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demonstrated to preserve local Lorentz invariance and symplectic structure.

DOI: 10.1103/PhysRevD.106.064001

I. INTRODUCTION

Since at least the 1990s, structure-preserving algorithms
[1] have flourished in computational physics, having found
wide adoption in subfields as diverse as orbital mechanics
[2-5], geophysics [6,7], and plasma physics [8—16]. Such
algorithms are generally derived from a Lagrangian or
Hamiltonian formalism and use discretizations that pre-
serve the symplectic structure, topology, gauge symmetry,
and conservation laws of their underlying physical systems.
This preservation of mathematical structure can sub-
stantially improve the accuracy and fidelity of numerical
simulations.

Structure-preserving discretizations of general relativity
(GR) arguably have an even longer history. The most
widely explored such approach was introduced in 1961:
Regge calculus [17] is a discrete variational approximation
of GR that encodes spacetime data on a simplicial mesh.
In four spacetime dimensions, Regge calculus elegantly
approximates the Einstein-Hilbert action by a sum over
areas A, and deficit angles 6;,, such that

A,—0 1

SRegge = ZAh‘Sh — Spn = §/d4x\/ —gR (1)
h

in the continuum limit. Here, % labels each 2-simplex (i.e.,
triangle) of the simplicial complex, and J;, describes the
failure of the 4-simplices adjoining h—i.e., {6*|c* D h}—
to tesselate their embedding in flat R* spacetime [18].
Since the 1970s, Regge calculus has not only been actively
employed as the basis of many studies in quantum gravity
(e.g., Refs. [19-26]), but also as an algorithmic approach to
classical numerical relativity (e.g., Refs. [27-35]). Despite its
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success as a numerical tool, however, most studies in
numerical relativity continue to depend upon standard finite
difference methods. Two reasons cited for this include the
need to develop (i) a description of matter in Regge calculus,
as well as (i) a better understanding of its relationship to
standard methods in numerical relativity [36,37].

In particular, because the degrees of freedom of Regge
calculus are quite distinct from those of continuum GR, it
can be challenging to initialize a Regge calculus simulation
with known GR initial conditions, or to test whether a
particular simulation using Regge calculus recovers a
known GR solution. Although various physical solutions
have indeed been thoroughly and successfully bench-
marked with Regge calculus [38,39], it would seem that
any given simulation generally requires a bespoke under-
standing of the map between discrete and continuum
degrees of freedom.

It is also worth emphasizing that, despite Regge calcu-
lus being a variational method, it nonetheless forfeits—
in its complete, nonperturbative formulation—the local
gauge symmetry of GR [23]. While local gauge symmetry
is maintained in a Regge calculus description of flat
spacetime—and even in a linearized Regge calculus of
curved spacetimes [40]—this structural feature of GR is at
best only partially preserved overall.

In this paper, an alternative variational approach to
simulating general relativity is developed that ameliorates
some of these limitations. Our effort employs familiar tools of
lattice gauge theory [41] to construct a structure-preserving
discretization of the tetradic Palatini action [42]. Using a
Poincaré group-valued connection derived from Cartan
geometry, we describe a novel variational algorithm for
numerical relativity that exactly preserves Lorentz gauge
symmetry. We further show that the algorithm is (multi)
symplectic, with a symplectic structure analogous to con-
tinuum GR.
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The approach we take is closely related to Poincaré
gauge theoretic studies of lattice quantum gravity by
Menotti et al. [43,44]. To our knowledge, however, the
classical physics of these methods, including their equa-
tions of motion, for example, have not previously been
explored, nor have they been extended to define an
algorithm for numerical relativity. Moreover, our construc-
tion is general to simplicial and cubical discretizations of
spacetime, and we develop a streamlined construction of
the aforementioned Poincaré connection.

The remainder of this paper is organized as follows: Sec. I
briefly reviews the tetradic Palatini action and its origins in
Cartan geometry; Sec. III derives a discretization of this
action in a manner that preserves Lorentz gauge invariance;
Sec. IV derives the discrete, classical equations of motion that
comprise the algorithm; and Sec. V describes its symplectic
structure. Finally, Sec. VI summarizes and concludes.

II. THE TETRADIC PALATINI ACTION
IN CONTINUOUS SPACETIME

Let us first review the tetradic Palatini action in the
continuum. We consider a four-dimensional Lorentzian
spacetime with connection, denoted (M, g,T"), and employ
the following index conventions:

(i) Spacetime coordinate indices {u,v,...} are raised

and lowered by g,,, the metric on M.

(i) Internal Lorentz indices {A, B, ...} are raised and

lowered by 74, the Minkowski metric.

(iii) Any other indices {a,b,...} will be specified as

needed.
In a coordinate basis {d,}, the affine connection I has
components Iy, = dx?(V,,9,).

Up to a choice of local Lorentz gauge, the metric g
uniquely determines a tetrad field e on M, a vector-valued
1-form with components e* = efdx* € I'(T*M) defined to
satisfy

G = €anaped. (2)

Since g, is nondegenerate, ¢/ (p) defines an isomorphism
between the tangent space T),M and the “internal Lorentz
space” at p V p € M. As a result, any vector field X €
['(TM) can be equally well described in terms of the
Lorentz frame {d, = ¢/,0,}, such that X = X9, = X*9,.
(Here, el = &, defines a matrix inverse.) In general,
{04} is a noncoordinate basis (since the commutator
[04, 0] need not vanish) and is dual to {e?}.

Parallel transport may be defined in the Lorentz frame
by the 1-form spin connection @, with components
oy = wpdx* € [(T*M), such that

VX4 = 0,X4 + wlpXP. (3)

Since the Lorentz frame arises, ultimately, as a change of
basis, the spin connection components have a definite
relation to I'j,. In particular, a):}B =et (Vy, 0g), which can
be more suggestively expanded as

Vel =0,ef + a)ﬁBef —T9,et =0. (4)
The name “Lorentz frame” can be justified by requiring
nap to be invariant under parallel transport:

0=V, =0Map — a’fA’?CB - wa’?AC

= —(w,pa + Oyuap). (5)

Due to its resulting antisymmetry, @ is defined by this
condition as an 80(3, 1)-valued 1-form. Studying Egs. (4)
and (5), we also see that the metric compatibility of I
follows immediately from this # compatibility of w.

In Einstein GR, I' is assumed to be not only metric
compatible but torsion free, such that F‘[jw] = 0. The result-

ing Levi-Civita connection '} - is then uniquely determined
by ¢. Thus, as a further consequence of vanishing torsion, by
Egs. (2) and (4) the metric g also uniquely determines—up
to Lorentz gauge—the R* and 80(3, 1)-valued 1-forms e
and w, respectively, on M.

Conversely, the metric g and the connection I'; - can be
uniquely recovered from the fields e and @ on a torsion-free
manifold. (More precisely, g can be canonically recovered
up to an overall constant factor.) There is an equivalence,
therefore, between a Lorentzian manifold (M, g, T';¢) and
its torsion-free Cartan geometric counterpart (M, e, w)
[45]. Let us describe the origin of this nomenclature.

The 1-forms e and @ are more economically regarded as
components of the Cartan connection A = A,dx* on M,

defined by'
w e
A:[
0 0

Here, p = 80(3, 1) X R* C gl5(R) denotes the Lie algebra
of the Poincaré group, so that A is a p-valued 1-form
on M. Following the previous discussion, a torsion-free
Lorentzian manifold can be equivalently defined by its
metric g or its p-valued Cartan connection A, and solving
for the dynamics of A similarly determines the dynamics of
g. In what follows, we therefore regard the tetradic Palatini
action as a dynamical theory of the Cartan connection A
on M.

eT(p @ T*M). (6)

'A p-valued Cartan connection A is formally defined on an
SO(3, 1)-principal bundle P over M such that A:T,P — p is an
isomorphism V p € P. The pair (P, A) defines a Cartan geom-
etry [45]. In physical applications, however, A is conventionally
defined by its pullback to M, and its overlying bundle is elided.
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To that end, we first recall the curvature 2-form of the
Cartan connection, defined as

do+wAw | De} {R T

F=dA+ANA=
[ o |0 00

| o

where De = de + w A e denotes the exterior covariant
derivative of e. In components,

RA

_ A A A C A C
Buv — a}lwyB - anﬂB + W, cWyp — BycWyp (8)

denotes the Lorentz curvature Ry € T(A? T*M), while

T;, = (Det),, = d,e) — d,ey + wipe] — wipe (9)
denotes the torsion T4 € T(A* T*M). As previously
noted, torsion is assumed to vanish, 74 = 0, « priori in
Einstein GR. In the tetradic Palatini theory, however,
torsion does not vanish by assumption, but rather as a
dynamical consequence of the action varied in vacuum, as
we presently demonstrate.

The 4-form Lagrangian Lp, € [(A* T*M) of the
tetradic Palatini action Sp, = [, Lpy is defined in terms
of the tetrad e and spin connection @ by [42]

Lpy = €apcp(e® A e ARP). (10)

It should be noted that Eq. (10) is often called the Einstein-
Cartan-Sciama-Kibble (ECSK) action [46,47]. However,
because ECSK theory prioritizes the role of torsion in
gravity, whereas we will pursue only the torsionless
vacuum equations of Einstein-Cartan gravity, we prefer
the nomenclature fetradic Palatini action. We note that the
Lorentz invariance of Lp, follows directly from the
SO(3,1) invariance of the Levi-Civita symbol €4pcp—
that is,

(eapcp) = €eruNEAGAGAY = espep det[A],  (11)

where det[A] = 1.

Unlike the fields (g, ;) of the Einstein-Hilbert action,
(e, w) are taken to be independent in Eq. (10), and varied
accordingly. The variation of each field yields the respec-
tive equations of motion [48]

(56): 0= EABCDeB VAN RCD,

(bw): 0 = espepD(e? A €B). (12)

Here, we note that D(e? A e8) = De? A ef — ¢4 A De®.
Taking RP? =IREDe“ A e and TA =1T4,eC A e
(well-defined expansions for e nondegenerate), it is
readily established that the former relation (Se) of
Eq. (12) yields Einstein’s vacuum field equations, while

(6w) yields a zero-torsion condition. In particular, since

eapcpe® A eC A el A el = 558 evol for a volume form

vol and ¢ = det[e], the wedge product (5e) A e’ gives

1
0= _ERCDGH@%{II) =2R" s — R ), (13)

which, using Eq. (4), can be demonstrated equivalent to

Einstein’s vacuum equations, 0 = 2R, — Rg,,. Likewise,
(bw) A €l gives

0= =85pTGn = 2(T¢a0p + Thpdc = Tep)- (14)

Tracing over Eq. (14) with 62 in four dimensions leaves
0 =T4,. By Eq. (14), therefore, T, = 0 in all compo-
nents, and torsion vanishes as desired.

Thus, despite making fewer initial assumptions, the
tetradic Palatini action nevertheless recovers the equations
of motion of GR in vacuum; the dynamics of the Cartan
connection indeed recover those of GR.

Before concluding our discussion of continuous space-
time, the following will be useful for the next section,
which discretizes Sp,. Evaluated on a 4-tuple of vector
fields—X = (X],XQ,X3,X4), Xa S F(TM)—the 4-form
Lpa of Eq. (10) yields

1
Lpy(X) = 5EABCD(eﬁengf))€“deXZXZXgXZ
1
= 5 €ABCD(6265RSTD)€”WT det[X], (15)

where the function det[X] is the matrix determinant of the
4-tuple, expressed in the coordinate basis induced by {x*}
and evaluated pointwise over M.

III. THE DISCRETE ACTION

We now discretize the tetradic Palatini action of the
previous section by methodically mapping its continuum
degrees of freedom to their discrete counterparts on a
lattice. Our formalism will be general to orientable sim-
plicial and cubical discretizations, and we take care to
preserve the theory’s Lorentz invariance.

To proceed, we first choose a coordinate chart on the
continuum spacetime manifold M, and construct a lattice
(simplicial or cubical) on its coordinate space in R*. As such,
the lattice inherits the Euclidean geometry of the coordinate
space (such as straight edges and flat faces), but this “lattice
geometry” will play no role in our description of spacetime.
Topological features of M must be retained in the con-
struction of the lattice, including via possible identifications
of its edges or faces. In such a case, the lattice should be
regarded as only locally embedded in coordinate space while
being globally homeomorphic to the target spacetime
manifold. Such a construction is standard in the triangula-
tion of manifolds (see, e.g., Ref. [49]).
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To establish notation for lattice degrees of freedom,
we denote the set of lattice k-cells by ¥ = {6*}, such
that an arbitrary oriented k-cell will be denoted as o*,
or will otherwise be specified by an ordered label of
its vertices. o;; € >!, for example, denotes an edge ori-
ented from vertex ¢,€X" to vertex o;€X". We define
N;(c*)={j#ilo;jCo"} as the set of labels of neighboring
vertices in the cell 6* that share an edge with basepoint o;.
In both simplicial and cubical discretizations in four
dimensions, for example, #N;(¢*) = 4 if 6, C 6*, and 0
otherwise. We denote the permutation set of these neigh-
boring vertex labels as I1;(6*) = S[N;(c*)].

As described in Sec. II, the geometric information of M
is encoded in its Cartan connection—the fields e;; (x) and
@3 (x)—which may be regarded as defined on coordinate
space. A natural first (provisional) approximation of the
tetradic Palatini action, as it appears in Eq. (15), therefore
follows by mapping these fields to the lattice, such that

SPal = Z

et /0

(=D,
v S0 e, (edeREP), det]V, .

(16)

where Lp,(x) denotes Lp, on coordinate space. The
second line approximates the integral over 6* by averaging
the value of its integrand, as expressed in Eq. (15), at each
of its vertices. More specifically,

(1) n, denotes the number of vertices in 6* over which
the integrand is averaged. n, =5 on a simplicial
lattice, and n,, = 16 on a cubical lattice.

(@) V,. = (V4. V, Vi3, Vi) is a 4-tuple of “edge vec-
tors” emanating from vertex o;. These point in the
directions of neighboring vertices in ¢*, with mag-
nitudes set by the edges’ coordinate lengths.

(3) (=1)Il accounts for the relative orientation between
the 4-tuple V, and the cell o*, whose orientation is
inherited from M. This factor is expressed in
terms of a permutation z to be defined more
concretely below.

(4) The volume factor V, corrects for the fact that
det[V, ] implicitly evaluates Lp, not on ¢*, but on a
(hyper)parallelepiped specified by V. On a cubical
lattice, these volumes coincide and V; = 1, but on a
simplicial lattice, det[V, | overcounts the volume of
o* by the ratio of a normalized hypercube to one of
its corners, such that V, = 1/4!.

This approximation of fHA by the average of vertex
evaluations is, in effect, a second-order-accurate multidi-
mensional trapezoid rule (see Ref. [50] and references
therein).

Equation (16) instructively approximates the continuum
action, but it is insufficient to determine dynamics for a
discrete theory. In particular, Eq. (16) discretely samples
degrees of freedom that are manifestly defined in the
continuum—e.g., dw. (If this continuous derivative were
avoided by regarding R itself as a Lie-algebra-valued
degree of freedom, rather than @, the resulting action
would not recover the equations of motion of Einstein GR.)
To reformulate Eq. (16) with bona fide discrete degrees of
freedom, we now hew more closely to the underlying
differential geometry of the tetradic Palatini action.

In particular, the study of structure-preserving discreti-
zations [such as discrete exterior calculus (DEC) [51] and
finite element exterior calculus (FEEC) [52,53]] has
demonstrated the importance of preserving the degrees
of discrete differential forms. Therefore, rather than sam-
pling continuum fields at vertices, as we do in Eq. (16), we
will instead map 1-forms to data associated with edges, and
2-forms to data associated with faces.

However, an additional challenge we must overcome is
the gauge-dependent character of the fields we are model-
ing, which thwarts conventional approaches such as DEC
and FEEC. The preservation of Lorentz invariance in our
theory will require that we express discrete fields in a
definite (if arbitrary) Lorentz gauge, which is defined in
a continuum theory at each point of spacetime, and in a
discrete theory at each vertex. This pointwise gauge
selection is in tension with the desire to characterize
differential forms over edges and faces of finite extent.
For example, a scalar-valued 1-form is conventionally
approximated on an edge by its integral over that edge.
Here, such an integral involves a continuum of different
gauge choices in spacetime that prevent the simple sum-
mation of fields defined at disparate points.

A resolution to this tension is naturally found in the
holonomy of a connection. The path-ordered integral of a
1-form connection produces the means to parallel transport
between different gauge choices. It is an object that can be
naturally associated with an edge, and which by construc-
tion accounts for a difference in gauge between two
vertices. In this sense, the Cartan connection—which
retains the geometric data of a Lorentzian manifold—
provides a natural approach to a structure-preserving
discretization of GR.

To map the Cartan connection A on M to holonomies on
the discrete lattice in coordinate space, we associate to each
edge o;; the following path-ordered integral:

w e AU f’/
Uij=P exp/A =P exp/ 0ol (=lo 11

(17)

This is a standard construction of lattice gauge theory [41].

U;; constitutes the Poincaré group-valued holonomy
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associated with edge o;;, expressed in the representation
S0(3,1) X R* ¢ GL5(R) and characterized by Lorentz
and translation group elements, A;; €SO(3.1) and £;; €R?,
respectively.

We denote the (A, B)th component of the Lorentz
connection along edge o;; by A‘i“j 5> and the Ath component
of the corresponding translation connection by fg.. We also

adopt a notation for a Lorentz holonomy with an arbitrary
number of edges. In particular, for the holonomy comprised

of (n — 1) connections between the vertices o; , ..., 0; , we
write
A _ A
A g = NNy A i )
_AA c E
=N ,cNisp N LiBe (18)
where intermediate Lorentz indices {C, D, ..., E} are all

contracted. Here, we have implicitly defined the holonomy
to act from the right, and note that the matrix multiplication
of holonomies effects the concatenation of path-ordered
integrals, as defined in Eq. (17).

U;; is seen to “mediate” between Lorentz gauges at o;
and o}, as desired. In particular, given an arbitrary Lorentz
gauge transformation defined at each vertex, say

{9:= 9() €50(3.1) Vo;€X),  (19)
the gauge transformation of U;; readily follows from
Eq. (17), such that

U = g9 0] Y9 0 _ i ' Aijg; | gt
ij 0 1 ilo 1 0 ‘ " .
(20)

From this calculation, we note that fij can be regarded
as if “based at” ;. By examining Eq. (17), the holo-
nomy Uj; is also readily calculated to be Uj; = Ui‘jl. In
particular,

A

ji = (Aij)_l and fjl =-A

jit (21)

ije

We must consider holonomies on closed paths as well.
For example, given a loop (d6?); = 6,0; - - - 640, around a
single face 6> with basepoint ¢;, we define

Q. O
[ o ”‘] :P{expj{ A}. (22)
0 1 (90%),

Note that when a holonomy is comprised of the connec-
tions along the edges of a single face > € X? (i.e., when it
is a “minimal” nontrivial loop), we use the symbol Q
for its Lorentz holonomy rather than A as in Eq. (18),
and we suppress some of its indices. This notation is

general to the simplicial and cubical setting, such that, for
example,

Simplicial: Q1 = (A;;A M) nCP

Cubical: ijg = (AijAji/A,-rkAki)AchB. (23)
Here, i’ labels the vertex diagonal to i on the appropriate
face of a cubical lattice; in a more typical notation,
(i,j,i'k)=(m,n+an+a+ b.n+ B). Q thereby char-
acterizes Lorentz curvature over a face o2, while ®
characterizes the corresponding torsion.

To see how these holonomies can be substituted for the
fields of Eq. (16), let us examine their continuous limit. We
Taylor-expand around o; to find [41]

A2
Ay~ T+ w(o)A + wij(ai)27 +0(4%),

A2
£ij = eij(0))A + wij(o)e;i(0)) S5 o(a’),
Qijk - Qikj ~ 2AfRijk(6i)A2 + O(A3) (24)

Here, w;;(c;) denotes the component of the continuum
Lorentz connection along the lattice edge o;;, evaluated at
0;. e;;(0;) is defined analogously. R;;(o;) denotes the
component of the continuum Lorentz curvature at o;
corresponding to edge vectors o;; and 6. A denotes the
length of 6;; and 6 in coordinate space (in this expansion,
we assume these to be equal for simplicity, though they
need not be in general), and w, e, and R are implicitly
expressed in the corresponding coordinate basis. The area
factor Ay is analogous to Vs in Eq. (16)—it corrects for the
implicit overcounting of area in the simplicial setting on the
parallelogram formed by ¢;; and 6. In particular, Ay = 1
on a cubical lattice and Ay = 1/2 on a simplicial lattice. It
is further worth noting that the difference Q — Q™' in
Eq. (24) is, in fact, 80(3, 1)-valued, since (Q — Q~")Ty =
n(Q ' -Q)vQ e So(3,1).

With the expansions of Eq. (24) in mind, it iS now
straightforward to reconstruct a discrete tetradic Palatini
action using edge holonomies, such that Eq. (16) is
recovered to least order in the continuum limit. In particu-
lar, we define the following action summed over lattice
hypercells {o*} = =*:

(1)
6;Co
7€l (o*)

With factors V; and A as defined above, the quantity p, =
Vf/A ¢ satisfies p, =1 (py = 12) for cubical (simplicial)
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lattices. Note that we need not explicitly antisymmetrize €
and Q~!, because the Levi-Civita symbol does this for us.
This cancels the factor of 2 appearing in Eq. (24). The sum
over permutations z replaces ¢“°" in Eq. (16) and the
corresponding summation of spacetime indices. In particu-
lar, as first introduced in Eq. (16), 7 € I;(¢*) is now
explicitly defined as a permutation of vertices neighboring
o; in ¢*. We define the parity || to correct for any
dlsagreement between the overall orientation of coordinate
space and the orientation of edge vectors in ¢*, emanating
from o; and ordered by 7.
It is worth emphasizing the following important features
of this discrete action:
(1) The discrete Lagrangian L(c*) is locally Lorentz
invariant. Under an arbitrary gauge transformation
{9; € SO(3,1)}, es0 using Eq. (20), we find

/

(€apcp? ?;;(1)5 5;(2)951()3),:(4))
:€ABCD(gi_lfm( )) (gz fm( ))B(gi_lgilr(3)7z(4)gi)CD

oA (26)

= €ancn? ix( ix) iniaay

The last equality above follows from the Lorentz
group relation (g;)EmmfP = (g7")P 't and the
SO(3, 1)-invariance of the Levi-Civita symbol.

(2) The Poincaré holonomies U;; = (A;;,¢;;) are not to
be confused with the Poincare symmetry group of
Minkowski spacetime. There is a gauge symmetry
transformation that acts on our Poincaré holonomies,
but the gauge group is Lorentz, not Poincaré. Such
“internal” or “vertical” (e.g., Lorentz) gauge groups
are typical in Cartan geometries, despite their con-
nections’ “external” or “horizontal” (e.g., transla-
tion) components [45]. Even as the internal Lorentz
gauge symmetry of our theory transforms the tetrad,
it leaves spacetime geometry (i.e., the metric)
completely unaffected—regardless of what (global)
symmetries the geometry may or may not possess.
By contrast, the Poincaré symmetry group of Min-
kowski spacetime is composed of global transfor-
mations of the spacetime. It is a subgroup of the full
diffeomorphism group that leaves the Minkwoski
metric invariant (i.e., the metric is invariant only if it
happens to be Minkowski). This distinction means,
in particular, that our use of Poincaré holonomies
should not be taken to imply that we are describing
Minkowski spacetime. Indeed, our theory is capable
of describing any (discrete) spacetime.

IV. THE DISCRETE EQUATIONS OF MOTION

We now compute equations of motion (EOMs) by
varying the discrete action with respect to the connection.
To compactify notation, when an element of the permuta-
tion 7z appears in an index, it will hereafter be denoted only
by a corresponding underlined number—for example,
1 =x(1). As usual in a first-order formalism, we assume

A;; and 7;; to be independent. Varying the action with
respect to f, ’» and applying the expression for Uj; from
Eq. (21) where appropriate, we find

a8 -1
R D
ij 04301,/' ”GH[(DA) p/nv
(l)=j
_y OVt o] @)
" €EBCDANjiA j34
7€ll;(o*) Prity

#(l)=i

The first sum of Eq. (27) arises from terms with basepoint i,
and the second from terms with basepoint j. We note that
although frames are permuted at distinct basepoints in these
two lines, their parities are understood to be induced by a
global orientation and are therefore mutually consistent.
Equation (27) is a counterpart to (5e) of Eq. (12), and it
constitutes a discrete reformulation of Einstein’s vacuum
equations.

In particular, we may examine the continuum limit of
Eq. (27) on a cubical lattice coordinatized by {x*} with
regular lattice spacing A. Expanding each degree of free-
dom near o; as in Eq. (24) and taking edge vectors along
coordinate directions (e.g., o;;]|0,), we find, at leading

order O(AY),

il

0= e"espcpef RP .
mirroring (6¢) of Eq. (12).

We now derive the Lorentz connection EOM, exercising
caution to ensure that the variation of A;; is constrained to
the SO(3,1) manifold. In particular, ATyA = 5 implies
(A71SA)T + n(A~16A) = 0, so that A'6A € 80(3, 1) for
a variation 0A. We can impose this constraint by taking a
variation that satisfies (A~'6A)4% = (A~'6A)“B, but is
otherwise arbitrary.

To that end, we consider as an example the variation of
QA = (A;3A34A4)"8 in the simplicial setting with respect
to the Lorentz connection on the edge o0;3:

59’1‘43?1 = (AgCAgiD)aAgEASaFAZB

C DIE
_A?SCAngE< [311‘)5/\ | ])

= AL QA AR,

3(c| I (ASzD

The term in parentheses on the first line is a conveniently
chosen form of &)—the Kronecker delta. The second line
follows from the notation of Eq. (18), from the identity
(A"1)AB = ABA_ and from asserting the antisymmetry of
the variation (A~'6A)ICEl. The third line follows after
inserting another Kronecker delta to form a closed-loop
holonomy. (In general, when Q based at o; is varied
with respect to its Lorentz connection along o, the result
can be expressed in terms of Q or Q' along with two
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antisymmetrized Lorentz transformations that effect a
parallel transport from o; to oy.)

To further facilitate the variation of the action, we introduce
a couple of concise notations. For brevity, we denote

(1)

pfnl'

a‘”‘ =

and also define

Pép = eancolht.
‘P is antisymmetric both in its Lorentz indices and in its
vertex permutation indices. It can be roughly regarded
as a (nonidempotent) projection that annihilates any
¢ espan{t,.0}.
Continuing in this way, we vary § with respect to
(A;;6A;;)™N to find, in the simplicial case,

as simplicial

(AjiOA ;)N
T i12
=D, [ > dPesQhAG Ay

6430',- nell;(6%)
z(3)=j

O:

k]2

> > PR A AN
kec* nell;(c*)
k#iJ n(3)=i
7(4)=j
2l 12
+ Y a(PEp Q080,65 |- (28)
rell;(c*)
ﬂ(4):i

The first line of Eq. (28) arises from terms with basepoint i,

the middle line from terms with basepoint k # i, j in ¢*,

and the last line from terms with basepoint j. The Lorentz
EOM for a cubical discretization follows similarly:
_ aScubic
(AjiOA ;)N

_ 7| (pil2 E C
=> { Y dPEpRh ) A AN

ot Do;; ~rell; (6%

7(3)=j
k12 ¢
+ Z Z ‘”l ,PcDQEAHE)AkEU[M‘AkU‘N]
keo* nell; (o
k#Lj 7(3)=i
K=j
= (PH20 ¢
YD AP AL A

keo* nell; (o*)

kL] n(4)=j
K =i
| (12
+ Y a(Pep Q)85 |- (29)
r€ll;(o*)
w(4)=i

Equations (28) and (29) enforce discrete zero-torsion
conditions analogous to (§w) of Eq. (12). Again employing
the ordering of Eq. (24) on a cubical lattice, it is readily
computed that the least nontrivial contribution to Eq. (29) is
O(A?) and arises from its second and third lines alone, with
QP = 52. This leading-order expression is given by

0 = e Pespyml0,(ehe)) + wfetef + wheqes),

mirroring (6w) of Eq. (12).

Equations (27)—(29) define the desired algorithm for
vacuum numerical relativity. However, while these equa-
tions suffice to compute simulation steps in the bulk, the
evolution of boundary connections—including connec-
tions along both spacelike and timelike boundaries—still
requires some explanation. In particular, even if initial and
boundary connections are known a priori, Eqs. (27)—(29)
involve data from holonomies that generally extend outside
of the boundary wall, and are therefore underspecified on
the boundary.

The strategy we adopt [54] to derive equations of motion
for boundary connections, therefore, is to extend all space-
like and timelike boundary surfaces outward from the bulk,
creating a narrow “‘double wall” of some fiducial thickness
€ around the simulation domain. This double wall is then
populated with cells of width €, such that connections
between an inner-wall vertex o; and an outer-wall vertex
o, will have A; ; ~140O(e) and 7; ; ~ O(e). The
connections lying along the outer wall itself are chosen to
copy the initial or boundary conditions of the inner wall.
Then, equations of motion for the inner-wall connections
can be derived as usual from Egs. (27)—(29), as they now
behave as connections in the bulk. Finally, we take € — 0
in the resulting equations of motion for the (inner-wall)
boundary connections.

Itis worth noting that not all boundary and initial conditions
will satisfy the discrete equations of motion. Just as
boundary constraints must be satisfied in the continuum
theory, care must be taken to ensure that Egs. (27)—(29) are
satisfied on the initial surfaces of the discrete theory.

V. SYMPLECTIC STRUCTURE
OF THE DISCRETE ACTION

Variational integrators for field theories have a natural
multisymplectic structure (see, e.g., Refs. [55,56] and
references therein), generalizing the ordinary symplectic
structure possessed by variational integrators in particle
mechanics [57]. Here we review the proof that variational
integrators are naturally (multi)symplectic, thereby con-
firming the multisymplectic structure of Eqs. (27)—(29).

In a variational integrator for particle mechanics, the
action evaluated on a temporal cell [7;, 7, ] provides a
generating function for a canonical (symplectic) trans-
formation across the cell [57]. Specifically, the discrete
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action S; for cell i is a generating function for the canonical
transformation (g;, p;) = (qiv1, Pis1), Where g;, g, are
the particle coordinates at the left and right ends of the cell,

—%i and pir1 = 5. The equations of

0q ()
motion (e.g., as, L4 aq' = () guarantee that the momentum

respectively, p; =

at a point is 1dentlca1 whether using the left or right cell to
define it. In this way, the symplectic transformations inside
the cells are glued consistently across cells to produce a
global symplectic evolution.

In field theory, the situation is slightly different. A field ¢
has a multimomentum z# (one for each dimension of
spacetime) [58], which in the case of a scalar field can be
recast as a 3-form: 7 =n"d>x, =3;€,,5, 7" dx* Adx? Adx'.
For any spacetime region R, we then have the boundary
fields ¢(o), (o) living on £ = dR, where 7n(6) = x|y can
be regarded as a pseudoscalar field. The action evaluated
over R, S(R), is a generating function for a submanifold

{(¢(0),7(c) = &;))} in this “boundary phase space.” One
may regard S(R) (imprecisely) as a generating function for
a canonical transformation between any two parts of the
boundary. In the case when the boundary of R consists of
two disconnected pieces corresponding to two different
times, S(R) is the generating function for a canonical
transformation between those times.

In the discrete setting, we take R = ¢¢, a hypercell of
maximum dimension in our lattice (d is the spacetime
dimension). The boundary phase space no longer consists
of fields, but of pairs (¢;, 7;(¢?)) for each vertex o; C 6.
The discrete action over o9, L(c%), is a generating
function for a manifold in the boundary phase space:

{(¢i7ﬂi(6 ) - dL
multisymplectic structure discussed above. Note that in this
case, the momentum at a vertex is not unique, but rather
depends on the hypercell 6/ used to compute it (the same
holds true in the continuum: the momentum depends on
both the location and the boundary used to define it). The
oL(e")
o

antee a unique momentum at each vertex, but rather that the
sum of momenta defined for each region/boundary con-
taining that vertex vanishes. This guarantees that the
integrator will be symplectic when stepping in time.

To see this let vertex o; be associated with time 7,, and
define ¢ = {6? D o; with t > t,} and ¢ = {¢? D o,

with 7 < 7p}. Then, if 777 == ieqt Ti(0 ) (the minus

sign takes care of the orientation for convenience) and
=" jicye 7i(c9), we get the usual gluing of symplec-

tic transformations under time-stepping: ;7 = ;.
Furthermore, this will hold true no matter how we choose
to define our time and associated time-stepping (i.e., if
there are multiple ways to perform time-stepping in our
cellular complex, each of them will be guaranteed to result
in symplectic evolution). This argument neglects subtleties

)} in agreement with the continuum

equations of motion (e.g., Y s, = 0) do not guar-

that may arise at boundaries or when the number of vertices
changes between time slices. To resolve these, a more
global perspective is necessary, following for example the
presentation in Refs. [59-61].

In the case of gravity in four dimensions, we are using
1-form fields rather than scalar fields, so the multimomen-
tum is more naturally a 2-form. Additionally, our two
primary fields (e and w) are conjugate to each other (in the
sense that the multimomentum of w is a function of e, while
the multimomentum of e vanishes, leaving behind an (e, )
phase space). All of this is captured by the discrete
Egs. (27)—(29). The boundary phase space of a cell ¢
consists of pairs (£7}, Af;) for each edge o;; C 6* (rather
than for each vertex, as in the case of a scalar field). The
discrete action L(c*) is a generating function, which
defines momenta conjugate to fA and A% ;g as the bracketed

summands of Eq. (27) and Egs. (28) and (29), respectively.
The momentum conjugate to A is a function of Z, while the
initialization of the algorithm (see the end of Sec. 1V)
ensures the vanishing of the momentum conjugate to £ on
the inner wall of the double wall boundary (i.e., torsion is
made to vanish by construction in the e-width cells
making up the double wall). The symplectic structure of
the time-stepping then ensures that the momentum con-
jugate to ¢ vanishes for the entire complex. In this way,
the discrete multisymplectic structure of our gravitational
integrator reproduces the continuous multisymplectic struc-
ture of GR.

VI. CONCLUSION

We have presented a new numerical scheme for general
relativity, detailed in Egs. (27)—(29). This scheme preserves
both the (multi)symplectic structure and local Lorentz
invariance of the tetrad formulation of GR. Furthermore,
its discrete variables have a clear relationship with their
continuum counterparts. As such, this scheme holds promise
as an integrator for numerical relativity (its structure pres-
ervation maintains exact conservation laws and bounded
errors in simulation) and for studying the classical limits of
certain quantum gravity theories (such as loop quantum
gravity, spin foams, etc.). In these roles, the scheme’s
symplectic structure promises an improvement over non-
symplectic finite-difference and spectral methods, while its
natural association with continuum variables makes it a more
viable alternative to other symplectic approaches to discrete
gravity (most notably Regge calculus). In future work,
implementations of this algorithm will be needed to dem-
onstrate its practical utility. Furthermore, as with Regge
calculus, further study is required to incorporate matter into
our approach (though the way forward seems clearer).

It may also be of interest to explore the potential union
between the algorithm defined here and other structure-
preserving discretizations suitable for numerical relativity.
For example, it may be useful to explore the relationship
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between our holonomy-centric approach and the recently
developed technique of group-equivariant interpolation in
symmetric spaces [62,63]. It may also be useful to compare
our effort with finite element cochain complexes suitable
for applications in numerical relativity [64]. In this way, the
algorithm we have introduced can be an advantageous
starting point for explorations into structure-preserving
discrete gravity theories.
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