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We carry out an exhaustive analysis of lepton flavor violating processes within the simplest little Higgs
model. Its discovery could be expected from either μ → e conversion in nuclei, μ → eγ, or μ → 3e decays.
Then, the tau sector could help discriminate this model not only via τ → lγ (l ¼ μ, e) and τ → 3l decays,
but also by means of l → τ conversion in nuclei, which is promising in this respect. Although the model
slightly violates custodial symmetry, acommodating the recent CDF MW measurement is in tension with
electroweak precision data.
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I. INTRODUCTION

With the discovery of the Higgs boson [1,2] the Standard
Model (SM) of particle physics [3–5] was completed.
Powerful and praiseworthy as it is, a Higgs mass value
in the electroweak scale, v, calls for a deeper understanding
of the hierarchy concept.
Assuming the SM is a low-energy effective theory of a

more general high-energy theory, generalizing it at a high-
energy scale Λ ≫ v raises the question; Is there new
physics between these two energy scales? The hierarchy
problem or the fine-tuning problem [6] is the reason
motivating the existence of new physics, that lies between
v and Λ. In the context of the SM, it means that the Higgs
boson mass receives quadratically divergent loop contri-
butions which are much larger than its measured value, and
require a correspondingly large bare-mass value so that the
fine-tuned cancellation between both yields the observed
mH ∼ 125 GeV. These leading quantum corrections are
only canceled when the parameters are fine-tuned.
Nevertheless, after the LEP experiment and the electroweak
precision data (EWPD) obtained [7] a little hierarchy
problem emerged [8], given that the LEP measurements
prevented new physics near v. Then there must be a little
hierarchy between v and the lightest new physics scale,
which should lie above the TeV.

Many beyond the SM theories have been used to
alleviate the hierarchy problem like supersymmetry, tech-
nicolor, extra dimensions, and little Higgs. Our approach
belongs to the last one. Little Higgs models [9–14]
postpone the hierarchy problem in the SM by introducing
adequate new particles under an enlarged symmetry at an
energy scale of some TeVs. All these models are based on
the idea that the Higgs is a pseudo-Nambu-Goldstone
boson (pNGB), which arises from some approximate
spontaneously broken symmetry at the scale f ≳ TeV.
This new symmetry is introduced to protect the Higgs mass
from large quantum corrections and the Higgs fields are
taken to be NGBs corresponding to a spontaneously
broken global symmetry of a new strongly interacting
sector. As a result of this novel nonperturbative dynamics,
additional new physics is expected at a scale ∼4πf.
Through the years many little Higgs models have already

been constructed, in which the new particles depend on the
particular symmetry of the model. We can divide little Higgs
models into two categories [15]; product group models
where the SM gauge group arises from the diagonal
breaking of two or more gauge groups, i.e., ðSUð2Þ×
Uð1ÞÞN and simple group models where the SM gauge
group stems from the breaking of a single larger group, i.e.,
SUðNÞ × Uð1Þ. One the most important product group
model realizations of the little Higgs model is the T-parity
extension proposed by Cheng and Low [16]. Lepton flavor
violation (LFV) has been extensively studied within this
model [17–24]. In these models, there is no need to enlarge
the SM matter sector and the collective breaking can be
realized with just a one sigma model, although there is more
freedom related to the extra gauge couplings and a discrete
symmetry needs to be imposed to comply with EWPD. On
the other hand, a simple group model that is popular by its
minimality (N ¼ 3 above) is the simplest little Higgs (SLH)
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that was proposed by Kaplan and Schmaltz [25,26], which
we will use. In this case an additional fermion field is
needed for the SM doublets to become triplets. In the lepton
sector this is a heavy quasi-Dirac neutrino, which drives
LFV. The situation is more involved in the quark counter-
part, where there are two possible embeddings as we will
explain. LFV has already been studied within the SLH in
slightly different approaches [27–31].1 However, leptonic
tau decays and l − τ conversion in nuclei did not receive
much attention because they are less restrictive than the
analogous muon processes; according to experimental
limits, several orders of magnitude weaker for taus. We
will include them here for the first time, mainly to increase
the model-discriminating power adding these observables to
our toolkit. We will not discuss Z [30] or Higgs [29] LFV
decays as their branching fractions turn out to be ≤ 10−11

and ≤ 10−12, respectively,2 (far away from current or near-
future bounds). Similarly, we will not address semileptonic
LFV τ decays as purely lepton LFV τ decays are always a
few orders of magnitude larger branching fractions [27,28].
LFV in the charged lepton sector is long sought after as it

will surely be due to new physics, given the Glashow–
Iliopoulos–Maiani (GIM)-like [32] suppression of SM
contributions in presence of massive neutrinos [33–35].
There are very stringent bounds [36] from MEG [37],
SINDRUM [38], SINDRUM-II [39], BABAR [40], and
Belle [41]. There also is a plethora of experiments
contributing to this quest; MEG-II [42], PRISM/PRIME
[43], Mu2e [44], Mu3e [45], COMET [46], DeeMe [47],
Belle II [48], enhancing the case for studying the related
phenomenology. In the case of l − τ nuclei conversion
there are still no experimental limits for this phenomenon
(recently been studied [49–51]). Reference [52] pointed
out that the NA64 experiment could be able to search for it,
as well as the proposed muon collider [53] or the electron-
ion collider [54,55], among others. Indeed, as μ → e

conversion in nuclei is synergic with the LFV μ decays
in μ → e transitions; we will find that in the τ ↔ l (l ¼ e,
μ) processes, conversion in nuclei will put significant
constraints together with the purely leptonic τ LFV decays.
This work is divided into the following parts: In Sec. II

we quote all necessary Feynman rules using the ’t Hooft-
Feynman gauge. After that, in Sec. III we develop the full
structure of the LFV processes. Then, in Sec. IV we show
our numerical results for all LFV lepton decays and
conversions in nuclei. Next, Sec. V discusses the implica-
tions of the recent CDF MW measurement in light of the
SLH model. Finally, in Sec. VI we present our conclusions.

II. PARTICLE CONTENT AND FEYNMAN
RULES IN THE SLH

We are going to develop the main characteristics of this
model first introduced in Refs. [25,26]. The Higgs fields are
Goldstone bosons which are associated with a new global
symmetry breaking at a high scale f ∼Oð10 TeVÞ. The
Higgs fields will acquire a mass and become pseudo-
Goldstone bosons via collective symmetry breaking at the
electroweak scale, v. This mass will be light compared to f,
since it is protected by the approximate global symmetry
and is free from quadratic divergences at one loop. Through
this section we develop the fields expansion of the theory.
We recall this was done in Ref. [15] using the unitary
gauge, though we follow the notation of Ref. [27] and use
the ’t Hooft-Feynman gauge.
The SLH model is constructed by expanding the

SM SUð3Þc × SUð2ÞL ×Uð1ÞY gauge group to SUð3Þc×
SUð3ÞL ×Uð1Þx. In this case the SUð2Þ doublets of the SM
have to be enlarged to SUð3Þ triplets and additional SUð3ÞL
gauge bosons appear. The subscript x indicates a new
x-hypercharge. Following the usual convention, the quan-
tum numbers of the fundamental fermions in the model will
be indicated using the notation

ðcolor representation;weak multiplet representationÞx-Hypercharge: ð1Þ

The SUð3ÞL ×Uð1Þx gauge symmetry is broken down to
the SM electroweak gauge group by two scalar nonlinear
sigma fields Φ1 and Φ2 which transform as complex
triplets. The model contains a global ½SUð3Þ ×Uð1Þ�2
symmetry. The diagonal subgroup is gauged so the gauge
symmetry is ½SUð3Þ × Uð1Þ�. The symmetry is spontane-
ously broken, ½SUð3Þ ×Uð1Þ�2 → ½SUð2Þ ×Uð1Þ�2, by the

vacuum in which the scalar fields acquire vacuum non-
vanishing expectation values. These are chosen to be
aligned but not necessarily equal in magnitude,

hΦ1i ¼

0
B@

0

0

fcβ

1
CA

ð3;1Þ

hΦ2i ¼

0
B@

0

0

fsβ

1
CA

ð1;3Þ

: ð2Þ

The gauge symmetry above is also broken: ½SUð3Þ×
Uð1Þ� → ½SUð2Þ ×Uð1Þ�, where the latter is the SM gauge
symmetry. Originally, f ∼ 1 TeV was considered but larger

1Only Ref. [29] considered three heavy neutrinos with general
mixing, as we do here.

2These upper bounds correspond to the range of the SLH
model parameters that we study, see Sec. IV.
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values are assumed nowadays, according to LHC searches
[36]. Subscripts in the column vectors above indicate the
½SUð3Þ × Uð1Þ�1 × ½SUð3Þ × Uð1Þ�2 transformation prop-
erties of each condensate. We note that under the full new
gauge group, the scalar fields have quantum num-
bers ð1; 3Þ−1

3
.

The SM fermions are embedded into SUð3ÞL triplets.
For the lepton-sector case the enlarging is straightforward,
but for the quark sector this is not obvious. There are two
choices of representations for the quarks. In the universal
embedding the representation is the same for each gen-
eration, but not all gauge anomalies are canceled within
the model.3 The other representation is the anomaly free
embedding where all gauge anomalies are canceled. The
cost, however, is placing the first- and second-generation
quarks in a different representation than the third-
generation quarks. In both embeddings the lepton sector
remains equal, but right-handed neutrinos are omitted, so
neutrinos are treated as massless.4

A. Expansion of the scalar fields

The two scalar triplets are introduced as nonlinear sigma
fields and they can be parametrized in the following
manner, to realize the spontaneous global symmetry-break-
ing pattern,

Φ1 ¼ exp

�
iΘ0

f

�
exp

�
itβΘ
f

�0B@
0

0

fcβ

1
CA; ð3Þ

Φ2 ¼ exp

�
iΘ0

f

�
exp

�
−
iΘ
ftβ

�0B@
0

0

fsβ

1
CA; ð4Þ

where we have introduced the short notation sβ ¼ sin β,
cβ ¼ cos β, and tβ ¼ tan β. This parametrization has the
form of an SUð3Þ (broken) transformation. Θ and Θ0 are
3 × 3 matrix fields, parametrized as

Θ ¼ ηffiffiffi
2

p 13×3 þ
�
02×2 h

h† 0

�
;

Θ0 ¼ ξffiffiffi
2

p 13×3 þ
�
02×2 k

k† 0

�
; ð5Þ

where

h ¼
�
h0

h−

�
; h0 ¼ 1ffiffiffi

2
p ðvþH − iχÞ; h� ¼ −ϕ�;

k ¼
�
y0

x−

�
: ð6Þ

Here h is an SUð2Þ doublet, becoming the SM Higgs
doublet, and η is a real SUð2Þ singlet, that will play no role
in the next development (see [15,57–60] for details). We
will assume that only the real part of h0 may acquire a
nonzero vacuum expectation value (VEV). In the unitary
gauge the nonphysical eaten fields ðΘ0Þ must be rotated
away through a SUð3ÞL ×Uð1Þx transformation, leaving
only the physical particle spectrum. Within the ’t Hooft-
Feynman gauge nonphysical fields are preserved and the
fields expansion are the same that in Eqs. (3) and (4). In this
gauge, loop calculations are easier than in the unitary gauge
but there exist more Feynman diagrams. In the following
we work with the ’t Hooft-Feynman gauge. The fields Φi
can be expanded in powers of v=f, in this work only
precision of Oðv2=f2Þ is desired, for which it is necessary
to expand the scalars triplets up to the fourth order,

Φ1 ¼ exp

�
iΘ0

f

� 12×2 −
t2β
2f2 hh

†
2×2 þ t4β

24f4 ðhh†Þ22×2 itβ
f h2×1 −

it3β
6f3 hh

†h2×1

itβ
f h†

1×2 −
it3β
6f3 h

†hh†
1×2 1 −

t2β
2f2 h

†hþ t4β
24f4 ðh†hÞ2

!0B@
0

0

fcβ

1
CA;

Φ2 ¼ exp
�
iΘ0

f

� 12×2 − 1
2f2t2β

hh†
2×2 þ 1

24f4t4β
ðhh†Þ22×2 − i

ftβ
h2×1 þ i

6f3t3β
hh†h2×1

− i
ftβ

h†
1×2 þ i

6f3t3β
h†hh†

1×2 1 − 1
2f2t2β

h†hþ 1
24f4t4β

ðh†hÞ2

!0B@
0

0

fsβ

1
CA: ð7Þ

B. Gauge sector

The SUð3ÞL ×Uð1Þx is promoted to a local symmetry by
the introduction of the gauge-covariant derivative,

Dμ ¼ ∂μ − igAa
μTa þ igxQxBx

μ; gx ¼
gtWffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− t2W=3
p ; ð8Þ

where g is the Standard Model weak coupling constant and
gx is a new Uð1Þx coupling constant. Aa

μ and Bx
μ denote

SUð3ÞL and Uð1Þx gauge fields, respectively.
4Reference [56] extended the SLH accounting for the mea-

sured neutrino masses.

3In this case there must be new physics, beyond the
SLH, obviously. In any case, the sensitivity of the Higgs mass
to the cutoff at two loops, within the SLH, requires this
additional new physics at scales not much larger than f
(typically Λ ∼ 4πf).
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The kinetic terms for the ϕ field can be written as

LΦ ¼ ðDμΦ1Þ†ðDμΦ1Þ þ ðDμΦ2Þ†ðDμΦ2Þ: ð9Þ

The SUð3ÞL gauge fields, in the fundamental represen-
tation, read:

Aa
μTa ¼

A3
μ

2

0
B@

1 0 0

0 −1 0

0 0 0

1
CAþ A8

μ

2
ffiffiffi
3

p

0
B@

1 0 0

0 1 0

0 0 −2

1
CA

þ 1ffiffiffi
2

p

0
B@

0 Wþ
μ Y0

μ

W−
μ 0 X−

μ

Y0†
μ Xþ

μ 0

1
CA: ð10Þ

The diagonal terms will join with the Uð1Þx generator
to form the neutral gauge bosons Aμ, Zμ, and Z0

μ. In the
third term three pairs of conjugate particles can be
recognized. Since the upper left 2 × 2 submatrix contains
the unbroken SUð2Þ, we can identify the SM gauge
bosons W�. From the gauge-invariant Lagrangian in (9)
we obtain the masses of the unmixed gauge bosons up to
order Oðv4=f4Þ that can now be read directly from this
Lagrangian term [27]

Lmass ⊃
g2v2

4

�
1 −

v2

6f2

�
s4β
c2β

þ c4β
s2β

��
Wþ

μ W−μ

þ g2f2

2

�
1 −

v2

2f2
þ v4

12f4

�
s4β
c2β

þ c4β
s2β

��
Xþ
μ X−μ

þ
�

iv3

6
ffiffiffi
2

p
f3

�
c3β
sβ

−
s3β
cβ

�
W−

μXþμ þ H:c:
�
: ð11Þ

We need to rotate the original fields to eliminate the
mixed terms as follows:

W� → W� � iv3

3
ffiffiffi
2

p
f3

�
c3β
sβ

−
s3β
cβ

�
X�;

X� → X� � iv3

3
ffiffiffi
2

p
f3

�
c3β
sβ

−
s3β
cβ

�
W�: ð12Þ

The physical states W and X differ from the interaction
states only by a term of order v3=f3 [27]. This does not
matter for the following calculations, but is important in
determining the Goldstone bosons states. The masses of the
physical fields are

MW ¼ gv
2

�
1 −

v2

12f2

�
c4β
s2β

þ s4β
c2β

��
;

MX ¼ gfffiffiffi
2

p
�
1 −

v2

4f2
þ v4

24f4

�
c4β
s2β

þ s4β
c2β

��
∼

gfffiffiffi
2

p
�
1 −

v2

4f2

�
:

ð13Þ
The neutral gauge bosons sector is more complicated

because it is nondiagonal at order Oðv2=f2Þ,

Lmass ⊃ M2
YY

0μY0†
μ þ ðA3; A8; BxÞM

0
B@

A3

A8

Bx

1
CA; ð14Þ

with

M ¼

0
BBB@

g2Δ
4

g2Δ
4
ffiffi
3

p ggxΔ
6

g2Δ
4
ffiffi
3

p g2f2

3
− g2Δ

4
ggxΔ
2
ffiffi
3

p − ggxf2

3
ffiffi
3

p

ggxΔ
6

ggxΔ
2
ffiffi
3

p − ggxf2

3
ffiffi
3

p g2xf2

9

1
CCCA;

Δ ¼ v2

2
−

v4

12f2

 
c4β
s2β

þ s4β
c2β

!
: ð15Þ

The matrix M needs to be diagonalized to get the
physical fields. Masses at order Oðv2=f2Þ are [27]

Lmass ⊃M2
YY

0μY0†
μ þ1

2
M2

ZZ
μZμþ

1

2
M2

Z0Z0μZ0
μþ

1

2
M2

AA
μAμ;

ð16Þ
MA ¼ 0;

MY ¼ gfffiffiffi
2

p ;

MZ0 ¼
ffiffiffi
2

p
fgffiffiffiffiffiffiffiffiffiffiffiffiffi

3 − t2W
p �

1 −
ð3 − t2WÞv2
16c2Wf

2

�
;

MZ ¼ gv
2cW

�
1 −

v2

16f2
ð1 − t2WÞ2 −

v2

12f2

�
s4β
c2β

þ c4β
s2β

��
;

ð17Þ

where the first-order mixing matrix for gauge bosons is

0
B@
A3

A8

Bx

1
CA¼

0
BBB@

0 cW −sW

−
ffiffiffiffiffiffiffiffi
3−t2W
3

q
s2W

cW
ffiffi
3

p sWffiffi
3

p

tWffiffi
3

p sW

ffiffiffiffiffiffiffiffi
3−t2W
3

q
cW

ffiffiffiffiffiffiffiffi
3−t2W
3

q
1
CCCA
0
BB@
Z0

Z

A

1
CCA: ð18Þ

It is important to recall that the SLH model has no
custodial symmetry [61,62], i.e., there cannot be a
SUð2ÞL × SUð2ÞR embedded into the SUð2ÞL ×Uð1ÞY
to which the SUð3ÞL ×Uð1Þx breaks spontaneously.
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However the parameter ρ≡ M2
W

c2WM2
Z
≃ 1 only gets corrections

at Oðv2=f2Þ and the breaking of this symmetry is very
small (a model with custodial symmetry has been proposed
in Ref. [63]), see Sec. V. In the SLH there is a mixing
between the Z and Z0 particles due to the quadratic coupling
of the Higgs boson with them, so getting to the physical
Z and Z0 requires the replacements

Z0
μ → Z0

μ þ δZZμ; Zμ → Zμ − δZZ0
μ; ð19Þ

where

δZ ¼ ð1 − t2WÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p
v2

8cWf2
: ð20Þ

Now we only need the charged Goldstone eigenstates
since neutral pNGBs do not contribute to LFV processes.
The mixing of pNGBs and gauge bosons are of the form
Vμ

∂μϕ. The kinetic terms for the pNGBs and the
Goldstones-gauge mixing terms read [27]

LΦ⊃
�
1−

v2

6f2

�
c4β
s2β
þ s4β
c2β

��
∂μϕ

þ
∂
μϕ−þ

�
1−

v2

2f2

�
∂μxþ∂μx−

−
v2

3f2

�
c3β
sβ
−
s3β
cβ

�
ð∂μxþ∂μϕ−þ∂μx−∂μϕþÞ; ð21Þ

LΦ ⊃ iW−
μ
gv
2

��
1−

v2

6f2

�
c4β
s2β

þ s4β
c2β

��
∂
μϕþ

−
v2

3f2

�
c3β
sβ

−
s3β
cβ

�
∂
μxþ
�
þX−

μ
gfffiffiffi
2

p
�
v2

3f2

�
c3β
sβ

−
s3β
cβ

�
∂
μϕþ

−
�
1−

v2

2f2

�
∂
μxþ
�
þH:c: ð22Þ

As in the case of W and X gauge bosons, it is necessary
to rotate their would be longitudinal degrees of freedom, to
express the interaction eigenstates in terms of the final
pNGB eigenstates up to order Oðv2=f2Þ,

x� → −
�
1þ v2

4f2

�
x� ∓ i

v2

3f2

�
c3β
sβ

−
s3β
cβ

�
ϕ�;

ϕ� → ∓i

�
1þ v2

12f2

�
c4β
s2β

þ s4β
c2β

��
ϕ�: ð23Þ

For the calculation of these states we use the relations
(12) to obtain the v2=f2 corrections. Taking Eqs. (18), (19),
and (23) into account, the relevant Feynman rules can now
be obtained.

1. Vector-boson Lagrangian

The kinetic Lagrangian of the gauge bosons gives rise to
the trilinear5 gauge bosons couplings necessary for our
calculation. It can be written as

LV ¼ −
1

2
Tr½G̃μνG̃

μν� − 1

4
Bμν
x Bxμν; G̃μν ¼

i
g
½Dμ; Dν�;

ð24Þ
the results6 to order Oðv2=f2Þ are given in Tables I and
II [27].

C. Fermion sector

As anticipated, the SM fermion SUð2Þ doublets must be
enlarged to SUð3Þ triplets. In addition, in order to give mass
to the new third components of the SUð3Þ-triplet fermions,
new SUð3Þ-singlet fermions must be introduced.
Then each lepton family consists of an SUð3Þ left-

handed triplet 3 and two right-handed singlets 1. A right-
handed neutrino is not included, leaving them massless as
in the SM,

LT
m ¼ ðνL lL iNLÞm; lRm; NRm; ð25Þ

wherem is the generation index. There are three new heavy
neutral states Nm, defined with a phase i, necessary to get
real masses and lepton mixing angles. In the case that we
want to give mass to the SM neutrinos, one would need

TABLE I. Feynman rules for the trilinear gauge boson couplings Vμðp1Þ Vþ
ν ðp2Þ V−

ρ ðp3Þ. All these couplings
have the generic form: iegViVjVj ½gμνðp2 − p1Þρ þ gνρðp3 − p2Þμ þ gμρðp1 − p3Þν� (j labels the particle-antiparticle
gauge boson pair in the vertex). All four-momenta are taken incoming.

ViVjVj gViVjVj ViVjVj gViVjVj

AXþX− −1 AWþW− −1
ZXþX− 1

2cWsW
½c2W − s2W þ cWδZ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p
� ZWþW− cW

sW

Z0XþX− 1
2cWsW

½−δZðc2W − s2WÞ þ cW
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p
� Z0WþW− − δZcW

sW

5Quartic gauge bosons couplings also arise, but are irrelevant
for our work.

6Through this work we have found a few typos in the Feynman
rules and form factors given previously.
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extra singlets to define Dirac neutrinos or new terms that
break lepton number to introduce Majorana masses for the
SM neutrinos, as shown in Refs. [56,64]. The structure of
the quarks fields depends on the embedding we select:

(i) Universal embedding
All generations carry identical gauge quantum

numbers and the SUð3ÞL ×Uð1Þx gauge group is
anomalous (the SM SUð2Þ ×Uð1ÞY gauge group
remains anomaly free). Each quark family consists
of an SUð3Þ left-handed triplet 3 and three right-
handed singlets 1,

QT
m¼ðuLdLiULÞm; uRm; dRm; URm: ð26Þ

The newmassive quarksU,C and T have chargeþ 2
3
.

(ii) Anomaly free embedding
In this configuration we take different charge

assignments for the different generations of quarks
triplets, the third generation of quarks is the same as
in the universal representation, but the first two
generations are in the antifundamental representa-
tion of SUð3Þ [65],

QT
1 ¼ ðdL − uLiDLÞ; dR; uR; DR;

QT
2 ¼ ðsL − cLiSLÞ; sR; cR; SR;

QT
3 ¼ ðtLbLiTLÞ; tR; bR; TR; ð27Þ

such that with this new charge assignment all
anomalies cancel [66,67]. The new massive quarks
are now labeled D and S because of their charge of
− 1

3
, and we have again a massive quark T. In both

embeddings, the phase i is needed to produce real
masses and mixing angles. Table III collects the
gauge representations and hypercharges for the
fermion sector in both embeddings.

1. Lepton-Yukawa and lepton-gauge Lagrangian

The Yukawa sector of the SLH model collects the flavor
structure of the theory. Lepton masses follow from the
Yukawa Lagrangian, and are generated by two types of
terms: linear and bilinear in the Φ fields. This Lagrangian
can be written as

LY ⊃ iλmNN̄RmΦ
†
2Lm þ iλmn

l

Λ
l̄RmϵijkΦi

1Φ
j
2L

k
n þ H:c:; ð28Þ

where Λ is the ultraviolet cutoff of the theory. Herem and n
are generation indices, whereas i, j, k, are SUð3Þ indices.
Notice that λN has been taken diagonal. However λl does
not need to be aligned in flavor space. After spontaneous
electroweak symmetry breaking, this Lagrangian yields the
lepton masses and the heavy masses up to Oðv2=f2Þ [27],

TABLE II. Vertices ½SVμVν� ¼ ieKgμν and ½VμSðp1ÞSðp2Þ� ¼ ieGðp1 − p2Þμ.
SVV K VSS G

x�X∓γ �iMX γx�x∓ �1

ϕ�W∓γ �iMW γϕ�ϕ∓ �1

x�X∓Z ∓iMX
c2W−s2W
2cWsW

� iδZ
MXð1þt2WÞ
2sW

ffiffiffiffiffiffiffiffi
3−t2W

p Zx�x∓ ∓ c2W−s2W
2sWcW

∓ δZ
1−t2W

2sW
ffiffiffiffiffiffiffiffi
3−t2W

p
ϕ�W∓Z �iMWtW ∓ iδZ

MWð1−t2WÞ
sW

ffiffiffiffiffiffiffiffi
3−t2W

p Zϕ�ϕ∓ ∓ c2W−s2W
2sWcW

∓ δZ
1−t2W

2sW
ffiffiffiffiffiffiffiffi
3−t2W

p
x�X∓Z0 �i MXð1þt2WÞ

2sW
ffiffiffiffiffiffiffiffi
3−t2W

p � iδZMX
c2W−s2W
2sWcW

Z0x�x∓ ∓ 1−t2W
2sW

ffiffiffiffiffiffiffiffi
3−t2W

p � δZ
c2W−s2W
2sWcW

ϕ�W∓Z0 ∓iMW
1−t2W

sW
ffiffiffiffiffiffiffiffi
3−t2W

p ∓ iδZMWtW Z0ϕ�ϕ∓ ∓ 1−t2W
2sW

ffiffiffiffiffiffiffiffi
3−t2W

p � δZ
c2W−s2W
2sWcW

TABLE III. Quark quantum numbers in different embeddings.

Universal embedding

Fermion Q1;2 Q3 uRm, URm dRm Lm NRm eRm

Qx charge 1=3 1=3 2=3 −1=3 −1=3 0 −1
SUð3Þ rep. 3 3 1 1 3 1 1

Anomaly-free embedding

Fermion Q1;2 Q3 uRm, TRm dRm, DRm, SRm Lm NRm eRm

Qx charge 0 1=3 2=3 −1=3 −1=3 0 −1
SUð3Þ rep. 3̄ 3 1 1 3 1 1
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LY ⊃ −fsβλmN

��
1 −

δ2ν
2

�
N̄RmNLm − δνN̄RmνLm

�

þ ξβ
fvffiffiffi
2

p
Λ
λmn
l l̄RmlLn þ H:c:; ð29Þ

where

δν ¼ −
vffiffiffi
2

p
ftβ

; ξβ ¼
�
1−

v2

4f2
−

v2

12f2

�
s4β
c2β

þ c4β
s2β

��
; ð30Þ

where δν represents the mixing angle between a heavy
neutrino and a SM neutrino of the same generation. Notice
that the rotation that diagonalizes λN does not necessarily
diagonalize λl, meaning that there is a mixing between the
charged leptons and heavy neutrinos mediated by the
charged gauge bosons. Charged leptons mass eigenstates
and flavor eigenstates are related by the rotation

lLm → ðVllLÞm ¼ Vmi
l lLi; ð31Þ

where Vmi is a Cabibbo-Kobayashi-Maskawa (CKM)-like
matrix. Furthermore, according to (29) each heavy neutrino
is mixed just with the light neutrino of the same family. To
separate them, we rotate only the left-handed sector. To
order Oðv2=f2Þ, the physical states for the neutrinos are
given by

�
νL

NL

�
m

¼
��

1 − δ2ν
2

−δν

δν 1 − δ2ν
2

��
VlνL

Nl

��
m

: ð32Þ

After the spontaneous symmetry breaking, in the mass
eigenstates basis the matrix λmn

l is diagonal. The lepton
masses up to Oðv2=f2Þ are [27]

mli ¼ −ξβ
fvffiffiffi
2

p
Λ
yli ; ð33Þ

where yl is the eigenvalue of the λl matrix, and we rotate in
the same way the SM charged leptons and neutrinos,
because in this work we consider massless SM neutrinos.
We note that, in the physical basis, Higgs LFV interactions
arise at one loop [29], which makes Higgs-mediated
contributions negligible in the processes under study.
Finally, the heavy neutrino masses are

mNi
¼ fsβλiN: ð34Þ

For a complete description of the leptons sector it is
necessary to calculate the vertices of a Goldstone boson
with a lepton pair. These vertices are obtained from the
lepton kinetic Lagrangian, which can be written as

LF ¼ ψ̄mi=Dψm; ψ ¼ ðLm;lRm; NRmÞ: ð35Þ

The covariant derivative was given in Eq. (8) with theQx
charges in Table III. The vertices of Goldstone bosons and
leptons are collected in the Table IV [27].
We highlight that the nonchirally suppressed couplings

of the heavy neutrinos showcase their nondecoupling
behavior, which was stressed before (see e.g., [17,18]).
To get those couplings it is necessary to use Eqs. (23), (31),
and (32). Some couplings vanish because they would be
proportional to SM neutrino masses, that we neglect.
It is possible to find the SM couplings with v2=f2

corrections (in δν and δZ), new couplings of the heavy
gauge bosons to leptons, couplings of the SM gauge bosons
to the new heavy neutral leptons and couplings of the new
gauge bosons with the new heavy neutral leptons. The
entries of Table V were obtained using Eqs. (31) and (32).

2. Quarks in the anomaly free embedding

The Yukawa couplings are found by contracting the
fermion fields with the scalar sets into singlets in all
possible ways. For the anomaly free embedding, the basic
Yukawa Lagrangian reads [27]

LY ⊃ iλt1ū
1
R3Φ

†
1Q3 þ iλt2ū

2
R3Φ

†
2Q3 þ i

λmb
Λ

d̄RmϵijkΦi
1Φ

j
2Q

k
3

þ iλdn1 d̄1RnQ
T
nΦ1 þ iλdn2 d̄2RnQ

T
nΦ2

þ i
λmn
u

Λ
ūRmϵijkΦ�i

1 Φ
�j
2 Q

k
n; ð36Þ

where n ¼ 1, 2; i, j, k ¼ 1, 2, 3 are SUð3Þ indices,
dRm ¼ fdR; sR; bR;DR; SRg, uRm ¼ fuR; cR; tR; TRg, u1R3
and u2R3 are linear combinations of tR and TR, dnR1 and
dnR2 are linear combinations of dR and DR for n ¼ 1 and of
sR and SR for n ¼ 2,

TABLE IV. Vertices ½SFF� ¼ ieðgLPL þ gRPRÞ for the lepton
sector.

SFF gL gR

xþN̄mli − 1ffiffi
2

p
sW

MNm
MX

ð1 − δ2ν=2ÞVmi
l

1ffiffi
2

p
sW

mli
MX

ð1 − δ2ν=2ÞVmi
l

x−l̄iNm
1ffiffi
2

p
sW

mli
MX

ð1 − δ2ν=2ÞVim�
l − 1ffiffi

2
p

sW

MNm
MX

ð1 − δ2ν=2ÞVim�
l

ϕþN̄mli δν
iffiffi
2

p
sW

MNm
MW

Vmi
l δν

iffiffi
2

p
sW

mli
MW

Vmi
l

ϕ−l̄iNm −δν iffiffi
2

p
sW

mli
MW

Vim�
l −δν iffiffi

2
p

sW

MNm
MW

Vim�
l

xþν̄ili 0 δν
1ffiffi
2

p
sW

mli
MX

x−l̄iνi δν
1ffiffi
2

p
sW

mli
MX

0

ϕþν̄ili 0 iffiffi
2

p
sW

mli
MW

ð1 − δ2ν=2Þ
ϕ−l̄iνi − iffiffi

2
p

sW

mli
MW

ð1 − δ2ν=2Þ 0
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TR¼
λt1cβu

1
R3þλt2sβu

2
R3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλt1Þ2c2βþðλt2Þ2s2β
q ; tR¼

−λt2sβu1R3þλt1cβu
2
R3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλt1Þ2c2βþðλt2Þ2s2β
q ;

DR¼
λd11 cβd1R1þλd12 sβd2R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd11 Þ2c2βþðλd12 Þ2s2β

q ; dR¼
−λd12 sβd1R1þλd11 cβd2R1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλd11 Þ2c2βþðλd12 Þ2s2β
q ;

SR¼
λd21 cβd1R2þλd22 sβd2R2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd21 Þ2c2βþðλd22 Þ2s2β

q ; sR¼
−λd22 sβd1R2þλd21 cβd2R2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλd21 Þ2c2βþðλd22 Þ2s2β
q :

ð37Þ

We have obtained heavy states with corresponding large-
mass and light-orthogonal states which remain massless at
this point. In general, λd1 can be taken diagonal and, to avoid
large quark flavor changing effects, we also assume λd2 to be
diagonal [15]. Corrections of the order v2=f2 to vertices are
only needed for particles involved in triangle diagrams and,
since quarks only appear in box diagrams, Oðv=fÞ pre-
cision is sufficient. Then, before the SEWSB (spontaneous
electroweak symmetry breaking) we obtain the following
masses for the heavy quarks,

mT ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλt1Þ2c2β þ ðλt2Þ2s2β

q
;

mD ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd11 Þ2c2β þ ðλd12 Þ2s2β

q
;

mS ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd21 Þ2c2β þ ðλd22 Þ2s2β

q
: ð38Þ

After the SEWSB, the quark-mass terms work out to
leading order as follows [27]:

Lmass
Y ⊃ −mTT̄RTL þ vffiffiffi

2
p sβcβ½ðλt1Þ2 − ðλt2Þ2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλt1Þ2c2β þ ðλt2Þ2s2β
q T̄RtL −

vffiffiffi
2

p λt1λ
t
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλt1Þ2c2β þ ðλt2Þ2s2β
q t̄RtL

−mDD̄RDL −
vffiffiffi
2

p sβcβ½ðλd11 Þ2 − ðλd12 Þ2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd11 Þ2c2β þ ðλd12 Þ2s2β

q D̄RdL þ vffiffiffi
2

p λd11 λd12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd11 Þ2c2β þ ðλd12 Þ2s2β

q d̄RdL

−mSS̄RSL −
vffiffiffi
2

p sβcβ½ðλd21 Þ2 − ðλd22 Þ2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd21 Þ2c2β þ ðλd22 Þ2s2β

q S̄RsL þ vffiffiffi
2

p λd21 λd22ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd21 Þ2c2β þ ðλd22 Þ2s2β

q s̄RsL

þ vfffiffiffi
2

p
Λ
λmn
u ūRmuLn þ

vfffiffiffi
2

p
Λ
λmb d̄RmbL þ H:c: ð39Þ

In general, the couplings λmb and λmn
u generate a

misalignment between the up and down sectors in the
mass basis causing the CKM matrix to appear; these
couplings also provoke a misalignment between heavy
and SM quarks, but since in this work we are interested in
LFV, we will assume no flavor mixing in the quark sector

for simplicity, so we demand λmb ¼ λmn
u ≡ 0 for all the

couplings that mix different families or heavy and light
quarks. SEWSB also induces mixing between heavy left-
handed quarks and the SM quarks, mixing that we keep.
We rotate the left-handed fields to obtain the physical
quarks states [27],

TABLE V. Vertices ½Vμff� ¼ ieγμðgLPL þ gRPRÞ for the lep-
ton sector [27].

Vμf̄ifm
Vertex gVf̄ifmL gVf̄ifmR

Al̄ili 1 1
Wþν̄ili 1ffiffi

2
p

sW

�
1 − δ2ν

2

�
0

WþN̄mli −δν 1ffiffi
2

p
sW
Vmi
l 0

Zl̄ili
2s2W−1
2cWsW

þ δZð2s2W−1Þ
2sWc2W

ffiffiffiffiffiffiffiffi
3−t2W

p tW þ δZsW
c2W

ffiffiffiffiffiffiffiffi
3−t2W

p
Zν̄iνi 1−δ2ν

2cWsW
− δZð1−2s2WÞ

2sWc2W
ffiffiffiffiffiffiffiffi
3−t2W

p 0

ZN̄iNi
δZ

sW
ffiffiffiffiffiffiffiffi
3−t2W

p þ δ2ν
2cWsW

0

ZN̄mνi −δν 1
2cWsW

Vmi
l 0

Xþν̄ili −δν iffiffi
2

p
sW

0

XþN̄mli − iffiffi
2

p
sW

�
1 − δ2ν

2

�
Vmi
l

0

Y0ν̄iνi δν
iffiffi
2

p
sW

0

Y0N̄iNi −δν iffiffi
2

p
sW

0

Y0ν̄iNm
iffiffi
2

p
sW
ð1 − δ2νÞVmi†

l
0

Y0N̄mνi −δ2ν iffiffi
2

p
sW
Vmi
l 0

Z0l̄ili
2s2W−1

2sWc2W
ffiffiffiffiffiffiffiffi
3−t2W

p þ δZð1−2s2WÞ
2sWcW

sW
c2W

ffiffiffiffiffiffiffiffi
3−t2W

p − δZtW

Z0ν̄iνi 2s2W−1
2sWc2W

ffiffiffiffiffiffiffi
3−t2

3

p
�
1 − ð3−t2WÞδ2νc2W

1−2s2W

�
− δZ

2cWsW
0

Z0N̄iNi
1

2sW
ffiffiffiffiffiffiffiffi
3−t2W

p ½2 − δ2νð3 − t2WÞ� 0

Z0N̄mνi δν
ffiffiffiffiffiffiffiffi
3−t2W

p
2sW

Vmi
l

0
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TL → TL þ δttL;

tL → tL − δtTL;

DL → DL þ δddL;

dL → dL − δdDL;

SL → SL þ δssL;

sL → sL − δsSL; ð40Þ

where

δt ¼
vffiffiffi
2

p
f

sβcβ½ðλt1Þ2 − ðλt2Þ2�
ðλt1Þ2c2β þ ðλt2Þ2s2β

;

δd ¼ −
vffiffiffi
2

p
f

sβcβ½ðλd11 Þ2 − ðλd12 Þ2�
ðλd11 Þ2c2β þ ðλd12 Þ2s2β

;

δs ¼ −
vffiffiffi
2

p
f

sβcβ½ðλd21 Þ2 − ðλd22 Þ2�
ðλd21 Þ2c2β þ ðλd22 Þ2s2β

; ð41Þ

are complex in general. Taking all this into account we get
the SM quark masses,

mu ¼ −
vfffiffiffi
2

p
Λ
λ11u ;

mc ¼ −
vfffiffiffi
2

p
Λ
λ22u ;

mb ¼ −
vfffiffiffi
2

p
Λ
λ3b;

mt ¼
vffiffiffi
2

p λt1λ
t
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλt1Þ2c2β þ ðλt2Þ2s2β
q ;

md ¼ −
vffiffiffi
2

p λd11 λd12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd11 Þ2c2β þ ðλd12 Þ2s2β

q ;

ms ¼ −
vffiffiffi
2

p λd21 λd22ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλd21 Þ2c2β þ ðλd22 Þ2s2β

q : ð42Þ

Similar to the lepton sector we need the quark-gauge
Lagrangian to complete the review of the quark couplings.
In the anomaly free embedding we have

LF ¼ Q̄mi=DL
mQm þ ūRmi=DuuRm þ d̄Rmi=DddRm

þ T̄Ri=DuTR þ D̄Ri=DdDR þ S̄Ri=DdSR: ð43Þ

Remembering that the first two families are in the anti-
fundamental representation,

DL
ð1;2Þμ ¼ ∂μ þ igAa

μT�
a;

DL
3μ ¼ ∂μ − igAa

μTa þ
igx
3

Bx
μ;

Du
μ ¼ ∂μ þ

2igx
3

Bx
μ;

Dd
μ ¼ ∂μ −

igx
3

Bx
μ: ð44Þ

With this information and redefining the Goldstone
fields as given in (23), we can obtain the relevant quark-
Goldstone boson couplings for our processes, which are
given in Table VI [27].
We remind that all quark flavor changing vertices were

removed, so there is no CKM-like matrix. For the anomaly
free embedding the vector-quark interactions are given
in Table VII [27].

3. Quarks in the universal embedding

The situation is similar in the universal embedding
although the Yukawa Lagrangian is different,

Lmass
Y ⊃ iλun1 ū1RnΦ

†
1Qn þ iλun2 ū2RnΦ

†
2Qn

þ i
λmn
d

Λ
d̄RmϵijkΦi

1Φ
j
2Q

k
n þ H:c: ð45Þ

where m, n ¼ 1, 2, 3 are generation indices and i, j, k ¼ 1,
2, 3 are SUð3Þ indices, dm runs over the down quarks
ðd; s; bÞ and u1;2n are linear combinations of the orthogonal
light and heavy up-quark states,

TABLE VI. Vertices ½SFF� ¼ ieðgLPL þ gRPRÞ for the quark
sector in the anomaly free embedding entering in our calculation.

SFF gL gR

x−D̄mum −MDm
MX

1ffiffi
2

p
sW

mum
MX

1ffiffi
2

p
sW

x−d̄mum 0 δ�dm
mum
MX

1ffiffi
2

p
sW

ϕ−D̄mum δdm
iffiffi
2

p
sW

MDm
MW

−δ�dm
imum
MW

1ffiffi
2

p
sW

ϕ−d̄mum − imdm
MW

1ffiffi
2

p
sW

imum
MW

1ffiffi
2

p
sW

(a) First and second family, where um ¼ u, c and
dmðDmÞ ¼ d; sðD; SÞ.

SFF gL gR

xþT̄b −MT
MX

1ffiffi
2

p
sW

mb
MX

1ffiffi
2

p
sW

xþ t̄b 0 δ�t
mb
MX

1ffiffi
2

p
sW

ϕþT̄b δt
iffiffi
2

p
sW

MT
MW

δ�t
imb
MW

1ffiffi
2

p
sW

ϕþ t̄b − imt
MW

1ffiffi
2

p
sW

− imb
MW

1ffiffi
2

p
sW

(b) Third family.
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URn ¼
λun1 cβu1Rn þ λun2 sβu2Rnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q ;

uRn ¼
−λun2 sβu1Rn þ λun1 cβu2Rnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλun1 Þ2c2β þ ðλun2 Þ2s2β
q : ð46Þ

Analogously to the anomaly free case, λu1 can be made
diagonal by a field redefinition and λu2 is also taken
diagonal to avoid large quark flavor effects. The mass
terms are [27]

Lmass
Y ⊃ −f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q
ŪRnULn

þ vffiffiffi
2

p sβcβ½ðλun1 Þ2 − ðλun2 Þ2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q ŪRnuLn

−
vffiffiffi
2

p λun1 λun2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q ūRnuLn

þ vfffiffiffi
2

p
Λ
λijd d̄RidLj þ H:c: ð47Þ

We have neglected terms proportional to v2=f2. We will
again ignore all generation mixing terms. This means
setting λijd ¼ λidδij. The only mixing effect in which we
are interested corresponds to terms involving the light and
heavy up quarks of each generation. The following rotation
of the left-handed fields is required to obtain diagonal mass
terms,

ULn → ULn þ δunuLn;

uLn → ULn − δunULn; ð48Þ

where

δun ¼
vffiffiffi
2

p
f

sβcβ½ðλun1 Þ2 − ðλun2 Þ2�
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

: ð49Þ

The quark masses to order v=f are

MUn
¼ f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q
;

mun ¼
vffiffiffi
2

p λun1 λun2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλun1 Þ2c2β þ ðλun2 Þ2s2β

q ;

mdn ¼
vfffiffiffi
2

p
Λ
λnd: ð50Þ

The quark-gauge Lagrangian is more symmetric for the
universal embedding,

L ¼ Q̄mi=DLQm þ ūRmi=DuuRm þ d̄Rmi=DddRm

þ ŪRmi=DuURm; ð51Þ

where

TABLE VII. Vertices ½VμFF� ¼ ieγμðgLPL þ gRPRÞ for the
quark sector in the anomaly free embedding.

VFF gL gR

γūmum − 2
3

− 2
3

γd̄mdm
1
3

1
3

W−D̄mum −δ�dm
1ffiffi
2

p
sW

0

W−d̄mum
1ffiffi
2

p
sW

0

Zūmum 4c2W−1
6cWsW

− 2sW
3cW

Zd̄mdm −1−2c2W
6cWsW

sW
3cW

X−D̄mum − iffiffi
2

p
sW

0

X−d̄mum −δ�dm
iffiffi
2

p
sW

0

Z0ūmum
ffiffiffiffiffiffiffiffi
3−t2W

p
6sW

−2t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p
Z0d̄mdm

ffiffiffiffiffiffiffiffi
3−t2W

p
6sW

t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p

(a) First and second family, where um ¼ u, c and
dmðDmÞ ¼ d; sðD; SÞ.

VFF gL gR

γt̄t − 2
3

− 2
3

γb̄b 1
3

1
3

WþT̄b −δ�t 1ffiffi
2

p
sW

0

Wþ t̄b 1ffiffi
2

p
sW

0

Zt̄t 4c2W−1
6cWsW

− 2sW
3cW

Zb̄b −1−2c2W
6cWsW

sW
3cW

XþT̄b − iffiffi
2

p
sW

0

Xþ t̄b −δ�t iffiffi
2

p
sW

0

Z0 t̄t −3−t2W
6sW

ffiffiffiffiffiffiffiffi
3−t2W

p −2t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p
Z0b̄b −3−t2W

6sW
ffiffiffiffiffiffiffiffi
3−t2W

p t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p

(b) Third family.
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DL
μ ¼ ∂μ − igAa

μTa þ igx
3

Bx
μ;

Du
μ ¼ ∂μ þ

2igx
3

Bx
μ;

Dd
μ ¼ ∂μ −

igx
3

Bx
μ: ð52Þ

The Feynman rules for quark-Goldstone couplings to
order Oðv=fÞ are given in Table VIII [27],
For the universal embedding the vector-quark inter-

actions are given in Table IX [27].

III. LEPTON FLAVOR VIOLATING
PROCESSES IN THE SLH

LFV decays in the SLHmodel arise at one loop level and
are driven by the heavy neutrinos Ni in presence of the
induced rotation of light lepton fields Vij

l . There are two
generic topologies participating in this amplitude:

(i) Penguin diagrams; namely, l → lkfγ; Z; Z0g,
followed by fγ; Z; Z0g → lal̄b,

(ii) Box diagrams.
Penguin diagrams of the form l → lkH should be added,
however the couplings H → lal̄a are suppressed by the
light mass of the fermions and, therefore, we do not take
those diagrams into account.

A. General structure for the LFV processes

The contributions of the SM to the LFV processes
l → laγ and l → lklal̄b are negligible for they are
proportional to the observed neutrino masses [33–35,68],
nevertheless the new little Higgs contributions can be
a priori large. The effective LFV Vμlla vertex with Vμ ¼
γ; Z; Z0 is sketched in Fig. 1.
The most general structure for on shell fermions can be

written as

iΓμðp; p1Þ ¼ ie½γμðFV
LPL þ FV

RPRÞ − ðiFV
M þ FV

Eγ5ÞσμνQν

þ ðiFV
S þ FV

Pγ5ÞQμ�; ð53Þ

where Q ¼ p − p1 is the vector boson momentum. Three-
body lepton decays l → lklal̄b receive contributions from
penguin and box diagrams as we show in Fig. 2.

TABLE IX. Vertices ½VμFF� ¼ ieγμðgLPL þ gRPRÞ for the
quark sector in the universal embedding, where umðUmÞ ¼
u; c; tðU;C; TÞ and dm ¼ d, s, b.

VFF gL gR

γūmum − 2
3

− 2
3

γd̄mdm
1
3

1
3

WþŪmdm −δ�um
1ffiffi
2

p
sW

0

Wþūmdm 1ffiffi
2

p
sW

0

Zūmum 4c2W−1
6cWsW

− 2sW
3cW

Zd̄mdm −1−2c2W
6cWsW

sW
3cW

XþŪmdm − iffiffi
2

p
sW

0

Xþūmdm −δ�um
iffiffi
2

p
sW

0

Z0ūmum − 3þt2W
6sW

ffiffiffiffiffiffiffiffi
3−t2W

p −2t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p
Z0d̄mdm − 3þt2W

6sW
ffiffiffiffiffiffiffiffi
3−t2W

p t2W
3sW

ffiffiffiffiffiffiffiffi
3−t2W

p

FIG. 1. Effective LFV vertex where Vμ ¼ γ; Z; Z0.

TABLE VIII. Vertices ½SFF� ¼ ieðgLPL þ gRPRÞ for the quark
sector in the universal embedding entering our calculations,
where umðUmÞ ¼ u; c; tðU;C; TÞ and dm ¼ d, s, b.

SFF gL gR

xþŪmdm −MUm
MX

1ffiffi
2

p
sW

mdm
MX

1ffiffi
2

p
sW

xþūmdm 0 δ�um
mdm
MX

1ffiffi
2

p
sW

ϕþŪmdm δum
iffiffi
2

p
sW

MUm
MW

δ�um
imdm
MW

1ffiffi
2

p
sW

ϕþūmdm − imum
MW

1ffiffi
2

p
sW

− imdm
MW

1ffiffi
2

p
sW

FIG. 2. Generic penguin and box diagrams for l → lklal̄b.
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There are seven possible decays:

ðaÞ τ− → μ−μ−μþ;

ðbÞ τ− → μ−μ−eþ;

ðcÞ τ− → e−μ−μþ;

ðdÞ τ− → e−e−μþ;

ðeÞ τ− → μ−e−eþ;

ðfÞ τ− → e−e−eþ;

ðgÞ μ− → e−e−eþ:

We divide them into three categories according to the
leptonic flavors in the final state. Category (i) comprises all
the decays where lk ¼ la ¼ lb [i.e., the decays (a), (f),
and (g)]; this kind of decay receives the name of same-
flavor decays. Category (ii) contains all the decays where
either lk ≠ lb and la ¼ lb, or lk ¼ lb and la ≠ lb [i.e.,
the decays (c) and (e)], this category is known as same-sign
decays. And lastly, all the decays with final leptons having
lk ≠ lb, la ≠ lb belong to the category (iii) [i.e., the
decays (b) and (d)], the so-called wrong-sign decays.
Finally, we studied the lN − laN conversion processes
(l ¼ μ, e, la ¼ τ, e) whose form factors look very similar
to the same flavors category decays.

1. l → γla decays

The amplitude l → laγ is proportional to the vertex in
Fig. 1; however, as shown in Refs. [17,69] the form factors
FV
L;R ¼ 0 when V is an on shell photon. The scalar and

pseudoscalar form factors FV
S;P do not contribute for real V

and are negligible for virtual V in the processes under
study. Neglecting mla ≪ ml the total width for l → laγ is
given by

Γðl → laγÞ ¼
αm3

l

2
ðjFγ

Mj2 þ jFγ
Ej2Þ: ð54Þ

The branching ratio is obtained dividing by the SM
decay width which, at leading order, is

Γðlj → liνjν̄iÞ ¼
G2

Fm
5
lj

192π3
; GF ¼ παWffiffiffi

2
p

M2
W

;

αW ¼ α

s2W
: ð55Þ

In the case of τ decays the SM branching ratio must be
multiplyied by ∼0.17 to take into account both lepton
Michel and hadron decay channels. For these calculations
we have approximated all the integrations until Oðv2=f2Þ
and then neglected the ratios,7

m2
l

M2
Ni

¼ m2
l

M2
W
¼ m2

l

M2
X
¼ 0: ð56Þ

We can classify the contributions to l → laγ into two
types of topologies (see Fig. 3); loop diagrams with heavy
X gauge bosons and with W bosons (with corresponding
Goldstone bosons x and ϕ, equivalent to their longitudinal
polarizations). Since only dipole form factors contribute to
this process, we have

Fγ
M ¼ Fγ

MjX þ Fγ
MjW;

Fγ
E ¼ Fγ

EjX þ Fγ
EjW: ð57Þ

Defining the mass ratios,

xi ¼
M2

Ni

M2
X
≃Oð1Þ; ω ¼ M2

W

M2
X
≃Oðv2=f2Þ; ð58Þ

we find the following contribution to the dipole form
factors for the X-mediated diagrams [27],

Fγ
MjX ¼ −iFγ

EjX ¼ αW
16π

ml

M2
X
ð1 − δ2νÞ

X
i

Vlai�VilFXðxiÞ;

ð59Þ

where

FXðxÞ ¼ M2
X

�
2C̄1 − 3C̄11 − x

�
C̄0 þ 3C̄1 þ

3

2
C̄11

��

¼ 5

6
−
3x − 15x2 − 6x3

12ð1 − xÞ3 þ 3x2

2ð1 − xÞ4 log½x�: ð60Þ

These contributions are equal to those of the SM with
massive neutrinos, replacing X → W, Ni → νi, and Vim →
VPMNS. For tiny neutrino masses, xi ¼ m2

νi=MW ≪ 1,

FIG. 3. Feynman diagrams for l → γla.

7In principle the neutral Goldstone boson y0ð†Þ could contrib-
ute to the l → γla decay, but it would be a two-loop process,
which goes beyond the desired order in this work.
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FWðxÞ →
5

6
−
x
4
þOðx2Þ; ð61Þ

and we recover a well-known result [34,35,70] bounded by
neutrino oscillation experiments,

Bðμ → eγÞSM ¼ 3α

32π

				X
i¼2;3

Vei�
PMNSV

iμ
PMNS

Δm2
i1

M2
W

				2 ≤ 10−54:

ð62Þ

Expressions for the loop functions are collected in the
Appendix and take the value with Q2 ¼ 0 for an on shell
photon. For the W-based diagrams, we obtain

Fγ
MjW ¼ −iFγ

EjW ¼ αW
16π

ml

M2
W
δ2ν
X
i

Vlai�VilFWðxi=ωÞ;

ð63Þ

with

FWðxÞ ¼ M2
Wð−2C̄1 þ 3C̄11Þ þM2

Ni

�
C̄0 þ C̄1 −

3

2
C̄11

�
;

ð64Þ
that we rewrite as

FWðxÞ ¼
M2

W

M2
X
M2

Xð−2C̄1 þ 3C̄11Þ

þM2
Ni

M2
X
M2

X

�
C̄0 þ C̄1 −

3

2
C̄11

�
; ð65Þ

to keep leading order terms at Oðv2=f2Þ. The first term of
the form factor in (65) is already of orderOðv2=f2Þ, sowhen
multiplied by δ2ν the result becomes order Oðv4=f4Þ, which
we neglect. Then, this contribution to the form factor is

FWðxÞ ¼ xM2
X

�
C̄0 þ C̄1 −

3

2
C̄11

�

¼ xð8x2 þ 5x − 7Þ
12ð1 − xÞ3 þ x2ð3x − 2Þ

2ð1 − xÞ4 log½x�; ð66Þ

in agreement with Ref. [27].
The whole dipole form factors are thus,

Fγ
M ¼ −iFγ

E ¼ αW
4π

ml

M2
W

X
i

Vlai�
l Vil

l

×

�
v2

2f2
FXðxiÞ þ δ2νFWðxi=ωÞ

�
: ð67Þ

2. l → lalal̄a decays

The contributions to the transition amplitude of the LFV
three-body decays can be summarized as [27]

M ¼ Mγpenguin þMZpenguin þMZ0penguin þMboxes:

ð68Þ

We define the amplitudes and form factors as

Mγpenguin ¼
e2

Q2
ūðp1Þ½Q2γμðAL

1PL þ AR
1PRÞ þmliσμνQνðAL

2PL þ AR
2PRÞ�uðpÞūðp2Þγμvðp3Þ − ðp1 ↔ p2Þ;

MZpenguin ¼
e2

M2
Z
ūðp1Þ½γμðFLPL þ FRPRÞ�uðpÞūðp2Þ½γμðZa

LPL þ Za
RPRÞ�vðp3Þ − ðp1 ↔ p2Þ;

MZ0penguin ¼
e2

M2
Z0
ūðp1Þ½γμðF0

LPL þ F0
RPRÞ�uðpÞūðp2Þ½γμðZ0a

L PL þ Z0a
RPRÞ�vðp3Þ − ðp1 ↔ p2Þ;

Mboxes ¼ e2BL
1 ½ūðp1ÞγμPLuðpÞ�½ūðp2ÞγμPLvðp3Þ� þ e2BR

1 ½ūðp1ÞγμPRuðpÞ�½ūðp2ÞγμPRvðp3Þ�
þ e2BL

2f½ūðp1ÞγμPLuðpÞ�½ūðp2ÞγμPRvðp3Þ� − ðp1 ↔ p2Þg
þ e2BR

2 f½ūðp1ÞγμPRuðpÞ�½ūðp2ÞγμPLvðp3Þ� − ðp1 ↔ p2Þg
þ e2BL

3f½ūðp1ÞPLuðpÞ�½ūðp2ÞPLvðp3Þ� − ðp1 ↔ p2Þg
þ e2BR

3 f½ūðp1ÞPRuðpÞ�½ūðp2ÞPRvðp3Þ� − ðp1 ↔ p2Þg
þ e2BL

4f½ūðp1ÞσμνPLuðpÞ�½ūðp2ÞσμνPLvðp3Þ� − ðp1 ↔ p2Þg
þ e2BR

4 f½ūðp1ÞσμνPRuðpÞ�½ūðp2ÞσμνPRvðp3Þ� − ðp1 ↔ p2Þg; ð69Þ
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where

AL
2 ¼ −ðFγ

M þ iFγ
EÞ=ml; AR

2 ¼ −ðFγ
M − iFγ

EÞ=ml;

AL
1 ¼ Fγ

L=Q
2; AR

1 ¼ Fγ
R=Q

2;

FL ¼ −FZ
L; FR ¼ −FZ

R;

F0
L ¼ −FZ0

L ; F0
R ¼ −FZ0

R : ð70Þ

We can use Eq. (69) to obtain the partial decay width for the same-flavor decays [27],

Γðl → lalal̄aÞ ¼
α2m5

l

32π

�
jAL

1 j2 þ jAR
1 j2 − 2ðAL

1A
�R
2 þ AL

2A
�R
1 þ H:c:Þ

þ ðjAL
2 j2 þ jAR

2 j2Þ
�
16

3
log

�
ml

mla

�
−
22

3

�
þ 1

6
ðjB̂L

1 j2 þ jB̂R
1 j2Þ þ

1

3
ðjB̂L

2 j2 þ jB̂R
2 j2Þ

þ 1

24
ðjBL

3 j2 þ jBR
3 j2Þ þ 6ðjBL

4 j2 þ jBR
4 j2Þ −

1

2
ðBL

3B
L�
4 þ BR

3B
R�
4 þ H:c:Þ

þ 1

3
ðAL

1 B̂
L�
1 þ AR

1 B̂
R�
1 þ AL

1 B̂
L�
2 þ AR

1 B̂
R�
2 þ H:c:Þ − 2

3
ðAR

2 B̂
L�
1 þ AL

2 B̂
R�
1 þ AL

2 B̂
R�
2 þ AR

2 B̂
L�
2 þ H:c:Þ

þ 1

3
f2ðjFLLj2 þ jFRRj2Þ þ jFLRj2 þ jFRLj2

þ ðB̂L
1F

�
LL þ B̂R

1F
�
RR þ B̂L

2F
�
LR þ B̂R

2F
�
RL þ H:c:Þ þ 2ðAL

1F
�
LL þ AR

1F
�
RR þ H:c:Þ

þ ðAL
1F

�
LR þ AR

1F
�
RL þ H:c:Þ − 4ðAR

2F
�
LL þ AL

2F
�
RR þ H:c:Þ − 2ðAL

2F
�
RL þ AR

2F
�
LR þ H:c:Þg

�
; ð71Þ

where

FLL ¼ FLZa
L

M2
Z

; FRR ¼ FRZa
R

M2
Z

;

FLR ¼ FLZa
R

M2
Z

; FRL ¼ FRZa
L

M2
Z

: ð72Þ

Some box form factors have been redefined to include
the contributions from the Z0 penguins,

BL
1 → B̂L

1 ¼ BL
1 þ 2F0

LL;

BR
1 → B̂R

1 ¼ BR
1 þ 2F0

RR;

BL
2 → B̂L

2 ¼ BL
2 þ F0

LR;

BR
2 → B̂R

2 ¼ BR
2 þ F0

RL; ð73Þ

with

F0
LL ¼ F0

LZ
0a
L

M2
Z0

; F0
RR ¼ F0

RZ
0a
R

M2
Z0

;

F0
LR ¼ F0

LZ
0a
R

M2
Z0

; F0
RL ¼ F0

RZ
0a
L

M2
Z0

: ð74Þ

In our case many of the form factors vanish. The relevant
penguin diagrams are listed in Fig. 4.

Photon penguins.—The dipole form factors are the same as
in the l → laγ case and for those terms we can setQ2 ¼ 0,
since Q2 is small in these processes. The form factors FL;R

are linear in Q2 and we neglect terms of order m2
l=M

2,
which means that FR ≃ 0. The contribution of diagrams
with X bosons is

Fγ
LjX ¼ αW

4π
ð1 − δ2νÞ

X
i

Vlai�VilGXðxiÞ; ð75Þ

where

FIG. 4. Relevant triangle and self-energy diagrams for l →
lklal̄b decays, where Vm ¼ X, W, and Sm ¼ x;ϕ.
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GXðxÞ ¼ −
1

2
þ B̄1 þ 6C̄00 þ x

�
1

2
B̄1 þ C̄00 −M2

XC̄0

�

−Q2

�
2C̄1 þ

1

2
C̄11

�

¼ ΔX þ Q2

M2
X
Gð1Þ

X ðxÞ þO
�
Q2

M4
X

�
; ð76Þ

where (ΔW is defined analogously below)

ΔX ¼ 2

ϵ
− γE þ logð4πÞ − log

�
M2

X

μ2

�

¼ Δϵ − log

�
M2

X

μ2

�
; ð77Þ

diverges in four dimensions.
The terms that are not proportional toQ2 are canceled by

GIM mechanism, therefore the contribution to the form
factor is [27]

GXðxÞ ¼
Q2

M2
X
Gð1Þ

X ðxÞ þO
�
Q4

M4
X

�
; ð78Þ

Gð1Þ
X ðxÞ ¼ −

5

18
þ xð12þ x − 7x2Þ

24ð1 − xÞ3

þ x2ð12 − 10xþ x2Þ
12ð1 − xÞ4 log½x�: ð79Þ

Then, the contributions of the X-diagrams is

Fγ
LjX ¼ αW

4π

Q2

M2
X
ð1 − δ2νÞ

X
i

Vlai�
l Vil

l G
ð1Þ
X ðxiÞ: ð80Þ

The W-based diagrams contribute with [27]

Fγ
LjW ¼ αW

4π
δ2ν
X
i

Vlai�VilGWðxi=ωÞ; ð81Þ

where

GWðxÞ ¼
1

2
− B̄1 − 6C̄00 þ

M2
N

M2
W

�
C̄00 þ

1

2
B̄þM2

WC̄0

�

¼ −ΔW þ Q2

M2
W
Gð1Þ

W ðxÞ þO
�
Q2

M4
W

�
; ð82Þ

Gð1Þ
W ðxÞ¼−

1

6
−
xð−2þ7x−11x2Þ

72ð1−xÞ3 þ x4

12ð1−xÞ4 log½x�; ð83Þ

i.e.,

Fγ
LjW ¼ αW

4π

Q2

M2
W
δ2ν
X
i

Vlai�
l Vil

l G
ð1Þ
W ðxi=ωÞ: ð84Þ

Z penguins.—In this case there are three pieces; two of
them involve only heavy neutrinos in the loop (FZ

LjX,
FZ
LjW), and the third contains one heavy and one light

neutrino (FZ
Ljhl), with either gauge boson,

FZ
L ¼ FZ

LjX þ FZ
LjW þ FZ

Ljhl: ð85Þ

Again we neglect m2
l=M

2 terms. The Z dipole form
factors FZ

M;E (which are chirality flipping) can be
neglected as compared to FZ

L. The X-based diagrams result
in [27]

FZ
LjX ¼ αW

4π

1

cWsW

X
i

Vlai�Vil

×

�
cWδZffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p IXðxiÞ þ δ2νHXðxiÞ
�
; ð86Þ

where

IXðxÞ ¼
6x − x2

2ð1 − xÞ þ
8x

2ð1 − xÞ2 log½x�;

HXðxÞ ¼
x
4
þ x
4ð1 − xÞ log½x�: ð87Þ

The W-boson diagrams give the following contri-
bution [27],

FZ
LjW ¼ αW

4π

δ2ν
cWsW

X
i

Vlai�Vil

�
−c2WHWðxi=ωÞ

þ δ2ν
ð2þ ð1 − t2WÞt2βÞ

8
IWðxi=ωÞ

þ
�
−
s2W
2

þ ð1 − 2s2WÞ2t2βδ2ν
8c4W

�
RWðxi=ωÞ

�
; ð88Þ

where (the RW contribution turns out to be negligible)

HWðxÞ ¼
1

8
þ 5x
4ð1 − xÞ þ

5x2

4ð1 − xÞ2 log½x�;

IWðxÞ ¼ −
2x2 þ 3x
2ð1 − xÞ −

x2

ð1 − xÞ2 log½x�;

RWðxÞ ¼
x

4ð1 − xÞ þ
x2

2ð1 − xÞ2 log½x�: ð89Þ
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Diagrams where the Z couples one heavy to one light
neutrino contribute with [27]

FZ
Ljhl ¼

αW
4π

δ2ν
sWcW

ΣiVlai�Vil½Ĉ00ðM2
W; 0; xi=ωÞ

− Ĉ00ðM2
X; 0; xiÞ�;

¼ αW
4π

δ2ν
sWcW

ΣiVlai�Vil½HZðxi=ωÞ −HZðxiÞ�; ð90Þ

where

HzðxÞ ¼
x log½x�
4ð1 − xÞ : ð91Þ

Z0 penguins.—Here we have two contributions,

FZ0
L ¼ FZ0

L jX þ FZ0
L jW; ð92Þ

where there is no piece analogous to FZ
Ljhl since the Z0 has

an additional v2=f2 suppression from its propagator that
makes those terms subleading. The form factors read [27]

FZ0
L jX ¼ αW

4π

1

sW
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p X
i

Vlai�VilIXðxiÞ; ð93Þ

FZ0
L jW ¼ αW

8π

δ2ν

sW
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − t2W

p X
i

Vlai�Vil

�
IWðxi=ωÞ

þ ð1 − 2s2WÞ
c2W

RWðxi=ωÞ
�
; ð94Þ

where IX, IW , and RW are defined in Eqs. (87) and (89). We
note that the pieces with a ð1 − 2s2WÞ prefactor are numeri-
cally suppressed and can be neglected.

Box diagrams.—OnlyW and X particles can be involved in
the loop (see Fig. 5). Crossed diagrams (not shown in the
figure) contribute a factor of 2 due to Fierz identities [71].
In the limit of zero external momenta (all internal masses
are much larger than the muon or tau mass) all of them have
the same form (being proportional to a scalar integral over
the internal momentum).
Neglecting ml=M, we have contributions only to the BL

1

form factor, divided in three terms,

BL
1 ¼ BLjX þ BLjW þ BLjWX; ð95Þ

where (only the numerically relevant terms below were
quoted in Ref. [27] as it happens in other box contributions),

BL
1 jW ¼ αW

8π

δ4ν
s2W

1

M2
W

X
ij

χij

��
1þ xixj

4ω2

�
d̃0ðxi=ω; xj=ωÞ

þ 2xixj
ω2

d0ðxi=ω; xj=ωÞ
�
; ð96Þ

BL
1 jX ¼ αW

8π

ð1 − 2δ2νÞ
s2W

1

M2
X

X
ij

χij

��
1þ xixj

4

�
d̃0ðxi; xjÞ

− 2xixjd0ðxi; xjÞ
�
; ð97Þ

BL
1 jWX ¼ αW

8π

δ2ν
s2W

1

M2
W

X
ij

χijxixj

�
1

2
d̃0ðω; xi; xjÞ

− 2d0ðω; xi; xjÞ
�
; ð98Þ

and

χij ¼ Vlai�ViljVjla j2 ð99Þ

encodes all flavor mixing.

3. l → lklal̄a decays

Now, we analyze the same-sign category, i.e., the decays
of the form lðpÞ → lkðp1Þlaðp2Þl̄aðp3Þ. We note that in
this case the amplitude has no crossed penguin diagrams
contributions due to swapping lk and la because it will be
a two-loop process. Therefore, the amplitude for the same-
sign decays has no p1 ↔ p2 term in Eq. (69). However, for
the box amplitudes there are additional diagrams for
swapping lk and la. Furthermore, now there is no
symmetry factor of 1=2 in the phase space integration
because all three final leptons are distinguishable. The final
decay width can be written as [20]

FIG. 5. Relevant box diagrams for l → lklal̄b decays.
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Γðl → lklal̄aÞ ¼
α2m5

l

96π

�
2ðjAL

1 j2 þ jAR
1 j2Þ − 4ðAL

1A
�R
2 þ AL

2A
�R
1 þ H:c:Þ

þ 4ðjAL
2 j2 þ jAR

2 j2Þ
�
4 log

�
ml

mla

�
− 7

�
þ jFLLj2 þ jFRRj2 þ jFLRj2 þ jFRLj2

þ jB̂L1j2 þ jB̂R1j2 þ jB̂L2j2 þ jB̂R2j2 þ
1

4
ðjBL3j2 þ jBR3j2Þ þ 12ðjBL4j2 þ jBR4j2Þ

þ ðAL
1F

�
LL þ AR

1F
�
RR þ AL

1F
�
LR þ AR

1F
�
RL þ H:c:Þ − 2ðAR

2F
�
LL þ AL

2F
�
RR þ AR

2F
�
LR þ AL

2F
�
RL þ H:c:Þ

þ ðAL
1 B̂

L�
1 þ AR

1 B̂
R�
1 þ AL

1 B̂
L�
2 þ AR

1 B̂
R�
2 þ H:c:Þ − 2ðAR

2 B̂
L�
1 þ AL

2 B̂
R�
1 þ AL

2 B̂
R�
2 þ AR

2 B̂
L�
2 þ H:c:Þ

þ ðFLLB̂
L�
1 þ FRRB̂

R�
1 þ FLRB̂

L�
2 þ FRLB̂

R�
2 þ H:c:Þ

�
; ð100Þ

with the same simplifying definitions as in Eqs. (72) and
(74). However the redefinitions of the box form factors are
almost the same that in the Eq. (73) but, in this case we use

BL
1 → B̂L

1 ¼ BL
1 þ F0

LL;

BR
1 → B̂R

1 ¼ BR
1 þ F0

RR;

BL
2 → B̂L

2 ¼ BL
2 þ F0

LR;

BR
2 → B̂R

2 ¼ BR
2 þ F0

RL: ð101Þ

As in the example above many of the form factors are
zero so the decay width will be simplified. These decays
receive contributions from the penguin diagrams in Fig. 4.
We take the following approximations,

m2
l

M2
X
¼ m2

l

M2
W
¼ m2

lk

M2
X
¼ m2

lk

M2
W
¼ 0; ð102Þ

which means that the form factor in Eqs. (75)–(94) are the
same in this category, also the dipole form factors are the
same. On the other hand, the contributions from four-point
form factors can be written in the generic form [20],

F 4 ¼
X
ij

χllklala
ij F4ðMNi

;MNj
;…Þ; ð103Þ

where we have defined the flavor-mixing coefficients,

χllklalaij ¼ Vlki�ViljVjla j2 þ Vlai�VilVlkj�Vjla ; ð104Þ

and the second term exchanges lk and la. Thus, the box
form factors contributing in this category are represented in
Fig. 5,

BL
1 jX ¼ αW

16π

ð1 − 2δ2νÞ
s2WM

2
X

X
ij

χllklalaij

��
1þ xixj

4

�
d̃0ðxi; xjÞ

− 2xixjd0ðxi; xjÞ
�
; ð105Þ

BL
1 jW ¼ αW

16π

δ4ν
s2W

1

M2
W

X
ij

χllklalaij

��
1þxixj

4ω2

�
d̃0ðxi=ω;xj=ωÞ

þ2xixj
ω2

d0ðxi=ω;xj=ωÞ
�
; ð106Þ

BL
1 jWX ¼ αW

16π

δ2ν
s2WM

2
W

X
ij

χllklala
ij xixj

�
1

2
d̃0ðω; xi; xjÞ

− 2d0ðω; xi; xjÞ
�
: ð107Þ

Another difference between these box form factors and
those given in Eqs. (96)–(98) is that here we do not have
crossed diagrams, so no factor of 2 comes from the Fierz
identities.

4. l → lalal̄b decays

In the category of wrong-sign decays we have the double-
flavor violating three-body process: lðpÞ → laðp1Þ
laðp2Þl̄bðp3Þ, in this case the amplitude does not receive
contributions from the three-point form factors,8 the box
contributions on the other hand are the same that in same-
flavors category. The total decay width is [20]

Γðl→ lalal̄bÞ ¼
α2m5

l

192π

�
jBL

1 j2 þ jBR
1 j2 þ 2ðjBL

2 j2 þ jBR
2 j2Þ

þ 1

4
ðjBL

3 j2 þ jBR
3 j2Þ þ

1

36
ðjBL

4 j2 þ jBR
4 j2Þ

− 3ðBL
3B

�L
4 þBR

3B
�R
4 þH:c:Þ

�
; ð108Þ

as in the previous cases, many of the form factors are zero.
These kind of processes can receive contributions from box
diagrams that conserve lepton number as in Fig. 5 and

8Contributions of Z, Z0, and γ penguin diagrams start at
2 loops.
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diagrams with explicit lepton number violation (LNV), but
in our setting we cannot construct box diagrams with LNV
vertices because we lack Majorana particles for these
contributions. The relevant box form factors are almost
the same that in Eqs. (96)–(98) but the flavor mixing
coefficient now differs,

χllalalb ¼ Vlai�VilVlaj�Vilb : ð109Þ

Then, the box form factors are

BL
1 jW ¼ αW

8π

δ4ν
s2W

1

M2
W

X
ij

χllalalb

��
1þ xixj

4ω2

�
d̃0ðxi=ω; xj=ωÞ

þ 2xixj
ω2

d0ðxi=ω; xj=ωÞ
�
; ð110Þ

BL
1 jX ¼ αW

8π

ð1 − 2δ2νÞ
s2WM

2
X

X
ij

χllalalb
��

1þ xixj
4

�
d̃0ðxi; xjÞ

− 2xixjd0ðxi; xjÞ
�
; ð111Þ

BL
1 jWX ¼ αW

8π

δ2ν
s2W

1

M2
W

X
ij

χllalalbxixj

�
1

2
d̃0ðω; xi; xjÞ

− 2d0ðω; xi; xjÞ
�
: ð112Þ

In the wrong-sign decays there is a mixing of the three
families in the flavor coefficients, unlike in the same-
flavors and same-sign decays where only two families of
leptons are mixing.

5. μ− e conversion in nuclei

As we have already said μ − e nuclei conversion is
similar to μ → eeē and differs only in that the lower part of
the diagrams is coupled to quarks. It does not have crossed
penguin and box diagrams because we have a coherent sum
of quarks composing the probed nucleus. Also, we do not
have identical particles in the final state. We will write the
amplitudes as follows [27]:

Mγpeng ¼ −
e2

Q2
ūlaðp1Þ½Q2γμðAL

1PL þ AR
1PRÞ þ imlσ

μνQνðAL
2PL þ AR

2PRÞ�ulðpÞūqðp2ÞQqγμvqðp3Þ;

MZpeng ¼
e2

M2
Z
ūlaðp1Þ½γμðFLPL þ FRPRÞ�ulðpÞūqðp2ÞγμðZq

LPL þ Zq
RPRÞvqðp3Þ;

MZ0peng ¼
e2

M2
Z0
ūla

ðp1Þ½γμðF0
LPL þ F0

RPRÞ�ulðpÞūqðp2ÞγμðZ0q
LPL þ Z0q

RPRÞvqðp3Þ;

Mq
box ¼ e2BL

1qūlaðp1ÞγμPLulðpÞūqðp2ÞγμPLvqðp3Þ: ð113Þ

We have already taken into account that the only nonzero
form factor is BL

1 due to the fact that the SLH couplings are
primarily left-handed. This gives for the corresponding
conversion width in a nucleus with Z protons and N
neutrons [27]

ΓðμN → eNÞ ¼ α5
Z4
eff

Z
jFðqÞj2m5

μj2ZðAL
1 − AR

2 Þ
−ð2Z þ NÞB̄L

1u − ðZ þ 2NÞB̄L
1dj2; ð114Þ

where Zeff is the nucleus effective charge for the lepton
l and FðqÞ the associated form factor. The vertex form
factors are as for l → lalal̄a and were given in (70). We
have also defined

B̄L
1q ¼ BL

1q þ
ðZq

L þ Zq
RÞFL

M2
Z

þ ðZ0q
L þ Z0q

RÞF0
L

M2
Z0

; ð115Þ

to include the contributions from the Z0 penguins. In the
case of muons the conversion rate is obtained by dividing
by the muon capture rate

R ¼ Γðμ → eÞ
Γcapt

: ð116Þ

The nuclei we will consider are 22
48Ti and

79
197Au, whose

relevant parameters are listed in Table X.
Only the box form factors need to be recalculated and

these are, of course, embedding dependent. We stress that
we neglect any quark-mixing effect for simplicity.

TABLE X. Relevant input parameters for the nuclei under study
(see Refs. [72,73]).

Nucleus Z N Zeff FðqÞ Γcapt [GeV]
22
48Ti 22 26 17.6 0.54 1.7 × 10−18

79
197Au 79 118 33.5 0.16 8.6 × 10−18
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In this approximation, only diagrams with aD quark appear in the anomaly free embedding while only diagrams with aU
quark are included for the universal embedding. Diagrams proportional to ω and with light quarks appear in both
embeddings but will be found to be a subleading contribution.
In the anomaly free embedding we obtain [27]

BL
1um

jX ¼ αW
16π

ð1 − δ2νÞ
s2WM

2
X

X
i

Vlai�Vil

�
−
�
4þ xDm

xi
4

�
d̃0ðxi; xDm

Þ þ 2xixDm
d0ðxi; xDm

Þ − 4jδdm j2d̃0ðxi; xdmÞ
�
;

BL
1um

jW ¼ αW
16π

δ2ν
s2WM

2
W

X
i

Vlai�Vil

�
−jδdm j2

�
4þ xDm

xi
4ω2

�
d̃0ðxi=ω; xDm

=ωÞ − 4d̃0ðxi=ω; xdm=ωÞ

þ xixDm

ω2
ðδ2dm þ δ�2dmÞd0ðxi=ω; xDm

=ωÞ
�
;

BL
1um

jXW ¼ αW
16π

ð1 − δ2νÞ
s2W

1

M2
W

X
i

Vlai�Vil

�
−δνðδdm þ δ�dmÞxDm

xi

�
d0ðω; xi; xDm

Þ − d̃0ðω; xi; xDm
Þ

4

�

þ ωδνðδdm þ δ�dmÞ½4ðd̃0ðω; xi; xDm
Þ − d̃0ðω; xi; xdmÞÞ − xixDm

d0ðω; xi; xDm
Þ�
�
; ð117Þ

BL
1dm

¼ 0: ð118Þ

In the universal embedding we find [27]

BL
1um

¼ 0; ð119Þ

BL
1dm

jX ¼ αW
16π

ð1 − δ2νÞ
s2WM

2
X

X
i

Vlai�Vil

��
1þ xUm

xi
4

�
d̃0ðxi; xUm

Þ − 2xixUm
d0ðxi; xUm

Þ þ jδum j2d̃0ðxi; xumÞ
�
;

BL
1dm

jW ¼ αW
16π

δ2ν
s2WM

2
W

X
i

Vlai�Vil

�
jδum j2

�
1þ xUm

xi
4ω2

�
d̃0ðxi=ω; xUm

=ωÞ þ d̃0ðxi=ω; xum=ωÞ

þ xixUm

ω2
ðδ2um þ δ�2umÞd0ðxi=ω; xUm

=ωÞ
�
;

BL
1dm

jXW ¼ αW
16π

ð1 − δ2νÞ
s2W

1

M2
W

X
i

Vlai�Vil

�
−δνðδum þ δ�umÞxUm

xi

�
d0ðω; xi; xUm

Þ − d̃0ðω; xi; xUm
Þ

4

�

þ ωδνðδum þ δ�umÞðd̃0ðω; xi; xumÞ − d̃0ðω; xi; xUm
Þ þ xixUm

d0ðω; xi; xUm
ÞÞ
�
; ð120Þ

with

xDm
¼ M2

Dm
=M2

X; xUm
¼ M2

Um
=M2

X;

xdm ¼ m2
dm
=M2

X; xum ¼ m2
um=M

2
X: ð121Þ

6. l− τ conversion in nuclei

The study of l − τ conversion differs from the well-
known μ − e case. The latter is a low-energy process, while
the former could be probed via a deep inelastic scattering
(DIS) of the initial lepton beam. In a DIS the leptons
break the nucleons inside the atomic nuclei and interact
with the partons (quarks and gluons) leading to any
hadronic final state; thus we are only interested in the

lþN ðA; ZÞ → τ þ X case where X could be any hadrons
on which we do not focus. One important piece in this
analysis corresponds to the parton distribution functions
(PDFs) encoding the low-energy nonperturbative QCD
effects. Thus, perturbative effects (σ̂) and the long-distance
contributions (H) are splitted, via QCD factorization
theorems, in the following way,

σl−τ ¼ σ̂ ⊗ H: ð122Þ

Such oversimplified form of the convolution cannot hold
because σl−τ depends on all partons inside the nucleons, so
this calculation is correct up to some scale, which is usually
taken as Q2 ¼ −q2 where q2 is the momentum transfer of
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the process. In addition, PDFs are characterized by the
Lorentz invariant quantity ξ, which represents the fraction
of the momentum carried by the interacting parton.
Considering both quantities, one should write

σl−τ ¼ σ̂ðξ; Q2Þ ⊗ Hðξ; Q2Þ: ð123Þ

In this work we are dealing with heavy nuclei (Fe and
Pb) and as pointed out in Ref. [74], binding effects alter the
long-distance behavior at different ξ scales. To account for
this, we use the fit of the nuclear parton distribution
functions provided by the NCTQ15 project [75] which
is incorporated in the ManeParse Mathematica package
[76]. Also, to consider the running of the quark masses with
the scale Q2 we incorporate the RunDec Mathematica
package [77]. The perturbative cross sections are (no
contribution from gluons arises at lowest order in the
SLH and there are no quark FCNCs in our setting) [50]

d2σ̂ðlqiðξPÞ → τqiÞ
dξdQ2

¼ 1

16πλðsðξÞ; m2
l; m

2
i Þ
jMqqðξ; Q2Þj2;

d2σ̂ðlq̄i → τq̄iðξPÞÞ
dξdQ2

¼ 1

16πλðsðξÞ; m2
l; m

2
i Þ
jMq̄ q̄ðξ; Q2Þj2;

ð124Þ

where pi ¼ ξP is the fraction of the nucleus total momen-
tum P carried by the parton, thus we consider m2

i ¼ ξ2M2.
It is necessary to add the same processes but with
antiquarks because the cross section and the nonperturba-
tive behavior is not the same in both cases. The total cross
section can be expressed as the sum of the cross section
over the nucleons of the nuclei [52],

σðlþ ðA; ZÞ → τ þ XÞ ¼ Zσðlþ p → τ þ XÞ
þ ðA − ZÞσðlþ n → τ þ XÞ;

ð125Þ

where the nucleon cross section is [50,52]

σðlþN → τþ XÞ

¼
X
i

Z
1

ξmin

Z
Q2

þðξÞ

Q2
−ðξÞ

dξdQ2

�
d2σ̂ðlqiðξPÞ→ τqiÞ

dξdQ2
Hqiðξ;Q2Þ

þ d2σ̂ðlq̄i → τq̄iðξPÞÞ
dξdQ2

Hq̄iðξ;Q2Þ
�
; ð126Þ

where Hqiðξ; Q2Þ and Hq̄iðξ; Q2Þ are the quark and anti-
quark PDFs, respectively, and nuclear targets under consid-
eration are Fe with A ¼ 56, Z ¼ 26, and Pb with A ¼ 207,
Z ¼ 82. The integration limits can be found in Ref. [50].
Penguin form factors (quarks and antiquarks) are the
same than for the μ − e conversion and quark box form
factors are computed from the Feynman diagrams in
Fig. 6 (for antiquarks we need to invert the lower fermion
line). Quark box form factors are the same than in
Eqs. (117)–(121), and the antiquark box form factors can
be obtained from those equations as well. When we invert
the lower fermion line we exchange the diagrams for the
different embeddings; quark diagrams in the anomaly free
(universal) embedding are then related to antiquark diagrams
in the universal (anomaly free) embedding; therefore, we
need to change fum;Umg ↔ fdm;Dmg in those equations
(and the overall mixing coefficient, so that it corresponds to
l → τ transitions), to get the antiquark box form factors.
Again, diagrams with light quarks and those which are
proportional to ω give subleading corrections. The squared
amplitude can be computed from Eq. (113), leading to the
result [we use the Mandelstam variables s ¼ ðpl þ piÞ2,
t ¼ ðpl − pτÞ2 ¼ −Q2, u ¼ ðpi − pτÞ2],

FIG. 6. Relevant box diagrams for lN → laN conversion where
VnðSnÞ ¼ X;Wðx;ϕÞ, umðdmÞ ¼ u; cðd; sÞ and UmðDmÞ ¼
U;CðD; SÞ.
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jMqqðξ;Q2Þj2 ¼ −
4e4Q2

q

ðQ2Þ2
�
ðQ2Þ2jAL1j2½2mqξMðm2

l þm2
τ þQ2Þ þ ðm2

τ þ ξ2M2 þQ2 − sÞðm2
τ þ ξ2M2 − uÞ

þ ðm2
l þ ξ2M2 − sÞðm2

l þ ξ2M2 þQ2 − uÞ� þ jAR2j2m2
l

2
½ðm2

l þm2
τ þQ2Þ2ðξ2M2 þm2

q þQ2 − 2ξMmqÞ
þ 4m2

lðξ2M2 þm2
τ − uÞðξ2M2 þm2

l þQ2 − uÞ
þ ðm2

l þm2
τ þQ2Þ½ðm2

l þm2
τÞð6ξMmq − ξ2M2 −m2

q −Q2Þ− ðs−m2
l þm2

τ − uÞðs−m2
τ þm2

l − uÞ�
þ 4m2

τ ½ðs−m2
l − ξ2M2Þðs−m2

τ − ξ2M2 −Q2Þ− 4ξMmqm2
l��

þm2
lQ

2

2
ðAL1A�

R2 þ AR2A�
L1Þ½ð6ξMmq − ξ2M2 −m2

q −Q2Þðm2
l þQ2 −m2

τÞ

þ ðu− ξ2M2 −m2
l −Q2Þðs−m2

l − 3ξ2M2 − 2m2
τ þ 2uÞ þ ðs− ξ2M2 −m2

τ −Q2Þðu − ξ2M2 −m2
τÞ�
�

− 4e4½jB̂q
L1j2ðξ2M2 þm2

l − sÞðξ2M2 þm2
l þQ2 − uÞ þ jB̂q

L2j2ðξ2M2 þm2
τ − uÞðξ2M2 þm2

τ þQ2 − sÞ
þ ξMmqðm2

l þm2
τ þQ2ÞðB̂q

L1B̂
q�
L2 þ B̂q

L2B̂
q�
L1Þ�

þ 4e4QqðAL1B̂
q�
L2 þ B̂q

L2A
�
L1Þ½ðξ2M2 þm2

τ þQ2 − sÞðξ2M2 þm2
τ − uÞ þ ξMmqðm2

l þm2
q þQ2Þ�

þ 4e4QqðAL1B̂
q�
L1 þ B̂q

L1A
�
L1Þ½ðξ2M2 þm2

l þQ2 − uÞðξ2M2 þm2
l − sÞ þ ξMmqðm2

l þm2
q þQ2Þ�

−
e4Qqm2

l

Q2
ðAR2B̂

q�
L2 þ B̂q

L2A
�
R2Þ½ðm2

l þQ2 −m2
τÞðξ2M2 þm2

q þQ2 − 6ξMmqÞ− 4Q2ðsþm2
τÞ

þ ðu−m2
τ − ξ2M2Þðξ2M2 þ 2m2

τ þQ2 þ sþ 2uÞ þ 3ðsþ u− ξ2M2Þðξ2M2 þm2
τ þQ2 − uÞ

þ uðξ2M2 þm2
τ þQ2 − uÞ þm2

τðsþ u−m2
τ −m2

l − ξ2M2Þ þm2
lðm2

l þQ2 þ u−m2
τ − sÞ�

þ e4Qqm2
l

Q2
ðAR2B̂

q�
L1 þ B̂q

L1A
�
R2Þ½−ðm2

l þQ2 þm2
τÞðξ2M2 þm2

q þQ2 − 6ξMmqÞ

þ ðξ2M2 þm2
τ − uÞðξ2M2 þ 2m2

l −m2
τ þQ2 þ s− 2uÞ þ 3ðξ2M2 þm2

l − sÞðξ2M2 þm2
l þQ2 − uÞ

þ 2m2
τðξ2M2 þm2

q þQ2 − 6ξMmqÞ�; ð127Þ

where

B̂q
L1 ¼ Bq

L1 þ Fq
LL þ F0q

LL; B̂q
L2 ¼ Fq

LR þ F0q
LR: ð128Þ

To find the squared amplitude for antiquarks we only
replace s ↔ u in Eq. (127). We note that the dominant
contributions come from the jB̂q

L1;2j2 terms.

IV. NUMERICAL RESULTS

In this section we show and discuss the numerical results
of our 16 LFV processes exposed above. The first step is
setting the range for the free parameters of SLH model; f,
tβ, MNi

, δν, Vli, and δq, as we show in the following.
Dependence of the μ → e observables on these parameters
is studied in detail in Ref. [17] for the case of two heavy
neutrinos. Approximate cancellations between the γ þ Z
penguins and box contributions were already noted in this
reference (for μ → e transitions). These effects strongly
depend on the specific region in the parameter space of the

SLH model and, because of that, we will not dwell into
them here.
The scale of compositeness, f, can be estimated through

the direct search of Z0 bosons at LHC [78], where the lower
limit is set as [79] f ≳ 7.5 TeV at 95% confidence level.
Following the analysis given in Ref. [80] we fix the upper
limit f ≲ 85 TeV. Above these energies, SLH loses
consistency.
The ratio of the two VEVs tβ ¼ f1=f2 is another

important free parameter of this model. A perturbative
unitarity analysis [80] binds 1 ≤ tβ ≤ 9. For small f
[10 ≤ fðTeVÞ ≤ 20], tβ can vary freely in this interval,
while for 20 ≤ fðTeVÞ ≤ 80, the approximate relation
tβ ¼ 2

15
fðTeVÞ − 25

15
holds.

Heavy neutrinos are responsible for the LFV lepton
decays, however these “little” neutrino masses are
unknown. We will, nevertheless, follow Ref. [29] and take
the ratios involving them as 0.1 ≤ x1 ≤ 0.25, 1.1x1 ≤
x2 ≤ 10x1, 1.1x2 ≤ x3 ≤ 10x2 (we remind that xi depends
quadratically on the Ni mass), where we include the cases
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of a small splitting x2 ¼ 1.1x1 and a large one x2 ¼ 10x1
(analogously for x3).
The mixing of the “little” and light neutrino of the same

family is encapsulated in δν and, according to data, δν ≲
0.05 [27,81,82], that we will take.
We do not have any information of the mixing matrix

Vli between charged leptons and “little” neutrinos, which
can be parameterized in the standard form [36].
According to Ref. [29], we have scanned over −1 ≤ sij ≤
1 ensuring the low-energy restrictions and, in addition,
we assumed for simplicity CP conservation (phase in Vli

set to zero).
Finally, the mixing between the heavy quarks and the

corresponding SM quarks is parameterized by the δq
parameters. We follow the arguments of Ref. [15] and
assume that the mixing effects are suppressed in the down-
quark (up-quark) sector for the anomaly free (universal)
embedding in the tβ > 1 regime, so it implies: δq ¼ ∓δν,

where the upper sign is for the anomaly free (q ¼ D, S) and
the lower sign is for the universal embedding (q ¼ U, C).
We also follow the proposal of Ref. [27] and take the
reference values for the ratios of heavy quark masses
as xU ¼ xD ¼ xC ¼ xS ≡ 1.
As we have already mentioned, there are still no

experimental limits for l − τ conversion, but if we consider
the expected sensitivity of NA64 experiment we can
express the conversion probability as the ratio [52]

R ¼ σðlþ N → τ þ XÞ
σðlþ N → lþ XÞ ∼ 10−13 − 10−12; ð129Þ

where the denominator is the dominant contribution to the
inclusive lþ N processes due to the bremsstrahlung of
leptons off nuclei [52]

FIG. 7. Scatter plots for l → l0γ and some l → 3l0
decays. (a) BRðμ → eγÞ vs. BRðμ → eeēÞ; BRðτ → eγÞ and
(b) BRðτ → eeēÞ vs. BRðτ → μμēÞ; BRðτ → μeēÞ.

FIG. 8. Scatter plots for l → 3l0 decays and l → l0 nuclei
conversion. (a) BRðτ → eeēÞ vs. BRðτ → eeμ̄Þ; BRðτ → eμμ̄Þ
and (b) BRðμ → eeēÞ vs. Rðμ → e∶TiÞ; Rðμ → e∶AuÞ.
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σðeþ Fe → eþ XÞ ¼ 0.129 × 105 GeV−2;

σðμþ Fe → μþ XÞ ¼ 0.692 GeV−2;

σðeþ Pb → eþ XÞ ¼ 1.165 × 105 GeV−2;

σðμþ Pb → μþ XÞ ¼ 6.607 GeV−2: ð130Þ

As representative energy for the initial electron or muon
beam we take Ee ¼ 100 GeV and Eμ ¼ 150 GeV. We do
the analysis within a Monte Carlo simulation with all
channels sharing the free parameters enumerated above. In
the Table XI we summarize our mean values, the present
experimental bounds [36], and the future expected sensi-
tivities (whose values were taken from Ref. [83] and
references therein).
In the case of muon decays, our results are below the

experimental limit by one (μ → eγ) and three (μ → 3e)
orders of magnitude, the mean values of nuclei conversion
in both embeddings are below the upper bounds by one or

two orders of magnitude. For the case of Au nuclei
conversion in the universal embedding our mean value is
only a factor ∼7 below the experimental limit.
We turn now to LFV transitions involving the tau flavor.

For the cases of τ → lγ (l ¼ e, μ), same flavor and same
sign decays, our results are below the experimental limits by
four orders of magnitude (not for wrong sign decays, which
are six orders of magnitude further suppressed). For the case
of l − τ conversion, we find that the mean values with
electrons are too small for the expected sensitivity of the
NA64 experiment. However, the analogous processes with
muons are only slightly below their forecasted sensitivity,
and in principle could be tested with future experiments.
From these results we verify that muon physics is the best

candidate to test LFV; our mean values are of the same order
(μ → eγ) or higher (μ → 3e, μTi → eTi) than the future
sensitivity and will set the strongest limits. For tau decays,
our mean values are still below the future sensitivity and
only next generations of B factories could be able to search

FIG. 9. Scatter plots for μ → 3e and μ → e nuclei conver-
sion. (a) BRðμ → eeēÞ vs. Rðμ → e∶TiÞ; Rðμ → e∶AuÞ
and (b) Rðμ → e∶TiÞ vs:Rðμ → e∶AuÞ.

FIG. 10. Scatter plots for BRðτ → μμμ̄Þ vs. Rðμ → τ∶FeÞ and
Rðμ → τ∶PbÞ (a) Anomaly free embedding and (b) Universal
embedding.
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for them, according to the SLH model. Still, μ → τ
conversion in nuclei appears promising as a discovery tool
to first measure LFV involving the tau flavor. Consequently,
it can play a significant role in characterizing the underlying
new physics causing charged LFV, as can be checked from
the correlations amid processes that we discuss next.
We show in Figs. 7–9 a selected set of scatter

plots comparing the different processes. Figure 7(a) plots
BRðμ → eγÞ vs. BRðμ → eeēÞ, which are moderately
correlated. A similar, though softened, trend is observed
in the accompanying figure BRðμ → eγÞ vs. BRðτ → eγÞ
(despite they differ in the flavor coefficients). Figures 7(b)
and 8(a) should be understood together. In these plots, we
show the correlation between same flavor decay against the
same sign and wrong sign decays, respectively. We see that
BRðτ → eeēÞ keeps a big correlation with BRðτ → eμμ̄Þ
and the opposite happens with BRðτ → μeēÞ. This is
also caused by the corresponding flavor coefficients, as
expected. The comparison between same flavor and wrong
sign decays is quite different, becausewrong sign are decays
with only box contributions, so no correlation is expected in
those plots [however, the lower panel of Fig. 8(a) exhibits a
small one, albeit this will be very challenging to probe,
given the big suppression of the wrong-sign decays in our
setting]. We do not show other analogous plots including,
for instance, the τ → 3μ decay.
In Figs. 8(b) and 9(a) we show the scatter plot for the

BRðμ → 3eÞ against Rðμ → eÞ nuclei conversion. The
result for Ti and Au nuclei are almost the same, and in
general the outcome for both embeddings is very similar.
However, results for nuclei conversion in Ti show a bigger
correlation than the results for Au, being the dependence
stronger in the anomaly free embedding. Figure 9(b) shows

the comparison of nuclei conversion in both embeddings

(which is the reason why we draw the x-axis in both plots).

Our results are alike in both, with stronger correlation in the

universal embedding.
The scatter plots in Fig. 10 show the comparison of

BRðτ → 3μÞ with μ → τ nuclei conversion, the general
behavior in both embeddings is the same, but small
differences lie in the nonperturbative behavior of quarks
and antiquarks inside the heavy nuclei under consideration.
However, as we can see in Table XI these differences are
negligible in the expected probabilities. Again, the strongest
correlations are found in the universal embedding. Finally,
the scatter plot in Fig. 11 compares the μ → τ conversion
in both embeddings. We see a perfect correlation in the
anomaly free embedding that is a bit degraded for the
universal case. We do not show analogous correlations

TABLE XI. Mean values of branching ratios and conversion rates (where AF stands for anomaly free embedding
and U stands for universal embedding) against current upper limits at 90% confidence level and future sensitivities.

LFV decays Experimental limits Our mean values Future sensitivity

μ → eγ 4.2 × 10−13 2.1 × 10−14 6 × 10−14

μ → eeē 1.0 × 10−12 5.7 × 10−15 10−16

τ → eγ 3.3 × 10−8 5.6 × 10−12 3 × 10−9

τ → μγ 4.4 × 10−8 2.3 × 10−12 10−9

τ → eeē 2.7 × 10−8 3.2 × 10−12 ð2 − 5Þ × 10−10

τ → μμμ̄ 2.1 × 10−8 1.6 × 10−12 ð2 − 5Þ × 10−10

τ → eμμ̄ 2.7 × 10−8 2.1 × 10−12 ð2 − 5Þ × 10−10

τ → μeē 1.8 × 10−8 1.0 × 10−12 ð2 − 5Þ × 10−10

τ → μμē 1.7 × 10−8 3.8 × 10−18 ð2 − 5Þ × 10−10

τ → eeμ̄ 1.5 × 10−8 5.6 × 10−18 ð2 − 5Þ × 10−10

μTi → eTi 4.3 × 10−12 6.8 × 10−14 (AF), 8.6 × 10−14 (U) 10−18

μAu → eAu 7.0 × 10−13 8.2 × 10−14 (AF), 1.1 × 10−13 (U) � � �
eFe → τFe � � � 9.2 × 10−20 (AF), 9.3 × 10−20 (U) � � �
ePb → τPb � � � 1.6 × 10−19 (AF), 1.6 × 10−19 (U) � � �
μFe → τFe � � � 6.2 × 10−16 (AF), 6.2 × 10−16 (U) � � �
μPb → τPb � � � 9.6 × 10−16 (AF), 9.8 × 10−16 (U) � � �

FIG. 11. Rðμ → τ∶PbÞ vs. Rðμ → τ∶FeÞ.
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(even if with three orders of magnitude smaller probabil-
ities) for e → τ nuclei conversion.

V. THE CDF MW MEASUREMENT
WITHIN THE SLH MODEL

We finally discuss the implications, within the SLH, of
the new measurement of the W boson mass given by the
CDF Collaboration with a result MW ¼ ð80.4335�
0.0094Þ GeV [84], that shows a discrepancy of 7σ with
the SM prediction MW ¼ ð80.357� 0.006Þ GeV and is
also in tension with respect to the world average
MW ¼ ð80.379� 0.012Þ GeV [36]. Including the CDF
measurement, the new world average would be MW ¼
ð80.4242� 0.0087Þ GeV. As already mentioned before,
SLH does not have SUð2Þ custodial symmetry, and the tree-
level SM relation ρ ¼ 1 is no longer valid,

ρ ¼ 1þ v2

8f2
ð1 − t2WÞ2: ð131Þ

In the SM the ρ parameter is ρ≡ 1 at tree level, and the
EWPD, upon the inclusion of radiative corrections, yields
ρ≡ 1.00038� 0.00020 [36], such deviation from the SM
value can be encoded as

δρ ¼ v2

8f2
ð1 − t2WÞ2 ≡ αT; ð132Þ

where T together with S and U are the oblique parameters
[85,86] which can parametrize potential new physics
affecting electroweak two-point Green functions. We are
going to use the formalism given in references [87,88] to
show how heavy Z0 bosons can modify the oblique
parameters and, since SLH is not a universal theory,9 these
corrections cannot be fully represented with four universal
parameters; Ŝ, T̂, Y, W. Nevertheless, the corresponding
effects can be well approximated with this formalism. SM
corresponds to T̂ ¼ Ŝ ¼ W ¼ Y ¼ 0 and these new param-
eters are related to the usual oblique ones as S ¼ 4s2WŜ=α
and T ¼ T̂=α, the U parameter corresponds to dimension-
eight operators, and because f ≫ v, we can neglect it.
A generic model with a Z0 boson is determined by few

quantities: gauge coupling gZ0 , mass MZ0 , the couplings to
the Higgs boson Z0

H, and to the left- and right-fermion
multiplets Z0

L, Z
0
e, Z0

Q, Z
0
u, Z0

d (but we can omit quark data
because they are less precise that the leptons ones). From
Ref. [87] we get that a generic model with Z0 boson
contributes to the universal parameters as [87]

Ŝ ≈
M2

W

M2
Z0
ðbW − by=tWÞ

�
bW − bytW −

2gZ0Z0
H

g

�
;

T̂ ≈
M2

W

M2
Z0

��
cytW þ 2gZ0Z0

H

g

�
2

− b2W

�
;

W ≈
M2

W

M2
Z0
b2W;

Y ≈
M2

W

M2
Z0
b2y;

bW ¼ 2gZ0

Yeg
ðZ0

eYL − Z0
LYeÞ;

by ¼
gZ0Z0

e

g0Ye
: ð133Þ

In Sec. II we can find all the necessary coefficients,

gZ0 ¼ gffiffiffiffiffiffiffiffiffiffiffi
1− t2W

3

q ; Z0
L ¼ Z0

H ¼ 1

2
ffiffiffi
3

p −
ffiffiffi
3

p

2
s2Z0 ;

g0

g
¼ tW;

s2Z0 ¼ t2W
3
; Z0

e ¼
ffiffiffi
3

p
s2Z0 : ð134Þ

With Eq. (134), Eq. (133) reduce to

T̂ ≈ 0; Ŝ ≈
4M2

W

M2
Z0 ð3 − t2WÞ

¼ 4W ¼ 4Y
t2W

: ð135Þ

From the above equations, we see that corrections to the
T parameter due to the Z0 boson are negligible, however we
could estimate them using the fact that T̂ ¼ αT ¼ δρ. We
present our results taking into account the PDG (Particle
Data Group) average and the update including the new
measurement of the W boson mass.
Figures 12 and 13 show the corrections that SLH provided

to theW boson mass for different values of f.10 When we use
as input the PDG average, the corrections to MW
agree within the uncertainties. In the supplementary axes
of Fig. 12(a) we show the distribution for the values of MW
and f. For MW most of the values are around the PDG
average, and for f most of them are within [8.5, 40] TeV.
Then, in Fig. 13(a) we zoom in to show that SLH reproduces
the world average for the W mass in the range
f ∈ ½16; 22� TeV. Also for larger f, values ofMW are inside
the uncertainties. For Figs. 12(b) and 13(b) we use as input
the new world average including the CDF II result.
For the range f ∈ ½8; 27� TeV, the PDG world average
and the new one can be reproduced in the SLH model but
the marginal distribution shows that getting the PDG average
is unlikely. In the range f ∈ ½23; 84� TeV, the W mass is
always below the central value, but still within its
uncertainties.

9A universal theory is such that Z’ couples to the fermions
universally (which does not occur in SLH) or proportionally to
the SM vectors.

10tan β is also varied, although not shown. All pairs ðf; tan βÞ
considered satisfy experimental limits on the LFV processes studied
before. Collider limits and unitarity bounds are also respected.
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Finally, Fig. 14 shows the corrections to the oblique
parameters S and T in the SLH, and for the different values
of the MW . In Fig. 14(a) we use the PDG value, and show
that the oblique parameters agree with the EWPD within
uncertainties. This means that although SLH modifies the ρ
and T parameters, it is only slightly, without conflicting
with the SM. For the S parameter all values agree with the
SM as well. Now in Fig. 14(b) we show the corrections to
the oblique parameters with the average including the CDF

II measurement, and show that T is outside the EWPD
confidence interval (corrections to the S parameter are
negligible, as shown in Table XII).

VI. CONCLUSIONS

One of the virtues of the SLH model is its minimality,
extending the SM gauge group to SUð3Þc×SUð3ÞL×Uð1Þx
attempting to understand the hierarchy problem related to
the Higgs boson mass value in presence of generic new
physics coupling to it. As a simple group model, it has a
small number of unknown parameters and new heavy
particles. These allow the appearance of lepton flavor
violation processes driven by three heavy neutrinos, with
signals that could in principle be probed in current and
forthcoming experiments. In this work we have examined
themost relevant LFVprocesses;l → la,l → lklal̄b, and
lN → laN, which arise at one loop within the SLH. We
have computed the relevant observables as an expansion in
v=f, keeping the results at Oðv2=f2Þ. To carry out our
numerical calculations, we have floated the free parameters
within the allowed region, ensuring that all experimental
upper limits were satisfied.
As is well known, processes with muons would most

likely be the discovery channels for LFV. Within the SLH,
this can be expected either from conversions in nuclei,
μ → eγ or μ → 3e. However, those with taus (not consid-
ered exhaustively in previous SLH analyses) will then be

FIG. 12. Corrections to theW boson mass provided by the SLH
compared to its measurement. (a) Scatter plot using MW ¼
80.379 GeV and (b) scatter plot using MW ¼ 80.4242 GeV.

FIG. 13. Zoom in on Fig. 12. (a) Scatter plot using MW ¼
80.379 GeV and (b) scatter plot using MW ¼ 80.4242 GeV.
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needed for characterizing the underlying new physics. We
have found that, in analogy with the role of μ → e
conversion in nuclei amid μ → e transitions-, l → τ con-
version in nuclei are synergic with the τ → lγ and τ → 3l
decays in probing LFV transitions involving taus. We hope

that our work and other recent related studies motivate the
experimental collaborations (Belle-II, NA64, EIC, muon
collider, etc.) to pursue the corresponding dedicated
searches. Finally, we verified that although the SLH
modifies the ρ parameter and can in principle accommodate
the recent CDF MW measurement, this is in tension with
electroweak precision data.
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APPENDIX: LOOP FUNCTIONS

A general one-loop tensor integral in D dimensions with
N legs and P integration momenta in the numerator is
represented as [89]

i
16π2

TN
μ1;…;μP ≡ μ4−D

Z
dDq
ð2πÞD

qμ1…qμP

D0D1…DN−1
; ðA1Þ

where

D0 ¼ q2 −m2
0 þ iϵ; Di ¼ ðqþ kiÞ2 −m2

i þ iϵ;

i ¼ 1;…; N − 1: ðA2Þ
The vectors Ki are the sum of external momenta pi,

k1 ¼ p1; k2 ¼ p1 þp2;…; kN−1 ¼
XN−1

i¼1

pi: ðA3Þ

These tensor integrals are invariant under permutations
of propagators Di and symmetric in the Lorentz indices.
Generally, we define T1 ¼ A, T2 ¼ B, etc. The scalar
integrals are A0, B0, etc. Lorentz covariance allows decom-
posing equation (A1) into a linear combination of tensors
constructed with the metric and the external momenta,
however this basis is not unique, we could use any set of
linearly independent momenta and gμν [90]. For this work
we use the decompositions,

Bμ ¼ k1μB1;

Cμ ¼ k1μC1 þ k2μC2;

Cμν ¼ gμνC00 þ
X2
i;j¼1

kiμkjνCij;

Dμ ¼
X3
i¼1

kiμDi;

Dμν ¼ gμνD00 þ
X3
i;j¼1

kiμkjνDij: ðA4Þ

FIG. 14. Correction to the oblique parameters S and T in the
SLH. (a) Scatter plot using MW ¼ 80.379 GeV and (b) scatter
plot using MW ¼ 80.4242 GeV.

TABLE XII. Values of oblique parameters according to EWPD
and using instead MW as in the PDG [36], or from the CDF
measurement [84]. Two values are given for T and S. The upper
one is obtained fitting also U (for which 0.02� 0.11 is obtained)
and the second one setting U ¼ 0 [36].

SM EWPD MW ¼ 80.357 GeV MW ¼ 80.4242 GeV

ρ 1 1.00038� 0.00020 1.0004758 1.0016013
T̂ 0 � � � 5 × 10−4 1.6 × 10−3

Ŝ 0 � � � 7 × 10−5 7 × 10−5

T 0 0.03� 0.12 0.05� 0.06 0.07 0.22
S 0 −0.01� 0.10 0.00� 0.07 0.008 0.008
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These functions have been calculated for the argument configuration required by the processes under study, obtaining the
results presented in the following. All of them agree with those collected in Appendix B of Ref. [17].

1. Two-point functions

The general form for two-point loop integral is

i
16π2

fB0; BμgðargsÞ ¼ μ4−D
Z

dDq
ð2πÞD

f1; qμg
ðq2 −m2

0Þ½ðqþ pÞ2 −m2
1�
: ðA5Þ

Their tensor coefficients depend on the invariant quantities (args)¼ ðp2; m2
0; m

2
1Þ. Functions B≡ Bð0;M2

1;M
2
2Þ and

B̄≡ Bð0;M2
2;M

2
1Þ read

B0 ¼ B̄0 ¼ Δϵ þ 1 −
M2

1 log

�
M2

1

μ2

�
−M2

2 log

�
M2

2

μ2

�
M2

1 −M2
2

; ðA6Þ

B1 ¼ −
Δϵ

2
þ
4M2

1M
2
2 − 3M4

1 −M4
2 þ 2M4

1 log

�
M2

1

μ2

�
þ 2M2

2ðM2
2 − 2M2

1Þ log
�

M2
2

μ2

�
4ðM2

1 −M2
2Þ2

¼ −B̄0 − B̄1; ðA7Þ

with Δϵ ¼ 1
ϵ − γ þ logð4πÞ encoding the ultraviolet divergences in D ¼ 4 dimensions.

2. Three-point functions

In this case

i
16π2

fC0; Cμ; CμνgðargsÞ ¼ μ4−D
Z

dDq
ð2πÞD

f1; qμ; qμqνg
ðq2 −m2

0Þ½ðqþ p1Þ2 −m2
1�½ðqþ p2Þ2 −m2

2�
; ðA8Þ

with p2 ¼ p2
1 ¼ 0 and Q2 ¼ ðp − p1Þ2, so that only the following general types are necessary for us; C ¼

Cð0; Q2; 0;M2
1;M

2
2;M

2
2Þ (we define the mass ratio x ¼ M2

2=M
2
1),

C0 ¼
1

M2
1

�
1 − xþ logðxÞ

ð1 − xÞ2 þ Q2

M2
1

�
−2 − 3xþ 6x2 − x3 − 6x logðxÞ

12ð1 − xÞ4
��

þOðQ4Þ;

C1 ¼ C2 ¼
1

M2
1

4x − 3 − x2 − 2 logðxÞ
4ð1 − xÞ3 þOðQ2Þ;

C11 ¼ C22 ¼ 2C12 ¼
1

M2
1

11 − 18xþ 9x2 − 2x3 þ 6 logðxÞ
18ð1 − xÞ4 þOðQ2Þ;

C00 ¼ −
1

2
B1 −

Q2

M2
1

�
11 − 18xþ 9x2 − 2x3 þ 6 logðxÞ

72ð1 − xÞ4
�
þOðQ4Þ: ðA9Þ
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Now, defining C̄ ¼ Cð0; Q2; 0;M2
2;M

2
1;M

2
1Þ,

C̄0 ¼
1

M2
1

�
−1þ x − x logðxÞ

ð1 − xÞ2 þ Q2

M2
1

�
−1þ 6x − 3x2 − 2x3 þ 6x2 logðxÞ

12ð1 − xÞ4
��

þOðQ4Þ;

C̄1 ¼ C̄2 ¼
1

M2
1

1 − 4xþ 3x2 − 2x2 logðxÞ
4ð1 − 3Þ3 þOðQ2Þ;

C̄11 ¼ C̄22 ¼ 2C̄12 ¼
1

M2
1

−2þ 9x − 18x2 þ 11x3 − 6x3 logðxÞ
18ð1 − xÞ4 þOðQ2Þ;

C̄00 ¼ −
1

2
B̄1 −

Q2

M2
1

�
−2þ 9x − 18x2 þ 11x3 − 6x3 logðxÞ

72ð1 − xÞ4
�
þOðQ4Þ: ðA10Þ

Alternatively, defining Ĉ ¼ ð0; Q2; 0;M2
1;M

2
2; 0Þ, which is symmetric under the exchange M1 ↔ M2,

Ĉ00 ¼
1

8

�
3þ 2Δϵ − 2 log

�
M2

1

μ2

��
þ x logðxÞ
4ð1 − xÞ þOðQ2Þ: ðA11Þ

3. Four-point functions

These are all ultraviolet convergent,

i
16π2

fD0; Dμ; DμνgðargsÞ ¼ μ4−D
Z

dDq
ð2πÞD

f1; qμ; qμqνg
ðq2 −m2

0Þ½ðqþ p1Þ2 −m2
1�½ðqþ p2Þ2 −m2

2�½ðqþ p3Þ2 −m2
3�
; ðA12Þ

with ðargsÞ ¼ ðp2
1; p

2
2; p

2
3; p

2
4; ðp1 þ p2Þ2; ðp2 þ p3Þ2;m2

0; m
2
1; m

2
2; m

2
3Þ. Zero external momenta will be set, so we only need

i
16π2

D0 ¼ μ4−D
Z

dDq
ð2πÞD

1

ðq2 −m2
0Þðq2 −m2

1Þðq2 −m2
2Þðq2 −m2

3Þ
;

i
16π2

D00 ¼
μ4−D

4

Z
dDq
ð2πÞD

q2

ðq2 −m2
0Þðq2 −m2

1Þðq2 −m2
2Þðq2 −m2

3Þ
: ðA13Þ

In terms of the mass ratios x ¼ m2
1=m

2
0, y ¼ m2

2=m
2
0, z ¼ m2

3=m
2
0 the previous integrals read

d0ðx; y; zÞ≡m4
0D0

¼ x log½x�
ð1 − xÞðx − yÞðx − zÞ −

y log½y�
ð1 − yÞðx − yÞðy − zÞ þ

z log½z�
ð1 − zÞðx − zÞðy − zÞ ;

d̃0ðx; y; zÞ≡ 4m2
0D00 ¼

x2 log½x�
ð1 − xÞðx − yÞðx − zÞ −

y2 log½y�
ð1 − yÞðx − yÞðy − zÞ þ

z2 log½z�
ð1 − zÞðx − zÞðy − zÞ : ðA14Þ

The case in which z → 1 (argument omitted below) is also necessary, reading

d0ðx; yÞ ¼ −
�

x log½x�
ð1 − xÞ2ðx − yÞ −

y log½y�
ð1 − yÞ2ðx − yÞ þ

1

ð1 − xÞð1 − yÞ
�
;

d̃0ðx; yÞ ¼ −
�

x2 log½x�
ð1 − xÞ2ðx − yÞ −

y2 log½y�
ð1 − yÞ2ðx − yÞ þ

1

ð1 − xÞð1 − yÞ
�
: ðA15Þ

LEPTON FLAVOR VIOLATION WITHIN THE SIMPLEST … PHYS. REV. D 106, 056018 (2022)

056018-29



[1] G. Aad et al. (ATLAS Collaboration), Phys. Lett. B 716, 1
(2012).

[2] S. Chatrchyan et al. (CMS Collaboration), Phys. Lett. B
716, 30 (2012).

[3] S. L. Glashow, Nucl. Phys. 22, 579 (1961).
[4] S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967).
[5] A. Salam, Conf. Proc. C 680519, 367 (1968).
[6] H. Georgi, H. R. Quinn, and S. Weinberg, Phys. Rev. Lett.

33, 451 (1974).
[7] R. Barate et al. (LEP Working Group for Higgs boson

searches, ALEPH, DELPHI, L3, OPAL Collaborations),
Phys. Lett. B 565, 61 (2003).

[8] R. Barbieri and A. Strumia, in Proceedings of the 4th
Rencontres du Vietnam: Physics at Extreme Energies
(Particle Physics and Astrophysics) (LEP paradox, 2000),
arXiv:hep-ph/0007265.

[9] N. Arkani-Hamed, A. G. Cohen, and H. Georgi, Phys. Rev.
Lett. 86, 4757 (2001).

[10] N. Arkani-Hamed, A. G. Cohen, and H. Georgi, Phys. Lett.
B 513, 232 (2001).

[11] N. Arkani-Hamed, A. G. Cohen, T. Gregoire, and J. G.
Wacker, J. High Energy Phys. 08 (2002) 020.

[12] N. Arkani-Hamed, A. G. Cohen, E. Katz, and A. E. Nelson,
J. High Energy Phys. 07 (2002) 034.

[13] M. Schmaltz and D. Tucker-Smith, Annu. Rev. Nucl. Part.
Sci. 55, 229 (2005).

[14] M. Perelstein, Prog. Part. Nucl. Phys. 58, 247 (2007).
[15] T. Han, H. E. Logan, and L.-T. Wang, J. High Energy Phys.

01 (2006) 099.
[16] H.-C. Cheng and I. Low, J. High Energy Phys. 08 (2004)

061.
[17] F. del Aguila, J. I. Illana, and M. D. Jenkins, J. High Energy

Phys. 01 (2009) 080.
[18] F. del Aguila, J. I. Illana, and M. D. Jenkins, J. High Energy

Phys. 09 (2010) 040.
[19] F. del Aguila, L. Ametller, J. I. Illana, J. Santiago, P.

Talavera, and R. Vega-Morales, J. High Energy Phys. 08
(2017) 028; 02 (2019) 047(E).

[20] F. del Aguila, L. Ametller, J. I. Illana, J. Santiago, P.
Talavera, and R. Vega-Morales, J. High Energy Phys. 07
(2019) 154.

[21] F. Del Aguila, J. I. Illana, J. M. Perez-Poyatos, and J.
Santiago, J. High Energy Phys. 12 (2019) 154.
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