25)
_____ (107R,,0.8,7/3)
______ 10R,, 0.8,2.5
» 08 (10°R, )
—— (107R,,0.6,2.25)
_____ (107R,,0.6,7/3)
07} ... (107R,, 0.6,2.5)
—— (10°R,,0.6,2.5)
06l — (10'R,06,25)
1 2 3 4 5 6 7
Log;olp/Rs]
FIG. 3. The eccentricity e versus the semilatus rectum p under

the influence of DF. We take the initial eccentricity e, as 0.6 and
0.8, the initial semilatus rectum p, as 10°R,, 10°R, and 10"R,,
and the values of a as 2.25, 7/3 and 2.5. In the legends, (107R,,
0.8,2.25) means that p, = 10’R;, ¢y = 0.8, and a = 2.25.

8 ra I, p>~%sin
Upom? Ly ¢ > (18)

as Bondi-Hoyle accretion [63,77]. We assume that the
radius of the small BH is greater than the mean free path of
DM particles, so the mass flux at the horizon of the small
BH is [65,78]

2 ﬂzpDM
| = 471G A ————=7, 20
a (v? + c2)3/? (20)
where 4 is of order one and depends on the DM medium,
and ¢, is the sound speed of the DM medium. For
simplicity, we assume v > ¢, and 41 =1 in this paper.
Considering the influence of the accretion only, the
orbital equation of motion is

.. GuM
Uy + py = — Z n. (21)

The accretion term gv can be thought as a perturbation
force,

472G p* ppA
— 73 v’

fo (22)

v

where the subscript a means that it is due to the effect of
accretion. Combining Egs. (22), (A7)—(A9), we get

a
dp\ _ APy pHg(e) (23)
dp/, M ’
7
6
E 5 po=10"R,@=2.25
~
& _____ p0=IO7RA.,a/=7/3
S 4 7
%[) ______ po=10"R;,a=2.5
[ po=10°R,,@=2.25
----- po=10°R,a=7/3
28 po=10°R =25
1 I | ] .
LOglo[t/yr]

FIG. 4. The evolution of p under the influence of DF. We take
the initial eccentricity e, as 0.6, the initial semilatus rectum p as
10°R,, and 107R,, and the values of a as 2.25, 7/3, and 2.5.
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FIG.5. The growth of small BH’ mass y when only accretion is

considered. The initial mass is uy = 10 M. The initial eccen-
tricity is e, = 0.6. Initial values of p, are 10*R, 10°R,, 10°R,,
and 107R,. a is chosen as 2.25, 7/3, and 2.5.

d 4upg,r&A
(20) < Wi,
dw
(i), =0 >

Equations (23)—(25) are the same as Egs. (13)—(15) with
A replacing 1, so the effect of accretion is the same as DF.
Solving the above orbital evolution equations, we get the
growth of the small BH’s mass as shown in Fig. 5. In Fig. 5,
the mass of the small BH grows from p, to p = 10R,. We
can see that the mass of the small BH increases rapidly
when p ~ 10R,, it even reaches to thirty times that of the
initial mass. One reason for this is that the density of the
DM minispike is larger as the small BH moves closer to
the central IMBH. Another reason is that there is a plenty of
time for the small BH to grow when only the accretion is
considered. However, as we will see in the next section,
when other factors such as the DF and the reaction of GWs
are taken into account, there is not enough time for the
small BH to become very large.

C. Reaction of GWs

The reaction of GWs on eccentric binaries was explored
by Peters and Mathews [79,80]. The measurement of the
orbital damping of pulsar binaries caused by GW reaction
was then reported in [81,82]. The reaction of GWs can be
calculated as a perturbation force [8§3—85] with the method
of osculating orbit [86,87]. In the harmonic gauge, the
effect of reaction of GWs on the acceleration of the system
can be written as [74,88]

8G’M, 17G G
agw = -t | (30?2 + =2 i — (02 + 375 )y ).
5 ¢35 3 r r
(26)
Substituting Eq. (26) into Eqgs. (A7)—(A10), we obtain

(4r) __,lom
do/ cw 5 CSP3/2

de 8 (Gm)*? (304 121 ,

— ) =-C “—et+——€), (28

<d¢>Gw ST \ 2 ¢ (28)
da)>
— ) =0, (29)
<d¢ GW

dt B p? (1

dp/cw VGm
where 7 = Mu/(M + u)?, and the subscript GW means
that it is due to the effect of the reaction of GWs. From
Egs. (27)—(30), we see that the changes of p and e depend
on p as p~>/2 and p~>/2, so the effect of the reaction of
GWs is greater when the small BH moves closer to the

central IMBH. Unlike the DEF, the reaction of GWs
decreases both the orbital radius and the eccentricity.

8+7¢2), (27

— )72, (30)

III. THE NET EFFECT

In the previous section we discussed several perturbative
forces and their effects on the orbital motion, respectively.
In this section, we discuss the net effect of these perturba-
tive forces. Combining Egs. (3), (12), (20), (21), (26),
and (A1), we obtain

GM,
ot =~ 3 Tn + apy + apg + a, + agw, (31)
#p
i =~ 4nG2) —U?M : (32)
where
GF
apm = —F", (33)
4nG? I,
apr = —%% (34)
47G? A
a, = — z :;pDM v, (35)
8G°M 17GM GM
aGw:—S—Sﬂ 31)2+—— m — 1)2+3— V.
5 ¢r 3 r r
(36)
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As discussed in the previous section, the effect of these
perturbation forces dominates at different orbital ranges.
For example, apy,; dominates at large orbital distance
p > 10°R, only and is negligible at small orbital distance
p < 10°R,. However, apg, a,, and agy have more pro-
nounced effects at small orbital distance p < 10°R, than at
large orbital distance p > 10°R,, and their effects on the
orbit are accumulated. Therefore, we consider the net effect
at the large orbital distance p > 10°R, and at the small
orbital distance p < 10°R, separately.

A. Small orbital range p < 10°R;

In this subsection, we discuss the net effect at small
orbital distance p < 10°R;. As discussed above, the effect
of the gravity of the DM minispike is negligible in this
region, so Eq. (31) becomes

_ G
Aoy = =—5 1 +apr +a, +agw. (37)

Substituting Eq. (37) into Eq. (A10), we obtain

dt P’ 1
<@)tot N G—M(l +ecosg)’
5 {1 _ Sauppur§p “sing (I, + )M
e(1+2ecosgp+e?)3?(1+e cosg)>

8n(GM)2[(3 , 28 35 .
TPWQ Ee +?+€€COS¢ Sln2¢

+§sin¢+2e sinqﬁ}(l—ﬁ—eCOS(lﬁ)}' (38)

The second term in curly brackets of Eq. (38) is the
correction from the DF and accretion, and the third term is
from the reaction of GWs. Take the average of Eq. (38),
we get

<j_(;>tot N Gp—;/l(l - 62)_3/2' (39)

This form is the same as in Keplerian motion.
Substituting Eq. (37) into Eqs. (A7)—(A9), we obtain

df]? _ _4lupsp(rsp)”(l11 + /1) p4_ag(e)
A/ o M?
8 (GM)/?
de B 4/‘psp(rsp)a(lv+’1) 3—a
d_ - = 2 V4 f(e)
¢ tot M
8 (GM)*? (304 121 ,
— et | e+ — 41
s\t ) (@

<Z—Z>mt =0. (42)

From Eq. (42), we see that the net effect on the orbital
precession is null. In Eq. (40), g(e) is always greater than
zero, so the orbital radius decreases with ¢p. However, the
sign of the right-hand side of Eq. (41) is uncertain, so it is
not clear whether the eccentricity increases or decreases
with ¢. Let the left-hand side of Eq. (41) equal to zero, we
can define the critical radius

—8(GM)3/*y 304 121 =T
= —-— e —-—e .
20 pspr (1, 4+ 2) f(e) \ 24 24

Pe
(43)

The value of p. depends on e and a. When p > p., the
effects of DF and accretion are stronger than the effect of
the GW reaction, the eccentricity increases with ¢». When
p < p., the effect of GW reaction is more important, so the
eccentricity decreases with ¢. We show the evolutions
of orbital parameters p and e for different initial values of
Po and e in Fig. 6. As shown in Fig. 6, the presence of a
DM minispike makes the orbit decay more quickly.
The eccentricity increases slowly when p > p., and then
decreases rapidly when p < p. due to the radiation of
GWs. Away from the central IMBH, the DF of DM
minispike dominates over GW reaction, so e increases
with ¢. If « is larger, the effect of DF becomes stronger, it
can increase the eccentricity up to smaller distance, so the
value of p,. is smaller.
From Eq. (32), we get

L 2GVpPapg, s
</" = M2 ppa_g/zJ(e)7 (44)

where

v [  (14ecosg)®
ie) = /0 (1 4+ 2e cos¢p + e2)3/?

d > 0.

The growth of the small BH’s mass from p = 10°R, to
p = 10R; is shown in Fig. 7. The mass of the small BH
could increase to ~1.3—1.7 times of the initial mass under
the net effect, as shown in the right panel of Fig. 7. We see
that if the initial value e, is larger, it takes longer time for
the IMRI to merge, so the small BH accretes more DM and
it becomes bigger. The left panel of Fig. 7 shows the change
of the small BH’s mass under the influence of the accretion
only. Comparing the results in Fig. 7, we see that the mass
accretion by the net effect is much smaller than that by the
effect of accretion only. This is because the reaction of
GWs becomes dominant when p < 100R; and the orbit
decreases rapidly to merge, so there is not enough time for
the small BH to become big.
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FIG. 6. The evolution of orbital parameters from the initial semi-latus rectum p, = 103R to p = 10R,. The right panels show e versus
p for different initial orbital parameters. The left panels show how p evolves. We take the initial eccentricities as 0.2, 0.6, and 0.8, and
the values of a as 2.25, 7/3, and 2.5. The black dashed lines are the cases with the same initial orbital condition but without DM. The

color dashed lines in the right panels show how the critical radius p,. change with e for different values of a.

Combining Egs. (40), (41), (44), and (38), we can estimate
the merging time of IMRIs. Since the evolution time from
p = 10R; to coalescence are a few hours or even less than
one hour, and the evolution from p = 10°R, to p = 10R,
would take many years, so the evolution time of IMRIs from
p = 10°R, to p = 10R, can be approximated as the merger
time from p = 10°R, to coalescence. We show the evolution
time of IMRIs from p = 10°R; to p = 10R, with different

initial eccentricities and different values of « in Table I.
Comparing with the results without DM, the presence of DM
minispike shortens the merger time greatly. The larger the
value of «, the faster the evolution of IMRIs with DM
minispikes, the shorter the time it takes to merge. As the
event rate of IMRIS/EMRIs is proportional to the inverse of
the merger time [22], the existence of DM minispike greatly
enhances the event rate of IMRIs.
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The growth of the small BH’s mass from p = 10°R, to p = 10R,. The left panel shows the results with the effect of the

accretion only. The right panel shows the results with the net effect. The initial eccentricities are chosen as 0.2, 0.4, 0.6, and 0.8, and the

value of a is chosen as 2.5.

In [21], the authors discussed the effect of DM minispike
on the merger time for IMRIs in circular orbits (the case
e = 0) by considering the gravitational pull, DF, GW
reaction, and accretion. For IMRISs in eccentric orbits, only
the effects of the DF and GW reaction on the merger time
are considered in [72]. The effects of gravitational pull and
accretion were not considered for eccentric IMRIs because
they are difficult to calculate with that method used in [72].
With the osculating orbit method, here we consider the
net effect of the gravitational pull, DF, GW reaction, and
accretion for eccentric IRMISs.

Now we discuss the effect of perturbations on the GW
waveform. The quadrupole formula of GWs is

i 26

= T
C4dL ’

(45)
where d; is the luminosity distance to the GW source, the

dot denotes differential to the retarded time z =t —d; /c,
and 17 is the mass quadrupole moment of the IMRI,

fii — MH

= riv.
M+ u

(46)

The plus and cross modes of GWs in the transverse-
traceless gauge are

TABLE 1. The time, in the unit of years, it takes the orbit
evolving from p = 103R, to p = 10R,.

e No DM a=225 a=17/3 a=25
0 4829 41.0 11.5 0.813
0.2 4901 40.4 11.4 0.815
0.4 5178 38.6 11.1 0.826
0.6 5928 35.6 10.5 0.848
0.8 8354 30.3 9.5 0.879
0.9 12625 25.5 8.4 0.898

hy == (el - eiyejy)hip (47)

N[ —

h, = (eé(ejf + eg’eg()hij’ (48)

| =

where ey and ey are unit vectors perpendicular to the
propagation direction Z of GWs in the detector-adapted

frame,
~ m [v’v/
472G*ppm [ My
3 (M +u
AG*Mu
~ R
+ e sing(1 + e cos @) (n'k/ + k'n/)
+ (1 + e cos p)?k'k/ + AY],

i AGMy B G(M + p) wind
.

)(W + W’)] ,

[—(1 + e cos ¢ — e?*sin’¢)n'n/

k is the unit vector orthogonal to n and

Al — drpgréMu (1 + e cosg)®
(M + u)?p*=3 (1 4 2¢ cos ¢ + €2)3/?

o 2e sin ¢
1+ e cos¢g

nin* + kinJ + kjni> : (50)

The term A% is the correction from the growth of the small
BH and it is about 1076~10~7 times smaller than the
other terms.

The time-domain GW waveforms of the IMRI with
different parameters are shown in Fig. 8. From Fig 8, we
see that initially the GW waveforms for IMRIs with and
without DM minispike are the same. Three months later,
the GW waveforms are different. The presence of DM
minispike increases both the amplitude and frequency of
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FIG. 8. The time-domain plus mode GW waveform for IMRIs. The black-dashed lines are the waveforms without DM. The left panels
show the initial waveforms. The right panels show the waveforms after three months. We take the initial eccentricity e, as 0.2, 0.6,

and 0.8 from the top to bottom panels, respectively, the initial semilatus rectum as p, = 103R,, and the values of a as 2.25 and 2.5.
The inclination angle : = 7/6, the initial longitude of pericenter @, = 0, and R = 10°> Mpc.

GWs. Therefore, long-time observation of GWs can be
used to detect DM minispike and constrain the value of a.

To quantify the influence of DM minispike on GWs,
firstly we compare the number of orbital cycles accumu-
lated for a long-time evolution of the IMRI as in [62,89],

where f is the orbital frequency, #; and ¢#; are the initial and
final time for the orbital evolution. In Fig. 9, we show the
accumulated difference of the number of orbital cycles
with and without DM minispike for the orbital evolution
of six months. We choose f; as the orbital frequency at
po = 10°R,, and f; is the frequency after six months. The
| o difference between the number of orbital cycles with and
N = _/ f(t)dt, (51)  without DM minispike is AN (¢) = Npy(t) — No(1). As

2z Js, shown in Fig. 9, we see there is significant difference in the

064003-10



INTERMEDIATE MASS-RATIO INSPIRALS WITH DARK ...

PHYS. REV. D 106, 064003 (2022)

4

]

€=0, a=2.5
=02, @=2.5
— ¢p=04,a=2.5
€0=0.6, @=2.5 ...
—— ¢0=0.8, a=2.5
_____ €=0.8, a=7/3
...... e0=0.8, a=2.25

Log,o[Npm—Nol

120 150 180

FIG. 9. The difference Npy — /N between the number of
orbital cycles with and without DM minispikes accumulated
during half-year evolution. We take the initial semi-latus
rectum p, = 103R,. The initial eccentricities e, are chosen
as 0, 0.2, 0.4, 0.6, and 0.8 respectively, and the values of a are
2.25,7/3, and 2.5.

number of cycles. AN (7) is always positive because the
evolution of the IMRI with a DM minispike is faster than
that without a DM minispike. If a is larger, the evolution of
the IMRI with a DM minispike is faster, so the difference
AN (t) becomes larger. When a =2.5, the difference
between the number of orbital cycles can be much more
than 10°.

Then we calculate the SNR with LISA for GWs emitted
from IMRIs with and without DM minispike and the
mismatch between these two GWs. Given two signals
hy(¢) and h,(t), we define the inner product (h|h,) as

Su(f)
where h(f) is the Fourier transformation of the time series
h(t), h* denotes the complex conjugation and S, is the one-
sided noise power spectral density (PSD). The SNR for a
signal & is /(h|h). The PSD of LISA is [90]

Se 28,1+ cos?(2xfL
$,(5) =25+ [ U;;)E;f /c)]

e e

where /S, =3 x 10~ ms~2/Hz!/? is the acceleration
noise, /S, = 1.5 x 107" m/Hz'/? is the displacement
noise and L = 2.5 x 10° km is the arm length of LISA

[54]. The overlap between two GW signals is quantified
as [91]

O(hy. hy) = — e, (54)

and the mismatch between two signals is defined as
Mismatch = 1 — O (hy, 1), (55)

where the maximum is evaluated with respect to the time
shift and the orbital-phase shift. The mismatch is zero if two
signals are identical. Two signals are considered exper-
imentally distinguishable if their mismatch is larger than
d/(2p?*), where d is the number of intrinsic parameters of
the GW source [92-94].

Choosing different initial eccentricity e, at p, = 10°R;
and taking a = 7/3, we calculate the SNR for and the
mismatch between GWs from eccentric IMRIs with and
without DM minispike at the luminosity distance d; =
100 Mpc with one year integration time prior to p = 10R,,
we also calculate the maximum detectable distance D, by
fixing the SNR to be 12 [52], these results are summarized
in Table II. From Table II, we see that without a DM
minispike, the SNR is almost the same for eccentric IMRI
with different e¢,. But the SNR is different for eccentric
IMRI with different e, when a DM minispike is present. So
the value of e, affects the SNR when a DM minispike is
present. Note that the SNR and the maximum detectable
distance increase as e, becomes larger initially, but then
they decrease if ¢ is too big. The mismatch between GWs
from eccentric IMRIs with and without DM minispike
is much larger than d/(2 SNR3) = 4.3 x 107 for all cases.
Thus we can detect DM minispike with LISA. The
maximum detectable distance with LISA can be estimated
as D« = SNR; /12 x 100 Mpc, which is ~300 Mpc.

To assess the detector’s ability to constrain the parameter
a, we can perform parameter estimation for « using the
FIM method [95-97]. Unfortunately, there is no analytical
waveform for eccentric IMRIs with DM minispike. For
quasicircular orbits, we can derive analytical waveforms
[19,21] and the details are presented in the Appendix B.
With the analytical waveform, we estimate the parameter

TABLEIL. The results of the SNR for and the mismatch between
GWs from eccentric IMRIs with and without DM minispike for
different initial values of the eccentricity at p, = 10°R,. The
luminosity distance is chosen as d; = 100 Mpc. We take one year
integration time prior to p = 10R,. SNR, and SNR, are the SNR
for GWs from eccentric IMRIs without and with DM minispike,
respectively. D, in units of Mpc, is the maximum detectable
distance with SNR = 12.

€ SNR, SNRp Mismatch D o
0.2 34.13 42.97 0.99992 358.1
0.4 34.19 47.74 0.99944 397.8
0.6 34.44 36.71 0.99965 305.9
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TABLE III.  The estimated errors of the parameters with LISA
for IMRIs with DM minispike in circular orbits. We choose four-
year observation time before the coalescence and SNR = 10
[98,99]. The parameter x which is related to DM parameters py,
and rg, is defined in Eq. (BS).

a AD. At, Aln M (%) Aa Aln «(%)
No DM 0.496 2.08 4.27 x 1077
225 440 525 1.96x107* 1.16 x107° 0.000303
7/3 1.88 173 991 x10™* 1.64x107° 0.000414
2.5 488 746 197x107" 634 x 1075 0.0207

errors with the FIM
Table III.

From Table III, we see that the error of « is in the order
of 107°-107°. If we consider eccentric orbits, we expect
that the error Aa will be larger due to the addition of the
eccentricity parameter e, but it should still be small.
Therefore, it is possible to detect DM minispike with
LISA, Taiji, and Tiangin, and place stringent constraint
on the DM parameter a. The constraint on « can help us to
understand the type of DM [23].

method and the result is shown in

B. Large orbital range p > 10°R,

At large orbital distance, the small BH can also be
compact object. As discussed in Sec. II, the orbital
precession caused by the gravity of the DM minispike is
much greater than that caused by the higher-order effect of
gravitational interaction in the far region p > 10°R,. We
also find that at a large orbital distance p > 10°R,, the
effect of the DM minispike’s gravity is much greater than
those of the DF, the accretion and the reaction of GWs.
Thus at large orbital distance, we mainly consider the effect
of DM minispike’s gravity.

Combining Eqs. (5)—(8), we get the information about
the IMRI’s motion. We plot the orbital motion of the binary
with different parameters in Fig. 10. As shown in the top
panel in Fig. 10, the existence of DM minispike leads to the
orbital precession. If « is larger, i.e., the DM minispike is
denser, then the orbital precession is bigger. In the bottom
panel, we see that larger eccentricity also causes bigger
orbital precession.

Since Wpy <0 and W, > 0, the orbital precession
Awpy induced by the gravity of DM minispike is negative,
and the orbital precession induced by the high-order effect
of the gravity Aw,, is positive, so the sign of total orbital
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= 2 2
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FIG. 10. The orbital motion of IMRIs in large orbital distance. In the top panels, the initial eccentricity e, is 0.6, the initial semi-latus
rectum py is 10°R;, and the values of @ are 2.25, 7/3, and 2.5 from the left to the right panels. In the bottom panels, we take p, = 10°R,
and a = 2.5. The initial values of ¢, are 0.6, 0.8, and 0.9 from the left to the right panels. The solid green lines are for IMRIs with DM

and the dashed black lines are for IMRIs without DM.

064003-12



INTERMEDIATE MASS-RATIO INSPIRALS WITH DARK ...

PHYS. REV. D 106, 064003 (2022)

0 OF
-5000
— = -500
g 10000 = €9=0.6, @=2.25
g - ,_E, €=0.6, a=7/3
E’L 5 1000 ] |——€0=0.6,a=2.5
3 -15000 3 €=0.7, a=2.5
4 < —_— 80:0.8, a=2.5
20000 1500 e9=0.9, a=2.5
2 4 6 8 10 0 20 40 60 80 100
p/(10°Ry) t/year
FIG. 11. The total orbital precession Aw,, under the net effect. The left panel shows the orbital precession accumulated from

p = 10°R, to p = 10°R,. The right panel shows the orbital precession accumulated over 100 years starting with p, = 10°R,. The initial

eccentricities are chosen as 0.6, 0.7, 0.8, and 0.9, and the values

precession Aw,, = Awpy + Awy, is uncertain. In Fig. 11,
we show the total orbital precession for different eccen-
tricities and different values of o under the net effect of
the DM minispike’s gravity, the DF, the accretion and
the reaction of GWs. As shown in Fig. 11, we see that
Aw,; < 0 because the effect of DM minispike’s gravity is
greater than the high-order effect of the gravity when
p > 10°R,. When the value of « and the initial eccentricity

of a are chosen as 2.25, 7/3, and 2.5.

are larger, the IMRI evolves more quickly, the time it takes
for IMRIs evolving from p = 10°R, to p = 1O°R, is
smaller. Thus the precession accumulated over the same
time is larger if the value of @ and the initial eccentricity are
bigger. Therefore, observations of orbital precession may
disclose the DM minispike and its profile.

At large orbital distance 10°R, — 10”R,, the frequency of
GWs emitted by the IMRI is in the range 107 Hz—10~° Hz
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FIG. 12. The time-domain plus mode waveforms for IMRIs in large orbital distances. We take the inclination angle : = z/6, the initial
longitude of pericenter w, = z/4 and the luminosity distance to the source d; = 10 Mpc. In the top panel, the initial eccentricity e is
0.6, the initial semilatus rectum p is 106RA., and the values of a are 2.25, 7/3 and 2.5 from the left to the right panels. In the bottom
panel, we take p, = 10°R, and @ = 2.5, and the values of ¢, are 0.2, 0.6, and 0.8 from the left to the right panels. The solid green lines
are for IMRIs with DM and the dashed black lines are for IMRIs without DM.
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which is the sensitivity band of pulsar timing array (PTA)
[100,101]. At a large orbital distance, the plus and cross
modes are

2G*Mu

h =
* c*pR

(1 <o) [eos 2+ 20)

2

5
—f—Zecos (¢ + 2w) +§cos (3¢ + 2w) —%cos 2w

+ gsinzz(cos ¢+ e)}, (56)

4G*M 5
= =22 M s |sin (26 + 20) + 2 sin (¢ + 20)
c*pR 4

2
+ 2 sin (3¢ + 20) + % sin 2a)] : (57)

Using the orbital motion, we get the time-domain GW
waveforms as shown in Fig. 12. There are obvious phase
difference between the waveforms with and without DM
minispike. As discussed above, larger a and e cause bigger
orbital precession and shorter orbital period, so we see larger
phase shift of GWs in Fig. 12. Although the amplitude of
GWs from IMRIs in large orbital distance is small, these
GWs may be observed by PTA and provide a constraint on
the profile of the DM minispike in the future [102-106].

IV. CONCLUSIONS

The existence of the DM minispike around an IMBH
affects the orbital motion of the IMRI consisting of the
IMBH and a stellar mass BH or other compact object
inspiralling around the IMBH. The orbital motion of the
IMRI is affected by several factors, such as the gravity of
both the IMBH and the DM minispike, the DF from the
DM minispike, and the accretion of the small BH, and the
gravitational radiation reaction. We find that the gravity of
the DM minispike causes orbital precession, but its effect is
negligible at small orbital distances, p < 10°R,. At large
orbital distances, p > 10°R,, the main contribution to the
orbital precession comes from the gravity of the DM
minispike. The DF and accretion of the small BH decrease
the orbital radius and increase the eccentricity. However,
the reaction of GWs decreases both the radius and the
eccentricity. At large orbital distances, p > 10°R,, the
orbital precession induced by the gravity of the DM
minispike is large and it can be as large as 1500 arcmin
over 100 years.

The effects of the DF, the accretion, and the reaction of
GWs are important at small orbital distances, p < 10°R,.
At small orbital distances, p < 10°R, the net effects of the
DF, the accretion and the reaction of GWs are that the orbit
decays faster, the eccentricity increases for a long time then
decreases rapidly, the mass of the small BH increases to
~1.3-1.7 times, the merger time is shortened greatly, and

the amplitude and frequency of GWs emitted become
larger. The GW waveforms from IMRIs with and without
a DM minispike have a significant phase difference, which
leads to a significant difference in the number of GW cycles
accumulated over long-time evolution. The accumulated
difference between the number of orbital cycles can reach
10* over the half of a year. Without DM minispike, the SNR
is almost the same for eccentric IMRIs with different e, but
the SNR is different for eccentric IMRIs with different e,
when DM minispike is present. The SNR and the maximum
detectable distance increase as e, becomes larger initially,
but then they decrease if ¢ is too big. Therefore, the value
of ¢ affects the SNR and the maximum detectable distance
for eccentric IMRIs with DM minispikes. The mismatch
between GWs from eccentric IMRIs with and without a
DM minispike is almost 1 which is much larger than
d/(2SNR3). The FIM analysis for IMRIs with DM
minispikes in circular orbits shows that it is possible to
detect the DM minispikes with LISA, Taiji, and Tiangin,
and place stringent constraint on the DM parameter a.

In conclusion, the observations of orbital precession
and GWs may disclose the DM minispike and its density
profile.

ACKNOWLEDGMENTS

The computation is completed in the HPC Platform
of Huazhong University of Science and Technology. This
research is supported in part by the National Key Research
and Development Program of China under Grant
No. 2020YFC2201504, the National Natural Science
Foundation of China under Grants No. 11875136 and
No. 12147120, and the Major Program of the National
Natural Science Foundation of China under Grant
No. 11690021. D. L. gratefully acknowledges the financial
support from China Postdoctoral Science Foundation under
Grant No. 2021TQO0018.

APPENDIX A: THE METHOD OF OSCULATING
ORBITAL PERTURBATION

In this appendix we introduce the method of osculating
orbit, which was initially devised by Euler and Lagrange to
treat Keplerian perturbation problems such as the three-
body problem and external forces of the system. In the
method, the motion is always described by a sequence of
Keplerian orbit with the orbital constants evolving under
the perturbation [74].

We illustrate the Keplerian orbit in Fig. 13. In the
fundamental frame with coordinates (X,Y,Z), we adopt
that the z-axis points from the GW detector to the GW
source. In Fig. 13, 1 is inclination angle between the X-Y
plane and the orbital plane. @ is the longitude of the
pericenter which is the angle between the intersecting line
of the two planes and the direction to the pericenter, ¢ is the
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FIG. 13.
frame.

Orbital motion viewed in the fundamental reference

angle between the separation vector r and the direction to
the pericenter.

The relative acceleration of two bodies in a Keplerian
orbit is

Gm
a = — 7” +f, (Al)
where f is a perturbing force per unit mass,
f=Rn+Sk+We._, (A2)

n =r/r is the unit vector along the radius, k is the unit
vector orthogonal to n and e, is the normal vector of the
orbital plane.

The equations of the osculating orbital elements are

dp I p3 1
— =S, A3
dt Gm1 + e cos ¢ (A3)
de p[. 2cos ¢ + e(1 + cos’ep)
b A4
dt Gm[SIH¢R+ 1 +ecosg 5 (a4
do 1 | p 24 ecos ¢
hhed Y NV < R4z Y
dt e Gm[ cos ¢ +1—|—ecos¢
sin(w + @)
e COtlmW] s (AS)
d¢ Gm

— = [—5(1+ e cos ¢)?
p

24 ecos¢

1 /p
S o R —
* [COS¢ 1 +ecos¢

\Vom sinqﬁS} (A6)

Expanding the above equations in first-order approxima-
tion of p?>/Gm, we get

dp p’ 1
2P _,P A7
dp ~Gm(1+ e cose)’ & (A7)

de  p? sin ¢
dp ~ Gm {(1 + e cos ¢)?
2cos ¢ + e(1 + cos?¢) S]
(1+ e cos¢)? '

(A8)

cos ¢
+ e cos ¢)?
sin(@ + ¢)
(1+ e cosg)? W]

(2+ e cos¢)sing
(1+ e cos)?

do _1 17"
dp eGm| (1

— e cott (A9)

dr P’ 1 1 1 p?
dp @(1+€COS¢)2{ eGm
cos ¢ (2+ e cosg)sing
% {(l—i—ecosqﬁ)zn_ (1+ e cosg)? S]}

(A10)

In most applications, the orbital elements have two types
of behaviors, i.e., the oscillatory and accumulated changes.
The oscillatory changes are oscillations with a period equal
to one or multiple orbital period and can be averaged out
after one or several cycles. The accumulated changes are
steady drifts and cannot be averaged out with a few orbital
cycles. The accumulated change of an arbitrary orbital
element K over a complete orbit is

PdK 2 dK
AK = | —dt= = dg,
A dt A de¢ v

where P is the orbital period. The orbital average of dK/d¢
can be defined as

(Al1)

dK AK 1 [PdK 1 [2ndK
RN AR TR g L [T .
<d¢> P P Jy dt 2r Jo d¢ ¢

APPENDIX B: PARAMETER ESTIMATION
FOR IMRIS WITH DM MINISPIKE IN
CIRCULAR ORBITS

In this section we discuss the parameter estimation with
the FIM method. To derive analytical GW waveforms, we
consider the IMRIs with DM minispikes in circular orbits
and ignore the change of small BH’s mass. Under the
stationary phase approximation [96,98], the frequency-
domain GW waveform in the inspiral stage is

(A12)

Af_7/6ei\{1(f)’ O <f<fmax’

0, J> fmaxo By

Mﬁz{
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where W(f) is the phase, the cutoff frequency f ., is taken
to be the frequency at the ISCO,

Smax = (63/2”Gm/c3)_1 ) <B2)
the amplitude A is

1 (GM,)®

A =
\/E”ZB CZ/SdL

X(f), (B3)

the chirp mass M, = 7*/?m, d, is the luminosity distance
from the source to the observer, X'(f) is defined as

R(P) = | o™ PG M et l] B4
where
112G upgyré (I, + 2) (72 \ 3
K= m om) (B5)
The phase ¥(f) is
(/) = 27 fu(f) = v (F). (B6)
where #(f) and w(f) are
f 8/3GS/3 M3 11173\ 7!
. 5¢
(B7)

9671.8/3G5/3M£/3f/8/3 -1 :

i) =2 [ (s
| (38)

fe = fmax 1s the frequency at the time of coalescence.
Introducing the variables

8/3 £8/3 (5/3 A45/3 -1
Fi) = [ (96” [o M +:<f%—1> df. (B9)

563

8/3 £11/3(35/3 pq/3 A
G(f) = / (96” f G M +KfT> df, (B10)

563

and substituting Egs. (B7), (B8), (B5), (BY), and (B10) into
Eq. (B6), the phase can be written as

W(f) = 2xft, + 2a[fG(f) — F(f)] — @, -~

7 (BID

where 7. = —G(f.) and ®. = —F(f,) are the time and
phase at the coalescence, respectively.

With the GW waveform (B1), we calculate the FIM,

oh | oh

r, =22
ab (aea ae”>’
where 6° = {¢,,t.,In M_,In k,a} are source’s para-

meters. The estimated error of the parameter 8° in the
large SNR limit is

(B12)

A= \/3,.,

where the inverse of the FIM is X, = (I'""),,. The
corresponding partial derivatives of /(f) are

(B13)

oh(f) =
20, = —ih(f), (B14)
oh(f) .
o = 2mih), (B15)
Oh(F) _ g [OA g6 sy
oM, "Lwcfmew
+ih(f) <2ﬂfaa(j\(/lf) - aai/l(f)ﬂ, (B16)
Oh(f) _ [0A 56 wip) L i 9G(f) _9F(f)
am"{axf7/6ew+’h(f)<2”f ok ok )]
(B17)
Oh(f) 0A . . = oG(f) 9F(f)
) = G e i) (20 250 - 200
(B18)

Since the source comes from all directions, we use the
averaged response function. The effective noise PSD is

S0
Ro(f)’

where the analytical expression for the sky and polarization
averaged response function R, (f) of spaced-based GW
detectors was derived in [107]. For simplicity, we take
¢, =0, t. =0, and four-year observation time prior to
ISCO with SNR = 10 [98,99]. For LISA, the lower and
upper cutoff frequencies are f,, = 107 Hz and Shigh =
1 Hz [99], so the lower and upper limits of the integration
in Eq. (52) are chosen as fi, = Max(fiow,f4yr) and
fend = Min(fpign. fisco). respectively. Here f, ., is the
frequency at four years before the ISCO. We then use
Eq. (B13) to estimate the parameter errors for
10 My/10° Mg, IMRIs with a = 2.25, 7/3, and 2.5.

Su(f)

(B19)
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