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Primordial black holes (PBHs) provide an exciting prospect for accounting for dark matter. In this paper,
we consider inflationary models that incorporate realistic features from high-energy physics—including
multiple interacting scalar fields and nonminimal couplings to the spacetime Ricci scalar—that could
produce PBHs with masses in the range required to address the present-day dark matter abundance. Such
models are consistent with supersymmetric constructions, and only incorporate operators in the effective
action that would be expected from generic effective field theory considerations. The models feature
potentials with smooth large-field plateaus together with small-field features that can induce a brief phase
of ultraslow-roll evolution. Inflationary dynamics within this family of models yield predictions for
observables in close agreement with recent measurements, such as the spectral index of primordial
curvature perturbations and the ratio of power spectra for tensor to scalar perturbations. As in previous
studies of PBH formation resulting from a period of ultraslow-roll inflation, we find that at least one
dimensionless parameter must be highly fine-tuned to produce PBHs in the relevant mass range for dark
matter. Nonetheless, we find that the models described here yield accurate predictions for a significant

number of observable quantities using a smaller number of relevant free parameters.

DOI: 10.1103/PhysRevD.106.063535

I. INTRODUCTION

Primordial black holes (PBHs) were first postulated
more than half a century ago [1-3], and they remain a
fascinating theoretical curiosity. In recent years, many
researchers have realized that PBHs provide an exciting
prospect for accounting for dark matter. Rather than
requiring some as-yet unknown elementary particles
beyond the Standard Model, dark matter might consist
of a large population of PBHs that formed very early in
cosmic history. See Refs. [4-6] for recent reviews.

Much activity has focused on mechanisms by which
PBHs could form from density perturbations that were
generated during early universe inflation. When overden-
sities with magnitude above some critical threshold reenter
the Hubble radius after the end of inflation, they induce
gravitational collapse into black holes. Many studies have
focused on specific inflationary models that can yield
appropriate perturbations; PBH formation following hybrid
inflation has garnered particular attention [7-12]. Others
have found clever ways to engineer desired features of a
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given model so as to generate PBHs, by inserting specific
features into the potential and/or noncanonical kinetic terms
for the field(s) driving inflation. See, e.g., Refs. [13-38].
In this work we explore possibilities for the production
of PBHs within well-motivated models of inflation that
feature realistic ingredients from high-energy theory. In
particular, we consider models with several interacting
scalar fields, each of which includes a nonminimal cou-
pling to the spacetime Ricci scalar. This family of models
includes—but is more general than—well-known models
such as Higgs inflation [39] and a-attractor models
[40-42]. For example, the Higgs sector of the Standard
Model includes four scalar degrees of freedom, all of which
remain in the spectrum at high energies within renormaliz-
able gauges [43,44]. Moreover, every candidate for beyond
Standard Model physics includes even more scalar degrees
of freedom at high energies [45,46]. Likewise, nonminimal
couplings in the action of the form Ep?R, where ¢ is a
scalar field, R is the spacetime Ricci scalar, and ¢ a
dimensionless constant, are required for renormalization
and, more generally, are induced by quantum corrections at
one-loop order even if the couplings £ vanish at tree level
[47-56]. The couplings & generically increase with energy
scale under renormalization-group flow with no UV fixed
point [51,52], and hence they can be large (|£| > 1) at the
energy scales relevant for inflation. Finally, although the
models we study need not make recourse to supersymmetry
(SUSY) or supergravity, we find they can be realized in
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simple supergravity setups, including in models that
simultaneously realize the observed cosmological constant.

Inflationary dynamics in the family of models we
consider generically yield predictions for observable quan-
tities, such as the spectral index of primordial curvature
perturbations and the ratio of power spectra for tensor and
scalar perturbations, in close agreement with recent mea-
surements [57-59]. Such models also generically yield
efficient postinflation reheating, typically producing a
radiation-dominated equation of state and a thermal spec-
trum of decay products within N, ~ O(1) e-folds after the
end of inflation [60-76]. Hence such models represent an
important class in which to consider PBH production.

We find that such models provide a natural framework
within which PBHs could form. As in previous studies that
focused on the formation of PBHs from a phase of ultraslow-
roll inflation [13-24,28-30], we also find that to produce
perturbation spectra relevant for realistic PBH scenarios, at
least one dimensionless parameter must be highly fine-tuned.
Nonetheless, we find that such models can yield accurate
predictions for a significant number of observable quantities
using a smaller number of relevant free parameters. In this
paper we focus on the general mechanisms by which such
models can produce PBHs, and defer to later work a more
thorough analysis of the full parameter space.

In Sec. II we introduce the family of multifield models
on which we focus and identify generic features of their
dynamics. Section III considers the formation of PBHs
after the end of inflation, including how the production of
PBHs is affected by changes to various model parameters.
Concluding remarks follow in Sec. IV. In Appendix A, we
review important features of gauge-invariant perturbations in
multifield models, while in Appendix B we demonstrate how
this family of models can be realized within a supergravity
framework. Appendix C includes additional details about our
analytic solution for the fields’ trajectory through field space
during inflation. Throughout this paper we adopt “natural
units” (¢ = h = kpz = 1) and work in terms of the reduced

Planck mass, My = 1/v/87G = 2.43 x 10'® GeV.

II. MULTIFIELD MODEL AND DYNAMICS
A. Multifield formalism

We begin with a brief review of multifield dynamics for
background quantities and linearized fluctuations, follow-
ing the notation of Ref. [57]. See also Appendix A,
Refs. [77-80], and Ref. [81] for a review of gauge-invariant
perturbations in multifield models. We consider models
with A\ scalar fields ¢ (x*) with I = 1,2, ..., N, and work
in (3 4+ 1)-spacetime dimensions. In the Jordan frame, the
action may be written

/ d'xy/= { ¢1R_15,,gwa #lo,0’ - V@),
(1)

where f(¢') denotes the fields’ nonminimal couplings
and tildes indicate quantities in the Jordan frame. After
performing a conformal transformation by rescaling
G (%) = g (x) = Q%(x)F,,, (x) with conformal factor

() =M%1f<¢'<x>>, 2)

we may write the action in the Einstein frame as [82]

M?> 1
S= / d“x\/ ) [TPIR _Eg”gﬂ”aﬂgj)’ayqu - V(¢1) . (3)
where the potential in the Einstein frame is stretched by the
conformal factor,
4
4f 2(¢’ )

The nonminimal couplings induce a curved field-space
manifold in the Einstein frame with associated field-space
metric

V(gh) = V(") (4)

M2
2f (¢K j1° (¢K )

where f;=0df/d¢'. For N > 2 fields with nonminimal
couplings, one cannot canonically normalize all of the
fields while retaining the Einstein-Hilbert form of the
gravitational part of the action [82].

We consider perturbations around a spatially flat
Friedmann-Lemaitre-Robertson-Walker  (FLRW) line
element, as discussed further in Appendix A, and separate
each scalar field into a spatially homogeneous vacuum
expectation value and spatially varying fluctuations,

Gi (%) = fafa (5)

P () = ! (1) + 5" (). (6)
The equation of motion for the spatially homogeneous
background fields then takes the form

D,p' +3H¢! + GV =0, (7)

where H = a/a and D,A" = ¢’D,A! for any field-space
vector A, and where the covariant derivative D, employs
the usual Levi-Civita connection associated with the metric
G,;. Since we consider only linearized fluctuations in this
paper, we may set G;;(¢X) — G;; (%), so that components
of the field-space metric depend only on time. The
magnitude of the background fields’ velocity vector is

given by
@' =6= \ Gug'e’, (8)
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in terms of which we may write the unit vector

1

7

4 )

which points along the background fields’ direction of
motion in field space. The quantity

§IJ = gl] _ &I&J (10)

projects onto the subspace of the field-space manifold
perpendicular to the background fields’ motion.

In terms of &, the equations of motion for background
quantities may be written [57]

6+3H6+V, =0,

11
H? LH+4,

C3M (2
1 2
=———02 (11)
2Mpy
where
V,=8'V,. (12)

The covariant turn-rate vector is defined as [57]

1
o' =D6" = -V 5K, (13)
-

where the last expression follows upon using Egs. (7), (10),
and (11). The usual slow-roll parameter takes the form
H 1 &

TTH T EY (14)
where the last expression follows upon using Eq. (11).
We define the end of inflation #.,q4 via €(t.,q) = 1, which
corresponds to d(f,q) =0, the end of accelerated
expansion.

In addition to e, we consider a second slow-roll
parameter

€

Using Egs. (11) and (14) we see that, in general,

& &
£ % 4. 16
sHe Ho € (16)

During ordinary slow-roll evolution || < [3H6|, and the
top line of Eq. (11) becomes 3H6 ~ —V ,. Under those

conditions n ~ ¢ < 1. However, during so-called ultraslow-
roll, the potential becomes nearly flat, V , ~ 0, and hence

the equation of motion for the background fields becomes
6 ~ —3Ho. In that case, € becomes exponentially smaller
than 1 and
n—3 (ultraslow—roll). (17)
Equation (15) then yields ¢ 4+ 6He ~ 0. Given H =~ constant
during ultraslow-roll evolution (consistent with ¢ < 1),
the kinetic energy density of the background fields
Puin = 6°/2 = M3 H?¢ rapidly redshifts as  py, (1) ~
a=%(t) [16,20,22-24,28-30,83-89].
The gauge-invariant Mukhanov-Sasaki variables Q' are
constructed as linear combinations of metric perturbations
and the field fluctuations, as in Eq. (A2). We may project

the perturbations Q' into adiabatic (Q,) and isocurvature
(6s") components [57,90-92],

o' =6'Q, + 55!, (18)
where

0,=6,0'. &'=5,0" (19)
For two-field models, as we consider below, the isocurva-

ture perturbations are characterized by a field-space scalar
Q, defined via [93]

5s! = €6,0;, (20)

where €/ = [det(G;,)]~/?€" and &'/ is the usual antisym-
metric Levi-Civita symbol. The equations of motion for
Fourier modes of comoving k, Q,(k,t) and Q,(k, 1), are
given in Eqs. (A3) and (A4), from which it is clear that the
adiabatic and isocurvature perturbations decouple for non-
turning trajectories, for which || = 0. In addition, the
amplitude of isocurvature perturbations will be suppressed
as Q,(k, 1) ~a=3/(t) while u2/H? > 1, where the mass of
the isocurvature perturbations, u2, is given in Eq. (A7).
Hence if @®> < H? or u2/H? > 1, or both, there will be
negligible transfer of power from the isocurvature to the
adiabatic modes [56-59,78-81,90-93].

The adiabatic perturbation is proportional to the gauge-
invariant curvature perturbation [57]

O,
My2e’

=g — (21)
O

where the last equality follows from Eq. (14). To avoid
confusion, we adopt the convention of Ref. [34] and denote
the curvature perturbation as R and the Ricci scalar of
the field-space manifold as Ry. The dimensionless power
spectrum for the curvature perturbations is defined as usual,
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Prik) = 35 Rif. 22)

Given the form of Egs. (21) and (22), there are at least two
distinct mechanisms by which inflationary dynamics could
yield a large spike in Pg(k) at relevant scales k, which
could produce PBHs after inflation: either by amplifying
Q,(k, 1) or by reducing €(). The former could occur by
some feature of the dynamics such as a brief tachyonic
phase for certain modes k, akin to what occurs in hybrid
inflation models at the waterfall transition [7-12], or by a
transfer of power from isocurvature to adiabatic modes
during a fast turn in field space [32,34,35,93-95]. The other
typical mechanism—by which the slow-roll parameter e
falls by several orders of magnitude, 0 < ¢ < 1—occurs
during ultraslow-roll evolution [13-24,30], which can
occur even if there is no turning of the fields’ trajectory
in field-space. A related but distinct mechanism involves
particle production as the inflaton crosses a steplike feature
in the potential, followed by ultraslow-roll evolution to
amplify the perturbations associated with the produced
particles [28,29].

The models on which we focus here generically include
periods of ultraslow-roll evolution near the end of infla-
tion. In order for such an ultraslow-roll phase to produce a
large spike in Px(k), quantum fluctuations of the fields
must not whisk the system past the region of the potential
in which V , ~0 too quickly, or else inflation will end
before significant amplification of Pr(k) can occur
[16-24,28-30,87,89]. Backreaction from quantum fluc-
tuations yields a variance of the kinetic energy density for
the system [29]

4
(AKP) =35 pi 23)

where py, = 67/2 is the background fields’ unperturbed
kinetic energy density. Classical evolution will dominate
quantum diffusion during ultraslow-roll evolution if

Prin > V/((AK)?). Upon using Eq. (14), this criterion

becomes
3 H\?2
€usr > 5 | | - (24)
471' Mpl

Comparing with Eq. (A9), we see that Eq. (24) is
equivalent to Pg (k) < 1/6 [29]. Within the regions of
parameter space that we consider in Secs. II D and III B,
the criterion of Eq. (24) is always satisfied, such that
during ultraslow-roll, classical evolution of the back-
ground fields continues to dominate over quantum dif-
fusion, allowing for a robust amplification of curvature
perturbations.

In the absence of a transfer of power from isocurvature to
adiabatic perturbations, predictions for observables relevant
to the cosmic microwave background radiation (CMB) revert

to the familiar and effectively single-field forms [57,58].
Explicit expressions for the spectral index n,(k,), the
running of the spectral index a(k,) = (dn,(k)/dInk)|; ,
and the tensor-to-scalar ratio r(k,) may be found in
Egs. (A10)—(A12); here k, = 0.05 Mpc~! is the comoving
CMB pivot scale. Likewise, inherently multifield features,
such as the fraction of primordial isocurvature perturba-
tions fiso (ks feng), which is defined in Eq. (A15), and
primordial non-Gaussianity fy;, defined in Eq. (A25),
generically remain small for multifield models in
which the isocurvature modes remain heavy throughout
inflation (2 > H?) and the turn-rate remains negligible
(0? < H?) [56-59,78-81,90-93,96-108].

B. Supersymmetric two-field models

For the remainder of this paper we consider super-
symmetric two-field models, in which supersymmetry is
spontaneously broken. These models naturally arise in both
global supersymmetry and supergravity. Although our
framework does not depend strongly on supersymmetric
motivations, the supersymmetric framework provides a
codex for translating a relatively large number of effective
field theory parameters to a much smaller set of parameters
that govern the UV completion in supergravity, which is valid
at least at tree level. The desired nonminimal couplings can
then be realized in a manifestly supersymmetric manner, e.g.,
as in Refs. [109,110], in the superconformal approach to
supergravity [111], or else generated via quantum effects
once supersymmetry has been spontaneously broken. Here
we provide a brief overview. Additional details may be found
in Appendix B and Ref. [111].

As mentioned, at the energy scales relevant for inflation,
the construction yields specific arrangements among vari-
ous dimensionless coupling constants, but the field oper-
ators that appear in the action include only generic
dimension-four operators that should be included in any
self-consistent effective field theory for two interacting
scalar fields in (3 + 1)-spacetime dimensions. This sort of
supersymmetry pattern imprinted on low-energy physics
has been discussed in the context of CMB non-Gaussianity
from supersymmetric higher-spin fields [112].

We focus on inflation models that may be realized in the
global supersymmetry limit of supergravity. The model is
specified by a Kihler potential K and superpotential W in
the Jordan frame, given by

R(®,&) = - i(@l _ @) (25)

and
W(®) = V2ub, ;@' ® + 2¢,;, D' D/OK,  (26)

with indices 7, J, K € {1,2}. We select K so as to provide
canonical kinetic terms for the real and imaginary
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components of the scalar fields @’ associated with each

chiral superfield ®' (as further discussed in Appendix B),
and insert factors of v/2 and 2 in the superpotential W to
reduce clutter in the resulting equations. The coefficients
by, and cj;x in W are real-valued dimensionless coeffi-
cients, and repeated indices are trivially summed over. We
omit possible constant and linear contributions to W, since
nonrenormalization of W [113,114] provides the freedom
to do so. Expanding Eq. (26), we may express W as

W = V2biu(®@))? + V2bou(®,)? + 2¢, (®,)?
+205(D1)* @5 + 203D (9,)* + 2¢4(Dy)*,  (27)

where we have defined b, = by, b, = by, ¢; =cy11,
ey = (cin+ cia1r + o)y €3 = (i + ca1p + €21), and
C4 = Cy. We set the coupling by, for the quadratic cross
term pu®,d, to zero for simplicity but without loss of
generality, since this choice merely amounts to a choice of
coordinates on field space.

The Kihler potential and superpotential together deter-
mine the scalar potential as

V = M (IDWP - 3M2 W), (28)

where D;=0; + M;lzf( 1 denotes a Kihler covariant
derivative [111]. The explicit tilde on V indicates that
the chiral superfields @' are assumed to be nonminimally
coupled to gravity, either through a manifestly supersym-
metric setup or through quantum effects below the SUSY
breaking scale, making the expression for V in Eq. (28) the
Jordan-frame potential.
|

B(0) = 4b7 cos? O + 4b3 sin’ 0,
Cc9) =
D) =

The choice of Kihler potential in Eq. (25) guarantees that
the imaginary parts of the scalar components of ®' are
heavy during inflation, m?, > H?, where ® = w' + ... for
complex scalar fields @', and @' = (¢ + iy!)/+/2, with
¢' and y' real-valued scalar fields. In the global SUSY
limit (|®|*/M}, — c0), the scalar potential can then be
expressed as simply

=35

I

, (29)

a@l ‘D[

where we label the real-valued scalar components of the

chiral superfields as ®; = ¢/v2 and ®, = y//2. We
discuss additional details of the embedding in supergravity
in Appendix B.

C. The Einstein-frame scalar potential

The full form of V(. y) appears in Appendix B. For our
two-field models, it is convenient to adopt polar coordi-
nates for the field-space manifold,

¢(1) = r(t) cos O(t), x() =r(t)sin6(z),  (30)

with r > 0 and 0 < 0 < 2x. Then the Jordan-frame scalar
potential of Eq. (29) takes the form

V(r,0) = B(0)u>r* + C(O)ur’ + D(O)r*  (31)

with

12b ¢, cos® @ + 4(2b; + by)c, cos? @sin@ + 4(by + 2by)c3 cos Osin® O + 12b,c4 sin’ 6,
(9¢? + ¢3) cos* @ + 4cy (3¢ + ¢3) cos® Osin O + (4¢3 + 6¢c3 + 6¢y¢4 + 4¢3) cos? Osin® O

+4c3(cy + 3c4) cos Osin® O + (9¢2 + ¢3) sin* 6. (32)

As mentioned, we consider this scalar potential in con-
junction with nonminimal couplings to gravity. In a curved
spacetime, scalar fields’ self-interactions will generate
nonminimal couplings of the form [47-56]

1
[Mpl + &b + &)
1

flp.x) =

(M3, + 12(&y cos® 0 4 &, sin” 0)]. (33)

N

Hence the action for the scalar degrees of freedom of our
models takes the form of Eq. (1), with V(¢!) given by

Eq. (31) and f(¢') by Eq. (33).

Upon transforming to the Einstein frame, the field-space
metric G;; in our {r, 8} coordinates has components

rr

M2
}’ { +— 5,/,cos 9+§Xsm )}
My, (3 > 0+ & sin%0)
G = 2 \ 7 §¢cos <§Zs1n
x (=€ +
M2
_p
o 7+

cf){) cos @sin 6],

0 = 2 —|— — (=& + af}()zcosz@sinze] . (34)
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FIG. 1. The scalar potential in the Einstein frame, in both {¢, '} (left) and {r, 8} (right) coordinates. Fields are shown in units of M.
The parameters are yu = My, by = by = —1.8 x 107, ¢; =2.5x 107, ¢, = ¢3 =3.57x 107, ¢, =3.9x 1073, and £, = &, = 100.

with f(r, 8) given in Eq. (33). The potential in the Einstein
frame becomes

Mgl 2.2 3 4
V(r,0) = W[B’(G)/A r* 4+ C(0)ur’ + D(0)r?],

(35)

with the coefficients B, C, and D given in Eq. (32).

The form of V(¢') in Eq. (35) has a similar structure
to the single-field potential studied in Ref. [13], which
included both a cubic self-interaction term and the con-
formal factor (M, + £¢*)* in the denominator. The poten-

tial in Eq. (35) is also a natural generalization of the
two-field models studied in Refs. [56-59], for which the
numerator included only the term proportional to D(0).
Much as in those multifield studies, the Einstein-frame
potential of Eq. (35) includes local maxima and local
minima (or “ridges” and “valleys”) throughout the field
space. See Fig. 1. As we describe in Sec. II D, this structure
of the potential yields strong single-field attractor behavior
[56-59,63]; the system generically settles into a local
minimum of the potential very quickly after the start of
inflation and remains within that minimum for the duration
of inflation.

Potentials of the form in Eq. (35) have very flat plateaus
at large field values, of the type favored by recent
measurements of CMB anisotropies [115]. For models in
which &, ~¢,, in the limit in which the D(0)r* term
dominates the numerator of V(r,0) and &;r* > Mf)l, the
potential reduces to the simple form

_M;D(O) M},
V(r,0) ~ 2 +0< ) (36)

In the absence of strong turning among the background
fields during inflation (w?> < H?), the upper bound on the
primordial tensor-to-scalar ratio r( s < 0.036 at the CMB
pivot scale k, = 0.05 Mpc~! [116] constrains H(z,) <
1.9 x 107°M ;. This constraint on H(t,) becomes more
complicated for inflationary trajectories that feature strong
turning before the end of inflation [93], but is appropriate
for the scenarios we consider here. Assuming that the
CMB-relevant curvature perturbations crossed outside the
Hubble radius while the fields were still on the large-field
plateau of the potential, the constraint on H(t,) corre-
sponds to the limit

Do) <l11x
&

1079, (37)

upon relating H to V during slow roll. From Eq. (32) we
see that D(6) ~ 9c2,,, where ¢, = max{c;}. Hence to
remain compatible with observations of the CMB, we
expect the couplings to fall within a range such that

[m| < 0(107%). (38)
o

As &, ~ £, becomes larger, the dimensionless couplings c¢;
can likewise become larger while still remaining compat-
ible with observations.

The Einstein-frame potential V(r,0) of Eq. (35)
retains the large-field plateau as in the models studied in
Refs. [56-59]. On the other hand, the potential of Eq. (35)
includes modified small-field structure compared to the
previous models. In particular, the coefficients B(6) and
C(6) remain nonzero when at least one of the dimensionless
couplings b; # 0. These changes to the small-field structure
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FIG. 2. The angle in field space 6, (r) along which the system
evolves for the same couplings as in Fig. 1. For this set of
parameters, the local minimum of the potential lies along 6 (r),
whereas 6; (r) is a local maximum.

of the potential can yield a phase of ultraslow-roll evolution
near the end of inflation, which in turn can produce PBHs.

D. Inflationary trajectories

If the dimensionless couplings that appear in
Eqgs. (32)—-(35) obey additional symmetries, namely
$p=¢,=¢ by =b, =0, €y = C3, (39)
then we may find exact analytic solutions for the back-
ground fields’ trajectory during inflation. In particular, if
the couplings obey the relationships of Eq. (39), then
we find

4.3

Mplr / /
V(r.0) = 2f(OF [C'(O)u+TD'(0)r]

because f(r,0) — f(r) and B() — 4b* when £, = &, and
by = by, = b. The system will evolve along a direction in

(40)

V(r, 6,)
5.x10710f
2.x 10710}
1.x10710}

5.x10711}

2.x1071}

02 04 06 08 10

field space 6, such that V4(r,0,) =0. As shown in
Appendix C, for the symmetric couplings of Eq. (39)
the extrema are given by

0E(r) = arccos(x*(r)) (41)
with
_ — )
¥ () = dy £ |d4y]V-14+R ’ (42)
R\/d} + &3
where
c c
dIEC1+?2, d4=C4+§2,
b
rimag = a R= : (43)

\/d%+d421’ rimag
In the limit b — 0, x*(r) — constant and hence 6 — 0,
consistent with the nonturning attractor trajectories iden-
tified in Refs. [56-59]. For b # 0, the trajectories 6% (r)
show virtually no turning until r < M, near the end of
inflation (see Fig. 2). The analytic solutions 65 (r) become
complex for r < [riy,l|, although the fields’ dynamical
evolution remains smooth in the vicinity of r ~ |Finge|-
We may project the multifield potential V(r,@) along
the fields’ trajectory 6,(r), which yields V(r,0,.(r)) (see
Fig. 3). Upon including b # 0, and hence C # 0, the
potential evaluated along 6,(r) generically develops a
feature at small field values, much as in the single-field
models studied in Refs. [13—16]. For the example shown,
the dimensionless coefficient C(6,) < 0 for the duration of
inflation, while 5, D(6,) > 0 (recall that for b, = b, = b,
B = 4b? is independent of #). Given the opposite signs of C
and B, D, the new features will emerge in V(r,0,(r)) for
field values r such that |C(0, ) |ur ~ Bu*> + D(0,)r*. For the
parameters shown in Figs. 1-3, this occurs for r ~ 0.1 p.

CO."), D@,
r
0.00006| |
1
b
ol —0C6.")
0.00004} !
o D(6.")
[ 1
0.00002}
L
T~0z 04 08 08 10
—0.00002L

FIG. 3. (Left) The scalar potential in the Einstein frame V(r, 8;) (in units of M’ 31) evaluated along the direction of the fields’ evolution,
0 (r). (Right) The dimensionless coefficients C(6) (purple) and D(6) (orange dashed) as defined in Eq. (32), evaluated along the
direction of the fields’ evolution, ; (r). Both plots use the same parameters as in Fig. 1.
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(Left) The evolution of the Hubble parameter H (1) as a function of e-folds N before the end of inflation (N (7.,q) = 0). (Right)

The evolution of the fields () (purple, in units of M) and 6(¢) (orange dashed) as a function of e-folds N before the end of inflation.

Both plots use the same parameters as in Fig. 1 and initial conditions r(t;) =2.6M, 6(t;) = x—0.02, i(t;) = =10~

and 6(1;) = 4 x 1075 M.

With fine-tuning of at least one of the couplings {b c;},
one may arrange for the small-field feature to be a quasi-
inflection point, as in Refs. [13,17-19]. More generally, the
projected potential will develop a local minimum along the
direction 0, (r) with a nearby local maximum, as in Ref. [15].
When the fields encounter this small-field feature in the
potential, the system enters a phase of ultraslow-roll evolu-
tion: the fields’ kinetic energy density pg, = 62/2 — 0
while H ~ constant, and hence € falls by several orders of
magnitude, given the relationship in Eq. (14).

We numerically solve the coupled equations of motion
for the background fields r(z), 6(¢) and the Hubble
parameter H(z) using Eqgs. (7) and (11). In Fig. 4 we plot
the evolution of H, r and 6 for typical values of the
couplings. Figure 5 confirms that once the system settles
into a local minimum of the potential in the angular

logofw?/H?, us*/H*}
15 w?/H>
10& ----- us*/H?
|| TS

10 20 30 40 50 j}‘«
-5
— 10}

-15¢

FIG. 5.

—5142
M,

direction [V 4(r,0,(r)) = 0], the isocurvature modes
remain heavy for the duration of inflation (u2 > H?)
and the turn-rate remains negligible (w?> < H?). When
the fields encounter the small-field feature in the potential
near r ~ (.1 u, the system enters a phase of ultraslow-roll
evolution, with # — 3 and € — 107>, For each of these
plots, we show the evolution of the system as a function
of the number of e- folds N before the end of inﬂation'
N(t) = Nigw — J{ H(t)dt, where Ny = Ji=4 H(t)dt and
tend is determined via e(tend) =1.

Given the relationship between Px(k), H, and ¢ in
Eq. (A9), the power spectrum of curvature perturbations
will become amplified for modes k that exit the Hubble radius
while the fields are in the phase of ultraslow-roll. In general,
the decrease in e—and hence the increase in Pr(k)—
depends on the ratios of various couplings. For the

n,logo€
4

-
-
-~
e e e et
-
-
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N
-
=
—’
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——--_____

‘I

(Left) The evolution of the covariant turn-rate |’ (¢)| (purple) and the mass of the isocurvature modes () (orange dashed) as

a function of e-folds N before the end of inflation [N(7.,q) = 0]. (Right) The slow-roll parameters 7 (purple) and ¢ (orange dashed) as
functions of e-folds N before the end of inflation. While the system undergoes ultraslow-roll evolution,  — 3 and € — 107>, consistent
with Eq. (17). Both plots use the same parameters and initial conditions as in Fig. 4.
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FIG. 6. Fine-tuning one of the dimensionless couplings can
increase the duration of the ultraslow-roll phase. For longer
periods of ultraslow-roll, the slow-roll parameter € falls to smaller
values and the peak in the power spectrum Py (k) rises. All three
curves shown here use the same parameters and initial conditions
as in Figs. 1-5, with increasing fine-tuning of ¢, = c¢3. The
horizontal dotted line shows the COBE normalization Py (k,) =
2.1 x 107 for the CMB pivot-scale k, = 0.05 Mpc~'.

parameters shown in Figs. 3-5, the local maximum of the
potential near r ~ 0.1 p is marginally greater than the value
of the potential at the nearby local minimum, so the system
spends only AN ~ 2.5 e-folds in the ultraslow-roll phase. As
shown in Fig. 6, by fine-tuning one of the dimensionless
couplings, we may adjust the relative heights of the local
maximum and local minimum along 6, (r), thereby prolong-
ing the duration over which the fields persist in the ultraslow-
roll phase and increasing the peak value of Pg (k). Even
the tallest peak of Pr(k) shown in Fig. 6 satisfies
Pr(k) <1072 < 1/6, and hence the criterion of Eq. (24)
is always satisfied. In other words, even while the system
undergoes ultraslow-roll evolution, the classical evolution
of the background fields dominates quantum diffusion for
the parameters considered here.

The dynamics of the fields in the models we consider
here are distinct from those recently studied in a-attractor
models [34,35]. In particular, we only consider positive
values of the nonminimal couplings in this paper, so that
the conformal transformation associated with the factor
Q*(x) in Eq. (2) remains nonsingular. For & > 0, the
induced field-space manifold in the Einstein frame has
positive curvature, Ry, > 0, the magnitude of which falls
in the limit &;r> > M7, [An explicit expression for Ry
for these models may be found in Eq. (115) of Ref. [57].]
Hence curved field-space effects make fairly modest
contributions to the fields’ dynamics during the early stages
of inflation [57-59,63].

In a-attractor models, on the other hand, the curvature
of the field-space manifold is negative and constant,
Ri = —4/(3a), with dimensionless constant a > 0. For
a~ (1), the fields’ evolution will be affected by the
nontrivial field-space manifold throughout the duration of

inflation. Hence in a-attractor models, the fields may “ride
the ridge” remaining on or near a local maximum of the
potential for much of the duration of inflation [34], whereas
in the family of models we consider here, the fields
generically settle into a local minimum of the potential
after a brief, initial transient. For the case of & > 0,
the fields can only “ride the ridge” of the potential for
Nz O(1) e-folds if the fields’ initial conditions are
exponentially fine-tuned [57-59,63]. The fact that the
fields generically settle into a local minimum of the
potential in these models ensures that the isocurvature
modes remain heavy throughout inflation and that the
covariant turn-rate remains negligible.

E. Scaling relationships

As shown in Fig. 6, the evolution of perturbations is
sensitive to the small-field feature in the Einstein-frame
potential, which in turn depends upon ratios among the
dimensionless couplings b; and c¢;. We explore some of
those relationships in this section. We first note from
Egs. (32) and (35) that the mass scale u only appears in
V(¢") multiplied by the b;. Without loss of generality, we
therefore fix 4 = M, and adjust the magnitude of the scalar
fields’ tree-level masses by changing b;.

The shape of the peak in the power spectrum Px (k)
depends on the hierarchy between the value of the potential
V(r,0,(r)) along the large-field plateau and in the vicinity
of the small-field feature. This hierarchy, in turn, depends
on the ratio of various coupling constants. For example, if
the couplings satisfy the symmetries of Eq. (39), we may
hold £ and b fixed and vary the ratio ¢; /c4. If ¢; < ¢4, then
V will develop a significant hierarchy between large and
small field values, and the system will approach the small-
field feature with correspondingly greater kinetic energy,
much as analyzed in Ref. [15] for similar single-field
models. For ¢; < ¢4, even if the value of V at the local
minimum is significantly lower than the value at the nearby
local maximum, the system can nonetheless “escape” to the
global minimum of V without lingering arbitrarily long
near the small-field feature of the potential. In these
scenarios, the corresponding peak in Pg(k) is tall and
narrow. In this paper we set aside the question of whether
the fields could tunnel through the local barrier more
quickly than they would simply flow beyond the local
maximum classically.

As the ratio ¢ /c, becomes less extreme, the small-field
feature in the potential more closely resembles a quasi-
inflection point, akin to those studied in Ref. [13]. In this
case, the fields approach the small-field feature with less
kinetic energy and linger longer in the ultraslow-roll phase.
The resulting feature in Pg (k) is more rounded and wide
(see Fig. 7).

When the couplings obey the symmetries of Eq. (39), the
Einstein-frame potential displays a formal scaling property
in the limit £ > 1. In particular, we may set
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FIG. 7. The potential V(r,0,(r)) (left) and the power spectrum Pg(k) (right) for u = My, &, =&, =100, and by = b, =
—1.8 x 107, with varying ratio c¢,/c,. In each case we keep ¢, ~ ¢, and fine-tune ¢, to a comparable degree. As the hierarchy in
V(r,0.(r)) between the large-field plateau and the small-field feature decreases, the peak in the power spectrum shifts from tall and
narrow to short and wide. The curves shown here correspond to {cy, ¢, ¢4} = {1.5 x 107#,4.3738 x 1073,4.5 x 1073} (maroon dot-
dashed), {2.5 x 107#,3.5709 x 1073,3.9 x 1073} (orange), and {4.1 x 107#,3.0879 x 1073,3.2 x 1073} (gold dashed).

(44)

where y > 0 is some constant. Note that the nonminimal
coupling £ is not rescaled by y. Then if we fix

b \/Z: = constant,

¢ = constant, (45)
y

the potential V(r,0,(r)) is unchanged when plotted as a
function of 7 = r/\/&. This self-similarity, in turn, yields
identical power spectra (see Fig. 8).

Our model does not require the symmetries among
coupling constants identified in Eq. (39); in general one

logio Pr

\H"\H"\HH\HH\HH\HH\HN

FIG. 8. The power spectrum Pg (k) for three values of the
nonminimal coupling constant §, =&, = &, when we exploit
the scaling relationships of Eqs. (44) and (45). For each curve
we set u =My, & =2.5x10" & =3.5709x 1073, and
¢4 =39x1073. For £=100 (orange) we set y=1 and
bh=-1.8x10"*, and then appropriate values of y and b for
¢ =50 (pink dot-dashed) and & = 300 (brown dashed) follow
from Eq. (45).

may consider &, # &,, by # by, and/or ¢, # c3. Relaxing
the symmetries of Eq. (39) affects the shape of the
potential, especially in the vicinity of the small-field
feature, which in turn can affect the fields’ dynamics.
We defer an exploration of this expanded parameter space
to future work.

III. PBH FORMATION

PBHs can form soon after the end of inflation from
large peaks in the power spectrum Px (k) on length scales
much shorter than those probed by the CMB. Such large
perturbations cross outside the Hubble radius near the end
of inflation, remain effectively frozen in amplitude while
their wavelength is longer than the Hubble radius, and later
reenter the Hubble radius after the end of inflation, where-
upon they can induce gravitational collapse.

A. Critical collapse

Upon reentering the Hubble radius after inflation, local
overdensities

(46)

will induce gravitational collapse if they are of sufficient
amplitude. Here p = p,y 1s the energy density averaged
over a Hubble volume. The collapse process is a critical
phenomenon akin to other kinds of phase transitions. In
particular, the masses of black holes that form at time ¢,
follow the distribution [117-131]
M(aavg) = KMpy(t.)(3,

5c)" (47)

vg T

for overdensities &,,, above some threshold &, ~ o107,
where 8,,, is the spatial average of 5(x) over a region of
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radius R < H~!, K is a dimensionless O(1) constant, and v
is a universal critical exponent (v ~ 0.36 for collapse during
a radiation-dominated era). The Hubble mass My (1) is the
mass enclosed within a Hubble sphere at time 7.,

Az
My(t.) = ?ptotal(tc)H;3

2

Mpl
=dr 7 (48)

c

where H,=H(t.). The second line of Eq. (48) follows
upon using the Friedmann equation, H> = pigu/(3Mp).
Although the relationship between the threshold 6. and
the curvature perturbation R is, in general, nonlinear and
depends on the spatial profile of the overdensities [126—131],
the threshold criterion 6,,, > 6, for the production of PBHs
is typically equivalent to the threshold [126]

Pr (ko) = 1072, (49)

where P, is defined in Eq. (22). The scale ky,y, = a(t,)H, is
the comoving wave number of perturbations that reenter the
Hubble radius at time ¢, and induce collapse.

The mass spectrum of PBHs that form via critical collapse
includes a long tail for masses M < M [125,126,129],
though it is sharply peaked at an average value M that is
remarkably close to Bernard Carr’s original estimate [132],

M = yMpy(t,). (50)

with dimensionless constant y ~ 0.2. For PBHs that form

during the radiation-dominated phase, a(t) ~ t'/? and hence
H(t) = 1/(2t), so from Egs. (48) and (50) we have

_ t
M ~8.1x 107 g<l—cs> (51)

upon using y = 0.2. PBHs with average masses within the
range 107 ¢ < M < 10?2 g could account for the entire
dark-matter fraction in the observable universe today while
evading various observational constraints [4—6]; this corre-
sponds to PBH formation times of 107! s < ¢, < 10716 5.
We may relate the time 7. to the earlier time #,, during
inflation, when perturbations with wave number k., first
crossed outside the Hubble radius. If the first Hubble-
crossing time 7, occurs AN e-folds before the end of
inflation, then
kpon = a(toon) H (tgon) = a(tena)e ™V H (1), (52)
where 7,4 denotes the end of inflation. As in Appendix A,
we parametrize the postinflation reheating phase as a brief
period of matter-dominated expansion (w.; ~0) which
lasts N, e-folds between the times .4 and #,4; beginning

at time 7,4, the universe expands with a radiation-dominated
equation of state [133,134]. Then the scale factor a(z..) at
the time that the perturbations of comoving wave number
kopn reenter the Hubble radius will be

a(t,) = a(teg)e™ (i) ”2 (53)

Id

and the Hubble parameter will be H(z.) = 1/(2t.).
Between f.,4 and f4 the energy-density redshifts as
p(tr) = p(tena)e>Nen, so we may write

1
[_ = 2H(tend)e_3N'°h/2. (54)
rd

From Egs. (53) and (54), we find

kpbh = a(tc)H(tc)

(tend>H1/2(tend)eth/4' (55)

1
Ve
Equating the expressions for ky, in Egs. (52) and (55),
we may solve for AN,

1 2H(t
AN = ~log M
2 H(tend)

e Nen/4y | (56)
For the parameters that we have been considering, which
yield a substantial hierarchy between the values of the
potential along the large-field plateau and near the small-
field feature, H(fypp) 2 H(leng) 2 1074M,; see the left
panel of Fig. 4. Previous studies of postinflation reheating
in closely related models have consistently found efficient
reheating, with N, < 3 across a wide range of parameter
space [63-65,71,72]; the incorporation of trilinear cou-
plings, such as the terms proportional to the coefficient C
in the effective potential of Eq. (35), generically increases
the efficiency of reheating [135,136]. Upon taking
0 < N, £ 3, we therefore find

18 S AN <25 (57)

across the range of PBH formation times of interest,
1072 s<1. <1070 s,

B. PBHs from ultraslow-roll evolution in these models

As analyzed in Refs. [23,24], a rapid rise in Pr (k) at
short wavelengths k ~ kp,, which could induce PBHS after
inflation, necessarily has an impact on the long-wavelength
power spectrum in the vicinity of the CMB pivot-scale k.;
see also Ref. [137]. Hence, there is a delicate balance
required to secure predictions for observables in the vicinity
of the CMB pivot scale k, that remain consistent with the
latest measurements [115,116,138] while also arranging for
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Pr(kypn) = 1072, In particular, the presence of small-field
features in the potential, which can yield a large peak in
Pr (k) near k ~ kpph, tends to modestly deform the potential
along the large-field plateau, relevant for Py (k. ). The value
of the spectral index n(k, ) is typically lower than in related
models for which little or no peak appears in Py (k) at
small scales.

To compare with the latest observations, we must
evaluate the number of e-folds before the end of inflation,
N,, when the CMB pivot scale k, = 0.05 Mpc™! first
crossed outside the Hubble radius. Equation (A26) shows
that N, depends weakly on the duration of reheating. Given
efficient reheating in these models [63-65,71,72], we take
Nien ~ 0; then Eq. (A26) yields N, ~ 58 for the parameters
of interest.

The models we consider here generically induce a
small but nonzero running of the spectral index, a(k,)=

(dny(k)/dInk)|, ~O(107). If one includes possible

logio {Px, €}

-
~
S ——

L
Iy
2
rL

running a(k,) # 0 in the analysis of the latest Planck data,
then the best-fit value for the spectral index is given by
ng(k,) = 0.9625 +0.0048, with a(k,) = 0.002 £+ 0.010,
each at 68% confidence level [115]. Meanwhile, the most
recent combined Planck-BICEP/Keck observations con-
strain the tensor-to-scalar ratio at k, = 0.05 Mpc~! to be
ro.05 < 0.036 [116]. As shown in Fig. 9, for a particular
choice of parameters our two-field model yields predictions
consistent with the latest observations while also producing a
peak in the power spectrum that first crosses the critical
threshold Pr (kyy) = 1073 at AN = 16.3 e-folds before the
end of inflation.

The timing of the peak in P (k) for the set of parameters
shown in Fig. 9 was calculated neglecting non-Gaussian
features of the probability distribution function for large-
amplitude curvature perturbations, which arise from sto-
chastic effects such as quantum diffusion and backreaction.
When such effects are incorporated self-consistently,

Y

FIG. 9. Observable quantities from our two-field model with one fine-tuned parameter. For each plot, N denotes the number of e-folds
before the end of inflation [N (7.,q) = 0]. For the parameters chosen, the CMB pivot scale k, = 0.05 Mpc~' crossed outside the Hubble
radius N, ~ 58 e-folds before the end of inflation, and Py, (k) first exceeded the threshold for PBH production AN = 16.3 e-folds before
the end of inflation. (Top left) The power spectrum Py (k) (purple) and the slow-roll parameter ¢ (orange dashed). The horizontal dotted
line shows the COBE normalization Py (k,) = 2.1 x 107, and the horizontal dashed blue line shows the threshold for PBH formation
Pr(k) = 1073, (Top right) The spectral index n,(k,) (purple), Planck 2018 best-fit value (dotted), and 2¢ error-bar contours [115].
(Bottom left). The running of the spectral index a(k,) = (dn,(k)/dInk)|, (purple), Planck 2018 best-fit value (dotted), and 26 error-
bar contours when the Planck analysis allows for a(k,) # 0 [115]. (Bottom right) The tensor-to-scalar ratio (k) (purple) and the 2020
Planck-BICEP/Keck upper bound (dotted) [116]. The system was evolved numerically with the same parameters and initial conditions
as in Figs. 1-5, but with ¢, = c; = 3.570913 x 1073 rather than ¢, = c; = 3.57 x 1073,
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the probability distribution function typically features
more power in the tails of the distribution than a simple
Gaussian—meaning that large fluctuations remain rare, but
much less rare than standard calculations (of the sort we
incorporate here) would suggest [20,22,127,137,139-143].
Although it remains a topic for further research, we expect
that such non-Gaussian effects would likely shift AN by
O(1) e-folds, which would bring AN more squarely within
the range of Eq. (57) of interest for dark matter abundances.

Even while neglecting these non-Gaussian effects, we
find that the results shown in Fig. 9 require a substantial
fine-tuning of one of the dimensionless coupling constants:
¢, = 3.570913 x 1073, rather than the more “reasonable”
value ¢, = 3.57 x 1073 that was used for the plots in
Figs. 1-5. Such substantial fine-tuning is typical among
models that produce PBHs from a phase of ultraslow-roll
evolution [13-24,28-30].

Although the need for fine-tuning in such models is not
new, we note nevertheless that the multifield models con-
sidered here are relatively efficient. We require such models
to yield accurate predictions for eight distinct quantities; our
two-field model does so using six relevant free parameters.
The observable quantities to match include the spatial
curvature contribution to the total energy density Qg, the
spectral index n, (k. ), the running of the spectral index a(k. ),
the tensor-to-scalar ratio r(k.), the isocurvature fraction
at the end of inflation fiy,(k,, f.nq), the non-Gaussianity
parameter fyr, the peak amplitude of the power spectrum at
short scales Pg (kpbn), and the time AN when the peak in
Pr(kppn) first crosses the critical threshold.

The multifield models we explore here display strong
single-field attractor behavior, with negligible turning
throughout the duration of inflation, @?> < H?. Such
attractor behavior means that the evolution of the
system—and hence predictions for observables—is sensi-
tive to changes in one initial condition, r(z;), rather than the
other 2V — 1 initial conditions required in N\ -field models.
[For example, predictions for observables in the two-field

case are independent of 7(1;), 6(1,), and 6(t;), unless those
initial conditions are exponentially fine-tuned [56-59,63].]
Once r(t;) is set large enough to yield sufficient inflation
(with Ny > 65 e-folds), these models generically satisfy
observational constraints on Q. Meanwhile, as empha-
sized above, the single-field attractor behavior generically
suppresses such typical multifield phenomena as
Piso ks, tenq) and fyi, thereby easily keeping predictions
consistent with observational bounds. In particular, con-
sistent with the discussion leading to Eq. (A18), we find
Biso (kir teng) < €3N« ~ O(10776) for the parameters used
in Fig. 9, compared to the current Planck bound
Piso (ks Teng) < 0.026 [115]. Likewise, from the discussion
leading to Eq. (A25), we find f23"!(k,) = —0.019 for the
parameters used in Fig. 9, consistent with the latest
measurement from Planck: fed"(k,) = —26 + 47 [138].

The results shown in Fig. 9, which incorporate the
symmetries among coupling constants of Eq. (39), thus
reveal close agreement between predictions for {Qg, fic,
s ng(ky) a(k,), r(k.), Pr(kppn), AN} from a two-field
model with six relevant free parameters: {r(z;),¢&, b,
C1,Co, C 4}.

IV. DISCUSSION

In this paper we have demonstrated that inflationary
models that incorporate well-motivated features from high-
energy physics can produce primordial black holes (PBHs)
soon after the end of inflation, of interest for present-day
dark matter abundances. In particular, we have investigated
models with multiple interacting scalar fields, each with a
nonminimal coupling to the spacetime Ricci curvature
scalar. Our multifield models are inspired by supersym-
metric constructions (with an explicit supergravity con-
struction provided in Appendix B) and incorporate only
generic operators in the action that would be expected in
any self-consistent effective field theory treatment at high
energies.

Despite being multifield by construction, the inflationary
dynamics in these models rapidly relax to effectively single-
field evolution along a smooth large-field plateau in the
effective potential (much as in closely related models [56—
59]), thereby yielding predictions for primordial observables
in close agreement with the latest measurements of the CMB
radiation. Models within this family also yield efficient
reheating following the end of inflation [60-76]. In addition,
the potentials we study here include small-field features
that can induce a brief phase of ultraslow-roll evolution
prior to the end of inflation, which yield sharp spikes in
the power spectrum of curvature perturbations on length-
scales exponentially shorter than the CMB pivot scale
k, = 0.05 Mpc~!. Upon reentering the Hubble radius after
the end of inflation, these amplified short-scale perturbations
induce gravitational collapse to PBHs.

As in previous studies of PBH formation following an
ultraslow-roll phase during inflation [13-24,28-30], we
find that in order to generate PBHs near the mass range that
could account for the present-day dark matter abundance
we must fine-tune one dimensionless coupling constant to
several significant digits. Nonetheless, by incorporating
only one fine-tuned constant, these models yield accurate
predictions for eight distinct quantities—including the
spectral index ng(k,) and its running a(k,), the tensor-
to-scalar ratio r(k,), the isocurvature fraction Sy, (K., fenq)
and primordial non-Gaussianity fy;, among others—using
fewer than eight free parameters.

In future work we plan to examine the dynamics of
these models across their full parameter space, including
cases in which we relax the strict symmetry among the
coupling constants of Eq. (39). Some of these models may
give rise to stochastic gravitational waves signals, which
in principle could be observable with next-generation

063535-13



GELLER, QIN, MCDONOUGH, and KAISER

PHYS. REV. D 106, 063535 (2022)

experiments [144] such as LISA [145,146], the Einstein
Telescope (ET) [147], and DECIGO [148,149]. This is an
area of further research.

For each of the parameter sets we examined in this paper,
quantum diffusion effects remained subdominant. However,
we have found that the system’s dynamics are quite sensitive
to small changes in various parameters. We therefore plan to
investigate regions of parameter space in which quantum
effects become dominant. In such cases, the system would
only be able to reach the global minimum of the potential via
quantum tunneling. For these cases, it will be important to
compare the tunneling rate to the rate of classical evolution
through the ultraslow-roll phase.

Furthermore, along the lines of recent investigations
into phenomena such as the critical Higgs self-coupling
[150,151], we also intend to investigate the applicability to
our class of models of self-organized criticality. In par-
ticular, we are interested in the possibility that parameter
sets such as those considered in Figs. 1-5 are nearby to
critical points in parameter space which act as attractors.

Other possibilities to investigate include effects on
observable features of these models that arise from terms
that we have thus far neglected, such as a direct quadratic
coupling b,u®;®, among the chiral superfields in the
superpotential W of Eq. (26) or the addition of additional
interacting fields beyond only two. (After all, the minimal
supersymmetric Standard Model includes seven chiral
superfields, each with an associated complex-valued scalar
field [152,153].) In addition, we plan to investigate impli-
cations for the predicted mass distribution of PBHs
produced in these models from non-Gaussianities in the
probability distribution function for large-amplitude cur-
vature perturbations. Such modifications to the probability
distribution could arise from quantum-stochastic effects
during the phase of ultraslow-roll evolution.
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APPENDIX A: PERTUBATIONS
IN MULTIFIELD MODELS

We consider scalar perturbations around a spatially
flat Friedmann-Lemaitre-Robertson-Walker (FLRW) line
element,

ds* = —(1 + 2A)dt* + 2a(t)(9;B)dtdx’

+ a*(1)[(1 = 2w)6;; + 20,0,Eldx'dx’.  (Al)
Gauge freedom means that only two of the four metric
functions A, B, v, and E in Eq. (A1) are independent. The
field fluctuations 8¢ introduced in Eq. (6) are also gauge
dependent. We construct the gauge-invariant Mukhanov-
Sasaki variables as linear combinations of field fluctuations
and metric perturbations [57,81,92],

T
o' ="+ 2y, (A2)
H

and project the perturbations Q' into adiabatic (Q,) and
isocurvature (Q,) components as in Eqs. (18)—(20). The
equations of motion for modes Q,(k, t) and Q,(k, t) then
take the form [57]

. . k2 1 d [d%6?
3H £ L
Qo +3HQ, + [az + Moo — @ M2d® di < H ﬂ o

24 w00)-2("2 4 1) 00) (43)

and

. . S , 0k

where o =e!/6,0; = +|w'| is the scalar turn rate

[93,154]. The gauge-invariant Bardeen potential ¥ = v +
a®H(E — Ba™") may be related to Q,, and Q; via the 00 and
0i components of the Einstein field equations [57]; the form
of Eq. (A4) is particularly convenient for understanding
the behavior of the isocurvature modes Q,(k,7) in the
long-wavelength limit, k <« aH. The mass matrix for the
perturbations is given by

M, = QIK(DJDKV) - R s o™ (AS)
with the projections
M,, =6,6' M, M =35 M, (A6)
and the mass of the isocurvature perturbations is
U = Mg, + 30°. (A7)

In Eq. (A5), R!,y;, is the Riemann tensor for the field-
space manifold.

When the isocurvature modes remain heavy (u? > H?)
and/or the turn-rate remains negligible (w*> < H?), the
predictions for CMB observables revert to covariant ver-
sions of the familiar single-field forms [57,58]. In particu-
lar, if the adiabatic perturbations remain light during
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inflation and we initialize the gauge-invariant perturbations
in the usual Bunch-Davies vacuum state, then at Hubble
crossing, solutions of Eq. (A3) will have amplitude [90-92]

H(1.)
V24

up to an irrelevant phase, where ¢, is the time when &, =
a(t,)H(t,) during inflation. Then Egs. (21) and (22) yield

|er(k*v t*)| =

(A8)

H2(t.)

k)=——>—"—.
Prik.) 872 M2e(t,)

(A9)

The spectral index n,(k,) at some pivot scale k, is given
by [57]

ny(k,) =1+ <M>

Tk ~ 1 —6¢(t,) + 2n(t,)

k.

(A10)

to first order in slow-roll parameters, where ¢(¢) and #(z)
are defined in Eqgs. (14) and (15). The expression for n(k.,)
in Eq. (A10) is easiest to derive by using the usual slow-roll
relation (dx/dInk)|, =~x/H(t,) at Hubble crossing [92].

Likewise, the running of the spectral index is given by

dn, (k) g (k)
k)= |—2 ~ [ —= All
k)= (G|, = ().
The tensor-to-scalar ratio is given by [58,81,92]
r(k,) = 16¢(t,). (A12)

For multifield models, we may compare the power
spectra of curvature and isocurvature perturbations. If we
adopt the conventional normalization [57,81,90,92]

0,
MyV2e

then the dimensionless isocurvature power spectrum may
be written

S= (A13)

k3
Ps(k) = 22 |S,|?. (A14)
T
The isocurvature fraction S, (k. ?) is defined as
Ps(k,,t
Biso(kss 1) = stk ) (A15)

[Pr(ky. 1) + Ps(ks, 1)]

For inflationary trajectories along which the isocurvature
modes remain heavy, 2 > H? (asin Fig. 5), the amplitude of

isocurvature perturbations falls as Q;(k,, 1) ~ Q,(k,, 1,)x
[a(t,)/a(t)]?/?* for times ¢ > t,. If |Q(k..t.)| = H(t,)/
\/ﬁ, akin to Eq. (A8), then the amplitude of the mode
S(k,, t) will evolve for times ¢ > 7, as

H(1,)e 3(N.~N(0)/2
M/ Ke(r)

where N(t) < N, is the number of e-folds before the end of
inflation. Then

|S(k,, )| ~ (A16)

H2(1.)

o ) svene)
8 Me(1)

Ps(ks.1) (A17)

Meanwhile, for w* < H?, the amplitude of the mode R (k. 7)
remains frozen for ¢ > t,, so Pr(k,,t) = Pr(k,.t.), with
magnitude given in Eq. (A9). In that case, Ps(k,,1) <
Pr(k,, 1) for t > t,, and we find

et

Polk, 1) = €<(;‘)) emN-=N, (AI8)
For u2? > H? and w? < H?, the isocurvature fraction is
therefore exponentially suppressed by the end of inflation,
Biso (ks teng) = €(2,) eV < 1 [59,79,90-92,96].

Similarly, for heavy isocurvature modes (x? > H?) and
weak turning (w* < H?), the non-Gaussianity also behaves
much as in single-field models. In particular, for multifield
models with curved field-space manifolds, the dimension-
less coefficient fy; may be written [57,78,98,104,106]

SNANBD,DyN
=T
6 (N.IN’)
§N,AN,BN,CAABC(/€1,/<2,/€3)
6 (N N2kt ’

(A19)

where N = Ina(t,,y) —Ina(z,) is the number of e-folds
before the end of inflation when the mode with comoving
wave number k, first crossed outside the Hubble radius.
The term A€ (k;) vanishes for flat field-space manifolds,
G;; = 6;y; for the curved field-space manifold we consider
here, most contributions to AABC vanish identically for
equilateral configurations (k; = k, = k3 = k,), and (for
arbitrary shape functions) the terms proportional to A42€
remain subdominant to the contributions arising from the
first term in Eq. (A19) [57]. In addition, if the isocurvature
modes remain heavy during inflation, then the dominant
contribution to the bispectrum arises from variations of N
due to fluctuations along the fields’ direction of motion. In
that case, Eq. (A19) reduces to
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56468 D, Dy N

N == GTD,N)?

(A20)
Recall that ¢'D;A’ = D,A’ is the covariant directional
derivative of vector A’ in the field space. Hence for the term
in the denominator of Eq. (A20), we may write

1 H
6'D,N = ~D,N = ——. (A21)
(o2 (o2
For the numerator of Eq. (A20), we may write
1
&A(%BDA’DBN = &AIDAgBIDBN —Ta)BDBN, (AZZ)
c

upon using the definition of the turn-rate vector @’ in

Eq. (13). We note that
H Hé
DBN - — =70 — _ﬁ,

B

3 > (A23)

and hence the term proportional to @w® in Eq. (A22)
vanishes, given the orthogonality of @w? and 6%. Again
using ¢'D,;A’ = D,A’, we then have

o HN\[ H &
oo, aooun - (1) [ 2]

- (%) e-n.

upon using the definitions of ¢ in Eq. (14), » in
Eq. (15), and the relationship in Eq. (16). Combining
Egs. (A21)—~(A24), we then find for Eq. (A20)

5 2 2
fNng(’//_Q'e)"‘O(%) +(’)<%>.

s

(A24)

(A25)

For ordinary slow-roll evolution within a single-field
attractor, we therefore find that the coefficients for equi-
lateral, orthogonal, and local configurations of the bispec-
trum will each generically remain small, |y | < O(1072).
During ultraslow-roll, when n — 3, the non-Gaussianity
will rise to be O(1) [56-58,78-81,97-108].

The comoving CMB pivot scale k, = 0.05 Mpc~! first
crossed outside the Hubble radius N, = N(k,) e-folds
before the end of inflation [155,156]

k 1 V2(t
N*—67—ln< * )—}——ln(#)
agHo) 4 \Mpyp(tena)

+ 1 - 3Weff 1n<p(trd) >
12(1 + Weff) p(tend)

1 V2(1, Ny
cor i (V) N
4 \3MS H (1o0a) 4

(A26)

where the subscript 0 denotes present-day values, ¢, is the
time when k, = a(t,)H(t,) during inflation, 7,4 is the time
at which inflation ends, and t4 is the time when the
universe first attains a radiation-dominated equation of state
after the end of inflation. In the second line, we assume that
the reheating epoch persists for N, e-folds after the end of
inflation, during which the universe expands with a matter-
dominated equation of state wgy ~ 0 [133,134].

APPENDIX B: REALIZATION IN
SUPERGRAVITY

For a textbook review of supergravity, we refer the reader
to Ref. [111]. For a concise review, we refer the reader to
the appendices of Ref. [157].

The potential in Eq. (31) is realized within the frame-
work of N' = 1 supergravity in d = 4 dimensions. We take
two chiral superfields @/, with I = {1,2}, with field
content

@/ (x,0) = @' + V205" + 66F, (B1)
where each @’ (for I € {1,2}) is a complex scalar field,
each 7’ is a two-component Weyl spinor, @ is the fermionic
coordinate on superspace, and F! are nondynamical aux-
iliary fields; @' denotes the corresponding antichiral super-
fields. Each complex scalar field ! can be written in terms
of its real and imaginary parts as

1
o = — (¢! +iy!). B2
5@+ iv) (B2)
Our model is specified in the Jordan frame by a super-

potential W(®') and Kihler potential K(®', &). The
kinetic terms of the scalar components are given by

‘Ckinetic = _Qljgﬂbaﬂwlavﬁ]7 (B3)
with field-space metric
> 0 0 = o) &7
glj ZEWK(Q ,q) )q)l_)wlyéi_”—ﬂi- (B4)

The scalar potential in the Jordan frame is given by

V= {5 DWP = 3M2\WP gy 7 (BS)
where D; = 9, + M;ﬁf(,.
We select the Kéhler potential to be
y 1< -
K= —EZ@’ — PlY? (B6)
=1

and work with the generic superpotential
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W = V2ub,, ®'®’ + 2¢;,, D'/ DK, (B7)

where p is a mass scale. Given Egs. (B4) and (B6), the
field-space metric in the Jordan frame is flat,

gl] = 0y3- (BS)

For K given in Eq. (B6), we find K = >,(w")? upon
projecting {®/,®'} - {w!, @'}, hence the imaginary

1 1

components ' of each scalar field @' become
heavy, due to the exponential dependence of V on the
Kéhler potential. In particular, it is straightforward to
show that mZ ~10H? (in the Einstein frame), which
allows us to integrate out the imaginary components
w! during inflation. The resulting scalar potential for
the real components w' = ¢/v/2 and w?=y/V?2 is
given by

- b3t 3bybopP i ? 3byciug’ 3bycouyd?
V(p.y) = db22p> - —— 2 — 12b S L ] 2 LT
(¢ Z) M ¢ 2M§] M[z)l + 1C1ﬂ¢ Ml%] + 1C2/4Z¢ Mlg)l
3bicspr*’ 3bicapr’ P’ 33yt 3byeipr*g’
b s = = e AR = = e Ao
pl pl pl pl
3bycouy’ 3bycauy’e 3byeauy®  3cig® 3cicx g’
— ==L T 4 8b 2p— 22T 4 12b 3~ - 9ctpt — — LT
M%l +8bycspux g Mﬁ] + 12bycapy M;l 2M§1 +9cid M;}
3eicar’’ 3eic’d? 30%)(2454 3erc3° P’
+ 12¢i 000 ¢® = ——5——+ 6¢1c3°P* — - + 432 P? + APt — —5—
M;l Mf)l 2M12>1 Mf)]
3 4 12 3 2,4 42 3 5
+4crc3xd® +derespPp — w +60rcup2 gt — 2 2¢ + Ayt + 43P - 703042){ 4
Mpl 2Mpl - - Mpl
3 3C§){6 2.4
+ 12¢5cay’p — e +9cix’, (B9)

pl

Where, as noted below Eq (27), we define bl Eb]], szbzz, C1=C111,Cr = (C112—|—C121 +C211), C3 = (C122+C212+C221),

and Cyq = Cp2.

If one considers inflationary models with &> 1, the perturbation modes accessible to

observation correspond to those that exited the Hubble radius when ¢,y << My,. Taking the ¢,y < My, limit,

Eq. (B9) simplifies to

V(p.x) = 4032 > + 12byc1udp® + 8bycopyd® + 4bycsp*p + 4b3u>y? + 4bycouy? + 8bycapy*p
+ 12bycapuy® + 9cid* + 12¢icoxd® + 6¢1c3°P* + 4o P + 3¢ + deyeayd® + derear’

+ 6004 P* + xt + APt 4 12¢s¢4°p + 9t + O(¢5/Mp1’)(5/Mpl)‘

We note that the benchmark value of £ in Higgs inflation
is O(10*) [39], and further note that our model can
accommodate £ over many orders of magnitude, via the
rescaling of Eq. (45). Finally, translating to polar coor-
dinates, we arrive at Eq. (31).

These models can easily be unified with the current
epoch of cosmic acceleration and the observed cosmologi-
cal constant. This is done by introducing an additional
superfield S which satisfies a nilpotency constraint,

S(x,0)* = 0. (B11)

(B10)

This condition projects out the scalar component of S from
the bosonic sector of the theory. The cosmological appli-
cations of the nilpotent superfields were developed in,
e.g., Refs. [158-160]. The simplest model is given by

W = MS, K =SS, (B12)
leading to a scalar potential which is simply a cosmological
constant

V=M (B13)
Inflation and dark energy can be realized in this context
either by promoting M to a function of fields, or else

063535-17



GELLER, QIN, MCDONOUGH, and KAISER

PHYS. REV. D 106, 063535 (2022)

through field-dependent corrections to the Kéhler potential
such as [159],

5K = f(®,D)SS. (B14)
In both cases the scalar potential is simply,
V =GSasWosW. (B15)

We may easily combine the nilpotent superfield models
with the inflation models proposed in this paper. For
example, we may consider,

W = MS + Wiy (D),
K = S8+ Ky (@', &), (B16)
where W,,q and K,q refer to the Jordan-frame W and K of
our multifield inflation model. The resulting (Jordan-frame)
scalar potential is given by
‘7 = M2 + Vinﬂ(¢7)()v (B17)

where V., is the Jordan frame inflationary potential of
our two-field model. This approach allows for additional
spectator fields during inflation, simply by promoting M to
a function of fields, or by corrections to K [159].

Finally, nonminimal couplings of the superfields @’ to
gravity, in a manifestly supersymmetric form, can be
accomplished following the procedure of Ref. [161],
slightly generalized from one inflaton to two.

APPENDIX C: ANALYTIC SOLUTION FOR THE
BACKGROUND FIELDS’ TRAJECTORY

As noted in Sec. IID, if the dimensionless couplings
obey the symmetries of Eq. (39), then we may solve
analytically for the background fields’ trajectory during

inflation. We identify local minima of the potential in the
angular direction by calculating

Vy(r,0) = M431 [C'(O)ur® + D' (0)r"]
’ 2f(r)]?
= F(r)G(r.0), (C1)
where F(r) is some function independent of €, and
G(r.0)=C(O)u+7DO)r. (C2)

The system will evolve along local minima @, such that
V y(r.0,) = 0, which corresponds to G(r,0,) = 0. Given
the definitions of C(6) and D(0) in Eq. (32), the terms that
appear in G(r,0) may be written

C'(0) =—18bcy sin(20) [cose— <ﬁ> sinﬁ] +12bc,g,(0),
(&
2
D'(0) =—18¢3sin(20) [COSZQ— <3> sinz@] +4c,9,(0).
1

(C3)
with
91(0) = cos’ 0+ sin(260) (cos @ — sinf) —sin’ 0,
92(0) = (3¢; +cy)cos*o
3
+3 (¢ 4¢3+ c4)sin(20)(cos? O —sin® 0)
—9(c; —cy4)cos?0sin?0— (3¢, +c,)sin*g.  (C4)

Closed-form solutions to the equation G(r, 8,) = 0 may then
be found by using the substitution 6,(r) = arccos(x(r)),
resulting in the expression for x*(r) given in Eq. (42).
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