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Recently, a nice work about the understanding of one-loop integrals has been given by Arkani-Hamed
and Yuan [arXiv:1712.09991] using the language of the projective space associated to their Feynman
parametrization. We find this language is also very suitable to deal with the reduction problem of one-loop
integrals with general tensor structures as well as propagators having arbitrary higher powers. In this paper,
we show how to combine Feynman parametrization and embedding formalism to give a universal treatment
of reductions for general one-loop integrals, even including the degenerated cases, such as the vanishing
Gram determinant. Results from this method can be written in a compact and symmetric form.
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I. INTRODUCTION

In recent years, we have witnessed enormous progress in
computing and understanding the analytic structure of
scattering amplitude. At the one-loop level, it is well-known
that a general one-loop integral in theD ¼ 4 − 2ϵ dimension
can always be reduced to a linear combination of one-loop
scalar integrals having no more than five propagators
(master integrals) with reduction coefficients being rational
functions of kinetic variables [1–17]. These master integrals
at the one-loop level (i.e., tadpoles, bubbles, triangles,
boxes, and pentagons) are well known. Therefore, the main
problem of one-loop integrals is to calculate the reduction
coefficients. There are a host of methods to deal with the
reduction at the integrand level and integral level, such as
Integration-By-Parts (IBP) [18,19], Passarino-Veltman(PV)
reduction [3], Ossola-Papadopoulos-Pittau(OPP) reduction
[20–22], and the unitarity cut method [14,17,23–29].
Although in practice, we will not meet many situations

where propagators have higher powers, a complete reduc-
tion method should be able to deal with it. From this point
of view, the IBP method is a complete method since it treats

these complicated cases within the same framework as the
ones without higher poles. Recently, combining the uni-
tarity cut and the derivation over mass, the reduction
coefficients for higher pole cases can be calculated [30],
except for the tadpole coefficients.
Recently, we have proposed an improved PV-reduction

method for one-loop integrals [31,32]. The reduction
coefficients can be expressed with the cofactors of the
Gram matrix and have some symmetries. Thus, it is useful
to understand these symmetries appearing in our inter-
mediate recursion relations and the final results. Notably,
the analytical structure of one-loop integrals is studied by
investigating Feynman parametrization in the projective
space for its compactness and the close relation to geometry
[33]. Inspired by the geometric angle, we find it could be
convenient to do reduction for one-loop integrals in
projective space. By our study in this paper, one can see
that the symmetry and simplicity of reduction coefficients
are illustrated clearly with the denotations in [33].
Motivated by the work [33], we will develop an alter-

native method to determine the reduction coefficients of
one-loop integrals in the D ¼ 4 − 2ϵ dimension. The
general tensor integrals with higher poles are related to
integrals En;k½T� in projective space by

En;k½T�≡
Z
Δ

hXdn−1XiT½Xk�
ðXQXÞnþk

2

; ð1:1Þ

where Δ is a simplex in n-dimensional space, which is
defined byHIX¼XI >0; ∀I¼1;2;…;n. The T is a general
tensor, which is contracted with k X’s. The homogeneous
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coordinate XI is denoted by a square bracket X ¼
½x1∶x2∶…∶xn�, and two coordinates are equivalent
to each other up to a scaling, i.e., ½x1∶x2∶…∶xn� ∼
½kx1∶kx2∶…∶kxn� for any k ≠ 0. The measure in the
projective space is given by the differential form,

hXdn−1Xi ¼ ϵI1;I2;…;In

ðn − 1Þ! XI1dXI2 ∧ dXI3 ∧ … ∧ dXIn ;

XQX ¼ QIJXIXJ: ð1:2Þ

As pointed out in [33], the integral En;k satisfies a nice
recursion relation, which will be recalled in Appendix A.
This property is the key to carry out reduction in this paper.
This paper is structured as follows. In Sec. II, we discuss

how to write a general one-loop integral as a sum of
integrals En;k in projective space. In Sec. III, we derive
recursion relations for En;k½Vi ⊗ Lk−i� and dimension
recursion relations for nondegenerate Q, then apply them
to the reduction of one-loop integrals. In Sec. IV, we
discuss the reduction framework for degenerate Q. In
Sec. V, we show how to obtain the general expression of
reduction coefficient from n-gon tensor integrals to n-gon
scalar integrals, while general expressions of reduction
coefficients are given in Appendix C. More reduction
results are listed in Appendix B.

II. ONE-LOOP INTEGRALS
IN PROJECTIVE SPACE

In this paper, we will discuss the reduction of the most
general one-loop integrals,Z

dDk

iπD=2

kμ1kμ2…kμrQ
n
j¼1D

vj
j

¼
Z

dDk

iπD=2

kμ1kμ2…kμrQ
n
j¼1½ðk − qjÞ2 −m2

j �vj
;

ð2:1Þ

where qj ¼
Pj−1

i¼1 pi. As pointed out in [31], we can
recover the tensor structure by multiplying each index
with an auxiliary vector Ri;μi. Furthermore, we can combine
these Ri to R ¼ P

r
i¼1 aiRi to simplify the expression (2.1)

to a Lorentzian invariant form,

IðrÞvn;D
≡

Z
dDk

iπD=2

ð2R · kÞrQ
n
j¼1ððk − qjÞ2 −m2

jÞvj
: ð2:2Þ

To recover the result of (2.1), one can expand R and extract
the coefficient of

Q
r
i¼1 ai from the auxiliary formula (2.2).

With the above explanation, we will focus on the form (2.2)
and transform it into projective space as suggested in [33].
First, to make our formulas elegant, we denote yμ ≡ kμ,
yi ≡ qi; thus, (2.2) becomes

IðrÞvn;D
¼

Z
dDy

iπD=2

ð2R · yÞrQ
n
j¼1ððy − yiÞ2 −m2

jÞvj
: ð2:3Þ

Then we put the whole formula into the embedding space
with two higher dimensions by lifting

yμ ⟼ YM ¼ ðYþ; Y−; YμÞ ¼ ð1; y2; yμÞ; ð2:4Þ

where we use the light-cone coordinates, i.e., the metric
ηþ− ¼ η−þ ¼ − 1

2
, ημν ¼ diagðþ;− − −−Þ while all other

entries vanish. For clarity, we will use the capital letters I, J
to denote the components of vectors in the embedding
space, greek letters μ, ν to denote the components of
Lorentzian vectors, and lowercase letters i, j for the
external legs. We will also use capital letters Y, X
simultaneously to denote vectors in the embedding space
and projective space without ambiguity. Therefore, we can
simplify the denominator of (2.3) into the inner product of
two vectors in the embedding space, and the quadratic
expression has been somehow linearized, for example,

ðy − yiÞ2 ¼ −2Y · Yi: ð2:5Þ

After defining

YM
i ¼ ð1; y2i −m2

i ; y
μ
i Þ; YM

∞ ¼ ð0; 1; 0;…; 0Þ;
RM ¼ ð0; 0; RμÞ; ð2:6Þ

it is easy to check that (2.3) becomes

IðrÞvn;D
¼

Z
½dDY� ð−2Y · Y∞Þv−D−rð2Y ·RÞrQ

n
j¼1 ð−2Y · YjÞvj

; ð2:7Þ

where v ¼ P
n
j¼1 vj. The projective space invariant mea-

sure is given by
R ½dDY�≡ R dDþ2YδðY2Þ

iπD=2vol:GLð1Þ [GL(1) acts as an
overall scaling of the Y coordinates] and the factor
ðY · Y∞Þv−D−r is necessary for the last expression to be
genuinely an integral over the projective light cone. Using
the most general Feynman parametrization,

1

Am1

1 Am2

2 …Amn
n

¼ ΓðPimiÞQ
ΓðmiÞ

Z
1

0

dx1…dxnδ

�X
i

xi − 1

�

×

Q
xmi−1
i

ðPixiAiÞ
P

i
mi
;

and putting the Feynman parameters into the projective
space, (2.7) becomes

IðrÞvn;D
¼ ΓðvÞQ

ΓðviÞ
Z
Δ
hXdn−1XiXvn−1

×
Z

½dDY� ð−2Y · Y∞Þv−D−rð2Y ·RÞr
ð−2Y ·WÞv ; ð2:8Þ

where X ¼ ½x1∶x2∶…∶xn�, which is a vector in a different
projective (Feynman parametrization) space,W ¼ P

j xjYj,
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and there is an additional factor Xvn−1 ≡Q
n
i¼1 x

vi−1
i ¼Q

n
i¼1ðHiXÞvi−1. Then the Feynman parametrization integral

has been written into the compact form
R
Δ hXdn−1Xi (see

[33] for more details).We can further simplify (2.8) using the
common trick,

IðrÞvn;D
¼ ΓðvÞQ

ΓðviÞ
Z
Δ
hXdn−1XiXvn−1

ð−ÞvþDþrΓðDÞ
ΓðvÞ

×

�
RM ∂

∂WM

�
r
�
YM
∞

∂

∂WM

�
v−D−r

×
Z

½dDY� 1

ð−2Y ·WÞD : ð2:9Þ

Up to now, the last integral in (2.9) can be done easily.
One way to solve it is to translate it back to the form (2.3),
which is1

Z
dDy

iπD=2

1�
W−

�
y − w

W−

�
2 þWþ − w2

W−

�
D

¼ ΓðD=2Þ
ð−ÞDΓðDÞ ðW ·WÞ−D=2; ð2:10Þ

and we have

IðrÞvn;D
¼ ð−ÞvþrΓðD=2ÞQ

ΓðviÞ
Z
Δ
hXdn−1XiXvn−1

�
RM ∂

∂WM

�
r

×

�
YM
∞

∂

∂WM

�
v−D−r

ðW ·WÞ−D=2: ð2:11Þ

The action of ðYM
∞

∂

∂WMÞ can be done easily after using the fact
Y∞ · Y∞ ¼ 0, and we get

IðrÞvn;D
¼ ð−ÞvþrΓðD=2ÞQ

ΓðviÞ
Z
Δ
hXdn−1XiXvn−1

Γðv − D
2
− rÞ

ΓðD=2Þ

× ðLXÞv−D−r
�
RM ∂

∂WM

�
r
ðW ·WÞ−ðv−D=2−rÞ;

ð2:12Þ

where we have written ð−2Y∞ ·WÞ ¼ P
i xi ≡ L · X with

L ¼ ½1∶1∶…∶1�.2 The action of ðRM ∂

∂WMÞ is more compli-
cated. By power counting, we have the general expansion,

ðR ·∂WÞrðW2Þk ¼
Xr

i¼0

Ckr;iðW2Þk−rþi
2 ðR2Þr−i2 ðR ·WÞi; ð2:13Þ

where k can be an arbitrary number and i has the same parity
as r due to the power ofR2 must be an integer. The expansion
coefficients Ckr;i are determined by initial conditions
Ck0;i ¼ δi;0; Ck1;i ¼ 2kδi;1 and the recursion relation,

Ckrþ1;i ¼ ðiþ 1ÞCkr;iþ1 þ ð2k − r − iþ 1ÞCkr;i−1: ð2:14Þ

From the recursion relation, one can solve Ckr;i for general
r, i as

Ckr;i ¼
2rr!Γðr−iþ1

2
Þffiffiffi

π
p

i!ðr − iÞ!
Yrþi

2

j¼1

ðkþ 1 − jÞ

¼ 2rr!k!Γðr−iþ1
2

Þffiffiffi
π

p
i!ðr − iÞ!ðk − rþi

2
Þ! ;

r − i
2

∈ N: ð2:15Þ

Plugging (2.13) into (2.12), we get

IðrÞvn;D
¼ Γðv − D

2
− rÞ

ð−Þvþr
Q

ΓðviÞ
Xr
i¼0

CD=2þr−v
r;i ðR2Þr−i2

×
Z
Δ

hXdn−1XiXvn−1ðR ·WÞiðLXÞv−D−r

ðW ·WÞv−Dþr−i
2

: ð2:16Þ

Since the remaining integrals are in the projective space of
Feynman parameters, we should rewrite W ·W;R ·W as

W ·W ¼
�Xn

a¼1

xaYa

�
·

�Xn
b¼1

xbYb

�
¼

X
a;b

xaðYa · YbÞxb

¼ XQX;

R ·W ¼
Xn
b¼1

xbR · Yb ¼ V · X;

V ¼ ½R · q1∶R · q2∶…∶R · qn�: ð2:17Þ

Then, we get

IðrÞvn;D
¼ Γðv − D

2
− rÞ

ð−Þvþr
Q

ΓðviÞ
Xr
i¼0

CD=2þr−v
r;i ðR2Þr−i2

×
Z
Δ

hXdn−1XiXvn−1ðVXÞiðLXÞv−D−r

ðXQXÞv−Dþr−i
2

: ð2:18Þ

For general one loop integrals (2.1), one can calculate Q as

Qij ¼
1

2
ðm2

i þm2
j − q2ijÞ; qij ¼ qi − qj: ð2:19Þ

Now the expression (2.18) is written as the integration over
the X-projective space. Using the result of [33]

En;k½T�≡
Z
Δ

hXdn−1XiT½Xk�
ðXQXÞnþk

2

; ð2:20Þ

1We have used the fact W− ¼ 1 by the Feynman parametriza-
tion. The integration result can be found in the formula (A.44) in
the book of Peskin and Schroeder [34].

2The reason that we can ignore the action of ðRM ∂

∂WMÞ on
ð−2Y∞ ·WÞ is because Y∞ ·R ¼ 0.
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where Δ is a simplex in n-dimensional space defined by
HiX ¼ Xi > 0; ∀ i ¼ 1; 2;…; n and T is a kth tensor
contracted with k X’s, the general one loop integral in the
projective space (2.18) can be written as

IðrÞvn;D
¼ Γðv −D=2 − rÞ

ð−Þvþr
Q

ΓðviÞ
Xr

i¼0

CD=2þr−v
r;i ðR2Þr−i2

× En;2v−n−D−rþi½⊗j H
vj−1
j ⊗ Vi�; ð2:21Þ

where for simplicity, we write En;k½Va ⊗ Lk−a�≡ En;k½Va�
by neglecting the power of L.
For the later use, we need to do symmetrization for

the tensor ⊗j H
vj−1
j ⊗ Vi. To do so, we can use the same

trick as used in (2.1) and (2.2), i.e., Z≡P
v−n
i¼1 ziHi and

S ¼ tV þ Z. Thus, (2.21) can be obtained from

Γðv −D=2 − rÞ
ð−Þvþr

Q
ΓðviÞ

Xr

i¼0

CD=2þr−v
r;i ðR2Þr−i2 En;2v−n−D−rþi½Sv−nþi�

ð2:22Þ

after taking the coefficients of tizvn−1 ≡ ti
Q

n
i¼1 z

vi−1
i .

Taking care of numerical factors, the final expression is

IðrÞvn;D
¼

Xr
i¼0

i!Γðv −D=2 − rÞ
ð−1Þvþrðv − nþ iÞ! C

D=2þr−v
r;i ðR2Þr−i2

× En;2v−n−D−rþi½Sv−nþi�
���
tizvn−1

: ð2:23Þ

A special case of (2.23) is that for vn ¼ 1n and r ¼ 0, we
have

In;D ¼ ð−1ÞnΓðn −D=2ÞEn;n−D½Ln−D�; ð2:24Þ

where In;D is the scalar integral of n propagators in D
dimension.
Before ending this section, we want to point out that in

our discussion, for example in (2.8), the power v −D − r
could be positive or negative with the arbitrary choice of r.
Since we have kept the dimension D arbitrary, we can take
D properly (even a negative number) to make v −D − r a
positive integer to make later discussion legitimate. At the
end of reduction, we can analytically continue D to the
proper dimension. We have checked with several examples
that such a continuation is allowed.
In this paper, we mainly discuss Feynman integrals in

D ¼ 4 − 2ϵ-dimension space. At the one-loop level, the
master integrals are related to En;n−D½Ln−D�, n¼1;2;…;5.
So the main task of one-loop integral reduction is to reduce
general integralEn;k½Sa ⊗ Lk−a� to the basisEn≤5;n−D½Ln−D�.

III. REDUCTION FOR NONDEGENERATE Q

Having transformed our problem (2.1) to the form (2.23),
in this section, we will show how to use the tricks of
integrals in projective space (see [33]) to generate recursion
relations of En;k½Va ⊗ Lk−a�. By applying these recursion
relations iteratively, one can reduce a general one-loop
integral to the basis with coefficients written by elegant
expressions. In other words, the reduction can be done
universally in the new projective space form. As we will
point out, the reduction coefficients will have an interesting
pattern other than the obvious permutation symmetry.3

Moreover, the reduction process can be carried out in
Mathematica automatically.

A. Recursion relation

In this subsection, we derive the recursion relations of
En;k½Va ⊗ Lk−a�. We first consider the case Q is non-
degenerate. The key equation is the following [see Eq. (4.2)
in [33] ]:

hXdn−1XiT½Xk�
ðXQXÞnþk

2

¼ 1

nþk−2
dX

�hðQ−1TÞ½Xk−1�Xdn−2Xi
ðXQXÞnþk−2

2

	

þ k−1

nþk−2

hXdn−1XiðtrQTÞ½Xk−2�
ðXQXÞnþk−2

2

; ð3:1Þ

where dX ¼ dXI ∂

∂XI, trQT ¼ Q−1
I1I2

TI1I2…Ik . The proof of the
formula can be found in Appendix A. By integrating (3.1),
we get

En;k½T� ¼ αn;kE
ðbÞ
n−1;k−1½ðHbQ−1TÞ�

þ βn;kEn;k−2½trQT�; ð3:2Þ

where summing over b is implicit and to simplify our
denotations, we have defined

αn;k ≡ 1

nþ k − 2
; βn;k ≡ k − 1

nþ k − 2
: ð3:3Þ

Let us give a little explanation for the first term on the right-
hand side of (3.2). When integrating a total derivative term,
we should choose a patch. For simplicity, we assume
Xi ¼ 1. Then we get the contribution from the boundary
Xb ¼ 0 and Xb ¼ þ∞ for b ≠ i. By the dimensional
regularization, the term with Xb ¼ þ∞ gives zero. For
the term Xb ¼ 0, in hðQ−1TÞ½Xk−1�Xdn−2Xi, only when the
first index of Q−1 takes the value b, the contribution is
nonzero, which is equivalent to be written as ðHbQ−1TÞ.

3In the work [31,32], one can see that the recursion relations,
for example, the bubble tensors to bubble basis and the triangle
tensor to triangle basis, are similar, except for the boundary
conditions. This similarity has explained the interesting pattern
we observe in this paper.
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When we repeatedly do the recursion relation, there will
be a set of Xb setting to zero. Writing the index set as
bj ≡ fb1; b2;…; bjg with 1 ≤ bi < biþ1 ≤ n, we define
XðbjÞ to be the new vector in lower-dimensional projective
space obtained by removing these components belonging
to the set bj from the original vector X. With this under-
standing, the meaning of

E
ðbjÞ
n−j;k½T�≡

Z
ΔðbjÞ

T½Xk
ðbjÞ�hXðbjÞd

n−1−jXðbjÞi
ðXðbjÞQðbjÞXðbjÞÞ

n−jþk
2

ð3:4Þ

is clear. Equation (3.4) represents the integral got by
removing propagators belonging to bj.
Now we consider the reduction of En;k½T� with T ¼

Vi ⊗ Lk−i as given in (2.23). Since tensor T is contracted
with k X’s, we can symmetrize its last k − 1 indices as
below,

Vi ⊗ Lk−i → V ⊗
1

ðk − 1Þ!
X
σ∈Sk−1

σ½Vi−1 ⊗ Lk−i�; ð3:5Þ

where the σ is the permutation acting on the tensor
Vi−1 ⊗ Lk−i. By applying (3.1), one has

En;k½Viþ1� ¼ αn;k½ðHbVÞEðbÞ
n−1;k−1½Vi� þ iðVVÞEn;k−2½Vi−1�

þ ðk − i − 1ÞðVLÞEn;k−2½Vi��; ð3:6Þ

where for simplicity, the L tensor part has been omitted. To
make our formula more compact, here we have defined
ðABÞ≡ AQ−1B. Here, we want to remark on a subtle point.
In (3.6), the Q is n × n matrix as defined in En;k and

appears in front of EðbÞ
n−1;k−1. When we try to iteratively use

(3.6) for EðbÞ
n−1;k−1, thatQ will become the ðn − 1Þ × ðn − 1Þ

matrix QðbÞ. Thus, for later convenience, we define
ðABÞðajÞ ¼ AðajÞðQðajÞÞ−1BðajÞ where the matrix ðQðajÞÞ−1
is the inverse of the matrix obtained by removing the rows
and columns of the index set aj from the original matrix Q.
As the main result of the whole paper, the recursion

relation (3.6) plays a crucial role in the reduction of one-
loop integrals. By comparing the power of V, one sees that
it has been reduced from the lhs to rhs. Furthermore, from
(2.23), one sees that the power is given by vþ i − n, where
v contains the contribution of higher power of propagators
and i contains the contribution of the tensor numerator;
thus, (3.6) provides the universal reduction of both cases.
As shown in Fig. 1, after iteratively using (3.6), we get a

linear combination of Eðan−n0 Þ
n0≤n;k0<k, i.e., the scalar integral

In0;D0 in dimension D0 ¼ n0 − k0. So starting with a general
one-loop integral, one can always reduce it to the scalar
integrals in different dimensions with coefficients being
rational functions of external momenta. If we prefer the

scalar basis in a given D-dimensional space, we need to
find the formula to shift the dimension of the scalar basis to
a fixed D.

B. Dimension recursion

As we have seen in (2.24), the integral En;k corresponds
to the scalar n-gon diagram in (n − k)-dimensional space.
To find dimension recursion relations, we set V ¼ L in
(3.6) and get

En;k ¼ αn;kðHbLÞEðbÞ
n−1;k−1 þ βn;kðLLÞEn;k−2: ð3:7Þ

To reduce En;k, where n − k ¼ Dþ 2s, s ∈ Z; s ≠ 0, we
can iteratively use (3.7), which is established for the
scalar integrals already. Noticing that in the rhs of (3.7),
the first term has the same dimension as the lhs with one
propagator being removed, while the second term has
two higher dimensions with the same number of propa-
gators. Depending on the sign of s, we can take different
manipulations.

(i) s > 0: For this case, we need to reduce an integral in
a higher dimension to D dimension, so we solve the
second term in the rhs of (3.7) and get

En;k ¼
En;kþ2 − αn;kþ2ðHjLÞEðjÞ

n−1;kþ1

βn;kþ2ðLLÞ
: ð3:8Þ

It is obvious that such a rewriting (3.8) is legitimate
when and only when ðLLÞ ≠ 0. For ðLLÞ ¼ 0, we
have

FIG. 1. The reduction process of En¼5;k½Vi¼5�, where the black
points represent zero terms. The red, orange, and cyan arrows
represent the first, second, and third terms, respectively in (3.6).
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En;k ¼ αn;kðHjLÞEðjÞ
n−1;k−1: ð3:9Þ

Both sides have the same dimension, but the rhs of
(3.9) has one less propagator. One well-known
example of ðLLÞ ¼ 0 is that the bubble with null
external momentum is not a basis anymore, and it is
reduced to two tadpoles. Having established (3.8)
and (3.9), we can reduce ðDþ 2sÞ-dimensional
integrals to D dimensional iteratively using either
(3.8) or (3.9) depending on if ðLLÞ is zero or not at
that step.4

(ii) s < 0: For this case, we can use (3.7) directly.

En;k ¼ αn;kðHjLÞEðjÞ
n−1;k−1þβn;kðLLÞEn;k−2: ð3:10Þ

As pointed out before, the first term on the rhs
corresponds to the scalar integrals in the same
dimension but with the j-th propagator has been
removed and the second term corresponds to the
scalar integral in D0 ¼ n − kþ 2 dimension. For the
boundary situation, i.e., n ¼ 1, the first term van-
ishes, and the second term gives a higher dimen-
sional scalar basis. Repeating it, we can reduce En;k

to scalar integrals in D-dimensional space.

C. Examples

To illustrate our method and avoid complicated compu-
tation in general cases, we first consider the reduction of
tensor bubbles,

IðrÞ2 ¼
Z

dDl
iπD=2

ð2R · lÞr
Dv1

1 D
v2
2

; ð3:11Þ

where

D1 ¼ ðl − q1Þ2 −m2
1; D2 ¼ ðl − q2Þ2 −m2

2: ð3:12Þ
We set q1 ¼ 0 for simplicity, then

L ¼
�
1

1

	
; H1 ¼

�
1

0

	
; H2 ¼

�
0

1

	
;

Q ¼
�

m2
1

1
2
ðm2

1 þm2
2 − q22Þ

1
2
ðm2

1 þm2
2 − q22Þ m2

2

	
: ð3:13Þ

Here, we give some results for different choices of ranks
and powers to illustrate our idea.

(i) Tensor bubble with primary propagator
We first consider reducing a rank-1 bubble

Ið1Þ2 ≡ Ið1Þf1;1g. Since there are no higher poles, we
just choose S ¼ V; r ¼ 1; v ¼ n ¼ 2 in (2.23), and
we have

Ið1Þ2 ¼ −Γð1 −D=2ÞCD=2−1
1;1 E2;2−D½V�

¼ −Γð1 −D=2ÞðD − 2ÞE2;2−D½V�: ð3:14Þ

First, we use (3.6) to reduce E2;2−D½V� and get

E2;2−D½V� ¼ α2;2−DðHiVÞEðiÞ
1;1−Dþβ2;2−DðVLÞE2;−D;

ð3:15Þ

where the first term EðiÞ
1;1−D corresponds to

D-dimensional scalar tadpoles generated by remov-
ing the ith propagator of bubble I2, while the second
term E2;−D corresponds to a (Dþ 2)-dimensional
bubble. We need to lower the dimension of the
second term further. Here, we assume ðLLÞ ≠ 0, by
using (3.8), we get

E2;−D ¼ E2;2−D − α2;2−DðHiLÞEðiÞ
1;1−D

β2;2−DðLLÞ
; ð3:16Þ

where the two terms in the numerator correspond to
the D-dimensional bubble and two tadpoles. Plug-
ging (3.16) and (3.15) to (3.14) and recognizing
them as master integral according to (2.24), we have

Ið1Þ2 ¼
X
i

−
ðLLÞðHiVÞ−ðHiLÞðVLÞ

ðLLÞ I2;îþ
2ðVLÞ
ðLLÞ I2:

ð3:17Þ

So the reduction coefficients are

Cð1Þ
2→2;1̂

¼ −
ðLLÞðH1VÞ − ðH1LÞðVLÞ

ðLLÞ ¼ R · q2
q22

;

Cð1Þ
2→2;2̂

¼ −
ðLLÞðH2VÞ − ðH2LÞðVLÞ

ðLLÞ ¼ −
R · q2
q22

;

Cð1Þ
2→2 ¼

2ðVLÞ
ðLLÞ ¼ ðm2

1 −m2
2 þ q22ÞR · q2
q22

: ð3:18Þ

(ii) Tensor bubble with massless legs
One can notice there is a pole of q22 in the reduction

coefficients of Ið1Þ2 , which comes from ðLLÞ,

ðLLÞ ¼ −
4q22

−2ðm2
1 þm2

2Þq22 þ ðm2
1 −m2

2Þ2 þ q42
:

ð3:19Þ

For q22 ¼ 0, we have ðLLÞ ¼ 0, so we have

E2;2−D½V�¼α2;2−DðHbVÞEðbÞ
1;1−Dþβ2;2−DðVLÞE2;−D:

ð3:20Þ
4Please remember that as emphasized under (3.6), at each step,

Q is different.
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Here we need to reduce E2;−D,

E2;−D ¼ EðbÞ
1;−D−1 ¼

α2;−DðHbLÞEðbÞ
1;1−D

β1;1−DðLLÞðbÞ
; ð3:21Þ

where we have used (3.9) and

EðbÞ
1;−D−1 ¼

EðbÞ
1;1−D

β1;1−DðLLÞðbÞ
: ð3:22Þ

Using (2.24), we finally get

I
ð1Þ;q2

2
¼0

2 ¼
�
1 −D
D

ðVLÞðHbLÞ
ðLLÞðbÞ

− ðHbVÞ
	
I2;b̂:

ð3:23Þ
Explicitly, we have

I
ð1Þ;q2

2
¼0

2 ¼ −
2ðDm2

1 − ðD − 2Þm2
2ÞR · q2

Dðm2
1 −m2

2Þ2
I2;1̂

þ 4m2
1R · q2

Dðm2
1 −m2

2Þ2
I2;2̂: ð3:24Þ

(iii) Scalar bubble with higher poles
Then, we consider reducing scalar bubbles Ifv1;v2g

with higher poles v ¼ v1 þ v2 ¼ 3. Due to there
being no tensor structure in the numerator, we just
set S ¼ Z ¼ z1H1 þ z2H2; r ¼ 0 in (2.23),

Iv2;v¼3 ¼ −Γð3 −D=2ÞE2;4−D½Z�jzv2−1 ; ð3:25Þ
where v2 ¼ f1; 2g; f2; 1g. First, we use (3.6) to
reduce E2;4−D½Z� and get

E2;4−D½Z�¼α2;4−DðHiZÞEðiÞ
1;3−Dþβ2;4−DðZLÞE2;2−D;

ð3:26Þ

where the first term EðiÞ
1;3−D corresponds to (D − 2)-

dimensional scalar tadpoles generated by removing
the ith propagator of bubble I2, while the second

term E2;2−D corresponds to wanted D-dimensional
bubble. We need to lift the dimension of the first
term further. By using (3.10), we get

EðiÞ
1;3−D ¼ β1;3−DðLLÞEðiÞ

1;1−D; ð3:27Þ

where we have used EðijÞ
0;2−D ¼ 0, and the rhs corre-

sponds to D-dimensional scalar tadpoles. Plugging
(3.27) and (3.26) to (3.25) and recognizing them as
master integrals according to (2.24), we have

Iv2;v¼3 ¼ −
1

4
ðD − 2ÞðLLÞðiÞðHiZÞ

����
zv2−1

I2;î

þ 1

2
ðD − 3ÞðZLÞ

����
zv2−1

I2: ð3:28Þ

There are two configurations,

If2;1g ¼ −
1

4
ðD − 2ÞðLLÞðiÞðHiZÞ

����
z1

I2;î

þ 1

2
ðD − 3ÞðZLÞ

����
z1

I2

¼ −
1

4
ðD − 2ÞðLLÞðiÞðHiH1ÞI2;î

þ 1

2
ðD − 3ÞðH1LÞI2;

If1;2g ¼ −
1

4
ðD − 2ÞðLLÞðiÞðHiZÞ

����
z2

I2;î

þ 1

2
ðD − 3ÞðZLÞ

����
z2

I2

¼ −
1

4
ðD − 2ÞðLLÞðiÞðHiH2ÞI2;î

þ 1

2
ðD − 3ÞðH2LÞI2: ð3:29Þ

Explicitly, using (3.13), we find the reduction
coefficients are

Cf2;1g→2;1̂ ¼
D − 2

ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ
;

Cf2;1g→2;2̂ ¼ −
ðD − 2Þðm2

1 þm2
2 − q22Þ

2m2
1ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ

;

Cf2;1g→2 ¼
ðD − 3Þðm2

1 −m2
2 − q22Þ

ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ
; ð3:30Þ

Cf1;2g→2;1̂ ¼ −
ðD − 2Þðm2

1 þm2
2 − q22Þ

2m2
2ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ

;

Cf1;2g→2;2̂ ¼
D − 2

ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ
;

Cf1;2g→2 ¼ −
ðD − 3Þðm2

1 −m2
2 þ q22Þ

ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ
: ð3:31Þ
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(iv) Tensor bubble with higher poles
At last, we consider a combined case, Ið1Þv2;v¼3. Here, we need to set S¼ tVþZ, Z ¼ z1H1 þ z2H2. Setting v ¼ 3,

r ¼ 1, n ¼ 2 in (2.23), we have

Ið1Þv2;v¼3 ¼ −Γð3 −D=2ÞE2;4−D½S2�jtzv2−1 : ð3:32Þ

First, we use (3.6) iteratively to pull out all S’s in the numerator,

E2;4−D½S2� ¼ α2;4−D½ðHiSÞEðiÞ
1;3−D½S� þ ðSSÞE2;2−D þ ð2 −DÞðSLÞE2;2−D½S��

¼ α2;4−D½β1;3−DðHiSÞðSLÞðiÞEðiÞ
1;1−D þ ðSSÞE2;2−D

þ ð2 −DÞðSLÞα2;2−D½ðHiSÞEðiÞ
1;1−D þ ð1 −DÞðSLÞE2;−D��: ð3:33Þ

Among the four terms above, we only need to deal with the last term E2;−D since it corresponds to a (Dþ 2)-
dimensional bubble, which has been discussed in (3.21). Finally, we have

Ið1Þv2;v¼3 ¼ −
ðD − 2ÞððLLÞðHiZÞðZLÞ þ ðLLÞðZLÞðiÞðHiZÞ − ðHiLÞðZLÞ2Þ

4ðLLÞ

����
tzv2−1

I2;î

þ 1

2

�ðD − 2ÞðZLÞ2
ðLLÞ − ðZZÞ

�����
tzv2−1

I2: ð3:34Þ

One can get the reduction results for Ið1Þf2;1g; I
ð1Þ
f1;2g. For example,

Ið1Þf2;1g ¼ −
ðD − 2Þ
4ðLLÞ ½ðLLÞðHiVÞðH1LÞ þ ðLLÞðHiH1ÞðVLÞ þ ðLLÞðVLÞðiÞðHiH1Þ

þ ðLLÞðH1LÞðiÞðHiVÞ − 2ðHiLÞðVLÞðH1LÞ�I2;î þ
�ðD − 2ÞðH1LÞðVLÞ

ðLLÞ − ðH1VÞ
	
I2; ð3:35Þ

where for simplicity, we will not present explicit expressions for these coefficients.

Note that the reduction coefficients in these examples are
rational functions. For some special masses and momenta
configurations, denominators can become zero, which leads
to several kinds of divergences. Since only ðLLÞ≡ LQ−1L
appears in the denominators, all divergences come from the
Q matrix and its all submatrices, which have detQ ¼ 0 or
ðLLÞ ¼ 0. For example, the pole of q22 in (3.18) comes from
LQ−1L [see (3.19)]. The divergence ofCf2;1g→2;2̂ is given by

m2
1ððm1 −m2Þ2 − q22Þððm1 þm2Þ2 − q22Þ ¼ 0, which is cor-

responds to detQð2Þ ¼ 0 or detQ ¼ 0. One can find the pole
ðLLÞ ¼ 0 comes from the dimension shifting process (3.8),
which can be addressed by employing (3.7) to reduceEn;k to
lower topology. To deal with the divergences coming from
detQ ¼ 0, we need to consider the reduction method for
degenerate Q elaborated in the next section.

IV. REDUCTION FOR DEGENERATE Q

In this section, we generalize our reduction method to
degenerate Q. The basic idea is to generalize the recursion
relation (3.1) to the formula (A9). When Q is degenerate,

the characteristic equation Qξ ¼ 0 always has solutions,
and we denote theNQ as the null space spanned by linearly
independent ξ’s.

A. Q̃L ≠ 0

When Q is degenerate, the recursion relation (3.1) in the
last sections breaks down for detQ ¼ 0. Our idea is to
consider the tensor structure with one L in the first place and
make other (k − 1) indices completely symmetric by sum-
ming over all permutations between i V’s and ðk − 1 − iÞ
L’s. Using (A9), we have

En;k½ðQQ̃LÞ⊗Vi⊗Lk−1−i�

¼En;k

�
ðQQ̃LÞ⊗ 1

ðk−1Þ!
X
σ∈Sk−1

σ½Vi⊗Lk−1−i�
	

¼αn;kðHbQ̃LÞEðbÞ
n−1;k−1½Vi�þβn;k

�
i

k−1
ðVQ̃LÞEn;k−2½Vi−1�

þk−1− i
k−1

ðLQ̃LÞEn;k−2½Vi�
	
: ð4:1Þ
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For a degenerate Q, we can always find a matrix Q̃ ¼
½ξ1; ξ2;…; ξn�, ξi ∈ NQ so that QQ̃ ¼ 0. Then the lhs of
(4.1) vanishes. IfQ�L ≠ 0, whereQ� is the adjugate matrix
of Q, we can take Q̃ ¼ Q�. With the denotation,

_ðABÞ ¼ ðAQ̃BÞ; ð4:2Þ

(4.1) becomes

αn;k
_ðHbLÞEðbÞ

n−1;kþ1½Vi� þ iβn;k
_ðVLÞEn;k½Vi−1�

þ ðkþ 1 − iÞβn;k _ðLLÞEn;k½Vi� ¼ 0: ð4:3Þ

Depending on the value of _ðLLÞ, we have following the
two cases:
(1) When _ðLLÞ ≠ 0, (4.3) can be rewritten as

EjQj¼0
n;k ½Vi� ¼ 1

ði − k − 1Þ _ðLLÞ
½ _ðHbLÞEðbÞ

n−1;kþ1½Vi�

þ i _ðVLÞEn;k½Vi−1��; ð4:4Þ

where the first term in rhs corresponds to the lower
topologies and the second term has tensor rank
reduced by one.

(2) When _ðLLÞ ¼ 0, (4.3) can be rewritten as

EjQj¼0
n;k ½Vi� ¼ − _ðHbLÞ

ðiþ 1Þ _ðVLÞ
EðbÞ
n−1;kþ1½Viþ1�; ð4:5Þ

where, although the tensor rank increased by one on
the rhs, it belongs to the lower topologies. One
particular thing of (4.5) is that since V depends on

the auxiliary R, we will always have _ðVLÞ ≠ 0.
Another tricky point is that although R appears in the
denominator in (4.5) in the intermediate steps, it will
be canceled in the final reduction coefficients. Thus,
they are a new type of spurious singularities, which
is tightly related to our method.

B. Q̃L= 0

Since Q̃L ¼ 0, every term in (4.3) vanishes. Now we can
put V in the first place of the tensor structure and use (A9)
to reach

En;k½ðQQ̃VÞVi�
¼ An;k½ðHjQ̃VÞEðjÞ

n−1;k−1½Vi� þ iðVQ̃VÞEn;k−2½Vi−1�
þ ðk − i − 1ÞðVQ̃LÞEn;k−2½Vi��: ð4:6Þ

Using QQ̃ ¼ Q̃L ¼ 0, (4.6) becomes

0 ¼ An;k½ðHjQ̃VÞEðjÞ
n−1;k−1½Vi� þ iðVQ̃VÞEn;k−2½Vi−1��;

ð4:7Þ

and we have

En;k½Vi� ¼ − _ðHbVÞ
ðiþ 1Þ _ðVVÞ

EðbÞ
n−1;kþ1½Viþ1�: ð4:8Þ

Again, although R appears in the denominator through
_ðVVÞ in the intermediate steps, it will be canceled in the

final reduction coefficients. Similarly, _ðVVÞ is another new
type of spurious singularity in our method.

C. Dimension recursion

Having reduced to scalar integrals with different dimen-
sions, we want to shift the dimension to a given D.
Depending on various situations, we have

(i) For Q̃L ≠ 0, we can always choose QQ̃ ¼ 0,
_ðLLÞ ≠ 0. Then using (4.4) for the case i ¼ 0, the

second term vanishes, and we have

En;k ¼
− _ðHbLÞ

ð1þ kÞ _ðLLÞ
EðbÞ
n−1;kþ1: ð4:9Þ

(ii) For Q̃L ¼ 0, we use (4.8) with i ¼ 1. Then, we shift
V → Lþ ϵK with a reference K such that K=⊥NQ

and get

En;k þ ϵEn;k½K� ¼ − _ðHbKÞ
2ϵ _ðKKÞ

EðbÞ
n−1;kþ1½ðLþ ϵKÞ2�:

ð4:10Þ

Comparing both sides, especially the ϵ term, we have

En;k ¼
− _ðHbKÞ

_ðKKÞ
EðbÞ
n−1;kþ1½K�: ð4:11Þ

We lower the topology in the rhs, so we can reduce it
further by using the equation recursively. The depend-
ence of the choice of K in the intermediate steps will
vanish in the final reduction coefficients, as shown in
the examples in the next section.

D. Examples

In this section, we illustrate our method for degenerate
Q. To avoid unnecessary and complicated calculations and
compare with the reduction procedures for nondegenerate
Q discussed in the Sec. III C, we focus on bubbles with
some special masses and momenta configurations.
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(i) Q̃L ¼ 0:Massless scalar bubble with equal internal
masses
To check the validity of our method, we first

consider a scalar bubble with m1 ¼ m2 ¼ m and
q22 ¼ 0, defined as

I
m1¼m2;q22¼0

2 ¼
Z

dDl
iπD=2

1

ðl2 −m2Þ½ðl − q2Þ2 −m2� ;

ð4:12Þ
which can be reduced to two tadpoles.5

We find Q defined in (3.13) degenerates to a
corank-1 matrix,

Q ¼
�
m2 m2

m2 m2

	
; Q̃ ¼ Q� ¼

�
m2 −m2

−m2 m2

	
:

ð4:13Þ

Since QQ̃ ¼ 0 and Q�L ¼ 0, using (2.24), we
have

I2 ¼ Γð2 −D=2ÞE2;2−D: ð4:14Þ

One can see the rhs is not irreducible anymore, by
employing (4.11),

E2;2−D ¼ − _ðHbKÞ
_ðKKÞ

EðbÞ
1;3−D½K�; ð4:15Þ

where the reference vector K satisfies Q�K ≠ 0 and
the rhs corresponds to integrals of tadpole topology
acquired by removing one propagator from I2. We
then use (3.6) to pull out the K,

EðbÞ
1;3−D½K� ¼ β1;3−DðKLÞðbÞEðbÞ

1;1−D: ð4:16Þ

Note that the Q matrix in (4.16) is just a number
QðbÞ ¼ m2, so its inverse in ðKLÞðbÞ is just
Q−1

ðbÞ ¼ 1
m2. Combining (4.15), (4.16), and (4.14),

we finally find

I
m1¼m2;q22¼0

2 ¼ 2−D
2

_ðHbKÞðKLÞðbÞ
_ðKKÞ

I2;b̂ ¼
D− 2

2m2
I2;1̂:

ð4:17Þ

One can check that the result above does not depend
on the choice of K ¼ ða; bÞ as long as a ≠ b.

(ii) Q̃L ¼ 0:Massless tensor bubble with equal internal
masses

Here, we consider the reduction of the tensor

bubble I
ð1Þ;m1¼m2;q22¼0

2 . Recalling the first equation
of (3.14),

Ið1Þ2 ¼ −Γð1 −D=2ÞðD − 2ÞE2;2−D½V�; ð4:18Þ

we just need to reduce E2;2−D½V�. Due to Q̃L ¼ 0,
we use (4.8) to get

E2;2−D½V� ¼
−1

2 _ðVVÞ
_ðHbVÞEðbÞ

1;3−D½V2�; ð4:19Þ

where the rhs corresponds to integrals of tadpoles
with the nondegenerateQmatrixQðbÞ ¼ m2. We can
use (3.6) to reduce it iteratively,

EðbÞ
1;3−D½V2�¼α1;3−D½ðVVÞðbÞEðbÞ

1;1−D

þð1−DÞðVLÞðbÞEðbÞ
1;1−D½V��

¼α1;3−D½ðVVÞðbÞEðbÞ
1;1−D

þð1−DÞðVLÞðbÞβ1;1−DðVLÞðbÞEðbÞ
1;−1−D�:
ð4:20Þ

There are two terms in the last line, we need to

reduce the second one EðbÞ
1;−1−D since it corresponds

to the (Dþ 2)-dimensional tadpole. Using (3.8) to
lower the dimension to D, we get

EðbÞ
1;−1−D ¼ EðbÞ

1;1−D

β1;1−DðLLÞðbÞ
: ð4:21Þ

Plugging (4.20), (4.21), (4.19) into (4.18), we have

I
ð1Þ;m1¼m2;q22¼0

2

¼
_ðHbVÞðð1−DÞðVLÞ2ðbÞ þ ðLLÞðbÞðVVÞðbÞÞ

2 _ðVVÞðLLÞðbÞ
I2;b̂:

ð4:22Þ

Using

_ðVVÞ¼m2ðR ·q2Þ2;
_ðHbVÞ¼ f−m2R ·q2;m2R ·q2g;

ðVVÞðbÞ ¼

ðR ·q2Þ2

m2
;0

�
; ðVLÞðbÞ ¼



R ·q2
m2

;0

�
;

ðLLÞðbÞ ¼
1

m2
; ð4:23Þ

we find the reduction relation,5One can check this by using FIRE or direct calculation.
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I
ð1Þ;m1¼m2;q22¼0

2 ¼ ðD − 2ÞR · q2
2m2

I2;1̂; ð4:24Þ

where I2;1̂ is just the tadpole I1½m� with mass m.
(iii) Q̃L ≠ 0: Scalar bubble

We then consider the scalar bubble Ið1Þ2 with
degenerate Q but m1 ≠ m2. Here, we will show that
it can be reduced to two tadpoles using our method.
The equation detQ ¼ 0 gives two solutions,

q22 ¼ ðm1 �m2Þ2; ð4:25Þ

which are just the poles in the reduction coefficients
of bubbles [see (3.31)].6 Here, we choose

Q̃ ¼ Q� ¼
�

m2
2 �m1m2

�m1m2 m2
1

�
: ð4:26Þ

One can check that Q̃L ≠ 0 for m1 ≠ m2. Due to
_ðLLÞ ≠ 0, we can use (4.4) to reduce E2;2−D in the

expansion,

I2 ¼ Γð2 −D=2ÞE2;2−D; ð4:27Þ
and we get

E2;2−D ¼ − _ðHbLÞ
ð3 −DÞ _ðLLÞ

EðbÞ
1;3−D

¼
_ðHbLÞβ1;3−D

ðD − 3Þ _ðLLÞ
ðLLÞðbÞEðbÞ

1;1−D: ð4:28Þ

Plugging (4.28) into (4.27), we have

I
m1¼m2;q22¼0

2 ¼ ðD − 2Þ _ðHbLÞðLLÞðbÞ
2ðD − 3Þ _ðLLÞ

I2;b̂: ð4:29Þ

One can find the explicit expression easily. For
q22 ¼ ðm1 þm2Þ2, the explicit expression is

I
m1¼m2;q22¼0

2 ¼ D−2

2ðD−3Þm2ðm1þm2Þ
I2;1̂

þ D−2

2ðD−3Þm1ðm1þm2Þ
I2;2̂: ð4:30Þ

(iv) Q̃L ≠ 0: Tensor bubble
Here, we discuss the reduction of the rank-1

bubble with q22 ¼ ðm1 �m2Þ2. First, we expand it
using (2.23)

Ið1Þ2 ¼ −Γð1 −D=2ÞðD − 2ÞE2;2−D½V�: ð4:31Þ

Choosing Q̃ ¼ Q�, due to _ðLLÞ ¼ LQ�L ≠ 0, we
can use (4.4) to reduce the rhs to

E2;2−D½V� ¼
1

ðD − 2Þ _ðLLÞ
× ½ _ðHbLÞEðbÞ

1;3−D½V� þ _ðVLÞE2;2−D�;
ð4:32Þ

where the second term has been discussed in the
last example. We just need to reduce the first term

EðbÞ
1;3−D½V�, which corresponds to a tadpole. Using

(3.6), we find

EðbÞ
1;3−D½V� ¼ β1;3−DðVLÞðbÞEðbÞ

1;1−D; ð4:33Þ

where the rhs is a D-dimensional scalar tadpole.
Plugging (4.33), (4.32) into (4.31), we get

I
ð1Þ;q2

2
¼ðm1�m2Þ2

2 ¼
_ðHbLÞðVLÞðbÞ

_ðLLÞ
I2;b̂

þ 2

D−2

_ðVLÞ
_ðLLÞ

I
q2
2
¼ðm1�m2Þ2

2 : ð4:34Þ

Then, we refer to the result (4.29) and find

I
ð1Þ;q2

2
¼ðm1�m2Þ2

2 ¼
_ðHbLÞðVLÞðbÞ

_ðLLÞ
I2;b̂

þ
_ðHbLÞðLLÞðbÞ _ðVLÞ
ðD−3Þ _ðLLÞ2

I2;b̂: ð4:35Þ

For q22 ¼ ðm1 þm2Þ2, the explicit expression is

I
ð1Þ;q2

2
¼ðm1þm2Þ2

2 ¼ððD−2Þm1þðD−3Þm2ÞR ·q2
ðD−3Þm2ðm1þm2Þ2

I2;1̂

þ R ·q2
ðD−3Þðm1þm2Þ2

I2;2̂: ð4:36Þ

V. GENERAL EXPRESSION OF CðrÞ
n→n

It seems hard to solve (3.6), but if we only care about the
reduction coefficients to the same topology, we can ignore
the first term for it contributes only to lower topologies.
Then by iteratively using (3.6), keeping only the second
and the third term, one finds that

6The condition is the threshold (or the Landau poles) of the
integrals. It appears because the singularity of Landau poles
becomes higher with higher power of propagators. Thus, it will
appear in both master integrals and the reduction coefficients.
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En;k½Vi� ¼
X
j

i!
j!ði− jÞ!! ðVVÞ

i−j
2 ðVLÞj

Qj
l¼1ðk− i− lþ 1ÞQiþj

2

l¼1ðkþ n− 2lÞ
×En;k−i−j þLower topology: ð5:1Þ

Although the first term has the same topology, with
different choices of i, j, the dimension is different, thus
we need to reduce it further.
To simplify our denotation, we define

En;k;i;j ¼
i!

j!ði − jÞ!!
ðk − iÞ!ðkþ n − i − j − 2Þ!!
ðk − i − jÞ!ðkþ n − 2Þ!! : ð5:2Þ

Thus, (5.1) becomes

En;k½Vi� ¼
X
j

En;k;i;jðVVÞ
i−j
2 ðVLÞjEn;k−i−j

þ Lower topology: ð5:3Þ

Here, we give the computation for tensor reduction with all
propagators power one.7 Thus, we need to reduce all

En;n−D−ðr−iÞ½Vi� to En;n−D. After using (3.8) to repeatedly
lift k, we have

En;k−2s ¼
En;k

ðLLÞsQs
l¼1ðβn;k−2sþ2lÞ

þ
Xs
l¼1

−αn;k−2sþ2lðHjLÞQ
l
p¼1 βn;k−2sþ2pðLLÞl

EðjÞ
n−1;k−1−2sþ2l

¼ Kþ
n;k;s

ðLLÞs En;k þ
Xs
j¼1

Kþ
n;k;s;j

ðLLÞj ðHbLÞEðbÞ
n−1;k−1−2ðs−jÞ;

ð5:4Þ
where we have defined

Kþ
n;k;s ¼

1Q
s
l¼1ðβn;k−2sþ2lÞ

;

Kþ
n;k;s;j ¼

−αn;k−2sþ2jQj
p¼1 βn;k−2sþ2p

: ð5:5Þ

Since the second term in (5.4) belongs to lower topologies,
which can be ignored, finally, we have

En;n−D−ðr−iÞ½Vi� ¼
X
j

En;n−D−ðr−iÞ;i;jðVVÞ
i−j
2 ðVLÞjEn;n−D−ðrþjÞ þ Lower

¼
X
j

En;n−D−ðr−iÞ;i;jðVVÞ
i−j
2 ðVLÞj

Kþ
n;n−D;rþj

2

ðLLÞrþj
2

En;n−D þ Lower

¼
X
j

En;n−D−ðr−iÞ;i;jðVVÞ
i−j
2 ðVLÞj

Kþ
n;n−D;rþj

2

ðLLÞrþj
2

ð−Þn
Γðn −D=2Þ In;D þ Lower: ð5:6Þ

So

IðrÞn;D ¼
Xr
i¼0

Γðn −D=2 − rÞ
ð−1Þnþr CD=2þr−n

r;i ðR2Þr−i2 En;n−D−ðr−iÞ½Vi�

¼
Xr
i¼0

Γðn −D=2 − rÞ
ð−1Þnþr CD=2þr−n

r;i ðR2Þr−i2
X
j

En;n−D−ðr−iÞ;i;jðVVÞ
i−j
2 ðVLÞj

Kþ
n;n−D;rþj

2

ðLLÞrþj
2

ð−Þn
Γðn −D=2Þ In;D þ Lower

¼ ð−ÞrΓðn −D=2 − rÞ
Γðn −D=2Þ

Xr
i¼0

Xi

j¼0

CD=2þr−n
r;i En;n−D−ðr−iÞ;i;jKþ

n;n−D;rþj
2

ðR2Þr−i2 ðVVÞi−j2 ðVLÞj
ðLLÞrþj

2

In;D þ Lower: ð5:7Þ

From it, we read out reduction coefficient,

CðrÞ
n→n ¼

Xr
i¼0

Xi

j¼0

cðrÞn→n;i;jðR2Þr−i2 ðVVÞi−j2 ðVLÞj
ðLLÞrþj

2

ð5:8Þ

with

cðnÞn→n;i;j ¼
ð−ÞrΓðn −D=2 − rÞ

Γðn −D=2Þ
× CD=2þr−n

r;i En;n−D−ðr−iÞ;i;jKþ
n;n−D;rþj

2

; ð5:9Þ

where we require r, i, j having the same parity.

7The general results for arbitrary tensor structure, general
powers as well as the coefficients for lower topologies are given
in Appendix C.
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VI. DISCUSSION

Although the main target of the paper [33] is to under-
stand general one-loop integrals from a geometric point of
view, it does contain many important and valuable results.
In this paper, we have elaborated on the method to compute
reduction coefficients for general one-loop integrals.
The essential idea of the method is to put the whole one-

loop Feynman integrals in the projective space, in which
integrals have compact forms and geometry properties.
Using a vital recursion relation of En;k½T�, one achieves the
wanted reduction. The advantage and the most promising
point of this method are that we can solve any one-loop
integrals with higher poles and tensor structures at the same
time, which is demonstrated by some examples in Secs. III
and IV. The language of projective space simplifies the
reduction process a lot by keeping the elegant contractions
like ðHLÞ; ðLLÞ in these recursion relations without
expansion, thus making the whole reduction process a
symbolic calculation. Although results listed in the paper
can be obtained by other methods, such as the PV-reduction
and IBP method, the very compact and symmetric analytic
form is the new feature of our method. It is also efficient for
practical calculation.
For some programs based on the traditional IBP method,

like FIRE, LiteRed, KIRA, etc. [35–41], they do reduction by
solving linear equations where the determinant of the Gram
matrix appears with the full-expanded form, which makes

the final results too complicated to read. The appearance of
(reduced) Gram matrix has also been observed in our recent
work [31,32].
One obvious idea is to generalize the above method to

the reduction of two-loops and higher-loops. Recently,
using the improved PV-reduction method with auxiliary
vectors, we have shown how to do the general tensor
reduction for two-loop sunset integrals [42]. From the
results in [31,32] and results in this paper, we see that these
two methods have some correspondences. In other words,
they treat the same thing from different but related angles.
Thus, it is natural to ask if we can translate two-loop
integrals to a form in the projective space and establish a
similar recursion relation, possibly using the reduction
results of the sub-one-loop integrals studied in this paper.
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APPENDIX A: RECURSION RELATIONS
OF En;k½T�

In this section, we recall the proof of the relation (3.1)
given in [33]. Let us calculate directly

dX

�hQ−1T½Xk−1�Xdn−2Xi
ðXQXÞnþk−2

2

	
¼ 1

ðXQXÞnþk−2
2

�
−ðnþ k − 2Þ ðXQdXÞ

ðXQXÞ hQ−1T½Xk−1�Xdn−2Xi þ ðn − 1ÞhQ−1T½Xk−1�dn−1Xi

þ ðk − 1ÞXI1

1

ðn − 2Þ!Q
−1
I1i1

Ti1i2i3…ikXi2Xi3 � � � dXikXI2 ∧ dn−2XϵI1I2…Ik

	
; ðA1Þ

where we require T is completely symmetric of the last (k − 1) indices i2; i3;…ik. For simplicity, we denote

AI ¼ Q−1
Is T

si2i3…ikXi2Xi3 � � �Xik ; BIr ¼ ðQ−1T½Xk−2�ÞIr: ðA2Þ
Thus, (A1) becomes

dX

�hQ−1T½Xk−1�Xdn−2Xi
ðXQXÞnþk−2

2

	
¼ 1

ðXQXÞnþk−2
2

�
−ðnþk−2ÞðXQdXÞ

ðXQXÞ hAXd
n−2Xiþðn−1ÞhAdn−1Xiþðk−1ÞdXIhBIXdn−2Xi

	
:

ðA3Þ

Using the fact,

XQA¼ XQQ−1T½Xk−1� ¼ T½Xk�; BI
I ¼ ðtrQTÞ½Xk−2�;

ðA4Þ
and the Schouten identity,

dXIhAXdXn−2i þ AIhXdn−1Xi − XIhAdn−1Xi ¼ 0; ∀AI

ðA5Þ

to simplify the first term in (A3) as

XQdXhAXdn−2Xi ¼ QXdXð−AhXdn−1Xi þ XhAdn−1XiÞ
¼ −ðXQAÞhXdn−1Xi
þ ðQXXÞhAdn−1Xi; ðA6Þ

and the third term in (A3) as

dXIhBIXdn−2Xi ¼ XIhBIdn−1Xi − BI
IhXdn−1Xi; ðA7Þ
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the (A3) becomes

dX

�hQ−1T½Xk−1�Xdn−2Xi
ðXQXÞnþk−2

2

	
¼ðnþk−2ÞT½X

k�hXdn−1Xi
ðXQXÞnþk

2

− ðk−1ÞtrQT½Xk−2�hXdn−1Xi;
ðA8Þ

which is nothing but the wanted (3.1).
The derivation above can be generalized to the case

detQ ¼ 0, where the Q−1 does not exist. In this case, we
can replace Q−1 by arbitrary matrix Q̃ in (A1) and repeat
the same derivations to reach the similar expression likes
(A8), except Q−1 replaced by Q̃. Rearranging (A8), we get

En;k½ðQQ̃TÞ� ¼ αn;kE
ðbÞ
n−1;k−1½ðHbQ̃TÞ� þ βn;kEn;k−2½trQ̃T�;

ðA9Þ

where ðQQ̃TÞ has the same rank as T,

ðQQ̃TÞI1I2;…;Ik ¼ QI1J1Q̃J1J2T
J2;I2;I3;…;Ik ;

ðtrQ̃TÞI3;I4;…;Ik ¼ Q̃I1I2T
I1I2…Ik : ðA10Þ

In (A9), the lhs is the first term in rhs of (A8), while the first
term on the rhs is the boundary contribution of lhs of (A8).

APPENDIX B: MORE RESULTS

1. Bubbles

Here list the results for rank from r ¼ 1 to r ¼ 4, where
we set q1 ¼ 0.

(i) r ¼ 1

Ið1Þ2 ¼
X
i

−
ðLLÞðHiVÞ−ðHiLÞðVLÞ

ðLLÞ I2;îþ
2ðVLÞ
ðLLÞ I2:

ðB1Þ

So we have

Cð1Þ
2→2;2̂

¼−
ðLLÞðH2VÞ− ðH2LÞðVLÞ

ðLLÞ ¼−
R ·q2
q22

;

Cð1Þ
2→2;1̂

¼−
ðLLÞðH1VÞ− ðH1LÞðVLÞ

ðLLÞ ¼R ·q2
q22

;

Cð1Þ
2→2¼

2ðVQ−1LÞ
ðLQ−1LÞ ¼ ðm2

1−m2
2þq22ÞR ·q2
q22

: ðB2Þ

(ii) r ¼ 2

Cð2Þ
2→2;î

¼ 2R2ðHiLÞ
ðD−1ÞðLLÞþ

2DðHiLÞðVLÞ2
ðD−1ÞðLLÞ2 −

2ðHiVÞððVLÞþðVLÞðiÞÞ
ðLLÞðiÞ

−
2ðHiLÞð−DðVLÞ2þðVLÞ2þðLLÞðiÞðVVÞÞ

ðD−1ÞðLLÞðiÞðLLÞ
;

Cð2Þ
2→2¼

4ðR2− ðVVÞÞ
ðD−1ÞðLLÞ þ

4DðVLÞ2
ðD−1ÞðLLÞ2 : ðB3Þ

The exact form is

Cð2Þ
2→2;2̂

¼ðm2
1−m2

2þq22ÞR2

ðD−1Þq22
−
Dðm2

1−m2
2þq22ÞðR ·q2Þ2

ðD−1Þq42
;

Cð2Þ
2→2;1̂

¼−
R2ðm2

1−m2
2−q22Þ

ðD−1Þq22
−
ð−Dm2

1þDm2
2−3Dq22þ4q22ÞðR ·q2Þ2
ðD−1Þq42

;

Cð2Þ
2→2¼−

R2ð−2m2
1ðm2

2þq22Þþðm2
2−q22Þ2þm4

1Þ
ðD−1Þq22

þð−2m2
1ðDm2

2− ðD−2Þq22ÞþDðm2
2−q22Þ2þDm4

1ÞðR ·q2Þ2
ðD−1Þq42

:

(iii) r ¼ 3

Cð3Þ
2→2;î

¼ −
4ðDþ 1ÞðHiVÞððVLÞðiÞðVLÞ þ ðVLÞ2 þ ðVLÞ2ðiÞÞ

DðLLÞ2ðiÞ
−
4ðHiVÞð−2ðVVÞ − ðVVÞðiÞ þ 3R2Þ

DðLLÞðiÞ

þ 4ðDþ 2ÞðHiLÞðVLÞ3
ðD − 1ÞðLLÞ3 þ 4ðHiLÞðVLÞðDðVLÞ2 þ ðVLÞ2 − 3ðLLÞðiÞðVVÞ þ 3R2ðLLÞðiÞÞ

DðLLÞ2ðiÞðLLÞ

þ 4ðHiLÞðVLÞ
ðD − 1ÞDðLLÞðiÞðLLÞ2

ðD2ðVLÞ2 þDðVLÞ2 − 3DðLLÞðiÞðVVÞ − 2ðVLÞ2 þ 3DR2ðLLÞðiÞÞ;

Cð3Þ
2→2 ¼

24R2ðVLÞ
ðD − 1ÞðLLÞ2 þ

8ðDþ 2ÞðVLÞ3
ðD − 1ÞðLLÞ3 −

24ðVVÞðVLÞ
ðD − 1ÞðLLÞ2 : ðB4Þ
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The exact form is

Cð3Þ
2→2;2̂

¼ −
ðDþ 2Þðm2

1 −m2
2Þ2ðR · q2Þ3

ðD − 1Þq62
þ 3R2R · q2

D − 1

þ ð2DðDþ 2Þm2
2 − 2ðD2 − 2Dþ 4Þm2

1ÞðR · q2Þ3 þ 3Dðm2
1 −m2

2Þ2R2R · q2
ðD − 1ÞDq42

−
R · q2ð6R2ððD − 2Þm2

1 þDm2
2Þ þDðDþ 2ÞðR · q2Þ2Þ

ðD − 1ÞDq22
;

Cð3Þ
2→2;1̂

¼ 3R2ð4ðD − 1Þm2
2q

2
2 −Dm4

1 þ 2Dm2
2m

2
1 −Dm4

2 þDq42ÞR · q2
ðD − 1ÞDq42

ðR · q2Þ3
ðD − 1ÞDq62

½−4ðD2 þD − 2Þm2
2q

2
2 − 2Dm2

1ððDþ 2Þm2
2 − 2ðD − 1Þq22Þ

þDðDþ 2Þm4
1 þDðDþ 2Þm4

2 þDð7D − 10Þq42�;

Cð3Þ
2→2 ¼

ðm2
1 −m2

2 þ q22ÞðR · q2Þ3
ðD − 1Þq62

½−2m2
1ððDþ 2Þm2

2 − ðD − 4Þq22Þ þ ðDþ 2Þðm2
2 − q22Þ2 þ ðDþ 2Þm4

1�

−
3R2ðm2

1 −m2
2 þ q22Þð−2m2

1ðm2
2 þ q22Þ þ ðm2

2 − q22Þ2 þm4
1ÞR · q2

ðD − 1Þq42
: ðB5Þ

(iv) r ¼ 4

Cð4Þ
2→2;î

¼8ðDþ2ÞðHiLÞðVLÞ2ððD2þ3D−4ÞðVLÞ2þ6DðLLÞðiÞðR2−ðVVÞÞÞ
ðD−1ÞDðDþ1ÞðLLÞðiÞðLLÞ3

þ 8ðHiLÞ
DðDþ1ÞðLLÞ3ðiÞðLLÞ

ððD2þ4Dþ3ÞðVLÞ4þ3ðLLÞ2ðiÞðR2−ðVVÞÞ2þ6ðDþ1ÞðLLÞðiÞðVLÞ2ðR2−ðVVÞÞÞ

þ 8ðHiLÞ
DðD2−1ÞðLLÞ2ðiÞðLLÞ2

ððD3þ4D2−D−4ÞðVLÞ4þ6ðD2þD−2ÞðLLÞðiÞðVLÞ2ðR2−ðVVÞÞ

þ3DðLLÞ2ðiÞðR2−ðVVÞÞ2Þþ8ðDþ2ÞðDþ4ÞðHiLÞðVLÞ4
ðD2−1ÞðLLÞ4

−
8ðHiVÞ
DðLLÞ2ðiÞ

ððVLÞð−5ðVVÞ−ðVVÞðiÞþ6R2ÞþðVLÞðiÞð−3ðVVÞ−3ðVVÞðiÞþ6R2ÞÞ

−
8ðDþ3ÞððVLÞþðVLÞðiÞÞððVLÞ2þðVLÞ2ðiÞÞðHiVÞ

DðLLÞ3ðiÞ
;

Cð4Þ
2→2¼

96ðDþ2ÞðVLÞ2ðR2−ðVVÞÞ
ðD2−1ÞðLLÞ3 þ48ðR2−ðVVÞÞ2

ðD2−1ÞðLLÞ2 þ16ðD2þ6Dþ8ÞðVLÞ4
ðD2−1ÞðLLÞ4 : ðB6Þ

2. Triangles

For triangle topology, we have presented results for scalar triangles with higher poles. Here, we present some examples,
including the tensor triangles without higher poles and with higher poles.
For the tensor triangles without higher poles, we have
(i) r ¼ 1

Cð1Þ
3→3;î

¼ ðHiLÞðVLÞ
ðLLÞ − ðHiVÞ; Cð1Þ

3→3 ¼
2ðVLÞ
ðLLÞ : ðB7Þ
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The expression is the same as (B2) for bubble topology. This phenomenon is not an accident and will be persistent to
other topologies.

(ii) r ¼ 2

Cð2Þ
3→3;bij ¼ ðHiLÞðHjLÞðiÞðVLÞ2

ðLLÞðiÞðLLÞ
−
ðHjLÞðiÞðHiVÞððVLÞðiÞ þ ðVLÞÞ

ðLLÞðiÞ
þ ðHiVÞðHjVÞðiÞ þ ði ↔ jÞ;

Cð2Þ
3→3;î

¼ 2ðHiLÞððD − 2ÞðVLÞ2 þ ðLLÞðiÞðR2 − ðVVÞÞÞ
ðD − 2ÞðLLÞðiÞðLLÞ

þ 2ðD − 1ÞðHiLÞðVLÞ2
ðD − 2ÞðLLÞ2

2ðHiVÞððVLÞðiÞ þ ðVLÞÞ
ðLLÞðiÞ

;

Cð2Þ
3→3 ¼

4ððD − 1ÞðVLÞ2 þ ðLLÞðR2 − ðVVÞÞÞ
ðD − 2ÞðLLÞ2 : ðB8Þ

Again, the last two coefficients are very similar to these given in (B3).
For the tensor with higher poles, we have
(i) v ¼ 4, r ¼ 1

Cð1Þ
v3→3;bij ¼ 1

8
ðD − 2ÞðLLÞðijÞððHiSÞðHjSÞðiÞ þ ði ↔ jÞÞ;

Cð1Þ
v3→3;î

¼ D − 3

4

�ðHiLÞðSLÞ2
ðLLÞ − ðHiSÞðSLÞðiÞ − ðHiSÞðSLÞ

�
;

Cð1Þ
v3→3 ¼

ðD − 3ÞðSLÞ2
2ðLLÞ −

1

2
ðSSÞ: ðB9Þ

Here, we have suppressed the process to take the coefficient of tzv3−1,i.e., jtzv3−1 . The similarity of the above
expression with the one given in (3.25) is obvious.

(ii) v ¼ 4, r ¼ 2

Cð2Þ
v3→3;bij ¼ ðD − 2ÞðHiLÞðHjLÞðiÞðSLÞ3

6ðLLÞðiÞðLLÞ
−
ðD − 2ÞðHjLÞðiÞðHiSÞððSLÞ2ðiÞ þ ðSLÞðSLÞðiÞ þ ðSLÞ2Þ

6ðLLÞðiÞ
þ 1

6
ðD − 2ÞðHiSÞðHjSÞðiÞððSLÞðiÞ þ ðSLÞ þ ðSLÞðijÞÞ þ ði ↔ jÞ;

Cð2Þ
v3→3;î

¼ ðHiLÞðSLÞððD − 2ÞðSLÞ2 þ 3ðLLÞðiÞðR2 − ðSSÞÞÞ
3ðLLÞðiÞðLLÞ

þ ðD − 1ÞðHiLÞðSLÞ3
3ðLLÞ2

þ
ðHiSÞððLLÞðiÞððSSÞðiÞ þ 2ðSSÞ − 3R2Þ − ðD − 2ÞððSLÞ2ðiÞ þ ðSLÞðSLÞðiÞ þ ðSLÞ2ÞÞ

3ðLLÞðiÞ
;

Cð2Þ
v3→3 ¼

2ðD − 1ÞðSLÞ3
3ðLLÞ2 þ 2ðSLÞðR2 − ðSSÞÞ

ðLLÞ : ðB10Þ

Here, when calculating the reduction coefficients, we take the coefficient of zv3−1 for terms containing one R2 and
one S, while we take the coefficient of t2zv3−1 for terms containing three S’s.

3. Boxes

For the box topology, we present three cases: (1) r ¼ 1; v − n ¼ 0, (2) r ¼ 0; v − n ¼ 1, (3) r ¼ 1; v − n ¼ 1. As
pointed out in the triangle topology, the reduction coefficients have some similarities between different topologies. In fact,
the similarity is classified by the pair ðr; v − nÞ as one can check by using the results listed in the Appendix and the main
body of the paper.
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(i) r ¼ 1; v − n ¼ 0

Cð1Þ
4→4;î

¼ ðHiLÞðVLÞ
ðLLÞ − ðHiVÞ; Cð1Þ

4→4 ¼
2ðVLÞ
ðLLÞ : ðB11Þ

(ii) r ¼ 0; v − n ¼ 1

C
v4→4;bijk ¼ −

1

16
ðD − 2ÞðLLÞðijkÞððHjLÞðiÞðHkLÞðijÞðHiZÞ þ permutations of ðijkÞÞ;

C
v4→4;bij ¼ 1

8
ðD − 3ÞðLLÞðijÞððHjLÞðiÞðHiZÞ þ ði ↔ jÞÞ;

Cv4→4;î ¼ −
1

4
ðD − 4ÞðLLÞðiÞðHiZÞ;

Cv4→4 ¼
1

2
ðD − 5ÞðZLÞ: ðB12Þ

(iii) r ¼ 1; v − n ¼ 1

Cð1Þ
v4→4;bijk ¼ −

1

16
ðD − 2ÞðLLÞðijkÞððHkLÞðijÞðHiSÞðHjSÞðiÞ þ permutations of ðijkÞÞ;

Cð1Þ
v4→4;bij ¼ 1

8
ðD − 3ÞðLLÞðijÞððHiSÞðHjSÞðiÞ þ ði ↔ jÞÞ;

Cð1Þ
v4→4;î

¼ −
ðD − 4ÞððLLÞðHiSÞððSLÞðiÞ þ ðSLÞÞ − ðHiLÞðSLÞ2Þ

4ðLLÞ ;

Cð1Þ
v4→4 ¼

1

2

�ðD − 4ÞðSLÞ2
ðLLÞ − ðSSÞ

�
: ðB13Þ

4. Pentagons

For pentagon topology, the reduction coefficients are similar, so we just present one example, i.e., scalar pentagon with
higher poles.

(i) v ¼ 6

C
v5→5;cijkl ¼ 1

32
ðD − 2ÞðLLÞðijklÞððHiLÞðjkÞðHjZÞðHkLÞðjÞðHlLÞðijkÞ þ permutations of ðijklÞÞ;

C
v5→5;bijk ¼ −

1

16
ðD − 3ÞðLLÞðijkÞððHiLÞðjÞðHkLÞðijÞðHjZÞ þ permutations of ðijkÞÞ;

Cð1Þ
5→5;bij ¼ 1

8
ðD − 4ÞðLLÞðijÞððHjLÞðiÞðHiZÞ þ ði ↔ jÞÞ;

Cv5→5;î ¼ −
1

4
ðD − 5ÞðLLÞðiÞðHiZÞ;

Cv5→5 ¼
1

2
ðD − 6ÞðZLÞ: ðB14Þ

One thing we want to point out is that these coefficients have a manifest permutation symmetry. Using these observations,
the expression can be very compact, as shown above.

APPENDIX C: GENERAL EXPRESSION OF REDUCTION COEFFICIENTS

One can solve the recursion relations (3.6) in Sec. III iteratively8 and get general expressions for the final reduction
coefficients. Here, we present only the final results for nondegenerate Q without derivation details. We define

8For the degenerate case discussed in the Sec. IV, one can do similar computation, although it will be more complicated.
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F n;k;i
i−nv;s ¼ Pk;i

i−nvþ1;s

Ys
l¼0

αn;k−2l ðC1Þ

with

Pk;i
i−d;s ¼ ðiþ 1 − dÞPk;i

i−dþ2;s−1 þ ðk − iþ 1þ d − 2sÞPk;i
i−dþ1;s−1; ðC2Þ

where we setPk;i
i−d;s ¼ 0 for either d < 0 or s < 0. With the initial conditionPk;i

0;0 ¼ 1, (C2) can be solved. For simplicity, we
define

EðblÞ
n−l;k−l ¼ Eðb1;b2;b3;…;blÞ

n−l;k−l ; ðWVÞðblÞ ¼ ðWVÞðb1;b2;b3;…;blÞ
ðHLÞb̂l

¼ ðHb1LÞðHb2LÞðb1ÞðHb3LÞðb1b2Þ � � � ðHblLÞðbl−1Þ

ðLLÞðs;jlÞðblÞ ¼ ðLLÞj1ðLLÞj2ðb1ÞðLLÞ
j3
ðb1;b2Þ � � � ðLLÞ

jl
ðbl−1ÞðLLÞ

s−j1−j2−j3−���−jl
ðblÞ ðC3Þ

and

Xi

fl;j;sga
¼

Xi−1
l1¼0

Xl1
j1¼0

Xi−l1−1
s1¼⌈

i−l1−1
2

⌉

Xl1−1
l2¼0

Xl2
j2¼0

Xl1−l2−1
s2¼⌈

l1−l2−1
2

⌉

� � �
Xla−1−1
la¼0

Xla
ja¼0

Xla−1−la−1

sa¼⌈
la−1−la−1

2
⌉

F n;k;i
fl;sga ¼ F n;k;i

l1;s1
F n−1;k−1−2s1;l1

l2;s2
F n−2;k−2−2s1−2s2;l2

l3;s3
� � �F n−a;k−a−2s1−2s2−���−2sa−1;la−1

la;sa

Sl0;fl;j;sga;ba
¼

Ya
p¼1

ðSSÞ−1þlp−1−lp−sp
ðbp−1Þ ðSLÞ1−lp−1þlpþ2sp

ðbp−1Þ ðSSÞ
la−ja

2

ðbaÞ ðSLÞ
ja
ðbaÞ; ðC4Þ

where specially

Xi

fl;j;sg0
¼

Xi

j0¼0

; F n;k;i
fl;sg0 ¼ 1; ðHSÞbb0

¼ 1; Si;fl;j;sg0;b0
¼ ðSSÞi−j02 ðSLÞj0 ; En;k−2js0j;l0;j0 ¼ En;k;i;j0 : ðC5Þ

Then, we denote some notations used in dimension shifting as follows:

K−
n;k;s¼

1Q
s
l¼1ðβn;k−2sþ2lÞ

; K−
n;k;s;j¼

−αn;k−2sþ2jQj
p¼1βn;k−2sþ2p

; Kþ
n;k;s¼

Ys
p¼1

βn;kþ2sþ2−2p; Kþ
n;k;s;j¼αn;kþ2s−2j

Yj
p¼1

βn;kþ2sþ2−2p;

ðC6Þ

and

K−;bl
n;k;2s;l ¼

Xs
j1¼1

Xs−j1
j2¼1

Xs−j1−j2
j3¼1

� � �
Xs−j1−j2−���−jl−1

jl¼1

1

ðLLÞðs;jlÞðblÞ
K−

n;k;s;j1
K−

n−1;k−1;s−j1;j2K
−
n−2;k−2;s−j1−j2;j3 � � �K−

n−l;k−l;s−j1−j2−j3−���−jl

Kþ;bl
n;k;2s;l ¼

Xs
j1¼0

Xs−j1
j2¼0

Xs−j1−j2
j3¼0

� � �
Xs−j1−j2−���−jl−1

jl¼0

Kþ
n;k;s;j1

Kþ
n−1;k−1;s−j1;j2K

þ
n−2;k−2;s−j1−j2;j3 � � �Kþ

n−l;k−l;s−j1−j2−j3−���−jl

Kbl
n;k;2s;l ¼ KSignðsÞ;bl

n;k;j2sj;l : ðC7Þ

The final expression for general reduction coefficients is

CðrÞ
vn→n;bba

¼
X

a1þa2¼a;
σ∈S½ba �

σ

�Xr
i¼0

Xξðn;v;iÞ
fl;j;sga1

cn;v;ri;a1;a2;fl;j;sga1
ðR2Þr−i2 Sξ;fl;j;sga1 ;ba1

ðHSÞcba1

ðHLÞðba1
Þcba2

K
ðba1

Þba2
n−a1;−μ−2jsa1 j−la1−ja1 ;a2

	����
tizvn−1

; ðC8Þ
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where we have defined μðn; v; r; iÞ ¼ r − iþ 2n − 2v; ξðn; v; iÞ ¼ v − nþ i, and the dimensionless factor is

cn;v;ri;a1;a2;fl;j;sga1
¼ ð−Þrþvþnþa1þa2Γðv −D=2 − rÞi!

Γðn − a1 − a2 −D=2Þðv − nþ iÞ!F
n;n−D−μðn;v;r;iÞ;ξðn;v;iÞ
fl;sga1

En−a1;n−a1−D−μðn;v;r;iÞ−2jsa1 j;la1 ;ja1 : ðC9Þ
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