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In the presence of an electromagnetic background plane wave field, electron, positron, and photon states
are not stable because electrons and positrons emit photons and photons decay into electron-positron pairs.
This decay of the particle states leads to an exponential damping term in the probabilities of single
nonlinear Compton scattering and nonlinear Breit-Wheeler pair production. In this paper, we investigate
analytically and numerically the probabilities of nonlinear Compton scattering and nonlinear Breit-Wheeler
pair production including the particle states’ decay. For this, we first compute spin- and polarization-
resolved expressions of the probabilities, provide some of their asymptotic behaviors, and show that the
results of the total probabilities are independent of the spin and polarization bases. Then, we present several
plots of the total and differential probabilities for different pulse lengths and for different spin and
polarization quantum numbers. We observe that it is crucial to take into account the damping of the states in
order for the probabilities to stay always below unity, and we show that the damping factors also scale with
the intensity and pulse duration of the background field. In the case of nonlinear Compton scattering, we
show numerically that the total probability behaves like a Poissonian distribution in the regime where the
photon recoil is negligible. In all considered cases, the kinematic conditions are such that the final particles
momenta transverse to the propagation direction of the plane wave are always much smaller than the
particles longitudinal momenta and the main spread of the momentum distribution on the transverse plane
is along the direction of the plane wave electric field.
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I. INTRODUCTION

With the ongoing progress in laser technology toward
higher intensities, lasers represent a promising tool to test
QED in a regime where quantum effects induced by the
laser field play an important role. In QED, the vacuum is
pictorially described as being populated by fluctuations of
virtual electron-positron pairs which can be polarized by a
sufficiently large electromagnetic field. The so-called
critical field of QED F, = m?/|e| = 1.3 x 10'® V/cm =
4.4 x 10" G (here, m and e < 0 are the electron mass and
charge, respectively, and we use units where ey =hA=c=1)
[1-3] determines the typical field scale of QED. In the
presence of an electric field of the order of F,, the vacuum
becomes unstable under electron-positron pair production,
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and the interaction energy of a Bohr magneton with a
magnetic field of strength F, is of the order of m. The field
strength F.. corresponds to a critical laser intensity
I, ~ 10 W/cm?, which is far from being reached by
available lasers. Indeed, today’s record for the laser peak
intensity 7, is about 1.1 x 102 W/cm? [4], and even
upcoming laser facilities are aiming for intensities of the
order of I, ~ 103-10?* W/cm? [5-9]. However, due to the
Lorentz invariance of QED, physical observables like
transition probabilities depend on the electromagnetic field
only via Lorentz- and gauge-invariant parameters, such that
the interesting regime where field-induced quantum effects
dominate the dynamics can be efficiently entered exper-
imentally already with today’s technology. For an electron
(photon) of four-momentum p* = (e,p) [¢* = (w,q)]
moving in a background field, represented by the field
tensor F{)’ = (E.By) in the laboratory frame, the proba-
bility of a physical process depends on the so-called

quantum nonlinearity parameter yo = \/|(Fy p,)*|/mF
(ko = \/|(Fy q,)*|/mF ), with the metric tensor p =
diag(+1,—1,—-1,—1) [10-17]. In case of an electron or
positron, this parameter corresponds to the field strength
that the electron or positron experiences in its rest frame in
units of the critical field.
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First experiments probing laser-electron interactions in the
regime y, <1 were performed in the late 1990s at the
Stanford Linear Accelerator Center (SLAC) [18-20], and
recently two experiments have been carried out close to the
xo ~ 1 regime by using an all-optical setup where the electron
beam was generated via laser wake-field acceleration
[21,22]. Further experiments for testing the strong-field
regime of QED with intense lasers are planned at DESY
(Deutsches Elektronen-Synchrotron) [23] and at SLAC [24].

Already at intensities lower than 7, classical nonlinear
effects due to the interaction with the background field
become significant and complicate the theoretical descrip-
tion of the electron and positron dynamics. These nonlinear
effects are controlled by the so-called classical nonlinearity
parameter &, = |e|Ey/mw,, where E, is the electric-field
amplitude and w, is the central angular frequency of the
laser pulse. For &, = 1, the energy that an electron or a
positron gains by the acceleration in the background field in
one laser wavelength is comparable to its rest energy, and
the interaction of the charge with the background field
cannot be treated perturbatively anymore [10-17]. Indeed,
for optical lasers, the parameter &, exceeds unity already at
intensities of the order of 10'® W/cm? and the interaction
with the background field has to be treated exactly in the
calculations in this case. This problem is commonly solved
by working in the so-called Furry picture [25]. Here, the
background field is taken into account in the quantization
procedure of the fermion field [1,2], such that the corre-
sponding Dirac equation includes the interaction with the
background field. An analytical solution of the Dirac
equation can be found in the case of a plane-wave back-
ground field [26] (see also Ref. [1]), and the corresponding
states are known as Volkov states.

Two elementary processes which have been thoroughly
investigated by employing Volkov states are the emission
of a photon by an electron or positron (nonlinear Compton
scattering) and the decay of a photon into an electron-
positron pair (nonlinear Breit-Wheeler pair production),
which, among others, were studied in Refs. [11,27-53]
(nonlinear Compton scattering) and Refs. [13,28,52,54-65]
(nonlinear Breit-Wheeler pair production).

Considering an electron (photon) moving in a plane
wave laser pulse, it turns out that the leading-order in the
fine-structure constant a = e?/4z ~ 1/137 total probabil-
ity of nonlinear Compton scattering (nonlinear Breit-
Wheeler pair production) exceeds unity for a sufficiently
long total phase duration ®; of the laser pulse (or for a
sufficiently large laser intensity). Probabilities larger than
unity are of course unphysical and in contradiction with the
unitarity of the S-matrix. Instead, for nonlinear Compton
scattering, it can be interpreted as the average number of
photons emitted by the electron in the classical limit rather
than as a probability [66]. In general, from the QED
perspective, the reason behind this apparent contradiction
is that higher-order loop corrections and processes become
significant. This is intuitively clear for nonlinear Compton

scattering since the emission of several photons by an
electron due to nonlinear multiple Compton scattering
processes becomes sizable with an increasing pulse length
[67-72]. A first investigation to taking into account these
effects was carried out in Ref. [73] for yo < 1. The
probability for an arbitrary number of consecutive incoher-
ent photon emissions by an electron was calculated, taking
into account the recoil at each photon emission. Each
probability was then “renormalized” by imposing that the
total probability of emitting either no photons or an
arbitrary number of photons was unity. The renormalization
ensures that the final probability of nonlinear (multiphoton)
Compton scattering stays below unity even for large phase
lengths of the laser pulse. These results where confirmed in
Refs. [74,75] by means of a kinetic approach, which also
included the effects of nonlinear Breit-Wheeler pair pro-
duction [75]. In Refs. [74,75], also inclusive quantities like
average momenta are computed, and an approach to obtain
the momentum expectation values of an electron including
multiple photon emissions and loops has been put forward
in Ref. [76].

In Ref. [77], the probability of an electron emitting an
arbitrary number of photons was derived via the following
considerations. The probability of an electron emitting N
photons was calculated by first combining the probability
of the electron to emit N — 1 photons until a certain time ¢,
with the probabilities to emit one photon between ¢ and
t + dt, with dt being an infinitesimal positive time interval,
and with the probability of emitting no photons from time
t+dt on, and finally by integrating the result over all
possible times ¢ (a similar method was used in Ref. [78] to
compute the pair-production yield as an observable to
diagnose the intensity of the laser beam producing the
pairs). Additionally, the photon recoil was taken into
account. The obtained recursive equation for nonlinear
multiphoton Compton scattering contains an exponential
damping term describing the “decay” of the electron state
by emitting a photon. This damping term depends on time
and on the energy of the electron and ensures that the total
probability of emitting either no or an arbitrary number of
photons is unity. The results in the regime y, < 1 were in
agreement with those in Ref. [73].

In Ref. [79], the probability of nonlinear Compton
scattering and of nonlinear Breit-Wheeler pair production
was computed from first principles. The derived expres-
sions are equivalent to the resummation of all one-particle
reducible diagrams containing an arbitrary number of
corrections to the electron and photon states by the one-
loop mass and polarization operators, respectively (see
Fig. 1 for the case of nonlinear Compton scattering). This
was achieved by calculating the S-matrix with the “exact”
electron and photon states, which are the solutions of the
Schwinger-Dyson equation. This work and Refs. [73-77]
were framed within the so-called locally constant-field
approximation (LCFA). In the LCFA probabilities of QED
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FIG. 1.

The amplitude of nonlinear Compton scattering computed with the exact electron and photon states (thick straight and wiggly

lines, respectively) is equal to the resummation of all one-particle reducible diagrams with corrections to the one-loop mass operator (M)
on the Volkov-electron states (thin double lines) and to the one-loop polarization operator (P) on the photon states (thin wiggly lines)

(see Ref. [79]).

processes reduce to the corresponding probabilities in a
constant crossed field averaged over the phase-dependent
plane wave profile. This is reasonable in the limit of
low-frequency plane waves with fixed electric-field ampli-
tude, since here the formation length of QED processes
is much smaller than the typical wavelength of the plane
wave [11]. The assumption is valid if &, > 1 at y, ky ~ 1,
which was assumed throughout the derivation (we did not
consider the problems which occur for the LCFA at low
photon energies in the case of nonlinear Compton scattering
[50,53]). It can be shown that the solution of the Schwinger-
Dyson equation intrinsically includes the resummation of all
corrections by the one-loop mass and polarization operator
for the exact electron or positron and photon state, respec-
tively. The final probabilities for nonlinear Compton scatter-
ing and nonlinear Breit-Wheeler pair production comprise an
exponential damping term, describing the “decay” of the
electron states by emitting a photon and the decay of
the photon state into an electron-positron pair. This decay
of the particle states turned out to become significant if
aly®; = 1. It is interesting to notice that the result for the
probability of nonlinear Compton scattering is structurally
similar to the single photon emission probability derived by
the probabilistic approach in Ref. [77]. However, the
probability in Ref. [79] additionally includes spin and
polarization effects as well as the decay of the photon state
into an electron-positron pair.

In Ref. [72], an approach has been developed to
investigate higher-order QED processes also beyond the
LCFA but for sufficiently long plane wave pulses that the
dynamics is dominated by the so-called cascade channel. In
the cascade channel, the higher-order process occurs as a
sequence of the elementary building blocks represented by
nonlinear Compton scattering and nonlinear Breit-Wheeler
pair production.

The aim of the present work is to present new analytical
insights and numerical examples on the probabilities of
nonlinear Compton scattering and nonlinear Breit-
Wheeler pair production including the particle states decay
derived in Ref. [79]. The paper is organized as follows.
First, we give a detailed analytical evaluation of the
differential and the total probabilities, together with the
asymptotic behavior for one final particle getting all or
none of the initial light-cone energy. Further, we prove that
the results of the total probabilities are independent of the
spin and polarization basis that we use in the calculations.
Then, we pass to the numerical evaluation of the results.

We present plots of the differential and the total proba-
bilities at two different pulse lengths for both nonlinear
Compton scattering and nonlinear Breit-Wheeler pair
production. In the case of nonlinear Compton scattering,
we compare the results with a Poissonian distribution. For
the differential probability, we show different plots cor-
responding to different combinations of spin and polari-
zation of the initial and final particles. Finally, the main
conclusions of the paper are presented. An Appendix
contains the explicit computation of the traces of Dirac
matrices, which are not essential for the understanding of
the main results of the paper.

II. ANALYTICAL CALCULATIONS
A. Notation

As indicated in the Introduction, we investigate the
probability of nonlinear Compton scattering and nonlinear
Breit-Wheeler pair production including the particle states
decay, which was presented in Ref. [79], and for better
comparison, we employ the same notation here.

We consider a plane wave background field with central
photon four-momentum k’é = won*, where we introduced
the quantity n* = (1,n), with the three-dimensional unit
vector n pointing along the direction of propagation of
the background field. Additionally, we introduce the
quantity 7 = (1,—n)/2 such that (nfi) = 1. Since the
background field is a plane wave, its four-potential
A (¢) = (A%(¢),A(¢)) only depends on the light-cone
time ¢ = (nx) =t — n - x. Further, it is a solution of the
free wave equation d, 0" A" = 0, as we assume that it fulfills
the Lorentz gauge condition d,A*(¢) = 0. By additionally
fixing the gauge such that A°(¢) = 0, the vector potential is
perpendicular to the direction of propagation of the plane
wave, i.e., n-A(p) =0, if A(¢) — 0 at ¢ —» £oo, which
we also assume in the following.

By introducing the two four-vectors @ = (0,a;) with
j =1, 2, which obey the relations (na;) = —2(ia;) =
—n ‘aj =0 and (ajaj/) = —aj 'aj/ = _5jjl’ with j,j/ = 1,
2, the vector potential of the plane wave can be expressed as
A(p) = yi(d)a, +y,(d)a,. Here, y;(¢) denotes the jth
pulse shape function, and it vanishes for ¢p - +oo. In the
following, we will only consider the case of a linearly
polarized plane wave, such that we choose without loss of
generality y,(¢) = 0 and v (¢) = Agw(¢), with Ay <0
being related to the amplitude of the electric field of the
plane wave. The functions y(¢) and y’'(¢) are assumed to
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be such that [y/(¢)|, | w'(¢)| < 1. Here and in the following,
a prime at a function denotes the derivative of the function
with respect to its argument. The electromagnetic field
tensor is then given by F*(¢) = n*A"(¢p) — n*A'*(¢) =
Afy'(¢), where we have introduced the notation
Aﬁ” = Ag(n*a¥ — n*a’). The dual of the field tensor is
Frv(¢) = Afw'(¢), where Ay = (1/2)e"#4A,,, and we
define the four-dimensional Levi-Civita tensor as £°!?* =
+1 [note that in the chosen reference frame it is
Al = Ag(n*ay — n*as)]. Since the four-potential and the
field tensor always occur multiplied by the electron charge,
we introduce the notation A*(¢) = eA*(¢), Ay = €Ay,
and F*(¢p) = eF*™(¢).

The quantities n#, 7*, and a’; fulfill the relation
n" = ¥ + itn* — afay — dbas. Tt is useful to employ
light-cone coordinates, and for an arbitrary four-vector
v = (vg,v), the components in light-cone coordinates
are v_ = (nv) =vy—n-v, v, = (i) = (vo+n-v)/2,
and v, = (vi1.v12) = —((va)). (vay)) = (v-a;.v-ay).
Further, we introduce the notation ¢ = y*v,, where y*

are the Dirac-matrices, and we define y° = iy%'y%y3.

P(E'—w‘y) _ d3q a
Juss! 1672 p_p’ )

B. Nonlinear Compton scattering

In the case of nonlinear Compton scattering, we assume
the incoming (outgoing) electron to have four-momentum
p'=(e.p) (p" =(€.p)), with energy e=+/m*+p’
(¢ = y/m? + p’®), and an asymptotic spin quantum number
s = £1 (s’ = £1). The spin quantization axis of the incom-
ing (outgoing) electron is chosen along the four-vector
g =—AY p,/(p_Ay) (" = —AY p./(p_Ay)), which cor-
responds to the three-dimensional spin vector £ (¢’) pointing
in the same direction of the magnetic field in the case of a
constant crossed field and in the rest frame of the incoming
(outgoing) electron. For the outgoing photon, the four-
momentum is ¢* = (@, q), with energy ® = |g|, and we
define its two transverse polarization states, identified by the
index j = 1, 2, along the four-vector A/ (q¢) =A%’ q,/(q_Ao)
and the pseudo-four-vector A% (q) = A%’ q,/(q_A,), which
fulfill the relation (A;(q)A;(q)) = =6, with j, j" =1, 2.

With these definitions, the probability of nonlinear
Compton scattering including the damping of particle
states within the LCFA, which was derived in Ref. [79],
is given by the expression

/ d¢+ezlm{,% S dom, (I’JI’)JFJZ;: dplM (0 9)+-Pi(a.0)]}

)4»%

o / df_e B (14 ()t —Z}Tj’m,’ (1)
where we introduced the trace
Tiow = %tr{ [1 AlA (¢+) +2;1_(¢+)¢ /2]} A(g) {1 n AlA(¢,) +2;‘_/(¢+)¢—/2]
(pm)(1-+ 59124 ()= g0/ i)
X|:1—|— [ (¢+) 2p (¢ )¢ /2]](”+m)(1—|—s/y5éf’)}, (2)

the transverse momentum

and the plane wave electric field (times the electron charge)
E(¢p) = —A’(¢). Due to energy-momentum conservation,
the minus component and the perpendicular component of
the outgoing electron momentum are fixed to p” = p_ —
g_andp’| =p, —q,, respectively. As we explained in the
Introduction, the probability comprises a damping term due
to the particle states decay, which is the first exponential
function in Eq. (1). The exponent contains the imaginary

parts of the mass and polarization operator, more precisely,
the one-loop mass operator within the LCFA, given by the
expression [80-82]

am [ o doy
Mop) =50 [ au [T

54+ 704 502 15 ()
X u
3 v?

2
—iu |:1+%lp#u2
37,

“is@). @

for s = £1, with the ¢-dependent quantum nonlinearity
parameter defined as y,(¢) = —(p_/m)Agy'(¢)/F, and
the transverse part of the one-loop polarization operator
within the LCFA, given by [83-85]
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® Kq( $)u?)

(5)

Pi(q.9) ——mJK / duu / dve=nl1+5
X (1=v?)[3 = (=1)/v’

for j = 1, 2, with &,(¢) = ~(g-/m)Agy () For.
According to the optical theorem, the quantity
—(2m/p_)Im[M,(p, $)] is equal to the total probability
per unit ¢ that an electron of four-momentum p and spin
quantum number s emits a photon [80], and the quantity
—(2m/q_)Im[P;(q, ¢)] is equal to the total probability per
unit ¢ that a photon of four-momentum ¢ and polarization
quantum number j decays into an electron-positron pair
[84]. Hence, this exponential damping can be understood as
the electron and photon states not being stable in the

lg. q_ p-
T,,o=(1+ss [pp’ -m?—===
Lo = ( )|(pP") 2 po—q. 7
lg. q_ p- 2
(e ) (o )
2p_p_—q_ q-

ils o) A ) (24

P 2
(Pl ——41>
q_

and

lg. q_
Ty, =(1=s5)|(pp) —m>—="=
st = (1= 59) | (pp) =2 = 0

% lqg_

lq_ q_
2p_p_—q_

+(1+ ss’)2<p2 —&qz) T
q- P-P-

A%W/2(¢+) 1-

q-

We observe that the traces depend on the pulse shape
function y (¢ ). However, it should be possible to express
the dependence on (¢, ) in a manifestly gauge-invariant
way. In order to achieve this, we consider the transverse
momentum 7, ,(¢,) defined in Eq. (3). After some
simplifications, all the dependence on (¢, ) and ¢, turns
out to be in the electron quasi-momentum 7z, (¢, ), which
can be removed by performing the integral in ¢_ and
using the properties of the Airy functions. Indeed,
terms proportional to the derivative in ¢_ of the second
exponential function in Eq. (1), i.e., terms proportional to
1472 () + (A3w(¢.)/m?) (42 /4)]. vanish when
performing the integral over ¢_. By performing the
appropriate substitutions, the traces ultimately depend only
on the derivative y'(¢. ) of the pulse shape function, and
the probability is therefore manifestly gauge invariant.
Ignoring the corresponding vanishing terms, the traces
can be equivalently written as

4 2p_p_—q_

_q_

background field but decaying, where the electron “decays”
by emitting a photon and the photon decays into an
electron-positron pair.

Further, we notice that the damping exponential depends
on the spin of the incoming and outgoing electrons and on
the polarization of the outgoing photon. This prevents one
from employing the commonly used spin and polarization
sum rules when solving the trace in Eq. (2), such that the
spin- and polarization-resolved traces have to be calculated.
A complete analytical derivation can be found in the
Appendix. Here, we only present the main steps of the
calculations. With our choice of the spin and polarization
basis, the trace for the two polarization states j =1, 2
reduces in a linearly polarized field to

(m _%QI +Aow(¢+)>1

= ()

(pz—&qz)2+i<s—s’>§«40 ()= o

q- p_p_—

[
TLS,S’ (1 +SS/ m?

(1+ss") (4 /-

q9-  49-
pP_p_—q_

)Aow@(m)

)

ils+9) 5 A @00 (24

2
- (2 + 255+ ss’q—_q7_> <p2 —&ch)
p-P-—q_ q-

and

2
Toy=—(1=s) Tt ) 2

4
+i(s—=s)7

Aow ()9 =1

P-P-—4q-

+ (2+2ss’+ss’£ 4
14

) ()

P-—9q

056014-5



T. PODSZUS, V. DINU, and A. DI PIAZZA

PHYS. REV. D 106, 056014 (2022)

We transform the integral in the photon momentum
into light-cone coordinates using the relation d°q =
(w/q_)dq_d*q, and introduce the notation

- 1
T. = dg_
J.S5.8 47[ m q_ p / ¢

m2q_ £2 2
/d2q €’7p jp {[ +”L( ¢+)]¢ + (¢+¢ }T (10)
Now, the integral in the perpendicular photon momentum

g, can be computed analytically by using the two basic
integrals [86]
q-p
(11)

171211
dzq elzp I Lg<(/) )(/)— — 2”1 . ,
/ p_(¢p_+i0)

P\ i ()0 P2
d? -— it e =2n—s.
/ q. (Pz a0 (]2> ((,1’)_ T 1.0)2

(12)

For the integral in ¢_, we use the integral representa-
tion Ai(z) = [ (dp/2x)exp(izg + i /3) of the Airy
function [86]. With the substitutions ¢ = [¢_E*(¢.)/
(8p_pL)]'*¢p_ and z = [q_/(pLx,(¢))]*?, the integral
in ¢_ can be taken. Hence, the probability of nonlinear
Compton scattering including the damping of particle states
is finally given by

(e7—e™
PjSY d / dq /d¢+ Jis,s'

m [P+ m ’ mp.
o« eznn{p, SO doM (po)t [ dolimty (v 9) P (a.0)])

(13)

where

Trow {1 + Ss’(l _Wj——q_)ﬂAil(Z)

+ {3+p_(+g_m+”/<3+ﬁ—%—61—)ﬂ

AT (4 q
Tl )<2p_+p-(p_—q-)>

) o (62) (14)

and

with Ai; (z) = [ dxAi(x) and with sgn(y/(¢,)) denoting
the sign of y'(¢p,). Note that without the exponential
damping term the results reduce to the expressions of the
spin- and polarization-resolved probabilities of nonlinear
Compton scattering, which can be found in Ref. [87]. This
observation can be used to prove analytically that the

(em—e7y)

probability Py = Zj“‘./P;i;;e_y) is always smaller

than unity. In fact, since the damping exponentials are
smaller or equal to unity, it is

P(E —e }/)

Z/ dq /d¢+ ES s€ ZIm - f¢+ deM:(p.9)
6PN pt \17 + d oy P
/d¢+ S,p _f'f d(p e __/d¢+7€ f"’ arnm

.. +

o apfgfg
- STt o, (16)

where 0PYS /d¢ indicated the probability without damping
of nonhnear Compton scattering per unit of light-cone
time ¢.

At this point, we also want to investigate the asymptotic
behavior of the differential probability for the two cases
g_ < p_and p_ — g_ < p_. In the first case, the photon
recoil is negligible, whereas in the second case, almost all
light-cone energy of the incoming electron goes into
the photon. The differential probability is obtained from
Eq. (13), and it is given by

aP(e —e7y)

jaSqS / ¢+€ j“TJSS’ (17)

where we have renamed the exponent of the exponential
damping function as

¢,
DTFX/—Zlm{Z/ doM(p. ¢)
© m m
+/ d‘ﬂ|:_,Ms’(Pl’(P)+_Pj(‘17‘ﬂ>:|}- (18)
b pP- q-

As already mentioned, according to the optical theorem, the
probabilities of nonlinear Compton scattering and non-
linear Breit-Wheeler pair production are related to the
imaginary part of the mass and polarization operator,
respectively. Hence, the exponent of the damping term,
DI].\TSS,, is equal to minus the sum of the probability of

nonlinear Compton scattering between —oco and ¢ for the
incoming electron with light-cone energy p_ and spin
quantum number s, and of the probabilities of nonlinear
Compton scattering of the outgoing electron with light-
cone energy p’ and spin quantum number s’ and of
nonlinear Breit-Wheeler pair production of the outgoing
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photon with light-cone energy ¢_ and polarization quantum
number j both between ¢, and 4oo [80,84], i.e.,

¢ OPNC e /OPNC gpNBW
D, = [* a0 [ (T
o —o0 op . op op

(19)
1. Asymptotic expression for q_ < p _

We first analyze the asymptotic expression of the differ-
ential probability in the asymptotic region g_ < p_. Also,
we assume that the quantum nonlinearity parameter y ,(¢)
of the electron is fixed, such that the absolute value of the
quantum nonlinearity parameter k, (@) = (q_/p_)x,(¢) of
the photon is much smaller than unity Gf |y,(¢)| is
larger than unity, the ratio g_/p_ is assumed to be
sufficiently small such that |k,(¢)| < 1). Thus, we can
use in the damping term the corresponding asymptotic
expression for the probability of nonlinear Breit-Wheeler
pair production: [11]

op ng falo)<l \/§am2|1<q(¢)|] e“swxqsw_ﬂ
op 2 8q_ ’

Since it is exponentially suppressed in the limit x,(¢) — 0,
we neglect it below. Furthermore, due to the conservation
of the minus component of the four-momentum, if g_ << p_,
then p_ ~ p_, and the damping function reduces to

q_<<p,2m by [
DI, R —Im[ / doM,(p.p)+ / dgoMs«p,go)}

L (o

(20)

(21)

Now, we will shortly see that for ¢g_ < p_, the spin-
dependent terms of the probability of nonlinear Compton
scattering can be neglected [29], such that the damping
exponent effectively reduces to a constant, which is equal to
minus the probability of an electron of momentum p_
emitting a photon between phase —oo and +oo averaged
over the electron spin.

In the functions T j.5.¢'» We can expand the Airy functions
for z=(q-/(P_x,(¢:))) = (a-/(p-xp(:))* <1
[we assume that y,(¢,) is fixed and that the ratio
q_/p- is much smaller than 1/[y,(¢)| if |r,(¢)| < 1],
and we obtain

2x323 <« ¢ 1

~ 1
T, R [~ R )
1,s,s F(%)Z Ls,—s 2P%31/3F(%)Z ( )
~ <1 2 ~ zx1 q% 32/3
o8- 7, K_o4 . (23
25,8 31/3F(§)Z 2,5,—s 2]9% F(g)Z ( )

As expected in the classical limit where the photon recoil is
small, we see that the probability of spin flip is substantially
suppressed as compared to the case s = s’. Further, the
damping function in Eq. (21) in the dominant case s = s’ is

independent of the integration variables and corresponds in
the classical limit to the mean number of photons emitted
by an electron. Hence, within this limit, the total probability
of emitting a single photon is in agreement with that
obtained from the Poissonian distribution.

2. Asymptotic expression for p_ —q_ <p_

Now, we evaluate the asymptotic expression of the
differential probability in Eqgs. (17) and (18) in the region
pl = p_—q_ < p_. In this case, since we again assume
(@) to be fixed, the absolute value of the quantum
nonlinearity parameter y, (¢) = (pL/p_)x,(¢) of the out-
going electron is assumed to be smaller than unity. We use
the corresponding asymptotic expression for the probability
of nonlinear Compton scattering in Eq. (19), which is
independent of p’ and given by [11]

OPY 1y @<t 5 am?|y, ()]

~ . 24
o0 N (24)
The damping function is then
pL<p_ m o m )
D¢, "~ 2Im [— / d(pMs(p,(pHp— /¢ d(ﬂPj(p,(ﬂ)]

a3 )]
i V3 P-

In the functions Tj,‘y"y/, we assume that the ratio p”/p_
is sufficiently small that z=(q_/(p’x, ()3 ~
(p—/(Pxp(¢+)))**>1. We obtain for photon polariza-

tion j = 1 and identical spin quantum numbers (s = §’)

(25)

1 232 | P=
T\ ,sr ——=73 e |22 (1= !
1,s,8 \/7_1'2 e s |:p/_ ( s Sgn(y/ (¢+>))

A ,
2L sy <¢+>>]
1

TN
1
92167

x % (3938 — 770s sgn(y' (¢ )))-

~9/4¢=5"" (124 4 20s sgn(y' (¢..)))

—15/4 2732

(26)

Note that here in the special case of s = sgn(y/'(¢.))
compensations occur and this is why higher-order terms
have been reported in the expression above. However, by
keeping in mind that the functions Tj,x,s/ are ultimately
integrated over the light-cone time ¢, to compute the
emission probability, the function sgn(y’(¢..)) takes both
values +1 and —1 (we implicitly assume here that the plane
wave describes an oscillating laser wave). Therefore, the
scaling of the probability will be determined by the term in

T 1.s.s Scaling as z73/4/p", and we can approximate
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~ 2
TLA,,X%‘ A p—/‘, for s = —sgn(y’'(¢.)).
7 p-
(27)
For opposite spin quantum numbers (s = —s’), the
asymptotic expression is
~ >>1 1 _ 232 P—
Tl,s.—s ~ —mz 9/46 3% Z (28)

With photon polarization j = 2, we have for identical spin
quantum numbers (s = s’)

~ >1 _ _2.3/2 P—
Tyoom ——=z e = (29)
T i
and for opposite spin quantum numbers (s = —s’)

Analogously as above, the scaling of the emission probability
will be determined by the approximated expression
1 2 _3/46_%23/2 pP-

T2ss~__ R

- o fors =sen(w(¢.)).

(31)
C. Nonlinear Breit-Wheeler pair production

Now, we pass to the probability of nonlinear Breit-
Wheeler pair production including the particle states decay.

Here, the incoming photon has four-momentum
¢" = (w,q), with polarization quantum number j = 1, 2,
and the outgoing positron (electron) has four-momentum
pt = (e,p) [p* =(€,p')] and spin quantum number
s = £1 (s = £1). The symbols of quantum numbers of
the particles have been chosen in order to exploit the

>1 1 -
T, sZN —72_3/ 4‘«’_%Z3/2p—,[1 + ssgn(y'(¢))] crossing symmetry between the amplitudes of nonlinear
- Compton scattering and of nonlinear Breit-Wheeler pair
_ 1 —15/4 ,=3 production. The expression of the probability was com-
92167 puted in Ref. [79], and it is given by
« £=13938 + 7705 sgn(y' (¢,)))]. (30)
|
plr=ee) _ &p / 2miz [P+ dgPy(q.0 +f°° dpl-My (p'p)+3=M (=p.o)]}
e dje
J58 167> qg_ple
2(4) g
/d¢ e’zp p/ L1421, (hi))e- +EL) " |2}sts’ (32)

with the trace

1 AlAp,) + Ay )9-/2]] £
Gisy = 4tr{ [1 g

2p_
R 2 ¢ ¢-/2
(5= o1+ AL
AlA(p,) — A _/2 X
|
and with An important difference is, however, that the relations for
momentum conservation are instead p’, =¢, —p, and
_PL P-9q1 A () i _

m () =L DEE ey p=a e

' m qg_m m By performing the trace over the matrix contractions

The trace can be simplified and the integrals in the
perpendicular positron momentum and ¢_ can be taken
analogously as in the case of nonlinear Compton scattering.
|

2

2
Grar = (149 |5 E (w2 a0 = A0 57 ) =2 (o

(see the Appendix for the derivation), the expressions for
the two polarization quantum numbers j =1 and j =2
become

00 - A0 % )]

2 2
vits ) DA (2= %) 4 (2425 =05 ) (- (35)
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and

1 ¢
2p_p_

2
X <m2 +m2ﬂi,p(¢+) A /2(¢+)¢ )

G2,s,s’ = (1 - ssl)

2

-AOW ()¢ pqp_

) e o

Here, we have already expressed the pulse shape function in
terms of 7, (¢, ). The dependence onz, (¢ ) canin turn
be removed by using the fact that the integral over terms
proportional to [1+a% (¢, )+(AGy(¢.)/m?)(¢2/4)]
vanish when performing the integral in ¢_, due to the
properties of the Airy functions. In this way, by adding
and subtracting suitable terms, the traces can be written in a
manifestly gauge-invariant way. Furthermore, we transform
the integral in the positron momentum into light-cone
coordinates by using that d*p = (¢/p_)dp_d°p,, and we
employ the notation

~ 1
Gisy= deop_
i == [

m q 2 ()i
/dzp 62” p/{[ +7l'lp(¢+>]¢ 2L 2 IZ}G]ss (37)

+i(s—s")=

- <2 + 258" — 55’

The integral over the transverse positron momentum p | is
taken by employing the two Gaussian integrals [86]

meq_ !
4?2 zpqp/ Lp(#+)0- =2 'L’ 38
/ pLe ety Y
2 mzq’ by )h—
p-p.  |?
— | —E== | 39
EL@AMJ (39)

and the integral in ¢p_ results again in Airy functions. In this
way, the probability of nonlinear Breit-Wheeler pair pro-
duction including the damping of particle states finally reads

plr=ee)

J.s.s'

am? [4- .
_EA dp—/d¢+Gj.sﬁs’

o 2 [ doP ()t [ dolM (0 0) M (-, oI (40)

with

Gy = [—(1 +55') =55 "_% ; ] Al (2)
v ()21
-6+ (- L) s 0 @)

and

Goyy = [—(1 +58') + 58 %] Aiy(2)
- (-85
e A S

Without the exponential damping term, the above probability
reduces to the result of the spin- and polarization-resolved
probability of nonlinear Breit-Wheeler pair production
calculated in Ref. [87]. Analogously as in the case of
nonlinear Compton scattering, it can be proved analytically
that the probability in Eq. (41) is always smaller than unity
[see the discussion below Eq. (15)].

Now, we investigate the asymptotic behavior in the
two regions g_ — p_ << ¢g_ and p_ < ¢g_ and for the
differential probability of nonlinear Breit-Wheeler pair
production

(y—)c et)
oP: amz DNBW

AL dp. "0 G . (43
ap_ 46]_/ ¢+e Jus,s' ( )

with
m [
oy = 2m{ 2 [ dpeq.0)

G m m
+ / do [p—,Ms/(p’, @)+ p—Ms(—p, (P)} }

(44)

which we obtained from Eq. (40). According to the optical
theorem, the exponent of the damping term is here equal to
minus the sum of the total probability of nonlinear Breit-
Wheeler pair production between —oco and ¢ for the
incoming photon with light-cone energy ¢g_ and polarization
quantum number j and the total probabilities of nonlinear
Compton scattering between ¢, and +oo for the outgoing
electron with light-cone energy p” and spin quantum number
s" and for the outgoing positron with light-cone energy p_
and spin quantum number s [80,84], i.e.,

NBW © NC NC
DNBW _ /"j+ do aP/q _/ do aPs’,p/ JraPs,p )
S5 —o0 g . g o

(45)
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1. Asymptotic expression for q_ —p_ < q_

First, we consider the asymptotic region p’ =
q_ — p_ < ¢q_. Thus, by assuming that the quantum non-
linearity parameter k, (¢) of the photon is fixed, the absolute
value of the quantum nonlinearity parameter of the electron
xp (@) = (pL/q-)x, (@) is much smaller than unity [if x, (¢)
is larger than unity, the ratio p’ /g_ is assumed to be
sufficiently small such that [y, (¢)| < 1], and we use for
the damping term in Eq. (45) the corresponding asymptotic
expression for the probability of nonlinear Compton scatter-
ing, which is independent of p’ and given in Eq. (24). The
exponent of the damping term becomes [we use the fact that

2p(@) = (p-/q-)k,(9)]
|

~ >1 1 _ 232 |g- p/—
Gros ™ - N e P (1 —ssen(y/(¢1))) + 2q—_ssgn(y/’(¢+)) +
1 —15/4 -3 -
- 377 —13938 — 770 ! .
9216\/7_TZ e p/_ [ s Sgn(‘/’ (¢+))]

As in the case of nonlinear Compton scattering, the
scaling of the probability is determined by the case

s = —sgn(y(¢h1)). where

~ z>1 2 -
Ls.s O i q_/ (48)
fs p-
For opposite spin quantum numbers (s = —s’), we have
~ z>1 1 —9/4 -2/ q_
s R ———=7 e —. 49
ls,—s 4\/; p/_ ( )

With photon polarization j = 2, the asymptotic expansion
is for identical spin quantum numbers (s = s’)

~ z>1 1 _9/46_%23/2 (]_/_ (50)

Grs ® —
2.8,8 4\/7—1_Z I’
and for opposite spin quantum numbers (s = —s’)

~ >1 1 _ 2312 4—
Gz.s,—szz - %Z 345 p_’ [1+ ssgn(y’'(¢4))]
1

T 9216\7°
x 913938 + 7705 sgn(y' (¢,)))- (51)

—15/4e—§z3/2

The scaling of the probability of nonlinear Breit-Wheeler
pair production is determined by the case s = sgn(y/(¢,.)),
1.€.,

iz—3/4e—§z3/z q_/— ) (52)
T

pl<q_2m n
DY~ —Im[/ dpP;(q. )
© © 5 am’cy(o)]
[ )] - [ ap St
) (=4.9) v s
(46)
Concerning the function G jss» We can expand

the Airy functions for z= (q_/(p x,(¢:)))*?~
(q-/(plr,(#:)))**>1. In the case of photon
polarization j =1 and identical spin quantum numbers
(s = s’), we obtain the expression

~9/4e="[124 4 205 sgn(y/ (¢, ))]

1
967"
(47)

2. Asymptotic expression for p_ < q_

Due to the symmetry of the probability of pair produc-
tion under the exchanges p_ <> p’_,s <> s/, and y/ (¢, ) <
—y/'(¢,) [see Egs. (40)—(42)], the asymptotic expressions
of the differential probability of nonlinear Breit-Wheeler
pair production in the region p_ < g_ can be easily
obtained from those derived in the region p. < ¢_ via
the corresponding substitution rules.

D. Arbitrary spin and polarization basis

So far, both here and in Ref. [79], the calculations were
performed by employing a special direction for the electron
or positron spin and for the photon polarization. This
choice of the spin and polarization four-vectors has the
advantage that the mass and polarization operator become
diagonal. Consequently, the equations including the damp-
ing of the states can be solved in a relatively straightforward
way. However, if the final probabilities are summed over a
spin and/or a polarization quantum number, the results
should be in the end independent of the choice of the
corresponding spin and polarization basis, which we would
like to prove explicitly below.

In the case of the spin state of an electron, the two free,
positive-energy spinors u; (p) and u_;(p) form a spin basis
[1]. They are normalized as u)(p)uy(p) = 2&8,y, with
s, s’ = =1, and fulfill the relation y°u,(p) = su,(p) (for
the positron, the spin basis is formed by the two free
negative-energy spinors v;(p) and v_;(p), normalized as
vi(p)vy(p) = 2eb,y) [1]. A spinor corresponding to an
arbitrary spin direction, indicated here as u_ (p), can be
expressed by a linear combination of the two basis spinors

ui(p) and u_(p) as
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ui(p) = pruy(p) +pojui(p), (53)

where f,f_; are two complex numbers such that
IB11> + |B_1|> = 1. The two coefficients 3, and p_; are
related to the polar angle 6 and the azimuthal angle ¢ between
the spin vector ¢ and the new spin axis [1]. The spinor u_(p)
in Eq. (53) forms a basis together with the spinor

u_(p) = p-u(p) = Pru_i(p), (54)

which is perpendicular to u,(p). Now, in Ref. [79], the
probabilities were calculated by using the exact electron,
positron, and photon states, which were obtained by solving
the corresponding Schwinger—Dyson equations. For the

electron out-state ¥\"" (x), the Schwinger-Dyson equation
is {7[i0,— A, (@) ~m}¥" ()= [ 'y, (3.0 (7).
with M, (y.x) = yoM] (v.x)yo and M, (y, x) being the mass

operator in a plane wave. This equation is linear in the spin
basis u;(p) and u_,(p), such that we can decompose an

arbitrary electron state in terms of the two states ‘PS;“) (x) and

‘PE,OE? (x), which are solutions of the Schwinger-Dyson

equation constructed via the spinors u;(p) and u_;(p),

respectively. The electron out-state ‘P(E?Et) (x) of an arbitrary
spin direction b = {4+, —}, given by the solution of the
Schwinger-Dyson equation for the spinor u,(p), can be
expressed then by the linear combination

1 1
W (x) = g, (x) = B (). (55)

The physical meaning of the states with the above choice of 3
and f_, is that at xX’ — oo in the rest frame of the electron the
spin axis points along the chosen axis and fulfills the above-
mentioned relations. Considering now the process of non-
linear Compton scattering, the S-matrix element for an
incoming electron of spin quantum number s, an outgoing
photon of polarization j, and an outgoing electron with spin
quantum number b is proportional to

S = PSS + LSS (56)

s,j.1 s.j,—1
and

S(e’—w 7)

S, j—

ﬁ1S€—>€y

s,j,1 ﬂl se o y)' (57)

Jj,—1

By using these S-matrix elements, we then easily obtain the
probability of nonlinear Compton scattering for the two spin
quantum numbers + and — of the final electron as

e —e” d36] d3 ! e —e”
pt v) :/ | st 7|

s, j.+ (271') (2 ) s.j.+
B dq &p (e=—ep)
_/(277,') ( ) [|ﬁl| | 5,J,1
FIBLPISS TR 4 g ST S
+ BB S TS T (58)

and

P(e’—»e’y) o / d%q d3 ! S(e’—»e’y)|2
S,J.— - A \3 1Psj—
J (2r)3 (27)

d3q d3/ e
_/ [|ﬂ 1||s/1 7

(27)* (27)°
+ |ﬂ1| |Ssej _)18 ) ﬂlﬂ* sej l_w J/)*‘Svg,ej,:)le i’
— BiBaS ”Si.e,-.ff . (59)

Taking now the sum of the probabilities for both spin states
b = {+,-}, i.e., taking the sum of Egs. (58) and (59), we
obtain

3 3.,/
(e‘—»e‘y)_/dq dp e —ey) 2 (em=e7y) 12
D A B e (X *+185,= 717
T Jsb (271.)3 (2”)3 it Js

&q &Ep' (e e
= [ Gt PP

(e7—e7y)
Z Ps.j.s’ ’ (60)
s'={1,-1}

which is identical to the analogous result obtained for the
original spin axis. Hence, the probability summed over a spin
quantum number is independent of the used quantization axis.
It can easily be shown that the same holds for electron in-
states and for the positron in- and out-states.

In order to describe the photon polarization states, we
have chosen the two four-vectors A/(g) and A5(g). An
arbitrary polarization basis is given by the two four-vectors

Ni(q) = biNi(g) + b5 (q)

AL(q) = byNi(q) — b1y (q), (61)
with by, b, being two real numbers such that b? + b3 = 1.
Analogously to the case of the spin, one can show that also

in this case the probability summed over the polarization
indexes does not depend on the polarization basis.

III. NUMERICAL CALCULATIONS
A. Methods

The results in the following section have been produced
using two types of integration: (1) a purely numerical one in
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order to obtain probability densities, fully differential with
respect to an outgoing particle’s momentum, and (2) a
quadrature which takes advantage of the fact that in light-
front coordinates the transverse momenta yield analytical
Gaussian integrals, thus leaving just one longitudinal
momentum integral to be done numerically in order to
derive the total probability of the process.

We successfully compared the two methods against each
other, by integrating the results of method 1 with respect to
the transverse momenta and leaving aside the longitudinal
integral in method 2. In fact, since the longitudinal
momentum is practically proportional to the energy for
the ultrarelativistic particles we consider, the latter is a good
method of obtaining the energy spectrum. In both methods,
before proceeding to perform the ¢, integral in Egs. (1)
and (32), we expressed the integrals over ¢_ through Airy
functions and stored them in an interpolation table in
logarithmic form. Then, we also produced interpolation
tables that store, for different spin and polarization numbers
and longitudinal momentum values, the mass and polari-
zation integrals in Egs. (4) and (5), respectively. These were
then used in computing differential probabilities and total
ones. All the numerical quadratures were performed using
adaptive Gauss-Konrod rules.

An important step for the production of fully differential
spectra was to divide the ¢, integration domain into some
well-chosen subintervals so that the adaptive integrator did
not miss any relevant region. For large values of &, the
integrand has some very narrow peaks, apart from which it
is almost vanishing and, unless the integrator is led to those
peaks, it would stop short of finding them, yielding a
negligible result for the whole integral. To find the peaks,
we first had to identify and store the intervals of monot-
onicity of the vector potential and then identify the possible
peaks in each such interval using a nonlinear equation
solver. As the positions of these sharp peaks change with
the transverse momenta, a prior analytical (sharp) Gaussian
integration with respect to the latter yielded a ¢, integral
that is easy to handle without any subdivision of intervals.
For the Compton case, the longitudinal momentum adap-
tive quadrature has been made faster through a deformation
of its variable, to reduce the number of subdivisions needed
to get a good precision at very small g_, while keeping in
mind, though, that the behavior of the LCFA result is
different from the exact one in this limit.

B. Results

In this section, we present plots based on numerical
implementations of the analytical results obtained above.
We use the linearly polarized (along the x direction) plane
wave laser pulse with Gaussian envelope described by the
vector potential

A(p) = Age™ /D sin(wy)a, . (62)

e[MeV]

£[MeV]

FIG. 2. Nonlinear Compton scattering total probability Pﬁ“e*’)
including the decay of the wave functions (top panel), as compared
to the result obtained from a Poissonian distribution whose
average photon number is the total “undamped emission proba-
bility” PES (bottom panel). The pulse length corresponds to

7 =5 fs, and the initial electron spin corresponds to s = 1.

All plots have been made for a carrier angular frequency @,
corresponding to 1.55 eV in our units, which also corre-
sponds to a wavelength of 0.8 ym. The parameter 7
describes the length of the pulse, and we have chosen

10°

6 8 10 12 14

£[MeV]

o

FIG. 3. Same as in Fig. 2, but for 7 = 20 fs.
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the two values 7 = 5 fs and ¢ = 20 fs. Within the full width
at half maximum (FWHM) of the intensity, the pulse
contains about 2.2 cycles for z =15 fs and 8.8 cycles
for 7 =20 fs. Since our analytical results are valid
within the LCFA, we consider below amplitudes of the
vector potential corresponding to &, =5, and we also
restrict the parameters 7y = yo/& = (kop)/m> for non-
linear Compton scattering and p, = ko/& = (koq)/m? for
nonlinear Breit-Wheeler pair production, with k’g = won*

30 40 50 60
o

to values not exceeding (approximately) unity, by setting an
upper bound of 100 GeV for the incoming particle’s energy.
For larger values of &,, one can further relax the condition
on 7, and pg, allowing them to take even larger values.
We present both probability densities, differential with
respect to the momentum of one of the outgoing particles
(which determines the momentum of the other outgoing
particle through the conservation laws) and total proba-
bilities. Concerning the probabilities integrated over the

FIG. 4. The probability P;"_’g_m of nonlinear Breit-Wheeler pair production in a short, 7 = 5 fs pulse, by a photon with polarization

quantum number j = 1 (left panel) and j = 2 (right panel).

w[GeV]

FIG. 5.

w[GeV]

Same as in Fig. 4, but for 7 = 20 fs.

FIG. 6. Fraction of the total probability of nonlinear Breit-Wheeler pair production corresponding to same-spin pairs,
> P;f's_’;e_m) / P;y_’e_m for j = 1 (left panel) and for j = 2 (right panel). In both cases, the pulse duration corresponds to 7 = 20 fs.
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unconstrained momentum of one of the final particles, we
observe the following. The meaning of the spin and
polarization quantum numbers implicitly depends on the
momenta of the particles because the spin and polarization
four-vectors depend on the particles’ momenta. Thus, in
general, once one integrates over the unconstrained
momentum of one of the final particles, the physical
meaning of the discrete quantum numbers of the final
particles is unclear. However, we will always consider

-.04-02 0 .02 .04

.03 .06

-.06-.03 0

2 .3

1

-3-2-10

q,[MeV]

-.04-.02 0 .02 .04

-.06-.03 0

«
N

1

A
1

-2

FIG. 7.

-3-2-10

2 .3

.1

2 .3

1

-3-2-10

head-on collisions with the incoming particle having an
energy much larger than mé,, such that the angular spread
of the produced particles is small. In this case, one can then
conclude that the spin and polarization linearly independent
directions approximately correspond to the directions of the
electric and magnetic field of the (linearly polarized)
background plane wave in the laboratory frame. Within
this approximated framework, one can then investigate, for
instance, the occurrence of electron spin flip for nonlinear

max_
[GeV IS

[0
[GeV]

s'=—1

20 40 60 80

-08 -04 0 .04 .08

-4

-.04-02 0 .02 04 -08-04 0 .04 .08

<
1

-2

-3

-1 1 3

Sections through the nonlinear Compton scattering probability distribution in GeV~3, for = 20 fs, e = 10 GeV, &, = 10,

and incoming electron spin quantum number s = 1. The color levels indicate percentages of the maximum reached by the distribution in
that section. The approximate value of that maximum is shown at the upper right corner of each subplot.
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Compton scattering and the distinction between same-spin
and different-spin states of the pair produced in nonlinear
Breit-Wheeler process. It is interesting to discriminate
between such cases, for their probabilities can be very
different. o

It is convenient to introduce the notation P\ ~¢7) =

i P77 and Pj-y_)e_ﬁ) =Yy P for non-

J.s,s' J.s,s'
linear Compton scattering and nonlinear Breit-Wheeler
pair production, respectively.

max
[GeV ¥

.04

w
[GeV]
5=

20 40 60 80

-.04-.02 0 .02

.05

-1-05 0

4 -2 0 2 4

FIG. 8.

In Figs. 2 and 3, we show the total probability P\ ~¢ "
of nonlinear Compton scattering (top panels) and the
one-event value of the Poisson distribution corresponding
to the average PYS given by the first-order probability of
nonlinear Compton scattering, computed by ignoring the
decay of particles states, i.e., [see also the discussion below
Eq. (1] PY§ = —(am?)/(4p2) 32,0 J§~da- [d. Ty

(bottom panels). For sufficiently small values of #,, such

max_p41/16 9.5x10™

[GeV°| g
s'=—1

20 40 60 80

-.06-.03 0 .03 .06

-.04-.02 0

-6 -3 0

©
=
©
e
o
I50)
<
|
©
<
I

-4 -2 0 2 4 -10 -5 0 5 10 -10 0 10

Sections through the nonlinear Compton scattering probability distribution in GeV~3, for = 20 fs, e = 10 GeV, &, = 50,

and incoming electron spin quantum number s = 1. The color levels indicate percentages of the maximum reached by the distribution in
that section. The approximate value of that maximum is shown at the upper right corner of each subplot.
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that ¥y < 1, the photon recoil is negligible, and we expect
that the emissions are independent of each other. In
Ref. [66], it was shown that in this classical limit the
probability of emitting an arbitrary number of photons
follows a Poissonian distribution. Indeed, we observe that
at such low values of y, the Poissonian distribution well
approximates the full QED results [see also the discus-
sion below Eq. (21)]. As y, increases, important
differences start to be seen.

e[GeV]=1

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Two pulse length parameters r have been considered:
7 =15 fs (Fig. 2) and 7 = 20 fs (Fig. 3). In the first case, the
probability increases as &, increases, reaches a maximum at
&y smaller than about 10, and then decreases. In the
classical regime of low values of y,, the maximum value
is e7!, as predicted by the Poissonian PNSe "%, For the
longer pulse used in Fig. 3, the whole plot is in the region
where the probability decays with &,. Indeed, the decay of

2 46 81012

-4 2 0 2 4 -4 2 0 2 4 px[MeV]

FIG.9. Sections through the nonlinear Breit-Wheeler pair production probability distribution in GeV~3, for 7 = 20 fs, @ = 10 GeV,
&y = 10, and incoming photon polarization state j = 1. The horizontal axes correspond to p, (MeV), and the vertical ones correspond to

p, (MeV).

056014-16



NONLINEAR COMPTON SCATTERING AND NONLINEAR BREIT- ...

PHYS. REV. D 106, 056014 (2022)

the states is now stronger, and essentially any increase of &,
reduces the single-photon emission probability, as multiple
photon emissions become favored over the single-photon
emission. As mentioned in the Introduction, the decay of
the particle states becomes significant if the quantity a&,®;
is of the order of unity or larger. This corresponds to values
of £y 2 9.9 and &, = 2.5 for a pulse with 7 = 5 fs (Fig. 2)
and 7 = 20 fs (Fig. 3), respectively. Here, we estimated the
total phase duration by the FWHM of the intensity; i.e., we

set ®; = v/2In2wyr. We see that for larger values of 7 the
damping effect becomes significant already at smaller
values of &.

For the probability of nonlinear Breit-Wheeler pair
production, we show plots similar to the aforementioned
ones, in Figs. 4 (for a pulse duration corresponding to
7=151s) and 5 (for a pulse duration corresponding to
7 =20 fs). A logarithmic scale is used for the energy of
the incoming particle in both cases, but in the present case,
we started from higher values than for nonlinear Compton

4 2 0 2 4 -4 -2 0 2 4 -4-20 2 4

px[MeV]

4 2 0 2 4 -4 -2 0 2 4

FIG. 10. Same as in Fig. 9, but for incoming photon polarization state j = 2.
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scattering, due to the exponential suppression of the
process that occurs at low xy = po&p. In both cases, the
probability shows a maximum in &, (see also Ref. [88]).
This feature is observable in the plots only at high
incoming photon energies for the shorter pulse, but also
at lower incoming photon energies for the longer pulse,
indicating that the size of the effect also depends on the
damping of the states.

-4-20 2 4

=
N
o
N
l
h
I

£[GeV]=1

-4-20 2 4 -4-20 2 4

-4-20 2 4

8 -4 0 4 8 8-40 4 8 -8-40 4 8

FIG. 11.

-4-2 0 2 4 -4-2 0 2 4 -4-2 0 2 4 -4-2 0 2 4 -4-2 0 2 4

-4-2 0 2 4

It can be seen from Fig. 6 that, as p, increases toward
unity, the probability for (j = 1, s = s’) reduces to around
80% of the total nonlinear Breit-Wheeler pair production
probability [implying that for (j = 1, s = —s') it grows to
around 20%], whereas the probability for (j = 2,5 = s)
stays smaller than 3%. Analogous behaviors can be
observed in nonlinear Compton scattering, according to
the crossing symmetry existing between the two processes.

£[GeV]=1
s'=—1

8 -4 0 4 8 -8 -4 0 4 8 px[MeV]

Sections through the nonlinear Breit-Wheeler pair production probability distribution in GeV~=3, for z = 20 fs, = 10 GeV,

&y = 50, and incoming photon polarization state j = 1. The horizontal axes correspond to p, (MeV), and the vertical ones correspond to

p, (MeV).
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Now, we present sections of the fully differential dis-
tribution of the photon momentum for the nonlinear
Compton scattering effect (Figs. 7 and 8) and of the
momentum of the positron produced in the nonlinear
Breit-Wheeler pair production process (Figs. 9-12). In
all cases, we fix the energy of the incoming particle to
10 GeV (recall that the incoming particle is counter-
propagating with respect to the plane wave), and we
consider two laser intensities corresponding to &, = 10
and 50, which are equivalent to 2.1 x 10** W/cm? and

-4-20 2 4

-4-2 0 2 4

8 -4 0 4 8 -8-40 4 8 -8-40 4 8

-4-20 2 4

~
N
o
S
1
~
1

-4-20 2 4

8 -4 0 4 8 8-40 4 8 -8-40 4 8

=
o
o
&

I
=

l

-4-2 0 2 4 -4-2 0 2 4 -4-2 0 2 4 -4-2 0 2 4

-4-2 0 2 4

5.4 x 10?! W/cm?, respectively. The sections are plotted
as functions of g, =—¢g; and g, = —¢q, for nonlinear
Compton scattering and of p, = —p; and p, = —p, for
nonlinear Breit-Wheeler pair production, by keeping the
light-cone energy of the emitted photon and of the
produced positron fixed (which also means, with very
good approximation, to keep fixed g3 or g_ and p;5 or p_,
respectively). Indeed, the plots show that the outgoing
particles are most probably produced with transverse
momenta much smaller than |g3;| and |ps|, respectively

8 -4 0 4 8 -8 -4 0 4 8

£[GeV]=1

8 -4 0 4 8 -8 -4 0 4 8 pxIMeV]

FIG. 12. Same as in Fig. 11, but for incoming photon polarization state j = 2.
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(see that the scale of the sections is in MeV units, instead of
the GeV units used for the longitudinal momentum). As
expected, the sections are asymmetric, spreading more
along the direction of the electric field of the plane wave,
i.e., the x direction.

Both in the case of nonlinear Compton scattering and
nonlinear Breit-Wheeler pair production, for some quantum
number combinations, the spectra vanish if the component
of the momentum of the particle along the magnetic field of
the wave, i.e., along the y direction, vanishes. This can be
explained analytically looking at Eqs. (8) and (9) for
nonlinear Compton scattering and at Egs. (35) and (36)
for nonlinear Breit-Wheeler pair production. These equa-
tions show that for both processes the probabilities vanish
inthecases (j=1,s = —s)and (j =2,s = s') forg, =0
and p, = 0, respectively. Now, since the incoming particle
is assumed to counterpropagate with respect to the plane
wave for both processes, we have that p, = 0 in nonlinear
Compton scattering and g, = 0 in nonlinear Breit-Wheeler
pair production. Thus, if in addition g, = 0 in nonlinear
Compton scattering and p, = 0 in nonlinear Breit-Wheeler
pair production, the corresponding probability vanishes for
the mentioned spin and polarization combinations.
Furthermore, we see in Figs. 7-12 that the maximum of
each section is found at the origin for the complementary
combinations (j = 1,s = s') and (j = 2, s = —s’). For the
examples of nonlinear Breit-Wheeler pair production
processes of Figs. 9-12, the aforementioned cases (j = 1,
s =s")and (j = 2,s = —s') also have an altogether larger
probability than the complementary ones (j = 1,5 = —s')
and (j =2,s = '), as it can be recognized also noticing
the different scales of the panels.

For nonlinear Compton scattering, we only show results
for the initial spin state defined by s = 1 (see Figs. 7 and 8)
as the s = —1 case gives very similar results, provided one
changes the sign of s/, too. The different scales in the
transverse photon momenta for each individual plot show a
general tendency of broadening of the probability distri-
bution on the transverse plane for increasing energies of the
emitted photon.

Finally, for nonlinear Breit-Wheeler pair production, the
probability density always vanishes for the energy of any
final particle approaching the energy of the incoming
photon. In addition, for (j =2, s = s’), it also vanishes
when the final particles both have half of the total available
energy (see Figs. 10 and 12).

IV. CONCLUSIONS

In conclusion, we presented analytical expressions and
numerical evaluations of the probabilities for nonlinear
Compton scattering and nonlinear Breit-Wheeler pair pro-
duction including the particle states decay. The probabilities
take into account that in a plane wave background field the
electron and photon states are not stable because electrons
and positrons emit photons and because photons themselves

decay into electron-positron pairs. Within our approach
based on the locally constant-field approximation, the decay
of the states leads to an exponential damping term in the
expressions of the probabilities, which depends on the plane
wave light-cone time as well as on the light-cone energies and
discrete quantum numbers of the participating particles.

In the analytical part, we first calculated the spin- and
polarization-resolved traces and took the integrals over the
transverse momenta and phase differences. The final
probabilities depend on the spin and polarization quantum
numbers, on the incoming particle four-momentum, as well
as on the quantum nonlinearity parameter. Furthermore, we
computed the asymptotic expressions for the probabilities
differential in the light-cone momentum of one final
particle for arbitrary spin and polarization quantum num-
bers in the limit of one of the outgoing particles gaining all
or none of the light-cone energy of the incoming particle.
All calculations were carried out using particular spin and
polarization four-vectors, and we proved that the results for
the total probabilities are independent of the chosen spin
and polarization bases.

In the numerical part, we presented plots of the total and
differential probabilities for nonlinear Compton scattering
and nonlinear Breit-Wheeler pair production by consider-
ing two different pulse lengths. Due to the particle states
decay, the total probabilities stay below unity in all cases.
The damping becomes important for ay®; = 1 at values
of the quantum nonlinearity parameter of the order of unity,
such that it increases more rapidly with &, for larger values
of the pulse phase length @;. For nonlinear Compton
scattering, we saw that the probability behaves like a
Poissonian distribution for low values of y, such that
photon recoil is negligible, whereas important differences
arise when y increases. For the differential probability, we
found it has its maximum at vanishing perpendicular
momentum in the case of polarization j =1 and same
spins s = s’ and in the case of polarization j =2 and
opposite spins s = —s'; otherwise, it vanishes at g, = 0.
The same behavior is observed for nonlinear Breit-Wheeler
pair production for the same spin and polarization combi-
nation and for p, =0, i.e., for the component of the
positron momentum along the magnetic field of the wave.
For nonlinear Breit-Wheeler pair production, we have also
seen that the differential probability vanishes for all spin
and polarization combinations if the light-cone energy of
the incoming photon all goes to either the electron or the
positron. Also, for (j =2, s = s’), the differential proba-
bility vanishes if the electron and the positron have the
same light-cone energy, i.e., half the light-cone energy of
the incoming photon. Finally, in all the cases we inves-
tigated numerically, the kinematic conditions were such
that (1) the transverse momenta of produced particles are
much smaller than the corresponding longitudinal momen-
tum and (2) the main spread of the transverse momenta is
along the direction of the plane wave electric field.
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APPENDIX: COMPUTATION OF THE TRACE

We present here the computation of the traces for
nonlinear Compton scattering and nonlinear Breit-
Wheeler pair production given in Egs. (2) and (33),
respectively. For this, we first simplify the expressions
by introducing the quantity

0, (s §) = {1 L AlAG) +2;t_<¢+>¢_/2]]

x (p+m)(1+57°C)

y [1 ilA(g-) —2ﬁ<¢+>¢_/2]].

(A1)

With this notation,
scattering is given by

the trace for nonlinear Compton
N .
Tj.s,s' = Ztr{Aj(q)Qp.,s(¢+7 ¢—)Aj(q)Qp/,s’(¢+’ _¢—)}7
(A2)

and for nonlinear Breit-Wheeler pair production, the trace
reads

| BN A
Gj,s,s’ = _Ztr{Aj(q)Q—p,s(¢+’¢—)Aj(Q) Qp’.s’ (¢+’ _¢—)}‘
(A3)

Now, the function Q,, (¢, ¢_) can be decomposed into a

linear combination of the matrices 14,4, 7>, 7¥, iy*y>, o' =
(i/2)(y*y* — y*y*) such that

Qp,s (¢+7 ¢—) = 14><4 + CSyS + nyﬂ + CSyiy”ys + C”DG/“',
(A4)

where the coefficients are obtained by solving the following
traces

(=Tl (@0 )l (A3)

s = TP 0, (s ). (6)
6y = ;111,091 (A7)
e5 = 3 T (il (AY
G =g T d )l (A9

These traces can be calculated, and we present them here
for a linear polarized plane wave background field:

Cp=m-— iﬁeaﬁyégafﬂyw/(¢+)¢—p& (AIO)
cs =0, (A11)
1
Cy = Pu— Aﬂ(¢+) - Znﬂpl : AL(¢+)
1 2 ” ¢2
+ i”u Al(py) - A (¢+)
- i%nﬂpeaﬁﬁvcaﬂaw%m)ﬁ, (A12)
1
CSM = imsZ:” =+ erﬂueaﬂﬁypafﬂﬁw/(qbr)(p— (A13)
and
1
Cuv = 5 { 2m ﬂvw/(¢+)¢— - Seﬂzx/mppga
+ (nvp pord nupeudrﬁ)pp§6f75W<¢+)
+ ZP% e;wrpnré’p |:A6(¢+)A5(¢+)
¢2
- 004500 %] | (A14)

The total trace of nonlinear Compton scattering, given in
Eq. (A2), contains also the function Q, (¢ .—¢_) for
which we introduce the notation

Oy (=) =c\lyua+ cky’ + iyt + ek iy'y’ + ¢l o™,
(A15)
where the primed coefficients are obtained analogously to

Egs. (A5)—(A9). With this, the trace for nonlinear Compton
scattering can be reduced to the form
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Tjsy = =cicy + escs + (cuch = c5,¢s) (2N (@A (q) + 1'7) = 2¢,com (AN () A5 (q) + 7). (Al6)

The trace turns out to only depend on contractions of the primed and the corresponding not primed coefficients. These
contractions can be calculated, and they are given by

.m s 1 . LA
clc/l = m2 - l_ga/}y(‘}f/}ywl(¢+)¢_ _Capﬁ é’apé /3y5f‘ﬂ C aPs€ ﬁy&f/}” ! ’p5’ (¢+)¢2 (A17)
4 p_ 16

cscs =0, (A18)
cuc: (2N} (@)A3(q) + %) = (pp') + (pL +P') - AL(Py)

[P 2] s+ (2 2 A0 - AR

¢2
3 “

+ A (¢+)A (¢+) - lzeaﬂy{sfﬂ l// ¢ |: > Z.:ap& 7 §§1p5:|
p- pL
A;

+2(pAj (@) (P'Nj(9) = 20y + PUIN (@) (A (@) Ald) +2(A1(9) Ald)%. (A19)

/!

s (A QA(a) + 1) = =55 RN @) A 0) + (GE + i PPy ()0 | ikl = 5 ik

/

FISEE (B)d-| - pulA(9)) - Ij,_pﬁ,@A,,-(q))} A;5(9)

1 6p_p. e’ yépa]: ﬂyedﬁ /’/‘S/Pi/}— gy Mss + 2Aj,6<Q)Aj,§’<Q)]W/2(¢+)¢%v (A20)

and

2¢,, e (AN (q)AH(q) +07) = =ss'[(pL) (P'0) = (pP')(EE)] = 255 [(p) (P'A () (EA () + (EP)(E'A () (PA(q))
—(PP)(EA;(@))(E'A;(q)) = (E6) (PA;(9) (P'A(q))]

- [ 40 () (A5 (0) ) [ps—p;«:;—pi,ppa]

- a0, - A0 00 ) L () +2enanen o)L+
{

pP- PD-
55 )6 | E 7 -2 P8 e ) -2 e )
~7 - Y () (€ p T ) (€ V’ﬁ’p,)éf,fy/,s/). (A21)
P-P-

Inserting Egs. (A17)—(A21) into Eq. (A16) and simplifying the expression for the two polarization states j = 1 and j = 2
leads finally to Egs. (6) and (7), respectively.

The trace for nonlinear Breit-Wheeler pair production given in Eq. (A3) can be derived directly from the result of
nonlinear Compton scattering in Egs. (A16)—(A21) by multiplying Eq. (A16) by an overall minus sign and by changing the
sign of the four-momentum p* in Eqs. (A17)—(A21). With that, one finally obtains Eqs. (35) and (36) for the two
polarization states j = 1 and j = 2, respectively.
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