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With the new measurements of Xð3872Þ → J=ψπþπ− from LHCb Collaboration, in addition to the
dominant contribution from the ρ0 meson, we perform a theoretical study on the contribution of ωmeson in
the Xð3872Þ → J=ψπþπ− and Xð3872Þ → J=ψπþπ−π0 processes. For the Xð3872Þ → J=ψπþπ− decay, in
addition to the main contribution from ρ0 meson, we consider also the Xð3872ÞJ=ψω coupling with ω
meson decaying directly into πþπ−. It is found that the recent experimental measurements on the πþπ−

invariant mass distributions can be well reproduced, and the ratio of the couplings between Xð3872Þ →
J=ψρ0 and Xð3872Þ → J=ψω is also evaluated. Within the parameters extracted from the πþπ− invariant
mass distributions of the Xð3872Þ → J=ψπþπ− process, the branching fractions of the Xð3872Þ → J=ψω
channel relative to that of the Xð3872Þ → J=ψπþπ−π0 channel and the πþπ−π0 invariant mass distributions
of the Xð3872Þ → J=ψπþπ−π0 decay are calculated, which gives a hint for the further high-statistic
experiment.

DOI: 10.1103/PhysRevD.106.056022

I. INTRODUCTION

In 2003, the χc1ð3872Þ [also known as Xð3872Þ], as an
exotic candidate, was discovered by the Belle experiment in
the J=ψπþπ− channel [1]. An updated analysis was done
in 2011 [2]. Ten years after its observation, its quantum
number has been well determined to be IGðJPCÞ ¼
0þð1þþÞ [3]. Nowadays the Xð3872Þ is well established.
The “our average” value in the 2020 version and 2021
updated of the Review of Particle Physics (RPP) [4] for the
mass of Xð3872Þ is 3871.65� 0.06 MeV, which is near the
D0D̄�0 mass threshold. As its mass is much lower than
the one of χc1ð2PÞ predicted by the cc̄ quark model [5],

it cannot be accepted by the normal charmonium picture.
Furthermore, its width is extremely narrow compared
with other hadrons that have similar energy. In 2020, its
Breit-Wigner width was measured and it is 1.39� 0.24�
0.10 MeV [6] or 0.96þ0.19

−0.18 � 0.21 MeV [7], depending on
the assumed lineshape.
Although the Xð3872Þ have been intensively studied in

various pictures, for instance the DD̄� þ c:c: molecular
picture, the compact tetraquark picture, the normal char-
monium with a mixture of the DD̄� þ c:c: molecule and so
on. The nature of the Xð3872Þ state is still puzzling (more
details can be seen in these review articles [8–18]). Because
its mass is very close to the D0D̄�0 mass threshold, it could
have a large D0D̄�0 molecular component [19,20], which
leads a large isospin breaking effect [21–27]. However, in a
more recent work [28], it is found that, within the viewpoint
of effective range, the Xð3872Þ has to have a compact
hidden charm tetraquark core that interacts with the
unbound DD̄� pairs via short-distance color forces.
The isospin breaking effect of Xð3872Þ decays has been

found by Belle Collaboration [2] in the ratio of three- and
two-pion branching fractions
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RB3π=B2π ¼ B½Xð3872Þ → J=ψπþπ−π0�
B½Xð3872Þ → J=ψπþπ−� ¼ 0.8� 0.3: ð1Þ

With B2π ¼ ð3.8� 1.2Þ% quoted in RPP [4], one can
easily obtain B3π ¼ ð3.0� 1.5Þ%. If we assumed that
the two-pion final state is dominated by the ρ0 meson,
while the three-pion is dominated by the ω meson, it is
found that Xð3872Þ has large isospin violation effects in
these two above decays, since they have the same rate
within one sigma uncertainty.
The above two- and three-pion transition modes are our

focus due to the recent new measurements from LHCb
collaboration [29]. As the Xð3872Þ decays to J=ψπþπ−

with πþπ− from ρ0 meson [1,30], the Xð3872Þ →
J=ψπþπ− is isospin breaking process due to the isospin
singlet property to the Xð3872Þ. The isospin conserving
decay Xð3872Þ → J=ψω → J=ψπþπ−π0 is important to
understand the internal structure of Xð3872Þ, though it has
small phase space. The Xð3872Þ → J=ψω decay has been
observed with a significance of more than 5σ by
the BESIII collaboration [31]. Previously, the Belle and
BABAR collaborations also found evidence for the
Xð3872Þ → J=ψω decay [32,33], but their measurements
are with large uncertainties. Recently, sizeable ω contri-
bution to Xð3872Þ → J=ψπþπ− decay are observed by the
LHCb collaboration [29]. These new measurements can be
used to study the effects of the isospin-violating ρ0 and ω
mixing. Indeed, in Ref. [34] this effect was taken into
account in the analysis of the J=ψπþπ− and J=ψπþπ−π0

invariant mass distributions in the decays Xð3872Þ →
J=ψρ0 and Xð3872Þ → J=ψω, where they focused on
the determination of the quantum numbers of Xð3872Þ.
Besides, based on the DD̄� molecular picture of Xð3872Þ,
the isospin breaking effects of the Xð3872Þ → J=ψρ0

and Xð3872Þ → J=ψω decays were investigated in
Refs. [21–23,35–40].
In this work, with the new measurements of the LHCb

collaboration [29], and following the work of Ref. [34],
we study the invariant mass distributions of the πþπ−

and πþπ−π0 final states in the Xð3872Þ → J=ψπþπ− and
Xð3872Þ → J=ψπþπ−π0 decays, respectively, where we
will focus on the role played by the ω meson to the
Xð3872Þ → J=ψπþπ− decay and the ratio of the effective
couplings of Xð3872Þ to J=ψρ0 and J=ψω.
The paper is organized as follows. In Sec. II, we present

the theoretical formalism of the Xð3872Þ → J=ψπþπ− and
Xð3872Þ → J=ψπþπ−π0 decays, and in Sec. III, we show
our numerical results and discussions, followed by a short
summary in Sec. IV.

II. FORMALISM

The effective Lagrangian method is an useful tool in
describing the various processes around the resonance
region. The model used in the present work can give a

reasonable description of the experimental data for the
Xð3872Þ → J=ψπþπ− decay, and our calculation offers
some important clues for the mechanisms of the decays of
Xð3872Þ → J=ψπþπ− and J=ψπþπ−π0. In this section, we
introduce the theoretical formalism and ingredients to study
the Xð3872Þ → J=ψπþπ− and Xð3872Þ → J=ψπþπ−π0
decays by using the effective Lagrangian method.

A. Feynman diagrams and effective interaction
Lagrangian densities

Following previous analyses of Ref. [34], we assume
that the Xð3872Þ → J=ψπþπ− decay is mediated by the ρ0

and ω meson, while the Xð3872Þ → J=ψπþπ−π0 decay is
mediated by the ω meson. The corresponding basic tree-
level diagrams are shown in Fig. 1. For the ω → πþπ−π0
decay, we take the ρ meson as an intermediate state. The ω
meson first couples to πρ and then the ρ meson decays into
ππ in the final state.1 On the other hand, we also consider
the contribution of ω meson to the Xð3872Þ → J=ψπþπ−
decay with ω decaying into πþπ−. Note that, in Ref. [34],
the ω → ρ0 mixing was taken into account for the

(a)

(b)

FIG. 1. Feynman diagrams for the Xð3872Þ → J=ψπþπ− decay
with ρ0 and ω contribution (a) and Xð3872Þ → J=ψπ0πþπ−
decay with ω contribution (b).

1In the calculation, we consider only the process of
ω → π0ρ0 → π0πþπ−, and finally multiply by an isospin factor
three to the total decay. This treatment will not change the three
pion lineshape.
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contribution of ωmeson to the πþπ− production, where the
transition amplitude is described by a real parameter. Here,
we consider an effective coupling for the ω → πþπ− decay.
To obtain the decay amplitudes of the processes shown in

Fig. 1, we need the effective interactions for these inter-
action vertexes, which can be described by the effective
Lagrangian densities as used in Refs. [41–44]:

LXJ=ψV ¼ gXεμνρσ∂μXνJ=ψρVσ; ð2Þ

Lωρπ ¼ gωρπεαβγτ∂αωγ∂βρτϕπ; ð3Þ

LVππ ¼ gVππVμ∂
μðϕπþ − ϕπ−Þ; ð4Þ

where X and V represent Xð3872Þ and ρ0=ω meson,
respectively. While gX, gωρπ, gωππ , and gρππ are the coupling
constants of the corresponding vertexes. In this work, we
will use gX1

and gX2
for the effective coupling constants of

Xð3872Þ to J=ψρ0 and J=ψω, respectively. Furthermore,
we will take gX, gωρπ, gρππ, and gωππ as real and their values
will be discussed below.

B. Invariant decay amplitudes

With the effective interaction Lagrangian densities given
above, the invariant decay amplitudes for these diagrams
shown in Fig. 1 can be written as

Ma ¼ Mρ þMω

¼ −i
�
gX1

gρππ
Dρðq2Þ

Fρðq2Þ þ
gX2

gωππ
Dωðq2Þ

Fωðq2Þ
�

× εμνρσpμϵνðpÞϵ�ρðp4Þðp1 − p2Þσ; ð5Þ

Mb ¼
gX2

gωρπgρππ
Dωðq21ÞDρðq22Þ

Fωðq21ÞFρðq22ÞεμνρσpμϵνðpÞϵ�ρðp4Þ

×

�
−gσγ þ

q1σq1γ
m2

ω

�
εαβγτq1αq2βðp2 − p1Þτ; ð6Þ

where p, p1, p2, p3, p4 are the four-momenta of Xð3872Þ,
π−, πþ, π0, J=ψ , while q1 and q2 represent the four-
momenta for the intermediate ω and ρ0 mesons.Dρðq2Þ and
Dωðq21Þ are the denominators of the propagators for the ρ0

and ω meson, which are

Dρðq2Þ ¼ q2 −m2
ρ þ imρΓρðq2Þ; ð7Þ

Dωðq21Þ ¼ q21 −m2
ω þ imωΓω: ð8Þ

Since the major decay channel of ω meson is the πþπ−π0
and its width is narrow, we take mω ¼ 782.65 MeV and
Γω ¼ 8.49 MeV as quoted in the Review of Particle
Physics [4]. For the width of ρ meson, since it is large
and the predominant decay mode is ππ, we take that Γρ is
energy dependent, which is given by [45,46]

Γρðq2Þ ¼ Γ0

jpπj3
jp0

πj3
m2

ρ

q2
; ð9Þ

where

jpπj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 4m2

π

p
2

; jp0
πj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ρ − 4m2
π

q
2

: ð10Þ

In evaluating the decay amplitudes of Xð3872Þ →
J=ψπþπ−, we include the form factors for ρ0 and ωmesons
since they are not point like particles [47]. In this work we
adopt here the common scheme used in many previous
works [42,48,49]:

Fρ=ωðq2Þ ¼
Λ4
ρ=ω

Λ4
ρ=ω þ ðq2 −m2

ρ=ωÞ2
; ð11Þ

where we assume that Λρ ¼ Λω ¼ Λ and they are deter-
mined to fit with the recent LHCb measurements. Note that
a Blatt-Weisskopf barrier factor was used for the P-wave
decay of a vector to ππ in Ref. [29].
Besides, the coupling constants, gρππ , gωππ , and gωρπ, are

determined from the experimentally observed partial decay
widths of ρ → ππ, ω → ππ, and ω → ρπ → πππ, respec-
tively. With the effective interaction Lagrangians shown in
Eq. (4), these partial decay widths ρ → ππ and ω → ππ can
be easily calculated. The coupling constants are related to
the partial decay widths as

Γρ→ππ ¼
g2ρππ
6π

p3
ρ

m2
ρ
; ð12Þ

Γω→ππ ¼
g2ωππ
6π

p3
ω

m2
ω
; ð13Þ

where pρ and pω are the three momenta of the π meson
in the ρ or ω rest frame, respectively. With Γρ→ππ ¼
149.1 MeV and Γω→ππ ¼ 0.133 MeV as quoted in the
Ref. [4], we obtain gρππ ¼ 5.97 and gωππ ¼ 0.18, respec-
tively. Note that from the partial decay width, one can only
obtain the absolute value of the coupling constant, but not
the phase. In this work, we assume that gρππ and gωππ are
real and positive. In fact, these values obtained here were
used in Refs. [44,50,51] for other processes.
In Ref. [52], it was found that ω − ρ0 mixing plays the

major role in the evaluating the partial decay width of
ω → πþπ−, and its contribution is two orders of magnitude
larger than that from the direct ωππ coupling. However,
here we obtained the coupling constant gωππ with the
experimental results of the ω → πþπ− decay. In other
words, we have taken the effective ωππ coupling as a
constant, and determined with the experimental partial
decay width of ω → ππ, rather than the mixing between
ρ0 − ω with the explicit ρ0 propagator [52].
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In addition, the value of gωρπ is determined with the
partial decay width of ω → πþπ−π0, which reads

dΓω→πþπ−π0 ¼
1

ð2πÞ3
1

32m3
ω
jMj2dM2

πþπ−dM
2
π−π0

; ð14Þ

where

M ¼ −igωρπgρππ
Dρðq2ρÞ

εμνρσq
μ
ωðpπþ þ pπ−ÞρϵνðqωÞðpπþ − pπ−Þσ;

ð15Þ

where qω, qρ, pπþ , and pπ− stand for the four-momenta of
ω, ρ, πþ, and π−, respectively. With Γω→πþπ−π0 ¼
7.74 MeV, we obtain gωρπ ¼ 0.046 MeV−1 for the case
of Γρ energy dependent and gωρπ ¼ 0.05 MeV−1 for the
case of Γρ as a constant. One see that the affect of the Γρ

energy dependent is rather small and can be neglected.

C. Invariant mass distributions

With the formalism and ingredients given above, the
calculations of the invariant mass distribution for the
Xð3872Þ → J=ψπþπ− and Xð3872Þ → J=ψπþπ−π0 decays
are straightforward [4]. The invariant πþπ− mass distribu-
tion of the Xð3872Þ → J=ψπþπ− decay is given by

dΓX3872→J=ψπþπ−

dMπþπ−

¼ 1

24ð2πÞ4M2
X

Z
ΣjM2πj2jp�

1jjp4jd cos θ1 dϕ1; ð16Þ

where p�
1 and (θ1, ϕ1) are the three-momentum and decay

angle of the outing πþ (or π−) in the center-of-mass (c.m.)
frame of the final πþπ− system, p4 is the three-momentum
of the final J=ψ meson in the rest frame of Xð3872Þ, and
Mπþπ− is the invariant mass of the final πþπ− system.
For the invariant πþπ−π0 mass distributions of the

Xð3872Þ → J=ψπþπ−π0 decay, it is given by,

dΓXð3872Þ→J=ψπþπ−π0

dMπþπ−π0

¼ 1

16ð2πÞ7M2
X

Z
ΣjM3πj2

× jp�
1jjp0

3jjp4jdMπþπ−d cos θ1dϕ1 d cos θ2dϕ2; ð17Þ

with Mπþπ−π0 the invariant mass of πþπ−π0 system. The
definitions of these variables in the phase space integration
are given in Appendix.
Besides, in Eqs. (16) and (17), we take

M2π ¼ Mρ þ eiφMω; ð18Þ

M3π ¼ Mb: ð19Þ

Note that we have included a free parameter φwhich stands
for the relative phase between ω and ρ0 terms for the
Xð3872Þ → J=ψπþπ− decay. On the other hand, more
details for the integration of the multibody phase space
can be found in Refs. [53–55].

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we present the numerical results for the
invariant mass distribution of πþπ− of the Xð3872Þ →
J=ψπþπ− decay. To compare the theoretical invariant mass
distributions with the experimental measurements, we
introduce an extra global normalization factor C, which
will be fitted to the experimental data. In the calculation, the
masses, widths, and spin-parities of the involved particles
are listed in Table I.
We perform four parameters (RX ≡ gX1

=gX2
, Cg2X2

, Λ,
and φ) χ2 fits to the experimental data on the πþπ− invariant
mass distributions. We will study two types of fit: one takes
the total width of ρ energy dependent, while the other
one takes the total width of ρ as a constant. The fitted
parameters and the corresponding χ2=d:o:f: are shown in
Table II. We have checked that the results of the two fits are
very similar, this indicates that the affects of the energy
dependent of the ρ total width Γρ is very small and can be
neglected. It is worth to mention that the obtained ratio RX

TABLE I. Masses, widths and spin-parities of the involved
particles in this work.

Particle Mass (MeV) Width (MeV) Spin-parity (JP)

Xð3872Þ 3871.69 1.19� 0.21 1þ
J=ψ 3096.9 � � � 1−

ρ0 775.26 149.1� 0.8 1−

ω 782.66 8.68� 0.13 1−

πþ=π− 139.57 � � � 0−

π0 134.97 � � � 0−

TABLE II. The fitted and determined parameters in this work.
The second and third columns are the fitted results of the Γρðq2Þ
energy-dependent fit and fixed Γ0 fit, respectively.

Number 1 2

ρ meson width Γρðq2Þ energy dependent Γ0 constant
RX 0.25� 0.01 0.30� 0.01
Cg2X2

ð×104Þ 8.31� 0.45 7.10� 0.48
Λ (MeV) 612� 18 598� 16
φð°Þ 128.9� 8.0 134.5� 7.7
χ2=d:o:f: 0.6 0.6

gX1
0.08� 0.02 0.09� 0.02

gX2
0.33� 0.06 0.31� 0.06

Cð×105Þ 7.48� 2.78 7.48� 2.81
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is very similar with these values 0.29� 0.04 and 0.26þ0.08
−0.05

obtained in Ref. [29] and Ref. [34], respectively.
Although the two parameters RX and Cg2X2

can be
obtained from the fit directly, the physical couplings gX1

and gX2
can only be extracted with the further inputs. With

the value RX ¼ 0.25� 0.01, the coupling gX2
¼ 0.33�

0.06 can be extracted from the branching ratioBðXð3872Þ→
J=ψπþπ−Þ¼ð3.8�1.2Þ% [4]. Consequently, the coupling
gX1

¼ 0.08� 0.02 and the normalization factor C ¼
ð7.48� 2.78Þ × 105 can be obtained. The above values
have been listed in Table II as well as those for the
constant Γρ case.
With the central values of Table II for the case of Γρ

energy dependent, the πþπ− invariant mass distribution is
shown by the red curve in Fig. 2. Note that the results for
the case of Γρ as a constant are very similar with the ones
obtained for the case of Γρ energy dependent. In Fig. 2, the
red-solid curve stands for the total contributions from the ρ0

and ω mesons, the blue-dash-dotted and green-dash-dotted
curves correspond to the contribution from only the ρ0

and ω, respectively, while the black-dash-dotted stands for
their interference. The band accounts for the corresponding
68% confidence-level interval deduced from the distribu-
tions of the fitted parameters shown in Table II. One can see
that the total numerical results can explain the experimental
data quite well. Furthermore, the contribution of ρmeson is
predominant in the whole energy region consider for the

Mπþπ− , while the contribution of ω meson is crucial to the
πþπ− invariant mass distributions at high energy of Mπþπ− .
With the fitted couplings gX1

and gX2
, one can easily

obtain the ω contribution, without the ρ0 − ω interference
terms, to the total Xð3872Þ → J=ψπþπ− decay as

ΓXð3872Þ→J=ψω→J=ψπþπ−

ΓXð3872Þ→J=ψπþπ−
¼ ð4.7� 2.4Þ% ð20Þ

for the case of Γρ energy dependent and

ΓXð3872Þ→J=ψω→J=ψπþπ−

ΓXð3872Þ→J=ψπþπ−
¼ ð4.0� 2.1Þ% ð21Þ

for the case of Γρ as a constant. These values agree with the
value ð1.9� 0.4� 0.3Þ%, obtained by the LHCb analysis
in Ref. [29] within one standard deviation.
It is customary to apply the so-called narrow width

approximation in the case where a particle decays into
two particles and one of them with narrow width sub-
sequently decays into other two particles in the final state
[56,57]. Since the width of ω meson is so narrow, we can
extract the branching fraction of the quasi-two-body decay
Xð3872Þ → J=ψω

BðXð3872Þ → J=ψωÞ

¼ BðXð3872Þ → J=ψω → J=ψπþπ−Þ
Bðω → πþπ−Þ

¼ ð11.5� 7.5Þ%; ð22Þ

within the narrow width approximation. Furthermore, we
extract the branching ratio fraction between the J=ψω and
J=ψπþπ− modes as defined in Ref. [31].

R≡ BðXð3872Þ → J=ψωÞ
BðXð3872Þ → J=ψπþπ−Þ ¼ 3.0� 2.2 ð23Þ

for the Γρ energy-dependent case, and

BðXð3872Þ → J=ψωÞ ¼ ð9.9� 6.3Þ%; ð24Þ

R ¼ 2.6� 1.9 ð25Þ

for the constant Γρ case. The two values of R are in
agreement with the experimental measurements 1.6þ0.4

−0.3 �
0.2 by BESIII collaboration [31] within uncertainties.
Next we turn to the Xð3872Þ → J=ψπþπ−π0 decay. With

the values of gX1
and gX2

, we obtain:

B½Xð3872Þ → J=ψπþπ−π0� ¼ ð1.1� 0.5Þ%; ð26Þ

for the Γρ energy-dependent case and

FIG. 2. Invariant mass distribution of πþπ− for the Xð3872Þ →
J=ψπþπ− decay, compared with the experimental data taken from
Ref. [29]. The blue-dash-dotted, green-dash-dotted curves and
black-dash-dotted are the contributions from the ρ0, ω, and their
interference, respectively. The red solid one is their total con-
tribution. The band accounts for the corresponding 68%
confidence-level interval deduced from the distributions of the
fitted parameters shown in Table II.
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B½Xð3872Þ → J=ψπþπ−π0� ¼ ð1.4� 0.6Þ%; ð27Þ

for the constant Γρ case. Those values are in agreement with
both the experimental measurements [4] and the theoretical
calculations in Ref. [58].
Finally, with these model parameters determined by fitting

to the πþπ− invariant mass distributions for the Xð3872Þ →
J=ψπþπ− decay, we calculate the πþπ−π0 invariant mass
distributions for the Xð3872Þ→J=ψπþπ−π0 decay. The
numerical results are shown as the red curve in Fig. 3.
The error band of the theoretical calculations are obtained
from the uncertainty of the parameter gX2

which stems
from the uncertainties of both the two pion invariant mass
distribution of the J=ψπþπ− decay mode, i.e., the fitted
parameter RX, and the Xð3872Þ → J=ψπþπ− branching
ratio. To compare the theoretical invariant mass distributions
with the experimental measurements, we have to introduce
again an extra global normalization factor C3π. In Fig. 3
the red-solid curve has been adjusted to the strength of
the inverse-second data point ofBABAR [33] by takingC3π ¼
6.07 × 104 for theΓρ energy-dependent case. For the constant
Γρ case, the value of C3π is 5.77 × 104, and the line shape of
the πþπ−π0 invariant mass distributions is almost the same.
As shown in Fig. 3,most of the experimental data locate in the
theoretical one sigma region. This can be tested by future
precise measurements for the Xð3872Þ→J=ψπþπ−π0 chan-
nel. In addition, further more precise measurements of the
Xð3872Þ → J=ψπþπ− channel can also help to reduce the
uncertainty of the couplings gX1

and gX2
. The gX2

can also
constrain the data in J=ψπþπ−π0 channel.

IV. SUMMARY

In summary, we have performed a theoretical cal-
culation for the processes of Xð3872Þ → J=ψπþπ− and
J=ψπþπ−π0. For the Xð3872Þ → J=ψπþπ− decay, in addi-
tion to the dominant contribution from the ρ0 meson, the
contribution of the intermediate ω meson with an effective
ωππ coupling is also considered in our framework. It is
found that the recent LHCb experimental measurements
on the πþπ− invariant mass distributions [29] can be well
reproduced. Meanwhile, the ratio of the couplings between
Xð3872Þ → J=ψρ0 and Xð3872Þ → J=ψω is determined,
which is consistent with the previous analysis in
Refs. [29,34].
Furthermore, with the model parameters determined

from the πþπ− invariant mass distribution of the
Xð3872Þ → J=ψπþπ− decay, the Xð3872Þ → J=ψπþπ−π0

branching fraction and the corresponding πþπ−π0 invariant
mass distributions are extracted, which are also in agree-
ment with the available experimental data with large errors.
These kind of results could be tested by the future precise
measurements.

ACKNOWLEDGMENTS

We would like to thank Prof. Gang Li for useful dis-
cussions. This work is partly supported by the National
Natural Science Foundation of China under Grants
No. 12075288, No. 11735003, No. 11961141012,
No. 12035007, the Youth Innovation Promotion
Association CAS, Guangdong Provincial funding with
Grant No. 2019QN01X172, Science and Technology
Program of Guangzhou No. 2019050001. Q.W. is also
supported by the NSFC and the Deutsche
Forschungsgemeinschaft (DFG, German Research
Foundation) through the funds provided to the Sino-
German Collaborative Research Center TRR110
“Symmetries and the Emergence of Structure in QCD”
(NSFC Grant No. 12070131001, DFG Project-ID
196253076-TRR 110).

APPENDIX: FOUR-BODY PHASE SPACE

In this appendix, we provide the definitions of those
variables in the phase space integration of Eq. (17), which
are explicitly shown in Fig. 4. The p�

1 and (θ1, ϕ1) are the
three-momentum and decay angles of the outing π− in the
πþπ− center-of-mass (c.m.) frame. The p0

3 and (θ2, ϕ2) are
the three-momentum and decay angles of the outing π0 in
the πþπ−π0 c.m. frame. The p4 is the three-momentum
of the final J=ψ meson in the Xð3872Þ rest frame.

FIG. 3. Invariant mass distribution of πþπ−π0 for the
Xð3872Þ → J=ψπþπ−π0 decay, compared with the experimental
data taken from Ref. [33].
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